8 [ FURTHER APPLICATIONS OF INTEGRATION

8.1 Arc Length

lLy=2x—-5 = sz V14 (dy/dx)? dm—f V14 (2)2 dm—\/_[?)—(— )] =4 4+/5.

The arc length can be calculated using the distance formula, since the curve is a line segment, so

= [distance from (—1,—7)to (3,1)] = /B - (D)2 + 1 — (-7)]2 =80 =45

dy T
2. Using the arc length formula withy = V2 — 22 = —= = ————, we get
& £ v VZoaz2 F

[ @) e e [ s e

1
=\/_[sm (i)] zﬁ{sinA(—)—sm 10]—\/53—0 =2z
VYR 72 50 3
The curve is a one-eighth of a circle with radius v/2, so the length of the arc is £(2m- \/i) =2 =, as above.
3.y=sinz = dy/dz=cosz = 1+ (dy/dr)’=1+cos’z.SoL = [ v/1+ cos?xdx ~ 3.8202.

bhy=ze® = dy/dr=z(—e")+e "= "1—-2) = 14 (dy/dx)®=1+[e""(1—x)]>

SoL=[2\/T+e2(1—x)%da ~ 2.1024.

5 y=x—Inz = dy/dr=1-1/z = 1+ (dy/dz)>=1+(1—1/z)%. SoL = fl V14 (1 —1/2)2de = 3.4467.

6.r=y’—2y = da/dy=2y—2 = 1+ (dz/dy)*=1+2y—2)>.SoL= fo‘/ 2y —2)2dy ~

TLox=y—y = de/dy=1/2y)—-1 = 1+(da:/dy)2=1+<+/_—1>

So L = / 1+ ——1 dy%3.6095.

8.y =lnz & z= eV = dz/dy = 2yey2 = 1+ (de/dy)* =1+ 4y’e 2v?,
So L= [1 \/1+4y2e?’ dy =~ 4.2552.
9. y=14+62%% = dy/de=92"? = 1+ (dy/dz)* =1+ 8lz.

1 82 _ 82
SoL:/0 \/1+81xdx:/1 u'? (g du) {U*HSM’} =& 2[v”?] = 25 (s2vB2-1).

du = 8l dx

10. 36y° = (22 —4)%, y >0 = y:é(m2—4)3/2 = dy/d:c:é-%(x2—4)l/2(2x): z(z? —4H)V? =

1
2

1+ (dy/dz)® =1+ 22°(a® —4) = J2* —2® +1 = (2" — 42° +4) = [1(2? —2)]2, So

-

L=[7/[3@? =] do = [F5(* - 2)de = 3[32° ~ 2], = 5[0 -6) - (3 -4)] = 3() = &
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2 [0 CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

3

3 _z 1 r_2 1
1. y—3+4x = Yy =z 122 =
1 1 11 1\’
1 N2 _q 4 4 4T _ 2, _* ) g
+ ) +<m 5 " T601) =7 T2 Teut <$+4m2) 0
-3 3
2 ~ 2 5 1 2 5 1
L= ) 1+ (y) x:/l x—|—4x2 da?:/l (:L' —|—4x2)dx
Lo L]P_(8_1y_(L_1y_7, 1_ 59
- 137 T, 378 3 4) 378 24
4
y 1 dx _
12.ac_§-|-4_y2 = d_y_%yS_Ey =

13.x=%\/§(y—3)=%y3/2—y1/2 = dac/dyz%yl/z—%y_l/2 =

14. y = In(cosz) = dy/de = —tanxz = 1+ (dy/dz)> =1+ tan®x = sec®x. So

L= fow/g Vsec? x dx = fow/ssecmdm = [ln|secx+tanxug/3 =In(2++v3) —In(140) =In(2+v3).

2
15. y = In(secz) = @:w:tanw = 1+ dy =1+tan’z = sec? r, so
dx secx dx

/4
L = fow/4 Vsec2 zdx = foﬂ/4 |secz| dx = foﬁ/4 secx dx = [ln(sechrtanm)}O

=In(v2+1) —In(1+0) =In(v2+ 1)
16. y =3+ scosh2z = ¢ =sinh2z = 1+ (dy/dz)®> =1+ sinh*(2z) = cosh?(2z). So

-2

L= fol cosh®(2x) dz = fol cosh 2z dxr = [% sinh Qx}(l) = 1sinh2-0= %sinh 2.

1 1 1 1 1 1 1 1 1 1
7.y =221 "=l —— 1+ =1+(-2>-s+-— | = — =15
y=4% —5he = vy 5%~ 5 = 14+ (y) +(4x 5 +4x2 + - T+

27 " 2
So ) 9
L:/ \/1+(y’)2dx:/

1 1

1, 1 2 1 1 31
=|= ~1 =(1+-m2)—(- =S4 _-In2
{437 +2n\x|L (+2n) <4+0) 4+2n
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SECTION81 ARCLENGTH O

. dy 1—2x 1 2 — 2z 1—=x
18. y = V& — 22 + sin 1(\/5) = =< = + = = =
dr 2V —22 2vVazvi—-=z 2Vevi—=x z

dy\? 11—z 1 . ﬂ
1+ (a) =1+ —=— The curve has endpoints (0,0) and (1, F),

soL:fo1 1/xdx:tgrgl+ﬁl 1/xdx:tEm [2\/5]:: lim [2v1-2Vt]=2-0=2.

ot t—0+t
19. y = In(1 — 22 — 2
sy =In(1-2%) = y—m-(—x) =
14 dy 2_1+ 42 1-22 42" +42® 1+22° +2*  (1+2°)°
dr ) (1—2z2)2 (1 —22)2 o (1—-22)2  (1—22)2
2 2\ 2 2
1 1 2 1 1
\/1+(%) :\/<1sz> Iltizz—l-i-m [by division] I—l-l-l_’_x-l—m [partial fractions].

0 2

1/2
SOL:/ (71+L+L) de = [fx+ln\1+x|fln|1fx\]l/2:( t+In3 —In2)-0=mIn3- 3.
0

1+ 1—=x

20.y=1-e = y=—(—e)=e" = 1+ (dy/dz)>=1+e%". %S0

2 e ?
L:/ Vl—i—e*zzdm:/ V14 u? (—%du) [u=e""]
0 1

—2
/ 5 e

s {ln‘u 7\/1+u2:| [or substitute u = tan 0]
u 1
/ —

=In Hc% - 1+e—4fln’1+1\/§‘+\/§

:ln(l—i—\/l—i—e*‘*)—1n672—\/1+e*4—ln(1+\/§)+\/§
=ln(l+vVIited)+2-VIited-In(l+v2)++2
N.y=12" = dy/dv=2 = 14 (dy/dz)’>=1+2" So
L= " VIT2Zde=2[ VIt a2de [oysymmery] =2[2VTTa%+Lln(z+vVIT22)], {‘;S:b:;ft;}
—2[(3V2+ En (14 V) - (0+3In1)] = V3 + In(1 4 V2)

2.22=Yy-4>° = z=(y-4% [foox >0 = dr/dy=3(>y—4)"* =

14 (dz/dy)* =1+ 2(y—4) = 3y — 8. So

L= oy —say= [ va(taw [ZFS —é[zui”/?]w
=) VY Y= 9 du = 2 dy 9 13/4

13/4
= 5102 = ()*°] [or %(80VI0 - 13V13)]
23. 1f L From the figure, the length of the curve is slightly larger than the hypotenuse

of the triangle formed by the points (1, 2), (1,12), and (2, 12). This length
10 is about 1/10% + 12 = 10, so we might estimate the length to be 10.
y=2"+2° = y =20+32> = 1+ ()’ =1+(2z+32%)>

. J
"o g So L = [2\/T+ (2x + 32%)2 dw ~ 10.0556.
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4 [ CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

24, From the figure, the length of the curve is slightly larger than the hypotenuse

of the triangle formed by the points (1, 1), (3,1), and (5, ). This length

Y is about (%)2 + (% - 1)2 ~ 1.7, so we might estimate the length to
w2 —1

bel7. y=z+coszx = y =1-—sinz =

1+ (y)? =1+ (1—sinz) So

= [ (1 —sinz)? de ~ 1.7294.

25. y=xsint = dy/dr==xcosx+ (sinz)(1) = 1+ (dy/dz)® =1+ (rcosx+sinxz)?. Let

(z) = \/1+ (dy/dz)? = \/1+ (zcosz +sinz)2. Then L = f x) dzx. Since n = 10, Az = 2 00 = Z. Now
L Sio="2[f(0) +4f(5) +2f (3) + 47 (3F) +2f (%) + 4/ (5F) + 2/ (%)
T

+4f(F) + 2/ (%) +47 (%) + /(2m)]
~ 15.498085

The value of the integral produced by a calculator is 15.374568 (to six decimal places).

%.y=3r = dy/de=1272% = L=[]f(z)dr, where f(z) = \/1+ Ja-4/3,

_ _6-1 _ 1
Since n = 10, Ar = 2= = 3. Now

L~ Sio=22[f(1) +4f(1.5) +2f(2) + 4f(2.5) + 2f(3) + 4£(3.5) + 2f(4)
+ 4f(4.5) +2f(5) +4f(5.5) + f(6)]
~ 5.074212

The value of the integral produced by a calculator is 5.074094 (to six decimal places).

27.y=In(1+2% = dy/de= Tlx?’ 327 = L= fo x) dx, where f(z) = /14 924/(1 + 23)2.

5-0 _ 1
Since n = 10, Az = 2>~ = 5. Now

L~ S1o = 2[f(0) + 4£(0.5) + 2f (1) + 4f(1.5) + 2f(2) + 4£(2.5) + 2 (3)
+4f(3.5) +2f(4) +4f(4.5)+ f(5)]
=~ 7.094570

The value of the integral produced by a calculator is 7.118819 (to six decimal places).

28. y = e = dy/dx = e’”Q(—2m) = L= f02 f(z) dz, where f(z) = /1 + 4x2e—227,

2-0 _ 1
Since n = 10, Ar = =5~ = z. Now

L~ S10 = 2L2[£(0) +4£(0.2) + 2£(0.4) + 4£(0.6) + 2f(0.8) + 4f(1) + 2f(1.2)
+ Af(1.4) + 2f(1.6) + 4f(1.8) + f(2)]
~ 2.280559

The value of the integral produced by a calculator is 2.280526 (to six decimal places).
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SECTION81 ARCLENGTH O 5

29 () Let f(z) =y=z 4 —zwith0 <z <4

(b) The polygon with one side is just the line segment joining the 3

points (0, f(0)) = (0,0) and (4, f(4)) = (4,0), and its

length L; = 4.

The polygon with two sides joins the points (0, 0),

(2, £(2)) = (2,2 V/2) and (4,0). Its length

0

L2:\/(2—0) (292-0) +\/(4—2 (0-2¥2) =24+ 2% ~ 6.43

Similarly, the inscribed polygon with four sides joins the points (0,0), (1, V/3), (2,2 ¥/2), (3,3), and (4,0),

so its length

L4_\/1+ +\/1 2\375—\3/3)24-\/1—&-(3—2\3/5)2—5-\/1—&-9%7.50

(c) Using the arc length formula w1th dy =z [%(4 —x)73(— 1)} + Y-z = _l2-dw the length of the curve is

3(4—x)2/3°
/ 12—4z |°
/ 1—|— da? dx—/ \/l—l— 2/3} dx.

(d) According to a calculator, the length of the curve is L = 7.7988. The actual value is larger than any of the approximations

in part (b). This is always true, since any approximating straight line between two points on the curve is shorter than the

length of the curve between the two points.

30. (a) Let f(z) =y =z +sinz with0 < z < 27.

0 - - v 2

(b) The polygon with one side is just the line segment joining the points (0, f(0)) = (0,0) and (27, f(27)) = (27, 27), and

its length is /(27 — 0)2 + (27 — 0)2 = 227 ~ 8.9.

[continued]
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6 L[ CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

The polygon with two sides joins the points (0,0), (7, f(7)) = (m, 7), and

(27, 27r). Its length is

VIr =02+ (r—02+/2r—m)2+ 27 —7)2 =21 +27
=227 ~89

Note from the diagram that the two approximations are the same because the sides

of the two-sided polygon are in fact on the same line, since f(7) = 7 = 3 f(2m).

The four-sided polygon joins the points (0,0), (3,5 + 1), (m,7), (3F, 2F — 1), and (27, 27), so its length is

VE + G+ /6 +G -0+ 6 + (-1 +(5) + (5 +1) ~ 04
(c) Using the arc length formula with dy/dxz = 1 4 cos z, the length of the curve is

L= [T+ (I +cosz)2de = [ /2 +2cosz + cos? z da

(d) The calculator approximates the integral as 9.5076. The actual length is larger than the approximations in part (b).

MNy=e" = dy/ldr=e¢" = 1+ (dy/dz)® = 1+ =

2 e?
1 u=e”
— 2x — 2 _ ’
Lf/0 1+e dx7/1 V1+u (udu) [du:ezdz]
52

L = <\/1+—€4—1n1+67\/1+—64)_(\/§_1n1+1\/§>

=VI+er—In(1+vV1+e*)+2—+v/2+1In(1+v2) = 6.788651

2
Q{WMQ_IH‘L vi+u

An equivalent answer from a CAS is

—v/2 4 arctanh(v/2/2) + ve* + 1 — arctanh(1/v/e? +1).

2.y =z = dy/dac:%acl/3 = 1+(dy/dx)2=1+§x2/3 =

_4.1/3 _4_-2/3
1 16 4/3 81,2 u=3zx /" du= gz dz,
L= /1+%22/3dx = V1+u2 Eu?du
fO 9 fO 64 dm:%x2/3du:%~ 196u2du: ﬁuzdu

2 S [3u0+ 2T — (o VIT)]) = 5[50+ 9% - dm(4+ %)

=8 (:-4%-2-1In3) =22 — 2L In3~ 1.4277586

128 512

33. 312/?’:17962/3 = y:(173172/3)3/2 =

dy =3(1- r2/3)1/2 (_§x71/3) _ _9371/3(1 . r2/3)1/2 -

2
(%) =223 —2?/®) = 27%/ — 1. Thus
x

1
L=4ff I+ @ P - Dde=4fja P de =4 lim [32°°] =s.
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SECTION81 ARCLENGTH O

34. (a) Y

0‘ X

2 2
b)y= 22? = 14 (j—i) =1+ (%x_l/B) =1+ %:E_WB. So L = fol £/1+ %x*2/3 dx  [an improper integral].
3/2 da\? 3,1/2 9 1 9
T=y = 1+ ay —1+(y ) =14+ 3y.SoL= [;\/1+ Jydy.

1
The second integral equals 3 - %[(1 + %y)?’/z} =2 (BT@ - 1) = %73—8.
0

The first integral can be evaluated as follows:

L V/92273 9 vu+4 u = 9z2/3,
—2/3 Jp — = i
/ 1+ 3z dr = tlilgl+ BT dz tlilglJr /9t2/3 13 du {du _ 6I—1/3 dz}
\/u—l— 1 3/2 1 3/2 3/2 13\/13—8
4 = —(1 —4 =
=15 ( LA kit ) 27
(c) L = length of the arc of this curve from (—1,1) to (8,4)
4
/ / 13 \/ —38 9 \*/?
/ 1+4ydy+/ 1+ 4ydy— +2—7 (1+Zy> ) [from part (b)]

_13/13-8 | 8 1313+ 8010 — 16
- 27 +2—7(10\/E—1)— 27

35.y=22%2 = 3y =322 = 1+ (y)? =1+ 9z The arc length function with starting point Py(1,2) is

(@) = 7 VTFIde = [£0+90°2] | = £[(1+92)% ~10VT0].

1

1
3. () y = f(z) =In(sinz) = y'zsinm-cosxzcota: = 1+ ) =1+cot’z=csc’z =

V14 (¥)? = Viese2z = [csc z|. Therefore,

L+ [f/(O)]2dt = [, csctdt = [ln|csct - cost\r

/2

)
7N

=In|cscxz — cotz| —In|1 — 0] = In(cscz — cot z)

(b) Note that s is increasing on (0, ) and that x = 0 and = 7 are 2

vertical asymptotes for both f and s.

0

1 T l1-2z
. y=sinz+VI-22 = ¢ = - =
Y Y V1—22 J1—2a2 V1—22
a2 2 _ 2 _ _
1Jr(y,)QzlJr(l )" l-a"+1-2x+2" 2-2¢  2(l-2x) 2
1— 22 1— 22 1-22 (142)1-2z) 1+=z
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8 U CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

V3I+H @)=,/ l—i-ix Thus, the arc length function with starting point (0, 1) is given by
x x 2 z
s(z) :/ V1t [f'(t)]2dt:/ 1/I—Hdt: V2[2VI+t], =2V2(Vitz-1).
0 0

38. (a) s(z) = [T /1+[f(t)Pdtand s(z) = [ V3E+5dt = 1+[f/(1)*=3t+5 = [f(O)*=3t+4 =
f'(t) =+/3t+4 [since f is increasing]. So f(t) = [(3t +4)"/?dt = 2.2(3t+ 4)3/2 4 C and since f has
y-intercept 2, f(0) = 2.8+ Cand f(0) =2 = C=2-28=2 Thus, f(t) = 2(3t +4)*? + 2.

(b) s(z) = /Ox V3t 5dt = [%(3t+5)3/2}: = 2(3z +5)%/% — 2(5)*/2.

s(r)=3 & 2Br+5*2=3+26V5) & (Be+5)*’=L4+5/5 o 3x+5=(L+5/5)"° =
T = % [(2—27 +5V5 )2/3 . 5} . Thus, the point on the graph of f that is 3 units along the curve from the y-intercept
is (z1, f(z1)) = (1.159,4.765).
3. f(z) =1e"+e* = flla)=31"—e " =
T+ [/ (@ =1+ (Le® —e @) =14 &e?® — 1 pe2 = L2 4 14 0720 — (Leo 4 072)? — [f()]2 Thearc

length of the curve y = f(x) on the interval [a,b] is L = [ \/T+ [f' ()2 da = [* \/[f(@)2dz = [’ f(x) dz, which is

the area under the curve y = f(z) on the interval [a, b].

