7 [0 TECHNIQUES OF INTEGRATION

7.1 Integration by Parts

1 2x

LLetu=x,dv=e*de = du=dz,v= 5€ Then by Equation 2,

fﬂcezm dr = %xe” —f %62”” dx = %wezx — %62” +C.
1 .
2 Letu=Inz,dv=+xdr = du= . dz,v = §m3/2. Then by Equation 2,

1
/\/Eln:cdx:%x?’/zlnx—/§z3/2-;d:c:§z3/2lnz—/%ml/2dx:%x3/zlnx—%x3/2+C.

Note: A mnemonic device which is helpful for selecting « when using integration by parts is the LIATE principle of precedence for u:
Logarithmic
Inverse trigonometric
Algebraic
Trigonometric

Exponential

If the integrand has several factors, then we try to choose among them a « which appears as high as possible on the list. For example, in f ze?® dx
the integrand is zze>*, which is the product of an algebraic function () and an exponential function (¢2*). Since Algebraic appears before Exponential,
we choose u = x. Sometimes the integration turns out to be similar regardless of the selection of » and dv, but it is advisable to refer to LIATE when in
doubt.

3. Letu =x,dv =cosbrdr = du=dz,v= %sin 5z. Then by Equation 2,
J@cosbrdr = tzsinbz — [ sinbzdr = txsinbz + 5= cosbz + C.
1

4 Letu=vy,dv=e"%dy = du=dyv=5¢

0.2y
0.2 :

Then by Equation 2,

[ ye®?dy = 5ye®?¥ — [ 5e%*dy = 5ye®?Y — 25¢°% + C.

5 Lletu=tdv=e3dt = du=dt,v= 7%6_&, Then by Equation 2,

[te tdt = f%tefg’t —f f%e%ﬁdt = f%tefg’t +1 e ?tdt = fétefg’t — éef‘% +C.
6. Letu=x—1,dv=sinmzdr = du=dxr,v= f% cosmz. Then by Equation 2,
. 1 1 1 1
(z—1)sinmrzdr=—=(x —1)cosmz — | ——cosmxdr = —=(x — 1)cosmz + — [ cosmzdx
™ ™ ™ ™
1 .
=—=(z —1)cosmx + = sinTr +C

™ T

7. Firstlet w = 2® + 2z, dv = coszdx = du = (2z +2)dx,v =sinz. Then by Equation 2,
I = [(2° 4 2z)coszdr = (z° 4 2z)sinz — [(2z + 2)sinzdz. Nextlet U = 2z 4 2,dV =sinzdr = dU = 2dx,
V = —cosz,s0 [(2z + 2)sinzdx = —(2z + 2) cosz — [ —2coszdz = —(2x + 2) cosz + 2sin . Thus,

I = (2% +2x)sinz + (2¢ + 2) cosx — 2sinz + C.
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8. Firstletu = 1%, dv = sinftdt = du = 2tdi,v = —%cos3t. Then by Equation 2,

10.

1.

12,

13.

14.

15.

U CHAPTER7 TECHNIQUES OF INTEGRATION

I=[t*sinptdt = —%tQCOSBt—f—%tcosﬁtdt.NextletU:t, dV =cosfftdt = dU =dt,

V= %sinﬁt, so [tcosBtdt = %tsin/é’t - /%sinﬂtdt = ltsin/Bt + %Cosﬂt. Thus,

B

I = —lt2 cos Bt + 2 <ltsin6t+ % Cosﬁt) +C = —lt2 cos Ot + %tsinﬁt + %COSﬂt-‘r C.

B B\B B

—1 .
.Letu=cos 'a,dv=dr = du=—=—dx,v=aThenby Equation 2,

V1—2?

t:l—xz,

g dr =z cos™! L dr=xzcos ! L1y
COS X axr = I CoS xr — ﬁ X = X COS xr — % 5 dt = —2z dz

:mcosfle%«2t1/2+C’:xcosfle\/lf:ﬁJrC

1 1 1

e .
Vz 2z T 2
/lnﬁdmlenﬁ—/x~%dmzmln\/i—/%dx:xln\/;—%a:—i-C’.

Letu =Inyz,dv =dr = du=

Note: We could start by using In /z = £ Inz.

1 1 .
Letu = Int,dv = t*dt = du= 7 dt,v = 5t5' Then by Equation 2,

15 15 ]. 15 14 15 1 5
HAintdt = —t°Int — [ 2t° ~dt = =t®Int — | 2t dt = —t°Int — —1° + C.
/ . 5 0 /5 ¢ 5 0 /5 gt It — gt +C

Letu=tan ' 2y,dv =dy = du= dy, v = y. Then by Equation 2,

_2
14 4y?

dx, v = x. Then by Equation 2,

2 1 1 t = 492
—1 1 Yy —1 =14 4y°,
/tan 21/ dy = ytan 22} / y2 dy = ytan 2y - / - (‘ dt) ] )

=ytan "2y — 1In[t|+ C=ytan ' 2y — TIn(1 +4y°) + C

Letu=t,dv=csc®*tdt = du=dt,v=—cott. Then by Equation 2,

/26(:5(:2tdt:ftcottf/fcottdt:ftcottJr/Cf)S:ft dt:ftcottJr/ldz
sin z

= —tcott+1In|z| + C = —tcott + In|sint| + C

1 .
Letu = z,dv = coshardxr = du = dz,v = —sinhaxz. Then by Equation 2,
a

/a:coshax dx = la: sinh ax — / 1 sinh ax dx = lr sinh ax — iQ coshazx + C.
a a a a

First let u = (In :c)z, dv=dr = du=2lnx- % dzx, v = x. Then by Equation 2,

z = sint,
dz = costdt

I=[(Inz)’ds=z(nz)* -2 [zlnz-Ldr=2z(nz)’ -2 [Inzds. NextletU =Inz,dV =do =

dU =1/xdx,V =2xtoget [Inzde =xlnz — [z (1/z)dz = zlnz — [dz = zlnz — « + C1. Thus,

I=2z(nz)®> - 2(xhz —z+C1) =z(nz)® - 2zxlnx + 2z + C, where C = —2C1.
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SECTION7.1 INTEGRATIONBY PARTS U 3

—Zz

/ —dz = /z 107%dz. Letu =2, dv=10"%dz = du=dz,v= _ln 0 Then by Equation 2,
—,  —z1077 —107* _ -z 1077 _ z B 1
/Z 1077d== =g / m10 T 1m0 mimio) ¢~ 10°mi0  10°(mi0)2 O

Firstlet u = sin 30, dv = *’d9 = du = 3cos30df, v = Le*’. Then

I=[¢é sin30do = % sin30 — 3 f629 cos 30 df. Nextlet U = cos30,dV = e?’df = dU = —3sin36d6,
V= % 20 o get J e?® cos 30 df = % cos 30 + % [ 2% sin 30 d@. Substituting in the previous formula gives
I=12%e"sin30 — 3e* cos30 — § [e*sin30df = 1e*sin30 — 2e*” cos30 — 31 =

1e*%sin30 — 3¢’ cos 30 + C1. Hence, I = 1=e*(2sin30 — 3cos 30) + C, where C = £C1.
Firstletu = e %, dv =cos20df = du= —e ’df, v = 1sin20. Then

I=[e cosZ@d@—% sin29—f%sin29( 70d9)—% sin29+%fefesin29d9.
Nextlet U = e %, dV =sin20df = dU = —e%do,V = fé cos 26, so

Je ?sin20df = —%e % cos20 — [(—%) cos20(—e ?df) = —1e ?cos20 — L [ e cos 26 do.

Sol = %679 sin 260 + % [(—%efg c0529) — %I] = %679 sin 260 — %679 cos 20 — %I =

%I = %6_9 sin 260 — %6_9 cos20+C7 = [= %(% 9 5in 20 — —6_9 cos29+01) = % 9 5in 20 — —6_9 cos20+C.

Firstletu = 2°, dv = e*dz = du=32%dz,v=¢”. ThenI) = [ 2°e”dz = z°¢* — 3 [ 2°e*dz. Next let u; = 2°,
dvi = e*dz = duy =2zdz,v1 = e”. Then Is = 22e* — 2fzezdz. Finally, let up = 2z, dvs = e*dz = dup = dz,
vz = €”. Then [ ze*dz = ze* — [ e*dz = ze* — € + C1. Substituting in the expression for I2, we get

I, = 2%e* — 2(ze” — €* + C1) = 2%e* — 2ze” + 2¢* — 201 Substituting the last expression for I, into I1 gives

I = 2%e” — 3(2%e* — 2ze” + 2e7 — 201) = 2%e* — 32%e” + 6ze” — 6e* + C, where C' = 6C1.

Jztan’zdzr = [x(sec®z — 1)dx = [zsec’ vdx — [zdz. Letu =2, dv =sec’zdx = du=dz,v=tanz.
Then by Equation 2, f xsec’?zdx = ztanz — ftanm dx = xtanz — In|sec x|, and thus,

Jwtan® xde = xtanx — In|secz| — 12* + C.

1 1
Letu:xe%,dv:mdl’ = duz(x-Ze%—l—eZ””-l)dxze%(%c—l—l)dx,v:—m.
Then by Equation 2,
2z 2z 2z 2z 2z
ze ze 1 [e(2z+1) ze 1 25 ze 1 5,

de = — - dt = ————=+ = de = ——————~ + = .

/(1+2x)2 v 2(1+2x)+2/ 1+2z 2(1+2x)+2/6 TS Stz Ta¢ tC
62z
The answer could be written as m +C.
. . \2 . 1

Firstlet u = (arcsinz)?, dv = dr = du = 2arcsinz - ——=dz, v = z. Then

V1 —x2
x arcsin x

V1—2a2

1= / (arcsin x)’dx = x(arcsinz)® — 2 dz. To simplify the last integral, let t = arcsinz [x = sint], so
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24
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27.

28.

29.

U CHAPTER7 TECHNIQUES OF INTEGRATION

dt = dx and rareeme arcsin ac tsint dt. To evaluate just the last integral, now let U = ¢, dV = sintdt

1-— ac2 V1-— xz
dU = dt,V = — cost. Thus,

/tsintdt:—tcost+/costdt:—tcost—l—sint—l—C

1 — 22 X
= —arcsinzx - Tx + x4 C1  [refer to the figure]

Returning to I, we get I = z(arcsinz)? 4 2y/1 — 22 arcsinz — 2z + C,
where C' = —2C1.

Letu =x,dv=cosmedx = du=dx,v= % sinmz. By (6),

1/2 1 1/2 12 1 1] 1
/ rcosmrdr = {—msinﬂr} —/ —sinﬂrdmz——O——[——cosra:}
0 T 0 o T 27 T 7

1/2

0

1 1 1 1 T—2
=t 0= m s

Firstletu = 2> + 1, dv = e ®dz = du = 2zdzx,v = —e . By (6),
¢+ 1l)e"de=|—(z°+1)e” + rxe Tdr=-—2e¢ " +1+ re "~ dx.
a4 et d 24 1)e7], + fy 2we T dr = —2e" + 142 [ ze " d
NextletU = x,dV =e “de = dU =dz,V = —e” *. By (6) again,
fol ze dx = [737671](1) + fol e %dr=—e 1+ [76735](1) =—¢et—et4+1=-2""+1 S0
i@+ e do =2 +1+2(-2e +1) =2 +1—4de ' +2= 6" +3.
Letu = y, dv = sinhydy = du = dy, v = coshy. By (6),

2 2
f02 ysinhy dy = [y cosh y} - foz coshydy =2cosh2 — 0 — [sinh y} = 2cosh2 —sinh 2.
0 0

1
Letu = Inw, dv = w?dw = du= Edw, v = %wB. By (6),

flzwzlnwdw = [%wSIHw]? — 12 Lw? dw = 8lr12—0— [ngE = %an— (% — %) =8m2-— %.

1
Letu = InR, dv:ﬁdR = dufEde—fE.By(@,
SInR g

1 AR 1
B dR = {—}—zlnR]l—/l —ﬁdRz—%lnE)—O—[E}lz—%lrﬁ—(%—l):%—%lna

Firstletu = t>,dv = sin2tdt = du=2tdt,v = f% cos 2t. By (6),
f027r t?sin2tdt = [—%tZ cos Qt] (2)# + fo% tcos2tdt = —2m2 + fozﬂ tcos2tdt. Nextlet U =t,dV = cos2tdt =

dU = dt, V = & sin2t. By (6) again,

fomtcos 2tdt = [%tsin%]?T — [ gsin2tdt =0 — [~ cos 2ﬂ3ﬂ =

o = 0. Thus, [7™ t*sin 2t dt = —27°.

sin 2z = 2sinz cosz, SO fowx sinz cosxdx = %foﬁx sin2xdx. Letu =z, dv =sin2zdx = du=dxz,

2J0
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SECTION7.1  INTEGRATION BY PARTS U

30. Letu = arctan(l/x),dv =dz = du= ﬁll/x)? . ;—21 dr = x;—jirxl, v = z. By (6),

V3
/1 arctan(%) dr = [xarctan(%)} xfill—xl = \/3% -1
1
2

V3

(In4 —In2) = Z¥°

T
i
M. Letu=M,dv=e™dM = du=dM,v=—e". By(6),

5
—/ —eMdM=—-5e?+e - [eiM}

1 1 1

M 5

o7 dM = /M’MdM [-me ]

1
=-be P 4+elt—(eP—et)=2"—6e"

2Inz

32 Letu = (Inz)’, dv=2"3dzr = du —dx,v:—%afz, By (6),
2 2 r
1:/ W) gy — (IHI ] /hl_wdx NowletU = lnz,dV =2 %de = dU =~dz,V =—ta2.
1 g L X
Then
lnx Inz]? 2, 2
[ o= [-ps] g [t = —dmo b0t d -]l =~k (-h44) = - 2

Thus 7 = (-2 (In2)> +0) + (& —tIn2) = —L (n2)* - i m2+ 2

33. Letu = In(cosz),dv = sinzdr = du=

p— (—sinz) dz, v = — cosz. By (6),

x/3 /3
: }

n/
foﬂ/Ssinx In(cosz) dz = [—cosm ln(cosx)}o — sinzdr =—1ln —0-— [—cosm .

=—ilni+(3-1)=%iln2-3

2

M. Letu=1%dv= ————dr = du=2rdr v =4+ r2. By (6)
b \/4<i>—1ﬂ2 9 b

! r® 2 5 ! ! Py 2 213/2 1
/0 ﬁdr—[r Va+r }0—2/0 rv4+r dr—\/g—g[(él—&—r) }0
V5

VA ) = VE (- )+ B - %

Wl

5
35 Letu = (Inz)?, dv =2*de = du= Qmed:c, v = % By (6),

2 5
/;I4(lnx)2d.r= {?(lnx ] / —lnxdx_%(IHZ) —-0- 2/ —lnxdw

4 5

LetU = lnde——dx = dU——dm V—25

2 4 512
Then/ %lnxdx: { lnx} / —de— 321112 0— {%5} :%IHZ*(%fﬁ)’
1 1

So [2at(lnz)?dr = 2(In2)? —2(Lm2 - L) = 2(In2)? - L n2+ 2.
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L CHAPTER7 TECHNIQUES OF INTEGRATION

Letu =sin(t — s), dv = e°ds = du = —cos(t — s)ds, v = e°. Then
t

I= fot e’sin(t — s)ds = [es sin(t — s)} + fot e cos(t — s)ds = e'sin0 — e®sint + I. For I1, let U = cos(t — s),
0

dV =e*ds = dU =sin(t—s)ds,V =e®.So I, = [escos(t—s)]f)—fotessin(t—s)dszetcosO—eocost—I.

Thus, I = —sint+ €' —cost —I = 2I =€’ —cost—sint = [=1(e'—cost—sint).

Lett = /7, so that t* = x and 2t d¢t = dz. Thus, [ V¥ dy = | €*(2t) dt. Now use parts with u = ¢, dv = e dt, du = dt,

andv = e'toget2 [tet dt = 2te' —2 [eldt = 2te! —2¢! + O =2z eV® —2eV® +C,

Let¢t = Inz, so that e’ = x and e’ dt = dx. Thus, [ cos(Inz)dx = [cost - e’ dt = I. Now use parts with u = cost,
dv=e'dt,du = —sintdt,and v = e’ to get [ e’ costdt = e’ cost — [ —e'sintdt = e’ cost + [ e sintdt. Now
use parts with U = sint, dV = e’ dt, dU = costdt, and V = e’ to get

fetsintdt =elsint — fetcostdt. Thus, I = e'cost +efsint —I = 2I =e'cost+e'sint =
I=1%e"cost+ ie'sint+ C = 2xcos(Inz) + swsin(lnz) + C.

v
Let 2 = 62, so that dz = 20 df. Thus, /

v -
0? cos(92) do = / 0* cos(92) -2(20d9) = % / x cos x dx. Now use
V2 L

V7/2

parts with u = z, dv = cos x dz, du = dx, v = sin z to get

sy ™
1 _ 1 . _ 1 . ™
3 //zxcos:cd:c— 3 ([:csmar]ﬂ/2 //zsmxdx) =3 [:csmm—l—cosxh/z
e Ky

= 3(wsinm+cosm) — 3(Fsing +cos3)=3(r-0-1)—3(5-14+0)=—3—%
Let x = cost, so that dv = —sintdt. Thus,
Jo et sin2tdt = [ e (2sint cost)dt = [[ e Ye® . 2 (—dx) :2fi1 xe” dz. Now use parts with u = z,

dv = e® dz, du = dz, v = €” to get
2fi1xe” dx =2 ([:):eﬂl_l - fil e’ dx) =2 (el +et— [ex]l_l) =2(e+et—[et —e ) =2(2e7!) = 4/e.
Lety = 1 + =, so that dy = dz. Thus, [zIn(1 + z)dr = [(y — 1) Iny dy. Now use parts withu = Iny, dv = (y — 1) dy,
du:%dy,v:%nyytoget
Jy—=1mydy= (39" —y) Iny - [ Gy — 1) dy = 39y = 2) Iny — 39" +y + C
=1(1l+z)(z—-1)h(1l+z)—1(1+2)°+1+2+C,
which can be written as 4 (z* — 1)In(1 +2) — 12* + 1z + 2 + C.

arcsin(ln )

1
Let y = Inx, so that dy = p dx. Thus, / dx = /arcsinydy. Now use

T

parts with w = arcsiny, dv = dy, du = dy, and v = y to get

_r
V1—1y?
/arcsinydy:yarcsiny—/\/1y_dy—yarcs1ny+\/1— 24+ C =(Inz)arcsin(lnz) + /1 — (Inz)2 + C.
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SECTION7.1 INTEGRATIONBY PARTS 0O 7
Letu=z,dv=e*dz = du=dz,v= —%efzx. Then 1
fxeih dx = —%reih + [ %6721 dr = —%meih - %67293 + C. We f
see from the graph that this is reasonable, since F’ has a minimum where f ! 7 }
changes from negative to positive. Also, F increases where f is positive and
F decreases where f is negative. n
Letu =1Inz, dv=2%?dz = duz%dm,v:%rwz. Then 3 <
232 Inade = %x5/2 Inz— 2 [23/?da = %xs/z Inz — (%)2:1:5/2 +C f
:§x5/2lnx—2i‘5x5/2+0 F
We see from the graph that this is reasonable, since F" has a minimum where
f changes from negative to positive. - ’
. -~ J

Letu:%xZ,dUZZx\/l—l——;ﬁdx = duzwdw,vz§(1+x2)3/2. 4
Then F j/
[ VI+a2de = 3a® [%(1+x2)3/2} — 2 [2(1+2%)*?da -2 2

=122(14+2?)¥2 - 2. 2. 1142252 4 C f

_ %x2(1—|—x2)3/2 _ 1_25(1 +22)%2 4 O —4
We see from the graph that this is reasonable, since F' increases where f is positive and F’ decreases where f is negative.
Note also that f is an odd function and F' is an even function.
Another method: Use substitution with u = 1 + 2® to get £ (1 + x?)%/% — 21+ 23?2 4 C.
Firstlet u = 22, dv = sin2zdz = du=2zdz,v= —% cos 2x. 6
ThenI:fx2 sin 2z dx = —%$ZCOS2$+fICOS2l‘dl‘. f
NextletU = x,dV =cos2zxdx = dU =dz,V = % sin 2z, so —4 4
Jxcos2xda = %xsian — % sin 2z dx = %xsin2x + %cos 2z + C. i
Thus, I = —%x200s21+%xsin?m—i—icos?x—kc. —6
We see from the graph that this is reasonable, since F' increases where f is positive and F’ decreases where f is negative.
Note also that f is an odd function and F is an even function.
(a) Take n = 2 in Example 6 to get/sin2 rdr = —% coszsinz + % / ldz = g — sin42x +C.
(b) fsin4xdx = —% coszsin® z + % fsin2 rdr = —i cosxsin® z + %m - % sin2x + C.
(@) Letu = cos" ' x,dv =cosxdr = du=—(n—1)cos" 2z sinzdr,v=sinzin(2):

Jcos™ zdx =cos" ' x sinz + (n—1) [cos" *x sin® xdzx
=cos" 'z sinz 4 (n—1) J cos" 2 2 (1 — cos® z)dx
=cos" 'z sinz+ (n—1) [cos" *axdr — (n—1) [cos" xdx [continued]
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Rearranging terms gives n [ cos™ xdx = cos” 'z sinz + (n — 1) [ cos™ ? zdz or

1 —1 . n—1 —92
/cosn rdr = —cos" "z sint+—— [ cos" “zdr
n n

sin 2x

1 +C.

(b) Take n = 2 in part (a) to get [ cos® zdz = % cos sin:):Jr%fldx:ng
(c) [cos*zdr = 2cos®x sinz + 2 [cos’wdr = cos’ z sinz + 2z + S sin22 4+ C

49. (a) From Example 6, /sinn rdx = -1 cosz sin" 'z + n_1 /Sin"72 x dx. Using (6),
n n

/2 on—1 /2 -1 /2
/ sin” x dx = {—w] + 2 / sin" "2 ¢ dx
0 n 0 n 0
-1 /2 N 1 /2 N
2(0—0)4—” / sin" 2 zdr = = / sin" %z dx
n 0 n 0
. . /2 . 3 2 rm/2 . 2 /2 2
(b) Using n = 3 in part (a), we have [/~ sin’ x dx = 2 sinzdr = [-3cosx|;'” = 3.
Using n = 5 in part (a), we have foﬂ/Q sin® v do = % Oﬂ/z sinzde=%2-2=2.

(c) The formula holds for n = 1 (that is, 2n + 1 = 3) by (b). Assume it holds for some & > 1. Then

/2 2.4-6----- (2k)
. 2k+1

de = . By Example 6

/0 sin xrdr 3 5.7 .. k1 D) y Example 6,
/2 2% +2 /2 2k +2  2-4-6-----(2k)

. 2k+3 . 2k+1

dz = dr = .

/0 smewar 2k+3/0 S 3 357 2kt 1)

2:4-6-- - (2K)[2(k +1)]
357 Ck+ D2k +1)+1]

so the formula holds for n = k£ + 1. By induction, the formula holds for all n > 1.

50. Using Exercise 49(a), we see that the formula holds for n = 1, because fOW/Q sinzdr = 1 fw/z ldx = 3[z] /2 1.

0 0

/2 1-3.5..-.. 2% — 1
Now assume it holds for some k£ > 1. Then /0 sin®* ¢ dz = 23. 45. 6( D) )g By Exercise 49(a),
/2 2k +1 [T/? 2%k+1 1-3:-5-----2k—1)7
2D g — in2* 2 do — . ™
/0 S v 2k+2/0 S 2 T 246 (2k) 2
1-3.5-.... 2k -1)(2k+1) =
T 246 (2k)(2k +2) 2’

so the formula holds for n = k£ 4 1. By induction, the formula holds for all n > 1.

51. Letu = (In2)",dv =dz = du=n(lnz)""'(dz/z), v = z. By Equation 2,

[(Inz)*dr = z(Inz)" — [nz(nz)" '(dz/z) = z(lnz)” —n [(Inz)" "' dz.

5. Letu=2a",dv=e"dr = du=nz"""'dz,v=e".ByEquation2, [z"e”dzx =a"e" —n [2" e dx.
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SECTION7.1  INTEGRATION BY PARTS U

53. [tan"zdz = [tan" ?z tan’zdz = [tan" *x (sec’r — 1)dz = [tan" *x sec’ rdr — [tan" *zdz
=1 [tan" *zdxz.
Letu = tan" %2, dv =sec’>zdr = du= (n—2) tan" 3z sec? z dx, v = tanz. Then, by Equation 2,
I=tan" 'z — (n—2) [tan" *x sec’ zdx
I =tan" 'z — (n—2)I

(n—1I=tan" 'z

n—1

tan T
= ——
n—1
. o tan™ !
Returning to the original integral, [ tan™ z dz = an—lx —f tan" "2 z d.

54, Letu = sec" 2z, dv =sec’rdx = du= (n—2)sec” >

x secz tan z dx, v = tanz. Then, by Equation 2,
[sec” xdr =tanz sec" >z — (n — 2) [sec" *x tan® z dz

=tanz sec" >z — (n —2) [sec” ?z (sec®z — 1) dx

=tanz sec" >z — (n —2) [sec" xdx + (n — 2) [sec" >z dx

so (n—1) [sec” zdz = tanx sec” >z + (n — 2) [sec” ?xdx. If n — 1 # 0, then

tanz sec™ 2 -2 _
/sec”mdm: n - T 1/sec" 2z dz.
n— n—

55. By repeated applications of the reduction formula in Exercise 51,
[(nz)*dr =z (Inz)® -3 [(Inz)?dr = 2(Inx)® — 3[z(Inz)® — 2 [(Inz)" da]
=z (Inz)® — 3z(lnx)* + 6[z(Inz)' — 1 [(Inz)° dx]
=z (Inz)® - 3z(Inz)? + 6zlnz — 6 [1de = z (Inz)® — 3z(lnz)* + 6xlnz — 62+ C
56. By repeated applications of the reduction formula in Exercise 52,
[xte” do=x"e" — 4 [2%e” dx = z'e” — 4(2@36” -3 [z%e” dx)
=z%e” — 4ade” + 12(m2ez —2[z'e” da:) =zte” — 4aBe” + 1227 — 24(3:16” — [a0%" da:)
= z'e” —da’e” + 122%¢” — 24we™+ 24 + C' [or €*(z* — 42® + 1227 — 24z + 24) + C]

57. The curves y = 2° Inz and y = 4In x intersect when 2* Inz = 4lnz &
2’Inz —4lnzx=0 < (2°-4)lhz=0 &
z=1or2 [sincex > 0]. For1 < z < 2,4Inz > z*Inx. Thus,

area = f12(4 Inz —2*Ing)de = flz[(él —2?)Inz]de. Letu = In,

dv=(4—-2%)dr = du=2dz,v=4z— 32" Then

area = [(Inz)(4z — %xg’)]f — /12 [(496 — %xg’) é] dz = (In2)(

= %1112— [43:—%3:3]2 =182 — (% — 35) = 16
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10 U CHAPTER7 TECHNIQUES OF INTEGRATION

58. The curves y = z°e~“ and y = xe ™ intersect when z%e ® = ze * &

?—-2=0 & z(x—1)=0 & z=0orl

For0 <z <1, ze™® > z%e~ . Thus, y=re
area = fol (ze™™ — 2%e™®) do = fol (. —2¥)e ®da. Letu = x — 22, 5 ' >
dv=e"%dzx = du=(1-2z)dx,v=—e " Then v
area = [(z — 2%)(— ’”)} — [l~e™"(1 = 22)]dz = 0 + [, (1 — 22)e™" dx.
NowletU =1—2z,dV =e *dx = dU = —2dz,V = —e *.Now
area = [(1 — 2m)(—671)](1) - fol 2e " dr=et+1— [—2671](1) =e ' H142e 1) =3¢ 1.
59. The curves y = arcsin(3) and y = 2 — 2 intersect at y=2-x 2 y= arcsin(%x)
z=a~ —1.75119 and z = b ~ 1.17210. From the figure, the area ( \
bounded by the curves is given by 5 5
A= [P[(2—2?) - arcsin(%2)] dz = [22 — %xS] — J? arcsin(Lz) da.
Letu:arcsin(%x),dv:dx = du:;'ldx,U:x. -2
- (3)
Then
A= {Qx—%x‘%r_ [marcsm(;x)]b /b+da€
a 1— a2
= [233 — 12° — zarcsin(32) — %xQ] ~ 3.99926
60. The curves y = zIn(z + 1) and y = 3z — 2 intersect at x = 0 and
r = a ~ 1.92627. From the figure, the area bounded by the curves is given
by
A= [J[(Br—2®)—zn(z+1)]de = [32° — %mﬂg — [y wIn(z+1) d. -1
y=xInx+1)

Letu =In(z +1),dv =2dz = du:m_"_ldx,v:%xz.Then -1

3 1 .1 1 @1 e g
A= |z22 - 223 =< |=2%1 N —=
35, - { e+ -3 [ S

_ 3,2 L]t _[L,e R A GRS
_{233 gm]o {233 ln(aL’—l—l)O—i—2 ; x 1+:1:+1 dz

=22 - 32" — 12’In(e+1)+32° — Iz + ilnjz + 1|]g ~ 1.69260

61. Volume = fol 2mz cos(mx/2) dw. Let u = x, dv = cos(wz/2) dz = du = dx,v = 2 sin(rz/2).

VZZW{%msin(%)K —2#-%/Olsln(7r2 )dm-Zﬂ(% —O) —4{—%cos(ﬂ—;)]l =4+%(0—1) =4- %

0
62. Volume = fol 2nz(e® —e ") dx =27 fol (ze” —xe ™) dr =27 [fol xe” dx — fol xe " dx} [both integrals by parts]
=2r[(ze” — ") — (—xe " —e ") ](1) =2r[2/e— 0] =4n/e
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63. Volume = f31 2n(1 —z)e “dr.Letu=1—z,dv=e¢"dz = du=—dx,v=—e".

0
-1

V=2r[(1- x)(—efx)](il —27 f31 e dr =2r[(x—1)(e ") +e 7] =2m [me”‘](il =27(0 + e) = 27e.

y2

=

64 y=¢* < x=Iny. Volume—f1 2y Inydy. Letu =Iny,dv =ydy = du-;dy,v—

V =2r [3y° Iny]| —2r [} fydy = 2r 357 Iny — 32°]
—2r [($13—2) — (0—1)] =2r($In3—2) = (93 —4) 7
65. (a) Use shells about the y-axis:
2
V:/ 27z Inx dx {uzlnz, dv:zdm]
1 du = & =iz

= 27r{ [32° lnx]i — ff %xdm} = 27r{(21n2 —-0)— [ixﬂi} =2r(2In2 - 2)

(b) Use disks about the z-axis:
2 _ 2 _
v= [ atno)ar 2oy ]
2
:w{[x(lnx)z]?f/l 2lnxdx} Lzzzlfz;, dZiiz]
2 22 2 2
=m2(ln2)* -2 [mlnx} — [[dz); =7q2(In2) —41n2+2[x}
1 1

=7[2(In2)? —41n2 + 2] = 27[(In2)? — 21n2 + 1]
/4 2
— 2 u=x, dv=sec”xdr
66. fave* / f 7(_/4 0/ rsec” xdx |:du:d$, v =tanz :|
/4 /4 /4
—%{[mtanm}o 7/0 tanxdm}—%{%[lnsecm}o }:%(gfln\/i)

= f—ln\/i orl—2 ln2

67. S(m):/o sin (37t°) dt = / dx—/[/ozsin(%m?)dt] dz.

Letu = / sin (%71152) dt =S(z),dv=dz = du=sin (%771’2) dx,v = x. Thus,
0
= lpg?
/S(m)dw:xS(m)—/msm( )dac—xS( ) — /siny(%dy) {di:frzzla;]
=x5(z) + L cosy + C = xS(z) + L cos (3m2®) + C
68. The rocket will have height H = f t) dt after 60 seconds.

60 _ 60 60
H:/ |:—gt—q]eln(m Tt):| dt:—g[%tZ]go—Ue{/ ln(m—rt)dt—/ lnmdt]
0 m 0 0

—g(1800) + ve(Inm)(60) — ve f060 In(m — rt) dt

1
m —rt

Letu=In(m—rt),dv=dt = du= (=r)dt,v =t. Then
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69.

70.

7.

72,

U CHAPTER7 TECHNIQUES OF INTEGRATION

60 60 60 .t 60
In(m — — [tin(m — — 601n(m — 1
/0 n(m —rt) dt [t n(m rt)} . + /0 — dt = 601In(m — 60r) + /0 ( + — t) dt

60
= 601In(m — 60r) + [—t - % In(m — rt)} = 601n(m — 60r) — 60 — % In(m — 60r) + % Inm
0

So H = —1800g + 60v. Inm — 60v, In(m — 60r) + 60v, + %ue In(m — 60r) — %ue Inm. Substituting g = 9.8,

m = 30,000, r = 160, and v. = 3000 gives us H ~ 14,844 m.

Since v(t) > 0 for all ¢, the desired distance is s(t) = fot v(w) dw = f(f w?e™" dw.
Firstletu = w®, dv =e “dw = du=2wdw,v=—e . Thens(t) = [-w’e 7“’] +2 [ we™™ dw.
NextletU = w,dV =e Ydw = dU =dw,V = —e™". Then
s(t) = =2 +2([—we™ ]+ fy e dw) =~ +2(—te ™ + 0+ [-e 7))

=2t 4 2(—tet—e Tt 4+ 1) = —t2et — 2tet — 27t +2 =2 — e t(t2 + 2t + 2) meters
Suppose f(0) = g(0) =0and letu = f(z),dv = ¢"(z)dx = du= f'(z)dz,v=g'(z).
Then Ji* () g (2) do = [ () /()| — Ji ') g (2) e = [(a) () — Ji f'(a) ') o
Now let U = f'(z),dV = ¢'(z)dz = dU = f"(x)dzand V = g(z), so
Jy @) g @) de = [f'(@)9@)] — [ (@) g() do = f'(a) g(a) — [; " (@) g(a)d
Combining the two results, we get [* f(x) g (z) dz = f(a) ¢'(a) — f'(a) g(a) + [ [ (z) g(x) dz.
ForI = f14 zf"(z)dz, letu =z,dv = f"(x)dz = du=dzx,v = f(z). Then
I=[af/ @) = [} f(2)de =4 @) =1- f'(1) = [f(4) = ()] =4-3—1-5—(T—2) =12-5-5=2.
We used the fact that f” is continuous to guarantee that I exists.
(a) Take g(z) = x and g’'(z) = 1 in Equation 1.
(b) By part (a), fb f(x)dz =bf(b) —a f(a) — f;xf’(x) dx. Now lety = f(x), so thatz = g(y) and dy = f'(x) dz

Then f zf(z)de= [ f(ib)) g(y) dy. The result follows.

(c) Part (b) says that the area of region ABFC' is
b
= bf (b) - af(a) - e
= (area of rectangle OBF'E) — (area of rectangle OAC'D) — (area of region DCFE)

y
graph of g
E
f®) / F
graph of f
fla) [P—5
: A B
o a b X
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SECTION 7.1 INTEGRATIONBYPARTS 0O 13
(d) We have f(z) = Inz, so f~*(x) = e”, and since g = £, we have g(y) = ¢¥. By part (b),

e Ine 1
/lnxdx:elnefllnlf/ eydy:ef/eydy:ef[ey}é:ef(efl)zl.
1 1 0

ni
73. Using the formula for volumes of rotation and the figure, we see that

Volume = fod wb* dy — [ ma® dy — fcd mlg(y))? dy = wb*d — wa’c — fcd mlg())? dy. Lety = f(x),

which gives dy = f'(x) dx and g(y) = =, so that V = 7b*d — ma®c — & f; 22 f'(x) d.

Now integrate by parts with u = %, and dv = f'(z)de = du = 2xdz,v = f(z), and

[Pa? f'(z) dx = [2° f(2)]] — [P 22 f(z) dz = b* f(b) — a® f(a) — [} 2z f(x) dz, but f(a) = cand f(b) =d =

V = mb*d — ma’c— 7 [de —a%c— ff 2z f(z) dm} = f: 2rx f(z) d.
74. (a) We note that for 0 < 2 < 2,0 < sinz < 1, s0 sin?"*? ¢ < sin®" ! ¢ < sin®" z. So by the second Comparison Property

of the Integral, Ioy42 < Iopt1 < Ion.