4. y=150— 5(x—50)> = o =—3%(x—50) = 1+(y)* =1+ 55 (z—50)2 so the distance traveled by
the kite is
80 1 3/2 u:i(a:750)
L= 1+ —(z —50)2dx = V14 u?(20du) 20 '
0 202 —5/2 du = % dx

—5/2 1 1 Y

2 20[duvT+w + tin(u+vitw)]”? :10[% %+ln(g+ 13)+§ ﬁ—ln(—ng 29)}

_ 15 25 3+VI3 ) o,
= LVI3+ 2v20+ 102008 ) ~ 12281

41. The prey hits the ground wheny =0 < 180 — £2° =0 < 2°=45-180 = =z =+/8100 = 90,

since  must be positive. y' = —4—2555 = 1+ (y’)2 =1+ émQ, so the distance traveled by the prey is

90 4 4 uw= 2z
2 dpr — 2(45 45
/0 \/1—|—452x dx /0 \/1+u(2du) [du:%dw}

L8 VTT @+ in(u+VITa?)|y=2[2vVIT+ i n(4+VIT)] =45V17+ L In(4 + VIT) ~ 209.1 m

L

42, Lety = a — beosh cx, where a = 211.49, b = 20.96, and ¢ = 0.03291765. Then y' = —bcsinhcx =

1+ (y)? =1+ b*csinh?(cx). So L = fgéfz 1+ b2¢2 sinh?(cx) dx &~ 451.137 a2 451, to the nearest meter.
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44.

45.

46.

SECTION81 ARCLENGTH O 9

The sine wave has amplitude 1 and period 14, since it goes through two periods in a distance of 28 in., so its equation is

jus

y = 1sin(352) = sin(Zz). The width w of the flat metal sheet needed to make the panel is the arc length of the sine curve

from z = 0 to x = 28. We set up the integral to evaluate w using the arc length formula with % =7z

L= f028 \/1+4 [% cos(%x)] *doe =2 fOM \/1+ [% cos(%x)] ? dz. This integral would be very difficult to evaluate exactly,

so we use a CAS, and find that L = 29.36 inches.

cos(Zx):

(@y=c+acosh(£) = 3y =sinh(%) = 1+ W)Y =1+ sinh?(2) = cosh®(Z). So
L= f_bb \/cosh?(2) dz = Qfob cosh(%) dx = Q[asinh(f)}g = 2asinh(2).

(b) Atz =0,y = ¢+ a, so c + a = 20. The poles are 50 ft apart, so b = 25, and 100

L =51 = 51=2asinh(b/a) [from part (a)]. From the figure, we see ¥ =2xsinh(25/x)

that y = 51 intersects y = 2z sinh(25/x) at x & 72.3843 for x > 0. o

So a =~ 72.3843 and the wire should be attached at a distance of
y = c+acosh(25/a) = 20 — a + acosh(25/a) =~ 24.36 ft above the

ground. 0 100

y= [V —1dt = dy/dv=+23—1 [byFIClI] = 1+ (dy/dz)* =1+ ( x3—1)2:x3

4
L=[{Va¥de = [{a®/?dv=2[s72] =2(32-1)= L =124

By symmetry, the length of the curve in each quadrant is the same,

so we’ll find the length in the first quadrant and multiply by 4.

22k +y2k -1 = yzk — 1 g2k 2k)1/(2k)

= y=(1-=z

(in the first quadrant), so we use the arc length formula with L1

dy_ 1

_ 2kN\1/(2k)—1( o1, 2k—1
Ie = 3% ") (—2kx )

_ _x2k71(1 - x2k)1/(2k)71

The total length is therefore

1 1
L% :4/ \/1+ [—332’6*1(1 _wzk)l/(%)—lP d$=4/ \/1+x2(2k—1)(1_I2k)1/k—2 dx
0 0

Now from the graph, we see that as & increases, the “corners” of these fat circles get closer to the points (+£1, 1) and
(£1, F1), and the “edges” of the fat circles approach the lines joining these four points. It seems plausible that as & — oo, the

total length of the fat circle with n = 2k will approach the length of the perimeter of the square with sides of length 2. This is

supported by taking the limit as kK — oo of the equation of the fat circle in the first quadrant: klim 1- x%)l/ @k =1
— 00

for 0 < = < 1. So we guess that klim Loy =4-2=28.
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10 0O CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

DISCOVERY PROJECT Arc Length Contest

For advice on how to run the contest and a list of student entries, see the article “Arc Length Contest” by Larry Riddle in The
College Mathematics Journal, Volume 29, No. 4, September 1998, pages 314-320.

8.2 Area of a Surface of Revolution

1. (@ ()y=tanz = dy/dz=sec’z = ds=/1+ (dy/dr)?dzx =+/1+ sec*zdz. By (7), an integral for the
area of the surface obtained by rotating the curve about the z-axis is S = [ 27y ds = foﬁ/ 27 tan z/1 + sect z d.

(ii) By (8), an integral for the area of the surface obtained by rotating the curve about the y-axis is

S = [2rxds= foﬁ/3 2nx\/1 + sect z dx.
() (i) 10.5017 (i) 7.9353

2. (y=2? = dy/dv=-22"% = ds=./1+ (dy/dz)?dz =+/1+ 4z~ Sdx.
By (7), S = [2myds = flz 221+ 42=6 dx.

(i) By (8), S = [ 2mads = [} 2nx/1 + 4z~ dx.
(b) (i) 4.4566 (i) 11.7299

3.(@ (hy= e = dy/dx = e (—22) = ds=+/1+ (dy/dx)?dx =+/1+ 4a2e=22% dz.
By (7), S = [2nyds = fjl ome=*" /1 1 da2e—22 da.
(i) By (8), S = f 2rxds = fol 2/ 1 + dx2e—22% dx [symmetric about the y-axis |
(b) (i) 11.0753 (ii) 3.9603
4. (@) Dz=mIny+1) = dz/dy= 5 2+ T = ds = /1 + (dz/dy)?dy = /1 +4/(2y +1)2 dy.
Y

By (7), S = [2nyds = [} 2my /T +4/(2y + 1)2 dy.
(i) By (8), S = [ 2rads = [ 2rln(2y + 1) /T + 4/(2y + 1)2 dy.
(b) (i) 4.2583 (i) 5.6053
5@ (ae=y+y® = do/dy=1+3y> = ds=/1+ (dz/dy)?dy = /1+ (1+3y?)2dy.
By (7), S = [2nyds = [, 21y /1 + (1 + 3y?)2 dy.
(ii) By (8), S = [2mxds = [, 2n(y +4°)/1+ (1 + 3y2)2 dy.
(b) (i) 8.5302 (i) 13.5134
6. (1) y=tan 'z = dy/de=1/(1+2) = ds=/1+ (dy/dx)>dx=/1+1/(1+22)?dx.
By (7), S = [2nyds = [?2ntan~ 2 /T + 1/(1 + 22)? da.
(i) By (8), S = [ 2mads = [? 2nz /1 + 1/(1 + 2?)2 da.

(b) (i) 9.7956 (i) 13.7209
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SECTION8.2 AREA OF A SURFACE OF REVOLUTION O 11

7.y =2°

= 3y =322 So

= f02 2y /14 (y')2dx = 27rf02 2?1+ 928 de = 2% 1145 Vudu [u=1+92% du = 362> da]
145

==z [guw] = 2 (145145 — 1)
1

.y=v5-z = y =156-2)"*(-1)=-1/2V5—2).So

S= /27ry 1+ (y dm— 27r\/5 x—27r 5fx+ dx
3 \/
1 u=2L —x,

=27 2 —xdv =27 \/_( u) du—

:2ﬂ/9/4u1/2dU*2W[2 3/2]9/4 —dm(2Z_ 1) _ 13x
1/4 1/4

9.¢9°=24+1 = y=+vz+1 (for0<z<3and1<y<2) = y =1/2Vz+1).So0

3 3 3
S=/27ry\/1+(y’)2d1’=27r/ Va+1 1+;d1’=2ﬂ'/ Ve+1l43de
0 0 4(z+1) 0
3 - 17/4 w45
:27r/0 \/ T+ gdr =27 Vudu |:du:dz 4]

5/4

17/4 9 /173/2  53/2 T
—on [202) 7 —ar . 2 ~2 ) = ZaryAT — 5v6).
K 5/4 T3\ 78 8 6( v9)

10. = 1+er = ,:ll+I71/ZI:€7
y=+vi+te vo=s(4e)T ) = o

2z x 2z 2
TF ()2 =41+ e _ [Atdet 4™ (e” +2) e’ +2
4(1+e®) 4(1 4 e®) 4(1—!—61) 2T+ e

+2 !
S = /27r dx—27r/ 1+ e ——— i :ﬂ'/ e’ +2)dx
vVl e e , D)
:ﬂ'[ez+2$]0:71'[(64»2)7(14»0)]:7r(6+1)
M. y=cos(32) = y =—3sin(32).So
S= /271'y 1+ ( )dx:27r/ cos(3x) /14 §sin®(3z) dx
0

o 1,2 u:sin(lx),

_271'/0 /14 3u? (2du) |:du:%0025(%a:)dz:|
1 1

:27r/ \/4+u2dug27r[g\/4+u2+2ln(u+ \/4+u2)}
0

0

=2r[(3V5+2In(1+V5)) — 0+21n2)]:7rx/5+47r1n(1+2\/5)
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12 U CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

w

PP ST G S S SR PR €A S CE SRS S 1 £ S U R S
VT T — 2 - —\V\2 ) 2

Boo=30"+2% = de/dy=30"+2)"* () =yV¥’+2 = 1+ (dz/dy)’ =1+ +2) = +1)"
SoS=2r [Py(® +1)dy =2r[sy* + 3?0 =2m(4+2 -1 — 1) = A4z,
B 2=1+2y> = 1+ (dz/dy)® =1+ (4y)* =1+ 163>

SoS=2r [Zy\/1T+16y2dy = & [ (16y> +1)1/232ydy*16[§(16y +1)3/2] Z(65v65 — 17V/17).

15.y:%m3/2 = y':%azl/z = 1+ () =141z S0
12 12 12
:/ 2rx~/1+ (y dm—27r/ 1/1+4$d1’—2ﬂ' 1’2\/4+xdw
0

16
:W/ (u—4)Vudu LZ::Z:LL’}
4

16
-/ (u3/2—4u1/2)du:ﬂ[%u5/2—%u?’/z]w:77[(% 1024 £ -64) — (2-32— 5 -8)]

4

— ﬂ-(% 992 — & 56) (59521—52240) _ 37127

15

16. 22/% 4+ y*/3 = 1,0 < y < 1. The curve is symmetric about the y-axis from z = —1 to z = 1, so we’ll use the

portion of the curve fromz = 0tox = 1. y*/3 =1—-2?2 = y=(1-2¥%3? =

A 2/3 1 _ p2/3 2/3 41 _ 223
301 .2/3\1/2 (_ 2, -1/3) _ 1—a? "2 _ T _Z €z _ ..—2/3
Yy =35(1—-2%7°) ( sx )_ s 1+ W) =1+ = 73 =z"°°. So

27r;t\/1+(y dx—27rf0 —1/3) dac—27rf m2/3dx—27r[3 5/3} =2r(2) =&
0

7.2 =a>—y2 = dz/dy=31(a®—y°)" Y2(_9y) = —y/\/a® — 2

dx 2 y2 a2 _ y2 y2 (12
+<dy) +a2_y2 a2_y2+a2_y2 aZ_y2

a/2
5:/ om0 — 2
0

dy =27 a/zady = 27ra[y]a/2 = 27Ta(2 — O) = ma?
0 0 2 .

S —
[a2 — 2
Note that this is % the surface area of a sphere of radius a, and the length of the intervaly = 0toy = a/2 is % the length of the

interval y = —atoy = a.
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19.

20.

21.
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SECTION 8.2 AREA OF A SURFACE OF REVOLUTION O 13

2 2 2 2
—1,2 1 dy _z gy g 1,1 e 11 (e, 1
y=ar —zhe = o =% T 1+<dm> B = R S S Rl R ™ I

y=12" = dy/dv=2z' = 1+ (dy/dx)’=1+2°> = S= f05 2m(22°) V1 + 28 du.
Let f(z) = 2ma2°v/1+ a8. Since n = 10, Az = 22 = 1. Then

S~ S1o = L2[f(0) + 4£(0.5) + 2f (1) + 4f(1.5) + 2f(2) + 4f(2.5) + 2 (3)
+4f(3.5) +2f(4) +4f(4.5) + f(5)]
~ 1,230,507

The value of the integral produced by a calculator is approximately 1,227,192.

y=z+x> = dy/de=14+22 = 14 (dy/dx)*>=1+(14+22)*> = S:f0127r(x—|—;r2)\/1+(1+2x)2d1’.
Let f(z) = 2m(z + 2%)y/1+ (1 + 22)2. Since n = 10, Az = 152 = . Then

S & Sio = HO[£(0) +4£(0.1) + 2(0.2) + 4£(0.3) + 2£(0.4) + 4£(0.5) + 2£(0.6)
+ 4£(0.7) 4+ 2£(0.8) + 4£(0.9) + £(1)]
~ 13.649368

The value of the integral produced by a calculator is 13.649370 (to six decimal places).

y=xze" = dy/dv=2ze"+e" = 1+ (dy/dz)®> =1+ (ze®+e%)? = S= fol 2rze® /1 + (zve® + e*¥)? dx.
Let f(x) = 2mze™ /1 + (ze® + e*)2. Since n = 10, Az = 152 = 15. Then
S~ Sio = HO[£(0) + 4£(0.1) + 2£(0.2) + 4£(0.3) + 2£(0.4) + 4£(0.5) + 2£(0.6)
+ 4£(0.7) + 2£(0.8) + 4£(0.9) + f(1)]
~ 24.145807

The value of the integral produced by a calculator is 24.144251 (to six decimal places).

y=zhz = dy/dx:x-%—l—lnx:l—&—lnx = 1+ (dy/dx)’=1+(1+Inz)®> =

S = ff 2rxzInz /14 (1 +1Inz)?dz. Let f(z) = 2nzlnz /1 + (1 +Inz)2. Since n = 10, Az = % = %, Then

S~ S1o = LO[f(1) +4f(1.1) +2£(1.2) + 4f(1.3) + 2f(1.4) + 4f(1.5) + 2f(1.6)
+4f(1.7) +2f(1.8) +4£(1.9) + f(2)]
= 7.248933

The value of the integral produced by a calculator is 7.248934 (to six decimal places).
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14 0 CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

B.y=1/z = ds=+/1+ (dy/dx)?dx=+/1+(-1/22)?de =+/1+1/2*dx =

2 2 /4 /2
S:/Qﬂ'-lwl—l—%dm:%r/ ming / vur T2 % ) [u = 22, du = 22 dz]
1 x x 1 x

/\/l—l——u2 {@+ln(u+ 1+u2)£1

= [+ @+ VIT) + ¥ ~In(1+V2)| = TAN(VIT+4) —4In(VZ+1) - VIT+4+2]

dy x dy 2 z?
24, y=+vz2+1 = = ds=4/1 —= | dv=/14+ —5—d
Y »?+1 = e —T = ds +(dm) 4 +x2—|—1 T

S:/j%\/ﬁ\/%dm:%/j\/WMZQﬁﬂ/jmdx
L2van[te m-l-iln(m-i-\/@)KI%@W[%M—F%M@—&-\/@)_iln%}

2 an[8B 4n(a+B) 40V <2VE[3F + o5 V)

=3V197 + Z5In(3v2+ V19)

5. y=2and0<y<1 = ¢y =3z2and0<z<1.
— 2
S:f0127rx\/1+(3:E2)2da?:27rf03\/1+u2édu {dli;?’,x’ ] :§f03~/1+u2du

6z dx

2 forusecas] T[3uvTFa® + iln(u+vITw2)]) = 2[2VI0+ i In(3++/10)] = Z[3VI0+1n(3+v10)]

cly2 1\
2. y=1 1,0<z<l.ds=4/1+ (2 — 1+ (—
6. y=In(z+1),0<z<1.ds +(dm> dx +<m+1) dx, so
! 1 2 1
52/271':]3 1+72d:1::/27r(u71) 1+ —du [u=2+1,du = dzx]
0 (z+1) 1 U

2 A .2 2/ 5 2 2./ 2
:27r/ uﬂduf%r/ ﬂdu:%r/ 1+u2duf27r/ ﬂdu
1 u 1 U 1 1 u

21,23 2 14+ v1+u? 2
=" [oruse CAS] ZW[%ux/lJruz+%ln(u+\/1+u2)]l727r{\/1+u271n<7>}
U

1

—2r[VE+3m(2+VE) — 3V 1n(1++2)] - 27 [VB —In(H55) - V24 In(1+ V3)]
=2 [% (2+f)+1n(1+f)+f 3ln(1+\/§)]

/ 2
e <1 1 * Vrt+1 . .
27. S = 27r/ Y414+ <%> dx = 27r/ . 1+ oy dr = 27r/ Ix—:— dx. Rather than trying to evaluate this
1 1 1

integral, note that /2% + 1 > v/z* = 22 for z > 0. Thus, if the area is finite,
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SECTION 8.2 AREA OF A SURFACE OF REVOLUTION 01 15

=27 / I4 d > 27 / - 2—2 de =27 / h % dz. But we know that this integral diverges, so the area S
1 1
is infinite.
> 2y de =27 foo ﬂcﬁdm [y=e""y =—e""].
Evaluate [ = [e~* \/m dx by using the substitution u = —e™*, du = e~ * da:

I=[V1+u?du e tuvI+uw?+iln(u+vVI+u?)+C=3(—e " )WVIi+e @ +3In(—e*+VI+e2)+C.

Returning to the surface area integral, we have
S =2r lim [fe™ T+ (~e *)?de = 2x lim [§(~e™*)vIFe 2 + (e +VIte =],
=2m lim {[3(=e" ) VI+e P +iIn(—e " +VI+e )] - (D) VIFT+3In(-1+VI+T)]}
=2r{[3(0)VI+ 30+ VT)] = [-3V2+ 3 In(-1+V2)]}
=2r{[0]+ 3 [V2-In(v2-1)]} =7[V2 —In(vV2 - 1)]

Since a > 0, the curve 3ay® = x(a — x)? only has points with > 0.