(b) Substituting directly into the result from Exercise 50, we get

1-3-5----[2(n+1)—1]x
Ionyz  2-4:6---° 2n+1)] 2 2(a+1) -1 2n+1
Iy  1:3-5----- @n-1)7r ~  2(n+1)  2n+2

2-4-6----- (2n) 2

Izn+2 12n+1 IQn

(c) We divide the result from part (a) by I2,. The inequalities are preserved since 2, is positive: < T < T
2n 2n 2n
Now from part (b), the left term is equal to 2n + 1, so the expression becomes 2nt1 < Tn+1 < 1. Now
2n + 2 2n + 2 IZn
2 1 I
im =~ Tl lim 1 =1, so by the Squeeze Theorem, lim 2ot g,
n—oo 2N —+ n— oo n—oo o2n
(d) We substitute the results from Exercises 49 and 50 into the result from part (c):
2.4.6G---- (2n)
. Doty ) 3.5.-T----- (2n +1) ) 2-4-6-----(2n) 2.4-6-----(2n) 2
1=1 =1 =1 z
ntoo Ipn  mmee 135 (2n—L)m  noec|3-5-7----(2n+1)||1:3-5-----2n—1)\ 7
2-4-6----- (2n) 2
=1 224466 2n 2n 2 [rearrange terms]
Ta%1'3'355 7 -1 2n+1 = g

(e) The area of the kth rectangle is k. At the 2nth step, the area is increased from 2n — 1 to 2n by multiplying the width by

2n2ﬁ T and at the (2n + 1)th step, the area is increased from 2n to 2n + 1 by multiplying the height by 2n2+ 1 . These
two steps multiply the ratio of width to height b 2n and ! __2n respectively. So, by part (d), the
b P Y o1 2n+1)/(2n)  2n+1 p Y- 50, 0¥ P ’
limiting ratio is 224466 _T
g 133557 72
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14 0 CHAPTER7 TECHNIQUES OF INTEGRATION

7.2 Trigonometric Integrals

The symbols = and = indicate the use of the substitutions {u = sin , du = cosz dz} and {u = cosz, du = — sin x dx}, respectively.
1. [sin®x cos® zdz = [sin® 2 cos® x coszdx = [sin®z (1 —sin®z) cosz da
= [Pl —v’)du= [(’ —u")du=3u® - Iu° +C = isin®z— Llsin®z+C
2. [sin®6 cos*0df = [sin®0 cos® 0 sinfdf = [(1 — cos® ) cos* 0 sin 6 df
= [1—w?)ut(—du) = [(u® —u')du=2u" — 2’ + C=1Lcos"0 — Lcos® 0+ C
3. fw/2 sin” @ cos® 0 df = W/Z sin” 0 cos* 0 cos 0 df = OW/2 sin” 0 (1 — sin® ) cos 6 df

= fo uw' (1 —u?)?du = fol w (1 —2u? +ut)du = fol (u” —2u® + u't) du

1
_|:1u8—1u10+1—12u12:| :(l_l_;_i)_o:w:L

8 75 s \BT5T12 120 120
4, fow/2 sin® zdx = foﬂm sin*z sinzdr = OW/Z(l — cos? m)z sinx dz = flo(l —u2)2(—du)
! 2 151! 2 1 15-10+3 8
= 1—2u® 4+ ut)du=|u—2 2 = (1242 g2V T9_ ©
/0( W) du [u 30+ g L ( 3+5) 15 15

5. [sin®(2t) cos®(2t) dt = [sin®(2t) cos®(2t) sin(2t) dt = [[1 — cos®(2t)]? cos®(2t) sin(2t) dt
=[(1-u?*)?u® (—3du) [u = cos(2t), du = —2sin(2t) dt]
=1 f(u' -2 + D)’ du=—3 [(u® —2u* + ) du

=—1(Lu" — 2u® + Lu?) + C = — & cos™(2t) + L cos®(2t) — L cos®(2t) + C

6. [tcos®(t?)dt= ftcos tz) cos(t?) dt = [t[1 — sin®(t?)]? cos(t?) dt

= [4( 2 du [u = sin(t?), du = 2t cos(t*) dt]
:%fu —2u® +1)du = 2(3u® — 2u® + u) + C = 5 sin°(t?) — 2 sin®(¢%) + L sin(t®) + C

7./, /2 cos® 0 df = ”/ 21 2(1+ cos26)do [half-angle identity]

=10+ 3sin20]7 = L[(5+0) —(0+0)] =%

8. f% sin? ( 9) do= [>" 1 [1 — cos( . %9)] do [half-angle identity]

i) o

9. [ cos?(2t)dt= [ [cos®(2t)]*dt = [ [3(1+ cos(2- 2t))] dt  [half-angle identity]
=50+ 2cos4t+cos2(4t)]dt =1 [T[L+2cos4t + 2(1+ cos8t)] dt
:ifoﬁ (%+2cos4t+%coth) dt = [ t—i——sm4t+—sm8ﬂ [( 7T+0+0) 0] %

10. [ sin®¢ cos® tdt =} [ (4sin®t cos®t) cos® tdt = § [ (2sint cost)® (1 4 cos2t) dt

2 [ (sin2t)*(1 4 cos2t) dt = & [ (sin® 2¢ 4 sin® 2t cos 2t) dt

=1 [7sin®2tdt + ¢ [ sin®2t cos2tdt = & [ $(1 —cos4dt)dt + [

1 i3 0,]7
8 - 5 sin 2t}0

1
3
= 5[t —fsindt] +3(0-0)=FH[(r-0) -0 =T
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" 2 sin? x cos® v dx = 7r/Zi(4sin23:coszx)dx: 077/21(251na: cosz)’dr = 1 Oﬂ/2sin22rdr
=1 0"/2 2(1 — cosdx) do = % 0"/2(1—cos4x)d;r:%[x—%sinélx]gm:%(%) ==
12. foﬁ/z(Qfsin0)2d9:fﬁ/2(4 4sin 6 + sin® 0) 9—fﬂ/2 [4—4sinf+ 3 (1 — cos26)] df
= 077/2 (——4sm9——cos20) 0:[90+4c059—1sm29r/2
=(ZX+0-0)—(0+4—-0)=397—4
13. [VcosOsin®0df = [ v/cosOsin? 6 sinfdf = [(cosO)*/?(1 — cos? 0) sin 6 df
= [u'?(1 —u?) (—du) = [(u®? —u?)du
:%u”z—%u3/2+0:%(c059)7/2—%(c059)3/2+0
.2
14. Mdt: sin® u (—du) u:l,du:fldt
t2 t t2
1 1 1 . 1 1 . 2
_—/E(I—COSZu)du——§(u—§sm2u> +C——§+Zsm (¥> +C
15. /cotm cos2xdx:/c9sm(1—sin2m)dm
sinz
2
é/1 “ du:/(i—u)du:ln|u\—%u2+C:ln\Sinx|—%sinzx—i—C
u u
2 3 sin® 3 .2 s 2 1,3 1.3
16. /tan Z cos mdm:/ 5 COS xdm:/sm xcosmdm‘:/u du=3zu”+C=gsin"x+C
cos? x
17. [sin®z sin2zdx = [sin® z (2sinz cosz)dz = [2uPdu= 3u' + C = isin*z +C
18. [sinz cos(4z)da = [sin(2- $2) cos(3z) dz = [ 2sin(3z) cos® (1) dz
= f?u 2du [u:cos(la:) duzfésin(iw) dz]
-4 0= et (30) +
19. [tsin®tdt= [t[3(1—cos2t)] dt =31 [(t —tcos2t)dt =% [tdt— 5 [tcos2tdt
2 . u ==t dv=cos2tdt
= %(%t ) —%(%tsm?t f—sm?tdt) du=dt, v=—1sin2t
= 3t? — tsin2t + 3 (—32cos2t) + C = 3t — 3tsin2t — $ cos2t + C
20.I1=_ zsin® x dz. First, evaluate
[sin®zdz = [(1 —cos’z) sinzdz = [(1 —u?)( = [(u’—1)du= 2u® —u+Ci = % cos’ z — cosz + C1.
Now for I, letu = ¢, dv =sin®z = duzdm,v:%cos?’x—cosr,so
I=3xcos’s —wcosw — [ (3 cos®x — cosw) dr = 3axcos® . — xcosz — 3 [ cos® wdx + sinz
= sxcos’z — zcosz — 3(sinz — $sin’z) +sinz + C [by Example 1]
:%wCOSSI—wcosw—i—%sinx—&—%Sin3x+0
21. ftanx secSIdm:ftanx secx seczxdxzfuzdu [u = secx, du = sec z tan = dx]

SECTION7.2 TRIGONOMETRIC INTEGRALS U

=20’ +C=1sec’z+C
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16 U CHAPTER7 TECHNIQUES OF INTEGRATION

22. [tan®@ sec’ 0dO = [ tan® 0 sec® @ sec® 0df = [ tan® 0 (tan® 6 + 1) sec” 6 d
:fu2 u2+1)du [u = tan 6, du = sec? 0 df]
= [(u* +vu”)du= 2’ + 1’ + O = Ltan® 0 +  tan® 0 4+ C

23. [tan’vdz = [(sec’x — 1)dx = tanz — 2 + C

24. [(tan’z + tan® x)dz = [tan’z (1 + tan’z)dz = [tan’z sec? zdr = [u’du  [u = tana, du = sec® x da]
=+ 0= %tansa:—l—C
25. Let uw = tan . Then du = sec®z dz, so
[ tan*z sec®s dz = [ tan*z sec's (sec’z dz) = [tan*z(1 + tan’z)? (sec’z dx)
= [uv*(1+u?)’du= [(u®+2u® +u)du

_ 1,9, 2,7, 1,5 _1 9 2 7 1 5
=gu +2u’ + zu’ +C = gtanzr + Z tan'z + ¢ tan’z + C

26. foﬂ/4 sec® @ tan® 0 df = ”4 tan® 0 sec* @ sec? 6 df = fﬂ/4 tan® 6(1 + tan® 6)* sec® 6 d

u = tan6,
_fo 1+u * du |:du:sec20d0:|
:f01u6 ut 4+ 2u% +1) du:fo1 (u'® + 2u® 4 u8) du
71,11, 2,9 _ 634154499 _ 316
_[nu +“+u]_11+ +7 s = go3

21. [tan’z secxdr = [tan®z secz tanzdx = [(sec®z — 1) secz tanz dz

:f(u271)du [u = secx, du = secx tanx dx] f%u —u+C= —sec3x7secx+C’

28. Let u = secx, so du = secx tan x dz. Thus,
[ tan®zsec’z dz = [ tan*zsec’s (secx tanz)dr = [(sec’z — 1)?sec’z (sec z tan x dz)
= [(u® = 1)’ du= [(u® —2u* +u?) du

:%u7—§u5+ S4+C= sec7r—gsec m—i——sec z+C

29. [tan®z sec® zdz = [tan®z sec’ x sec® vdx = [tan®z (1 + tan® x)? sec® z dx

:fu3(1+u2)2 du [uztanx, :|

du = sec® z dz
= [ud(u* +2u® + 1) du = [(u” +2u° +u®) du
:%us—&—%us—i—%u‘l—&—C:%tangr—i—%tanﬁx—&—itan‘lr—i—C

7\'/4

30. fﬂ/4tan tdt = 7T/4tan t(sec’t —1)dt = 7r/4tan t sec’ tdt — tan? t dt

/4
:fol u? du [u = tant] ffow/4(sec2t 1)dt = [1 3} [tantft}
0 0

~[0-9-0=F-

31. [tan® vdz = [(sec’z —1)? tanzdx = [sec’ z tanzdr — 2 [sec® z tanz dz + [tanz dx

wl=
Wi

= [sec®z secx tanzdz — 2 [ tanz sec’ zdz + [tanz dx

4

=1sec'z —tan’z +In|secz|+ C [or 1 sec

x —sec® x 4 In|secz| + C]
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32,

33.

38. fw/chc 900t49d9—fﬂ/2cot49 csc? 0 csc? 9d9—fﬂ/2cot4

[ tan®z secx dr = [(sec?

= 2(secz tanz + In|[secz + tanz|) —

SECTION7.2 TRIGONOMETRIC INTEGRALS U

z—1) seczdr = [sec® zdr — [secxdr

In [secx + tanx| + C [by Example 8 and (1)]

= $(secz tanz — In|secz + tanz|) + C

Letu = z,dv = secx tanzdxr = du = dx,v = secx. Then

[z secx tanzdr = xsecx — [seczdr = xsecx — In|secx + tanz| + C.

s [ s

cos? ¢

=l +C=

do = /tand) sec? odp = /udu

[u =tan ¢, du = sec? 10} d(j)]

%tan ¢+ C

Alternate solution: Let u = cos ¢ to get % sec® ¢ + C.

fﬁ/2cot2xda¢:f:/Q(csczxfl)dx: [fcotxfx]w/zz (0,%) f(f\/_f%) :\/gfg

/6

/4 /4

/2
= [—%cotzx—ln|sinm|} =
/4

. fW/Q cot® ¢ csc pdop = fﬂ/z cot* ¢ csc? ¢ csc p cot pdp = fW/Q (csc?

/4

(—du)

1
— / (’LL2 _ 1)2u2
V2

120168+ 70 5

/6

/2 /2 /2 /2
. / cot® x dx :/ cotx(csc2m—1)dm:/ cotx csczmd:c—/ R

/4 /4 sm T
(0—1n1) — [—2 —ln%] =3+ =1(1-In2)

—1)? csc? ¢ csc ¢ cot ¢ dep

[u = csc ¢, du = —csc ¢ cotd)dqﬁ}

1

vz 6 4 2 1.7 2.5, 1, 31V2 8 8 2 1
/1(u —2u’ +u’)du = [Fu’ — 2’ + 3u’] :(7\/5—3‘/§+§\/§)—(7—

1542435 _ 22
f,

105

— 10 4(u +1) (—du)

39, I:/CSC$d$:/cscx(csc:):fcotx) do —

cscx —cotx

du = (—cscx cot ¥ + csc® x) dz. Then I = [ du/u = In|u

/ —cscx cotz + csc? x

105

6 (cot? 6 + 1) csc? 0df

u = cot 0,
du = —csc? 6do

dr. Letu = cscx —cotx =

cscx —cotx

=In|cscz — cot z| + C.

40. Let u = cscz, dv = csc? x da. Then du = —cscx cotzde, v = —cotz =

Jesc® xdr = —cscx cotw — [cscx cot’ xdr = —csca cotx — [esca (csc®x — 1) da

)

Solving for [ csc® z dz and

= —cscx COtl‘+fCSC:Bd:E7fCSC3xd$

using Exercise 39, we get
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41.

42.

43.

44,

45

46.

47.

48.

49.

U CHAPTER7 TECHNIQUES OF INTEGRATION

Jesc® xde = —Lcsca cotx + 3 [escadr = —3 cscx cotz + 1 Infescx — cot z| + C. Thus,
fﬁ/3csc3xdx: [—1 cscx cotx—l—iln\cscz:—cotad}ﬁ/3
/6 2 2
=—%~7-\/—+11n 7 %—F%-Z-\/g—%lnp—\/g‘

=—3+V3+3lnJ—3In(2-v3) =~ 1.7825

[ sin8z cos 5z da z [ 3[sin(8z — 5z) + sin(8z + 5z)] dx = 5 [(sin 3z + sin 13z) dx

= 3(—3 cos3z — {5 cos 13z) + C = —¢ cos 3w — 55 cos 13z + C

[sin20 sin60d6 2 [ Lcos(20 — 66) — cos(26 + 66)] dO
= 3 [[cos(—46) — cos86] df = 3 [(cos46 — cos 89) d

é(% sin 46 — —sm80) +C = —s1n49 sm89—|—C

2

fOW/Q cos 5t cos 10t dt fow/z 1[cos(5t — 10t) + cos(5t + 10t)] dt

=3 Oﬂ/2 [cos(—5t) + cos 15t] dt = f”/z(cos 5t + cos 15t) dt
=33 81n5t+—51n15t]ﬁ/2:%(%—1—15):1—15
sinz sec® z dz = sinz de = i(—du)*i-l-C* ! +C=1lsectz+C
) cosdx T ) wP T 4ud " dcostzx I

.fow/6\/1+cos2xdx— W/6\/1+(2C0821'—1 dz = OTF/G\/QCOSQ dx—\/_fow/ﬁx/cos2 dz

= ﬁfoﬂ/s |cos z| dz = V2 [ /% cos  da [since cos @ > 0 for0 < @ < 7/6]

= V3 [sina] " = VA (4 - 0) = 4v2

fﬂ/4\/1—cos4 do = Tr/4\/1— 1 — 2sin?(20)) df = 7r/4\/251n (20 dQ—\/_fﬂM\/smz(QQ do

= \/_fﬁ/4 |sin 26| d6 = \/_fw/4 sin 26 df [since sin 260 > 0 for 0 < 6 < /4]

:\/ﬁ[—%cos29]g/4 -3V2(0-1)=1v2

1 — tan?
/ﬂdm:/(cos2x—sin2m)dx:/cos2xd;r:%sin2m+0

sec?

dx 1 cosx + 1 cosx + 1 cosz + 1
= . dr= | ———dzx= | ———dz
cosz — 1 cosr—1 cosx+1 cos?2x —1 —sin® x

:f(—cotm csc:c—csczx) dx = cscx +cotx +C

Jxtan®zdr = [x(sec’z — 1) dax = [xsec’ vdr — [z dx

:xtanz—ftanxdx—lx2 {

u=wx, dv:seczzdx]
2

du =dx, v =tanz

=ztanz —In|secz| — $2° + C
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50.

SECTION7.2 TRIGONOMETRIC INTEGRALS U

Letu =tan” 2, dv = secx tanzdr = du = 7tan®z sec® xdz, v = secz. Then
ftan8 T secxdx = ftan7m -secz tanz dr = tan” = secx — f7tan6xsec2xsecrda:
= tan’ z secx — 7 [ tan® z (tan® z + 1) secx dx

=tan” z secx — 7ftan8xsecxdx - 7ftan6xsecxdx.

Thus, 8 [ tan® xsecx dz = tan” z secx — 7 [ tan® z sec z dx and

/4 1 /4 )
/ tansxsec:cd:c:g[tan7xsecx]”/4—z/ tanexsecxdx:\/_— I.
0 0

0 8 8

el IEN

In Exercises 51-54, let f (x) denote the integrand and F'() its antiderivative (with C' = 0).

51.

52,

53.

54.

T

Let u = 22, so that du = 2x dx. Then
Jxsin®(2®) dz = [sin®u (3 du) = 3 [ 3(1 — cos2u) du d
:i(uf%sin2u)+0:iuf%(%-2sinucosu)+c - ¥ ’
= 12% — 1sin(2?) cos(2®) + C
-

We see from the graph that this is reasonable, since F' increases where f is positive and F decreases where f is negative.

Note also that f is an odd function and F' is an even function.

[ sin® z cos® zdz = [sin® z cos® x cosz dx 0.1

f
= [sin® z (1 —sin®z) cosz dx F
= [Pl —u?)du= [(u" —u")du - m
:%sinGx—ésingx—&—C
1

We see from the graph that this is reasonable, since F' increases where f is 0

positive and F' decreases where f is negative. Note also that f is an odd

function and F’ is an even function.

[ sin3z sin6z dv = [ $[cos(3z — 62) — cos(3z + 6z)] dx !

—
~
~
—_—

= £ [(cos 3z — cos 9z) dx

Z%Sin?)a:—l—lssingm—i—C -2 2
Notice that f(z) = 0 whenever F" has a horizontal tangent.
-1
[ sec*(3x) doe = [ (tan® £ + 1) sec® £ dx 20
= [(u®+1)2du [u=tanZ,du=3sec’Z da] f
:%u3+2u+C:%tan3%+2tan%+C - ™
Notice that F' is increasing and f is positive on the intervals on which they F
are defined. Also, F" has no horizontal tangent and f is never zero. 20
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20 0 CHAPTER7 TECHNIQUES OF INTEGRATION

55. fae = 5= [ _sin’z cos’wdw = 5= [7_sin®z (1 — sin” z) cosz dw
= % 00 2(1 —u )du [where w = sinz] =10

56. (a) Letu = cosz. Thendu = —sinzdz = [sinz coszdr = [u(—du) = —3u” + C = —1 cos® z + C1.
(b) Letu = sinz. Thendu = coszdz = [sinz coszdr = [udu= %uz +C = %sinzx + Ch.
(c) [sinz coszdr = [ 3sin2zde = —1 cos2z + Cs
(d) Letu = sinz, dv = cos z dz. Then du = coszdx, v = sinz, so [sinz coszdr = sin®z — [sinx cosz dz,
by Equation 7.1.2, so [ sinz cosx dx = %sinQI + C4.

Using cos? & = 1 — sin® x and cos 22 = 1 — 2sin® x, we see that the answers differ only by a constant.
57. A= [ (sin’z —sin® z) dow = [ [$(1 — cos2x) —sinz (1 — cos’ z)] da

b —1 = S T,
= I (- beosn) dot 0y [ ]

58. A= f’r/4 tanz — tan? x)d:):—fo (tanz —sec® z + 1) dx
/4
= [ln\secx\—tanm—l—x} =(nv2-1+3%)—(In1-0+0)
0

=Inv2-1+Z

X

am
P

59. 1.25 It seems from the graph that f02" cos® x dx = 0, since the area below the

z-axis and above the graph looks about equal to the area above the axis and

below the graph. By Example 1, the integral is [sinz — £ sin® z] i” =0.

0 27
\/ Note that due to symmetry, the integral of any odd power of sin z or cos

between limits which differ by 2n7 (n any integer) is 0.

—1.25

60. 1 It seems from the graph that f02 sin 2wz cos 5mx dx = 0, since each bulge

above the x-axis seems to have a corresponding depression below the

z-axis. To evaluate the integral, we use a trigonometric identity:

fol sin 27z cosbradr = 1 fo2 [sin(27rz — B5mrax) + sin(2wx + 5rx)] dx

= % fo2 [sin(—3mx) + sin 7Twzx] dz
= 5[5 cos(—3mz) — = cos 77r:1:]

- R y] =0
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SECTION7.2 TRIGONOMETRIC INTEGRALS U 21

61. Using disks, V = f/27r51n ade=m[7,3(1- cos2a:)da:—7r[—ac—isin2x]:/2zw(%—O—%—&-O) =z

2 1
62. Using disks,

V= [ w(sin® x) dx*27rfﬁ/2[ 1—cos2:c)]2dx

=z O7r/2(172(:os2:1:+cos2 2z) dx
=z 0"/2 [1—2cos2z + 3(1 — cos4z)| dw #

0‘ i X
=z 0”/2 (%—2cos2x—%cos4x)dm:%[;’x—sm2x—|——sm4x]ﬂ/2 :
=Z[(3-0+0)—-(0-0+0)] = 2x*

63. Using washers,

V:foﬁ/47r[(1fsinx)2f(lfcosx)ﬂ dx Y y=1n
:ﬂfOﬂM [(1—2sinz +sin®z) — (1 — 2cosz + cos’ z)] dw y=cosx V
= 7rM(Zcosx—2sinac—i—sin2az—0082x)d1’

n/4 y=sinx
—ﬂ'fo 2C03$72S1H$7C0821’)dl’—TI'[QSII’I:E%*QCOS:E*5811’1293] :
0 ki X
=n[(V2+v2-3) - (0+2-0)] =7(2v2 - 2) 3
64. Using washers,
V:fo’f/3 m{[secx — (—1)]> = [cosz — (—1)]*} dw 7 = seex
:ﬂfow/?’[(sech—}-?secx—}- 1) — (cos? z + 2cosz + 1)] dx
1-
:wfoﬂ/?’ [sec’ z + 2secx — 3(1 + cos 2z) — 2cosz] dz
y=Cos X

= ﬂ[tanx—l—?ln\secx—l—tanﬂ - %x - % sin 2z — 2sinx};/3

~ (VA +2ln(2+ V3) — £ £ Vi VE) ~0
—27rln(2+\/_) 71' ——7r\/_

EES

~

I

L
()

65. s = f(t) = f sinwu cos® wudu. Lety = coswu = dy = —wsinwu du. Then

s= =5 I rdy = L [3°]77 = S5 (1 - cos’ ).

66. (a) We want to calculate the square root of the average value of [E(t)]* = [155sin(1207t)]* = 1552 sin?(120t). First,
we calculate the average value itself, by integrating [E(t)]* over one cycle (between t = 0 and ¢ = &5 since there are

60 cycles per second) and dividing by (g5 — 0):
(B2, = Ths Jy/*°[1557 sin® (1207t)] dt = 60 - 1552 [/ 4[1 — cos(2407t)] dt
=60-155% (1) [t — 5= sin(2407t)] /*° = 60 - 1552 (1) [(& — 0) — (0 — 0)] = 13

The RMS value is just the square root of this quantity, which is % ~ 110 V.
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22 [0 CHAPTER7 TECHNIQUES OF INTEGRATION

(b) 220 = \/[E@®)]2, =

ave

220% = [E()]2,, = 75 Jo/* A% sin®(1207t) dt = 60A? [}/°° 1[1 — cos(2407t)] dt

ave

— B0A2[t — 57= sin(2407t)] /% = 3042[(& — 0) — (0—0)] = 14

10w
Thus, 220° = 24° = A=220/2~311V.
67. Just note that the integrand is odd [ f(—z) = —f(z)].

Or: If m # n, calculate

/ sinmz cosnzdr = / 1[sin(m — n)z + sin(m + n)z] dz = % {_ cos(m —n)z _ cos(m + n)x —0
m-—n m+n

-7 -7 —7

If m = n, then the first term in each set of brackets is zero.

3lcos(m — n)a — cos(m + n)z] dz.

T . . s
68. " sinma sinnxdr = [ 3

=0.

If m # n, this is equal to % {sm(m —n)z - sin(m + n)x]

m-—n m-+n

-

Ifm =n,weget [ _1[1 —cos(m+n)z]dz = [sz]”

1

69. " cosma cosnxdr = ["_S[cos(m — n)x 4 cos(m + n)x] d.

. 1[sin(m —n)x sin(m+mn)x]”
If th lto = =0.
m # n, this is equa 02{ p— + - B

Ifm =n,weget [ 2[1+ cos(m + n)z]de = [3x]

-

70. 1 f(z) sinmz dx = / [(Z an sin n:c) sin mx:| dr = Z n / sin mz sin na dx. By Exercise 68, every

. .a
term is zero except the mth one, and that term is — - 7 = a,.
T

7.3 Trigonometric Substitution

1. Letx = 2sin6, where —7/2 < 6 < /2. Then dz = 2 cos 6 df and

VA4 — 122 = \/4 — 45in?0 = /4 cos20 = 2|cos 6| = 2cos . Y

2cos 6 1 2 ]
Th df = = 0do
us, /x2\/——x2 /4sm 20(2 cos 0) 4/CSC iy
V4 — x2

o

:7icot9+C:f +C  [see figure]

4x
2. Letz = 2tan0, where —5 < 6 < 3. Thendz = 2sec? 0 df and
Va2 +4=+/4tan®> 0 +4 = \/4(tan? 0 + 1) = V4sec2 0 = 2 |sec | Vit
= 2secf for the relevant values of . 0
2

[continued]
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SECTION 7.3  TRIGONOMETRIC SUBSTITUTION LI 23

3 do — 8tan® 0
Vez+4 2secl
=8 [(sec’d — 1) sech tanfdf =8 [(u®> —1)du  [u=scch

VETIY (YZT)

2 2

2sec20d0:8/tan29 secd tan 6 df

_ofL s _8 35 _8
—8<3u u)—i—C-gsec@ 8sec€+0—3<
— 12?442 4T TA4C

3. Letz =2secf,where 0 <O < Form <0< 3?” Then dz = 2sec 6 tan 8 df and

Vo2 —4=+/4sec? — 4 = \/4(sec? — 1) X ;
x°—4
=+V4tan?0 =2|tanf| = 2tan@ for the relevant values of ¢
0
/72 _ 2
/ler:/2tan92se(‘,9 tan9d0:2/tan29d9
T 2sect
Vo
:2/(sec29—1)d(9:2(tan0—0)—|—0:2{ITAJL—SQ(T1 (g)}—l—C’
=+x2 —4—2sec”? (%) +C
4. Let x = 3sin6, where —7/2 < 6 < w/2. Then dz = 3 cos 8 df
3
andv/9 — 22 = /9 — 9sin? 0 = V9 cos2 0 = 3 |cos 0] = 3 cos . x
x> 9sin’ 0 2
e - Zo - — i (4
/mdr /BCOSQ 3cosfdb 9/sm 0 do —
:9/%(1—00829)d0:g(@—%sinZG)—i—C:ge—%(Zsin@ cosf) +C
9. /= 9 = V9—a? 9. /= 1 5
=gsin(3) ~5 5 Ty +C=gein(3) ~geV-eT 40
5. Letat:seCQ,WhereOSGS%0r7r§6’<37’7. Then dz = sec § tan 0 df
X
and V22 — 1 = v/sec20 — 1 = vtan? § = |tan @] = tan 6 for the relevant Jxai-1
values of 6, so 9
[n2 _ 1
/xildx:/ tan 0 sec tan9d9:/tan20 cos® 6 df
x? sect 0
:/sin29cosedeé/u2du:§u3+0:§sm3e+c
/2 1\° 2 1\3/2
:1 :]3—1 +C:lu+c
3 x 3 3
6. Letu = 36 — 22, so du = —2x dz. When & = 0, u = 36; when z = 3, w = 27. Thus,
5z A 1 1 27
—_——dr = —(—=zdu)=—=|2 =—(V2T—+V36 ) =6—-3Vv3
/0 V36 — a2 v /36 \/ﬂ( 2 U) 2[\/6}36 ( \/_) V3
[continued]
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24 [0 CHAPTER7 TECHNIQUES OF INTEGRATION

Another method: Let x = 6sin6, sodr = 6cosfdf,z =0 = 0=0,andz=3 = 0= %. Then

3 /6 : /6 . /6
/ Ldm:/ 6éne&:os@dﬁz/ 65m06c059d0:6/ sin 6 df
0o V36 —z? 0 \/36(1 — sin? 0) 0 6cos 6 o
/6
—al_ —af -3 —6—
—6[ cos@}o 6( 2—1—1) 6—33

7. Letm:atan@,wherea>0and—§<9<%.Thendm:asec20d9,m:0 = 0=0,andz=a = 60=7.

Thus,
@ dx _ /4 asec? 0 do _ 7r/4asec2t9d0_i ﬁ/4cosed9—i[sin0]ﬁ/4
o (a2+x2)32 " [, [a2(1+tan29)]3/2 —Jo adsectd a2 J, - a? 0
_ (V2 )\ _ 1
Taz\ 2  V2a?

8. Lett =4sec, where0 <6 < Zorm <60 < 3. Thendt = 4sec tanfddf and

V2 —16 = V/16sec2 0 — 16 = V16 tan2 6 = 4 tan @ for the relevant

values of 6, so ! V=16
4sech tan 6 df 1 1

dt 1

/t2\/t2—16_/1ﬁsec20«4tan9_1_6 sec9d0_1_6 cos ¢ df 0 Z

1 . 1 V/12-16 V2 —-16

_1_65m9+c_1_6f+c_176t+0
9. Letx =sec0,sodz =sec tanfdf,r =2 = 0= 7,and
X
z=3 = 6 =sec '3. Then Jai-1
/3 dx /566138609 tan@d@/secl?’ cos 6 40 ]
o (@2 =132 [ 4 tan®0 /5 sin? ¢ 1
.o [VB/3 1 vB/3 9 9
V32 U Ul3)2 V8 V3 4 3
10. Letm:%sin@,sod;r:%cos@d&,xzo = 0:O,and;r:§ =
2
92%. Thus, 3x
2/3 /2
479x2dx:/ \/479'ésin202c059d9 0
0 0 9 3 4—9x°
/2 /2
:/ 2COS@-2COSQd0:é/ cos> 0do
0 3 3 Jo
4 (/%1 2 1. .17 2/ ™
_5/0 5(1+cos29)d9—§{9+§sm20]0 5[(EJFO)—(OJFO)} =2

_ 22

1. Ol/2x\/1—4x2dl’—f10ul/2 (—édu) [u_l dw ]
_ 12,821 _ 1 1-0) =21
*5[5“ }0*12( )*12
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SECTION 7.3  TRIGONOMETRIC SUBSTITUTION I

12. Lett = 2tan#f,sodt = 2sec®0df,t =0 = 6=0,andt=2 = 6= 3. Thus,

2 /4 2 /4 /4
2sec®0df 2sec”0do :/ secl df = [ln\secﬁ-i-tan@q
o 0

2 dt
/0 \/4+t2_/0 Vi+4tan20 o 2secd
=In|v2+1]—In[1+0/=In(v2+1)

13. Let x = 3sech, whereO<0<—0r7r<0< . Then

dx = 3secl tan6df and v/x2 — 9 = 3tand, so =9
Va2 —9 3tand 1 [ tan%6
———de = | —— 0 tanfdf = = de 0
/ 3 v /27sec3¢9386C an 3/sec29 3
=3 [sin®0df =3 [1(1—cos20)df = 20 — 5sin20 + C = 6 — ¢ sinf cosf + C
1z 1v/22-93 1 2 -9
—5 (3) 6 2 =z C7§% (3) 2r ¢

s

14, Letx = tanf,sodr =sec’0df,z =0 = 6O=0,andz=1 = 0 =7%. Then
! dx sec? 0do _ /4 sec? 0 df
o (z2+ 1) o (tan?0+1)2 o (sec?0)?

/4 1
/ cos 0d9*/ = (14 cos260) df
0 o 2

~ 4o+ b2y = 4G+ D) -0 = £+
15. Letz = asinf,dx = acosfdf, v =0 = 6=0andz=a = 0=73.Then
Jo a®Va fx2d:1:—f7r/2 a® sin® 9(acos€)acos€d9—a4 7r/251n 0 cos® 6 d
2 [0 L(
=a [3(2sind cosd)] =7 sin 20d9—— 5(1 — cos40) db
0
a* atr/m T
=§[9——sm49] =§[(——O)—O}:1_6a4

16.Letat:%sec&,sodx:%secQtanGdG’,x:ﬂ/3 = 9:§,x:§ = 6= . Then

/3

/2/3 /ﬁ/3 gsect tanfdy _ o4 /ﬂ/3 “0do 81/ [L(1+ cos26)]” db
= cos = = cos
V33 x® \/9x2 5 sec5 0 tan /4 w/4 2

=3 ://43 + 2cos 20 + cos® 20) df = & f:/f [1+2cos20 4 3 (1 + cos46)] df

= %f:/f (g +2cos20+%c0349) do = ST[ 0 + sin 20 + —sm46’r/3

=253+ -0)-(F+1+0)| =2E+5V3-1)

1 2 16

17. Letu = 2% — 7, so du = 2z dz. Then/ =i 2/u+C=+z2-7T+C.
Va2 /\F 2
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26 [0 CHAPTER7 TECHNIQUES OF INTEGRATION

18. Let ax = bsecd, so (az)? = b?sec’ =

(ax)?® —b® = b?sec? § — b* = b*(sec’ 0 — 1) = b* tan® 4. a Jax—p
So v/(az)? — b2 =btand, dz = gsece tan 0 df, and 0
b
/ dx _ /‘ %sec@ tan 6 40 — L sec20 ”
[(az)? — 52}3/2 b3 tan3 0 ab? | tan?0
1 cos 6 1
= med@— ﬁfCSCo cot@d@
1 1 ax
— —— csch - @
ab? ¢ +C ab? \/m +C
=2 +C

b2/ (ax)? — b?

19. Let z = tan 6, where —3 < 0 < 5. Thendz = sec® 0 df

and v/'1 + 22 = sec#, so J1+ 22
/ 2
/idx:/ﬂsecgﬂdﬁz/sece (1 + tan® 0) do 0
x tan @

tan 6

= [(csc + secf tan8) df
=1In|csch — cot O] 4+ secd + C [by Exercise 7.2.39]

2 / 2 2 _
:1n’—v1;’m—% +#+C=ln’—v1+51’+\/l+x2+0

20. Letw = 1+ 22, so du = 2z dz. Then

z R A T I VP WS B S Ve S S e
/mdx—/\/a<2du>—2/u du—2 2u +C=+1+224+C

21. Letx:%sin@,sodx:%cos@d@,mzo = 0=0,andx=0.6 = 0= 3. Then

0.6 22 /2 (§)251n29 /2
——dzr = R PAR - 0do :i/ in? 6 do 3
; 952 X /0 3cosd (5 Ccos ) 195 ) s

o5 fOW/Q 2(1—cos20)df = 525 [0 — %sin%}gm 0

— %5 ((5 - 0) ~0] = o

25 500

22. Letw = tan®, where —5 < 0 < 7. Then dx = sec? 0 db,
vVr?4+1l=secfandz =0 = 0=0,z=1 = 0=7,s0 2 +1

fol Va2 +1dr = fow/4 secf sec? 0 dl = f0”/4 sec® 6do

m/4 1
[by Example 7.2.8]
0

= %[sec@ tan@—&—ln\sec@—l—tan&q

V2 14+Im(1+v2) —0-1In(1+0)] = 3[V2+In(1+v2)]
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SECTION 7.3  TRIGONOMETRIC SUBSTITUTION O 27

23/ dx :/ dx _ 2sec? 0do [x+1:2tan9, ]
Va2 +2x+5 VE@+1)2+4 VAitan?0 +4 dv = 2sec” 0 df

2
:/M:/sec9d9:1n|sec9+tan9\+Cl
2sect

\/x2+2x+5
V2 +2z+5 +1
2 2
0
orln|\/x2+2m+5+m+1|—|—C’,whereC:Cl—1112. 2
1 1 1 5
24./\/:137372d:1::/ «/%f(foeri)dx:/ Vi-(z—3) de
0 0 0
/2 1
:/ 1 —1sin?6  cosfdb {Iidi;;lf:s%de]
—7/2 2
/2 ™/2 /2
:2/ %COS@%COS@d@Z%/ Cos20d9:%/ 1(1+ cos26) do
0 0 0
s /2 uy s
=1[0+3sin20]7" = 5(5) = §
25, [2°V3+2z—2%de= [2°\/4— (22 + 2z +1)dox = [2°\/22 — (z — 1)2dz
2
_ . 2 p) x—1=2sin0,
= [(1+ 2sin6)’v4cos? 02 cos b db { dw:Qcosede} -1
= [(1+4sin6 + 4sin®0) 4 cos® 6 df 0
3+2x—x?
=4 [(cos® 0 + 4sinf cos® 6 + 4sin® 6 cos® ) df Viraees
=4 [2(1+cos20)df +4 [4sinf cos®6df + 4 [(2sin6 cos)* db
=2 [(1+cos20)df + 16 [ sin cos® 0 df + 4 [ sin® 20 dO
=2(6 + 3sin20) + 16(—2 cos® 0) +4 [ 1(1 — cos46) df
:29+sin20—l—fcos39+2(9—%sin40)—I—C
:49—%Sin49+sin29—%cos39+0
=46 — 1(25in 26 cos20) +sin20 — L cos® 6 4 C
=46 + sin 26(1 — cos 20) — & cos® 6 + C
=46 + (2sin 6 cos0)(2sin® §) — 8 cos® 6 + C
:49+4sin39c0397?cos36’+0
o fr—1 e—1\’ V3¥2r—22 16 (34 2z —2?)%/?
=4 (-2 4 _ 2
Sm(z)Jr(z) 2 3 93 +c
:4sin*1($;1)+i(x—1)3\/3+2m—x2—%(3+2m—x2)3/2+0
2. 3+4z —42° = —(42® —dx + 1) +4=2% — (2v - 1)2
2
Let2z — 1 = 2sinf, so 2dx = 2 cos 0 df and /3 + 4z — 422 = 2 cosb. 2x—1
Then 0
22— 2x—1)
=3 +dx— 4
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28 [0 CHAPTER7 TECHNIQUES OF INTEGRATION

2’ [1(1+2sin6)]”
/mdxz/WCOSGdQ

1 [1+4sin0+4sin®0 1
32 cos? § 32

(sec® @ + 4tan 6 sec + 4tan® 0) df

= 3_12 f[5602 0 4 4tan @ sec + 4(sec®> 6 — 1)] df

= o= [(5sec® 6 + 4tanf secd —4) df = = (5tanf + 4secd — 46) + C

1 2 —1 2 2 —1
=—15. +4- —4.5in" ! +C
32{ V3 + dx — 4x2 V3 +4x — 4x2 s ( 2 )]
_ 10z+3 —lsin*1<2m_1>+c
323 +4x — 422 8 2

2. 22 2= (2 4+224+1)—1=(x+1)> — 1. Letz + 1 = 1sech,

+1
so dx = secf tan 6 df and /a2 + 2z = tan 6. Then * (x+1=1°
=Jx*+2x

[ V2?2 +2zdr = [tan6 (secf tanfdf) = [ tan® 0 secd dd 0

= [(sec® — 1) secfdf = [sec® 0dO — [ sectdo

1sech tan6 + 1 In[sec + tan 6| — In[sec 6 + tan 6| 4+ C

= 3secf tanf — LInfsect + tanf| + C = 3 (z + 1)vVa? + 2z — s In|z + 14+ V22 + 2z |+ C

2822 -2 +2=(2"—22+1)+1=(z— 1)+ 1 Letx — 1 = 1tand, JE+ =17
so dz = sec? 0 df and /22 — 2z + 2 = secf. Then =Vt 2042
x—1
?+1 (tan@ +1)2+1
- - = ~  J - (4
/(m272x+2)2 dx / p——w sec” 0df 1
_ tan2<9—|—2tant9—|—2dl9
sec? 6
= [(sin® 0 + 2sin @ cos O + 2 cos® 0) df = [(1 + 2sinf cos 6 + cos® ) df
= [[1+2sin6 cosf + (1 +cos260)] df = [ (3 +2sin6 cosf + 5 cos26) db
:%9+sin20+isin29+0:%9+sin29+%sin9c039+0
3. _,{x—1 (x —1)° 1 z-1 1
=2 - c
2 an < 1 )+m2—2:c+2+2\/x2—2x+2\/x2—2x+2+
3. 20z —2x4+1) 4z —1 3. 4 2% — 3z + 1
gt (- )+ =g gy tO =gt @Dt gy T ¢

We can write the answer as

(222 — 4 +4)+x—3
2(x?2 — 22+ 2)

gtanfl(x—l)—i— —&—C:%tanfl(x—l)—&—l—&—? z—3 +C

(22 =22+ 2)
z—3

02 h =1
2(x2_2x+2)+01,werecl +C

= gtan_l(x -1)+
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SECTION 7.3  TRIGONOMETRIC SUBSTITUTION I

29. Letu = 22, du = 2x dx. Then
JazvT—2%de = [V1—u?(3du) =31 [cosf-cosfdf where w = sin 6, du = cos §d6,
2 2 and V1 — u2 = cos 0
=3 [2(14cos20)df = 26+ £ sin20 + C = 10 + ;sinf cos + C
=1sin'u+tuVI—uw?+C=3isin M (2?)+ 12 VI—2T+C
30. Let u = sint, du = costdt. Then

sec? 0 do

cost dt — ! 1 du — /4 where v = tan 6, du = sec? 0 d#,
0 \/1+sin2t N 0 V1+u2 N 0 and V1 + u? = sec@

/4 w/4 . .
= [,/ "secdf = [ln |sec 6 + tan 6| } . [by (1) in Section 7.2]

=In(v2+1) —In(1+0) =In(v2+1)

31. (a) Letx = atan @, where — 5 < 6 < . Then v/22 + a? = asecf and

x [ asec?0df
Viz+aZ asecH
=In(z++v22+a?) +C where C = C; —In|a

/22 - a2
/sec9d0—1n|sec0+tan0|+Cl = xTM

+£‘+01
a

(b) Let z = asinht, so that dv = a coshtdt and /22 + a? = acosht. Then
acoshtdt

/1/x2 + a2 / acosht

—t+C:sinh_1§+C,

32, (a) Letx = atan®, —5 < 0 < 7. Then

2 2, 2 2 29
IZ/I—dx:/wasec“‘eda:/ta“ edQ:/MdG
(22 4 a2)/? a3 sec3 0 sec 0 sec )

= [(sec — cos ) df = In [sec§ + tanf| —sinf + C

vaite® =

a a

M

L O+ VETE) - = +

=1
n' JE T @ VE @

(b) Let x = asinht. Then

2 i 12
I:/%acoshtdt:ftanh%dtzf(l—sech2t)dt=t—tanht+C’

:sinhflz—L—&—C
« Vero

33. The average value of f(z) = v/z2 — 1/z on the interval [1, 7] is

7 2 @
vaz—1 1 tan 0 here x = =
/ d:L‘:—/ secftan 6 df where x = sec 0, dr = sec f tan 0 df,
0

6 secl VzZ =1 =tanf,and o = sec™' 7
=3 [y tan®0d0 = § [ (sec® 0 — 1) dO = §[tand — 0]
= t(tana —a) = %(\/4_8786071 7)
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30 O CHAPTER7 TECHNIQUES OF INTEGRATION

34. 92 — 4y =36 = y==+3V22-4 =

y
2,3)
area = 2f23 3Va? —ddx = 3[23 Va2 —4dx
3

where x = 2sec 6,
=3[y 2tan02secl tanfdf |dz = 2seco tan0do, : @

« :secfl(%) 12 3 X 2
=12 [ (sec®§ — 1) secOdf = 12 [* (sec® 6 — sec ) df

=12[4(sec tan 6 + In|sec + tan f|) — In |sec 6 + tan@\]g

:6[SeC9 tan@—ln\sec@—i—tanﬂ] = 6[% —ln(§ + ﬁ)] - 97\/3 _6ln(3+\/5)

a
0 2 2 2

35. Area of APOQ = 3(rcos6)(rsin6) = 2r?sin 6 cos 6. Area of region PQR = [7___, /1% — 22 dx.

Letz =rcosu = dr = —rsinuduforf < u < 5. Then we obtain

JVr?=a%de= [rsinu(—rsinu)du = —r? [sin® udu = —3r*(u — sinu cosu) + C

= 7%7“2 cos™(x/r) + e\ —a2+C

$0 area of region PQR = §[—r® cos '(z/r) + /2 —2%|
=1[0— (—r*0 + rcosOrsind)] = 3r°0 — 2r*sin6 cos

and thus, (area of sector POR) = (area of APOQ) + (area of region PQR) = 1r°6.

36. Let 2 = v/2secf, where 0 < 0 < Jom<O< 3T’T,sodmz V2 sec 0 tan 0 df. Then

/ dx _/ﬁsec@ tan 6 do 02
2422 —2 ) 4sectf+/2 tand

f
—%fcos‘q‘@d@:if(l—sin29)cost9d0 { ﬂ
= ;[sinf — §sin® 0] + C [substitute u = sin 6] A

_1 952_2_(932_2)3/2 e ~0.2

4 x 323

From the graph, it appears that our answer is reasonable. [Notice that f(z) is large when F increases rapidly and small

when F' levels out.]

37. Use disks about the x-axis:

s 9 VY D!
V:/ ’/T(Z—) dm:817r/ ———dx
0 z?+9 o (z2+9)

Letz = 3tan6, sodz = 3sec?0df,z =0 = 6 =0and

0
x=3 = 0=7%. Thus, ‘

/4 1 9 /4 9 /4 1
V:817T/0 mi&sec 0d9:37r/0 cos 9d0:37r/0 5(1+cos29)d0

=l o]} = F[(5 ) 0] = i+ i
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SECTION 7.3 TRIGONOMETRIC SUBSTITUTION I 31

38. Use shells about « = 1: x=1i
V:f0127r(1f:1:)x\/1f:1:2dx Q
=27rf01 x\/l—x2dac—27rf01 221 — 22dx = 27Vy — 27V i
For Vi, letw =1 — 22, so du = —2x dx, and
Vi = f10 Vu (_% du) = % fol u'’? du = % [%u3/2}

For V3, let x = sin 6, so dz = cos 8 df, and

1

—1)=t

Vo= foﬁ/z sin® @ /cos2 6 cosf df = foﬁ/Q sin? @ cos? 0 df = Oﬂ/z 1(2sinf cosf)* df

=1 foﬂ/ZSinz 20d0 = + Oﬁ/2 2(1—cos20)do = £ [0 — %Sin29]g/2 =3 =%
Thus, V = 277(%) — 2#(1—%) = %77 — %71'2.

39. (a) Lett = asinf,dt =acosfdf,t =0 = O=0andt=2z =

a
0 = sin"*(z/a). Then 1 (or x)
T sin~(z/a) sin~(z/a) 0
Va2 —t2dt = acosf (acosfdf) = a’ cos® 0 do R
0 0 0 Va1
(l2 sin~ ! (z/a) 2 sin”!(z/a)

sin~ ! (z/a) (12
:—/0 (1+cos29)d0:?[0+%sin29] =

5 . % [9+sin9 cos@]

0

a

2 T .2
= % [(sinfl(z) + g . u) - O} = 1a’sin"(z/a) + 3z Va® — 2?2

(b) The integral foz va? — 2 dt represents the area under the curve y = v/a? — t2 between the vertical lines t = 0 and t = .
The figure shows that this area consists of a triangular region and a sector of the circle t> + y? = a?. The triangular region

has base  and height v/a2 — 2, so its area is 22 v/a2 — 2. The sector has area 2020 = 1a%sin~(x/a).
> 2 2 2

40. The curves intersect when 22 + (%xZ)Q =8 & 224 %x‘l =8 & 2'4+42>-32=0 <

(x? +8)(z* —4) =0 < =x = +2. The area inside the circle and above the parabola is given by

A]_:ff2 (m-%ﬁ) dm=2f02\/8—x2dx—2f02 1% da ’

y=5x
=2 [%(8) sin~ (%) +i2)vB—2 -1 [%xsm [by Exercise 39] -
1
() #2545 )
Ay
Since the area of the disk is 7 (\/5)2 = 8, the area inside the circle and ¥+y2=8

below the parabola ia Ap = 87 — (27r + %) =67 — %,
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32 0O CHAPTER7 TECHNIQUES OF INTEGRATION

41. We use cylindrical shells and assume that R > 7. 2> =7r> — (y — R)? = z =42 (y— R)?,
sog(y) =2+/r? — (y— R)? and
V= f;f: 2my-24/12 — (y— R)?dy = [" 4m(u+ R)Vr? —u? du [where u = y — R]
:47"‘]‘7‘ uMdu—l—éherT Mdu where v = rsin 6, du = r cos 0 df

in the second integral
= 4r |30 —u?)*2|" 44rR ["]7, 1% cos? 949 = —4(0— 0) + dnRr? [7]7, cos? 0.df
= 2rRr? [/5,(14 cos20) df = 2w Rr? [0 + 4 sin20] 77, = 2%

Another method: Use washers instead of shells, so V = 87 R for \/12 — y? dy as in Exercise 6.2.63(a), but evaluate the

integral using y = 7 sin 6.

42, Let x = btan6, so that dz = bsec? 0 d0 and /22 + b2 = bsec.

Lo ) Ao %21 )
E(P)= / dz = / < bsec” 6 df
—a Ameg(a? +b2)3/3 dmeo Jg, (bsec) Nrays
x
by 02 1 A 2] A ) 0o
" dreob /91 sec 9 = 4menb /91 cos 6 df = 4mepb [sm@} 01 0
b

A { T ]L_a_ A L—-a n a
Cdmeob |VaP 02|, Ameob\ \(L—a)2 + 02 Va? 02

y
43. Let the equation of the large circle be 2° 4+ y*> = R?. Then the equation of e
y=b+\ri—x2
the small circle is 2% + (y — b)® = 72, where b = v/R2 — 72 is the distance A
Iy
between the centers of the circles. The desired area is T /\%’.
y=\R'—x R

A= [, [(b+ViT=a) — VIT= 3T do L
:2f0T<b+\/’l"2—J)2—\/R2—.1’2)d.1’ &‘j

= 2f0rbdx+2f0r Vr2 —x2dr —2f0r VRZ —x2dx

The first integral is just 2br = 2r +/R? — 2. The second integral represents the area of a quarter-circle of radius r, so its value

is iwrz. To evaluate the other integral, note that

[Va? —a?dx = [a®cos®0df [z =asinb, dv =acos§df] = (2a”)[(1+ cos26)do

= 2a°(0 + 3sin20) + C = 3a*(0 +sinf cosf) + C
= a—Z arcsin(z) + a—Z(z)ﬂ +C= a—Zarcsin(z) +iVar—aZ+C
2 a 2 al 2

2 \a a

Thus, the desired area is
A =2rR? — 12+ 2(37r?) — [R? arcsin(z/R) + z VR? — 22 ];
=2rvR? —r? + 3mr® — [R?arcsin(r/R) +rvVR? —r? | =r/R?> — 12 + Zr? — R® arcsin(r/R)
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SECTION 7.4  INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS U

44. Note that the circular cross-sections of the tank are the same everywhere, so the

y
. . . . 5
percentage of the total capacity that is being used is equal to the percentage of any
cross-section that is under water. The underwater area is .

A:2f35\/25—y2dy

2
= [25 arcsin(y/5) + y /25 — y? ] [substitute y = 5sin 0]
-5

= 25arcsin 2 + 21/21 + 27 ~ 58.72 ft*

58.72
TR o5 0.748 or 74.8%.

so the fraction of the total capacity in use is

7.4 Integration of Rational Functions by Partial Fractions

33

44z A B
1. =
® AT aB 2 "1+ ' 3-2
11—z 1—x A B C D
(b) = ==4+=+=
w4+ rt p3(l4z) oz 22 23 14z
z—6 z—6 A B
2. = =
(a)x2+x—6 (z+3)(z —2) x+3+m—2
) z? _(x2+x+6)—(:£+6)_1_ z+6
24+x+6 224+ x+6 - 2242 +6
Notice that 2 + = + 6 can’t be factored because its discriminant is 4> — 4ac = —23 < 0.
1 1 A B Cz+ D
3- = = — —_— —_—
@) 224+ 2x* x2(1+x?) x+x2+ 1+ 22
) 2 +1 (@ =322 +22)+327 20 +1 322 — 2z +1 one divisi
3 — 322+ 22 3 — 322 + 22 N z(z? — 3z + 2) Loruse long division]
32° — 2z +1 A B c
14 TS g 2y 2
+m(x71)(:1372) +x+x71+x72
4 3 2 2 2
2t =20 +z°+2x—1 (" —2x+1)+2zx—1 N 2z — 1
4. (a) 2 2w 1 = R = +m [or use long division]
2y 4B
N r—1 " (z-1)2
) z2—1 _ 2 —1 _é_'_ Bx +C
w42tz z@2+z+l) z 24x+1
5. (a) ¥ A4 164 64 by long divisi
. = -~ n,; 1V1S10Nn
22— 4 @ r2)(@_2) |¥lonedviion
A B
_ .4 2
=" +4x +16+_x—|—2+m—2
(b) z? Az +B Cx+ D Ex+ F

(2 —z+1)(@2+2)2 22—x+1 2242 (22 +2)?
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41 () -t +1 —t*+1 —t*+1 ., A B C D Ex+F
AT t6 + ¢3 _1+t3(t3+1)_1+t3(t+1)(t2—t+1)_1+7+t_2+t_3+t+1+t2—t+1
(b) z° 41 _ 2 +1 _é_'_ B +Cm+D Ex+ F

(2 —2)(2*+222+1) 2lz—-D@2+1)2 z -1 2241  (224+1)2

z—1 4 3 2

4
/ i dx:/(x3+x2+x+1+%>dx [by division] :lx4+lx3+lx2+x+ln|x71|+0
T —

3t —2 5
: dt = — 2 _)dt=3t—5In|t+1
/t+1 /(3 t—l—l) 3t —5|t+ 1|+ C

Sx +1 A

+ B . Multiply both sides by (22 + 1)(xz — 1) togetbz +1 = A(x — 1) + B2z +1) =

"Rzt D)(z—1) 2241 z-1

Se+1=Ar—A+2Bx+B = bx+1=(A+2B)z+(—A+ B).
The coefficients of = must be equal and the constant terms are also equal, so A + 2B = 5 and

—A + B = 1. Adding these equations givesus 3B =6 < B = 2, and hence, A = 1. Thus,

5w+ 1 1 2 )
U de = 11n[2c+ 1]+ 2In |z — 1) + C.
/(2x+1)(m—1) v /(2x+1+x—1) z=z2e+ 142z —1+C

Another method: Substituting 1 for x in the equation 52 + 1 = A(z — 1) + B(2xz + 1) gives6 =3B < B =2.

Substituting fé for x gives f% =— ;’A & A=1.

y A n B
y+4)Q2y—-1) y+4 2y-—1

y=2Ay— A+ By+4B = y=(2A+ B)y+ (—A+ 4B). The coefficients of y must be equal and the constant terms

Multiply both sides by (y +4)(2y — 1) togety = A2y — 1) + B(y +4) =

are also equal, so 2A + B = 1 and —A + 4B = 0. Adding 2 times the second equation and the first equation gives us

9B=1 < B=%andhence, A= 3. Thus,

/ ydy :/ 5 + 3 dy=éln\y+4\+l~lln|2y—1\+0
(y+4)2y — 1) y+d 2y —1 9 92

:%ln|y—|—4|—|—1i8ln\2y—1|—|—0

Another method.: Substituting £ for y in the equationy = A(2y — 1) + B(y +4) gives s = 2B & B=

=

Substituting —4 for y gives —4 = —94 < A=3.

2 _ 2 A
202 +3z+1 (2z+1)(z+1) 2z+1

+ Multiply both sides by (2z + 1)(x + 1) to get

B
z+1
2= A(z+ 1)+ B(2x + 1). The coefficients of  must be equal and the constant terms are also equal, so A + 2B = 0 and
A+ B = 2. Subtracting the second equation from the first gives B = —2, and hence, A = 4. Thus,

1

1#(137— 1 12 de = éln\2gz:+1\f2ln|x+1\ —(2ln372ln2)70—21n§
o 222 +3x+1 7 J, \2z+1 z+1 ]2 0 - 2

Another method: Substituting —1 for x in the equation 2 = A(z + 1) + B(2z + 1) gives2=—-B & B = -2.

Substituting —1 for z gives2 =14 < A=4.
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SECTION 7.4  INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS O 35
r—4 A

+ ?3.Multiplybothsidesby(x—2)(a:—3)togetac—4=A(x—3)+B(x—2) =

"2 _br 46 -2 =

x—4=Ar—3A+Bx—-2B = xz—-4=(A+B)x+(-3A—-2B).
The coefficients of  must be equal and the constant terms are also equal, so A+ B = 1and —34 — 2B = —4.

Adding twice the first equation to the second givesus —A = —2 & A = 2, and hence, B = —1.Thus,

oz Y2 1 1
————dz = — de = |21 —2| -1 -3
/0 22— 52+6 " /0 (w—? x—3) v =2 =2=njr =3l

=(0-In2)—(2In2—-1n3) = —-3In2+1n3 [or In 2]

Another method: Substituting 3 for z in the equation z — 4 = A(z — 3) + B(z — 2) gives —1 = B. Substituting 2 for

gives —2=—-A & A=2

axr ax a

Ifa # b, ! ! ( L1 >,soifa7éb,then

(:1:+a)(:1:+b):bfa z4+a x40
dx 1 1 r+a
/(x+a)(x+b) b—a(n|$+a| nle+b)+C b—a |z+0b e
Ifa:b,then/ L e
(z+ a)? z+a
2’ —dz +1 3z —5 3z —5 A B
— . 1 = .Ml.l‘
22 —3z+2 m+3+(r—1)(m—2) Write (z—1)(z —2) a:—l+x—2 ultiplying

both sides by (z — 1)(x — 2) gives 3z — 5 = A(z — 2) + B(z — 1). Substituting 2 for
gives 1 = B. Substituting 1 for x gives —2 = —A < A = 2. Thus,

O g —dr+1 0 2 1 0
——dx= 3+ —— d. :[12 3 21 —1|+1 —2]
/1932—393—1-2 v /,1(96_'_ +a:—1+x—2) v 30 3+ 2Injr— 1 +nfe ‘71

=(0+0+0+In2)— (3 -3+2In2+In3) =2 -In2—In3,0or2 —In6

24?4 —1 3z2 +z—1 3z24+2—-1 A B C
_— = . Writ = = + — + ——. Multiplying both sides by z> 1
P P Py rite poT P x+a:2+93+1 ultiplying both sides by z*(z + 1)

gives 32 +x — 1 = Ax(x + 1) + B(z + 1) + Cz®. Substituting 0 for  gives —1 = B. Substituting —1 for z gives 1 = C.
Equating coefficients of 2 gives 3= A+ C = A+ 1,50 A = 2. Thus,

2.3 2 2
o +4x"+x—1 2 1 1 1
—_————dx = 14— —-—= dx = 21 —+1 1
/1 3 + 22 z /1(+m $2+x+1) z {x—&— n|x\+x+n\x+|

2

1

=(2+2In24+4+mn3)—(1+0+1+In2)=3+In2+1In3,0r 3 +In6.

42 —Ty—12 A B C 5 .
— = =4 —— 4+ —— = 4y —Ty—12=A(y+2)(y—3) + By(y — 3) + Cy(y + 2). Settin
WD -3 v Tyr2 -3 Yo —Ty (y+2)(y—3)+ Byly —3) + Cy(y +2) g

y = 0gives —12 = —6A4,s0 A = 2. Setting y = —2 gives 18 = 10B, so B = % Setting y = 3 gives 3 = 15C, so C = %
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Now
2 4 Ty —12 /2(2 9/5 1/5) 2
— Yy = -+ ——|dy= 2lny+glny+2 +llny73
/1y(y+2)(y—3) v \y y+2 y-3 [2mnfyl + Sinfy+ 2|+ S Inly - 3[],
=2In2+ 24+ +tInl1—-2In1—-2In3—1n2
=2In2+4¥mn2-:tm2-%m3=2In2-2n3=23n2-In3)=2In$
32° + 6z 42 —3z—4 . -3z —4 A B . .
18 ————=3 . Writ = . Multiplying both sides b 1 2
22 43z + 2 tTerDer ) TG D@ ) zal zyo uitiplyingbothsides y@+1)@+2)

gives —3z — 4 = A(z 4 2) + B(z + 1). Substituting —2 for « gives 2 = —B < B = —2. Substituting —1 for z gives

—1 = A. Thus,
2.2 2
3z° + 6x + 2 1 2 2
SLEOTT S = 3— - d :[3 ~1 1) — 21 2}
/1 2 +3z+2 /1 ( z+1 r+2) o v —Inje+1| nle+ |1

=(6—-In3—-2In4) — (3—1n2—2In3) :3+ln2+1n3—21n4,0r3+1n%

2
v iz+l A B + ¢ Multiplying both sides by (x 4 1)?(z + 2) gives

19, - '
(z+1)2(z+2) x+1+(m+1)2 x+2
22+ z+1=A(x+1)(z+2)+ B(x +2) + C(z + 1)°. Substituting —1 for = gives 1 = B. Substituting —2 for z gives

3 = C. Equating coefficients of 2% gives 1 = A+ C' = A + 3,50 A = —2. Thus,
1

Lol ra+1 ) 1 3 1
= T2 dr= + + der=|-2ln|lz+1 — —— +3ln|z + 2
/0 (z+1)%(z+2) /0 (x—l—l (z+1)2 x+2) { | | x+1 | ‘0

=(—2In2—-4+3mI3) - (0-1+3In2) =3 —5In2+3mn3,0r 3 +1n 2l

2(3 — 5z) A + B + ¢ . Multiplying both sides by (32 — 1)(x — 1) gives

2. Br—D(z—1)2" 3z-1 z—-1 (z—1)2
2(3 —5x) = A(x — 1)® + B(z — 1)(3z — 1) + C(3x — 1). Substituting 1 for z gives —2 = 2C & C = —1.
%A & A = 1. Substituting 0 for x gives0 = A+ B—-C =1+ B+ 1,s0 B=—-2.

Substituting % for = gives % =

Thus,
5 (3 -5z) ! 2 1 1 1 7°
T = - - = |=In|3z—1] - 2ln|z — 1] + ——
/2 Gr-D@-12% /2 {336—1 z -1 (m—l)Z}d:‘ {3 nf3z =1l =2Infz — 1]+ = ,

=(4ln8—-2mIn2+ %) — (3In5-0+1)=—In2— $In5— 3

1 B 1 A B c D L . 2 2 .
21. AR (P v i) + e + e + R Multiplying both sides by (¢ + 1)*(t — 1)° gives

1=At+1)(t—-1)*+B(t—1)>+C(t—1)(t +1)> + D(t + 1)>. Substituting 1 for ¢ gives 1 =4D <« D=1

Substituting —1 for ¢ gives 1 =4B <« B = . Substituting 0 fort gives 1 = A+ B—-C+D=A+ 3 —-C+ 1,50

% = A — C. Equating coefficients of t> gives 0 = A + C. Adding the last two equations gives 24 = % & A= i, and so

C = —1. Thus,
- 1/4 1/4 1/4 1/4
/(t271)2_/{t+1+(t+1)2_t71+(t71)2}dt

1 1 1 1
—Z|:ln‘t+1|—t+—1—ln|t—l‘—m:| -l—C,orZ(ln

t+1 2
t—J+1—ﬁ>+C
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2t + 92+ +2 9 T+ 2 2 T 2
2. /1:2—+9dx_/<x +x2+9>df”—/(f” +:1:2+9+:1:2—+9>dm
1, 1

2 T
i ZIn(z2+9 z 12
31’ —|—2n(w +9)+ = tan +C

10 __A  Bz+C . , )
23 D@21 9) z-1 + o Multiply both sides by (z — 1) (z* + 9) to get

10 = A(2® +9) + (Bz + C)(xz — 1) (). Substituting 1 for x gives 10 = 104 < A = 1. Substituting 0 for = gives

10=9A—-C = C =9(1)— 10 = —1. The coefficients of the z-terms in (x) must be equal, s00 = A+ B =

B = —1. Thus,

/ 10 dm_/ 1+—m—1dx_/ T N U O
(z—1)(x2+9) B z—1 2249 B x—1 x249 2249

=Infe— 1] = 3 In(e? +9) — tan} (3) + C

In the second term we used the substitution © = 2% 4+ 9 and in the last term we used Formula 10.

2?—x+6 22—x4+6 A Bx+C
24, = == . Multipl 2 2 = A(a2? B )
p B i3 1 +253 ultiply by (2?4 3) to get 2> — 2 + 6 (* +3) + (Bz+ C)x

Substituting 0 for « gives 6 = 34 < A = 2. The coefficients of the z*-terms must be equal, so1 = A+ B =

B =1—2 = —1. The coefficients of the z-terms must be equal, so —1 = C. Thus,

22—x+6 2 —z-1 2 x 1
/x3+3x dx_/(E—’_x2+3>dx_/<5_x2+3_332+3>dm

:21n\r|—%ln(w2+3) —itanfli—i-C’

V3 V3

4z 4z 4z A Bz +C . .
= = = . Multiply both sides b
Pt PatD)+1@t]) @r)@ 1) ail a2 g1 Multiplybothsides by

25.

(x+1)(z*+ VD) togetdr = A(z> + 1)+ (Br +C)(z+1) & dx=Ar> + A+ B2>+ Br+Cx+C &

4z = (A+ B)x® 4 (B + C)z + (A + C). Comparing coefficients gives us the following system of equations:
A+B=0 (1) B+C=4 (2 A4+C=0 (3

Subtracting equation (1) from equation (2) gives us —A + C' = 4, and adding that equation to equation (3) gives us

2C=4 & (C =2,andhence A = —2and B = 2. Thus,

4x do — -2 " 2x+ 2 do — —2 n 2x " 2 da
B +a2+a+1 - r+1 2241 - r+1 a2241 2241
:—21n|x+l\+1n(x2+1)+2tan_lx+0
2?4+l z? 41 x 1 1 /1 2

1 1 1
= tan ! — | —-= —tan ' — —————
an :1:+2( u>+C’ an "z 2(m2+1)+0
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2>+ 4z +3 2> +4z+3 _Az+B  Czx+D

- * 2 +4

= = . Multiply both sides by (22 + 1)(22 + 4
4522 +4 (22 +1)(x2+4) 241 ultiply both sides by (2" + 1)(a” + 4)

togetz® +4x+3 = (Ar+ B)(z? +4) + (Cx + D)(2* +1) «
2® +42+3 = A2® + B2 + 442+ 4B+ C2* + D2* + Cx+ D &
23 +4x+3 = (A+C)x® + (B + D)2’ + (4A + C)x + (4B + D). Comparing coefficients gives us the following system
of equations:
A+C=1 1) B+D=0 (2 4A+C =4 (3) 4B+D=3 (4
Subtracting equation (1) from equation (3) gives us A = 1 and hence, C' = 0. Subtracting equation (2) from equation (4) gives

us B = 1 and hence, D = —1. Thus,

23 +4x+3 z+1 -1 T 1 1
/x4+5x2+4 v /<x2+1+x2+4) ‘ /(x2+1+x2+1 :c2+4) v

_1 2 1 _l 4({)
—21n(r +1)+tan" x 2tan 5 +C

m3+61—2_m3+6m—2_
x4+ 622  22(224+6)

. Multiply both sides by 2 (2 + 6) to get

A B Cz+D
r 22 246

23 462 —2=Ax(x? +6) + B(z® +6) + (Cx + D)a* <
23+ 6z —2= A2+ 6Ar + B2* + 6B+ C2z®* + D2* & 2+ 6x—2=(A+C)z® + (B + D)2 + 64z + 6B.
Substituting 0 for x gives —2 = 6B < B = —%. Equating coefficients of z2 gives 0 = B + D, so D = % Equating

coefficients of « gives 6 = 64 <« A = 1. Equating coefficients of 2> gives 1 = A + C, so C = 0. Thus,

x4 62 — 2 1 —-1/3 1/3 1 1 =

z+4 dr — z+1 dr + 3 da:—l (2x+2)d1’+ 3dx
x24+2x+5 ) 2242z +5 x24+22+5 2 ) 2242245 (z+1)2+4
_ 1 P 2du where x + 1 = 2u,
=ghnje +2w+5!+3/m { and do = 2du }

:%1n(x2+2x+5)+%tanflu+cz%ln(m2+2m+5)+gtan*1($;l> +C

x372x2+2x75_:ﬂ372x2+2x75_AerB Cx+ D
ot +422+3 (22+1)(224+3) 22+1 x2+3

. Multiply both sides by (22 + 1)(x? + 3) to get

23 —22° 4+ 22 - 5= (Az+ B)(2* +3) + (Cz + D)(z* +1) &

23— 202 4+20 —5= Az + B2® + 34z + 3B+ Cae® + D2 +Cox+D &

23 —22% + 22 — 5= (A4 C)2® + (B + D)z + (3A 4+ C)x + (3B + D). Comparing coefficients gives us the following
system of equations:

A+C=1 (1) B+D=-2 (2) 3A+C =2 (3 3B+D=-5 4
Subtracting equation (1) from equation (3) givesus24A =1 < A= %, and hence, C' = % Subtracting equation (2) from

equation (4) givesus 2B = —3 < B = —2 and hence, D = —1.
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Thus,

/x372x2+2x75dx:/ %m—%Jr%a:—% d:)::/ 3T 3 N 3T 3 .
x4+ 422 + 3 2 +1 2+ 3 24+1 x2+1 2243 2243

1 z
=1ln(@® +1) - ftan""z + 7 In(2® +3 ——tanil( >+o
rnl )72 1 In( ) 2v/3 V3

1 1 A Bz +C 5
3 —1 (33—1)(.1’2+.1’+]) $—l+x2—|—x—|—1 = (l’ +z+ )+( SL‘+C)(1’ )

W=

Take x = 1to get A = % Equating coefficients of 2% and then comparing the constant terms, we get 0 = % +B,1=

_ 1 _ 2
SOB——g,O——g =

1 3 —3r—2 1 z+2
d = 3 d 8~ 3 d :ll _1__ d
/x?’flm /:1371 x+/x2+x+1 z=zhnfz—1| 3/3172er+1m

%ln‘x_u_l/ 2x+1/2 dx—l/ (3/2);[:1:
3) 22+z+1 3 (#+1/2)°+3/4

2 + 1
=ilnjz—1-Litln(z®+2+1 ,l(_) tan™! [ —=%
51| =5 ( ) 2\ V3 /2

%ln\x71|féln(w2+x+1)f%tan (% 2:1:+1)

2 /lédx_/lﬂd 2/1d_x
“Jo 22 +4x+13 7 f, x2+4x+13 0o (+2)249

71/’18@_2/’1 3du |:Wherey:w2+4x+13,dy:(2x+4)dx,]
=5 i

3 Y 2/39u2+9 z + 2 = 3u,and der = 3du
=3 [Iny)ys — § [tantu], o = §In 5 — 3(§ —tan ' (3))

LT REREI)
33. Letu = z* +42® + 3,so that du = (42® + 82)dx = 4(z® + 22)dr, v =0 = wu=3,andz=1 = u=38.

oS40 81/1 1 1 L s
Th _— = —| = = =1 Z(1 1 —Zms
en/O $4+4m2+3da€ /3 u(4du) 4[n\u|}3 4(n8 n3) 1103

2 4+r—1 2?4z —1 —x“+z—-1 —
U —————— =+ ————— =4 =2’
3 +1 v 3 +1 * +(m+1)($2—$—|—1) * +x+1,so
2 4+x—1 2 1 1 3
4 2
35. bu_ tTw +m+2:é+Bm+C+ Dz + b . Multiply by z(z* + 1) to get

z(x? +1)2 x 22 +1 (22 +1)2°
5zt + T +2+2=A(2*+1)*+ (Bx+ C)z(2* + 1)+ (Dz + E)z <
Szt + 72t +x4+2=A@*+22° +1) + (B2 + Cx)(2®* + 1) + Da* + Bz &
52 + 72 + o +2 = Az* + 242> + A+ B2* + C2® + Bx? + Oz + D2* + B2 &
50 + 722 + 2+ 2 = (A+ B)ax* + C2® + (2A + B+ D)2? + (C + E)x + A. Equating coefficients gives us C' = 0,
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A=2,A+B=5 = B=3,C+E=1 = E=1ad2A+B+D=7 = D =0. Thus,

5a* +72° +a+2 2 3z 1
/ z(z? 4+ 1)2 de / x + x2+1 + (2 +1)2 dw o
/ dz _/ sec? 0 db z = tan®,
(z24+1)2 ) (tan?0 +1)2 dx = sec® 0.d N
sec? 6 2 1 V x
_/Sec49d9_/cos 9d0—/5(1+00529)d9 :
:%G—i—isinQQ—l—C:%9+%sin90059+€ )
S DT SR
2 2Vr2+1v22+1
_ 3 2 1 -1 T
Therefore, I = 2In|z| 4+ 5 In(z* + 1) + 5 tan™ " = + @ 1) +C.

36. Letu = z° + 52° 4 5z, so that du = (5z* + 1522 + 5)dx = 5(2* 4 322 + 1)dz. Then

zt+ 32241 1/1 1 1 s 3
/I5+5x3 5xdx /u<5du) 5n\u\+C’ 5n{x + 52” + b5z| 4+ C

2 =3z 47 Ax+ B Cx+D 2 2
3. @ 10 1 0)2 :x2—4m+6+(m2—4x+6)2 = 2°-3x+7=(Az+B)(z°—4z+6)+Cz+D =

22— 3z +7=Ax>+ (—4A+ B)x®* + (A —4B+C)z+ (6B+ D). SoA=0,-4A+B=1 = B=1,
6A—4B+C=-3 = C=16B+D=7 = D =1.Thus,

2’ =3z +7 1 z+1
I_/(x274x+6)2 dm_/(x274x+6+ (m274x+6)2)dx

—/;d +/x—72d —I—/;d
) @22+ 2T ) @416 T ) @z r62

=1+ 1y + Is.

[1—/mdx—%tanl(m—\;;)+01

1 2z —4 (141 _ 1
[2_2/(x274x+6)2dm_2/u2du_2( u)+c2_ 2(x274x+6)+c2

B 1 B 1 2 r—2=+2tan0,
nesf (@22 + (va)y] 40 =3 [ gy Y2 040 [dz:mmde]

2
- 3f/sec 00— 321/5/cos29dt9=;f/%(l—l—cos%)d&

sect 0

(9+%Sin29) +C5 =

:%ﬂ (%-2sin9c059)+03

:s\/imn,1 z—2 +3\/§

8 V2 8

73\/§tan,1(x—2)+3\/§. -2 V2
8 V2 8 Va2 —4x+6 /22 —4x+6

C3V2, i fx—2 3(z —2)
=g (ﬁ)+4(x2—4x+6)+03 V2

+C3 x=2
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So I=5L+1>+1I3 [C=C14 Cs+ C5]

1 (z=2 -1 3vV2.  _(z—-2 3(x —2)

_(4V2 | 3V2 T2 3(x—2)—2 CTV2 i fx—2 3z —8

*( 8 78 )tan (\/5)+4(x2—4x+6)+0* s W\ "5 ) T ogmre ¢
23+ 22% 4+ 3z — 2 Az + B Cx+ D

3. (22 + 2z + 2)2 T r2r+2 (22 + 2z + 2)2

23 4+22° +3x—-2=(Az+B)(z* +2c +2)+Cx+D =
% 4+22% + 3z — 2= Ax® + (24 + B)x* + (24 + 2B + C)x + 2B + D.
SoA=1,2A+B=2 = B=0,2A+2B+(C=3 = (C=1and2B+D=-2 = D= -2 Thus,

j m3+212+3x—2dx_/ T n T —2 du
N (22 + 22 +2)2 B 22 +2r+2 (22 + 21 +2)2

_ Tz +1 -1 z+1 -3
_/QL’Q—i—Q,*c—i—Qdm—~_/132—i—29L’—|—2dm+/(:L'2—|—21:—|—2)2dm—i_/(:L'2—|—21:—|—2)2d23
=L+ 1+ I3+ 14

- r+1 . 1/1 uw= x>+ 2z + 2,
Il_/x2+2x+2dm_/u<2du> |:du:2(z+1)dz

1 1 —1 33-1—1 —1
Y . S - 1
2 /(x+1)2+1dx 1tan ( 1 )—i—Cg tan” (x4 1) + C-

2%1n|x2+2x+2|+6’1

z+1 1 /1 1 1
L= —2 " —gr={=(zdu)=—— S
3 /(x2+2a:+2)2 v /u2<2 “) 20 T T Ty O

- _ v L 1 2 z+1=1tané,
fa= 3/[(1’+1)2+1]2 dr = 3/(tan29+1)2 sec” 6 df |:dm:scc20d0:|
1

__ __ 2940 — 3
= 3/se029d07 3/cos 0do = 2/(1+cos29)d9

Jxa2+2x+2
:f%(9+%sin29)+04:7%07g(%«2sin9(;os€)+04 e+l
3 _ifz+1 3 z+1 1
=—Ztan ' ——=) -2 : +C 0
2 ( 1 ) 2 VPt t2 VRtow+2z 1
_ 3 i 3=+
=gt ) - sy T

So I=L+L+Is+14 [C=C14Ca+ Cs5 + C4]

_1 2 T B 1 3. 3=+
_2111("” +2242) —tan” (z+ 1) 2(z? + 2z + 2) p tan (z+1) 2(x2+2:1:+2)+0
S _ 3 ian? ___Sz+4

_Zln(x +2z+2) 5 tan (z+1) 2($2+2x+2)+C
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du |:u:\/x—1,;v:u2+1:|

uzzrfl, dr = 2u du

/ dx 7/ 2u
o —1 ) u(u+1)
=2 ! du=2tan 'u+C=2tan vz —1+C
u? +1

Letu = vz + 3, s0 u? = & + 3 and 2udu = dz. Then

/ dx 7/ 2u du 7/ 2u du*/ 2u du. Now
2vVz+3+2 J 2u+w2—-3) Jw+2u—-3 ) (u+3)u-1)

2u A + B
(u+3)(u—-1) u+3 u-1

= 2u=A(u—1)+ B(u+3). Settingu = 1 gives2 =4B,so B = 3
Setting u = —3 gives —6 = —4A, so A = 2. Thus,

[ ot [ ()

=3mmfu+3/+3mju—1+C=2In(vz+3+3)+iln|Va+r3-1|+C

dx 2u du 2du 2du
etu = +/,s0u z and 2u du = dx en/mQ—&—mﬁ /u4+u3 /u3+u2 /uz(u+1)

> _4.B
u w

3 T —ui 7 = 2=Au(ut+)+Bu+1)+ Cu?. Setting u = 0 gives B = 2. Setting u = —1

w2(u+1)

gives C' = 2. Equating coefficients of u?, we get 0 = A 4+ C, so A = —2. Thus,

2du -2 2 2 2 2
/m—/(74—?-1-u+1)du——21n|u\—a+21n|u+1|+6’——21n\/5—ﬁ+21n(\/5+1)+0.