[Bay* >0 = z(a—2)>>0 = z>0]

o~

The curve is symmetric about the x-axis (since the equation is unchanged 0 \_/a\x

when y is replaced by —y). y = 0 when & = 0 or a, so the curve’s loop

extends fromx = 0 to x = a.

d 5 d 5 dy 5 dy (a—2z)[-2z+a— ]
£ == — Y 20a—2)(—1 - &
o (3ay?) e [z(a —x)°] = 6ay 2p =% (a—z)(-1)+(a—2)* = Te 6ay
dy 2 _(a—2)*(a—32)> (a—2)*(a—3z)? ' 3a the last fraction | _ (a — 32)*
dr ) 36a2y? B 36a? z(a —x)? is1/y*  12az
dy a? —6ax + 9>  12ax  o® —6ax + 92> @ +6ax+92°  (a+3z)?
1 =1 - = - f .
+ (da:) + 12az 12az 12ax 12az 12ax orz #0
(@S = / 27Tyd8—27r/ \/_a—x) a+3xdw:27r/ wdz
V3a v12ax 0 6a
a 2
;—a (a2+2a:1373x2)dx:%[aszramexg’]g::;(a +a® -d®) = 37; a3:%.

Note that we have rotated the top half of the loop about the x-axis. This generates the full surface.

(b) We must rotate the full loop about the y-axis, so we get double the area obtained by rotating the top half of the loop:

¢ a+3x A

T T =
0 Vv 12ax 24/ 3a

_ 27 zax3/2+§x5/2 a727r\/§ 2 252 9(15/2 :271'\/3 g+§ 02— 21/3
V3a |3 5 o 3ya 5 3 3 5 3 15

_ 96w \/§a2
o 45

S=2-27T/ xds = 4w 22 (a+ 3z) dz = 2;: /(a$1/2+3m3/2)dm
=0 a 0
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16 U CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

30. In general, if the parabola y = az?, —c < x < ¢, is rotated about the y-axis, the surface area it generates is
c 2ac
5 g u 2i u = 2azw, T 2\1/2
Tr/oxs/l—i—(an) dz =27 ; 2CL\/l—&—u 2adu |:du:2adx:| ——42/0 (1+u") " 2udu

a
= [J0 )] " = a0 aatet) 1]

2ac

Here 2¢ = 10 ftand ac® = 2 ft,soc = 5and a = 2% Thus, the surface area is

S = %6%5[(1+4. . 95)Y7 - 1} — 625 [(1+ 16)3/2 —1] = 826 (41m - 1) = 57 (41 VAT — 125) ~ 90.01 ft°.

125
22 2 2
y y(dy/dx) =« dy b
31()—+b271 = T**F = % a2y =
14 dy\? _1 biz®  b'z? +aty? b*a? + a'b? (1 — 2°/a®) ~a'b? +b'2? — d?b’a?
d - a4y2 - a4y2 - atbh? (1 _ 1'2/(12) - a4b? — a2b2x2

4 2 2\, .2
a* + b22? — a%a2? a —(a —b)x

at — a2x2 - a2(a2 — x2)

The ellipsoid’s surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the z-axis.

Thus,

_ / y _ 5 Vat — (a® - b2)x2 47rb \/—
2/ 2y /1 + d_ dm 4 / -Vva m - —b2)x2dx
ay/a2—b2

a a2 b2 4
_ Anbd gz [u = VaT = 4] 0 _ A4mb E«/a4—u2+a—sin’1(i)
b2 2 a?

a? 0 a2 — a2v/a2 — b2| 2 0
4 a’bsin™* —a2 — b
47h a+va? — b2 a a? —b?
= 4 a2(a2 — b2 ~_sin X 7 | = 2
T [ 5 Va*t —a?(a? — b2) + 5 sin - } 2 [ b + =

22 2
Yy x (dx/dy) Y dx a? a’y
L -1 rarjay) Y ar _
OF+E=1 > =03 ¥ T 4y P

- ﬁ 2_ - a4y2 3 b4a:2+a y b4 2(1 — 2/b2)+a4y2 3 azb4—a2b2y2+a4y2
dy - bir2 b2 b4a2(1 — y2/b2) - a2bt — a2b2y2

b4 _ b2y2 +a2y2 B b4 _ (b2 _ a2)y2
[ b2y2 - b2(b2 )

The oblate spheroid’s surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the

y-axis. Thus,

/ /b 2 2)
_2/ 21 x 1+ dx dy—47r/ —/b% — *—a

_ 4ma / VO (2 —a®) P dy = dma / bt + (a2 — b2) y2 dy [since a > 0]

by/ a2 —b2
- 4”/ N [u=vaZ—1%4]

2 0 a? — b2

o1 dra by/a2—b2

21 2’ma /0% + 2 + 1 + VA Fu2 continued
N { vt g b )]0 eontimed]
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SECTION 8.2 AREA OF A SURFACE OF REVOLUTION  [I

__ dma Hbm(b) ln(bm—i-ab)] {+b—;ln(b2)”

b2va® — b 2
4ra ab®>va?2 — b2 b byva?—b2+ab 5 2rab? Va2 —b%+a
— 4+ —=—In—Y———— | =2ma®* + In
b2a2 — 02 2 2 b2 a2 — b? b
. e upper halt of the torus 1s generate rotating the curve (r — + =r~,y > 0, about the y-axis.
32. The upper half of th is g d by ing th ( R)2 y? 2 y>0,ab he y-axi
dy dy\? (x—R)? >+ (r—R)? r?
Yz (@ ) * (da:) * y? y? r2 — (z — R)® =
R+T r
R+r d u + R
_2f 2mx 1+<dx> dr = 47w o mdajzllﬂ’r 7T\/Tu2 [u:sz]
_ " udu since the first integrand is odd
= 4nr . m +4mRr . m =4rr -0+ 87rR7"/ m [ and the second is even

= 87 Rr [sinfl(u/r)]g =8nRr(3) =4r’Rr
33. The analogue of f(z]) in the derivation of (4) is now ¢ — f(x7), so

S = lim ZQT{'C— @)1+ ()] Ax—f 2n[e — f(2)] /14 [f'(x)]? da.

n—00 ;

Boy=2? = Y =17V = 14 (y)? = 1+1/dz,soby Exercise 31,8 = [ 2 (4~ Va ) \/T+ 1/(4z) do.

Using a CAS, we get S = 27 In(v/17 4 4) 4 % (3117 + 1) ~ 80.6095.

35. For the upper semicircle, f(z) = v/r2 — 22, f'(x) = —x/+/r2 — 22. The surface area generated is

r x? " r
5’1:/ 27r(r7 7“27372) 1+ d:)::47r/ (rf r2fx2)—d:1:
2 _ 72 o 2 _ 22

—r

T 2
=4 T—fr dx
o 2 _ 12

T 2
For the lower semicircle, f(z) = —v/r? — 22 and f'(z) = Lz’ so Sy = 47T/ (T— + r) dz.
X 0 T

r2

2

Thus, the total area is S = S1 + S2 = 87r/ (T—> dx = 87 [7"2 sin~ ! (f)]
0 T 2

2 _ g r

" = 8712 (E) = 47?72,

0 2

36. (a) Rotate y = v/ R?2 — 22 with a < x < a + h about the z-axis to generate a zone of a sphere. y = R? — 22 =

2
Yy = %(Rz o 932)*1/2(—230) = ds= \/1 + (%) dx. The surface area is

y
a+h a+h 2
S:/ 27ryds:27r/ vV R?2 — 22 1+ﬁdx /Th
a+h R alla+h Jp ¢
:27r/ \/Rz—w2+x2dx:27rR[m]Z+h KJ/ !

=27R(a+ h —a) = 2wRh
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37.

38.

39.

U CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

(b) Rotate y = R with 0 < z < h about the z-axis to generate a zone of acylinder. y =R = 3 =0 =
= /1 + 02 dz = dz. The surface area is S = foh 2y ds = 27 foh Rdxr =27R [m]g = 27 Rh.

/2

y = eac/2 Le® l x/2 %e—x/2

= y = =
2

1+ @) =1+ (1 ©/2 _ 16’1/2) = 1+%€I—%+%671 = iez—l-%—&-%e*z = (1 1/2—1- 1 71/2) If we

rotate the curve about the x-axis on the interval a < x < b, the resulting surface area is

S = f: 2ny~/1 + (y')2 dx = 2w ff(e””/2 +e7%/2) (%e”/2 + %e’”/z) dx = Trff(e"/2 + e~%/%)2 dx, which is the same

as the volume obtained by rotating the curve y about the x-axis on the interval ¢ < x < b, namely, V =7 f; y? dx.

Since g(z) = f(x) + ¢, we have ¢’ (x) = f'(x). Thus,

Sy = [V 2mg(z) 1+ [¢(@)Pde = [0 2n[f(z) + ] 1+ [f' (@) da

—f 2nf(z) /14 [f'(z dx+27rcf x)]?dx = Sy + 2mcL

Yi—1 + Yi |
2

In the derivation of (4), we computed a typical contribution to the surface area to be 27 PPy,

the area of a frustum of a cone. When f(x) is not necessarily positive, the approximations y; = f(x;) ~ f(z;) and
Yi-1 = f(xi1) ~ f(x}) must be replaced by yi = | f(xi)| ~ | f(#7) and yi1 = | f(zi-1)| = | f(27)]. Thus,

2m MITW |Pi—1 Py = 2m | f(x)| /1 + [f/(x})]? Az. Continuing with the rest of the derivation as before,

we obtain S = f 27 | f(x)| /1 + [f'(2)]2 dz.

DISCOVERY PROJECT Rotating on a Slant

B—a
\B
B—a
y=mx+b
g(x;)
B 4
¢ B
tangent to C B
at (x;, f(x;) /\ flx;) = (mx; + D)
Au|
\— J1+ m?
@ xi /B
pe——— I N S
Axi s

In the figure, the segment a lying above the interval [z; — Az, z;] along the tangent to C' has length
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DISCOVERY PROJECT ROTATINGONASLANT O 19

Azxseca = Az+/1+tan® a = /1 + [f/(z:)]?> Az. The segment from (z;, f(x;)) drawn perpendicular to the line

y = max + b has length
flzs) —mzi — b fa) — mzi —b _ flzs) —mx; — b
xi) = [f(xs) — mz; —blcos B = =
gles) =1 (w) Jeosh = T B s vitme
Au
Ax seca

Also, cos(8 — a) =

cos 3 cosa + sin 8 sin — Ax(cos 3 + sin 8 tana)

Au = Az seca cos(f — a) = Ax

cosal
= Az L/limz + VleZf/(wi)} = 71;17?_/”(?) Az

Thus, Area(®) = lim é g(as) Au= lim é f(@ \)/—_-— b1 ;ﬁ—m)
=1 +1m2 /p @) — ma — WL+ mf (@) da

. From Problem 1 withm =1, f(z) =z + sinz, mz +b=x — 2,p =0, and ¢ = 2,

Area = T 12f [z +sinz — (z —2)] [1 + 1(1 + cosz)] dz = 3 027T(sinx+2)(2+cosx)da:
:; o (2sinz +sinzx cosaﬁ+4+2€05:)ﬁ)dmf%[72(:osx+%sin23174r4317+23inx}(2)7r
= 1[(—240+87+0) — (—24+0+0+0)] = 1(87) =4r

n n ) — o 2 (.
fxs) —maz; —b|" 1+ mf'(z;) A

.V = lim z:))? Au = lim
naooz; m[g(w;)] nawl;ﬂ TEe T
T

= Ty o @ —ma =Pt mf (@) do

27
U 72 / (x+sinz —z +2)°(1 4+ 1+ cos ) d
0

(1412
T 27 5 T 27 9

= — sinx + 2)°(cosx + 2 da::—/ sin“x + 4sinz + 4)(cosz + 2) dr
= [ ina 2 (eosa+ 2y = 5T [ )(cosiz +2)

27
— / (sin2mcosr+4sinmcosx+4cosa’+2$in2x+8sinx+8)dm
0

22

™ . . . . 27
= —=[§sin’z 4 2sin® 2 + 4sinz + & — §sin 2z — 8cosx + 8] [since 2sin2 = = 1 — cos 2]

22

5= [ 2m000) VIR @ e = s [10) = ma =8l VIF TGP s

9v2 ,
—2 T

. From Problem 5 with f(z) = \/E,p =0,q=4,m= %,andb =0,

CAS T |:1n(\/ﬁ+4) n 37V17T 1

2
14 dr = — —| =~ 8.554
/]_|_ l / (2\/5) \/g
2

32 24 3
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20 0 CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

8.3 Applications to Physics and Engineering

1. The weight density of water is § = 62.5 1b/ft*.
(a) P = dd ~ (62.5 1b/ft*)(3 ft) = 187.5 Ib/ft>
(b) F = PA ~ (187.5 1b/ft*)(5 ft)(2 ft) = 1875 1b. (A is the area of the bottom of the tank.)
(c) As in Example 1, the area of the ¢th strip is 2 (Axz) and the pressure is dd = dx;. Thus,
F = [}6x-2dx ~ (62.5)(2) [} vdz = 125[12?]) = 125(3) = 562.5 b.
2. (a) P = pgd = (820 kg/m®)(9.8 m/s*)(1.5 m) = 12,054 Pa ~ 12 kPa
(b) F = PA = (12,054 Pa)(8 m)(4 m) = 3.86 x 10° N (A is the area at the bottom of the tank.)
(c) The area of the ith strip is 4(Ax) and the pressure is pgd = pg ;. Thus,

= [° pgx - ddx = (820)(9.8) -4 [} wde = 32,144 [12?]2/* = 16,072 () ~ 3.62 x 10* \.
In Exercises 3—9, n is the number of subintervals of length Az and ] is a sample point in the 4th subinterval [z;_1, ;].

3. Set up a vertical z-axis as shown, with z = 0 at the water’s surface and z increasing in the 10

downward direction. Then the area of the ith rectangular strip is 2 Ax and the pressure on 13

the strip is 2] (where § =~ 62.5 Ib/ft>). Thus, the hydrostatic force on the strip is 8 ft 1

dx; - 2 Az and the total hydrostatic force & Y dz; - 2 Az. The total force

=1

F = lim z o272z = [}' 6w - 2da = 20 [} wdw = 26[L2?],' = 6(121 — 9) = 1126 ~ 7000 Ib

”l—'OO

4. Set up a vertical axis as shown. Then the area of the ith rectangular strip is -

. . i 10
2(z7 —2) Az. |By similar triangles, == sow; = 2(z; —2).
-2 5 ol
t L

i

The pressure on the strip is dx;, so the hydrostatic force on the strip

is 0z - 2(x; — 2) Az and the total hydrostatic force on the 10 ft

plate ~ Xn: ox; - 2(x; — 2) Az. The total force
F = lim Z oz - 2(xj —2) Az = f275x -2(x —2)dx = 26]27(202 —2z)dx

n—00 ;=

7

=20[32% —a®]) = 20[(52 —49) — (§ —4)] =26 (%2) = 4%6 ~ 43°(62.5) = 8333.3 Ib.

3 3

5. Set up a coordinate system as shown. Then the area of the ith rectangular strip is

Vo4 —(fy
24/82 — (yF)? Ay. The pressure on the strip is dd; = pg(12 — y; ), so the

---------- } Ay

hydrostatic force on the strip is pg(12 — y;') 21/64 — (y;)? Ay and the total

0 X
3 - n _ * — 3
hydrostatic force on the plate ~ Z; pg(12 —yi) 24/64 — (y;)? Ay. ’ \j“r y =64
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SECTION 8.3  APPLICATIONS TO PHYSICS AND ENGINEERING I 21
n
The total force F'= lim Y pg(12 — y;)2,/64 — (y;)? Ay = ffs pg(12 —y)2 /64 — y2 dy
n—o0 ;2]
=2pg-12 [ /64— y2 dy — 2pg [*, y\/64 — y2 dy.

The second integral is 0 because the integrand is an odd function. The first integral is the area of a semicircular disk with

radius 8. Thus, F' = 24pg (37(8)*) = 768mpg ~ 768m(1000)(9.8) ~ 2.36 x 10" N.

. Set up a coordinate system as shown. Then the area of the ¢th rectangular strip J J36 - ()
is 2 /62 — (y;)? Ay. The pressure on the strip is dd; = pg(4 — y; ), so the T d I
1
4 E * 3 1) Ay
hydrostatic force on the strip is pg(4 — ;) 2 4/36 — (y})? Ay and the | / lyl*
0 X

hydrostatic force on the plate = Y pg(4 — y;') 2 /36 — (y;)? Ay. The total

=1
force F = lim > pg(4 —yi)2/36 — (y])? Ay = f04 pg(4 —y)2+/36 — y2 dy = 8pgli — 2pgls.
n—oo ;=1

y =6siné6,
L= [!\/36 —y2dy = [ /36 — 36sin2 0 (6 cos 0 df) dy = 6cos 0 df
a:sin71(2/3)
= [y 36cos®>0df = [ 36 (14 cos20)df = 18[0 + 3 sin20];

= 18(a + 3 sin2a) = 18(a + sina cos ).

\ 2 =36 —y2,
L=, y\/36 —y2 dy = 56 VU (—3du) {dqi: _2?/374 ]

20
— 3/2 _ 3/2 _
= -3 [3u?] = —4(202 - 216) =72 - V5.

Thus,
F =8pg-18(a+sina cosa) —2pg(72 — 2V5) = 144pg(sin*1 24+ %%) —2pg(72 - LV5)
= pg(144sin™' 2 + 118/ — 144) = 9.04 x 10° N [p = 1000, g ~ 9.8].
. Set up a vertical x-axis as shown. Then the area of the ith rectangular strip is 2m Lo
2 .. . i —x 2
(2 — % xf) Az. {By similar triangles, w7 = \/5735’ sow; =2 — % x; } o om T xf
The pressure on the strip is pgx;, so the hydrostatic force on the strip is
NG
2 n 2
x; | 2 — —= 7 | Az and the hydrostatic force on the plate ~ x| 2— —=ux] | Ax.
Py ( 7 ) y p ; Py ( 7 ) X

The total force

F= lim pgxf(Z——xf)Amz/ pgm<2——m>dr=pg/ <2m——x>dm
nﬂooi; \/§ 0 \/3 0 \/g
V3

2
= x%—x?’] = 3—2)—0]=pg~1000-9.8=9.8 x 10°N
pg[ 537 |, pg [( ) —0] = pg
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22 [0 CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

8. Set up a vertical z-axis as shown. Then the area of the ith rectangular strip

. " .. . w; 6 . .. 4m
is 3z; Ax. |By similar triangles, —: =3 so w; = 3x;.| The pressure on the strip is
T

i

pg(x; + 4), so the hydrostatic force on the strip is pg(x; + 4)3x; Ax and the hydrostatic 1

n
force on the plate =~ Y pg(x; + 4)3z; Az. The total force x
i=1

F=1lm Y pg(zi+4)3z; Az = f02 pg(x 4+ 4) 3z dz = 3pg f02 (2? 4 42) dx
n—oo ;7

=3pg[ia’® + 2m2]§ =3pg(5 +8) =32pg = 313,600N [p = 1000, g =~ 9.8]

9. Setup a vertical z-axis as shown. Then the area of the ith rectangular strip is 4ft 0

/ 2o |

w; Az = (442 2x7) Az. The pressure on the strip is 6(z; — 1), so the / 3t X§““i

. . . / w \
hydrostatic force on the strip is d(z; — 1) (4 + %m}‘ ) Az and the hydrostatic 3

force on the plate ~ Y 6(z; — 1)(4 4 32;) Az. The total force

i=1
F = lim ié(mf—l)@—l—%x;‘) szffd(ac—l)(ll—l—%x) dxzéff (32° + Sx —4) da

n—oo ;3

=0[4a® + 42? — 2]} =0[(12+12-12) — (4 + 4 —4)] =6(1Z) ~8891b [§ ~ 62.5]

10. Set up coordinate axes as shown in the figure. For the fop half, the length

<z
m|Q -

of the 4th strip is 2(a/\/§ — y;) and its area is 2(a/\/_ —yi) Ay.

The pressure on this strip is approximately dd; = & (a/ V2 —yr ) and so the a

force on the strip is approximately 24 (a V2 —yr )2 Ay. The total force

n a 2 a/V2 a 2 a
Fri=lim S°26(-% —yr) Ay =26 2y d
= B ) av=us [T ()
a/V2

1/ a 3 2 a\? 25 o V2a%s
_os|-i(a_, = o (L) =R e _
3\V2 o 3 V2 3242 6
For the bottom half;, the length is 2(a/v/2 + y;°) and the total force is

n a a 0 a® 2 2 0
Fo=1 > 20 —= 4y — -y | A ——25/ —_— = dy = 25[2% — L8
2 n—>1m00i71 (\/5 Y )(\/5 Y > Y —a/V2 < 2 Y ) Y [20’ 3 ]711/\/5

:25{0_ (_ﬁcﬁ ﬁ&ﬂ :25<¢§a3> _22d%

4+12 6 6

f=}

[y = 2F1]

3v2a%5 o V2a%s

Thus, the total force F' = Iy + F5> = 6 5
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SECTION 8.3 APPLICATIONS TO PHYSICS AND ENGINEERING U 23

11. Set up a vertical x-axis as shown. Then the area of the ith rectangular strip is 2a lo
%(Zh — x7) Az. |By similar triangles, %L—x:‘ = %, SO w; = %(2}1 — 7). “ [ ;z*
The pressure on the strip is dx;, so the hydrostatic force on the plate ' ’

n g 1+ 2h
~ > ox; %(Qh — z7) Az. The total force .
i=1 :
. noooLa N a h ad p 9
F= nlin;ozgdxi E(Qh—xi)Ax = 6% Jo x(2h — x) dx = Tfo (2ha — 2?) da
ad ¢, o 31h Gl 3 3 ad [ 2h3 2

12. (a) The solution is similar to the solution for Example 2. The pressure on a strip is approximately dd; = 64.6(3 — y;') and the

F=lim 3 64.6(3—y)2/9— (1)2 Ay =129.2 [* (3 —y)\/9— 2 dy

n—oo ;7

=129.2-3 [° /9 —y2dy —129.2 [y /9 —y2dy

|:the first integral is the area of a semicircular disk with radius 3 and

total force is

=387.6-127(3)> -0

the second integral is 0 because the integrand is an odd function
= (1744.2)7 ~ 5480 1b

(b) If the tank is half full, the surface of the milk is y = 0, so the pressure on a strip is approximately dd; = 64.6(0 — y;'). The
upper limit of integration changes from 3 to 0 and the total force is
0
F=129.2[°,(0—y)\/O— 12 dy = 129.2[%(9 - y2)3/2] |, = 12929~ 0) = 1162.81b

Note that this is about 21% of the force for a full tank.

*

8 w; z; , ;
13. By similar triangles, —= = — = w; = —=. The area of the ith X
4 \/3 €x; \/3 43 8m
.. 2z -
rectangular strip is j% Az and the pressure on it is pg (4 V3 —x! ) .
X;
43 4v3 4v3
2z 2pg 2 0
F:/ pg(4\/§—x)—daﬁ=8pg/ rdr — —= z“dx
0 V3 0 V3 Jo
V3 _ 2pg  314V3 2pg
—dpg[2?]V° - 2L [ = 192pg — ~P264-3+/3 = 192pg — 128pg = 64
pg[z?], 3\/5[ lo K Py pg = 64pg
~ 64(840)(9.8) ~ 5.27 x 10° N
18. F = [ pg(10 — )2 V4 — 22 dz ) X
m

= 20,ogf02 Va4 —x?2dr — pg f02 V4 —x? 2z dx

= 20pgin(2*) — pg f(;l ul/? du [u=4—22 du=—22dx]

4
= 20mpg — %PQ[US/Z}O = 20mpg — Lpg = pg(20m — 12)

= (1000)(9.8) (20 — 8) ~ 5.63 x 10° N
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24 [ CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION
15. (a) The top of the cube has depthd = 1 m — 20 cm = 80 cm = 0.8 m.
F = pgdA = (1000)(9.8)(0.8)(0.2)*> = 313.6 ~ 314 N

(b) The area of a strip is 0.2 Az and the pressure on it is pgx; .

F=[' pgz(0.2)dz = O.ng[%xz]é's = (0.2p9)(0.18) = 0.036pg = 0.036(1000)(9.8) = 352.8 ~ 353 N

16. The height of the dam is h = /702 — 25 cos30° = 15 /19 (@) ol 2 %0

The width of the trapezoid is w = 50 + 2a. x4l a_

o 2% a 25 0\ |19
By similar triangles, — = = a=—(h—z). Thus,
h h—x h 50
h £
25 50 50 50z 50z
. . o Az
From the small triangle in the second figure, cos 30° = — =
P —

z = Azsec30° = 2 Ax//3.

h h h
50z 2 2005/ 1005 2
F= x| 100 — — | —=dr = — rdr — ——= x” dx
/0 ( h )«/5 V3 Jo hv3 Jo
_ 2006 h® 1008 h® _ 2006h* _ 200(62.5) 12,825
V3 2 hv3 3 3V3 3V3 4

~7.71 x 10° Ib

17. (a) The area of a strip is 20 Az and the pressure on it is dx;. 40 ft
F = [? 6220 dz = 205[12?]; = 206 - 3 = 905 20 ft 9ft
= 90(62.5) = 5625 Ib ~ 5.63 x 10% 1b 3ft

9

(b) F = [} 220 dw = 206 [12?]

=200 - & = 8108 = 810(62.5) = 50,625 Ib ~ 5.06 x 10* Ib.

(c) For the first 3 ft, the length of the side is constant at 40 ft. For 3 < x < 9, we can use similar triangles to find the length a:

a 9—=x 9—=x
- — 40 - .
10 G = a 0

9—x 9

F = f03 0z40dx + f39 0x(40) dx = 405[%1’2]2 + 25 f39(9x — %) dz = 1806 + 326[32” — %xﬂg

= 1806 + 226[ (22 — 243) — (& — 9)] = 1805 + 6005 = 7805 = 780(62.5) = 48,750 Ib ~ 4.88 x 10" Ib

(d) For any right triangle with hypotenuse on the bottom, 0 -
. Az 3
sinf = ———— = 40
hypotenuse g
/402 2 / =
hypotenuse = Az cscf = Ax 406+ ¢ _ ?)’09 Azx. ' 6
‘ A
9 /409 1 1,279 Axcscd = (M#)}x’\ } .
F= [, 6220 Y52 do = £ (201409 )6 [527], x :

= 2101409 6(81 — 9) ~ 303,356 1b ~ 3.03 x 10° Ib
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Partition the interval [a, b] by points x; as usual and choose z; € [z;—1, ;] for each ¢. The ith horizontal strip of the
immersed plate is approximated by a rectangle of height Az; and width w(z}), so its area is A; ~ w(z]) Ax;. For small
Ax;, the pressure P; on the ith strip is almost constant and P; = pgx; by Equation 1. The hydrostatic force F; acting on the
tth strip is F; = P A; =~ pgzjw(x;) Azx;. Adding these forces and taking the limit as n — oo, we obtain the hydrostatic

force on the immersed plate:

F=lim Y F;= lim Y pgzjw(z])Az; = f: pgrw(z) dx
n—oo ;]

n—oo ;]

From Exercise 18, we have F' = f: pgrw(z)dr = fg‘; 64zw(x) dz. From the table, we see that Az = 0.4, so using
Simpson’s Rule to estimate F', we get
F 64 %4[7.00(7.0) 4 4(7.4)w(7.4) + 2(7.8)w(7.8) + 4(8.2)w(8.2) + 2(8.6)w(8.6) + 4(9.0)w(9.0) + 9.4w(9.4)]
= 226(7(1.2) 4 29.6(1.8) + 15.6(2.9) + 32.8(3.8) + 17.2(3.6) + 36(4.2) + 9.4(4.4)]
— 25:6(486.04) ~ 4148 b

(a) From Equation 8, T = & ff zw(z)dr = AT = f: zw(z)dr = pgAT = pg f: zw(z)dr =
(pgT)A = f: pg zw(z) dz = F by Exercise 18.

(b) For the figure in Exercise 10, let the coordinates of the centroid (T, 7) = (a V2, 0).

_ a V2a V2a%s
F:(pgx)A:pgﬁcﬁ:é 5 a’? = 5

2
The moment M of the system about the origin is M = Y m;z; = miz1 + moz2 = 6-10+ 9 - 30 = 330.
i=1

2
The mass m of the systemis m = > m; =m1 +mp =6+ 9 = 15.
i=1

The center of mass of the system is T = M/m = 230 = 22.

The moment M is miz1 + moz2 + maxs = 12(—3) + 15(2) 4 20(8) = 154. The mass m is

m1 +ma +ma = 12 + 15 4 20 = 47. The center of mass is T = M/m = 122

3 3
The massism = >, m; = 4 + 2 + 4 = 10. The moment about the z-axis is M, = > m;y; = 4(—3) + 2(1) + 4(5) = 10.
i=1 i=1

3
The moment about the y-axis is My = > m;z; = 4(2) + 2(—3) + 4(3) = 14. The center of mass is
i=1

Ty = (%%) = (1—3,%) = (1.4,1).

4
Themassism =) m; =5+4+3+6=18.

i=1
4
The moment about the z-axis is Mz = > miy; = 5(2) +4(5) + 3(2) + 6(—2) = 24.

i=1

[continued]
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25.

26.

27.

28.
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4
The moment about the y-axis is My, = > mz; = 5(—4) +4(0) + 3(3) + 6(1) =
The center of mass is (T, y) = (

The region in the figure is “right-heavy” and “bottom-heavy,” so we know that
Z > 0.5 andy < 1, and we might guess that 7 = 0.7 andy = 0.7.

A= fol 2x dx = [xz](l)

%folx 2z) dx =

mz%f()lede: [2

8
|

gzix olé(QI)

Thus, the centroid is (Z,7) =

The region in the figure is “right-heavy” and “bottom-heavy,” so we know
thatT > 2 and ¥ < 1, and we might guess that 7 = 2.3 and y = 0.8.

A:f(;l\/fda:: [%x:”/ﬂ

Tlow

8|
Il

g:A 0 2(\/_) dm_w

Thus, the centroid is (Z,7) =

The region in the figure is “right-heavy” and “bottom-heavy,” so we know

Z > 0.5 andy < 1, and we might guess that 7 = 0.6 and y = 0.9.

fedm—

E:%folxexdxz—
=H0-(-D]=

7=2 ! 1(61)2 dx

AJo 2

Thus, the centroid is (Z,7) = (—

Since the region in the figure is symmetric about the line z =

know that T =

Y < 0.5, and we might guess that 7 = 0.4.

A= [[sinzdr = [—cosz]; =1—(-1)=2.
= % foﬁxsinxdfv 2 %[Sinx — 516(30595]7T
7=% [, 3(sinz)’ da

Thus, the centroid is (Z,7) =

3 r4.3/2 _ 312..5/2
16 Jo 2 dv = TE[E / ]O

%ﬂzmwﬂ%)

5. The region is “bottom-heavy,” so we know that

53 Jo 3(1 —cos2z) da

—5.
y
y=2x
x=1
(X, 5)
0] y=0 1 X
y
21 y=x
1+ (X, 5) x=4
0 1 2 3 4
y=0
y
L(x,y)
1 /
=e"
Y x=1
0 1 X
y=sinx
(x, )
y=0 =z ™
2

£[(mr—=0) = (0—-0)] = Z ~0.39.
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SECTION 8.3 APPLICATIONS TO PHYSICS AND ENGINEERING O 27

B A= [l ) do = (37~ 3a°] = (3-4) ~0=1.

30.

31.

32,

T=4% fol x(zt/? — ) do = 3f01(x3/2 — %) dx

1
=3[3a"? — 4] =33 - 1) =3(%) =&

7= % Jo 3 [@/2)? - @22] de =3(3) [} (v — a") de
=32 -3’1, =5G - ) =3(H) =

Thus, the centroid is (T,7) = (55, 5)-

The curves intersect when2 — 22 =2 < 0=z’+z-2 <
0=(x+2)(z—1) & z=-2o0rz=1

A== - a)do = 2o = 3o - 4o = F - (-3) = 3
f:%fi2$(27$27$)d$:%fi2(2$7$37$2)d$

_ 27,2 1.4 1.3 _ 2(5 8y _ _ 1

=3l*-12" -3 ,=3(5-3)=—3

L322 —a?de =24 [',(4— 527 + %) dz
=3B -(B)]=%

Thus, the centroid is (Z,7) = (—3, 2).

<
I

— §las 30+ 207"

y

(x,¥)=(0.27,0.60)
y=sinx

y=Cosx

A=f0ﬁ/4(cosx—sinx)dx: [sinx—l—cosx]g/‘l:\/ﬁ_l. y
—_A_l /4 o
T = Jo " x(cosx — sinx) dx 1_
= A" [z(sinz + cosz) + cosz — sinz] g/ * [integration by parts]
Iry2 -1
™
=AM (ZV2-1) =4 ——. 0
(vi-1 =22
g=A" foﬁ/4 3(cos”w —sin’ z) do = 55 Oﬂ/4 cos2zdr = 75 [sin2x]g/4 = ﬁ =
7r\/§—4 1
Thus, the centroid is (Z,y) = , ~ (0.27,0.60).
(y)<4ﬂ—mﬂﬂ—w>( )
L3 2 1471 1212
A= [y 2tde+ [[ (2 —2)d = [Zw ]0+ [2$—§$ ]1

—1+U-2-(2-3) =%

sl
Il

< fol z(z?) dx + ff (2 — 1) dx} = %[fol xtdr + f12(2m —z?) dm]

I
ol
— —

s
4

I
ol
—~

l&s
~—

\

I

[continued]
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28 [0 CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

7= %[l 3@ do+ [} 32 - 2)?da] = 2[ [y ®do + [}(@—2)2da] = 2{[3a7) + [3(= - 2°]}}

=3z -0+0+5)=3(31) = &

Thus, the centroid is (Z,7) = (32, 23).
33. The curves intersect when2 —y =93> < 0=¢y’+y—2 & X x=y?
0=(y+2)(y—1) & y=-2o0ry=1 C
H o E5=(573)
1 .
A= [y = [y 3 - 3T, = - () = & N GE
=5 /53—y’ - @) ldy =53 [L4—dy+yP —ydy 21
xt+y=2
1
:é{4y—2y2+%y3—%y5],2:é[%—(—%)J:%.
=% /-y —v)dy=2[1,2y—v* —v*)dy
_ 20,2 3_ 1,411 _2(5 8) — _ 1
=5l -~ =5(n-3) =3
Thus, the centroid is (Z,7) = (£, -1)
34. Anequation of the lineisy = —3z + 3. A= 1(2)(3) =3,s0m = pA =4(3) = 12.
Mo =p [l 3(~2c+3)" de=13p [} (32% — 92 +9) dr = 1(4)[32® — $2® + 9z]2 = 2(6 — 18 + 18) = 12.
2
My =p [y a(=32+3) do = p [ (~32® + 3z) do = 4[~3a° + 32°] | = 4(~4+ 6) = 8.
_7My7872 7Mz Ei N (2 . .
T= T 1 3andy e i Thus, the center of mass is (Z,7) = (2,1). Since p is constant, the center of

mass is also the centroid.

35. The quarter-circle has equation y = /42 — 22 for 0 < z < 4 and the line has equation y = —2.
A=17m(4)?+2(4) =4n +8=4(1 +2),s0m = pA =6 - 4(m + 2) = 24(r + 2).
M,=pfld [(\/16 —7) — (-2) ] =1p [ (16 — 2® — 4) do = 1(6)[12z — $2°]; = 3(48 — &) = 80.

4 4
M, = pf04:c [V16 — 22 — (=2)] dz = pf04x\/16 —a2dx +pf04 2z dx = 6[—%(16 — m2)3/2} + 6[m2}
0 0
=6(0+5) +6(16) = 224.