Letu = &z. Thenz = u?, dz = 3u’du =

oo ' 3u? du ! 3 3 2 1
— _dr= = — 34 —— ) du = [3u® In(1 =3(In2—3).
/0 1+%d$ /0 T /0 (3u 3—|—1+u>du [$u® — 3u + 31n( +u)]0 3(In 2)

Letu = /22 + 1. Then2® = v® — 1, 2z de = 3u? du =

3 _1)3.2d
wde _ (- Dju f- 3 v

2+ U

=2 224 O =22+ 1) — 224123 4 C

/ dz */2(u_1)du w=1+/z,
! (1+\/§)2_ u2 z=(u—1)2% dz=2(u—1)du
1 1 2
_2/(E—$>du_21n|u|+z+0_21n( +\/_)—|—1+\/_

If we were to substitute u = v/z, then the square root would disappear but a cube root would remain. On the other hand, the
substitution u = V/z would eliminate the cube root but leave a square root. We can eliminate both roots by means of the
substitution u = /. (Note that 6 is the least common multiple of 2 and 3.)

Letu = vz. Thenz = u®, so dz = 6u’ du and Vz = ud, Vr =2 Thus,
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/\/_ N /fffds?: /uz(sil)dUZ(a/uujldu

= 6/ (u +u+1+ L) du [by long division]

:6(§u3+%u2+u+ln|u71|)+C’:2\/5+3%+6%+61n‘\6/571‘+0

46. Letu = 1+ vz, sothatu? =1+ vz, 2 = (u? —1)%, and dz = 2(u® — 1) - 2udu = 4u(u® — 1) du. Then

[ gt e [

4 A n
w2—_1_ u-+1 u—l
4 =—-2A,s0 A= —2. Thus,

/

247 1) du. Now

= 4=A(u—1)+ B(u+1). Setting u = 1 gives 4 = 2B, so B = 2. Setting u = —1 gives

u+1 u—1

:4\/1+x/5—21n(\/1+\/5+1)+21n(\/1+\/5—1)+0

u2471)du:/<4_ 2 + 2 )du—4u—21n|u—|—1|+21n\u—1\4_0

47. Letu = €®. Thenx = Inu, dx = d—; =

/ e*” dx 7/ u? (du/u) 7/ udu 7/ -1 n 2 du
e +3ev+2  J w2+3u+2 ) (u+)(u+2) u+1l w42

(€x+2)2
e +1

=2nju+2|—Injlu+1/+C=In +C

i 1 -1
48. Let u = cosz, so that du = —sina dz. Then / — T = /— (—du) = /— du.
cos?z —3coszw u? —3u u(u —3)

1 = 4 + B = —1= A(u — 3) 4 Bu. Setting u = 3 gives B = f%. Setting u = 0 gives A = %
uu—3) u u—3

1 1
Thus,/u(Tlg)du:/<i— 3 )du:%ln\u\—%ln|u—3|—l—C:%ln|cosm|—%ln\cosm—3|—l—C.

— u u—3
49. Let u = tant, so that du = sec? t dt Then/ sec” ¢ dt—/ / du.
' N ’ - ' tan’t + 3tant +2 u2+3u+2 (u+1 +2)
Now L S + B = 1=Au+2)+Bu+1).

(w+Du+2) uwut+l u+2
Setting u = —2 gives 1 = —B, so B = —1. Settingu = —1 gives 1 = A.

1 1 1
Th ————du= — du =1 1] -1 2 =In|tant + 1| —1In|tant 4 2 .
us,/(u+1)(u+2) u /(u+1 u+2> u=Inlu+1]—In|u+2|+C =In|tant + 1| —In|tant + 2|+ C

T

e 1
50. Letu = e” that du = e® dx. Th ——dr = | ———————— du. N
etu = e”, so that du = e” dx en/(e”—Q)(e%—l—l) T /(u—2)(u2+1) u. Now

1 A Bu+C
(u—2+1) uw—2 w241

= 1=Aw’+1)+ (Bu+ C)(u—2). Setting u = 2 gives 1 = 54,50 A = £
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51. Let u = €”, so that du = e” dz and dx = d—uu Then/

U CHAPTER7 TECHNIQUES OF INTEGRATION

Setting u = 0 gives 1 = + — 2C, so C = —2. Comparing coefficients of u” gives 0 = £ + B, so B = —£. Thus,

1 du = % +_%u_% d _ 1 1 d 1 u d 2 1 d
(u—2)(u?+1) “= u—2 u2+1 s a2 e s e ™

:%1n\u—2\—%-%ln|u2+l|—%tanflu—l—C

flnje® —2|— L n(e* +1) — 2tan ' e* + C

dr du 1 _é+ B
14+er ) 14+uwu uwlw+l) u uitl

1= A(u+ 1) + Bu. Setting u = —1 gives B = —1. Setting u = 0 gives A = 1. Thus,

du 1 1 T T _ _ x
/m—/(Z—u+1>du—ln|u\—ln\u—&—l\—i—C’—lne —In(e*"+1)+C=x—In(e"+1)+C.

52. Let u = sinh t, so that du = cosht dt. Then / Lht dt = / _1 du = /2(; du.
U

sinh? ¢ + sinh* ¢ u? 4 ut u?+1)
—t+ S+ —— = 1=Au(u®+1)+ Bw?+1)+ (Cu+ D)u? Settingu = 0 gives B = 1.
Comparing coefficients of u?, we get 0 = B + D, so D = —1. Comparing coefficients of u, we get 0 = A. Comparing

coefficients of u3, we get 0 = A + C, so C = 0. Thus,

! (A Y Vel pturoe ol
/u2<u2+1>d“‘/(u2 u2+1>d“‘ g Tt u A O= gy e (inht) +C

= —cscht — tan™!(sinh ¢t) + C

20 — 1 . .
53. Letu = In(z? — 2 + 2), dv = dz. Then duzﬂf—wdm,?}:l’, and (by integration by parts)
2% — z—4
2 _ _ 2 _ _ o 2 _ _ _r—-4
/ln(x x+2)der =zln(z® —z + 2) /:1:27:1:+2dx zln(z® — 2 4 2) /(2+x27x+2)dx
32z —1) 7 dz
— zln(z? — 2 —9p — [ 22 7 -
zln(z® — x4+ 2) — 2z /mz—m+2dx+2/(x—%)2+%
1 7 ﬁdu wheremfézégu,
= 2 _ _ _Z 2 _ - —2 = 7
zln(z® — 2z 4+ 2) — 2z 21n(a: x+2)+ 2/%(u2+1) da idu,

54. Letu =tan 'z, dv =xdr = du=dz/(1+2?),v=

(z=3)"+F=570"+1)
=(z—)In@=*—2+2)—22+Ttan ' u+C
-1 2¢ — 1

+C
VT

=(z—1)In(z® —z+2) — 2z +/Ttan

N=

2 ) 1+ 22

z? (1+x
/1+x2d:c—/ T2 /ld:c—/

Jatan ' zdr = 22’ tan ' w — $(z —tan 'z + C1) = 3(2”tan ' + tan 'z —z) + C.

- _ 1 z? . L
Then / ztan 'z dr = %:1:2 tan 'z — = / dx. To evaluate the last integral, use long division or observe that

x:x—tan71x+Cl. So
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55. 0.05 From the graph, we see that the integral will be negative, and we guess
of ]2 that the area is about the same as that of a rectangle with width 2 and
height 0.3, so we estimate the integral to be —(2 - 0.3) = —0.6. Now
1 _ 1 _ A n B
22-2x—-3 (z-3)(z+1) =xz-3 z+1
—035 1=(A+B)z+A-3B,soA=-BandA-3B=1 & A=1
and B = —%, so the integral becomes

r—3
x+1

)

2 2 2

dx 1 dx 1 dx 1 2 1
/0 x272x73_1/0 x73_1/0 x+1—Z[ln|x—3|—ln|z+1\]o—z[In
:l(lné—ln3):—%ln3%—0.55
dx dx 1
56. £k = 0: = | = =_=

/x2+k /xZ 1’+C

dx dx 1 4 =z
k> 0: / :/ = — tan (—)+C
x? 4k 22 + (Vk )2 k

k<0 /xzdif/xz—df—m:/xz-?j——kf v

dx dx du
57 = = t — — 1
/m2—2x (z—1)2-1 /u2—1 [putu =z —1]

‘ + C [by Equation 6] = % In

>

T

_,/_k’
+C by Example 3
P [by ple 3]

T

xr — 2
T

u—1
u+1

+c

2
58/ (2x +1)dx _1/ (8x +12)dx 7/ 2dx
' 422+ 120 —7 4 ) 422 4+122—7T (22 4+ 3)2 — 16

du
u? — 16

iln’4x2+12m—7‘—/ [put u = 22 + 3]

2ln|42® +122 — 7| — In|(u —4)/(u+4)|+C  [by Equation 6]

$In|42® +122 — 7| — $In|(22 —1)/(2z + 7)| + C

59. (a) Ift = tan(%), then % = tan~' t. The figure gives
cos(z) -1 and sin(z) = ¢ o t
3) - iie 2) " Vize .
2
(b) cosx :cos(Q'%) :20052(5) -1 1

o1 2_1_ 2, _1-z
N\t I -
2

1412 dt

(c) g =arctant = x =2arctant = dzr =
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60. Let t = tan(z/2). Then, by using the expressions in Exercise 59, we have

dv 2dt/(1+¢3) 2dt _[2dt [ 1
/1—cosx_/1—(1—t2)/(1+t2>‘/(1+t2)—<1—t2)‘/2?_/t_2dt
1 1

:_?+C:—W+C:—cot(aﬁ/2)+0

Another method: dr  _ 1  1+cosz de — 1+cosz do — 1 + c;os o
1—coszx 1—cosx 14cosz 1—cos?zx sin? z

1
:/( — + Coix>dIZ/(CSC2I+CSC$COt$)d$:—COtl’—CSCI+C

sin“x  sin“zx

61. Let t = tan(z/2). Then, using the expressions in Exercise 59, we have

1+4+1¢2 1+4+1¢2

/ 1 dx_/ 1 2dt _2/ dt _/ dt
3sinz —4cosx 3( 2t ) 4(1_t2> 1+ 3(2t) —4(1—¢2) ) 2t2+3t -2

_ / dt _ / 2.1 L1 1 1y (using partial fractions]
) @t-D(E+2) 52t—1 5t+2 &P

2t -1
t+2

:%[ln\2t71\fln\t+2|] +C:%1n

1 ’2tan(x/2) -1

‘JrC:—ln tan (z/2) + 2

! |+

62. Let t = tan(x/2). Then, by Exercise 59,

/2 da ! 2dt/(1+t?) ot 2dt
a3 L4sinz—cosx [, 53 14+2t/(14+12)—(1—12)/(1+2) ),z 1+12+2t—1+1¢2

1 1
2/ {E—L]dtZ[lnt—ln(t—l—l)} :lnl—ln 1 :ln\/§Jr1
yvalt i+l 1/v3 2 V3+1 2

63. Let ¢t = tan (x/2). Then, by Exercise 59,

. 2 1—¢#? 8t(1 —t?)
/2 : /2 . 12- 5 T 1 5
/ sin 22 d;z’:/ 2sm:):cosxd$:/ 1+t 12+t 2 dtz/ (1+1¢?) dt
o 2+4cosz o 2+ coszx o 1—t 1+ ¢2 o 2(14+t2)+ (1 —1t?)
2+
1+¢2
1 12
= 8t —-—dt =1
/0 (2 +3)(t2 + 1)2
72 —

If we now let u = 2, then 1-t = 1-u = A + B + ¢ =

EB+3)2+1)2  (w+3)Hu+1)2 wu+3 ut+l  (u+1)2
l—u=Au+1)?+Bu+3)(u+1)+Cu+3). Setu=—1toget2=2C,s0C = 1. Setu = —3 to get4 = 44, so
A=1.Setu=0togetl =1+3B+3,s0 B=—1.So

1

1
1:/ { 8t 8t 8 }dt:[4ln(t2+3)—4ln(t2+1)—
0

B3 Bl @41y 241,

=(4ln4—-4In2-2) - (4In3-0—-4)=8In2—-4In2—-4In3+2=4In2 +2

1 1 é Bx +C
X

64. = =
2 +1

_ 2 _ _
P B = 1=A@@*+1)+ (Bzx+C)zx. Setz =0togetl = A. So

1=(1+B)z*+Cx+1 = B+1=0 [B=-1] and C = 0. Thus, the area is
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1 21 z 1 2 2 1 1
/1 a33”@;:/1 - =5 ) de= (el - $n]a 412 = (n2 - §1n5) - (0 3 1n2)

= %1n2—%1n5 [or %ln%]
2
65. By long division, ks =—-1+ St 1 . Now
3r — x? 3r — a2

3x+1 3z+1 A B

3z — a2 :.1’(3—.1’) :;+3—w

= 3z+1=A(B—-2)+ Bz. Setx =3toget 10 =3B,s0 B=12 Setz =0to

getl =3A,50 A= % Thus, the area is

2 .20 2 1 10 ) . )
— 3 3 —
/13x—x2dx_/1 (—1+E+3_$)dx—[—x—&—gln\x\—?lnB—le

=(—24+5In2-0) - (-14+0—-m2) = -1+ In2

1 2 1
66. (a) We use disks, so the volume is V = = / % de=m / d—x To evaluate the integral,
0 + 3z +2 o (z+1)%(z+2)?
. . 1 A B C D
we use partial fractions: = + + + =

(z4+1)2(z+2)2 z+1 (z+1)2 z+2 (x+2)2
1=A(x+1)(z+2)2+B(x+2)?2+Cz+1)*(z+2) + D(x +1)%. Weset z = —1, giving B = 1, then set
x = —2, giving D = 1. Now equating coefficients of z> gives A = —C, and then equating constants gives

1=4A+4+2(-A)+1 = A=-2 = (=2 Sotheexpression becomes

V—w/1{72+ 1 ;2 1 }dw—ﬂ{an
o e+l (@41 (42 (@427

=rlemi-1-H-em2-1-]=r(2mP2 +3) =r( +In )

1

:1:+2_ 1 B 1
r+1 z+1 x+2],

. o . ! xdx 1 xdzx
(b) In this case, we use cylindrical shells, so the volume is V' = 27 / a5 =27 —————— Weuse
0o T2 +3x+2 o (x+1)(z+2)
T A B

partial fractions to simplify the integrand: = x=(A+B)x+2A+ B. So

@rD@r2) o+l 712
A+B=1and2A+ B =0 = A= —1andB = 2. So the volume is

o [ =L 2| e =2n[-1 1+21 2]’
7r/O {m+1+x+2} = ﬂ[—n\m—l— |+21In|z+ \}0

=2r(—In2+2mIn3+In1—2In2) =27(2In3 —3In2) =27 ln 3
B P+S P+S B P+s A B
6. t‘/P[(rq)P 5 4= /P 0ip—g W r=1lNw s = 5 T oap—s 7
P+ S = A(0.1P — S) + BP. Substituting 0 for P gives S = —AS = A = —1. Substituting 105 for P gives

11§ =10BS = B:}—é.Thus,t:/(_—l—i— 11/10

When ¢ = 0, P = 10,000 and S = 900, so 0 = —1n 10,000 + 111n(1000 — 900) + C =

C =1n10,000 — 111n100 [=In10"*® =~ —41.45].

Therefore, ¢t = —In P+ 111n (15 P — 900) +In10,000 — 11In100 = t=1In 10}200 £ — 9000

111
500
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68. If we subtract and add 222, we get
x4+1:x4+2x2+172$2:(m2+1)272x2:(m2+1)27(\/§x)2
= [(mZ—I—l)—\/iw] [(mZ—I—l)—l—ﬂx] = (mZ—\/ix—l—l)(xz—l—\/ix—&—l)

. Az + B Cx+D
zt+1 24+V2zx+1 22—2zx+1

1= (Az+ B)(2? - V2x + 1) + (Cx 4 D)(2® + V2 + 1). Setting the constant terms equal gives B + D = 1, then

So we can decompose

from the coefficients of 2® we get A 4+ C' = 0. Now from the coefficients of z we get A+ C + (B — D)vV2 =0 <
[(1-D)-D]v2=0 = D=13% = B =41, andfinally, from the coefficients of z* we get

V2(C—A)+B+D=0 = C—-A= —% = C=-2and A= 2. Sowe rewrite the integrand, splitting the

terms into forms which we know how to integrate:

I P+ — 2541 1 {21’—&-2\/5 B 295—2\/5}

= J’_ —
?*4+1 242z +1 22— \/§x+1 T AV2 22+ V22 41 22 —V2z+1

:Q[ 2z + /2 2 — /2 ] 1 1

1
= +

4 2 2
(e+5) +1 (s-2) +3

1
. dx V2 22 4+V2zx+1 V2 —1 —1
Now we integrate: /14 1% ln(m + T [tan (\/530 + 1) + tan (\/530 - 1)] +C.

69. (a) In Maple, we define f(z), and then use convert (£, parfrac, x) ; to obtain

- +
8 |22+vV2x+1 a2—2z2+

) = 24,110/4879  668/323  9438/80,155 n (22,098 + 48,935) /260,015
T br 42 2+ 1 3x—7 x224+2+5

In Mathematica, we use the command Apart, and in Derive, we use Expand.

80,155

(b)/f(x)dx:%-%ln|5x+2\f%'%ln|2x+l|f 9438 '%ln\?):):f?\

1 22,098 (x + 3) + 37,886
+260015/ : 122) 19 et e
g (x+3) +7%
=20 5z + 2] — S8 . I1nj2z + 1] — 8%4,113585 -3 Inf3z —7|

+260015[22098 2In(2® + 2 +5) + 37,886 - %tan*l( L (x+§)>}+c

/19/4
= 1333 Inf5z + 2| — ggg In|2z + 1| — 8?())1;1565 In[3z — 7| + 21610004195 In ( tz+ 5)

75, 772 -1 1
Using a CAS, we get
4822In(5z +2) 334In(2x +1)  31461n(3z —7)

4879 B 323 B 80,155
11,049In(z* + z +5) | 398819 - V19 (20 +1)
260,015 260,015 19

The main difference in this answer is that the absolute value signs and the constant of integration have been omitted. Also,

the fractions have been reduced and the denominators rationalized.
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70. (a) In Maple, we define f(x), and then use convert (£, parfrac,x) ; to get

f(o) = B28/1815 _ 59.006/10.965 _ 2(2843c 1 816)/3993 _ (313x — 251)/363
- (5r—2)° 5z — 2 222 +1 22 +1)°

In Mathematica, we use the command Apart, and in Derive, we use Expand.

(b) As we saw in Exercise 69, computer algebra systems omit the absolute 05
value signs in [ (1/y) dy = In|y|. So we use the CAS to integrate the ., l ! : : 1 5
expression in part (a) and add the necessary absolute value signs and
constant of integration to get E
/f(x) do == 90755(85187 2) 59709591,125596 4.2 h;gzg(c: = -

503 . 1 1004z + 626
* 15,972\/§tan (VZe) - 5004 2:2+1 1 C

(c) From the graph, we see that f goes from negative to positive at x ~ —0.78, then back to negative at x ~ 0.8, and finally
back to positive at z = 1. Also, limy—o.4 f(z) = co. So we see (by the First Derivative Test) that | f(z) dz has minima
atx ~ —0.78 and x = 1, and a maximum at z ~ 0.80, and that f f(z) dzx is unbounded as © — 0.4. Note also that just to
the right of & = 0.4, f has large values, so [ f(x) d increases rapidly, but slows down as f drops toward 0.

J f(z) dz decreases from about 0.8 to 1, then increases slowly since f stays small and positive.

409 _ N4 409 _ 2 _ 4.3 4 8 _ 4,7 6 _ g5 4 4
71.1:(1 x) :x(l dx + 62° — 4x +:1:)::1: 4" 4+ 62° — 42”4+ 25 Az 4 Bat — Az 44—

1+ 22 1+ 22 1+ 22 Tt a2

1,4 4 1

.’L'(l-$) 1 7 2 6 5 4 3 -1 1 2 4 s 22

- dr=|=x'—= - = 4xr — 4t =({z—c+1—-+4+4-4-—- ) -0=——m.
/0 11 22 x [7:1: 31: +x 337 + 4x an . - 3+ 3+ 1 7 ™

72. (@) Letu = (2 +a®) ", dv=dr = du=-n(z>+a*>)"" ! 2xdz,v =1,

dx L —2na?
I”:/(x2—|—a2)" = (12+a2)” _/ (x2+a2)"+1 dz [by parts]

_ x (2?2 +a®) —a®
T @ ta)n + 2”/ (22 1 a2)n+1 dz

_#Jrgn/Lfgna?/dim
- (.T2 + a2)n (.7,’2 + LLZ)" (.T2 + a2)n+1

Recognizing the last two integrals as I, and I,1, we can solve for ,, 1 in terms of I,.

x x 2n —1
malliyr = ————+2nl, — I, = Iy = n
e ine (x2 +a?)" tan 1 2a2n(z? + a?)" 2a2n

T 2n — 3

I, I,,—1 [decrease n-values by 1], which is the desired result.

- 2a%(n — 1)(a? 4+ a?)"—1! + 2a%(n — 1)
(b) Using part (a) with a = 1 and n = 2, we get
dx B T +1 de T +ltanfla:+0
(2 +1)2 22+1) 2 ) x2+1  222+1) 2

Using part (a) with a = 1 and n = 3, we get
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/ dx B T _’_i/ dx B T +§ T —I—ltan*l LC
(@2 +1)3  2(2)(z2+1)2  2(2) ) (22+1)2  4(@2+1)2  4[2(z2+1) 2

= i + S + §‘canflx—i—C’
T 4(x2+1)2 0 8(z2+1) 8

73. There are only finitely many values of  where Q(x) = 0 (assuming that @) is not the zero polynomial). At all other values of
z, F(2)/Q(z) = G(z)/Q(x), so F(z) = G(x). In other words, the values of F’ and G agree at all except perhaps finitely
many values of . By continuity of " and G, the polynomials F' and G must agree at those values of « too.

More explicitly: if a is a value of z such that Q(a) = 0, then Q(z) # 0 for all z sufficiently close to a. Thus,

F(a) = lim F(z) [by continuity of F']

r—a

= lim G(z) [whenever Q(z) # 0]

T—a

= G(a) [by continuity of G]
74. Let f(x) = ax® 4 bz + c. We calculate the partial fraction decomposition of % Since f(0) = 1, we must have
B fz)  ar®+bz+1 A B C D E . .
c=1,s0 2t Pari)p P + pol + oo + EXSE + et 1)3.N0w in order for the integral not to

contain any logarithms (that is, in order for it to be a rational function), we must have A = C' = 0, so
az® +bx +1 = Bz + 1)® + Dz?(x + 1) + E2>. Equating constant terms gives B = 1, then equating coefficients of 2

gives3B=0b = b = 3. This is the quantity we are looking for, since f'(0) = b.

75. If a # 0 and n is a positive integer, then f(z) = m = %—i—% +~~~+%+ .

Multiply both sides by

z™(x —a)togetl = Arz" Mz —a) + A2x"3(x —a) + - - - + An(x — a) + Ba™. Let & = a in the last equation to get

1=Ba" = B=1/a".So

(@) B 1 1 a” — " " —a"
xr) — = — = = —
z—a z*(zx—a) a*(rx—a) z"a"(z—a) arz"(x — a)
_ 7(1’—04)(‘%”71 +mn72a+xn73a2 + ...+man72 +an71)
N arz™(x — a)
l,nfl In72a xn73a2 man72 anfl
== (a'ﬂx'ﬂ anxn anxn e + anxn a/'ﬂx'll)
! 1 1 1 1
T arx a2 an2g3 0 @®znl o age
1 1 1 1 1
Thus, f@) = = ™ "o e T an T —a)

7.5 Strategy for Integration

1. Letu = 1 —sinz. Thendu = —cosxzdx =

/ﬂdx:/l(—du):—ln\u|—|—C’:—ln\l—sinx|—|—C:—1n(1—sinx)+C’
1—sinx U
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2. Letu = 3x+ 1. Thendu = 3dzx =
1 4
/(3x+1)ﬁdx=/ u‘/§<1du):1
o 1 3 3

2
3. Letu = Iny,dv = \/ydy = du——dy, =3Y y3/2. Then

4 4 4 4
2 5/ 2 19 2 4 3 16 4 4\ 32 28
1 = |2¢*my| - [ = =Z.8In4—0—|= = 2@2m2)—(=-8—=]=Fm2-=
/1\/?7nydy {3 yL /13y dy = 3-8In4-0 {gy 1 7 (2In2)—(5-8-5 32—

.. 3 .2 . 2 . 2
sin® x sin“ x sinx 1 —cos”x)sinx 1—u =
4, dr = —_——dx = —( ) dr = (—du) u cos.a:
COs T Ccos T COs T U du = —sinx dx

=[(u—2L)du=3v’—In|u|+C = % cos’z — In|cosz| + C

1 501]? 1 341
] = s (-

5. Letu = 2. Thendu = 2tdt =

/ t dt / 1 1du) 11 tan_1< Y )—l—C’ [by Formula 17] 1 tan_l(t2 ) +C
—dt = — (= = —-—— — ormula = —
12 w212 \2 23 V2 Y 22 V2

6. Letu =2x+ 1. Thendu = 2dx =

g S u—1)/2 (1 1271 1 i1 17°
/0 mdf”—/l R (adu)—z/l (—z—ﬁ)du—z[—ﬁwL
2
9

u
“H(-4 R - (1D =) = 4
7L Then d arctany /4 v uymw/4 /4 —7/4
. Letu = arctany. = = = = = -
ctu arctany en au = 2 / 1+y /;71_/46 U [6 ]77r/4 e e

8. [tsint costdt= [t-3(2sint cost)dt =1 [tsin2tdt

_ 1/ 1 1 u==t, dv=sin2tdt
=1(-3 ltcos2t — [ 2cos2tdt) [du:dt, v:—%coth]

= f}ltcos2t+ifcos2tdt: fitcos2t+ ésin2t+C’

2+2 c12 -4 + B . Multiply by (x +4)(z — 1) togetz + 2 = A(x — 1) + B(z + 4).

2243z —-4 (z+4)(x—-1) zx+4 z-1

Substituting 1 for x gives 3 =5B <« B = 2. Substituting —4 for z gives =2 = =54 < A = 2. Thus,

4 4 4
T +2 2/5 . 3/5 2 3
T2 = [ (22 2P V= [Zlmje+ 4]+ Sz -1
L 2 13-4 L (x—|—4+;r—l) v [5 nle+4/+ginfe -1

(2In8+2In3) — (2In6+0) = 2(3In2) 4+ 2In3 — 2(In2 +In3)

=2In2+ +1n3,0r £ In48

1 1 1 1
10. Letu = —, dv = —COS(Q/x) = du=-——dr,v= —sm( ) Then
x x x x

/Mdmz—lsin l —/isin l dmz—lsin l — cos l + C.
3 T T 2 T T T T
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1. Letz = sec, where 0 < § < Zorm < 0 < 2. Then dz = sec tan df and

ViZ —1=+/sec20 — 1 = Vtan20 = |tan 6] = tan @ for the relevant values of 6, so

1 B secf tan 6 B 9 _ [
m3mdx_/sec39tan9d9_/cos 0d9—/2(1+cos20)d0

\/.?(271
:%9+%sin29+0:50+%sin0 cosf +C
[4
1 1 2-11 1 21
:§secflx+§ITE+C:§secflx+27+o 1

2r—3  2x—-3 A DBx+C . 2 B 2
12. P ity R x2+3.Multlplybym(z +3)toget2z —3=A(z*+3)+ (Bz+C)z <

22 — 3 = (A + B)z? + Cz + 3A. Equating coefficients givesus C = 2,34 = -3 < A= -1,and A+ B =0,s0

2r — 3 . -1 x+2 _ 1 x 2
/x3+3md$_/<x +x2+3>dm_/( m+x2+3+x2+3)d$

1 2 T
= —Inlz| + = In(z% + 3 —l——tan_l(—)—l-c
ol + g na? ) + ot (2

B = 1. Thus,

13. [sin®t cos® tdt = [sin*t cos*t sintdt = [(sin®¢) cos* ¢ sint dt
= [(1 —cos®t)?cos* t sintdt = [(1 —u?)’u* (—du) [u= cost,du= —sintdt]

=[(—u'+2u® —u¥)du=—2u’ + 2u" — L'+ C=—1cos®t+ 2cos"t — L cos’ t + C

dx,v = x. Then

— 2 — _ T
14. Letu = In(1 4+ 2%),dv =dz = du—l_'_:c2

N 2y 222 B 2y (22 4+1) -1
/ln(lJr:):)dxf:):ln(ler) /l+x2dxfxln(1+x) 2 BT dz

_ 2 1 _ 2 —1
7:pln(1+x)72/(171+x2 de =2In(1+2") — 2z +2tan  z+C

15. Let u = z, dv = secx tanxdx = du = dx, v = secx. Then

Jzsecx tanzdr = zsecx — [secxdr = xsecx — In|secx + tanz| 4+ C.

16.

v2/2 g2 d /4 gin?
/0 V1— 22 e 0 cos @

= 7T/4%(1—COS2(9)cl0:%[0—%sin2t9]g/4:%[(%—%)—(0—0)] =Z-3

cos 6 do {u:smg’ }

du = cos 6 df

17. [t cos®tdt = [ t[5(1+cos2t)| dt =5 [ tdt+ 5 [ tcos2tdt

u =1t dv=cos2tdt

114217 | 11y T 1Tl
_5[515] —|—5[5tsm2t]0—5 o 5 sin 2t dt |:du:dt, v=1sin2t

=37 +0— f[—3cos2t]] =470+ 5(1—1) = 47°
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Vi 1 4Vt 2 2 >
18. Letu = v/t. Thendu = —=dt = / —dt:/ €' (2du) =2 [e“} =2(e” —e).
WG T : (2 du) = )
19. Letu =e®. Then [e*™ do = [e* e"dr = [e'du=e"+C =e° +C.
20. Since e? is a constant, f e2de =e*x + C.
21. Lett = vz, so that t? = 2 and 2¢ dt = da. Then [ arctan v dx = J arctant (2t dt) = I. Now use parts with

1
u=arctant, dv = 2tdt = du= ——— dt, v =t Thus,
1+¢2

t? 1
I=t2arctant—/1+t2 dt=t2arctant—/<l—m) dt = t*> arctant — t + arctant + C

= zarctan vz — Vz + arctan vz 4 C [or (z + 1) arctan vz — vV + C]

2Inz dx. Then

22. Letu = 1+ (Inz)?, so that du =

/m\/%de%/%du:%(Q\/&)—FC:\/m-FC.

2. Letu =1+ Ve Thenz = (u— 1), de = 2u—1)du =

912 __ 1024 _ 1024 _ 1 | 2 _ 4097
u]— +5="m"

8
fol (l—l—\/;) dx = 12u8-2(u—1)du:2f12(u9—u8)du: [Tu'0—2.

2. [(1+tanz)’secxdr = [(1+ 2tanz + tan® z) secz dx
= [[secz + 2secz tanx + (sec’ z — 1) secx]dx = [(2secz tanz + sec® z) dw
=2secx + 3(secz tanz + In[secx + tanz| + C) [by Example 7.2.8]

Y1412t b(12t+4) -3 ! 3 1
25. Y O G L 7 B 4- = |4t —1 1] =@—-I4)—(0—-0)=4—1In4
s [ T [ [ (4o )@= st -mistal] =@ -may -0 -0 =41

2 2
S +1 Setl A B O kiply by (2 4+ 1)(2® + 1) to get

26. =
p4+x2+2x+1  (224+1D)(@+1) =xz+1  22+1

322+ 1=A*+ 1)+ (Bz+ C)(z+1) & 32°+1=(A+ B)2®>+ (B+ )z + (A + C). Substituting —1 for =
gives4 =24 < A = 2. Equating coefficients of 2 gives 3 = A+ B =2+ B < B = 1. Equating coefficients of =
gives0=B+C=1+C <« (= —1. Thus,

o3t 41 o — Yro2 Pt S P Yro2 RN S O
o H+z2+x+1 7 Jy \z+1 2241 T o \z+1 2241 2241

1
= [2ln\x+1|+%ln(x2+1)ftan_lx} =22+ 3In2-%)—(0+0-0)
0

5 ™
51112-2

27. Letu = 1 + €%, so that du = e® dz = (u — 1) dz. Then ! dr = 1, du _ 1 du = I. Now
1+e® u u—1 u(u —1)

1A, B
wu—1) u  u-—1

= 1=A(u—1)+Bu.Setu=1togetl =B.Setu =0togetl = —A,s0 A =—1.
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28.

29.

30.

31.

32.

33.

U CHAPTER7 TECHNIQUES OF INTEGRATION

Thus,I:/(_u1 uil) du=—Infu|+Inju—1+C=—-In(l+¢e*)+Ine"+C =z —In(1+¢€") +C.
Another method: Multiply numerator and denominator by e~ and let w = e~® + 1. This gives the answer in the
form —In(e™ 4+ 1) + C.
fsin\/adt = fsinu- %udu [u = vat, u? = at, 2udu = adt] = %fusinudu

= 2[—ucosu+sinu] + C [integration by parts] = —2+/at cosVat + 2 sinvat + C

= —Qﬁcosm—l—% sin+vat + C

Use integration by parts with u = ln(m + Va2 — ) dv =dr =

1 (1+ T >dm- 1 (\/xQ—l—l—x)dx_ 1
T+ vz -1 Va2 —1 _x+\/x2—1 Vzz —1 N

/1n(l’+\/ ) x—xln(er\/ f/\/%dx:xln(x+\/x271)f\/x271+C.

e’ —1 if e —1>0 e —1 ifz>0
le” — 1| = ( =

du =

dx, v = x. Then

—(e®*—=1) ife*—1<0 1—e® ifz<0
2 T 0 T 2/ x aco T 2
Thus, [©, [e” — 1] de= [~ (1 —e®)dx+ [, (e —l)dx:[x—e}il—&—[e _40
=0-1)—(-1l-eH+E-2)-1-0)=e+e'—-3

As in Example 5,

1+x Vi+zx 1+ / dx zdx .1
dr = | ——=dzr = + =sin T x—+V1—-22+C.
/ 1*33 \/1751: Vi4zx V1 —x2 V1 —x2 V1 —x2

Another method: Substitute u = /(1 4+ z)/(1 — ).

3 3/ 1
€ _ w1 u = 3/z,
/1 72 dr = /3 € ( 3 du) |:du = —3/z? dac:|

32 —a2=—(2*+2c+1)+4=4—(x+1)% Letx + 1 =2sin6,

where —% < 6 < 7. Then dr = 2 cos 6 df and 2 1
fmdxzf\/mdme\/m%‘,os@dG 5

=4 [cos’0df =2 [(1 + cos20)df 4—(x+1)7

=20 +sin20 + C = 20 + 2sinf cosf + C =V3I-2x-x

:2sin*1<$—2~_1> +$—2~_1\/3—2m—x2+0
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/2 : /2 o:
34./ 1—|—4cotx (1+4cosz/sinx) smx] dx:/ s1nm—|—4cosmdx

/4 4—cotx / { (4—cosxz/sinz) sing

4 u = 4sinxz — cosx,
du = (4cosz + sinz) dz

/o 4sinz —cosz

3/V2

[1 \u|] —In4— m%— 3/‘; 1(3\[)

/2

35. The integrand is an odd function, so /

—m/2

1+sinz (1 +sinz)(1 — cosx) 1—cosz +sinz —sinzx cosz
6. | ———dz= de = — dx
1+ cosz (14 cosx)(1 — cosz) sin® x
:/( 2 c.oszx c c'osac)dx
sin® x sinz

s 1 . .
= —cotz + . +1In|cscx — cotz| —In|sinz| + C  [by Exercise 7.2.39]

Cos T

1-—
The answer can be written as —1In(1 +cosz) + C.

1
i

1
37. Letw = tan 6. Then du = sec?0df = fﬁ/4tan30 sec29d0:f01 wd du = [iu‘l} =
0

/3 & ™/3 /3 w/3
38. / wd&z/ coszedé’:l/ (1+00529)d0:1{9+1sin20]
/6 sec 6 /6 2 Jxse 2 2 /6

D) -G -16-3

39. Let u = sec6, so that du = sec 8 tan 6 df. Then/M db = / ! du = /; du = I. Now
sec? § — secf u? u(u —1)

1 A B
wu—1) u  u-—1

= 1=A(u—-1)+Bu.Setu=1togetl = B.Setu =0togetl =—A,s0 A =—1.

Thus,I:/(L1 uil)du:—ln\u\+ln\u—1\+C=ln\sec€—1|—ln|sec€\+6’ [or In|1— cosf|+ CI.

40. Using product formula 2(a) in Section 7.2, sin 6z cos 3z = 1[sin(6z — 3z) + sin(6z + 3z)] = 3 (sin 3z + sin 9z). Thus,
Jo sin6z cos3zdr = [ 3(sin3z + sin9z) do = 3 [—% cos 3z — & cos 93;] )
0
=3l

IDECEDRECEDEE

M. Letu =0, dv=tan?0db = (se020—1) dd = du=dfandv=tanf — 0. So

=

JOtan® 0do = O(tan6 — ) — [(tand — 0) df = Otanf — 6> — In|sec O] + 16° + C
=0tanf — 16° —In|sec| + C
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8. Letu=tan 'z, dv = idx = du= ;dr,v = —l. Then
2 1+ 22 T
tan~ 'z 1 1 1 1 1 A Br+C
1= de =——1t - ——  _)dr=—-=% = d
/ 2 T p an " x /( $(1+$2)) T p an er/(er 1_'_3;2) T
1 A DBx+C

1=A0+2)+(Bz+C)z = 1=(A+B)2*+Cx+A4,50C=0,A=1,

(1 + z2) _;—’_ 1+ 22

and A+ B=0 = B = —1.Thus,

1 1 1 x 1 —1 1 2
I:—;tan x+/(;—1+$2>daz:—;tan m+ln|x\—§ln‘1+m‘+0

tan~ !z
= — +In
x

+C

x2—|—1‘

-1
Or: Let z = tan6, so that do = sec? 6 db. Then/ tan 5 L dr = / ta92 7 sec’0df = /G’CSC2 0 df = I. Now use parts
x n

withu =60, dv =csc?0d0 = du=df,v=—coté. Thus,

2
V 1
I=—0cotf — [(—cotf)df = —bcotf + In|sinf| + C x+

1

1 x tan” "z
=—tan 'z - -4 ln|———|+C=— +1n ’JrC 0
T «/x2+1’ x 2+ 1 1
1
43. Let u = \/ so that du = —~= dz. Then

2V

VT / u / u® / 1 1 t=ub
/1+a:3 de T () 1+ (u3)? du e \3% dt = 3u* du

=2tan 't+C=2tan "W +C = %tanfl(x3/2)+0

Another method: Let u = /2 so that u® = 2° and du = 311/2 dr = Vzdr= 2 du. Then

Va 3 2. 2. 13
mdl‘—/1+u2du—§tan u—i—C—gtan (SL‘ )+C
2
4. Letu = /1 +e®. Thenu? = 1+ ¢°, 2udu = " dr = (u® — 1) dz, and dz = uzﬁldu, so

2u 2u? 2 1 1
Viterdr = : du = du = 2 du = 2 - d
/ tetdr /u w1 /u2—1 u /(+u2—1) u /(Jru—l u+1) u

=2u+Inju—1]-Inju+1|+C=2VT+e*+In(v/T+e* —1) —In(vVI+e*+1)+C

45, Lett = 3. Thendt = 32°dz = I = [ 2e " dy = % fte_t dt. Now integrate by parts with u = ¢, dv = e * dt:

I=—fte '+ [eldt=—3te ' —te '+ C= f%e_xg(xS +1)+C.