M, _ 24 _ 28 . M,_ 8 __ 10

T 24 +2) 3@ +2) YT T T 24 +2) 3 +2)
28 10

Thus, thi ter of i ~ (1.82,0.65).

us, the center o mas51s(3(7r+2),3(7r+2)) (1.82,0.65)

36. We'llusen = 8,s0 Ag = =2 — 80 — 1,

A= [§ f(@)de ~ Sio= 31£(0) +4f (1) + 2f(2) + 41 (3) + 2/ (4) + 41 (5) + 2/(6) + 4/(7) + [ (8)]
1[0 + 4(2.0) + 2(2.6) + 4(2.3) + 2(2.2) + 4(3.3) + 2(4.0) + 4(3.2) + 0]

22

= 3(60.8) =20.26 [or 2%]
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38.

39.

SECTION 8.3 APPLICATIONS TO PHYSICS AND ENGINEERING U

Now S8 fa)dem 30 f(O)+4-1- f(1)+2-2- f(2) +4-3- f(3)
+2-4-f(4)+4-5~f(5)+2-6-f(6)+4-7-f(7)+8-f(8)]
m%[0+8+10.4+27.6+17.6+66+48+89.6+0]

= 1(267.2) =89.06 [or 1228] so7 = & [V uf(x)dz ~ 4.39.
Also,  [F[f(2)) dz =~ §[0% +4(2.0)° +2(2.6)° +4(2.3)° +2(2.2)° +4(3.3)° +2(4.0)> +4(3.2)° + 0°]
= 1(176.88) = 58.96, so 7 = % [ 1[f(2)]? dx ~ 1.45.

Thus, the centroid is (T, y) =~ (4.4, 1.5).

A= fjl[(x3 _ .r) _ (332 _ 1)] do = f,ll(l _ $2)dx |:0dd—degreetenns} y y=r—x

drop out

3«%fjl(x672x4+x27x4+2x2fl)dx

<
|
NG
—~
| =
-
ol
—
8
w
I
8
NS
V]
I
—
8
[ V)
I
—
)
N
=¥
S
Il
N

— 320 - 3t 430 - Do = b7 30 +a* o]y = H(-H) - B

The curves intersect at t = a =~ —1.315974 and x = b ~ 0.53727445.

b
A= [ll(2—a%) —e"]dz = [21: o LA ef} ~ 1.452014.

a
= %f;x(Z—xQ —e")dr = L [2® - 1zt —xew—l—e””]z

~ —0.374293

8l

=1 P12 -2%)? — ()] do = 55 [/ (4 — 42 + 2" — *) dx

dr — 42 + 1a® — 1e7]" ~ 1218131

<

el
Thus, the centroid is (Z,7) ~ (—0.37,1.22).

Choose x- and y-axes so that the base (one side of the triangle) lies along
the z-axis with the other vertex along the positive y-axis as shown. From
geometry, we know the medians intersect at a point % of the way from each ay + bx = ab

vertex (along the median) to the opposite side. The median from B goes to A C

the midpoint (% (a+c), 0) of side AC, so the point of intersection of the

medians is (2 - 3(a +¢), 3b) = (2 (a +¢), 3b).

This can also be verified by finding the equations of two medians, and solving them simultaneously to find their point of

intersection. Now let us compute the location of the centroid of the triangle. The area is A = %(c —a)b.

29

[continued]
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E:%[/aox-g(a—x)daﬁ—l-/ocx-%(c—x)daz} :%E/@O(w—x?)dﬂg/oc(cx—:ﬁ)dx]

Cob 1o, 151" b1, 1G] b 1y 1y, b1, 1,
*Aa{z‘” 3"”] TA3 T3, T Aa| 3% T3 T A3 T3
2 —a® 2 A 1 2 9 a+c
“alc—a) 6 Jrc(c—a) Ei?)(c—a)(c —a)= 3
101 : “1(b ?
and y—Z/a §<E(a—m)> dx—&—/o §<E(c—x)) dx
1'b2 0 b2 c
:Z2—2/(a2*2a$+$)d$+22/(c272C$+x2)d$}
a a
1[ v 0 b? 2 2, 1.31¢
:22a2[a:1:fax + x] +ﬁ[cxfcx +§x]0
1[ b2 13 . 4 s 1162 2 (c—a)h* b
= A2t —58) t gl - 5) | =gl F et ==y T =3

a+c b
3 7’3

Thus, the centroid is (Z,y) = ( ) as claimed.

Remarks: Actually the computation of 3 is all that is needed. By considering each side of the triangle in turn to be the base,

we see that the centroid is % of the way from each side to the opposite vertex and must therefore be the intersection of the

medians.
The computation of 7 in this problem (and many others) can be Y .
(0, b)
simplified by using horizontal rather than vertical approximating rectangles. T T
b —
If the length of a thin rectangle at coordinate y is £(y), then its area is iy b
£(y) Ay, its mass is pf(y) Ay, and its moment about the z-axis is yI ) JL
AM, = pyl(y) Ay. Thus, k c—a |
__ Jryt(y)dy
M, = [pyb(y)dy and G= IP—A 7/ vy
In this problem, £(y) = ¢ ; a4 (b — y) by similar triangles, so
2 11,2 1 37b 2 v b
y(b— y)dy—bzfoby y)dy—bQ[Eby_gyL):bj'E:§

Notice that only one integral is needed when this method is used.

The rectangle to the left of the y-axis has centroid (—%, 1) and area 2. The triangle to the right of the y-axis has area 2 and

centroid (3,2) [by Exercise 39, the centroid is two-thirds of the way from the vertex (0, 0) to the point (1,1)].

_ M 12 1

=L S = s D) 23] = 1) =&

g=Me L = L [2(1) £ 2(2)] = 1(22) = 5. Thus, the centroid is (%, ) = (5. 2)
m m &= v 242 3 2\73 6" > ) 127 6)"
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SECTION 8.3 APPLICATIONS TO PHYSICS AND ENGINEERING 01 31

41. Divide the lamina into two triangles and one rectangle with respective masses of 2, 2 and 4, so that the total mass is 8. Using

the result of Exercise 39, the triangles have centroids (—1, %) and (1, 2). The centroid of the rectangle (its center) is (0, —%).

3
So, using Formulas 5 and 7, we have y = % = Z %[2(%) + 2(%) +4(7%)] = é(%) = 1—12,andf =0,

L
m ;

since the lamina is symmetric about the line - = 0. Thus, the centroid is (Z,7) = (0, %)

42. The parabola has equation y = kz? and passes through (a, b), Y @b
a,
b=ka> = k=-2andh LI ’
sob=ka = g and hence, y = " a,
a 1 a 3 1

R, has area A; = / %x2 dx = % | = % ) = - g

0o @ a* |3 |, a*\ 3 3

0 a X

Since % has area ab, Ry has area Ay = ab — 3ab = Zab.

For Ry

S|

-1 a’:c ixz dm*ii axg’dm*ilm‘la*i 1a4 *§a
1—A10 a? " aba? S ad |4 ], a\4 T4
L (b oY 30 8b L) 3 (1Y 3,
YA S, 2\a? " ab2at S 2a% |57 ], 2a°\5 T 10

Thus, the centroid for R4 is (Z1,7,) = (2a, 5b).

<

For Ro:

S S Y ) UV B Ay SRR S SR I B S R S

xzfAQ/Ox(b a2$)dm72ab ; b(m a2$)dx72a{2x 4a2x]
_3 (@ _a@\_3(a)_3,
T 2a\2 4) 2a\4) 8

—_L/“_

y2_A2 o
_3b( 1) _3b(da) _3,
"~ 4da 5 40\ 5 ) 5

Thus, the centroid for Rz is (T2, 7,) = (£a, £b). Note the relationships: Az = 241,71 = 272, 7, = 27,.

N =
L — |
—~
=

[ V)
|
N
QM|@
8
n
%
| I
IS
8
I
[\~
g
>
N —
o\g
o
n
/N
—
|
usl’_‘
8
N
N~
<Y
8
Il
ukoo
Q >
Le—

ot
Q| =
S
o
| I
2

43. fab(cx—&—d) flz)dx = fabcxf(r)dr—i—f;df(r)dr = cf;a:f(x) dx—i—dfabf(r)dm = cEA—&—dfab f(z)dz [by (8)]
=@ [! fx)dz +d [ f(z)de= (T +d) [’ f(z)de

44. A sphere can be generated by rotating a semicircle about its diameter. The center of mass travels a distance

2y = 2w <§71—> [from Example 4] = % so by the Theorem of Pappus, the volume of the sphere is
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32 0O CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

45. A cone of height h and radius r can be generated by rotating a right triangle Y

about one of its legs as shown. By Exercise 39, T = %r, so by the Theorem of

Pappus, the volume of the cone is h
. — >
V = Ad = (3 - base - height) - (27Z) = 3rh- 27 (3r) = L7r%h. &
0 r X
46. From the symmetry in the figure, ¥ = 4. So the distance traveled by the centroid Y 2.5
when rotating the triangle about the x-axis is d = 27 - 4 = 8n. The area of the 2{'"‘1’_?1_
triangle is A = $bh = £(2)(3) = 3. By the Theorem of Pappus, the volume of e
the resulting solid is Ad = 3(87) = 24r.
0 X

47. The curve C s the quarter-circle y = /16 — 22, 0 <« < 4. Its length L is (27 - 4) = 2.

—x N 1+(/)2_1+ 22 . 16
V16— 22 V) = T 62 " 16—22

4
ds = /14 (y)?der = ——=dx, so
V1+ () T

Now ¢/ = (16 — 2%)"'/?(—2z) =

T

1 Lot 2y-1/2 4 ay1/2]% _ 2 8
= — — | 4x(16 — =2 |_(16-— —— ) =2
L/xds 27?/0 (16 — x°) dx 271[ (16 — z%) }0 ﬂ_(O—l— ) ﬂ_and

4
2 [x} = g(4 —-0)= § Thus, the centroid
o ™

1 I 4 4 [*
o= — V16 — 22 . _ _
7= /de 27r/0 16 — x —— dz 27r/0 dz -

. (8 8 . . . .
is <—, —) . Note that the centroid does not lie on the curve, but does lie on the line y = z, as expected, due to the symmetry
T

of the curve.

48. (a) From Exercise 47, we have g = (1/L) [yds < YL = [yds. The surface area is
S = [2ryds =27 [yds = 2x(yL) = L(27y), which is the product of the arc length of C and the distance traveled by

the centroid of C.

(b) From Exercise 47, L = 2r and 5 = 2. By the Second Theorem of Pappus, the surface area is

S = L(27y) = 2n(2m - &) = 32
A geometric formula for the surface area of a half-sphere is S = 272, With r = 4, we get S = 327, which agrees with

our first answer.

49,

(=]

The circle has arc length (circumference) L = 27r. As in Example 7, the distance traveled by the centroid during a rotation is

d = 27w R. Therefore, by the Second Theorem of Pappus, the surface area is

S = Ld = (27r)(27R) = 47*rR
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SECTION 8.3 APPLICATIONS TO PHYSICS AND ENGINEERING U

50. (a) Let 0 < z < 1. If n < m, then ™ > z™; that is, raising x to a larger y

power produces a smaller number.

(b) Using Formulas 9 and the fact that the area of R is

1 1 m-—n
A= )dz = - = t
J TRl m+l (et Dmr1) O

E:7(n+1)(m+1)flx[x”fxm]dxzi(n—'_l J(m +1) [ (@ — 2™t de
(n+1)(m+1)[ 1 }_(nJrl)(erl)
B m—n n+2 m+2] ©+2)(m+2)
and
g= SEOED P - @) e = PO g g
_(n+1)(m+1) 11 _ (n+1)(m+1)
- 2(m—mn) {2n+1 2m+1]*(2n+1)(2m+1)

(c) If we take n = 3 and m = 4, then

@) = (L3 45y (22
Y =\5679) \363

which lies outside P since (%)3 = ﬁ < . This is the simplest of many

possibilities.
51. Suppose the region lies between two curves y = f(z) and y = g(x) where f(z) > g(z), as illustrated in Figure 13.
Choose points z; with a = zo < 21 < -+ < &, = b and choose ] to be the midpoint of the ith subinterval; that is,

Its area is [f(T:) — g(T:)] Aw, so its mass is
plf (@) — g(xi)] Ax. Thus, My(R:) = p[f(Z:) — 9(T:)] Az - T = pT; [f (%) — 9(Ti)] Az and
M. (Ri) = plf (T:) — 9(T))] Az - 3[f(T:) + 9(Ti)] = p- 3 [f(T1)* — 9(T:)®] Az. Summing over i and taking the limit

as n — oo, we get M, = nILrI;o > 0% [f(T) — 9(Ti)] Az = pfab z[f(z) — g(x)] dz and
M, = lim 3, p- 3[f@)° — 9(@)*] Az = p [} 3 [f(2)* — g()°] du

Thus, T = %
m

b
%Z%/ﬂx[f(x)*g(x)}dx and EZW:H:%
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@} =T; = 4(x:—1 + ;). Then the centroid of the ith approximating rectangle R; is its center C; = (T, 3[f(Ti) + g(%:)])-
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DISCOVERY PROJECT Complementary Coffee Cups

1. Cup A has volume V4 = fo f(¥)]? dy and cup B has volume
Vi = foh wlk — f) dy = [ 7 {k* — 2k () + [F @)} dy
= [mk? ] - 27rkf0 dy—l—fo 7[f(y))? dy = 7k*h — 21k Ay + Va
Thus, Va =V < 7k(kh—2A1) =0 < k =2(Ai/h);thatis, k is twice the average value of f on the
interval [0, h].
2. FromProblem 1,V4 =Vs & kh=24A1 & A1 +A>=24A; & A= A;.

3. Let 71 and T2 denote the x-coordinates of the centroids of A; and As, respectively. By Pappus’s Theorem,

Vi = 27TT1A1 and Vg = 27l'(k —TQ)AQ, soVu=Vs & flAl = k‘AQ —TzAz = kAz = TlAl —I—TQAQ gg

kAs = 3k (A1 + A2) & 1kA; =1kA; & Ay = A, asshown in Problem 2. [ (x) The sum of the moments of the

regions of areas A; and A, about the y-axis equals the moment of the entire k-by-h rectangle about the y-axis.]

So,since A1 + As = kh,wehave Vy =V & A1 =4y & A= %(Al +A2) s A= %(kh) =
k =2(Ai1/h), as shown in Problem 1.
4. We’ll use a cup that is h = 8 cm high with a diameter of 6 cm on the top and the J
h=8
bottom and symmetrically bulging to a diameter of 8 cm in the middle (all inside
dimensions).
A 144
For an equation, we’ll use a parabola with a vertex at (4, 4); that is,
= a(y — 4)* 4 4. To find a, use the point (3,0):
0 3 L= 2 X
3=a(0—-4)>+4 = -1=16a = a= —+. Tofindk, we’ll use the ol s

relationship in Problem 1, so we need A;.
=[P Ew -4+ 4 dy= [, (AP + ) du [u=y—4]
=2f5‘ (~es? 4+ 4) du =2~ + 4u]} =2(~4 +16) = .
Thus, k = 2(A; /h) = 2(%) —2
So with h = 8 and curve z = —1—16(y — 4)% 4 4, we have
Va=[En[-L@- 202 +4  dy=n [, (~5u2+4)7du [u=y—4] =2 [} (su' — L1u? +16) du
= 27 [gu’ — du® + 16u], = 27 (4 — 2 +64) = 2 (812) = 16247

1280 ¢

This is approximately 340 cm?® or 11.5 fl. oz. And with k = 22, we know from Problem 1 that cup B holds the same amount.
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8.4 Applications to Economics and Biology

1. By the Net Change Theorem, C'(4000) — C(0) = f04000 C'(x)dr =

C/(4000) = 18,000 + [;°*°(0.82 — 0.000 03z + 0.000 000 003z2) d

= 18,000 + [0.82x — 0.000 01522 + 0.000 000 001z%]*** =

= 18,000 + 3104 = $21,104

2. By the Net Change Theorem,
R(10,000) — R(5000) = [5or0" R'(z) dz = [Lvo’® (48 — 0.0012z) dx = [48z — 0.000622] 07"

= 420,000 — 225,000 = $195,000
3. By the Net Change Theorem, C'(50) — C(0) = [;°(0.6 + 0.008z) dz =
C(50) = 100 + [0.6z + 0.0042%]>" = 100 + (40 — 0) = 140, or $140,000. Similarly,

100

C(100) — C(50) = [0.6z + 0.00422] ;" = 100 — 40 = 60, or $60,000.

4. Consumer surplus = [ [p(z) — p(400)] dz = [;/*°[(2000 — 461/ ) — 1080] dz P = 2000 46

2000 4
= J;""(920 — 46/ ) dv = 46 [;*°(20 — 2'/%) da %\m
400 surplus
= 46[20z — 32%/2] " = 46(8000 — 2 - 8000) 1080

=46 - 5 - 8000 ~ $122,666.67

0 100 200 300 400 <

450
— — — — p
5. p(z) =10 x+8_10 = 2+8=45 = =237 ol
507
87 450 40+ consumer
Consumer surplus = [p(z) — 10]dz = —— —10 |dz |
o o \z+8 30l surplus
207
= [4501n (z + 8) — 10z]," = (4501n 45 — 370) — 4501n8 10
— 45 ~ +
— 4501n(42) — 370 ~ $407.25 T s e
6. ps(z) =3+0.012>. P=ps(10)=3+1=4. pi(0)
4_
10 10 2 ;
Producer surplus = [ [P — ps(z)] dz = [, [4 — 3 — 0.012%] dx 3 producer
4410 21 surplus
= [z — ©247])° ~ 10 - 3.33 = $6.67 11
o 5 4 6 & 10

7. P=ps(z) = 625=125+0.0022> = 500 = =52°> = 2°=>500° = ax=>500.

Producer surplus = [>°[P — ps(z)] dz = [2°°[625 — (125 + 0.0022%)] dz = [*° (500 — £k52?) da

“Ean L

= [500z — 350

= 500% — —£-(500%) ~ $166,666.67

1500 1500
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8. (a) Demand curve pp(z) = supply curve ps(z) < 50 — 55z =20+ 52 < 30=Hz < =z =200.