1

. . . 1
46. Use integration by parts with u = (z — 1)e”, dv = = dr = du=[(x—1)e" +e"|de =zedz,v= - Then

x

/%dm:(x_l)em<_l)_/_ede:_ex_‘_@__'_ex_'_O:e__i_C'
x T - o
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47. Let u = z — 1, so that du = dx. Then
[aP(z—1)""de= [(u+1)*u " du= [(u®+3u>+3u+Dudu= [(u ' +3u > +3u?+u ) du

=lnu-3u"'-3u?-3u?+C=hnlz—-1-3@-1)""'-3@@-1)?-1@z-1)"7"+C

48. Letu = /1 — 22,s0u® = 1 — 2%, and 2udu = —2z dz. Then fol V2 —VI—a22de = [ V2 — u(~udu).
Now let v = /2 — u, so v2 = 2 — u, and 20 dv = —du. Thus,
0 V2 2 V2 o, 4 4,3 2 57V2
/1 \/2—u(—udu):/1 v(2—v )(21}dv):/1 (407 —2v%) dv = [30° — 20°]]
=(5vV2-8v2)-(5-3) =1V2- &
49. Letu=+Az+1 = uv’=42+1 = 2udu=4dr = dx:%udu.SO
1 tud
[aan [y [y
r/4x +1 (w2 =1)u w—1

Vidr+1-—1
=In|l——|+C
Vdr+1+4+1

N[

)ln

-1
Py ‘ +C [by Formula 19]

dx —u du
50. As in Exercise 49, let u = v/4x + 1. Then / = / / Now
2 \/4r + 1 [% _ 1 (u2 — 1)

1 1 A, B C D
w—1)? (w+1)2w—-12 u+1 (u+1)?2 u—1 (u—1)2

1=Au+1)(u—1)°+Bu-1>+Clu-1)(u+1)?*+Du+1)’ u=1 = D=2u=-1 = B=1
Equating coefficients of u> gives A + C' = 0, and equating coefficients of 1 gives1 = A+ B—-C+D =

1:A+%—C’+i = %:A—C.SOA:iandC:—i,Therefore,

[ w5+ o A

:/{L+2(u+1) f%JrZ(ufl)_z]du

+1
:2ln|u+1\fui+lf2ln\ufl\f%+c
:21n(\/m+1)—ﬁ—21n|\/4x—+1—1|—ﬁ+0
51. Let2x = tanf = 93:%tan@,dm:%seCZGdG,\/Zla:Z——i—lzsece,so
= 0do
/x\/49;2— /1‘5::0 sec /tS:rClZdez/cscedO Jarl
= —In|csch + cot ] + C [or In|csc — cot | + C] 2x
‘ da? 41 +C {or ln‘ 4I;$+ —% +C] ’ 1

(© 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



58 [l CHAPTER7 TECHNIQUES OF INTEGRATION

52. Letw = 2. Thendu = 2z dz =

dz . zdx 1 du 1 1w 1 1 2
/x($4+1)7/x2(a€4+1)72/u(u2+1)72/[u u2+1}dU721n|u‘ sn(w +1)+C

1 z*
= %ln(mQ) — iln(a:4 +1)+C= i[ln(m‘l) —1n(ac4—|— 1)] +C = Zln<l’4+ 1) +C
3
Or: Write [ = / & and let u = z*.
x4zt + 1)
53 2 . h( )d _ l 2 h( )_ 3 h( )d u = 22, dv = sinh(mz) dz,
. z° sinh(max)dx = ma: cosh(max p— x cosh(mzx) dz du — 2 d v = L cosh(ma)

= imz cosh(mz) — 2 (%x sinh(mz) — 1 J sinh(ma) dw) { U=a  dV = cosh(ma) dw’}
m m m

dU = dx V = L sinh(ma)

1, 2 . 2
=—a cosh(mz) — 7 sinh(maz) + — cosh(mz) + C

54, f(m—l—sin:c)z dr = [ (2° 4+ 2zsinz + sin® ) do = 12° + 2(sinz — zcosz) + 1 (z — sinzcosz) + C

= %933 + %m—l—Qsinaj—%sinmcosx—Zxcosx—&—C

55. Let u = vz, so that z = u? and dz = 2u du. Then/ du :/ 2udu :/ 2 du=1
s J@rew | wirw

2 A B
Nowm —Z—i—l_’_—u = 2=A(1+u)+ Bu.Setu=—1toget2=—B,s0 B=—2.Setu=0toget2=A.

Thus,[:/(g—i) duzzln\u\—21n|1+u|+C:21n«/5—21n(1+\/5)+C.
u 14w

56. Let u = \/E, so that = 2 and do = 2udu. Then

dx 2u du 2 1 1
/\/E+x\/5:/u+u2-u:/1+u2dUZ2tan u+C=2tan" "V +C.

57. Letu = Yz +c. Thenz =u —¢ =

Jz¥rFedr= [(u’—c)u-3u’du=3[(u®—cu®)du=2u" — 2cu* +C=2(z+0)"? - 3c(z+)** +C

58. Lett = /22 — L. Then dt = (z/va? —1)dz,2® — 1 =1, 2 = V12 + 1,50

rInx

= [ 2T
Vaz—1

de= [ In\/t2+1dt =3 /ln(t2 + 1) dt. Now use parts with u = In(t*> + 1), dv = dt:

2
I:%tln(t2+1)—/t2t+1dt:%tln(t2+1)—/{l—tzil]dt

= %tln(t2+1) —t+tan 't4+C=vV22—1lnz—vV22 —1+tan Va2 —1+C

Another method.: First integrate by parts with u = Inz, dv = (x/v/2% — 1) da and then use substitution

xr =sechoru=+z2—-1).
( )
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L _ L = L = A B D iply b
x4 —16 (22 —4)(22+4) (z—-2)(z+2)(22+4) x-2 x+2 22+4° Py by

59.
(z—2)(z+2)(x* +4) toget 1 = A(x + 2)(2® +4) + B(x — 2)(2* +4) + (Cx + D)(x — 2)(x + 2). Substituting 2 for x
gives1 =324 & A= 3% Substituting —2 for x gives 1 = —32B & B = —3—12. Equating coefficients of 23 gives
0=A+B+C =35 — 355 + C,s0C = 0. Equating constant terms gives 1 =84 — 8B —4D = ; + 1 — 4D, so

1=-4D & D=—3% Thus,

dv [ (1/32 1/32 18 1 1 11 _/a
/x4716_/(x72 vr2 i) phle -2 gpnle g Stan (2)+C

1 r—2 1 T
bl (3
32nx+2‘ 6 " +c

60. Let 22 = sec 6, so that 2 dxz = secf tan 6 df. Then

/ dz 7/ gsecftanfdf [ 2tanfdf .
x2v/422% — 1 1 sec? 0 +/sec?0 — 1 secf tan 6 1
=2fc089d0=28in9+6’ [4
1
7 7
_9. 4z 1+C: 4z 1+C
2x T

do 1 1 —cosf 1 —cosf 1 —cosf 1 cosf
61'/1+c039_/(1+c036’.1fcos0)d0_/17c0529d0_/ sin? 0 de_/(sin20_51n29) df
= [(csc® 0 — cot 0 csc) df = — cot 6 + cscf + C

Another method: Use the substitutions in Exercise 7.4.59.

o 2/(L+t3)dt 2dt B B B 0
/1+cos9 _/1+(1—t2)/(1+t2) _/(1+t2)+(1—t2) _/dt_HC_tan ) T¢
2 2 2
62, / do :/ (1/cos® 6) do :/ sec” 0 dG:/ SZC 0 d@:/ 1 du u:tanZQ,
1+ cos?260 (1+ cos?0)/cos?6 sec26+1 tan? 6 + 2 u? 4 2 du = sec” 6 d

—/mdu—%tan_l<%)+C’—%tan_1(%)+C

63. Let y = vz so that dy = dz = dz=2vaxdy=2ydy. Then

1
2Vz
_ 2 _
/\/Eeﬁdx :/yey(dey) :/2y2eydy {du—Qy , dv—eydy,:|

u = 4y dy v=e"

U = 4y, dV:eydy,]

— 2,y _ Y
= 2y°e /4ye dy WU =ddy V—e

=2ye? — (4ye¥ — [4e dy) = 2y’e’ — dye? + 4e¥ + C

:2(y2—2y+2)ey+0:2(x—2\/5+2)eﬁ+0

(© 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



60 L[l CHAPTER7 TECHNIQUES OF INTEGRATION

64. Letu = /x + 1,50 that x = (u — 1)? and do = 2(u — 1) du. Then

1 2(u—1)du / 1/2 ~1/2 4 32 1/2 4 3/2
de = | 2——=2"" — [ (2u'?—2u du= cu™" —4du’"+C = £ (Vo +1)7" =4 /Vz + 1+C.
/\/\/E+1 / Vu ( : 3 3(Vr Y v

65. Let u = cos® x, so that du = 2 cos = (— sin x) dx. Then

sin 2x 2sinx cosx 1 1 1 2
/ 1T cosis & / T (co?2)? i / T (—du) an - u+ an~ " (cos® ) +

66. Let u = tanx. Then

/3 7/3 V3 2
/ M:/ Mse&xdw:/ 1nTudu: [%(lnu)ﬂf:%(ln\@) = 1(In3).
™ ™ 1

sa sinz cosz /4 tanz

ve+1l— /x /x
67-/ dv :/ = . v dm:/(\/m—l- —\/E)d;r
Vi+1+Vz Ve+l+yz Ve+1l—Vaz
— %[({E + 1)3/2 _ 1,3/2] +C
68 x? do — 22 dx _ Ldu —
“)oat 33 +2 7 ) @3+ D)@ +2) ) (u+1)(u+2) [du=327ds |’
Now ! _._A4 + B = 1=A(u+2)+ B(u+1). Settingu = —2 gives B = —1. Settingu = —1
(urDu+2) utl u+t2 - o w ). Selingu = —og = — L Setting v =

gives A = 1. Thus,

1 du 1 1 1 1 1
S - - du=—1 1 - =1 2
3/(u—|—1)(u+2) 3/(u—l—l u—|—2) u=ghfutll=gnfu+2+C

:%ln|x3+1|féln|x3+2|+c

69. Letz = tan6, so thatde =sec®0df,x =3 = 6=Z,andz=1 = 0 =73 Then

V3 2 /3 /3 2 7/3 2
/ \/1J2r:1: dp — sec 6 sec29d9:/ secf (tan” 0 + 1) d9:/ (sec@ tan’0  secf )dG’
1 €z K K

x/a tan?@ /4 tan? 6 /4 tan? 6 tan? 6

/3 /3
= / (secB + csc b cot ) df = [ln\sec@+tan0| —CSC9:|
/4 /4

= (|24 V3 - &) - (n|[V2+1[ = v2) = V2- Z +In(2+3) ~In(1+ V2)
70. Letw = e”. Thenz = Inu, do = du/u =
/ dz 7/ du/u 7/ du 7/ 2/3  1/3 i
112 e+ J1+t2u—1/u ) 22 +u—1 J |2u—1 w+1]™

tln2u—1|—iInju+1/+C =3 1In|(2e" —1)/(e" +1)| +C
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7. Letu = ¢®. Thenz = Inu, de = du/u =

e u? du U 1 " -
/1+ezdm—/1+u7—/1+udu—/<1—H—u>du—u—ln|1+u\+0—e —In(14¢€%)+C.

72. Use parts with u = In(z + 1), dv = da/2*:

In(z +1) 1 dx 1 1 1
PET D) gp= 11 1 @ 1 L. d
/ 2 * wn(m—i— )+/$(x+1) mn(:c—i— )+/Lc x—l—l} v

:—éln(m—l—l)—l—lnm—ln(:c—l—l)—l—C’:—(l—l—é)ln(x—i—l)—i—lnw—l—C

1
73. Let = arcsin z, so that d) = —— dx and © = sin 6. Then
V1 —x2
x + arcsinx . 12 1
——dr = sinf + 60)dfd = —cosf + 360° + C
= (sin6 +6) . )
—V/1—22 + $(arcsinz)® + C 0
1—x2

4° 4107 (/4% 107 I P L

75 dzx . dx _ @ u=Inx —1,
") zlnz—2 ) z(lnx-1) ) wu du = (1/z) dz

=Inju/+C=hnhz—-1+C

z? tan’0 z =tan@ ]
76. [ ——=dx= sec” 0df ’
/ vz +1 / sec O |:d:v = sec? 0db \/m
= [tan® @ secOdO = [(sec® § — 1)sectdf ¥
[
= [(sec® 0 — sec ) do :

= 2(secf tanf + In|sec§ + tand|) — In[sec§ + tand| + C [by (1) and Example 7.2.8]

(secO tan® — In|secd + tanf|) + C = L [zv2> + 1 —In(vV22 + 1+ 2)] + C

l\JI)—'

77. Lety = /1 + e®, so thaty®> = 1 +€”, 2y dy = e” dx, e* = y* — 1,and x = In(y* — 1). Then

mmw—z/mw+n+m@—nwy

[ [
=2y + DIn(y+1) = (y+ 1)+ (y—Dn(y—1)— (y—1)] +C  [by Example 7.1.2]
=2yln(y+1)+In(y+1)—y—1+yln(y—1)—In(y—1)—y+ 1]+ C
=2y(In(y+1) +In(y — 1)) +In(y+ 1) = In(y — 1) — 2y] + C

_Q[yln(y —1)+lny+ 2y}+0:2[\/1+611n(6x) 1re +1—2\/1+ez +C

\/1+ @
\/l—i—e +1 \/l—i—e”—&—l
=2xv1+4+e*+2In —4\/1-1- c+C=2(r—-2)V1+e*+2In +C
V14e® V1i4der -1

(© 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.



62 [ CHAPTER7 TECHNIQUES OF INTEGRATION

78 1+sinz 1+sinx 1+sin:£71+2sinx+sin2m71+28inr+sin2m7 1 2sinz  sin’z
"1—sinz 1—sinz 14sinz 1—sin’z - cos? x T cos?2z  cos?z  cos?u
=sec?z + 2secx tanz + tan® z = sec® z + 2secx tanz +sec? x — 1 = 2sec’ z + 2secx tanz — 1
1+sinx 2
Thus, 1—.dm: (2sec”x + 2secx tanx — 1) dx = 2tanx + 2secx — x + C
—sinx
79. Letu =z, dv =sin®zcoszdr = du:dgtt,z):%sin3 x. Then
[asin’z coszdr = xsin®z — [ 1sin®wde = txsin®x — 3 [(1—cos®z)sinzda
_ 1 .3 1 2 u = cos,
—g.TSlIl x+§/(1—y)dy |:du:—sinxdz:|

1.3 1 1,3 1.3 1 1.3
srsin®x + 3y — gy° +C = 3xsin®x + 3 cosz — gcos”x + C

80 secx cos2x d secx cos2x 2cosx d 2 cos 2x
sinx + secx sinx +secx 2cosx 2sinxcosx + 2

2 cos 2x 1 u = sin 2z + 2,
= —%——5dzx= [ —du
sin2x + 2 U du = 2 cos 2x dx

=Inju|+C =ln|sin2z + 2| + C =In(sin2z + 2) + C

81. V1 —sinzdr = \/ ST, +STnxdx= ﬂdw
1 1+sinx 1-+sinx
/ cos? x e / cosxrdr [ > 0]
= —_— = —_— assume cos &
1+sinzx v1+sinz

_ du u=1+sinz,
- \/ﬂ du = cos x dx

=2y/u+C=2y/1+sinz+C

Another method: Let u = sin z so that du = coszdzx = /1 — sin? zdz = v/1 — u2 dz. Then

/\/1—sin;tdx:/\/l—u(\/flu_Q):/\/ll_'__udu:2\/1+u+C:2\/1+sin;t+C’.
— U

sinx cosx _ sinx cosx B sinx cosx
(sin? )2 + (1 — sin?® z)2

_ 1 ldu u = sin? z,

- u2+(1—u)2 2 du = 2sinz cosz dx
1 1

_/4u274u+2du_/(4u274u+1)+1du

1 1 1 y=2u-—1,
/(2u—1)2+1du_2/y2+1dy [dy:2du }

ttan'y+C=1tan '(2u— 1)+ C = tan '(2sinz — 1)+ C

P PR e = dx
sin* z + cost (sin® )2 + (cos? z)?
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Another solution: sinx cosx sinz cosx)/ cos* © tan x sec? z
/ der = / ( ( )/ dr = / dx

sin* 2 + cos? x)/ cost = tantz 4+ 1

1 l d u = tan? x,
u2+1\2 u du = 2tan z sec? z dz

1tan"'u+4 C = S tan ' (tan’z) + C

sin* z + cost x

. 2 S . .
83. The function y = 2xe” does have an elementary antiderivative, so we’ll use this fact to help evaluate the integral.

J(2z* + 1)6””2 dx = f2w26”2 dr + fe”z dx = fx(2xe”2) dzx + fe”2 dx

2
2 2 2 u=ux  dv=2ze” dx, 2
=ze” — [ dr+ [e¥ dx { o } =z +C

du = dx v= e*

2 o In2 et s In2
84. (a)/ —d:c:/ —etdt | T :/ e dt = F(In2)
1 T 0 e dr = e'dt 0

3 In3 Inln3 _e¥
1 1 u=Inz, e _ v
(b)/ —dx:/ —(e"du) |, _ 1, :/ —e”dv {d“f;d ]
2 Inz ln2 U =2 Inln2 € w=ec av

0 Inln3
oV o
= e’ dv+ / e’ dv [note thatlnln 2 < O]
Inln2 0

Inln3 v Inln2 »
= e° dv—/ e dv=F(Inln3) — F(lnln2)
0 0

Another method: Substitute z = ¢°" in the original integral.

7.6 Integration Using Tables and Computer Algebra Systems

63

Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms of the answer.

1 /W/z cos Hx cos 2z dx 80 {sin(5 — Z)x + sin(5 + 2)96} " {a =5, ]
0 ) 1,

2(5 - 2) 2(5+2 b=2
_ [sinde  sin72)™? 01 1) =73 5
16 14 |, 6 14 4221

1 1 _1
2, / \/x—dexz/ \/2(%)x—x2dxlé3 [xT2 2(%)96—3:24-(7
0 0

1
QI_lx/x—12+lcosfl(l—2x) = 0+1~7T —|10+<-0) =<7
4 8 o 8 8

%f; Ju2 — (\/3)2 du [u:Qw, du:2d.’1>]
wt /u27(\/§)2 :|4

=12v13-2m(4+v13)] - 1(1-3m3)=v13-3Im(4+Vv13) =1 + 2In3

=
—
™
Q
o}
17}
|
-
VRS
ISIE
vl |
8]
N
[

3. [0 VAaZ = 3dx

w
©

1{u 5 2 (\/5)2
‘5[5 W= (V3) — 5
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/6
4, / tan ( )d:):— 6/ tan® u du [u=(n/6)z, du= (7/6)dz]
0 6 T Jo

/6 2
696 6 1/ 1 V3

1 =22 = In X2 | — Inl
7T{Ztan u+ n|cos.u|]0 71_[(2(\/5) +1In 2) (0+1n1)

8 4
fow/ arctan 2z dr = % Oﬂ/ arctan u du [u =2z, du=2 dx}

/4 2
1 1 2 _1r 1 u
5[uarctaunu— Eln(l—i—u )]O = 2{{4 arctan 1 2111(1—1— 16)} O}
™ T 1 s
= garctanz - Zln(l + 1_6)

? 31 | ,, 2 16 . 1/x
/ x4 —x2dx = {g(Zm 74)\/47x2+§sm (—)]
0

o

I8

[=2]

cos T 1 u=sinz 20 1 u—3 1. |sinz—3
7. | ———dx= | ——d ’ = —1 = Zp|l——2
/sinzx—9 v /u2—9 “ {du:COSIdI} 2(3) nu+3’+C 6 nsinx+3‘+c
e’ B 1 u=e®, v 1 u+2 1 e’ +2
8./4762mdx—/47u2du |:du:e$dm:| —2(2)lnu72‘+C—4lne 72‘—&—0
9 V922 +4 9:1:2 d [ VuE+ d u = 3z,
' u2/9 3% du = 3da
/ 2 / 2
3/%du¥3{—%+ln(u+ 4+u2)]—|—C
/ 2 /
:—343—ng+3111(3$+\/4+9$2)+0= Vort+4 ———— +3In(3z + v922 +4) +

10. Letu = ﬁyanda: /3. Then du = \/ﬁdyand

/\/Zy—— /\/Wduix/—/m 42\[(\/7

+ln‘u+ u? — a?

)+e

—f( \/—+ln(fy+\/2y——(>+0

[973 _
:7%+\/§In(\/§y+\/2y273(+0
1. foﬂc0569d97:4 [écosse sinQHJr%fO cos*0do 20+ 3 {[ cos 951116’} + = fo cos 9d9}

64 ) . ) i
Z%{0+% [§9+ismze]o}:g.%.5:?_

du = 2z dx

12. [av2+alde= [V2+ 2 (% du) |:u:a:2, ]

2
a- {\/2+u2+ ln(u+\/2+u2)]+C:%\/2+m4+%1n(x2+\/2+x4)+0
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arctan /T

_ u =z,
N dz arctan u (2 du) { }

du =1/(2y/7) dx
g 2[uarctanu — 1 In(1 + v?)] + C = 2y/warctan /z —In(1 + z) + C
14, [T 2% sinadr 2 [—xB cos xr +3 [T a2 coswdr & —7(~1) + 3{ [m2 sinx}7r -2 [ xsinwdm}
0 0
=n°—6 [ wsinzdr Bl 6{ [fxcosxr + /s cosxdx}
0

=% — 6[n] —6[sinx}7r =% —6r
0

coth(l/y) , Ay
15. /Tdy—/COthu(_du) du=—1/y>dy

106

= —In|[sinhu|+ C = —In|sinh(1/y)| + C

16 (e dt

3t 2t 2 +
——dt= [ ———(e'dt) = [ —du v=cn
) V=1 ] Vo1 N du = et dt
ﬁ%\/u271+%ln|u+\/u271|+C:%et\/e”flJréln(etJr\/e”fl)JrC
7. Letz=6+4y — 4y =6 — (4 —dy+1)+1=7— 2y — 1), u=2y — 1,anda = /7.
Then z = a? — u?, du = 2dy, and

Jy6+4y—dy2dy= [yyzdy= [2(u+1)Va® —u2tdu=1 [uva® —udu+ 1 [Va® —u?du
=2 [Va®—u?du— 3 [(—2u)Va® —u2du

2 2 2
WU s O ~—1(E)_1 o w=a® -,
=3 a u? + 3 sin - 3 w dw dio — 20 du
2y — 1 7. . 2—1 1 2 4,
3 + 4y Y +8sm N 3 3w +
2y —1 7T . _12y—1 1
= y8 6+dy —4y? + g sin”! yﬁ — 356 +4y —4*)*2 +C

This can be rewritten as
1 1 7T . _12y—1
V6 +4dy — 42 |-y —1) — — 4y — 4y? - !
6 + 4y — 4y 8(y ) 12(6+y y)}—kssm \/?+C

= (1y2—ly—§) 6+4y—4y2+gsin’l(2y_1) +C

3 12 8

:2—14(83/2—2y—15) 6+4y—4y2+gsin*1(2y_1> +C

VT
dx B dx 50 1 2 -3+ 2z 1 9 2z — 3
18'/2x3—3x2_/x2(—3+2m)_ —3:c+(—3)21n‘ x +C_3x+91n x ’+C
19. Let u = sinx. Then du = cos x dx, so
.2 . 2 101 U2+l 1.3
/sm x cosz In(sinz)dr = [ v Inudu = G [(@+1D)Inu—-1]+C=35u"Blnu—-1)+C

= ssin®z [3In(sinz) — 1] + C
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20. Let u = sin 6, so that du = cos 6 df. Then

sin 20 2sin 6 cos 6 U 55 2
—=_dh= | EB=——d0 =2 | ——duZ2-———[-1u—20B)V5—u+C
V5 —sinf \/5 —sinf /«/5—u u 3(_1)2[ u (5)] U

=2(-u—10)v5—u+C = —3(sinf +10) /5 —sinf + C

21. Letu = e® and a = v/3. Then du = €® dz and
u-+a

[ofmien [ e,
3—e2= ) a?—u? 2a i

22. Letu = 22 and @ = 2. Then du = 2z dx and

f02m3\/412—x4dx:% 021‘2 2-2-m2—(m2)2-21dm:%fo‘lu\/?au—uzdu

e+\/_
\/_

+C:—1
2

2 o 4
[2“ au — 3a° m—l——cos_l(aau)}

0

2 4
{Qu —2u—12 —7u2+—cos (2;u)]
0

{“ — U6 T 4 2 cos (2;“>r

0

=[0+2cos ' (~1)] - (0+2cos ' 1)=2-m—2-0=27

7 7
23. [sec’ xdx = %tanx sec® x + % [sec® zdx = itanx secd x + %(% tanx sec:):Jr%fsec:):d:):)

4
= ltanz sec® z + £ tanx secx + £ In[secz + tanz| 4+ C

4. [2®arcsin(z®) do = [uarcsinu (§du) { u = 2?2, ]

du = 2z dx
— V1 — w2 4 _ 2. /1 — 14
E %[2u4 ! arcsinu + ulTu] +C= 23Efglarcsin(gf)Jr % +C

25. Letu = Inz and a = 2. Then du = dz/x and
V4 + (Inx)? 20 U a?
Y dr= a2+u2du:§\/a2+u2+71n(u+ a2+u2)+C
T
%(lnx)\/4+(lnx)2+21n[lnx+ 4+(ln$)2}+0

26. fm4efz de Z —2%e

T4 4f:c3efz de Z —zte ™ + 4(—x3eﬂ” + 3fxzefz dm)

= —(z* +42%)e " +12(—2’e " + 2 [ze “ dx)

96 4 3 2\ —x —x 4 3 2 —x

= —(z*+42° +122%)e " + 24[(—z — 1)e "]+ C = —(z" + 4a° + 122° + 24z + 24)e " + C

So [Tate Tdr = [—(2* +42® + 1222 + 247 + 24)e "] = —(1 4+ 4+ 12+ 24 + 24)e ™ + 24¢° = 24 — 65¢ L.
0 0

1,2
cos” (%) ., 1 1 w=a"2,
27. /de——i/cos udu {du:—%*:‘dw]
8:8—%(ucosflu—\/l—zﬂ)—i—C:—%rfzcosfl(rfz)+%\/1—x*4+0
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28 dzx B 1 d_u u=e*,
) \/1—621 - \/1_u2 u du = e® dz, de = du/u

1++v1—u? 14++1—e22
u er

)

é—%ln‘

—l—C’:—ln‘

\/1 — e2x
+C:—1H(%) +C

29. Let u = €”. Then = Inw, dv = du/u, so
foZ —
/\/621‘ —ldx = /uTldu 4wz -1 —cos '(1/u) 4+ C =+/e2r — 1 —cos '(e™*) + C.

30. Let w = at — 3 and assume that « # 0. Then du = o dt and

1 1
/et sin(at — 3)dt = — /e("+3)/a sinudu = =e** [ /% siny du
« a

ES

(1/a)u 2
ée?’/a(l/ea)ﬁ (é sinu — cosu) +C = éei)’/o‘e(l/o‘)"ﬁ (i sinu — cosu) +C

1
= me(wg)/o‘(sinu —acosu)+C =

e e’ [sin(at — 3) — a.cos(at — 3)] + C

2t dx 2t dx

. 1 du u= z°,
/z10 —_9 [(25)2 — 2 5 / /2 — 9 [du: 5z da::|
8 %lnfu+\/u2—2|+C: %ln’xs—l—\/:clo—ﬂ—i—C’

3.

32. Letu = tan @ and a = 3. Then du = sec?  df and
sec? 0 tan? 6

2
U

—_——dl = | —d

V9 —tan? 0 /\/a2 —u? “

= —%tan@x/g — tan?60 + gsirfl (ta;@) +C

N Y @ 1 (Y
=-3 a? —u —l—?sm - +C

33. Use disks about the z-axis:
V= [ n(sin®z)’de = [ sin® zdx = m{[-%sin’z cosz|) + § [ sin® zdx}

2 {0+ 2 [3e — dsin2e]]} = x [ (4w~ 0)] = 2

34. Use shells about the y-axis:

sin” " x + - =40

1 2 511
V:/ orz arcsinz de 2 27 2z Lin? ryl—z? =2 1 T —0| = 171-2
0 4 4 o 4 2 4

2

d |1 a 1 ba® 2ab
35. (a) o [b—3(a+bu— a+bu—2aln|a+bu\> +C’} =5 b+ T (a—&—bu)}

1 [b(a+ bu)? + ba® — (a + bu)2ab}
b3 (a + bu)?

1 biu? B u?
T (a+bu)?| (a+bu)?
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(b)Lett —a+bu = dt = bdu. Note that u — ~—2 and du — %dt.

b

u? du 1 [ (t—a)? 1 [ t*—2at+ad® 1 2a
/7(a+bu)2:b_3/ e dt = ()3/7262 dt_bs/(l__+ )dt

2

4
36. (a) diu {2(2u2 —a®) Va2 —u? + % sirfl% + C}

8
U, 5 o a* 1/a
g =) az_u2+v R R E R e

u?(2u® —a?) [ u? 2u2 —a? at
= )y V& +
S 8Va2— 8 8+va? —u?

2
=1@®—u?)"1? [—%(2112 —a®) +u?(a® —u?) + 1 (a® —u?)(2u® — a®) + %

2/ 2 2
= %(a2 —u2)71/2[2u2a2 —2ut] = v “u) (a” —u’) =u?Va? — u?

a? — u?
(b) Letu = asinf® = du = acosfdf. Then
[u* Va2 —u? du= faZSinQGamacosedG = a* [ sin® 6 cos® 0 df
=a* [ 1(1+4 cos20)1(1 —cos260)df = La* [(1 — cos®26) df

=2a* [[1— 2(1+cos46)] df = 3a* (360 — £sin46) + C

1 a’ 1 a
—2aln|t| - & +bu— — 2l n
= (t aln [¢| )+C (a bu . 2@ n\a+bu|> c

=1a*(360 — £ -2sin20 cos20) + C = 1a*[36 — 1sinf cosf(1 — 2sin’ )| + C

a* . Ju  wuva®—u? 2u? a* . v uva?—u?ad®—2u°
=—|sin  —————(1-— )| +C=—|sin"" — — —

8 a a a a? 8 a a a a?
= %(2u2 —a®)Va? —u? 4+ —sin"' = +C

37. Maple and Mathematica both give [ sect* zdr = % tanz + % tan z sec? z, while Derive gives the second

sinx lsinz 1

= = tanx sec® z. Using Formula 77, we get

term as = = =
3cos3x 3 cosx cos? T 3

fsec4xdx: %tanx sec2x+%fsec2xd:1: = %tanx sec? x + %tanx+C.

) and Maple gives

38. Derive gives [ csc® xdr = % In (tan(g)) —cosx (8 e il w

1 3 3 . Sy 1—
—= c.os;a: - = ({ost + = In(cscz — cot z). Using a half-angle identity for tangent, tan z_ ﬂ
4sin*xr 8sinxz 8 2 sinx
1—cosx ( 1 cosx
- =In
sinz

T
Intan— =1In - -
sinx sinz

Mathematica gives

— > = In(cscx — cot x), so those two answers are equivalent.

, we have
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SECTION 7.6  INTEGRATION USING TABLES AND COMPUTER ALGEBRA SYSTEMS LI 69

I= —ECSCQE —icsc4£ — —lo cosz—i—élo sinz—f—iseczz —i—ise(flz
TR T2 BEOSy TR BTG TN 3 TN 2
_3 z 3 (sec? L —esc? L) + L (sect L — escd )
=3 (logsm > —logcos — ) 32 (sec > csc? ) + o (sec 5 — s g
B S B[ 11 i1
g 8 cos(xz/2) = 32|cos?(z/2) sin%(z/2)| 64 |cost(z/2) sint(x/2)
.2 _ 2 4 _ 4
3logtan— + 3 [sin”(z/2) .COS (z/2) + 1 [sin®(z/2) .COi (z/2)
8 32 | cos?(z/2) sin®(x/2) 64 | cos*(xz/2) sin*(z/2)
1—cosz 1+cosx 2cosx
sin?(z/2) — cos®(x/2) 2 B 2 T 9 —4cosx
Now ) = — = 2 = )
cos?(z/2) sin*(z/2) l+cosz 1—cosz 1—cos’x sin®z
2 4
and sin®(z/2) — cos(z/2) _ sin®(z/2) — cos®(x/2) sin®(z/2) + cos®(z/2)

cost(x/2) sin*(z/2)  cos?(z/2) sin®(x/2) cos?(x/2) sin®(x/2)

—4cosx 1 4cosx 4 16 cosx

siny l+cosz 1—cosz sin?z 1—cos?zx sin? x
2 2

Returning to the expression for I, we get

10 tan——&—i —4cosx +i —16cosx _§10 tan§_§cosx _lcos;r
s 32\ sin’z 64 sin® z 8 8 2  8sin’z 4sin*z’

so all are equivalent.

Now use Formula 78 to get

/Cscsxdm:_?lcotx csc3m+%/csc mdx__lcosm 13 +2(_71cotxcscx+%/cscxdx)

4 sinx sin® x

3
- — = -1 — cot c
4sin*x  8sin’z + 8 nescx —cot 2| +

1 cosz 3cosz 1 3 1 cosx 3 cosx
——— - - cscxdr = —
4sin*x 8sinzsinx 8

39. Derive gives f;rQ Va?+dde = tx(a® +2) Va2 +4 - 2111(\/952 + 4+ x) Maple gives

1z(2® + 432 _ Ly \JeT 14 —2 arcsinh(%x). Applying the command convert (%, 1n) ; yields
ix(m2+4)3/2——x\/x2 21n( %\/x2—|—4):%x(m2+4)1/2[(x2+4)—2] —21n[(m+\/x2+4)/2]
Z%l’( +2) Va2 + 21n(\/x2+ + )—1—21112
Mathematica gives 22(2 + 2%) v/3 + 2% — 2 arcsinh(z/2). Applying the TrigToExp and Simplify commands gives

2[z(2+2*) VA +2? —8log(3(z+VA+2?))] = j2(2® +2) Va® +4—2In(z + V4 +2?) + 2In2,so all are
equivalent (without constant).

Now use Formula 22 to get
/x2 22 4 2 dx:§(22+2:1:2)\/22+—96272—841n(x+\/22+—x2)+0
= 2@)@2+2) Vit a® —2n(z+Vi+a?)+C
=122 +2)Va? +4-2In(Va2 +4+2)+C

oo|
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70 0 CHAPTER7 TECHNIQUES OF INTEGRATION

L dx e ¥  3In(3e"+2) 3z .3 . 3 .
40. Derive gives / Bty 2 + 1 1 , Maple gives 1 In(3e” + 2) 507 " 4 In(e®), and

Mathematica gives

e*(L‘

2

3 ey €% 3 3¢ +2\ e 3In(3e"+2) e ® 3 . 3
+4log(3+26 ) = 3 +4log( e )— 5 —|—4 T or =—= +41n(3e +2) 1%

so all are equivalent. Now let u = e®, so du = e” dx and dz = du/u. Then

_ v g1 du_ ;duﬂ—i—&—iln 2+3u
er(3e* +2) ) uw(Bu+2) u ) w2(2+3u)  2u 22 u

8o sey Bme e L Bl i) 3
=— +—ln(2+3e)—zlne +C = 2@1+4ln(3e +2) 4x+C

+C

2er 4

sinz cos®z  3sinz cosz 3z

1 ) + e while Mathematica gives

41. Derive and Maple give / cos* zdx =

3z 1. 1. 3 . 1
) + 1 sin(2x) + 32 sin(4z) = 3 + 4(2 sinz cosx) + 3 (2sin 2z cos 2z)

—_

= 3% +§sinx cosz + %[QSinx cosx (2cos® z — 1))

3z + ! si cosx + L si cos® ! si cos
= - = SinxT i —Ssimnx r — —SInx— x,
8 2 4 8

so all are equivalent.

Using tables,
74 . 64 . .
fcos4xdx = lcos®z sinx + % f0052 xdr = 1 cos®z sinz + %(%x + %s1n2x) +C

4 4

= %005337 sinz + %x+%(2sinx cosz) +C = %005396 sinz + %er %Sinx cosz +C

; 1 — 2 2 _
42. Derive gives /xzx/ 1—22de = arcsémx + zvl :1:8(21: L , Maple gives

72(1 —2%)%/2 4 g\/l —z?+ % arcsinz = = (1 — 2?)Y/?[—2(1 — 2%) + 1] + é arcsin

= z(1 —2)YV2(22% - 1) + 1 arcsin z,
8 8
and Mathematica gives % (:1: V1 —22(—1 + 222) + arcsin x), so all are equivalent.

Now use Formula 31 to get

/:1:2 1fx2d:p:§(2x271) 17x2+ésin71x+0

43. Maple gives [ tan’ zdz = 1 tan* z — 1 tan® z + £ In(1 + tan® z), Mathematica gives
[ tan® zdz = 3[—1 — 2 cos(2z)] sec* = — In(cos z), and Derive gives [ tan® z dx = 1 tan® z — 3 tan® z — In(cos z).
These expressions are equivalent, and none includes absolute value bars or a constant of integration. Note that Mathematica’s

and Derive’s expressions suggest that the integral is undefined where cos x < 0, which is not the case. Using Formula 75,
i tan® z dz = 5—11 tan® 'z — f tan® 2 xdx = i tan® z — I tan® z dz. Using Formula 69,
[tan® zdz = % tan® z + In|cosz| + C, so [ tan® xdz = 1 tan® z — L tan® z — In[cos z| + C.
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DISCOVERY PROJECT  PATTERNS IN INTEGRALS U

44. Derive, Maple, and Mathematica all give / \/%\3/_ der = % \ Vo +1 (3 T 8). [Maple adds a
14+ Vz

constant of —%.} We’ll change the form of the integral by letting © = /z, so that u® = & and 3u? du = dx. Then

/ 1 dp = 3u? du 23{ 2 (
ik Ve viee T 0y

2(8+3u” —du)vIFu+C =2(84+3V? -4V ) Vi+ Va+C
14+ V1 —2? 14+ +v1—2?
T T

8(1)* + 3(1)*u® — 4(1)(1)u) V1 + u] +C

1 35 1
45, (a) F(x) = r)dr = | ——=dr=—=In
@ F = [ @~ [ e |
fhas domain {x |2 #0,1 —2* >0} ={z |z #0, |z| <1} = (—1,0) U (0,1). F has the same domain.

+C.

+C:fln‘

(b) Derive gives F(z) = In(v/1 — 2% — 1) — Inx and Mathematica gives F(z) = Inz — In(1 4+ v1 — 22).
Both are correct if you take absolute values of the logarithm arguments, and both would then have the
same domain. Maple gives F(z) = — arctanh(1/+/1 — 22 ). This function has domain
{o|lz)<l,-1<1/VI-22<1}={z|lz| <L 1/VI-2><1}={a|lz]<L,VI—a®>1} =0,
the empty set! If we apply the command convert (%, 1n); to Maple’s answer, we get

1 1 1 1
—=In{ ———=+1) + = In( 1 — ———— ), which has the same domain, 0.
2 (\/1—:52 > 2 ( \/1—932>

46. None of Maple, Mathematica and Derive is able to evaluate [(1 + Inz)\/1 + (zInx)? dz. However, if we letu = zlnw,

then du = (1 + Inx) d and the integral is simply [ v/1 + u? du, which any CAS can evaluate. The antiderivative is

%ln(mlnx—i— \/1+(xln:c)2) +2zlnz\/1+ (zlnz)? + C.

DISCOVERY PROJECT Patterns in Integrals

m

1. (a) The CAS results are listed. Note that the absolute value symbols are missing, as is the familiar “ + C'”.

_In(z+1) In(zx+5)

. 1 .. 1

1 _In(z-5) In(x+2) . 1 _ 1
(‘“)/(x+2)(z—5)dx_ T 7 (W)/(x+2)2dx__m+2

(b) If @ # b, it appears that In(z + a) is divided by b — a and In(z + b) is divided by a — b, so we guess that
/ 1 de — In(z +a) In(z+0d)
(z+a

ICED) T=— + p— + C. If a = b, as in part (a)(iv), it appears that

1 1
— dz=-— .
/(m+a)2 v ;z’—l—aJrC
1 A B

(c) The CAS verifies our guesses. Now GraETD) =2+a + oo = 1=A(x+b)+ B(z+a).
Setting z = —b gives B = 1/(a — b) and setting z = —a gives A = 1/(b — a). So

1 _ 1/(b—a)  1/(a—10) _Injz+a| | In|z+D
/(x+a)(x+b)dm_/{ x+a + x+b de = b—a + a—b e

[continued]
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72 0O CHAPTER7 TECHNIQUES OF INTEGRATION

and our guess for a # b is correct. If @ = b, then e a)l(x D) = (x—:a)z =(z+ a)72. Lettingu =z +a =

du = dz, we have /(x +a) % de = /u72 du = f% +C= fﬁ + C, and our guess for a = b is also correct.

cosx  cosdx cosdxr  cos10x

2. (a) (1) /sina: cos2zxdr = (ii) /sin 3z cosTxdr =

6 8 20
. coslle cosbx
(iii) /sme cos 3z dr = -5 10
(b) Looking at the sums and differences of a and b in part (a), we guess that
i _cos((a—=Db)z) cos((a+b)x)
/smax cosbx dr = 20— a) e D +C

Note that cos((a — b)z) = cos((b — a)x).

(c) The CAS verifies our guess. Again, we can prove that the guess is correct by differentiating:

=[S e - L sin(a BN+

= 5b—a) [—sin((a — b)z)](a — b) — NatD)

= 3 sin(az — bx) + 3 sin(az + bx)
= % (sinaz cosbz — cosaz sinbz) + 3(sinax cosbx + cos ax sin bx)

= sinax cos bx

Our formula is valid for a # b.

3@ () [lnzdr=zlhz—=z (i) [zlnzdr = %mZ Inx — ixz
(i) [2*Inzdr = 12’ Inz — La® (iv) [2°Inzdr = J2*Inz — L2t
) fm7 Inxdx = %xs Inx — 6—14.T8
n 1 n+1 1 n+1
(b) We guess that [ 2" Inzde = ——a" ' Ine — ———— "
n+1 (n+1)
() Letu =Inz,dv=2"de = du= d_m’ v = LJz:"“. Then
T n+1
2" lnzdr = 1 aL’"Jrlln:c—L z" do = 1 2" nx — LI ",
n+1 n+1 n+1 n+l n+1
which verifies our guess. We musthaven +1#0 < n# —1.
4. (@) () [ze*dz=¢€"(z—1) (i) [z%e” dx = e" (2 — 2z + 2)
(i) [2’e” dz = e"(2® — 32% + 6z — 6) (iv) [a'e” do = e” (2" — 4a® + 122° — 24z + 24)

(v) [2°€e" dw = e*(2° — 5z* + 202° — 602” + 1202 — 120)
(b) Notice from part (a) that we can write
[z'e"dr =e"(z* —42® +4-32° —4-3-20+4-3-2-1)

and [aPe"dx =e"(2® —ba* +5-42® —5-4-32°+5-4-3-20—5-4-3-2-1)
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SECTION 7.7 APPROXIMATE INTEGRATION I

So we guess that
[ 2%" dz = " (2% —62° +6-52* —6-5-42° +6-5-4-32° —6-5-4-3-20+6-5-4-3-2-1)
= ¢® (2% — 62° + 302* — 1202® + 36022 — 7202 + 720)
The CAS verifies our guess.

(c) From the results in part (a), as well as our prediction in part (b), we speculate that

n n!

Ja"e"dr =e"[z" —na" " +nn—1)z" ? —nn—1)(n—2)z" >+ - EnlzFnl] = Y (-1)" "= 2’

i=0 Z!
(We have reversed the order of the polynomial’s terms.)
(d) Let S, be the statement that f z"edr =€) (71)"7i —

S1 is true by part (a)(i). Suppose Sy is true for some k, and consider Sy 1. Integrating by parts with « = 2+,

dv=e"de = du=(k+ 1)z" dx, v = %, we get

k k.
[a*tte” de = 2" te” — (k+1) [2¥e” dv = 2" e” — (k+ 1) {ez S (=1)F % ml}
i=0 !
K R k kDR
— ex mk-ﬁ-l _ (k—l— 1) Z:O(_l)k—z sz] — eac |:J)k+1 + ;}(_1))6—1-‘1—1 ( t' ) J)Z:|
k+1 X [
— et S (—1)tD @ &
=0 !

This verifies Sy, for n = k + 1. Thus, by mathematical induction, .S,, is true for all n, where n is a positive integer.

7.7 Approximate Integration

73

1. @Az=(0b-a)/n=(4-0)/2=2

Ly = if(l'q—l) Az = f(xo)- 24 f(z1)-2=2[f(0) + f(2)] =2(0.5+2.5) =6

Ry = ijlf(xq) Az = f(z1) -2+ f(z2)-2=2[f(2) + f(4)] = 2(2.5+ 3.5) =12

My = :Z:lf(fi)Ax =f(T1) 2+ f(T2)-2=2[f(1) + f(3)] = 2(1.6 +3.2) = 9.6

(b) L» is an underestimate, since the area under the small rectangles is less than
the area under the curve, and R is an overestimate, since the area under the
large rectangles is greater than the area under the curve. It appears that M

is an overestimate, though it is fairly close to I. See the solution to

Exercise 47 for a proof of the fact that if f is concave down on [a, ], then

of "1 2 3 4x the Midpoint Rule is an overestimate of f: f(z)dz.
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(©) To = (5 Az)[f(wo) + 2f (z1) + f(x2)] = 3[f(0) +2f(2) + f(4)] = 0.5+ 2(2.5) + 3.5 = 9.
This approximation is an underestimate, since the graph is concave down. Thus, 75> = 9 < I. See the solution to

Exercise 47 for a general proof of this conclusion.

(d) For any n, we will have L,, < T}, < I < M,, < R,,.

2. y The diagram shows that Ly > T > fo x) dx > Ra, and it appears that
1
My is a bit less than fo x) dzx. In fact, for any function that is concave
y=f(x) upward, it can be shown that L,, > T, > f02 f(z)dx > M, > R,,.
0 '2 X

(a) Since 0.9540 > 0.8675 > 0.8632 > 0.7811, it follows that L,, = 0.9540, T;, = 0.8675, M,, = 0.8632,
and R,, = 0.7811.

(b) Since M,, < fo x)dz < T, we have 0.8632 < fo z)dz < 0.8675.
3. f(z) =cos(z?), Aw =132 =
(@) Ts = 75 [f(0) +2f (%

; ) 42
(0) M= 17 (1) + F(2) + £(2) + £ (2)] ~ 0908907

1
4

F(2)+2f(3) + £(1)] ~ 0.895759

The graph shows that f is concave down on [0, 1]. So T} is an

underestimate and M is an overestimate. We can conclude that

0.895759 < [ cos(a?) dz < 0.908907. 0

4. 0.5

(a) Since f is increasing on [0, 1], Lo will underestimate I (since the area of
the darkest rectangle is less than the area under the curve), and Ry will
overestimate /. Since f is concave upward on [0, 1], M> will under-
estimate I and 75 will overestimate I (the area under the straight line

A 1 segments is greater than the area under the curve).

(b) For any n, we will have L,, < M,, < I < T}, < R,,.

(c) Ls = g @) Az = L[£(0.0) + £(0.2) + £(0.4) + F(0.6) + £(0.8)] ~ 0.1187

Rs = i fzi) Az = L[£(0.2) + f(0.4) + £(0.6) + £(0.8) + f(1)] =~ 0.2146

My = 30 f@:) Az = L[£(0.1) + £(0.3) + F(0.5) + F(0.7) + F(0.9)] ~ 0.1622
Ts = (L Az)[£(0) + 2£(0.2) + 2£(0.4) + 2£(0.6) + 2£(0.8) + f(1)] ~ 0.1666

From the graph, it appears that the Midpoint Rule gives the best approximation. (This is in fact the case,
since I =~ 0.16371405.)
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SECTION 7.7  APPROXIMATE INTEGRATION [
5. (a) f(z) = 1fo2’ Az — b;“ _ % :%
Mo = 5[/ (55) + /(55) + /(55) +---+ f (35)] ~ 0.806598
(b) S0 =5 [f0)+4f(2) +2f(3) +4f(2) +2f(3) +- - +4f(2) + f(2)] ~ 0.804779

2
Actual:[:/ ﬁdnglnﬂ—&—aﬂ]i [u=1+2", du = 2zdz]
0

=+In5—1Inl=11In5~0.804719
Errors: En = actual — Mg = I — Mo =~ —0.001879
Es = actual — S10 = I — S10 =~ —0.000060

n - 4 4
—1.945744
(b) Sa = [ f(0

™

) + f(m)] ~ —1.985611
} [use parts with « = x and dv = cos x dz]

Actual: I = fo rcosrdr = [m sinx + cos
0

=0+ (-1)—-(0+1)=-2
Errors: Ep = actual — My = I — My ~ —0.054256
FEs =actual — Sy =1 — Sy ~ —0.014389

b—a 2-1 1
= 3—1A = = —_— = —
fl@)=va? =1, Av=— 10 10

(@) Tho = 155 [f(1) +2f(1.1) + 2f(1.2) + 2f(1.3) + 2f(1.4) + 2f(1.5)
+2£(1.6) + 2f(1.7) + 2£(1.8) + 2f(1.9) + f(2)]
~ 1.506361
(b) Mio = +5[f(1.05) + f(1.15) + f(1.25) + f(1.35) + f(1.45) + f(1.55) + f(1.65) + f(1.75) + f(1.85) + f(1.95)]
~ 1.518362

(©) S1o= 55 [f(1) +4f(1.1) +2f(1.2) +4f(1.3) + 2f(1.4)

+4f(1.5) +2f(1.6) +4f(1.7) +2f(1.8) + 4f(1.9) + f(2)]
~ 1.511519

1 b—a 2—-0 1
@)= 1+:1:6’A$: W= s 1

(a) Ts = 755 [£(0) + 2£(0.25) + 2(0.5) + 2£(0.75) + 2f(1) + 2 (1.25) + 2f(1.5) + 2f(1.75) + f(2)] =~ 1.040756

(b) Ms = i[f(0.125) + £(0.375) + £(0.625) + £(0.875) + f(1.125) + f(1.375) + f(1.625) + f(1.875)] ~ 1.041109

(©) Ss = 75 [£(0) +4£(0.25) + 2£(0.5) + 4£(0.75) + 2f (1) + 4£(1.25) + 2f(1.5) + 4f(1.75) + f(2)] ~ 1.042172

e’ b—a 2—-0 1

A e e B TR
(@) Tio = 555£(0) + 2/(0.2) + 2£(0.4) + 2(0.6) + 2/(0.8) +2£(1)
+2f(1.2) +2f(1.4) +2f(1.6) + 2f(1.8) + f(2)]

~ 2.660833
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(b) Mio = L[£(0.1) + £(0.3) + £(0.5) + £(0.7) + £(0.9) + F(1.1) + F(1.3) + F(1.5) + F(1.7) + f(1.9)]
~ 2.664377

(c) S10=z5[f(0) +4f(0.2) +2f(0.4) + 4f(0.6) + 2f(0.8)
+4f(1) +2f(1.2) +4f(1.4) +2f(1.6) + 4f(1.8) + £(2)] ~ 2.663244

f(z) = Y1+ cosz, Ax = ”/2470 =z
(a)T4:8—f'2[f(0)+2f(%)+2f(?”)+2f(?")+f( )]z1.838967
®) Ma = §[/(55) + F(35) + /(55) + /(55)] = 1.845390

3

6
(©) S =575 [F(0) +4f(5) +2/(3) + 4/ (5) + [ (5)] ~ 1.843245

f(@)=2"sinz, Ax =212 =1

(@) Ts = 555 [£(0) +2f (3) +2f(1) +2F(2) +2f(2) +2f(2) + 2£(3) + 2f (%) + f(4)] = —7.276910
(b) Ms = %[f(%)+f(%)+f( )+ () +F3) +F0) + F(3) + F(37)] = —4.818251

(©) Ss = 555 [f(0) +4f(3) +2f(1) +4F(2) +2f(2) +4f(2) +2f(3) +4f (L) + f(4)] = —5.605350

FE)+2f(3) +2f2)+2f(2) +2f(2) +2f () + F(3)] = 3.534934
e) IR+ (F) + () +£(F) +1(F)] = 3515248
2) HAF() + 2/ @) + 47 (3) +27(3) +47(F) + F(3)] = 3.522375

fly) = \/?700811 Ay=230=1

(@) Ts = 555 [£(0) +2f (2) +2f(1) +2F(3) +2f(2) +2f(2) +2£(3) + 2f (L) + f(4)] =~ —2.364034
(b) Ms = %[f( )+ (@) +F(E) + (D) + (D) +1(5) +£(2) + /()] = ~2:310690

(©) Ss = 535 [F(0) +4f(3) +2F(1) +4f(2) +2f(2) +4f(2) +2f(3) +4f(3) + f(4)] ~ —2.346520
@ Tio = 55 {f(2)+2(f(21) + f(22) + - + f(29)] + f(3)} ~ 1.119061

(b) Mo = 15[f(2.05) + f(2.15) + - -- + f(2.85) + f(2.95)] ~ 1.118107

(©) S1o= 155 [f(2) +4f(2.1) +2£(2.2) + 4f(2:3) + 2f(2.4) + 4f(2.5) + 2f(2.6)
+ 4£(2.7) 4 2f(2.8) + 4£(2.9) + f(3)] ~ 1.118428

22 1-0 1
@) =172 =5 =10

(@) Two = 55 {f(0) + 2[f(0.1 4+ £(0.2) +--- + £(0.9)] + f(1)} = 0.243747

(b) Mo = 15[f(0.05) + f(0.15) + - - - + f(0.85) + f(0.95)] ~ 0.243748

(c) Si0= 155 [f(0) +4(0.1) +2f(0.2) +4f(0.3) +2f(0.4) + 4£(0.5) + 2£(0.6)
+ 4£(0.7) +2£(0.8) +4£(0.9) + f(1)] = 0.243751

Note: fo x) dx = 0.24374775. This is a rare case where the Trapezoidal and Midpoint Rules give better approximations

than Simpson’s Rule.
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t6. f(1) =S A= = 2
(a)T4f2L[f( ) +2f(1.5) +
(b) My = 1[£(1.25) + f(1.75) + f(2.25) + f(2.75)] ~ 0.903031

2£(2) + 2£(2.5) + f(3)] = 0.901645

(©) Si = 355 [f(1) +4f(1.5) +2f(2) + 4f(2.5) + f(3)] ~ 0.902558

17. f(z) =In(1+¢%), Az =252 =1

(@) Ts = 515 {f(0) +2[f(0-5) + f(1) + -+ f(3) + f(3.5)] + f(4)} ~ 8.814278
(b) Ms = 1[£(0.25) + f(0.75) + - - - + £(3.25) + f(3.75)] =~ 8.799212

(©) Ss = 55 [£(0) + 4£(0.5) + 2 (1) + 4 (1.5) + 2£(2) + Af(2.5) + 2£(3) + 4(3.5) + F(4)] ~ 8.804229
18. fz) =Vz+a3, Ae=172=1L

(@) Tho = 75 {f(0) +2[f(0.1) + f(0.2) + - -- + f(0.8) + f(0.9)] + f(1)} =~ 0.787092
(b) M1o = 1[£(0.05) + £(0.15) + - - + f(0.85) + f(0.95)] ~ 0.793821

(¢) S10=55[f(0) +4f(0.1) +2f(0.2) + 4£(0.3) + 2f(0.4) + 4f(0.5) + 2/(0.6)
+ 4£(0.7) +2£(0.8) +4£(0.9) + f(1)]
~ 0.789915

19. f(2) = cos(2?), Ax = 129 =
@ Ts = g5 {f0)+2[f(3) + fF(3) +---+ f(L)] + f(1)} = 0.902333
Ms = 5[f(3) +/(36) + /(5

(b) f(x) = cos(x?), f'(z) = —2xsin(x?), f(x) = —2sin(x?) — 42 cos(z?). For 0 < x < 1, sin and cos are positive,

Glor

)+ + f(35)] = 0.905620

so | f”(z)| = 2sin(z”) 4 42” cos(z®) <2-1+4-1-1 =6 since sin(z®) < 1and cos(z*) < 1 forall z,
and 2 < 1for0 < x < 1. So forn = 8, we take K = 6, a = 0, and b = 1 in Theorem 3, to get
|Er| <6-1°/(12-8%) = 13z = 0.0078125 and |En| < 55z = 0.00390625. [A better estimate is obtained by noting

from a graph of f” that | f"'(z)] < 4for0 <z < 1.]

_ 4\3 —_ N3
(c) Take K = 6 [as in part (b)] in Theorem 3. |Er| < Kb-af <0.0001 < 6 -0 <107 &
12n2 12n2
2% < 1—(1)4 & 2°>10" & n®>5000 < n> 71 Taken = 71 for T,. For En, again take K = 6 in
n

Theorem 3 to get |Ex| <107% & 4n? >10* < n? >2500 < n > 50. Take n = 50 for M,,.
20. f(z) =€/, Az = =5

(@) Tio = 155 [F(1) + 2f(1.1) + 2f(1.2) + - - + 2f(1.9) + f(2)] ~ 2.021976

Mo = 15 [f(1.05) + f(1.15) + f(1.25) + - - - + f(1.95)] ~ 2.019102
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®) f(z) =e=, f'(z) = —izel/z, f'(z) = 25”—1_1 e/ Now f" is decreasing on [1,2], so let z = 1 to take K = 3e.
x x

3e(2 - 1)3 e |Br| _ e
Er| < ————— = — ~0.006796. |Ey| < —— = 0.003398.
|Br| < 12(10)2 ~ 400 Bul < =57 = 555
_\3 _1)3
(c) Take K = 3e [as in part (b)] in Theorem 3. |Er| < Kb—af <0.0001 < e 1)° <107t o
12n2 12n?
e 1 » _ 10% . .
yrel < 108 S nt > 1 < n > 83. Take n = 83 for T,. For Ey, again take K = 3e in Theorem 3 to get
4 ,  10%
|Eam| <10 & ont > 3 & n > 59. Take n = 59 for M,,.
2. f(z) =sinz, Az =1L =L

@ T = 75 [f0)+2f (&) +2f(35) +--- +2f(55) + f(n)] =~ 1.983524

+2f (%) +
Mw—%{f(%w( 5)+ (5 4+ £ ()] ~ 2.008248
S10 = 155 [£(0) + 4£ (F5) + 2£ (35)

FE) +4f(35) 4 +4F(25) + f(m)] ~ 2.000110

Since I = foﬂ sinz dx = [f cos x]g =1—(-1)=2, Er =1 —Tio =~ 0.016476, Eps = I — Mo =~ —0.008248,
and Es = I — S10 ~ —0.000110.

() f(z) =sinz = ‘f(”)(x)‘ <1, so take K = 1 for all error estimates.

K(b—a)?® 1(r—0)>? 7 |Ex| _
Er| < = = ~ 0.025839. |Eum| < ~ 0.012919.
|Brl < =50 12(10)2 — 1200 Bl = =5 2400
Kb—-a)® 1(r—0)° 7°
Eq| < = = =~ 0.000170.
|Bs| < 180n4 180(10)4 1,800,000
The actual error is about 64% of the error estimate in all three cases.
(©) |Br| < 0.00001 < oL 2 10T 5083 Take nn = 509 for T
= 1202 ~ 10° T e e T e "
|En| < 0.00001 < oo L s 10T s 3504 Take n = 360 for M,
M= 24n2 = 10 Y =T -
7° 1 4 10575
<0. — < — > > 20.3.
|Bs| <0.00001 & s <o & ntx oo 5 n>203
Take n = 22 for S, (since n must be even).
1 5
22. From Example 7(b), we take K = 76e to get |Es| < 71686(57; <0.00001 = n*> W = n>184.
Take n = 20 (since n must be even).
23. (a) Using a CAS, we differentiate f(x) = ¢°**” twice, and find that 12

(=]
"
1

f"(z) = e (sin® x — cos ). From the graph, we see that the maximum

2
value of | f” ()| occurs at the endpoints of the interval [0, 27].

Since f/(0) = —e, we canuse K = eor K = 2.8.

-3
(b) A CAS gives Mo ~ 7.954926518. (In Maple, use Student [Calculusl] [RiemannSum] or

Student [Calculusl] [ApproximateInt].)
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_ 3
(¢) Using Theorem 3 for the Midpoint Rule, with K = e, we get || < % ~ 0.280945995.
. 2.8(2m — 0)?
With K = 2.8, we get |Ey| < 82(4”71020) = 0.289391916.

(d) A CAS gives I ~ 7.954926521.
() The actual error is only about 3 x 10~°, much less than the estimate in part (c).

(f) We use the CAS to differentiate twice more, and then graph 14

f® (x) = e (sin* 2 — 6sin®z cosz + 3 — Tsin? z + cos x).

From the graph, we see that the maximum value of ’ f @ (:1:)‘ occurs at the

0 ' = H 2w
endpoints of the interval [0, 27]. Since f*)(0) = 4e, we can use K = 4e t \/ \/ J

or K = 10.9. -8

(g) A CAS gives S10 =~ 7.953789422. (In Maple, use Student [Calculusl] [ApproximateInt].)

4e(2m — 0)°

(h) Using Theorem 4 with K = 4e, we get |Es| <

10.9(27 — 0)°
180 - 10*

(1) The actual error is about 7.954926521 — 7.953789422 = 0.00114. This is quite a bit smaller than the estimate in part (h),

With K = 10.9, we get | Es| < ~ 0.059299814.

though the difference is not nearly as great as it was in the case of the Midpoint Rule.

4e(2m)8 4e(2m)° 4
< ——<0. 1 — <
S 180 na = 00001 = 95500001 ="
n* > 5,915,362 < n > 49.3. So we must take n > 50 to ensure that [I — S,,| < 0.0001.

(K = 10.9 leads to the same value of n.)

(j) To ensure that |Es| < 0.0001, we use Theorem 4: |Eg|

(a) Using the CAS, we differentiate f(z) = v/4 — z® twice, and find

9z* B 3z -1 ]1
4(4 —23)3/2 (4 —ax3)1/2

that f"(z) = —

From the graph, we see that | /()| < 2.2 on [—1, 1].

(b) A CAS gives Mo ~ 3.995804152. (In Maple, use —23
Student [Calculusl] [RiemannSum] or Student [Calculusl] [ApproximateInt].)
221 —(-1)

S 10~ 0.00733,

(c) Using Theorem 3 for the Midpoint Rule, with K = 2.2, we get |Ea| <
(d) A CAS gives I = 3.995487677.
(e) The actual error is about —0.0003165, much less than the estimate in part (c).

(f) We use the CAS to differentiate twice more, and then graph 1

—1 £ D |

20,6 _ 3 _
FO () = 9 2”(z” — 2242° — 1280)
16 (4 _23)772

From the graph, we see that ‘f(‘l)(x)‘ < 18.1on[-1,1].

—20
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(g) A CAS gives S10 ~ 3.995449790. (In Maple, use

Student [Calculusl] [ApproximateInt].)

18.1[1 — (=1)]°

. ih K — 18, <
(h) Using Theorem 4 with K = 18.1, we get |E's| < 180 - 104

~ 0.000322.
(1) The actual error is about 3.995487677 — 3.995449790 = 0.0000379. This is quite a bit smaller than the estimate in
part (h).

. 18.1(2)° 18.1(2)° 4
T hat |[Es| < 0. 1 Th 4: |Fg| < ———— < 0. 1 — <
(j) To ensure that | Es| < 0.0001, we use Theorem 4: |Es| < 130 <0.0001 = T80 0.0001 =" =

n* > 32,178 = n > 13.4. So we must take n > 14 to ensure that [T — S,,| < 0.0001.
25. [ = fol ze®dr = [(x — 1)e”]) [parts or Formula 96] =0 — (—1) =1, f(z) = ze”, Az = 1/n

n=>5  Ls = £[f(0) + f(0.2) + f(0.4) + f(0.6) + f(0.8)] ~ 0.742943
Rs = L[£(0.2) + f(0.4) + f(0.6) + £(0.8) + f(1)] ~ 1.286599
Ts = 25[f(0) +2£(0.2) + 2£(0.4) + 2£(0.6) + 2f(0.8) + f(1)] ~ 1.014771
Ms= £[f(0.1) + f(0.3) + f(0.5) + f(0.7) + f(0.9)] ~ 0.992621
Ep =1—Ls~1—0.742943 = 0.257057
Er =~ 1—1.286599 = —0.286599

FEr ~1—-1.014771 = —0.014771
Ey ~=1—-0.992621 = 0.007379

n=10: Lio = %[f(0) + f(0.1) + f(0.2) + --- + £(0.9)] ~ 0.867782
Rio = % [f(0.1) + f(0.2) + -+ - + £(0.9) + f(1)] ~ 1.139610
Tio = 155 {f(0) +2[£(0.1) + £(0.2) + - -- + f(0.9)] + f(1)} ~ 1.003696
Mio= 35[f(0.05) + f(0.15) + - - - + f(0.85) + f(0.95)] ~ 0.998152

Erp =1— Lip~1—0.867782 = 0.132218
Er ~1—1.139610 = —0.139610
Er ~1—1.003696 = —0.003696
En ~1—0.998152 = 0.001848
n=20: Lz = 5[f(0)+ f(0.05) + £(0.10) + - - - + f(0.95)] ~ 0.932967
Rao = 55[£(0.05) + f(0.10) + - - - + f(0.95) + f(1)] ~ 1.068881
Tao = 555 {f(0) +2[f(0.05) + f(0.10) + - - - + f(0.95)] + f(1)} ~ 1.000924
Mao= 55[f(0.025) + f(0.075) + f(0.125) + - - - + f£(0.975)] &~ 0.999538

Er =1— Ly ~1—-0.932967 = 0.067033
Er ~1—1.068881 = —0.068881

Er ~1—1.000924 = —0.000924

Fy ~1—0.999538 = 0.000462
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n Ln Rn Tn Mn n EL ER ET E]V[
510.742943 | 1.286599 | 1.014771 | 0.992621 510.257057 | —0.286599 | —0.014771 | 0.007379
10| 0.867782 | 1.139610 | 1.003696 | 0.998152 10| 0.132218 | —0.139610 | —0.003696 | 0.001848
20 [ 0.932967 | 1.068881 | 1.000924 | 0.999538 20 | 0.067033 | —0.068881 | —0.000924 | 0.000462
Observations:

1. Er, and Er are always opposite in sign, as are 7 and Ejy.

2. As n is doubled, E'1, and Er are decreased by about a factor of 2, and Er and Es are decreased by a factor of about 4.
3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation.

4. All the approximations become more accurate as the value of n increases.

5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations.

z z2’

2
26. I = x—tdx:{—l}lz—l—(—l): ,f(z):iAz:%

n=>5  Ls =1[f(1)+ f(1.2) + f(1.4) + f(1.6) + f(1.8)] ~ 0.580783

Ut

Rs = 2[f(1.2) + f(1.4) + f(1.6) + f(1.8) + f(2)] ~ 0.430783
Ts = 5 [f(1) +2f(1.2) +2f(1.4) + 2f(1.6) + 2f(1.8) + f(2)] ~ 0.505783

Ms

L1F(1.1) + F(1.3) + F(1.5) + f(1.7) + f(1.9)] ~ 0.497127

Ep =1-Ls~ % — 0.580783 = —0.080783

Er = ; — 0.430783 = 0.069217

Er =~ % — 0.505783 = —0.005783

En =~ L —0.497127 = 0.002873
n=10: Lio = 5[f(1) + f(1.1) + f(1.2) + - + f(1.9)] ~ 0.538955
Rio = & [f(1.1) + f(1.2) + -+ + f(1.9) + f(2)] ~ 0.463955
Tio = 55 {f(1) +2[f(L.1) + f(1.2) +--- + f(1.9)] + f(2)} ~ 0.501455

Mio= 5[f(1.05) + f(1.15) + -+ - + f(1.85) + f(1.95)] ~ 0.499274

Er =1—-Lig~ % — 0.538955 = —0.038955

Er ~ 1 —0.463955 = 0.036049

2

1 —0.501455 = —0.001455

g
%
I

Ey = ; — 0.499274 = 0.000726

n=20: Lao = 2 [f(1) + f(1.05) + f(1.10) + - - + f(1.95)] ~ 0.519114
Rao = & [f(1.05) + f(1.10) + - - - + £(1.95) + f(2)] ~ 0.481614
Too = 535 {f(1) + 2[f(1.05) + f(1.10) + - - - + F(1.95)] + f(2)} ~ 0.500364

Mazo= =[f(1.025) + f(1.075) + f(1.125) + - - - + f(1.975)] ~ 0.499818
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Er :I—Lgowé—0.5191142—0.019114

Er =~ % —0.481614 = 0.018386

Er =~ % —0.500364 = —0.000364

Ey =~ % —0.499818 = 0.000182
n Ln Rn Tn Mn n EL ER ET EM
51 0.580783 | 0.430783 | 0.505783 | 0.497127 5| —0.080783 | 0.069217 | —0.005783 | 0.002873
10 | 0.538955 | 0.463955 | 0.501455 | 0.499274 10 | —0.038955 | 0.036049 | —0.001455 | 0.000726
20| 0.519114 | 0.481614 | 0.500364 | 0.499818 20 | —0.019114 | 0.018386 | —0.000364 | 0.000182

Observations:

1. Er, and Er are always opposite in sign, as are Fr and Epy.

2. As nis doubled, F;, and E'r are decreased by about a factor of 2, and Fr and Fjs are decreased by a factor of about 4.

3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation.

4. All the approximations become more accurate as the value of n increases.

5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations.

2. 1= [Patde=[12°]2 =2 - 0=64, f(z) =2", A =220 =2
n=6 Ty =2 {0)+2[f(3)+ [(2)+1(2)+1(3) +1(3)] + ()} 6695473
Mo = 2[7(2) + 1(2) + 1(3) + 1(E) + 1(2) + F(2)] ~ 6252572
Se =535 [f(o +Af(3)+2f(2)+4f(3)+2f(3) +4f(3) + f(2)] ~ 6.403292
Er =1 —Ts =~ 6.4 — 6.695473 = —0.295473
En ~ 6.4 — 6.252572 = 0.147428
Es = 6.4 — 6.403292 = —0.003292
n=12: T = 55 {f(0)+2[f(5) + F(3) + F(§) +---+ f(F)] + F(2)} = 6.474023
Mo = Z[F(5) + F() +1(5) +-+ F(2)] ~ 6363008
Se =125 [f0)+4f(5) +2f(3) +4f(2) +2f(5) + - +4f(F) + f(2)] ~ 6.400206
Br =1—Tiy ~ 6.4 — 6.474023 = —0.074023
By ~ 6.4 — 6.363008 = 0.036992
Es ~ 6.4 — 6.400206 = —0.000206
n T, M, S n Er Eum Es
6.695473 | 6.252572 | 6.403292 6 | —0.205473 | 0.147428 | —0.003292
12 | 6.474023 | 6.363008 | 6.400206 12 | —0.074023 | 0.036992 | —0.000206
Observations:

1. Er and E) are opposite in sign and decrease by a factor of about 4 as n is doubled.

2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and Es seems to

decrease by a factor of about 16 as n is doubled.
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28,1 = 4—dx=[2\/5]4:4—2=2,f(x): Ap=d=1_

Slw

)20 78+ 1(5) + 58) + 7)) + 501} 2008066
(3)+ £(2) + 1) + 1 () + 7(2) + 1 (3
S = g F0) + 47(3) +27(3) +47(3) +27(8) + 47(3) + /)] ~ 2000160

Er =1—Ts =2 —2.008966 = —0.008966,

£(2
2
)] ~ 1.995572

By~ 2 —1.995572 = 0.004428,

Es =2 — 2.000469 = —0.000469

n=12 T2 = 55{f()+2[fE)+f(O)+F(E)+---+ f()] + f(4)} ~2.002269
Mip= 3 [F(8) + F(8) + () +
Sz = 25 [f) +4F(3) +2f(8) +4F(3) +2f(8) +--- +4f(L2) + f(4)] ~ 2.000036

Er =1-"Ti2 =2—-2.002269 = —0.002269

4 F(%)] = 1.998869

En ~2—1.998869 = 0.001131
FEs ~2—2.000036 = —0.000036

n T, M, Sn n Er Eyv Es
6 | 2.008966 | 1.995572 | 2.000469 6 | —0.008966 | 0.004428 | —0.000469
12 | 2.002269 | 1.998869 | 2.000036 12 | —0.002269 | 0.001131 | —0.000036

Observations:

1. Er and E) are opposite in sign and decrease by a factor of about 4 as n is doubled.

2. The Simpson’s approximation is much more accurate than the Midpoint and Trapezoidal approximations, and E's seems to
decrease by a factor of about 16 as n is doubled.

2. () Az =(b—a)/n=(6—-0)/6=1
Ts = 31£(0) +2f(1) + 2f(2) +2f(3) + 2f(4) +2/(5) + /(6)]
12+42(1)+2(3) +2(5) +2(4) +2(3) + 4] = 1(38) =19
(b) Mg = 1[f(0.5) + f(1.5) + f(2.5) + f(3.5) + f(4.5) + f(5.5)] = 1.3 + 1.5 + 4.6 + 4.7+ 3.3 + 3.2 = 18.6
(©) So = 5[f(0) +4f(1) +2£(2) + 4f(3) +2f(4) +4f(5) + f(6)]
~ 2[244(1) +2(3) +4(5) + 2(4) +4(3) + 4] = 3(56) = 18.6
30. If ¢ = distance from left end of pool and w = w(z) = width at z, then Simpson’s Rule with n = 8 and Az = 2 gives
Area = [®wdz ~ 2[0 +4(6.2) + 2(7.2) + 4(6.8) + 2(5.6) + 4(5.0) + 2(4.8) + 4(4.8) + 0] ~ 84 m?,
M. () [} f(z)de = My = 25L[f(1.5) + f(2.5) + £(3.5) + f(4.5)] = 1(2.9 + 3.6 + 4.0 + 3.9) = 14.4
(b) —2< f'(x) <3 = |f"(x)] <3 = K =3,since|f"(z)| < K. The error estimate for the Midpoint Rule is
Kb-a)® 356-1)°% 1

Eunl| < = =z
1Bul = =50 2442 2
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32. (a) [,° g(z)dz ~ Ss = LE52(g(0) + 49(0.2) + 29(0.4) + 49(0.6) + 29(0.8) + 49(1.0) + 2g(1.2) + 4g(1.4) + g(1.6)]

U CHAPTER7 TECHNIQUES OF INTEGRATION

L[12.1 4+ 4(11.6) + 2(11.3) + 4(11.1) + 2(11.7) + 4(12.2) + 2(12.6) + 4(13.0) + 13.2]

=(288.1) = 281 ~ 19.2

b) -5<gWz)<2 = ‘g(‘l)(ac)‘ <5 = K =5,since ‘g(‘l)(r)‘ < K. The error estimate for Simpson’s Rule is

K(b—a)® 5(1.6—0)° 2 - s
Es| < - = =71x1075.
|Bs| < —gom 180(8)F 28125 x
33. We use Simpson’s Rule with n = 12 and At = 252 =2,

34. We use Simpson’s Rule with n = 10 and Az = 3

Si2 = 2[T(0) + 4T(2) + 2T(4) + 4T(6) + 2T (8) + 4T(10) + 27(12)
+ 4T(14) + 27°(16) + 4T(18) + 2T'(20) + 4T(22) + T'(24)]
~ 2[66.6 + 4(65.4) + 2(64.4) + 4(61.7) + 2(67.3) + 4(72.1) + 2(74.9)
+ 4(77.4) + 2(79.1) + 4(75.4) + 2(75.6) + 4(71.4) + 67.5] = 2(2550.3) = 1700.2.

Thus, [ T(t) dt = S12 and Tave = 572 [ T(t) dt ~ 70.84°F.

24—-0Jo

1.
5°

distance = [ v(t) dt & S10 = 555 [f(0) + 4£(0.5) + 2f(1) + - - + 4f(4.5) + f(5)]

= 1[0+ 4(4.67) + 2(7.34) + 4(8.86) + 2(9.73) + 4(10.22)
+2(10.51) + 4(10.67) + 2(10.76) + 4(10.81) + 10.81]

= %(268.41) =44.735m

35. By the Net Change Theorem, the increase in velocity is equal to f06 a(t) dt. We use Simpson’s Rule with n = 6 and

At = (6 — 0)/6 = 1 to estimate this integral:
f06 a(t)dt ~ Se = £[a(0) + 4a(1) + 2a(2) + 4a(3) + 2a(4) + 4a(5) + a(6)]
~ 3[04+ 4(0.5) + 2(4.1) + 4(9.8) + 2(12.9) + 4(9.5) + 0] = 3(113.2) = 37.73 fi/s

36. By the Net Change Theorem, the total amount of water that leaked out during the first six hours is equal to f; 06 r(t) dt.

We use Simpson’s Rule with n = 6 and At = G—EO = 1 to estimate this integral:

f06 r(t)dt = Sg = [r(0) + 4r(1) + 2r(2) + 4r(3) + 2r(4) + 4r(5) + r(6))

[4 4 4(3) + 2(2.4) + 4(1.9) + 2(1.4) + 4(1.1) + 1] = 1(36.6) = 12.2 lters

37. By the Net Change Theorem, the energy used is equal to f: P(t) dt. We use Simpson’s Rule with n = 12 and

At = % = % to estimate this integral:
f06 P(t)dt = S12 = 1é—Q[P(O) +4P(0.5) +2P(1) + 4P(1.5) + 2P(2) + 4P(2.5) + 2P(3)
+4P(3.5) + 2P(4) + 4P(4.5) + 2P(5) + 4P(5.5) + P(6)]
= %[1814 +4(1735) + 2(1686) + 4(1646) + 2(1637) + 4(1609) + 2(1604)
+4(1611) 4 2(1621) 4 4(1666) + 2(1745) + 4(1886) + 2052]

= £(61,064) = 10,177.3 megawatt-hours
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By the Net Change Theorem, the total amount of data transmitted is equal to fo t) dt x 3600 [since D(t) is measured in
megabits per second and ¢ is in hours]. We use Simpson’s Rule with n = 8 and At = (8 — 0)/8 = 1 to estimate this integral:
fos D(t)dt = Ss = $[D(0) +4D(1) + 2D(2) +4D(3) + 2D(4) + 4D(5) + 2D(6) + 4D(7) + D(8)]
~ $[0.35 + 4(0.32) + 2(0.41) + 4(0.50) + 2(0.51) + 4(0.56) -+ 2(0.56) + 4(0.83) + 0.88]
= £(13.03) = 4.343

Now multiply by 3600 to obtain 15,636 megabits.