O

pp(200) = 50 — 55(200) = 40, so the market for this good is in equilibrium when the quantity is 200

and the price is $40.
(b) At equilibrium, the p consumer
surplus
200 504 demand
Consumer surplus = [**[pp (z) — 40] da: = (50 — 55 — 40) dz “
= [10z — 52?2 = $1000 30 X, P)
20+ 1 producer
and the 104 SUPPYY surplus
Producer surplus = 200[40 ps(x)]dz = 200 (40 — 20 — &2) da —
0] 50 150 250 X

= [200 — £2%])" = $2000

9. (a) Demand function p(z) = supply function ps(z) < 2284 —18x=27x+574 & 171 =45z &

x =22 [3.8thousand]. p(3.8) = 228.4 — 18(3.8) = 160. The market for the stereos is in equilibrium when the
quantity is 3800 and the price is $160.
(b) Consumer surplus = [;*[p(z) — 160] dz = [;*(228.4 — 182 — 160) dz = [*(68.4 — 18z) d

REX )
= [68.4x — 9 ] = 68.4(3.8) — 9(3.8)2 = 129.96
0

Producer surplus = 03'8[160 —ps(z)]dz = 03‘8[160 — 27z +57.4)]dz = 03‘8(102.6 — 27z) dx

3.8
= [102.6a: - 13.59[:2} = 102.6(3.8) — 13.5(3.8)% = 194.94

0

Thus, the maximum total surplus for the stereos is 129.96 + 194.94 = 324.9, or $324,900.

312 eO.2z

10. p(x) = ps(z) & 3126701 =26e"* & %6~ oo o 12= 3 o Inl12=0342 <
In12 .
r=X= TR X = 7.3085 (in thousands) and p(X ) ~ 112.1465.

Consumer surplus = [ [p(z) — p(X)] da = [*7%* (3127014 — 112.1465) dz ~ 607.896
X 7.3085 0.2z

Producer surplus = [, [ps(X) — ps(z)] dz = [ (112.1465 — 26€°2*) dx ~ 388.896

Maximum total surplus ~ 607.896 -+ 388.896 = 996.792, or $996,792.

Note: Since p(X) = ps(X), the maximum total surplus could be found by calculating fOX [p(z) — ps(z)] dz.

800,000e ~*/5000

M. plz) = —— 20,000

=16 = z =z~ 3727.04. 40

consumer surplus

t (=3727, lé)J

Consumer surplus = [" [p(z) — 16] dx ~ $37,753

4000
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14.

15.

16.

17.

18.

19.

20.

SECTION 8.4  APPLICATIONS TO ECONOMICS AND BIOLOGY U

The demand function is linear with slope =%5 = — 135 and p(500) = 10, so an equation is p — 10 = — 55 (

2+ =7 = =700

p= 10017 + 15. A selling price of $8 implies that 8 = Wlom +15 = 1%

700 (

; ] 700

Consumer surplus = = $2450.

—TogT + 15— 8) dx = [——a: + Tz

100 200
F8) = f(@) = [ (0 de = [} Vidt = |2 t3/2] = 2(16 V2 — 8) ~ $9.75 million
The total revenue R obtained in the first four years is
R= [l f(t)dt = [} 9000 I+ 2t dt = [ 9000u'/? (Ldu)  [u=1+2tdu=2dt]
- 4500[2 3/2] = 3000(27 — 1) = $78,000

Future value = fOT f(@) e"T=1 gt = fOG 8000¢e°-04t 0-062(6—%) ¢ — 8000 f06 £0-04t £0-372-0.062¢ 7y

70.022? 6

= 8000 foﬁ 60.37270.022t dt = 800060.372 foﬁ 670.022t dt = 800060.372 |:e_0 03
) 0

_ 8000e®™ 130

—0.053 (e —1) = $65,230.48
_ 6
_ (T —rt g, _ 6 0.04t ,—0.062¢ 7, _ 6 —0.022t 7, _ e 0
Present value = [ f(t)e™"" dt = [ 8000e™"*" e dt = 8000 [ e dt = 8000 5053
0. o
_ _800822 (70132 _ 1) ~ $44,966.91
bk p k]’ A 1—k 1—k
N:/aAa: dm:A{—k—l—l]a:l—k(b —a 7).
b ik 2>k 7" A ok ok
Similarly,/ Az~ dx:A{Q_k} = m(b T —a).

TAARIET =) T R R =)

Thus,7 = L / Aplk gy = AQ=RIOT ) (AR )

’ 0.8t 10e°-51° 0.8t19
n(9) — n(5) :/ (2200 + 10e”*") dt = {2200t+ 08 } [2200t] G
5 : 5

=2200(9 — 5) + 12.5(e"2 — e*) ~ 24,860

nPR*  m(4000)(0.008)"

F == = " 8002n®

~1.19 x 10™* cm®/s

4 4 4
If the flux remains constant, then PR = mPR = PyRi=PR* = £ = E .
8nl 8nl Py

Ro
T
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38 0 CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

2. From(3). F = —A = % here

Jle@dt 200

10 10
_ —0.6t _ 1 —0.6t integrating| 1 —6
I= /0 te dt = {(—0.6)2 (0.6t —1)e ]O { by parts | 536 (=Te7 " 4+ 1)

_6(036) 0.108
Thus, F = 301 —Te0) ~ T_7e " ~ 0.1099 L/s or 6.594 L/min.

22. As in Example 2, we will estimate the cardiac output using Simpson’s Rule with At = (16 — 0)/8 = 2.

[ e(t)dt ~

0 [c(0) + 4c(2) + 2¢(4) + 4¢(6) + 2¢(8) + 4¢(10) + 2¢(12) + 4¢(14) + ¢(16)]

= 2[0+ 4(4.1) + 2(8.9) + 4(8.5) + 2(6.7) + 4(4.3) + 2(2.5) + 4(1.2) + 0.2]
2(108.8) = 72.53 mg - s/L

Therefore, F' = i_ = 5—5_ ~ 0.0758 L/s or 4.55 L /min.
72.53 7253

23. As in Example 2, we will estimate the cardiac output using Simpson’s Rule with At = (16 — 0)/8 =

[8e(t) dt

%

2[c(0) + 4c(2) + 2¢(4) + 4¢(6) 4 2¢(8) + 4¢(10) + 2¢(12) + 4c(14) + ¢(16)]
~ %[0 +4(6.1) + 2(7.4) + 4(6.7) + 2(5.4) + 4(4.1) 4+ 2(3.0) + 4(2.1) + 1.5]
= 2(109.1) = 72.73 mg- s/L

Therefore, F' ~ i_ = L_ ~ 0.0962 L/s or 5.77 L /min.
7273 T72.73
8.5 Probability
1. (a) [. 400000000 f(x) dz is the probability that a randomly chosen tire will have a lifetime between 30,000 and 40,000 miles.

(b) f;;ooo f(z) dx is the probability that a randomly chosen tire will have a lifetime of at least 25,000 miles.

2. (a) The probability that you drive to school in less than 15 minutes is fo (t) dt.
(b) The probability that it takes you more than half an hour to get to school is f;oo f@)dt.
3. (a) In general, we must satisfy the two conditions that are mentioned before Example 1 —namely, (1) f(z) > 0 for all z, and

@) [ f(z)dz =1.For0 <z <1, f(z) = 30z*(1 — z)* > 0 and f(z) = 0 for all other values of z, so f(z) > 0 for
all z. Also,
2 f(x) de = fo 302%(1 — x)* da = f 302%(1 — 2z + 2?) da = fo (3022 — 602> + 30z*) dx
= [102® — 152* +62°], =10~ 15+ 6 = 1
Therefore, f is a probability density function.

) P(X <3) = "2 f(x) de = [}/ 302%(1 — 2)? dz = [102® — 152 + 62°]./° = 12 — 1

ot
3

6 __ 1
+243_

00
ot
o0
—

© 2016 Cengage Learning“All'Rights Reserved. May not bé'scanned; copied; or duplicated; or posted'to a publiclyaccessible'website, in whele orin part:



SECTION 8.5 PROBABILITY [ 39

4. (a) In general, we must satisfy the two conditions that are mentioned before Example 1 —namely, (1) f(x) > 0 for all z, and

3—x
@) [, f(z)de = 1. For f(x) = (1_’?671)2, the numerator and denominator are both positive, so f(z) > 0 for all x.
Also,
oo 0 o] . 0 63—35 . s 63—35
[wf<f)dlewf(x>d$+/o f@)dx:tllinoo/t Trepdtin | Graeed
0 s

. —du . —du u=1+e3>"7,

- tl}lzloo Jo— u? + s1i>nolo 2=0 u? [du =€’ da::|

= lim lO—I—Iim ls = lim ;O—l—lim ;S

T ST | T s K A T tooo |14 €32 , s 14 e3—2 o

= lim B + lim L - - 70+17;—1
Cto-oco \1+e3  14e3t s—moo\1+e3" s 1+e3) 1463 1+e3

Therefore, f is a probability density function.

4 1 ] 1 1
b) PB< X <4)= de = | ——— fi rt = —— = 0.231
0 PE<X<d)= [ fe)ds = || ompn @] = i -
(c) f) = (1:?773\*\)’ The graph of f appears to be symmetric about the line x = 3, so the mean
e
0.25 — appears to be 3. Similarly, half the area under the graph of f appears to lie
\ to the right of z = 3, so the median also appears to be 3.
-6 0 3 12

5. (a) In general, we must satisfy the two conditions that are mentioned before Example 1—namely, (1) f(x) > 0 for all z,

and (2) [*_ f(x)dz = 1.1f ¢ > 0, then f(x) > 0, so condition (1) is satisfied. For condition (2), we see that

(oo} oo c
/7wf(x)dx:/7w T dx and

* ¢ . Lo . 1 qt . 1 s
dr = lim ———dx = c lim [tan :c] =c lim tan™ "t = c(—)
0 1 —+ x2 t—oo Jq 1 —+ x2 t—o0 0 t—o00 2

0 0o
Similarly, / Tcmz dr = C(g) , SO / TCIQ der = 20(%) = c.

Since e must equal 1, we must have ¢ = 1/7 so that f is a probability density function.

Yo1yx 2 (1 2 111 24w 1
P(—-1 X 1) = _— = — _ = — - = — = — = =
b P(-1<X<1) /11+m2d$ 7T/0 1+x2d$ ﬂ_[tan x}o ﬂ_(4 O) 3

6. (a) For 0 < = < 3, we have f(z) = k(3z — 2?), which is nonnegative if and only if £ > 0. Also,
I f@)da = [P k(3z — 2?) do = k[22? — 12®]) = k(L —9) = $k.Now Sk =1 = k = 2. Therefore,

-2

f is a probability density function if and only if k = %,
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40 O CHAPTERS FURTHER APPLICATIONS OF INTEGRATION
(b) Let k = 2

P(X > 1) = [* f(e)de = [} §(Bx —a*)de = §[§° - 32°]} = 3[(F -9) - 3 -3)] =3(F) = &

(c) Themean p= [ zf(z)dz = [ 2[2(3z —2?)] do = 2 [?(32% — 2°) du
=3l - =37 - %) =3(3) =%

7. (a) In general, we must satisfy the two conditions that are mentioned before Example 1—namely, (1) f(z) > 0 for all =

and (2) [ f(x)dx = 1. Since f(x) = 0 or f(z) = 0.1, condition (1) is satisfied. For condition (2), we see that

2 f(x)de = 10 0.1dx = [{5] (1)0 = 1. Thus, f(z) is a probability density function for the spinner’s values.

(b) Since all the numbers between 0 and 10 are equally likely to be selected, we expect the mean to be halfway between the

endpoints of the interval; that is, z = 5.

p= [ zf(zx)de = [,°=(0.1)dz = [2%932](1)0 =32 =5, as expected.

8. (a) As in the preceding exercise, (1) f(z) > 0 and (2) [*_ f(z)dz = f(x) dz = 1(10)(0.2) [area of a triangle] = 1.
So f(z) is a probability density function.
(b) () P(X <3)= [ f( =1(3)(0.1) =% =0.15
(ii) We first compute P(X > 8) and then subtract that value and our answer in (i) from 1 (the total probability).

P(X >8) = [}° f(z)dz = £(2)(0.1) = £ =0.10. So P(3 < X <8) =1—0.15—0.10 = 0.75.

(c) We find equations of the lines from (0, 0) to (6, 0.2) and from (6, 0.2) to (10, 0), and find that

3—1017 if0<z<6
f@)={ —5z+3 if6<2<10
0 otherwise

=2 wf (@) de = [§a(Ge) do+ [0 w(—ghe + 3) do = [552°]g + [—g52° + 12°]

=B (SMR ) (B %) — 253

9. Weneed to find mso that [°° f(t)dt =% = lim [’ ie"/Pdt=3 = lim [%(—5)6’“5}1 =1 =
(-D)(0—e™?)=23 = e™*=1 = -—m/5=Ini = m=-5Ini=5n2~ 3.47 min.
@ £ 0 if t<0
10. (a) p= 1000 = f(t) =
Tlooeft/looo if ¢ >0
200
() P(0 < X <200) = [ e /100 dt = [—et/1000] T = —71/5 4 1~ 0,181
0

(i) P(X > 800) = [o 15e /1 dt = lim [—e*f/ 1000]1 =0+e*° ~0.449

T — 00 800

(b) Weneed to find mso that [ f(t)dt =3 = lim [7 e/ dr =4 = lim [—en/0]" 1 o

2 —00 r—00 m

04e ™10 =1 = —m/1000=In2 = m=-1000In4 =1000In2 ~ 693.1h.
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SECTION 8.5 PROBABILITY O

0 ift<0
11. (a) An exponential density function with 4 = 1.6 is f(t) =

1 —t/1.6 :
Tﬁe / if ¢ 2 0
The probability that a customer waits less than a second is

1
P(X <1)= [} f( Hse /10 dt = [fe*t/lﬂo = —e /10 1 1 ~ 0.465.

(b) The probability that a customer waits more than 3 seconds is

P(X >3)= [ f(t)dt = hm f3 f@)dt = hrn [—eft/l's]z = lim (—e */16 4 ¢73/16)

§— 00

= e 3/6 ~ 0.153.
Or: Calculate 1 — f03 f()dt

(c) We want to find b such that P(X > b) = 0.05. From part (b), P(X > b) =

e~/1_ Solving e /"% = 0.05 gives us
—b =
1.6

=1n0.05 = b= —-1.6In0.05= 4.79 seconds.

Or: Solve fo t) dt = 0.95 for b.

12. (a) We first find an antiderivative of g(t) = ¢ e**.
2 = ¢2 dv = et dt
2 at 2 at at u 5
/ dt = a ¢ / E tedt |:du =2tdt, v= %eat }
_1 2 _at 21 at 1 at u=t, dv = e dt
7Et6 7E|:at6 7/56 dt:| |:du:dt, v:%eat]
:1t2eat_3teat+leat+czleat t2_2t+3 +C
a a? a3 a a a?
= —20e %95 (42 1 40t +-800) + C  [with a = —0.05]
P(0 < X < 48) b f(t)dt / b () dt L 20e %% (£* + 40t + 800) *
SX<4§)= = g(t)dt = [ 2070 (¢ + 40t + 800)|
o 15,676 J, 15,676 0
—20
= 5024e~2* — 800) =~ 0.439.
15, 676( )
(b) P(X > 36) = P(36 < X < 150) = 1 150 g(t) dt = ! [—206*0<°5t(t2 + 40t + 800)] 0
= 15,676 736 15,676 36

=15, 226 (29,300~ 7% — 35367 1%) = 0.725

1 ,
13. (a) f(t) = 35 — 1ot 1f40 <t <80

0 otherwise

P( T ) 60 f( )d 40 t J 60 1 t J
30 < T < 60) = t t:/ —t—l—/ <___) =
30 5 1600 4w \20 1600

0

t2 40 ¢ t2 60
{3200}30 * {% B 3200}40
_ (1600 900 N 60 3600\ (40 1600 __1300+1_Q

~ 3200 3200 20 3200 20 3200/ 3200 32
The probability that the amount of REM sleep is between 30 and 60 minutes is % ~ 59.4%
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42 [ CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

oo 40 ¢ 80 1 ¢ 3 40 2 3 80
b = tf(t)dt= t| —— ) dt tl—=——— |dt=|—— —_——
©) p [m f( ) /0 (1600) +A0 (20 1600) {4800]0 + {40 4800]40

_ 64,000 <6400 B 512,000) _ (1600 _ 64,000) _ 384,000 4120 — 40
4800 40 4800 40 4800 4800
The mean amount of REM sleep is 40 minutes.
. [EE | (z — 69)*
14. (a) With g = 69 and 0 = 2.8, we have P(65 < X < 73) = /65 m exp <7W) dr ~ 0.847

(using a calculator or computer to estimate the integral).

(b) P(X > 6 feet) = P(X > T2inches) =1 — P(0 < X < 72) ~ 1 — 0.858 = 0.142, so 14.2% of the adult male

population is more than 6 feet tall.

* 1 (x —9.4)° ) o . o .
15. P(X 210) = ———— exp| —————=5— | dx. To avoid the improper integral we approximate it by the integral from
(X > 10) /10 4.22m p( 2-4.22 prop gr pp y g

100 (x —9.4)

10 to 100. Thus, P(X > 10) ~ / ————exp| ————
( ) 10 4.2V27 p( 2-4.22

the integral), so about 44 percent of the households throw out at least 10 Ib of paper a week.

) dx = 0.443 (using a calculator or computer to estimate

Note: We can’t evaluate 1 — P(0 < X < 10) for this problem since a significant amount of area lies to the left of X = 0.

L (_(x7500)2
1227 P 2-122

integral), so there is about a 4.78% chance that a particular box contains less than 480 g of cereal.

480
16. (a) P(0 < X < 480) = / ) dx =~ 0.0478 (using a calculator or computer to estimate the
0

(b) We need to find p so that P(0 < X < 500) = 0.05. Using our calculator or computer to find P(0 < X < 500) for
various values of i, we find that if 4 = 519.73, P = 0.05007; and if x = 519.74, P = 0.04998. So a good target weight
is at least 519.74 g.
100 < (x _ 112)2
exp| — 5
0 821 2.8

integral), so there is about a 6.68% chance that a randomly chosen vehicle is traveling at a legal speed.

17. (a) P(0 < X <100) = ) dx ~ 0.0668 (using a calculator or computer to estimate the

> 1 (x —112)2 >~ .
(b) P(X >125) = / eXp(— ) dr = f(z) dz. In this case, we could use a calculator or computer
125 82m 2-82 125

to estimate either || 132050 f@)dzorl— 0125 f(x) dz. Both are approximately 0.0521, so about 5.21% of the motorists are

targeted.
1 )2 (202 o2/ (202) —2(x — ) -1 a2 /(202
18. f(x) = e~ (@=n)7/(20%) "(x) = e~ (@=n)"/(207) _ e~ (@=w)?*/(20%) (0 N
fl@)=—= fi@)=—7 507 o (z—p)
Mgy = — L | e-m?/2a?) ~(@-m?/(20%) Z2(% — 1)
=5 |© (@ pe o7
-1 el 2/(202 (x — p)? 1 (o) /(202
— = e (@=p)7/(20%) |1 _ - (z—p)*/(207) — )2 — o2
o [ 2 | T v l@=w* -7

ff2)<0 = (z—p)?—-0><0 = |z—p/ <o = —o0<zx—pu<oc = p—o<az<u+oandsimilarly,

f'(#) >0 = x<p-—oorx > p+o. Thus, f changes concavity and has inflection points at x = i + 0.
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SECTION 8.5 PROBABILITY [ 43

pt2e (x — p)? T— 1
19. P(pu —20 < X < pu+20) = / ex <— > dx. Substituting t = and dt = — dx gives us
(m I ) o ovEn P 552 g p ~drg

2 2
1 —t2/2 1 —2/2
e odt) = — e dt ~ 0.9545.
/_2 oV 2T ( ) V2 )2
0 if £ <0

e if x>0 where ¢ = 1/u. By using parts, tables, or a CAS, we find that

20. Let f(z) = {

(1): [ we® dx = (" /b*)(bx — 1)

Q) [ 22" dx = (" /b%)(b*2® — 2bx + 2)

N oo oo
ow 0P = [ (= @) do = [0 (o — () de [ — p) () da
=0+ tlirgocfg(x —wle dr=c- tlg& fot (2%e™" — 2zpe™ " + pPe” ") da

Next we use (2) and (1) with b = —c to get

o? =¢ lim

t—oo

(c2x2 + 2cx + 2) — 2,ue (—cx — 1) + pu? =

|: —cx —cx —cxt
C —C 0

Using I’'Hospital’s Rule several times, along with the fact that = 1/c, we get
oo (22,2 1,1 AN 1\_1 L _1_
N S ¢ 2 2 —c)|] \B3) ¢ e H

21. (a) First p(r) = %r%*wao > 0 forr > 0. Next,
0

> R Ty 4 [ty L,
/ p(r)dr = / —37‘26 2r/ao g — — lim r2e 2/ qp
o @ ag t=o0 Jo

—o0

By using parts, tables, or a CAS [or as in Exercise 20] , we find that [ 2?e*” dz = (e"/b%)(b?2® — 2bz + 2). (%)

3
{& (—2)} = 1. This satisfies the second condition for

Next, we use (x) (with b = —2/a0) and I’Hospital’s Rule to get % )

0

a function to be a probability density function.

. . 4 r? 4 2r .
(b) USng 1 Hospltal S Rule, a—g Tli)n;lo % = a—g Tli)n;lo W = a_(% Tll)n;lo W =0.

To find the maximum of p, we differentiate:
4 2 4 r
/ — 2| p2p2r/a0 | _ 2 —2r/ag 2 _ 2 ,2r/ag 2 _ 1
p) = o [rteion (<2 ) g erienan) = Semrrimn (<L 1)

p(r)=0 & r:()orl:ai o r=ap [ao~5.59 x 1071 m].
0

p’(r) changes from positive to negative at 7 = ay, so p(r) has its maximum value at 7 = ao.
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(c) It is fairly difficult to find a viewing rectangle, but knowing the maximum 1X10"

value from part (b) helps.

plao) = ig aZe20/e0 — L o2 . 9 684,008,979
ag ao
With a maximum of nearly 10 billion and a total area under the curve of 1,
4x107°

we know that the “hump” in the graph must be extremely narrow.

T 4ag
(d P(r) = / %526*25/‘10 ds = P(4ao) = / %sze”s/ao ds. Using (%) from part (a) [with b = —2/ao],
0 0 0 0

P(4ao) = ig { _;/Z; ( 425 +— s + 2)}:% = i3 (f—i) [e3(64+ 16 +2) — 1(2)] = —3(82e® — 2)

1—41e=8 ~ 0.986

e 4 Y g o . . .
(e) u= / rp(r)dr = o thjrl r3e~2"/%0 dr. Integrating by parts three times or using a CAS, we find that
o'~ Jo

bx
/x3ebz dr = eb_4 (b°2® — 3b%2® + 6bz — 6). So with b = _al’ we use 1’Hospital’s Rule, and get
0

8 Review
EXERCISES

1L y=4(x—-1)7%? = %:6@4)1/2 = H(ﬁ) =1+436(z — 1) = 36z — 35. Thus,

w = 36z — 35,}

109
= [}/362 —35dz = [ \Ju(Z du) |:du:36dz
109
— 1 [%“3/2}1 = (109109 — 1)

36

2
2. y=2In(sin3z) = dy 5.1 -cos(gz) - 3 =cot(gz) = 1+ (%) =1+ cot?(3x) = csc®(3).

dx sin(%x)
Thus,
\Jesc2(3a) d Lz)|d " ese(ba)d " 2d v s
//3 csc? (g 93—/ |esc(3) | da = A/gCSC(QI) x—/;r/ﬁ cscu (2du) |:du:%dm:|
= 2[ln\cscu— cotu\riz =2[In|csc § —cot 5| — In|csc & — cot Z|]

=21 -0/~ |2~ V3| | = -2In(2 - V3) ~ 263
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1, —1 dx 2 1, -2

3. 120 =492 + 3yt = $:§y3+zy = d_y: -1y =

dx _ _ _
H(dy) =14y’ =g+ 5y =yt 54yt = (07 + 4y )% Thus,

3 3 3
2 — — —
L=/ (v +4v7?) dy:/ V" + 3y ZIdy—/ (v + ) dy = [50° — v
1 1 1
—0-H)-G-h-B-3
zt 1 1 1 dy 1 5 4

1+ (dy/dx)? —1+( a® —z7%) =1+1—16x6—%+af6=1—16x6+%+x76:(ix?’—i—x*?’)?
Thus, L= [ ({2 +o7%) do = [fga" — 3o %] = (1-3) ~ (%5 - 3) = &
(b)S=f1227rr(%x3+x73)dx=27rf12 (%x‘l—l—m )dm—27r[ T —%]1

=2r[(35—3) — (- D] =2rE -3 -5 +1) =27(5) = %7

2 ) ) o 4
= 1 =14 —-.
Gy MW=t

For0<z <3,L= fo V1 dx—fo 1+4/(x+1)*dx ~ 3.5121.

(b) The area of the surface obtained by rotating C' about the z-axis is

Sz/ 27ryds—27r/ \/mdx~221391
0

(c) The area of the surface obtained by rotating C' about the y-axis is

S = [Porxds=2m [ x\/T+4/(z + 1)* do ~ 29.8522.
6. @)y =2 = 14 (y)? =1+ 42> Rotate about the y-axis for 0 < z < 1:
S = fy 2meVTHF AP do = [ 3 udu [u=1+4 = [u 3/2]1 (552~ 1)
b)y=12> = 1+ (y)> =1+ 422 Rotate about the z-axis for 0 < z < 1:
S:27Tf mdx—27rf2l2\/l+—u21du [u=2z] =7 0 uw2V1I+u2du

[éu(l +2u?) V1 +u2 - é In |u + v1+ u? | ]i [u = tan @ or use Formula 22]
[3OI5 — 412+ V) - 0] = H{18VE - (2 + V)

NS

Il
INE

7.y=sinzx = ¢ =cosz = 1+ (y)?>=1+cos?z. Let f(z)=+/1+ cos?x. Then
L= [] f(z)dz~ S
= B2 [10) + 41 (55) + 27 (55) + 47 (35) + 2/ (35)
+41(55) + 2/ (55) + 4/ (55) +2/(55) +4/(55) + /()]

[
=

Slii‘

~ 3.820188
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8. S = [y 2myds = [ 2msinxz /14 cos? xdx. Let g(x) = 2msinx /1 + cos? . Then
S fO d:IJN SlO
= =322 [9(0) +49(55) + 20(55) +49(35) +20(55)
+49(35) +29(55) + 49(55) +29(55) +49(55) +9(m)]
~ 14.426045

0. y=[VVI-ldt = dyfde=VVi-1 = 1+(dy/de?=1+(Vi-1)=Va.

16
Thus, L = [1° VVade = [[° 2"/ dz = [5/4] =24(32-1) =12,
1

16
10.S:f11627rxds:27rf1 x- xl/‘ld:c*?wfw 5/4dm:27r-%[x9/4]1 =512 -1) = P

11. As in Example 8.3.1, oy :% = 2a=2—-zandw=2(15+4+a)=34+2a=34+2—x=5—=.
Thus, F = [ 62(5 — 2) do = 6[32® — 12%]2 = (10 — &) = 25~ 458 Ib [0 ~ 62.5 Ib/ft’].
12. F = [} 6(4—)2(2/7) dy = 45 [ (49" — y*/?) dy ML S
— 30772 — 3577 = (5 — %) = 2508(4 I
4 ft

=525~213331b  [§ = 62.5Ib/ft’] ‘

Y=
13. A= [* dr — | 243/2 21* _ 16 4— 4 y
= Jy (Ve —4a)de = x]o 5 —4=3
2 _Jx
T= O4x(\/5——m)da::%f0 ( 3/2 1m2>dm ' y=7x
@y =(%1)
4 5
—a[gar - ] = 3 s =38 = 8 ; o
— 4 4
7= 0 4|(v7)" - (o) ] = 33— 4t = 43t - et = HE- ) = 3(3) =1
Thus, the centroid is (Z,7) = (2, 1)
14. From the symmetry of the region, 7 = . A = f3”/4 sinz dr = [— cosz] f:/rf = % - (—%) =2
1 371'/41 9 1 3""/41 y
y:—/ 5 sin mdrz—/ 5 (1 —cos2x)dx e 1w
A Jrja A Jrja 1 yina w3 =355 (3+1)
1 1. 3m/4
=4—\/§[r—55m2m]w/4 d
0
1 T P T _m _ 37 ¢
=5 E ey -i =22 (G4 =5 §a=¥ N

Thus, the centroid is (7, 7) = (g 2+ 1)) ~ (1.57,0.45).
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15. The area of the triangular region is A = $(2)(4) = 4. An equation of the line is y = 3z or z = 2y.

1 /%21, & 102, 174 41 1 4
= di —(2 dy = = 4 dy = = | = = — = —
/ W))? 4/02(y)y8/0yy83y0 c8) =3

1 1%, 171 4]1% 1 4

- = - 2) dy = = dy= == =—(8) ==

/yf 4/y(y) Yy 2/01/ Yy 2{31/ 6(8) 3

. .. (44
The centroid of the region is 303 )

16. An equation of the line is y = 8 — . An equation of the quarter-circle is y = —+/8% — 22 with 0 < z < 8. The area of the

region is A = 1(8)(8) + 17(8)* = 32 + 167 = 16(2 + ).

_/ 2) — g(x)]d :_/ 64—m2}d93

1 1 1 8
—/ 8z — z2 + (64 — )1/2] dx = 1 {41’2 — - = (64 —x2)3/2]

3" 73 .
1 512 512
7[(256—?—0)—(0—0—?)

256 16
7= 4 [ HU@P - @i =2 [ 607 - (Vo] e

sl
II

162+7x) 2+n

- L 8[64—16304—932—(64—302)} dm:i/s(zﬁ—mx)dx
24 24 /,

_1 Cswyde— L[l _gp?] = L (32 _

= / z2 8x)d —A{ 41’]0—A( 3 256)

B 256 16

N 16(2 +m\ 3 ) 32+

16

. Lo 1
The centroid of the region is (2—5-_71-’ fm

) ~ (3.11,-1.04).

17. The centroid of this circle, (1, 0), travels a distance 27r(1) when the lamina is rotated about the y-axis. The area of the circle

is (1)2. So by the Theorem of Pappus, V = A(27%) = 7(1)?2n(1) = 272

18. The semicircular region has an area of %wrz, and sweeps out a sphere of radius  when rotated about the z-axis.

T = 0 because of symmetry about the line z = 0. And by the Theorem of Pappus, V = A(27y) =

2mr® = imr®(27y) = Y= s=r. Thus, the centroid is (Z,7) = (0, ==7).

7 3w
19. 2 =100 = P = 2000 — 0.1(100) — 0.01(100)> = 1890

Consumer surplus = ['*°[p(z) — P]dz = [;°°(2000 — 0.1z — 0.012% — 1890) dz

100

= [110z — 0.052% — &1a°]

3 = 11,000 — 500 — w ~ $7166.67
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20. [Z'c(t)dt ~ S1z = ZE=2[1(0) + 4(1.9) + 2(3.3) + 4(5.1) + 2(7.6) + 4(7.1) + 2(5.8)
+ 4(4.7) 4+ 2(3.3) + 4(2.1) + 2(1.1) + 4(0.5) + 1(0)]
= 2(127.8) = 85.2mg - s/L
Therefore, F' ~ A/85.2 = 6/85.2 ~ 0.0704 L/s or 4.225 L /min.
2. f(z) = %sin(llox) if0<x<10
0 if z<0Oorx>10

(a) f(z) > 0 for all real numbers z and

7 f(x)de = f010 2 sin () do = & - L2 [—cos(l—%m)}w 1(—cosm+cos0)=1(1+1)=1

Therefore, f is a probability density function.
(b) P(X <4) = [2_ f(a)dx = [ Fysin(f5a) de = 5[ cos(F5z)]y = 3 (—cos 3 + cos0)

~ %(70.309017 +1) ~ 0.3455

©p=[% af(z)de= 010 Zasin(75z) do 0.3
= Oﬂ2—7:) . %u(sinu)(l—f) du [u= %a:,du:llodac]
=3 [T usinudu g 2 [sinu —ucosu]j =3[0 —7(-1)] =5
0 10
This answer is expected because the graph of f is symmetric about the L J
—0.1
line x = 5.
280 280 2
1 (z— 1 —(x—2
22. P(250 < X < 280) = / e @) g / exp< (z 258) ) dx ~ 0.673.
250 OV 2T 250 154/2m 2-15

Thus, the percentage of pregnancies that last between 250 and 280 days is about 67.3%.

0 ift<0

23. (a) The probability density function is f(¢) =
eE ift>0

1
8

3
PO<X <3)=[) e /Pdt = [—e*f/ﬂ = — 35 4103127

0

(b) P(X >10) = [ 1e™/3 4t = lim [—e*t/ff]z = lim (—e */® +e71%/%) = 0+ e~/* ~ 0.2865

T—00 10 T—00

Tr— 00 2

(c) Weneed to find m such that P(X >m) =3 = [“le”/dt=1 = lim [—e’t/gr =1 =

m

lim (—e ®4+e™®) =1 = e™¥=1 = —m/8=In} = m=-8Ini=_8In2~ 555minutes.

T—00
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122+ <4y & 224 (y— 2)2 < 4,s0 S is part of a circle, as shown
in the diagram. The area of S'is
1
fol 4y — y2 dy = [}%2\/4y7y2+2603_1(2—;i)] [a = 2]
= —%\/§+ 2cos™ ! (%) —2cos™'1
== +2(3) 20 = F -
Another method (without calculus): Note that 0 = ZCAB =

5 so the area is

(area of sector OAB)

2. y=4V23 -2t

where 0 < z < 1, the lamina has a vertical length of v/z3 — 24 —

_ f01x~2\/:£3 —ztdzx folm\/m3 —ztdx
T = =
fol 23 —xtdx fol Va3 —ztdx
Jo x\/x3fx4dx—f1 52, /T—zdx
Tr/22sm fcosf/1 —sin%6d6

= OW/QQSIH 0cos?0dh =

o %(1—2cos29+2c05329—

L
QC_D> <
&\
~=
|

— (area of AABC) = $(2°)2 — 2(1)V3 = %_g

= The loop of the curve is symmetric about y = 0, and therefore 7 = 0. At each point x

(—va? —at) = 2+/23 — z%. Therefore,

. We evaluate the integrals separately:

sin = \/z,cos 0df = dz/(2v/Z),

2sinf cos 6 df = dx

”/22[% (1 —cos 29)]3 1(1 4 cos 20)d6

cos* 26) db

= %[l — 208260 + 2 cos 20(1 — sin® 20) — (1 + cos 49)2] do

= [0— 51n320]ﬂ/2—i 7r/2(1—l—2€0540—|—cos240)d9

32J0

=

6 64J0

=2 — L0+ 1sin40]7"% — & [7/% (1 + cos 86) b

:%—%[9+—Sln49]ﬂ/2—i O”/Q(l—i—cosS@)d@

64
:Z—Zf—[GUr—smSQ]W/Z 2z

folx/m:”—m4d:c:f01x3/2\/1—zd:c— 7r/22s1n 0 cosf/1 — sin 6 do

= ”/22sm cos”0df = 7T/22 (11—

= 0"/21(1—cos20—cos 20 + cos® 26) d

cos 26)?

[sind = vz ]

- (1 + cos26) db

= ["/? 2[1 = cos 26 — 1 (1 + cos46) + cos 26(1 — sin® 260) | d6

0
= 1[4 — $sin40 — Lsin® 20]ﬂ/2=%
_  5m/128 5 _ 5
Therefore, T = /16 =3 d($7y):(870)
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50 [l CHAPTER8 PROBLEMS PLUS

3. (a) The two spherical zones, whose surface areas we will call S; and S2, are

generated by rotation about the y-axis of circular arcs, as indicated in the figure.