(a) Lety = f(x) denote the curve. Using disks, V = f de = f2 () dx = 7lh.
Now use Simpson’s Rule to approximate /1:

I = Ss = 15572 [9(2) + 49(3) + 29(4) + 49(5) + 29(6) + 49(7) + g(8)]

Thus, V &~ 7 - 1(181.78) ~ 190.4 or 190 cubic units.

(b) Using cylindrical shells, V' = f 2z f(z) de = 27 f xf(x)de = 2rl;.
Now use Simpson’s Rule to approximate /;:
I~ S = We22(2) +4-3£(3) +2-4f(4) +4-5(5) +2-6£(6)
+4-7f(7)+2-8f(8)+4-9f(9)+10f(10)]
1[2(0) 4 12(1.5) + 8(1.9) 4 20(2.2) + 12(3.0) + 28(3.8) + 16(4.0) + 36(3.1) + 10(0)]
= 3(395.2)

Q

Thus, V =& 27 - £(395.2) & 827.7 or 828 cubic units.

Work = f z)dr = Sg = )+4f(3)+2f(6) +4f(9) +2f(12) +4f(15) + f(18)]
=1-[9.8+4(9.1) + 2(8.5) + 4(8.0) + 2(7.7) + 4(7.5) + 7.4] = 148 joules
The curve isy = f(z) = 1/(1 + e~ *). Using disks, V = f (x))?de =7 fo x) dx = wI,. Now use Simpson’s

Rule to approximate /;:

~ S10= 53 9(0) +49(1) +29(2) + 49(3) + 29(4) + 49(5) + 29(6) +4g(7) + 29(8) + 49(9) + 9(10)]
~ 8.80825

Thus, V = 7wl = 27.7 or 28 cubic units.

Using Simpson’s Rule with n = 10, Ax = =2, L =1, 6 =

1o L
x) = 1/4/1 — k2sin? , we get

/2
T4 /£/ Iy L
g Jo 1—k2sin?z g

=1/ (F5) PO + 47 (F) + 27 () +- - +47 () + F(3)] ~ 207665

222 radians, g = 9.8 m/s?, k* = sin®(36o), and
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46.

47.

48.
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2 302 : 4\2 2
1(0) = Nzil;‘k’ where k = M, N = 10,000, d = 10~*, and X = 632.8 x 1072, So I(0) = (102%’“,
~ m(10*)(10™*) sin6 B 10— (-107%) s
where k = 632.8 X 109 . Nown = 10 and Af = 10 =2x107", s0

Mo = 2 x 10~7[I(~0.0000009) + I(—0.0000007) + - - - + 1(0.0000009)] ~ 59.4.
f(x) = cos(mx), Az = % =2 =

Tio = 2{f(0) + 2[f(2) + f(4) + - + f(18)] + f(20)} = 1[cos 0 + 2(cos 27 + cos4m + - - - + cos 187) + cos 207]
=1+2(1+14+14+14+14+14+14+14+1)+1=20

The actual value is fOZO cos(mz) dx = L [sinmz] 50 = 1 (sin207 — sin 0) = 0. The discrepancy is due to the fact that the

function is sampled only at points of the form 2n, where its value is f(2n) = cos(2nw) = 1.

Consider the function f whose graph is shown. The area f02 f(z)dx y
is close to 2. The Trapezoidal Rule gives
To=2=2[f0)+2f()+ f2)]=2[1+2-1+1]=2.

The Midpoint Rule gives M> = 252 [£(0.5) + f(1.5)] = 1[0 + 0] = 0, ! ,

so the Trapezoidal Rule is more accurate.

Consider the function f(z) = |z — 1|,0 < z < 2. The area f02 f(z)dx y
is exactly 1. So is the right endpoint approximation: )
Ry = f(1) Az + f(2) Az =0-1+1-1= 1. But Simpson’s Rule
approximates f with the parabola y = (x — 1)2, shown dashed, and )

Az 1 2
52 = B0 +4f(0) + fR)] = 31 +4.041] =2

Since the Trapezoidal and Midpoint approximations on the interval [a, b] are the sums of the Trapezoidal and Midpoint
approximations on the subintervals [z;_1,z;], 4 = 1,2, ..., n, we can focus our attention on one such interval. The condition

f"(z) < 0fora < x < bmeans that the graph of f is concave down as in Figure 5. In that figure, T}, is the area of the
trapezoid AQRD, f: f(z) dz is the area of the region AQPRD, and M,, is the area of the trapezoid ABCD, so

T, < f; f(z) dz < M,,. In general, the condition f” < 0 implies that the graph of f on [a, b] lies above the chord joining the
points (a, f(a)) and (b, f(b)). Thus, f; f(z)dx > T,. Since M, is the area under a tangent to the graph, and since " < 0
implies that the tangent lies above the graph, we also have M,, > fab f(z)dx. Thus, T, < f; f(z)dx < M,.

Let f be a polynomial of degree < 3; say f(z) = Az® + Ba? + Cz + D. It will suffice to show that Simpson’s estimate is
exact when there are two subintervals (n = 2), because for a larger even number of subintervals the sum of exact estimates is

exact. As in the derivation of Simpson’s Rule, we can assume that zo = —h, 1 = 0, and z2 = h. Then Simpson’s

approximation is
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[ f(x)de ~ Lh[f(—h) +4f(0) + f(h)] = 2h[(—Ah® + Bh® — Ch + D) + 4D + (Ah® + Bh?® + Ch + D)]
ip
3

[2Bh* + 6D] = 2Bh® + 2Dh

The exact value of the integral is
ffh(Am3 +Bz?4+Cx+ D)dz=2 foh'(B;r2 + D)dzx [by Theorem 5.5.7(a) and (b)]
= 2[LBa® + Dz], = 2Bh® + 2Dh
Thus, Simpson’s Rule is exact.

49. T, = 1 Az [f(xo) +2f(z1) + -+ 2f (2n-1) + f(zn)] and
My = Az [f(T1) + f(T2) + - + f(@Tn-1) + f(Tn)], where Ty = 3 (zi—1 + x:). Now
Ton = L(AAZ) [f(w0) + 2f (T1) + 2f (1) + 2f(F2) + 2f (22) + -+ - + 2f (Fn—1) + 2f (Tn-1) + 2f(Tn) + f(zn)] 50O
LT+ My) = 3T, + 30,
= ;Az[f(z0) + 2f (1) + - + 2f (wn-1) + f(an)] + FAZ[2f(T1) + 2f (@2) + - + 2f (@n—1) + 2f (Tn)]
="T5,

50, T, = % f(zo) + 2nil flz:) + f(xn)} and M, = Az i f(xi - %), S0
i=1

1T, + 2M, = Y(T, +2M,,) = g,Az{f(m(’)*zZf(ml)”(x")ﬂzj‘( A;ﬂ

where Az = g. Let dx = ﬁ, Then Az = 2z, so
n 2n

7+ 300 = 5 [ 00) +2 S 100 + fle) +4 2 1o = 00)]

= 30z[f(wo) + 4f (1 — 6x) + 2f (1) + 4f (22 — dx)
+2f(w2) + -+ 2f(wn1) + 4f (w0 — 02) + f(2n)]

biais
2n

Since xo, 1 — 0, T1,T2 — 0%, X2, ..., Tn—1,Tn — O, Ty are the subinterval endpoints for Sy, and since dx =

the width of the subintervals for Sz, the last expression for %Tn + %Mn is the usual expression for Sa,,. Therefore,

%Tn + %Mn = SZTL-

7.8 Improper Integrals

i 1 dz is a Type 2 improper integral.

2
1. (a) Since y = Ll has an infinite discontinuity at x = 1, /
T — ;T —

. >~ 1 P . S . .
(b) Since / T3 dx has an infinite interval of integration, it is an improper integral of Type 1.
0 x

oo}
2
(c) Since / #?e”™ da has an infinite interval of integration, it is an improper integral of Type 1.

— 00

(d) Since y = cot z has an infinite discontinuity at z = 0, foﬂ/ ‘cotadrisa Type 2 improper integral.
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2. (a) Since y = tan x is defined and continuous on [0, ], foﬂ/4 tan z dz is proper.

(b) Since y = tan z has an infinite discontinuity at z = 7, foﬂ tan z dx is a Type 2 improper integral.

1

(© Sincey = 2 T G-+

1
has an infinite discontinuity at x = —1, / 2—95 is a Type 2 improper
L2 —z

-2

integral.

(d) Since f0°° ¢~*" dz has an infinite interval of integration, it is an improper integral of Type 1.

3. The area under the graph of y = 1/2® = 27 between z = 1 and = = t is

Aty = [la7da = [—%x’Z]tl =—3t77—(-3) =3 —1/(2t*). Sotheareafor 1 <z < 10 s
A(10) = 0.5 — 0.005 = 0.495, the area for 1 < z < 100 is A(100) = 0.5 — 0.00005 = 0.49995, and the area for
1 <z <1000 is A(1000) = 0.5 — 0.0000005 = 0.4999995. The total area under the curve for z > 1 is

. T 1 2 _ 1
Jm A = Jim [3 -1/C6)]

2 2°

4. (a)

0 ' 10 0 100

(b) The area under the graph of f fromz = 1tox =t is

f x)dx = f M dy = [7L$70.1]t ' WCR
1 0.1 1 10 2.06 2.59

= —10(1:—0'1 —1)=10(1-¢"%") 100 | 3.69 5.85
10* | 6.02 15.12
10% | 7.49 29.81
1019 | 9 90
10%° | 9.9 | 990

and the area under the graph of g is

G(t) = f1 z)de = [[27%%dzx = [0—1110'1]? =10(t"* —1).

(c) The total area under the graph of f is tlirn F(t) = tlim 10(1 — ¢~°%1) = 10.

The total area under the graph of g does not exist, since tlim G(t) = tlim 10(t% —1) =

o t t
5. / (;dx =1lim [ (z—2)"*?dz = lim [72 (:1372)71/2} [u=a —2,du = dz]
3

T — 2)3/2 t—oo Ja t—o00 3
= lim ( —2 2 ) =0+2=2 Convergent
t—oo \ £/t — \/I ’ g

t
/ 41+xd$—tllm (1+ ) 1/4d$:tlim [%(1+I)3/4]0 [u:1+x,du:dz]
vV —oo [ ol

= lim [%(1 +t)3/4 — %] =oc0.  Divergent
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0 1 : o 1 . 1 0 . 1 1
dzr = lim dz = lim [—Zln|3—4x\} :thm [—Zln3+zln\3—4t\} = 00.
(e} + ——o00

Ceo 3 — 4z t——oo [, 3—dx = t——

Divergent

< 1 to 1 i 1 1 1
. — dz=1li — dz=1lm|-——————| =1lm |-————— 4+ —| =0+ —.
/1 Crr1p TN ), Gz tgglo{ 4(2x+1)2]1 tirilo{ 4(2t+1)2+36] *36
Convergent

oo . — . — t . — — _ _
e dp= Jim [y e dp= Jim [~ge ], = lim (—ge 4 e 1) =0+ fe 10 = 3e . Convergent

0 0 r 10 t
/ 2"dr = lim 2"dr = lim [ 2 } lim <L - 2—) -1 0= L Convergent
n

o t— —o0 t t— —o0 1n2 t_tﬂ—oo

2 ¢ .
= tlirn {g V14 933} = tlirn (%\/ 143 — %) = oo. Divergent
— 00 0

o] 332 t .’E2
/ —————=dzr = lim / ——d
o V1+z3 t—oo g /1 + 23

I=[% -3 dy=L+L=["_(4"—3y")dy+ [°(° — 3y>) dy., but

I = lim [iy‘1 — yﬂo = lim (£ — %t‘l) = —o0. Since I is divergent, I is divergent,
t——o0 t t——oo
and there is no need to evaluate /5. Divergent

I ze~ dr = wa ze~® de + I ze=® de.
0
ffoo xe_xz dr = lim (7%) |:6_x2i|t = lim (7%) (1 — e_tz) = 7% 1= 7%, and

e de = Jim (<3)[ ] = fim (<3 (7 1) = -3 (0 =4

Therefore, [ ze~ de = -i+i=0 Convergent

) 6—1/3: t —1/x t 1
/ 7 dr = lim 57— dz = lim [e_l/x} = lim (e_l/t —eH=1--. Convergent
1 T t—oo 1 €T t—o0 1 t— o0 e

[ sin® ada = tllrgofot 1(1 — cos2a) dov = tlim [3(a— %sin2a)]g = lim [3(¢t— 3sin2t) — 0] = oo.

0 — 00 t—o0

Divergent

t
J37 sinf e’ df = lim fot sinf e df = lim |:76COS 9} = lim (—e°*®" +¢)
t—o00 t—o0 0

cost

This limit does not exist since cos t oscillates in value between —1 and 1, so e oscillates in value

betweene ' and e'.  Divergent
[e5] t t
/ 5 ! dr = lim ; dr = lim l — ! dx [partial fractions]
R t—oo [ z(z+1) t—oo J; \z  z+1
N t
:tlrgo [ln|x| *1n|:1:+1|}1 :tlirgo [ln f—l L = tlirgo (lnt_'_L1 fln%) :Ofln% =In2.
Convergent
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o0 dv . £ dv . t % 411 . 1 1
18-/2 M—v_?,—ﬂﬂso/z m-)ﬂ&/z (Hg+v-l)d”—ﬂﬂi‘o[‘Zln'”?"”m‘“‘”}

t
2

v—11" 1 t—1 1 1 1

= — tEI& |:11’1 » 3:| , Z tkr& (ln t—‘,——3 —1In g) = Z(O —+ In 5) = Z In 5. Convergent

0 22 T 0 2 EERT 1,22 1,2210 integration by parts with

19. [7_ ze dz—t_l}r_nooft ze dz—tllr_noo[ ze €%, |:u:z,dv:ezzdz }
=, lim [(O - i) (1t62t %ezt)} = —% — 0+ 0 [by’Hospital’s Rule] = —%. Convergent
——o00
o 3 T t 3 T 1. -3 1 _—3y]t integration by parts with
Y e A I bl
= tlim [(—%teiSt — %eigt) — (—%676 — %676)] =0-0+ %(376 [by I’'Hospital’s Rule] = %eiﬁ.
Convergent
oo 1 1 2t o . Int 2 )
21. / =2 dz = lim (In2) by substitution with = lim (In?) = 00. Divergent
1 x t—o0 2 1 uw=Ilnz,du=dz/z t—oo 2
22. /OO ln_f dr = lim /t ln_;' dr = lim 71n_x - l ' integration by parts wzith
1 T t—oo [ T t— o0 x T, u=Inzdv=(1/z%)dz
Int 1 . 1/t .1 .
= thrn <—HT -7 + 1) L thm <—L) - thrn 7 + thm 1=0-0+1=1 Convergent
0 0 2 0
. z . 1 —1( % u =22,
3 /wz4+4d27tl}rfnoo/t z4+4d27tl}£noo_|:2tan (2):|t |:du:22dz:|
1 t

. t—o0 du = (1/z) dz

24 /w;dx—lim —L —dz = lim _ Ly w=Ina
“J. x(lnz)2 " t5w ), z(nx)2 T 1
. 1
= lim (—— + 1) =04+1=1. Convergent
t—oo Int

= v - v T =/y
gyt [ ey 1 - -y
) A UL A I P

0
Vi -
. _27Vt —z w=2x, dv=e Tdx
tlirgo{[—Zre ]0 —I—/O 2e dx} {du:de, o= e }

—e

t— oo

— i _ -Vt _ —ac\/z . 72\/1_5_ 2 _n_ _
= lim (—2vEe VT [~2¢ ]0)_hm<6ﬁ 5 t2)=0-0+2=2
Convergent

. \/Z H .. 2\/7? . 1
Note: lim =7 = lim —r & = im =7 =0
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*  dr ot da AL w=z,
w [T apmemin [ ety =i [ s e [

s s 1 VT 1 _ 1
= tliglo L Tra du = tliglo [2tan™" u] L = tliglo 2(tan"' vt — tan"' 1)
=2(5-4)=3. Convergent

1 1 1
27. / 1 dx = lim 1 de = lim+ [In || } = lim+(f Int) = oco. Divergent
0 ¢

x t—ot J; T t—0 t—0

28 /5 L ee tim [ (53— de— lim [72(5793)2/3]’5 = lim {72[(54)2/3752/3}}
' o 35_ 2 2

T t—5— Jo t—5— 0 t—5—
= 252/3. Convergent
14 14 14
dz . —1/4 . 4 3/4 4 . 3/4 3/4
29, =1 9) Yz = lim |=(z+2 =21 [16 —t2]
/,2 vV +2 t~>1£n2+ + (z+2) ¢ tJianr 3 (z+2) . 3 tﬁlfn;r (t+2)
=3(8-0) =2 Convergent
30 / T e / am [ g [partial fractions]
" (@+1)? tﬂ M+ x+1 T , e+l (z+1)2 P
= lim |lnjz+1]+ — L) = lim [In3+ l —(In(t+1)+ L = —00 Divergent
P TH1], o1t 3 t+1)] T > &

A . 1 . 1 bstitut . xzlhz+1
Note: To justify the last step, thrh {ln(t +1)+ T} = lim <lnx + ;) LS?O:; 161] = lim —/——— =

t 1 z—0t z—0t x
1 1
since lim (zlnz) = lim 228 Jim A= = lim (—z)=0.
z—0+ s—ot 1/x  amot —1/22 oot
0 —37t
dx . T . 1 1 .
/ / / / Lo [_T] i {‘@ - ﬂ] = oo Divergent

. . . .- s
lim [sm 137]:) = lim sin™ 't = 3 Convergent

! i . o de
32. —— = lim — =
o V1—x2 t—1~ Jo 1 — 22 t—1— t—1—
33. There is an infinite discontinuity at z = 1 /9 L dx = /1(30 — 1) dx + /9(93 — 1)z

t
Herefol(:vfl)_l/de: lim fot(xfl)_l/?’dx: lim [%(xfl)wﬂ = lim [é(tfl)Z/Sf%] =-3
t—1—

t—1— 0 t—1—

9
andf1 (x—1)"3dx = hm ft (x—1)"Y3dz = lim [%(1’—1)2/3} = lirn+ [6—%(75—1)2/3} = 6. Thus,

t—1t

3 +6 = g Convergent

1
_t dr=—
/0 Jr—1 * 2

34, There is an infinite discontinuity at w = 2.

t—2— w — t—2—

t t
—dw— lim <1+L> dw = lim [w+2ln|w—2|] = lim (t+2In|t—2| —2In2) = —o0, so
0 2 0 t—2-

5

L dw diverges, and hence, Y aqw diverges. Divergent
0 w—2 0o w—2
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/2 2 . t 2 . t 2 . t
3. tan20df = 1 tan20df = 1 0-1)do= 1 [t 0—9}
Jo"tan*0do = lm [Jtan*0do= lim _[i(sec’0 ~1)do = lm [tand 6]
= }il}l) (tant —t) = oo since tant — coast — 5. Divergent
t—(m/2)~
36 /4 dx _/4 dx _/2 dx +/4 dx
“Jo 2?2 —r—2 0 (1_2)(1""1)_ o (z=2)(=z+1) 2 (z—2)(z+1)
Considering onl / ’ L and using partial fractions, we have
g only . (x—?)(x—i—l) gp 5
L . L
o (=2)(xz+1) 2= Jyp \z—2 z+1 t—2- L3 3 0
= lim [3In|t—2]/—3In[t+1] — 3In2+ 0] = —cosince In|t — 2| — —coast — 2.
t—2—
2 4
Thus, / d—x is divergent, and hence, / d—x is divergent as well.
0o 2—x—2 0o T2—x—2

37. fol rlnrdr= tlilg1+ ftl rlnrdr= lim [%13 Inr — irﬂt

t—0+

— iim [0~ 4) = (e - 3)] = -1 0=~

. . . Int u . 1/t .
since lim ®Int = lim —— = lim ——~ = lim (—%¢%) =0. Convergent
t—0t+ t—0t 1/t2 t—0t —2/t3 t—>0+( 2 ) g

/2 cosf . /2 cosf . ——17/2 w=sin6
% /0 v/sin @ 0= tli%l* t v/sin @ 0= tEI(?Jr [2 st 6} t [du = cos 6 do }

= lim (2 —2+/sint)=2-0=2. Convergent

t—0t

0 _1/z t 1/t
e s 1 1)z 1 T w u=1/z,
39. / 3 dr = lim —e ) dr = lim ue” (—du) |:du = —dz/2?

4 t—0—J 1 T T t—0— J_1
T o w]—1 use parts 1 _o,—1 l o 1/t
B tl_l,I(I)l— [(u Le }1/15 |:orF0rmula96:| B tl_l,rél— |: 2e (t 1>6 :|
2 2 —1
=—=— lim (s—1)¢e° [s=1/t] =—-=— lim & L_2_ lim
e s——o00 e s——oc0 e~ % e s——oo —e~ S
2 2
=——-0=—-. Convergent
e e

1 1/a 1 1
e T 1 1)z 1 T w uw=1/z,
40. /0 dr = lim el — dr = lim ue" (—du) [du — Ldna

3 t—ot J, T t—0+ 1/t
_ 1 _ uyl/t use parts s l, 1t
- tl_l,]gl+ [(u 1)6 } 1 {or Formula 96 } - t1_1)1(1)1+ {(t 1) € O}
= lim (s —1)e® [s=1/t] =o0.  Divergent
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42.

43.

44.

45.

46.

=
—

SECTION7.8 IMPROPER INTEGRALS [

t

—r . t . —
Area:flooe *dr = lim fl e “dr = lim [—e ”}
t—oo t—oo 1

= tlim (—e P +e ) =0+e =1/

oo t
Area = / 1 dr = lim 1 dx
1 ¥+ t—oo [, x(z2+1)

(1 i dx [partial fractions]
_ - artial Iractions
1 \z 2241 P

1 t x t
= lim |In|z| — = In x2+1] =lim{ln—}
tﬂoo[ ‘ | 2 | | 1 t—o0 ViZ +1 )

) =lnl—1n2"Y2= %1112

= lim
t—oo

t 1
= lim(ln ——— —In—
tﬂoo( \/m \/5
Area = f0°° ze Tdxr = tlim fg ze T dx

t
= lim [71'6735 — 671} [use parts wtih w = z and dv = e~ * dz]
0

t—oo

= lim [(—te " —e ") — (=1)]

t—oo
=0 [usel’Hospital'sRule] — 0+ 1=1
t
Area = foﬂm sec2zdr = lim fot sec’zdr = lim [tan x}
ts(m)2)— ts(m)2)— 0

= lim

tant — 0) = oo
tH(Tk’/z)_(

Infinite area

SE|

= lim_ [2vz+2]
t——2F

o 1 ° 1
Area = [ —=dz = li ——d
rea /;2 \/l’+2 o t—>l£n2+/t \/.’IJ+2 v
= lim (2v2-2vt+2)=2V2-0=22

t——2%
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sin
47. (a) - g(z) = o
t [; 9(x) dx ) )
It appears that the integral is convergent.
2 | 0.447453
5 [ 0.577101
10 | 0.621306

100 | 0.668479
1000 | 0.672957
10,000 | 0.673407

sin? x

(b) -1 <sinz <1 = 0<sin®z<1 = 0<

1 .. o .
5— < —. Since — du is convergent
x x 1z

> sin? 2

xr2

[Equation 2 with p = 2 > 1], / dx is convergent by the Comparison Theorem.
1

(©) Since [\ f(x) dx is finite and the area under g(x) is less than the area under f(x)
on any interval [1,], [ g(x) dz must be finite; that is, the integral is convergent.
— 10
8 @ 9(0) = —=—
t f; g(z)dx Vr—1
5 3.830327

It appears that the integral is divergent.
10 6.801200

100 23.328769
1000 69.023361
10,000 | 208.124560

1 1 . <1 . . .
(b)Forz >2,\/t>r—-1 = % < ﬁ Slnce/2 % dz is divergent [Equation 2 withp = < 1],

o 1 N .
/ dz is divergent by the Comparison Theorem.
2 V-1

(¢) 25 Since [;° f(x) dx is infinite and the area under g() is greater than the area under

f(x) on any interval [2,t], [ g(x) dz must be infinite; that is, the integral is

divergent.

—0.5

x x 1 > 1 . . . et
49. Forx > 0, < =—. — dux is convergent by Equation 2 with p =2 > 1, so
1 X 1

——— dx is convergent
3+ 1 &

* oz Loy * oz
dx is a constant, so / 3 dr = / dr + / dx is also
0o 341 o Z3+1 1 z3+1

2 +1 "z x2?

1

x
by the C ison Thy . —_
y the Comparison Theorem /0 P

convergent.
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51.
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54.
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56.

SECTION 7.8 IMPROPER INTEGRALS [ 95
+sin?z

For:ch,1 NG

by the Comparison Theorem.

<1 . . . © ] 4+sin’z , . .
> —. —= dz is divergent by Equation 2 withp = 5 < 1, so ——— dx is divergent
VT / VT 1 vz

1
2

4+l _z + 1 T 1 /°° . . . /°° 1 . .
Forxz > 1, f(x) = — = —, 80 x) dx diverges by comparison with — dx, which diverges
by Equation 2 with p = 1 < 1. Thus, f L f(x)de = f » f(@)dz + [ f(x) d also diverges.
Forxz > 0, arctanx < s < 2,80 arctan‘m < 2 < 2 = 2e”%. Now
2 2+ e® 2+ e* er

o] t
I= / 2¢ %dr = lim [ 2 " dx= lim [—2e’z](t) = lim (—% + 2) = 2, so I is convergent, and by comparison,
0 e

t—oo 0 t—oo t—oo

 arctanz , .
————— dx is convergent.
0

2+e
< sec’ 1
ForO0 < x <1, x\/;; >W.Now
1 1 1 9
I :/ e dz = lim [ 2 *?dz = lim [— 2x*1/2] = lim (—2+ —) — 00, 50 I is divergent, and by
0 t—0+ J; t—0+ t t—0+ \/E

. Ysec?z . ..
comparison, is divergent.

zVa

.2
1
Foro<z<1,22% <« " Now

Ve T Vz
I= / Ldr=tm [ 27 2dz= lim [23;1/2] " = lim (27r —2 \/) — 27 — 0 = 2, so I is convergent, and by
0 \/E t—ot Jy t—0+ t t—0+

. ™ sin? z .
comparison, dz is convergent.
0o Vz

Now

I e A e R e e R

_ 2u du u= 7z =u2, B du 1 B 1
_/u(1+u2) |:da::2udu } _Q/W—Qtan u+C =2tan" vz + C, so

| 7o
e dzx —1 1
/0 VAT = lim [2tan \/_] + hm [2tan~ \/_]

t—0+

= lim [2(%) —Qtanflx/f] +tlim [Qtanflx/z_f— 2(%)] =3 —0+2(%) -5 =m.

t—0+

/wix—/gix+/w7x— lim /3L+ im [ — Now
s xVx? -4 s xVz2—4 s oVIE—4 t-2+ ), zV2Z—4 too [y /22 —4
. 2secf tan 6 do z = 2sec 0, where 1
rvVzZ—4 2sec2tan 6 0<O<m/2orm <6< 371/2 -

& dx . _ t _
(" B i (e ()] i (3o (30)], = dsee ()~ 0+ &

M|
NG
I
D=
2]
o)
O\

—
—~
Njw
S—
EEl
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1 1
57. Ifp =1, then/ dw = lim dw = lim [In xE = oo. Divergent
o xP t—ot J, T t—0+
bdx bdx . . . .
Ifp # 1, then / — = lim — [note that the integral is not improper if p < 0]
o TP t—ot J, P

s 1 1
lim = lim — |1 —
t—o+t [—p+1], t—otl—p tp—1

1 . .
Ifp>1,thenp—1>0,s0 — — ocoast — 07, and the integral diverges.

tp—1

1
pr<1,thenp—1<0,sotp%1—>0ast—>0+and de 1 {

o 1—p

Thus, the integral converges if and only if p < 1, and in that case its value is 1

58. Letu = Inx. Thendu =dx/x = / Lp
. z(lnx)

and diverges otherwise.

59. First suppose p = —1. Then

2

lim (1—t1*P)] =1

t—0+

* du .
= / —- By Example 4, this converges to
1w

1 1 1
/ z’ Inz dz :/ 2 e — lim Iz e — lim [%(lnx)ﬂl = —1 lim (Int)?
0 0 —0t t t—0t

x t—0t+ Jy T t

integral diverges. Now suppose p # —1. Then integration by parts gives

+1

p—1

= —0o0, so the

p+1 P p+1 p+1
/zzplnxdac:;3 lnx—/ L 4 i Ing — — 5 +C. Ifp < —1,thenp+1<0,s0

X = n
p+1 p+1 (p+1)

1 p+1 p+1 71 _
/ Inzde = lim |Z Inz— -~ = ! 5 ! lim
o t—o+ [p+1 (p+1)2 : (r+1) p+1)t-0+

Ifp>—1,thenp+1 > 0and

o7 (e )

-1 1 .o Int—1/(p+1) u 1 1
LyPlngde = - 1 £ -
Jo @’ Inzdx (p+1)2 (p-i-l) et t—(p+1) (p+1)2 p+1
-1 1 —1
(p+1)2 + (p+1)2 tl»0+ (p+1)2

Thus, the integral converges to — if p > —1 and diverges otherwise.

_r
(p+1)?

lim
t—ot+ —(p +

ifp>1

1/t

1)t—(p+2)

[} t
60. (a) n = 0: / 2"e Pdr=lim [ e “dr= lim [—eﬂ”]; =lim [-e *+1]=0+1=1
0

t—o0 0 t—o0 t—o0

o] t
n =1 / z"e “dxr = lim ze” * dz. To evaluate /xeﬂ” dz, we’ll use integration by parts
0

t—oo 0

withu =2, dv=¢*dr = du=dr,v=—e 7.

So /meiz de = —ze " — /—eim de=—z2ze " —e "4+ C=(—x—1)¢ "+ Cand
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t
. —x T o —z]t _ 1. 4 —t 9 _ -t —t
lim ze " dr = lim [(—z—1)e "] = tlirgo [(—t—1)e " +1] = tlirgo [—te et +1]

t—o0 0 t—o0

=0—0+1 [usel’Hospital’sRule] =1

o t
n=2: / z"e ¥ dr = lim x2e™" dx. To evaluate / z2e™" dx, we could use integration by parts
0

t—oo 0

again or Formula 97. Thus,
¢ , t
lim #?e " dz = lim [—xzeﬂ”] “+2 lim ze “dx
t—o0 0 t—oo 0 t—oo 0
=040+ 2(1) [usel’Hospital’s Rule and the result forn = 1] = 2
¢

oo t L
_ . _ 97 .. gt . 2 —
n=3: z"e “dxr = lim 22e % dr Z lim [fxse I] + 3 lim e T dx
0 t—oo 0 t—oo 0 t—o0o 0

=0+ 0+3(2) [use!'Hospital’s Rule and the result forn = 2] = 6

(b) Forn =1, 2, and 3, we have f0°° x"e” % dx =1, 2, and 6. The values for the integral are equal to the factorials for n,
so we guess [~ x"e” " dx = nl.

(c) Suppose that [ 2*e ™" dx = k! for some positive integer k. Then [;° z**'e™" do = tlirgo fot zFtle ™ de.
To evaluate [ 2**1e™" dz, we use parts with u = 2", dv = e " dr = du= (k+ 1)2"dz,v=—e"".
So [a*tte ™ dr = —a" e ™ — [ —(k+ 1)aPe "dr = —a* e 4+ (k+ 1) [2¥e " dz and

tlirgo fot "l dy = tlirgo [ka“efz]; +(k+1) tlilgo fot zFe ™ dx
= lim [—t*"e P+ 0] + (k+ 1)kl =040+ (k+ 1)! = (k+ 1),
so the formula holds for k£ + 1. By induction, the formula holds for all positive integers. (Since 0! = 1, the formula holds
for n = 0, too.)
61. (@) I = [ adr= ffooxdx + [, wdx,and [[7 xde = tli>nolo f(f:cd:c = tllglo [%;Lﬁ]g = lim [$£* - 0] = oo,

so I is divergent.

(b) fftxdx = [%xz}it =1t" - 1 =0,s0 tlirglo fit:vdx = 0. Therefore, [ xdx # tlirgo fftxdx.

M 4 * 3 . .
62. Letk = —— so that 7 = — k°/2 / vle ko dv. Let I denote the integral and use parts to integrate I. Let o = v?,
0

2RT VT
1
dﬁzveik”{zdv = da=2vdv,6=—ﬁ67’“’2'
1 1 5 o2 ¢ 1 [ g2 ;1 2 —kt? 1. 1 g2
I_tlirilo{ 2% € ]O+k0 ve ™ dvo = 2ktli>r§o(te )+ktli“20 2%
H 1 1 1
= () - — —1) = —
2k 0 2k2(0 ) 2k?

_ 4 1 2 2 2vV2+VRT 8RT
Thus, T = —=k%/%2 . — = = = = .
VT 2k (km)'/2  [xM/ (2RT)]'/? VM ™
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oo 2 t t
63. Volume:/ 7r(1> dr =7 lim d—f = lim [—1} =7 lim (1—1) =m < oo.
1 T t—oo [1 T t—o0 x t—o0 t

1

t
64. Work:/ GMm o\ i GMm dr = lim GMm{ 1} — GMm lim <—1+ 1) GMm ere
R 7" T

t—o0 t—o0 R t— o0 R R

M = mass of the earth = 5.98 x 10?4 kg, m = mass of satellite = 10% kg, R = radius of the earth = 6.37 x 10° m, and
G = gravitational constant = 6.67 x 10~'* N-m?/kg.

. 10-11.5 1024 . 103
Therefore, Work = 6.67 » 10 6.375><9f0§ 0 0 ~ 6.26 x 1010 J.

oo t
65. Work = / Fdr = lim Gm2M dr = tlim GmM (l — 1) = GmM . The initial kinetic energy provides the work,

R t—oo Jp T R t R

0 2mud = GmM = = 26M
20T TR "V R
66. y(s) = ! _r z(r)drand z(r) = 2(R—71)* =
Y . ViP—s2 2
R 2 R .3 2 2
. r(R—r) . r° — 2Rr® + R°r
s)= lim ————dr = lim —dr
v =t | =i | T e
R 3
rodr r2 dr rdr
= lim ——— —2R + R? = lim (I, — 2RI + R’I3) =L
t—sT [ ¢ r2 — g2 . \r2— 52 / Vr2 — 52:| t—s ( ! 2 3)

ForI;: Letu=+r2—s2 = u?=1r>—35%7r2=u’+s% 2rdr = 2udu, so, omitting limits and constant of
integration,

2, .2
]1:/Wdu:/(u2+32)du:%u3+s2u:%u(u2+3s2)

= %m@ﬁ — 524+ 35%) = l\/7m(7"2 +25?)
For I: Using Formula 44, I, = \/ e 1n’r +r?2 — g2 ‘

For I3: Letu=1r?—s*> = du=2rdr. Thenls = jl/qi 2Vu = /1?2 — 82,

Thus,
R

L= lim {%\/rz—sz(r2+252)—2R( ViT—s2 42 lnfr—l—\/ —82’)+R2\/T2—52:|

t—st ¢

2
lim {%\/Rz — 2(R? 4 25°) — 21%(% VR? — 52 + % In|R + vR? — 2 y) + R*VR? — 52]

t—st

— lim {%«/ﬁ — 5% (12 +2s%) — 2R< VE—2+ L ln|t + V2 = 2| ) + R*V1? — 52}

t—st
= [3VR? - s*> (R’ +25°) — Rs’In|R+ VR? — || — [-Rs’In|s|]

/R2 — 52
= 1VR? — 2 (R + 25°) —Rs%n(%)

67. We would expect a small percentage of bulbs to burn out in the first few hundred hours, most of the bulbs to burn out after

close to 700 hours, and a few overachievers to burn on and on.
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(@ v (b) 7(t) = F'(t) is the rate at which the fraction F'(¢) of burnt-out bulbs increases
as t increases. This could be interpreted as a fractional burnout rate.

(© [y r(t)dt = lim F(x)= 1, since all of the bulbs will eventually burn out.

0 700 t

(in hours)
1= /o teM dt = Slirxgo {k—z (kt—1) ekt}o [Formula 96, or parts] = slir{)lo [(%seks - k—zeks) - (fk—i)}

Since k£ < 0 the first two terms approach 0 (you can verify that the first term does so with 1’Hospital’s Rule), so the limit is

equal to 1/k*. Thus, M = —kI = —k(1/k*) = —1/k = —1/(—0.000121) ~ 8264.5 years.

Y= /°° —CN(l — e_kt) e Mdt = % lim ’ [e_/\t — e(_k_/\)t} dt
0

k’ z—oo [

_eN o[ L k] N L ! (L=
= lim {7/\6 I . Kk xlin;o —/\em—i_(k-l-/\)e(’”)‘)z */\+k+)\

_eN (1 1 \_eN[(k+X=A\_ ¢N
Tk XN E+X) Tk \AE+EN ) AME+N

> T op r e VY r 1%
t)dt = i L Coe ™V dat =L ¢y i Lo (-L) u ( —”C/Vf1)
/0 u(t) mg{}o , v o€ v OILH;O v . 7“0 - ILIEO e

= —Co(0—1) = Co.

I 0°° u(t) dt represents the total amount of urea removed from the blood if dialysis is continued indefinitely. The fact that

fooo u(t) dt = Co means that, in the limit, as ¢ — oo, all the urea in the blood at time ¢ = 0 is removed. The calculation says

nothing about how rapidly that limit is approached.

[e'e) t
1= # dr = lim # dr = lim [tarf1 x]t = lim (tan71 t —tan ! a) =37 - tan" ! a.
. x24+1 . 241 a

t—o0 t—oo t—oo

1<0.001 = Z—tan 'a<0.001 = tan 'a>%—0.001 = a>tan(3 —0.001) ~ 1000.

f(z)=e " and Az = 0 =1

JE f(a) do ~ Ss = 2 [£(0) + 4£(0.5) + 2f(1) + -+ +2f(3) + 4f(3.5) + f(4)] ~ 1(5.31717808) ~ 0.8862
Nowz >4 = —z-2<-—-z-4 = e <e ¥ = f4°°e_””2 dr < f4°°e_4xdx.

[ e dr = lim [~1e7*]] = —1(0—e7'%) = 1/(4e'®) ~ 0.0000000281 < 0.0000001, as desired.

4 t—oo

oo s 0o s —stn —sn 1 ) 1 )
(@) F(s) = / fe *tdt = / e *tdt = lim {—6 ] = lim (6 + g) This converges to 3 only if s > 0.
0 0

n—oo S 0 n— oo —8

1 . .
Therefore F(s) = 3 with domain {s | s > 0}.
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(b) F(S):/ f(t)e_Stdt:/ e dt = lim 79 gt = lim { ! et(l_s)}
0 0 0

n—oo fo n— 00 — S
) e(l—s)n 1
= lim —
n—oo \ 1—3s 1-—s

. . . . 1 . .
This converges only if 1 —s <0 = s > 1, in which case F'(s) = Py with domain {s | s > 1}.

(©) F(s) = [y° f(t)e > dt = Jim o te™*" dt. Use integration by parts: letu =t,dv =e " dt = du=dt,

— st n
v:—es . Then F'(s) = lim {—Eefst—iefst] = lim (

n— o0 S 52 0 n—0o00

-n 1 1 1 .
O—l—?) :S—zonly1f5>0.

sesn SQesn

Therefore, F'(s) = s% and the domain of F'is {s | s > 0}.

74. 0 < f(t) < Me* = 0< f(t)e *" < Me*e™*" fort > 0. Now use the Comparison Theorem:

/ Me™e *tdt = lim M [ @ 9dt =M. Lim {Le“‘”)] — M- lim — [e"<H> —1]
a— S8 0 n—oo 4 — S

n—o0 0 n—oo

This is convergent only whena — s <0 = s > a. Therefore, by the Comparison Theorem, F'(s f o et dtis

also convergent for s > a.
75. G(s) = [;° f'(t)e™*" dt. Integrate by parts with u = e, dv = f'(t)dt = du=—se™ ", v = f(t):
G(s) = lim_ [f(B)e ] +s [;7 f(t)e ™t dt = Jim f(n)e™"" — f(0) + sF(s)
But0 < f(t) < Me™ = 0< f(t)e *" < Me*e *" and tlirgo Met@=%) =0 for s > a. So by the Squeeze Theorem,
tli)nglo fe ** =0fors >a = G(s)=0— f(0)+ sF(s) = sF(s) — f(0) for s > a.
76. Assume without loss of generality that a < b. Then
[l f@)do+ [7 f@)dz = lim [*f(2)dz+ lim [ f(x
= lim ft x)dx + Jim [f fx)dz + [ f d:)c}
= lim [ f(z)de + [} f(2)de + lim [ f(z)de
:tlhfloo[ft 2)de+ [* f(z dx}—l—fboof(x)dx

= hm ft z)de+ [ f d:c—f f(@)de+ [° f

. . _p2 2
77. We use integration by parts: letu =z, dv =ze™ ¥ dr = du=dz,v= f%e . So

S t oo S oo
/ 22 dz = lim flxe_ﬂ + l/ e dz = lim f% + l/ e dy = l/ e da
0 t—o0 2 0 2 0 t—o0 2et 2 0 2 0

(The limit is O by I’Hospital’s Rule.)
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78.

79.

80.

81.

82,

SECTION7.8 IMPROPER INTEGRALS L 101
fooo e~*" da is the area under the curve y= e~ for 0 <z <ooand 0 <y < 1. Solvingy = e~ for x, we get
y = e = Iny=—-2> = —lny=2%> = z==4/—Iny. Since z is positive, choose 2 = /— In y, and
the area is represented by |, 01 v/ —Inydy. Therefore, each integral represents the same area, so the integrals are equal.
For the first part of the integral, let z = 2tanf = dx = 2sec’ 6 df.
/ L /2sec 0 /sec&d9—1n|sec9+tan6’\ *
Vzz +4 2secl - '
0
N
From the figure, tan § = g, and sec = IETH So 2
t
> 1 \/
I:/ L ¢ dz = lim > + — C'lnjz + 2|
0 T2+ 4 T+ 2 t—oo 0
B 2
= lim |In —”24“ —Cn(t+2) — (Inl— C’ln?)}
fe2 + /12
= lim ( L +t)+1n20} zln(lim M)Hm“l
e 2(t+2)° t—oo  (t42)
. t+\/t2+4ﬂ .14t/ + 2
Now L = lim ———=— = lim rois] rois]
t—oo ({4 2) t—oo C' (t+ 2) C’ hm (t+2)
IfC < 1, L = oo and I diverges.
IfC =1,L =2and I convergestoln2+1n2° =In2.
IfC > 1, L = 0and I diverges to —oo.
* z ¢ . 1 2 1 t . 2 1/2 c/3
I:/.S <202—+1 — 3x+1> dx :tlirgo [Eln(ac +1)— §Cln(3x—|—1)]0 :tlirgo [In(t +1) / —In(3t+1) / }
L 2+ 1)Y2\ 211
B tlgrolo (ln (3,; + 1)0/3 =1In tli,nolo (3t + 1)0/3
For C' < 0, the integral diverges. For C' > 0, we have
(S T t/VEE+ 1. 1
L=1lm ——==1lm —"F———— == lim ————
t—oo (3t +1)C/3  t500 C(3t + 1)(0/3) L Ctooo (3t +1)€/3)-1
ForC/3<1 & (C <3,L=o0and] diverges.
ForC=3,L=z2and] =Ins.
For C > 3, L = 0 and I diverges to —oc.
No, I = [;° f(x) dz must be divergent. Since hm f(x) = 1, there must exist an N such that if z > N, then f(z) > 1.
Thus, I = 1; + I = fo z)dx + f N z) dx, where I is an ordinary definite integral that has a finite value, and I5 is
improper and diverges by comparison with the divergent integral || ]30 % dx.
As in Exercise 55, we let I = /oo 2 dx = I1 + I, where I; = /1 i dx and I = /oo 2 dx. We will
> =), T1a =1 2, 1—01_~_le7 2_11+$b .
show that I; converges for @ > —1 and I> converges for b > a + 1, so that I converges whena > —land b > a + 1.
[continued]
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I, is improper only when a < 0. When 0 < z < 1, we have ! <1 = _t < ! The integral
! prop Y ' -7 1+a0 — z=o(l42b) = z—o’ g
| ! 1
/ —— dx converges for —a < 1 [or a > —1] by Exercise 57, so by the Comparison Theorem, / — Y dz
0o % o z7%(1+zb)

converges for —1 < a < 0. I; is not improper when a > 0, so it has a finite real value in that case. Therefore, I; has a finite

real value (converges) when a > —1.

. . “ 1 1
15 is always improper. When = > 1, T _T_ = (Lt 2 = ey

1 < 1
< —=— By (®), —— dz converges
T 1 T

xa

T dx converges for b > a + 1.

forb—a > 1 (orb > a+ 1), so by the Comparison Theorem, /
1

Thus, I converges ifa > —1land b > a + 1.

7 Review
TRUE-FALSE QUIZ
. . . x(z? +4) 8z A B
1. False. Since the numerator has a higher degree than the denominator, =+ =z+ +
2 —4 x2—4 x+2 x—2
2. True. Infact, A=-1,B=C=1.
. A B
3. False.  Itcan be put in the form — + — + ¢ .
x T x—4
. A Bx+C
4. False.  The f —+ =
alse eormlsx+x2+4
5. False.  This is an improper integral, since the denominator vanishes at x = 1.
4 1 4
T T x
dr = —d d
/Oxz—lgj /0 x2 -1 :1:+/1 2 —1 © and
T, t ) : ,
/ dr = lim dr = lim [%ln{x 71” = lim %ln|t 71{:00
0o r2—1 t—1- Jo 2 —1 t—1— 0 t—l-

So the integral diverges.
6. True by Theorem 7.8.2 with p = /2 > 1.
7. False.  See Exercise 61 in Section 7.8.
8. False.  For example, with n = 1 the Trapezoidal Rule is much more accurate y

than the Midpoint Rule for the function in the diagram.

0| 4 a -;- b b X
2
9. (a) True. See the end of Section 7.5.
. . 22 . .9 sinz
(b) False. Examples include the functions f(z) = e, g(x) = sin(z*), and h(z) = .
x
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10. True.

11. False.

12. True.

13. False.

14. False.

CHAPTER7 REVIEW O 103

If f is continuous on [0, co), then fol () da is finite. Since [, f(x) dx is finite, so is

fo dm—fo dm+f1 z) dz.

If f(z) = 1/, then f is continuous and decreasing on [1, c0) with lim f(x) = 0, but [ f(x) dz is divergent.
L0 (z)])dz = hm f [f(z)+ g(z)]dx = tliglo (fat f(z)dx + f: g(x) dx)

. t . t since both limits
Jim [} f(z)de + lim [ g(x)d [ }

in the sum exist

= [ f@)de+ [7 g(z) da

Since the two integrals are finite, so is their sum.

Take f(x) = 1 forall z and g(x) = —1 forall z. Then [° f(x)dz = oo [divergent]

and [° g(z) dv = —oo  [divergent], but [ [f(z) 4+ g(x)]dz =0 [convergent].

x could converge or diverge. For example, if g(z) = 1, then x diverges if f(z) = 1 an
o flx)d 1d di F le, if =1, then [° f(z) dz di if f 1and
converges if f(z) = 0.

EXERCISES

3.

4.

/5
.

(=}

2 2 2 2 2
Ll)dx:/ wdx:/ (x+2+ )dx—{%x2+2x+ln\x|]
1 1

1 /12(
2 /12(

3
T . u—1 u=x4+1,
—x—|—1)2 dr—/z " du |:du:dz ]

X X

1
=(2+4+ml2)—(3+2+0)=%+In2

31001 11 1 1 3 1
—/2 (E—ﬁ>du—{1n|u|+a]2—(ln3+§)—<ln2+§>—ln§—6

Sln xr .
i u = sin z,
de= [ cosze® dr= [ e“du
secax du = cos z dx

:eu+O:€sinx+C

/6 i
L /6 1 u==t, dv=sin2t
tsin2tdt = [—3tcos 2t]0 - / (—3 cos2t) dt {du =dt, v=—1 }

(=}

s /6 s
= (53— O+ [Fsin2t] ) = —F + 13

6.

5/2
[

7. fOTr/2

2 5
2 = _
T lnxda: [éxﬁl x]li/ lxsdm |:u Inz, dv==x da;:|
1

1 2 1
dt = —— | dt ial fracti =mn2t+1—-Injt+1/+C
+3t+1 /(2t+1)(t+1) /<2t+1 t+1 [partial fractions] = In [2¢ + 1| —In [¢ + 1] +

6 du = L da, v:%ms

=520 [t} = $ 2 (38— ) = $m2 ]

sin® 6 cos® 0df = 7r/2(1 — cos? 0) cos? 0 sin ) df = f1 (1 — u?)u? (—du) {dz z(?ziieda]

—fo u’ —u')du=[3 u3—3u5](1):(§_%)_0:l
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8.

10.

1.

12.

13.

14.

15.

16.

17.

18.

O CHAPTER7 TECHNIQUES OF INTEGRATION
Letu = v/e® — 1, so that u? = €% — 1, 2udu = €® dz, and € = u? + 1. Then

1 2udu / 1 —1 —1
du =2tan” " u+ C = 2tan er — 14 C.
[m===1i v

uu2—|—1 u? +1

. Letw = Int, du = dt/t. Then/&;nt)dt:/sinudu:—cosu—i—Cz—cos(lnt)—i—C.

Let u = arctan z, du = dx /(1 + x2). Then
/1 —Vamtag"’: do — /W/4\/qjdu _ 2[u3/2r/4 _2fm 12 L s L s
y 1tz o 3 o 3|8 3°% 12

Let x = secf. Then

2 /2 /3 /3 /3
/ lex:/ tan 0 sec 6 tan9d0:/ tan29d9:/ (sec? 0 — 1) df = [tan6 — 9]77/3 V3—Z.
1 x o secf 0 0

er d B 1 1d u:82m7
Tre ™7 | TH 2 (3 du) du = 2¢2® dz

:%tan71u+0:%tanflezz+0

Letw = &=. Then w® = x and 3w? dw = d, sofe%dx = [€" - 3w® dw = 31. To evaluate I, let u = w?,

3

dv=e"dw = du=2wdw,v=e",s0l= [w’e"dw=uw’e"— [2we”dw. NowletU = w,dV =e“dw =

dU = dw, V = e*. Thus, I = w’e® — 2[we® — [ e dw] = w’e” — 2we™ + 2e* + C1, and hence

31 = 3e”(w® — 2w+ 2) + C = 3¢ V7 (/3 — 2213 + 2) + C.

2
/a;_:r;dx:/(x72+%+2)dx:%x272x+61n\:1:+2|+0

r—1 rz—1 A B

m2+2:c::c(x+2):;+x+2 = x—1=A(x+2)+ Bz. Setx = —2toget -3 = —2B,s0 B =
toget—1=2A,s0 A= —1 Thus/I—_ldm:/ ;%+ i de = —3lz|+ 2z + 2|+ C.
’ 2 Y] a2+ 2 x x+2

sec® 0 (tan2 6+ 1)2 sec? 0 u= tan 6, (u2 + 1)2 ut+2u?+1
/ e / e L { jo el de] _ / ey / L

3
:/(u2+2+i2) du:%+2u71+C:%tan39+2tan07cot9+c
U U

Jzcoshadz = zsinhz — [sinhzde {u:w’ dU:COthdw}

du = dx, v =sinhz

= xsinhx — coshz + C

m2+81—3_12+8x—3_é £+ c
x3+3x2  22(x+3) v 22 x+3

= 2?48z —3=Az(z+3) + Bz +3) + C2°.

Taking = 0, we get —3 = 3B, so B = —1. Taking x = —3, we get —18 = 9C,s0 C' = —
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Takingx = 1, we get6 =4A+4B+C =4A—4—2,504A = 12 and A = 3. Now

z? + 8z —3 3 1 2 1
Tt = (2= — dz = 31 - —21 .
/ el /(az = x+3) x 3n|:1:|+$ nlz+3/+C

19 /Ldm:/ z+1 d%:/l’i"_ldgj u= 3z +1,
) 922+ 6245 (922 4+ 63+ 1) +4 (Bx+1)2+4 du= 3dx
$(u—1)]+1 -
u? + 4 3 33 u? +4
1 u 1 2 1

L 1 R S 2 Lo (L
_9/u2+4du+9/u2+22du—9 In(u +4)+9 tan (Qu)—&—C’

2
= £ In(92° +6x+5)+ stan ' [3(Bz +1)] + C

20. [tan® 6 sec®0df = [tan® 0 sec’ 0 sect tanfdf = [(sec’ § — 1)*sec® 0 sec tan§ df {dz — :iz Z’tane(w]

= [(v® = 1)*u® du = [(u® —2u* +u?)du

:%u7—%u5+%u3+0:%sec79—§sec59+%sec39+0

2. /\/xji4x_/\/(x2—j;:+4)—4_/\/£ﬁ

_/25ec9tan0d9 { T —2=2sech, }

2tan 0 dxr = 2secf tan 6 do x—2 \/(x—2)2—22
= [sec0df = In|secd + tan 6| + C4 ={x?—4x
[

_ 2 —
S Y S £ k. P 2

2 2
:ln|x72+\/x2f4x|+C,whereC:C’171n2

=i,
22, fcosx/fdtzf2x cosrdr L:;:t’ 2mdm:dtj|
. . u =z dv=cosxdr
=2z sinz — [ 2sinzdz |:du:dx, Y — inu ]
=2z sinz + 2cosz + C = 2/ sin v/t + 2cost + C
23. Let z = tan @, so that dz = sec? 6 df. Then
dx B sec?0do B sec@da
zvVz2+1 J tanfsecd | tand ¥ +1
¥

= [csc0df =In|cscd — cot b + C f

/2 /2 _ 1
:ln‘x—ﬂfl’+C:ln‘L11‘+C

T T T
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24 Letu =cosz,dv=e"dz = du=—sinzdr,v=¢":(x)]= [e"coszdr =e"cosz+ [e”sinzdz.
To integrate fe”“' sinzdz,letU =sinz, dV =e*dr = dU = cosxdx,V = €. Then
J e sinzdr = e®sinz — [e” coszdr = e” sinz — I. By substitution in (x), I = e” cosz + e"sinz — I =

2] = e"(cosz +sinz) = I =31e"(cosz+sinz)+C.

3 —224+6x—4 Az+B Czx+D
B I RTED ~ AT T T WO e A= (A B +2) 4 (o D) 1)

Equating the coefficients gives A+ C =3,B+ D =—-1,2A+C =6,and2B+ D =—-4 =
A=3,C=0,B=-3,and D = 2. Now

32 — 2% +6x—4 rz—1
————————dr =3
(22 +1)(z2+2) x2+1

. _ l . u
2. [xsinz cosxdr= [ wsin2zdx {du

dm+2/ da :§ln(a:2+1)—Stanflx—i—\/itan*l(%)+C

2+2 2

[T

x dv = sin 2x dzx,
de v= —% cos 2z

= ——mcos?m—l—f—cos?xdx* —%xcos2x—|——sm2x+0

27. foﬂ/z cos® x sin 2z dx = foﬂm cos® x (2sinx cosz) da = foﬂ/z 2cos* x sinx dr = [—% cos® x}g/z =

S\

28. Letu = /x. Thenz = u?, dr = 3u’du =
3
\/E+1 f/u+13u2du:3/ u2+2u+2+i du
u—1 u—1

=u® 4+ 3u* 4+ 6u+6lnju—1|+C=2+3222+6Yz+6In|z—1|+C
5o
29. The integrand is an odd function, so / m der =0 [byS5.5.7(b)].
-3

30. Letu =e %, du = —e~ “ dx. Then

dx e “dx —du .1 1, —x
= = — = — +C=- +C.
/ Y / \/1 ) / T sin” " u sin” (e ")

31. Letu = /e® — 1. Then u? = ¢® — 1 and 2udu = €® dz. Also, e® + 8 = u? + 9. Thus,
10 3, 3 2 3
/ 1 _ u2udu:2/ U du:2/ 1_ 9 du
ex+8 o u?+9 o u2+9 0 u?+9
3
=2 {u — gtanfl(g)}

4 . 4
~/ T Smax ~/ 2 u=ux dv=tanz sec?zdz,
32 T dz rtanx sec” x dx 1o
0 cos3 ¢ 0 du=dz wv=jtan“z

3
=2[(3-3tan"'1)—0] =2(3-3-2) =6 =
=2l J=2(3-3-3) =6-3
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CHAPTER7 REVIEW O

33 Letx =2sinf = (4— 932)3/2 = (2c0s6)?, dz = 2cosf db, so

2 2
/M:”de:/%‘;Zkosede:/tanwcw:/(sec29—1)de X
— X
0
:tan9—9+C:\/4+_x2—sin71(%)+C \/4—)(2

34. Integrate by parts twice, first with u = (arcsin z)?, dv = da:

dx
I = arcsin z)? dz = z(arcsinz)? — /296 arcsin x (7)
[ aresina) (arcsinz) N

. T 1
Now let U = arcsinz, dV = ﬁdx = dU = ﬁdx,‘/: —\/1—.7,’2. So

I = z(arcsinz)? — 2[arcsinz (—v1 — 2?) + [ dz| = z(arcsinz)® + 2+/1 — 22 arcsinz — 2z + C

1 dx dx u=14Ve 2du —1/2
T+ vV (l++/z) V1 ++/z du:Qﬁ U

=4 /u+C=4/1+z+C

cosf  sinf

1—tan6 [ cosf§ cosf ,,_ [ cosO—sin0 = .
36. /—l—l—tanede_/—cose Gin 0 do = —COSG+Sin9d9—ln\cose—l—smt?\+C’

cosf  cosb

37. [(cosz +sinx)? cos 2z dx = [ (cos®  + 2sinx cos x + sin® x) cos 2z dw = [ (1 + sin 2z) cos 2z dx

:fcos2xdx+%fsin4xdx: %sianf%cosélirC

Or: [(cosz +sinz)? cos2z dz = [(cosz + sinz)?(cos® x — sin® z) dx

= [(cosz +sinz)®(cosz — sinz) dz = % (cosz + sinz)* + C1

38 2ﬁdaz—f2“(2du) u= Ve,
NV du = 1/(2y/7) dz
ou oVEHl

=2 Ty T
39. We’ll integrate I = L%d:cb arts with u = ze” anddv*L Then du = (x - 2¢** + €>* - 1) dx
' gl = | vz P - T Q+22)? -

1 1
andv——§-1+—2m,so

o1 ﬁ,/ 1 et we 1 Lae o el

2 1+2x 2 142z 4z +2 2 2 B 4 dx+2

12 g2 1 z 1/2 11 1 11
Th L - Y Y e I
“S’/O 1+ 22) dz {e (4 4m+2>]0 6(4 8) (4 O) 871

(© 2016 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part.

107



108 U CHAPTER7 TECHNIQUES OF INTEGRATION

sin 6
40. / vV tan 6 / \/ cos 0
/4

sin 29 /4 281H9C089

/3 . —1/2
/ ;(sin 0) "2 (cos0) /2 d = / 1 (sm@) (cos ) 2db
/4

r/a 2\ cost

/3 /3
:/ ;(tanﬁ)_l/QseCQQdez [\/tane] , =VV3-V1=+v3-1
/4

/4

o 1 t 1 t 1 +
41. ———=dzr = 1li ——=dr=1 L2 1) " 2dx = li Y7 y———
/1 2z +1)° TR 1 (2z+1)° TN 1 22+ ) 2da tmrt { 42z + 1)2} 1

SR 3 VY [ S S YQO R

*Inz Inz w=Inz, dv=dz/z*
42 ‘/1 m—dm— lim m—dCB |:du:dx/z ’U:—l/(3LE3):|

O iy e A LI N TR e S
imoo | 3x% ], J) 3247 T oo\ 313 923 |, ] imee\ O3 T[98 1 9

I
g

I
o
_|_
o
_|_
©ol=
I
©ol~

43./ dv {“:‘”’} :/@:lnlulJrC:lnllnlerC,so
u

zlnz |du=dz/x

o] t t
/ dv_ _ lim dv = lim [In |In x| } = lim [In(Int¢) — In(In 2)] = oo, so the integral is divergent.
o xlnz  t—oo f, xlnxr t-o 2 t—oo

4. Letu = /y — 2. Then y = u? + 2 and dy = 2u du, so

2+ 2)2ud
/ ydy W+ )uu:2/(u2+2)du:2[%u3+2u]+0
u
6
ydy ydy E 3/2 ]6
Th = I = lim |2(y—2 4\/y—2
us,/2 VU2 et )y Vg—2 et A

= lim [ +8-2(t-2)2-4v-2] = &

t—2t

Inz ‘Inz *
45./0 Edl’—tl_lgl+ v .T—tl_l)I(I)l [2\/_lnx—4\/_}

= hrél [(2-2In4—4-2)— (2t Int —4v1)] Z (4In4—8) — (0—0) =4In4—38

1 1
(%) Letu=Inz,dv=—dr = du= —dz,v=2/z. Then
7 z Ve
lnx dx
de =2+x lnx —2 =2Vzlnz—4Vz+C
f \/_
i 2Int u .. 2/t -
(**) 11131 (2\/_lnt) 1m Ay —tl_l)ISl+W 7t1_1,%1+ (74\/%) =
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CHAPTER7 REVIEW U
46. Note that f(x) = 1/(2 — 3x) has an infinite discontinuity at z = 2. Now

2/3 1 t
de= 1
/.5 S T im

t—(2/3)~ Jo 2—3x

dr =

lim [—gln\2—3x|} -
t—(2/3)~

t
~1 lim [m\z — 3t — an] =0
0 t—(2/3)
2/3 4
Since/
0

1
oy dx diverges, so does /0 oy dx.

te—1 1(1’ 1)
47./ dr = lim
o vV

ot ) \Va  Va

1
dx = lim («'/?

— 27 Y% dz = lim
t—ot J;

t—0
: 2 2 243/2 2 1/2 4 0
t1~l>0 [(3 ) (St/ t/ ):| 3

bode ! dx 0 dz
wi-| % wm-/

[%x.‘s/z . 2x1/2} 1
t

wls

1

dx

=1 +1:.N
o Lt e Ny
_t é—l— B = 1=A(x—2)+Bz.Setz =2toget]l =2B,s0 B=1.Setx =0togetl = —2A
z(r—2) = -2 - ' - geti=2> N o gt = ’
A= —1. Thus,
1,1 1 1

- 1 2 2 1 1 1 _ 1 1
Iz—tEI;lJr t (7—1—%72) dx_tli%l+ [—3 In|z|+ 4 In|z —2]], tlirgl+ [(040)— (=3 Int+ 3 In|t —2)]
:—%ln2—|—% lim Int = —o0.

t—0+t

Since I» diverges, I is divergent.

49. Letu = 2x + 1. Then

/°° dx _/°O 3 du /0 du
oo A2+ 4 +5 .

1
o u?+4 2

1 1 1(1 1 1 —-1(1 t 1 ™ 1[xm ™
=3 lim [Ftan™"(3u)], + 3 lim [3tan"(3u)] =3[0 (=5)] + ;1[5 -0 = 1.
oot 1 tt —1
/ an2 L dz = lim an2 L da. Integrate by parts:
1 €T t—o0 1 €T
tanflxdm —tanflac_i_ l dx —tanflw_i_ l_ T da
72 T zl+x2 T r x2+1
—tan" 'z 1 9 —tan"tz 1 z?
— —|—ln\x\—51n(x +1H)+C — §lnm2+1+
Thus,
OO‘carflxd:r_ lim _tan71x+11n 22 77 — fim _tan71t+1 2 +z_11 1
1 x2 st T 2 x2+11_t—>oo t 27 2 +1 4 2 2
— 1 ™ 1 _ T 1
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51.

52.

53.

54.

55.

U CHAPTER7 TECHNIQUES OF INTEGRATION

We first make the substitution ¢ = = + 1, so In(z® + 2z 4+ 2) = In[(z + 1)® + 1] = In(t* + 1). Then we use parts

with u = In(t* + 1), dv = dt:

/ln(t2+1)dt=tln(t2+1)—/t(2t)dt:tln(t2+1)—2/ 2 di :tln(t2+1)—2/(1—;>dt

241 t2+1
=t In(t> +1) — 2t + 2arctant + C

= (x4 1) In(2® 4+ 22 + 2) — 2z + 2arctan(z + 1) + K, where K = C — 2

[Alternatively, we could have integrated by parts immediately with 4

w = In(x? + 22 + 2).] Notice from the graph that f = 0 where F has a /D

horizontal tangent. Also, F' is always increasing, and f > 0. /_/ f

-4 V J 2
-2
Letu:x2+1.Thenm2:uflandxdx:%du,so 4
!
z? / (u—1) 1 _
—dx = Lau :—/ul/zfu 12y gy

/\/a:_2+1 Vau (zdu) =3 [ ( ) s . Pl
= 1(3u? = 2u?) + O = 3@+ )2 = (@® + )2+ O { J
=1@®+1D)"? @ +1)-3]+C=3Va2+1(2a*-2)+C —4

From the graph, it seems as though f027r cos® z sin® z d is equal to 0.

To evaluate the integral, we write the integral as V\/\f
0 [ \
2

I= fOZW cos®x (1 —cos®>z) sinxzdz and letu = cosz = \M 2

(a) To evaluate [ x%e 2% dx by hand, we would integrate by parts repeatedly, always taking dv = e ™2 and starting with

du = —sinx dx. Thus, I = fll u?(1 — u?)(—du) = 0.

u = 2°. Each time we would reduce the degree of the x-factor by 1.

(b) To evaluate the integral using tables, we would use Formula 97 (which is (d) 1

proved using integration by parts) until the exponent of = was reduced to 1,

and then we would use Formula 96.

(© [a®e ™ dx = —ge " (42° + 10z* + 202° 4 302> + 30z + 15) + C

JV4z? — 4z —3dz= [ /(2z —1)2 — 4dzx [d:ji;z; 1’} = [ Vu2 —22(5 du)

1 22
3:95(%\/u2—22—7ln|u+\/u2—22|> +C=2uvuZ—4—In|u+Vu?—4|+C

— 12z —1)Vi® —dz—3—In|2e — 1+ Vi? —dz — 3|+ C
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56.

57.

58.

59.

60.

61.

CHAPTER7 REVIEEW O

Jesc®tdt z —2cott csc®t+ 2 [esc®tdt z —%cott cscgt—&—%[—%csct cott + 3 Infesct — cot t|] + C

= —i cott cscdt — %csct cott + % In|csct — cott| + C

Let u = sin x, so that du = cos x dx. Then

[cosz /4 +sin®zdr= [ V22T aZdu 2 \/22+u2—|— ln(u+\/22+u2)
:%sinx\/4+sin2x+21n(sinm+ 4—|—sin2:c)+C

Let u = sinx. Then du = cos x dx, so

57 with

cotxdr du a=Lb=2 V14+2u—1
V1I+2sine uy/1 4+ 2u B V1i4+2u+1

V14 2sinx —1

+C =In|——————
‘ V142sinx+1

4o

d 1 U 1 1 1 1
== 2 _ .2 _an L2 — 2 _ .2 _ -
(a) Tu [ o va® —u® —sin (a) —i—C’] = Va2 —u? + Vo2 Jiowe

u2

Il
—
IS
[N
<
[
~—
L
~
¥
—

2 _ 42
_(a2_u2)+1_1}:u

(b) Letu = asind = du=acosfdb,a®—u?=d> (l—sm 0) = a? cos? 6.

/\/a2—u2 a? cos? 9 /1—sin26
w2

aZsin? 6 (9 sin? 0

d9:/(csc26—1)d0:—cot0—9+C’

T2
= Yo —sinfl(%) +C

u

Work backward, and use integration by parts with U = u~ ("~ and dV = (a+ bu)fl/ 2du =

—(n—1)du

dU = andV:%\/aeru,toget

du

/—du :/UdV:UV—/VdU:2”a:bu+2(n71)/Vaeru
ur=1+/a + bu bun b u
2s/a+bu+ (n—1) a+ bu
bun—t b u"\/a—i—bu
72\/a—|—bu +o(n—1) du +2a(n—1) du
urtva+bu b u™+a + bu

bun 1
/ __2\/a+bu_(2n_3) du
um va + bu bun—1 ur—1va + bu

du _ —Va+bu _b(2n—3)/ du
watou aln—Dur—t  2a(n—1) ) ur-1/a 1+ bu

Rearranging the equation gives

Forn >0, [;% «" dx = tlggo [z (n + 1)]:’) =oo. Forn <0, [ z" dr = fol x"dx + [ 2™ dz. Both integrals are

improper. By (7.8.2), the second integral diverges if —1 < n < 0. By Exercise 7.8.57, the first integral diverges if n < —1.

Thus, fooo ™ dx is divergent for all values of n.
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62.

63.

64.

65.

66.

67.

U CHAPTER7 TECHNIQUES OF INTEGRATION

99 with t

oS} t ax
. b=1 .. e )
I= e cosxdr = lim e cosrdr = lim (acosz + sinz)
0 t—oo [o t—oo | a? + 1

0

at
= lim {a:——i—l (acost+sint) —

t—oo

(a)] -1 lim [e*(acost +sint) —a].

a?+1 a?2+1t—cc

For a > 0, the limit does not exist due to oscillation. For a < 0, tlim [e"’t (acost + sin t)] = 0 by the Squeeze Theorem,

because |e“t(acost+sint)| <e(la| +1),s0 I = " :_ 1(70,) = 7a2(:— -
1 b—a 4-2 1
A e T T R

(@) Tho = =5 {f(2) +2[f(2.2) + f(2.4) + --- + f(3.8)] + f(4)} ~ 1.925444
(b) Mo = £[f(2.1) + f(2.3) + f(2.5) + - - + f(3.9)] ~ 1.920915

(€) S10 = =5 [f(2) +4f(2.2) + 2f(2.4) + - - - +2f(3.6) + 4 (3.8) + f(4)] ~ 1.922470

10 10
(@) Tho = 15 {f(1) + 2[f(1.3) + f(1.6) +--- + f(3.7)] + f(4)} ~ —2.835151
(b) M1o = [f(1.15) + f(1.45) + f(1.75) + - -- + f(3.85)] ~ —2.856809

f(a:):\/:;cosx,Amzb_a:Zl_l _3

(©) S10 = o5 [f(1) +4f(1.3) + 2f(1.6) + - -- + 2f(3.4) + 4f(3.7) + f(4)] ~ —2.849672

1 , 1 " 2+ Inx 2 1
f(x) = f'() Tna)? = f'(z) e () + () ote that each term o

K(b—a)® _ 2.022(4—2)°

" 5 — ~ 2. ) < P —0.
f"(x) decreases on [2,4], so we’ll take K = f"(2) ~ 2.022. |Ep| < o2 12(10)2 0.01348 and
K(b—a)® 2.022(8) 1 >  10°(2.022)(8)
< ———=0. . <0. — < — > — > 2.
|Enl < =5 0.00674. |Er| <0.00001 ¢ ZFE2 <o & 0?2 5 = n>367.2
10°(2.022
Take n = 368 for T,,. |Ewm| <0.00001 < n? > W = n > 259.6. Take n = 260 for M,,.

/4 % d ~ S5 = (4_% (1) + 4f(1.5) + 2/(2) + 45 (2.5) + 2/ (3) + 4/ (3.5) + f(4)] ~ 17.730438

At= (g2 —0)/10 = &.

Distance traveled = folo vdt = Sio

s [40 + 4(42) + 2(45) + 4(49) + 2(52) + 4(54) + 2(56) + 4(57) + 2(57) + 4(55) + 56]

155 (1544) = 8.57 mi

68. We use Simpson’s Rule with n = 6 and At = % =4:

Increase in bee population = f024 r(t)dt ~ Se
= 2[r(0) + 4r(4) + 2r(8) + 4r(12) + 2r(16) + 4r(20) + r(24)]
= 2[0 + 4(300) + 2(3000) + 4(11,000) + 2(4000) + 4(400) + 0]

= 2(60,800) ~ 81,067 bees
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69. (a) f(z) = sin(sinz). A CAS gives

@ (x) = sin(sin z)[cos? = 4 7 cos® = — 3] V\ /\ /\ W
+ cos(sinz)[6 cos® zsinz + sin z]

From the graph, we see that ‘f(‘l)(a:)' < 3.8 forx € [0,7]. t \/ \A

(b) We use Simpson’s Rule with f(z) = sin(sinz) and Az =

™

10°

Jo f@)de~ g5 [£(0) +47(5) + 2/ (55) +--- +4f(35) + f(m)] ~ 1786721

From part (a), we know that ‘f(“ (x)‘ < 3.8 on [0, 7], so we use Theorem 7.7.4 with K = 3.8, and estimate the error
3.8(r — 0)°
Es| < ————— =~ 0.000646.
as |Bs| < —Tgori073

5
(c) If we want the error to be less than 0.00001, we must have |Eg| < 3'87T4 < 0.00001,

3.87°
son* >

> m ~ 646,041.6 = n > 28.35. Since n must be even for Simpson’s Rule, we must have n > 30

to ensure the desired accuracy.

70.

_ 27w

With an z-axis in the normal position, at & = 7 we have C' = 2nr =45 = r(7) = .

Using Simpson’s Rule with n = 4 and Az = 7, we have

= [Brlr(x)? de~ Sy =

2o+ am(£2)" +2m(32)° + 4m(£2)° + 0] = F(2422) ~ 4051 om”.
. () 2 +sinx

<1 o . * 24sinz
> — forzin[1,0). / dz is divergent by (7.8.2) with p = = < 1. Therefore —_—

IRZE f VT 2 1V
divergent by the Comparison Theorem.

(b);<L__
Vit Va2

[y

dx is

oo
. 1 . .
for z in [1, 00). / > dx is convergent by (7.8.2) with p = 2 > 1. Therefore
1

———— dux is convergent by the Comparison Theorem.
/1 Tyt g y p
72.

The line y = 3 intersects the hyperbola y? — 2> = 1 at two points on its upper branch, namely (72 V2 3) and (2 V2 3)
The desired area is

A= / )dm—2/2\/§(3—\/r2+1)da:2:12[3x—%96\/a:2+ —%1n(x+

=)
:[fox\/ﬁfln(er\/x?—)]

P —12v2-2v2-3—

Another method: A = 2 fls v/y2? — 1dy and use Formula 39.

73. For z in [0

In(2v2+3) =6v2—In(3+2v2)

] 0 < cos?z < cosz. For z in [2,7r], cosz < 0 < cos® z. Thus

area = foﬁ/z(cosx cos? x) dx + f (cos? & — cos x) da

= [sm:):f %xf Zsm?x]ﬂ + [%er isin?:):fsinxr/2 = [(1 -z
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1 . .
74. The curves y = 2— are defined for x > 0. Forz > 0 Thus, the required area is

1 1
, > .
+Vz 2-Vz 24V
! 1 1 ! 1 1 ! u u
[z ma)e [ () b —2/0 ()
1 2 2 !

“+2‘ —24 =4In3— 4.
2
75. Using the formula for disks, the volume is

- 0

fﬁ/2 dm—ﬂf (cos? x)? da:—Trfﬁ/2 [1(1+c052m)]2 dz
=1z Oﬂ/2(1+cos22m—|—2(:os2:c)d:c:% Oﬁ/z [1+ 3(1+ cosdz) + 2 cos 2z] du

[x—l— ( s1n4x)+2( sin2m)}g/2:§[(%”+%~0+0)—O}Z%Tr2

76. Using the formula for cylindrical shells, the volume is

V= [ ma ) de = o [ os® w de = 2 [ 2[5 (1 +con22)] do = 2(8) = [0 + @ cos22) da

0 dv = cos 2z dz

= n([lw2] /2 + [m(% Sin2x)}g/2 — (/21 sm2xdac) {pmsmthu - x}

3

- W[g(gf +0- %[fécos%:]gm} ==y T(-1-1) = L(z® — 4n)

77. By the Fundamental Theorem of Calculus,

Sy /) d = lim [ f (@) de = Jim [f(2) = f(0)] = lim f(2) — f(0) =0~ [(0) = —f(0).

t—oo

tﬂoot— 0

ln(l + t2)

t
78. (a) (tan™ ' &)we = lim LO tan 'z da 2 hm {% [ tan™ 'z —in(1+ xZ)T;}
)] - 2

t—oo

1
= lim {? (t tan~ ¢ — ln 1+ t2 hrn |:‘can1 t—

™ m
==—-—0=—=
2 2

=

2
T i 2/0+0)

t—o0 2

(b) f(z) > 0and [;® f(x) dx is divergent = lim [l f(z)de = 00

fave = h f f dxg lim @ [by FTC1] = lim f(x), if this limit exists.

t—o0 T—00

(c) Suppose [ f(x) dx converges; that is, tlim fat f(z)dx = L < co. Then

Save = hm { / f(z) dm} hm tlirgo tf(x)da;:O-L:O.

t—a

. 1 1 t . cost 1 . 1—cost
(d) (sinz),, = lim = s1nxdm— lim (z[ cosx]()) = lim (— ; +z> = lim — =0

ave t—oo 0 t—o0 t—oo t—o0
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7. Letu=1/z = xz=1/u = dr=—(1/u*)du.
* Ilnz % In(1/u) du  [° —Inu (% Inu _ > lnu
/0 1+a:2dx_/001+1/u2 R _/,ou2+1(_d“)_/,01+u2d“__/0 1+

Therefore, / ln—xdx =— / ln—xdx =0.
o 1422 o 1422

80. If the distance between P and the point charge is d, then the potential V' at P is

V—W_/dFdr_/d T gr = lim —2 —ld— 9 \im —l-&-l =1
I S T ) Ameor? T iS00 dmeg T, T dmeg t—oo d t) Adweod’
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