The arcs are the upper and lower portions of the circle 2% + y? = 72 that are

obtained when the circle is cut with the line y = d. The portion of the upper arc

in the first quadrant is sufficient to generate the upper spherical zone. That

portion of the arc can be described by the relation © = /72 — 2 for

d <y <r.Thus,dz/dy = —y/+/r? — y? and

i (Y gy e gy [y = L
a dy) ¥~ R R Ry R SN =

From Formula 8.2.8 we have

Si = /27Tx 1+ dx /27T Ve —y? _rdy 2nrdy = 2nr(r — d)

TV

Similarly, we can compute Sa = fi 2nx /1 + (dz/dy)2 dy = fir 271 dy = 27r(r + d). Note that Sy 4 So = 4712,

the surface area of the entire sphere.

(b) 7 = 3960 mi and d = r (sin 75°) ~ 3825 mi, y
so the surface area of the Arctic Ocean is about
’
2mr(r—d) ~ 2m(3960)(135) ~ 3.36x 10° mi?. 4 (50
r X

(c) The area on the sphere lies between planes y = y;1 and y = y2, where y2 — y1 = h. Thus, we compute the surface area on

Y2 dz \? Y2
the sphere to be S = / 2mx 4|1+ (d_y> dy = / 2rr dy = 2nr(y2 — y1) = 2wrh.
Y1 Y1

This equals the lateral area of a cylinder of radius r and height h, since such y x=r

a cylinder is obtained by rotating the line x = r about the y-axis, so the

surface area of the cylinder between the planes y = y; and y = y3 is

y2 2 Y2 h
A=/ 2771’”1—&—(3—;?) dy:/ 2nr /1 + 02 dy
y1 y1

TN

y2
= 27ry
y=y1

=27r(y2 —y1) = 2nwrh
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CHAPTER8 PROBLEMSPLUS [ 51
(d) h = 2rsin 23.45° ~ 3152 mi, so the surface area of the Y
Torrid Zone is 27rrh ~ 2m(3960)(3152) ~ 7.84 x 107 miZ. / \
T 23.45°
h
| \\\/} :
. . . .. r+H r
4, (a) Since the right triangles O AT and OT'B are similar, we have =— =
r a
7‘2 .. . r 2
“=q The surface area visible from B is S = [ 27z /1 + (dx/dy)” dy.
From 2? 4 3 = r?, we get diy(m2 +y%) = %(rz) = 2z Z—; +2y=0 =
dzx y dz\?> 2*+ y? o or?
= — _Zand1 =) = = —. Th
dy g At (dy) x2 g2
S = ' 2z - L dy = 2rr(r —a) = 2nr( r — r =om?(1— — = 2712 H__ 2nr*H
S YT B r+H) r+H) r+H r+H'
(b) Assume R > r. If a light is placed at point L, at a distance « from '
L
the center of the sphere of radius r, then from part (a) we find that g ﬂ
the total illuminated area A on the two spheres is [withr + H = x ¥ —
andr + H =d — z]. I E—
2rr?(x —r)  27nR*(d—x — R) A(z) 5 r 5 R
= <x<d-—R] = - = _
Alz) T + d—x [r<e<d-H 2m T(l x)+R 1 d—=x )’
’ _ _ 2. 2 —R ﬁ_ R’ (d_l’)2_R_3
soA'(z) =0 & 0=r =t R =) & 2= Ao & = =5 ©
d .\ (RY d R\*? d R\*? d
() =(F) = 5= = =+ (F) = -mmmm
3 3 3 3
o) = o - B M) = on (-2 - 2R "
NowA(x)—27r(x2 (d—x)2> = A(a:)—27r( @ d—a) and A”(z*) < 0, so we have a
local maximum at z = x*.
However, £* may not be an allowable value of x — we must show that z* is between r and d — R.
. d
(1) T 27’ 54 WET 54 dZT+R\/R/T
d R\*/2 R\*/2
2 *<d-— —_— < d - <d-— — — —_
2) z*<d—R & 1+(R/r)3/2_d R & d<d R+d(r> R(r) &
R\%/2 R\ %2 R
= <d(= > = V/
R+R(T) 7d(T> = df(R/r)mjLR R+ ry/r/R,but
R+ ry/r/R < R+ r,andsince d > r + R [given], we conclude that z* < d — R.
[continued]
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Thus, from (1) and (2), z* is not an allowable value of z if d < r + R+\/R/r.

So A may have a maximum at x = r, z*, ord — R.

_ 27R*(d—7—R) _2m*(d—r—R)
A =———— ad  Ad-R)=——T—p—
R’ r’ 2 2 2 3 2 3
A(ry > A(d—R) & ﬁ>d—R < R(d—R)>r*(d-r) & RdA-R >rd—r° &

Rd—r*d>R*—r® & dR-r)(R+r)>R—-7r)(R*+Rr+r*) & d>R*+Rr+r)/(R+7) &
d>[(R+r)?—Rr]/(R+r) & d>R+r—Rr/(R+7r).NowR+r— Rr/(R+7) < R+r,and we know that
d > R+ r, so we conclude that A(r) > A(d — R).

In conclusion, A has an absolute maximum at = «* provided d > r + R+/R/r; otherwise, A has its maximum

atx =1

5. (a) Choose a vertical z-axis pointing downward with its origin at the surface. In order to calculate the pressure at depth z,
consider n subintervals of the interval [0, z] by points z; and choose a point z; € [z;—_1, ;] for each ¢. The thin layer of
water lying between depth x;_1 and depth x; has a density of approximately p(x; ), so the weight of a piece of that layer

with unit cross-sectional area is p(x; )g Ax. The total weight of a column of water extending from the surface to depth z

n
(with unit cross-sectional area) would be approximately Y p(z])g Ax. The estimate becomes exact if we take the limit
i=1

n
as n, — oo; weight (or force) per unit area at depth z is W = lim 3 p(27)g Ax. In other words, P(z) = [; p(x)g d.
n—oo (=]

More generally, if we make no assumptions about the location of the origin, then P(z) = Po + [ p(x)g dx, where Py is
the pressure at = 0. Differentiating, we get dP/dz = p(z)g.
(b) F=[" P(L+z)-2vr>—a2dz
= J7 (Po+ [ ppe Mg dz) 2 T = da

—

=P [ 2T —a? dx-l—pOngir(e(L”)/H _ 1) ST da
= (Py— pogH)[" 2Vr? =22 dx + pogH [”, L)/ H 9\ /r7 02 da

= (Po — pogH) (n7?) + pogHe™ /™ [T e/ . 23/r2 =22 da

6. The problem can be reduced to finding the line which minimizes the shaded T x=Jl—y

area in the diagram. An equation of the circle in the first quadrant is

x = /1 — y2. So the shaded area is y=h
h 1
A(h):/ (1—\/1—y2)dy—|—/ V1—1y2dy
0 h
h h
:/ (l—\/l—y2)dy—/ V1—y2dy
0 1
AR =1-VI=h2— VTI=RE [byFTC] =1—2vVI—h?

A=0 & VI-RZ=1 = 1-12=1 = =3 = p=2

> -
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2h
V1—h?

Note: Another strategy is to use the angle 6 as the variable (see the diagram above) and show that

A'(h) = —2-2(1 —h?)"V/2(—2n) = >0,s0 h = ? gives a minimum value of A.

1
2
A =04+ cosl — % — % sin 26, which is minimized when 0 = %.

. To find the height of the pyramid, we use similar triangles. The first figure shows a cross-section of the pyramid passing
through the top and through two opposite corners of the square base. Now | BD| = b, since it is a radius of the sphere, which

has diameter 2b since it is tangent to the opposite sides of the square base. Also, |AD| = b since AADB is isosceles. So the

height is |[AB| = Vb2 + b2 = /2b.

A A

AN

B C '

We first observe that the shared volume is equal to half the volume of the sphere, minus the sum of the four equal volumes
(caps of the sphere) cut off by the triangular faces of the pyramid. See Exercise 6.2.49 for a derivation of the formula for the
volume of a cap of a sphere. To use the formula, we need to find the perpendicular distance & of each triangular face from the
surface of the sphere. We first find the distance d from the center of the sphere to one of the triangular faces. The third figure
shows a cross-section of the pyramid through the top and through the midpoints of opposite sides of the square base. From

similar triangles we find that

§:|AB|: \/ib = d:_ﬁbzzﬁb
b |AC| b2 + (\/ib)Q Vv 3b? 3

Soh=b—d=0b-— @b = 3’—3‘/617. So, using the formula V' = 7h?(r — h/3) from Exercise 6.2.49 with » = b, we find that

2
the volume of each of the caps is 7r(3 ’3‘/Eb) (b - 3;.\3/gb) =15 ’96\/6 . 8 +9\/g7rb3 = (% - 2—77 6)7rb3. So, using our first

observation, the shared volume is V = 1 (47b*) — 4(2 — 2—77\/(_5)7rb3 = (£v6 —2)mb’.

. Orient the positive z-axis as in the figure. 0 0

Suppose that the plate has height /& and is symmetric 2 Y 2 Y

about the z-axis. At depth x below the water . F)

(2 < 2 <2+ h), let the width of the plate be 2 f(z). h h

Now each of the n horizontal strips has height h/n

and the ¢th strip (1 < ¢ < n) goes from N M

i—1 i 2H(E/m)h
r=2+ ( )h torx =2+ <—> h. The hydrostatic force on the ith strip is F'(i) = / _ 62.5z[2f(x)] dzx.
n n 2+[(i=1)/n]h
[continued]
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10.

. We can assume that the cut is made along a vertical line x = b > 0, that the y

Ul CHAPTER8 PROBLEMS PLUS

If we now let z[2f(z)] = k (a constant) so that f(z) = k/(2z), then

2(i/n)h . : -
F(i) = / 62.5k dv = 62.5k [« |51/, | = 62.5K Kz + 1h> - (2 4l h)] — 62.5k (ﬁ)
2+[(i—1)/nlh . n n n

So the hydrostatic force on the ith strip is independent of ¢, that is, the force on each strip is the same. So the plate can be
shaped as shown in the figure. (In fact, the required condition is satisfied whenever the plate has width C'/x at depth x, for

some constant C. Many shapes are possible.)

disk’s boundary is the circle 2 + y? = 1, and that the center of mass of the

smaller piece (to the right of 2 = b) is (3, 0). We wish to find b to two

fblm-Z\/l —z2dx
Loy/1—22dx
sy

. Evaluating the

decimal places. We have % =T =

numerator gives us — [, (1 — 2%)"/?(—2z) dw = —2 [(1 — $2>3/2E =-2 [O -(1- b2)3/2} =2(1-b2)%2

Using Formula 30 in the table of integrals, we find that the denominator is

1 20 -b2)
evVI—2Z+sin~'z]’ = (0+Z) — (bv/T— 02 +sin~'b . Thus, we have = =7 = 2 > OF,
[ J,=0+3%)—( ) 2 Z—by/1—-b2—sin"'b

equivalently, 2(1 —52)%2? = — 1b/T =52 — L sin'b. Solving this equation numerically with a calculator or CAS, we

obtain b ~ 0.138173, or b = 0.14 m to two decimal places.

A1 =30 = 3bh=30 = bh=060.

1 o
T=6 = —/ zf(x)de =6 =
0

Az
b h 10
/x<3m+1o—h,> dac+/ 2(10)dz = 6(70) =
0 b
" (B 1 ha ) de+10-1[2]" = 42
| Eac—l— Ox — hx | dz + O-E[x}b =420 = 0 b 10 x

b
[%ﬁ + 5z% — gﬁ] +5(100 — b%) =420 = £hb® +5b> — $hb* 4500 — 5b° = 420 = 80 = ghb® =
0

480 = (hb)b = 480 =60b = b=8.Soh = %L = 1% and an equation of the line is

8
_15/2 15\ 15 5
y= 3 :v—i—(lO 2)—161:—1-2.N0w

1 o .1 8 /15 5\2 oo
) dx—m{/o <1—6x+§) dm+/8 (10) dx}

= o5 [Js (Ba® + o+ %) do + 10010 - 8)| = 75 ([Ea® + Ba® + La]; +200)

=

= 135 (150 + 150 4 50 + 200) = 355 = 35
[continued]
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Another solution: Assume that the right triangle cut from the square has legs y

a cm and b cm long as shown. The triangle has area 30 cm?, so %ab =30and ?

ab = 60. We place the square in the first quadrant of the zy-plane as shown, and a{

we let T', R, and S denote the triangle, the remaining portion of the square, and

the full square, respectively. By symmetry, the centroid of S is (5,5). By

b a 10 cm x
Exercise 8.3.39, the centroid of T is <§’ 10 — §>
We are given that the centroid of R is (6, ¢), where c is to be determined. We take the density of the square to be 1, so that
areas can be used as masses. Then 7" has mass m7r = 30, S has mass mgs = 100, and R has mass mgr = mgs — mr = 70. As
in Exercises 40 and 41 of Section 8.3, we view S as consisting of a mass m at the centroid (Tr, Y, ) of 7" and a mass R at the
_30(b/3) 4+ 70(6)

mrTr + MRTR mrYr + MRYR .

centroid (Tr,Yg) of R. ThenTs = p———— andyg = e that is, 5 = 100
30(10 — a/3) + 70c f——8cm——
and 5 = .
100
Solving the first equation for b, we get b = 8 cm. Since ab = 60 cm?,
7.5 cm
it follows that a = %O = 7.5 cm. Now the second equation says that l

70c = 200 + 10a, s0 7c = 20 + a = 22 and ¢ = 25 = 3.9285714 cm.

The solution is depicted in the figure. | 10 cm |

areaundery = Lsin0 Jo Lsin6do _[=cosOly  —(-1)+1
area of rectangle wL a T 7

1. Ifh=L,then P =

arcaundery = 3Lsinf [ $Lsin0df  [—cosO]; 2

Ifh=L/2,then P =
/2, then area of rectangle wL 2m 2m

12. (a) The total set of possibilities can be identified with the rectangular y

region®R = {(6,y) |0 <y < L,0<60 <7} Evenwhenh > L,

=hsin 6
the needle intersects at least one line if and only if y < hsin 6. Let Y

R ={(0,y) |0<y<hsing,0 <0 <7} Whenh < L, Ry is

contained in R, but that is no longer true when h > L. Thus, the
probability that the needle intersects a line becomes ROR,

area(RNRy)  area(RNRy)

area(R) 7L

ol o 6, = 6
When h > L, the curve y = hsin 6 intersects the line y = L

twice—at (sin”'(L/h), L) and at (m —sin~'(L/h),L). Set 61 = sin~' (L/h) and 62 = m — 6. Then
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01 62 ™
area(%ﬁ%l):/ hsin@d@—l—/ Ld@—l—/ hsin 6 df
0

01 02

01
= 2/ hsin@df + L(6> — 1) = 2h [~ cos 6] + L(m — 261)
0

h
L
= 2h(1 — cosby) + L(m — 26,)
/h2 — T2 [
—on(1- Y=L L lr—osint (£ :
h h ey

=2h —2v/h2 — L2+ 7L —2Lsin"! (%)

We are told that L = 4 and h = 7, so area(R N %1) = 14 — 2/33 + 47 — 8sin™ " (2) ~ 10.21128 and

P = ;= area(: N R1) ~ 0.812588. (By comparison, P = 2 ~ 0.636620 when h = L, as shown in the solution to
Problem 11.)

(b) The needle intersects at least two lines when y + L < h sin 6; that is, when Y
y<hsinf — L. Set Ro = {(0,y) |0 <y < hsinf —L,0<60<x}. 4
Then the probability that the needle intersects at least two lines is T n
Py — area(R N Rs) _ area(R N Rs) T ”
area(R) wL 1t 2
When L =4 and h = 7, Ro is contained in R (see the figure). Thus, 0 p—t

1 % 1 m—sin"1(4/7) " ’ ) /2 o ’
Pg—Earea( 2)—E/S (7sinf —4)d _E-Q/S (7sinf —4)d

in—1(4/7) in—1(4/7)
V33

4sin7!(2) -2
:%[77cos0749r/2 —L{Of27r+77 +4sin_1(%)} = V33 + 4sin (7) T

2w

sin=1(4/7) T op
~ 0.301497

(c) The needle intersects at least three lines when y + 2L < hsin @: that is, when y < hsin — 2L. Set

Rz ={(0,y) | 0 <y < hsinf —2L,0 < 0 < 7}. Then the probability that the needle intersects at least three lines is

area(% N Rs) = area(% 1 %) . (At this point, the generalization to P,,, n any positive integer, should be clear.)
area(R) L

P =
Under the given assumption,

1 1 m—sin~ (2L /h) 2 /2
Py = — area(R3) = — / (hsinf —2L)df = — (hsinf — 2L) d6
L L sin—1(2L/h) L sin—1(2L/h)
2 /2 2 -
= —7 [“heos§ —2L0] 1 7, 51y = =7 [-7L + VA? — 4L + 2Lsin =" (2L /h)]

Note that the probability that a needle touches exactly one line is P, — P», the probability that it touches exactly two lines

is P, — Ps, and so on.
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13. Solve fory: 2° + (z+y+ 1)’ =1 = (r+y+1)2=1-2°> = z2+y+l=+/1-22 =
y=—x—1++1—22

a= [ (e -1+ VimE) — (me-1-VImE ) i y

:/ 21— 22 dm:2(§) L;:fa.‘)f ] = (0, 0)
icircle >

—1 (-1, 0) X

1 1
T = — 22v/1— 22de = i (0,-2)
T A/71$ 241 —22dzx =0 [odd integrand] Tk rty 1=l

1 1 1 2 2 1 1 1
ﬂzz/ 5[(—3&—1—!-\/1—;152) —(—x—l—\/l—ﬂ)]d;r:;/ 5(—4x\/1—w2—4\/1—x2)dx

—1 -1

1 ! !
_%/ (zﬂ—i— l—xz)d:c:—%/ x\/l—zzdx—%/ V1—2z%dx
1 —1 -1

2 . 2 /0 f
- (0) [odd integrand]  — p (5) |:se?rrl?zi?cle ] =—1

Thus, as expected, the centroid is (Z,7) = (0, —1). We might expect this result since the centroid of an ellipse is

located at its center.
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