5 [ INTEGRALS

5.1 Areas and Distances

1. (a) Since f is decreasing , we can obtain a Jower estimate by using right endpoints. We are instructed to use five rectangles, so

n =>5.
Rszif(ri)Ax Am:b—a:MZZ u
i=1 n 5
4 y=r()
=f(@1) - 24 f(@2) - 2+ f(ws) - 2+ flwa) - 2+ f(a5) - 2
2
=2[f(2) + f(4)+ f(6) + f(8) + f(10
[£(2) + F(4) + f(6) + f(8) + f(10)] -~
~2(324+18+08+02+0) 0 4 8 *
=2(6) = 12
Since f is decreasing , we can obtain an upper estimate by using left endpoints.
L5 = i f(l'ifl) AI Y
=t 4 y=fx)
=f(@o) -2+ f(@1) - 24 f(w2) - 2+ f(xs) - 2+ f(za) - 2
2
=2[£(0) + £(2) + f(4) + £(6) + £(8)]
~2(5+32+1.8+0.8+0.2) 0 4 8 X

=2(11) = 22

(b) Rio = _120: f(z:) Az [Ax = % = 1]

= 1[f(x1) + f(z2) + - + f(z10)]
=f(1)+ f(2) +---+ f(10)
~4+324+25+18+13+08+05+02+0.1+0

=144

10
Lio =Y f(zi—1) Az
=1

=fO)+ /W) +---+109)

add leftmost upper rectangle,
subtract rightmost lower rectangle

= Rig+1- f(0) — 1- f(10)

=144+5-0
=194
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2 [ CHAPTERS5 INTEGRALS

2@ () Lo=Y flei)Ar  [Av= 1250 —2) ) [
i=1 st y=flx)
=2[f(wo) + f(21) + f(x2) + fws) + f(xa) + f(x5)]
=2[f(0) + f(2) + f(4) + f(6) + f(8) + f(10)] 41
~29+88+82+73+59+4.1)
=2(43.3) = 86.6 0 4 3 X
(ii) Re = Ls +2- f(12) — 2- f(0) '
8+ y_f(x)
~ 86.6 +2(1) — 2(9) = 70.6
[Add area of rightmost lower rectangle 41
and subtract area of leftmost upper rectangle. ]
0 4 8 127
6
_ ) y
@ i = £ sty ynmEgoEnen:
=2[f(1) + fB) + f(5) + f(7) + f(9) + f(11)]
~2(8.9+85+7.8+6.6+51+28) 4t
=2(39.7) =794
0 4 8 2%

(b) Since f is decreasing, we obtain an overestimate by using left endpoints; that is, L.
(c) Since f is decreasing, we obtain an underestimate by using right endpoints; that is, Re.

(d) Ms gives the best estimate, since the area of each rectangle appears to be closer to the true area than the overestimates and

underestimates in Lg and Rg.

4 2—-1 1 4
3. (a) Ry = 1; f(z:) Az {A:r === Z] = L; f(x,)} Az 1y
= [f(@1) + f(@2) + f(23) + f(za)] Aw
1 1 1

1 1 4 2 4 17 1
= | —— —_— —_— —_— | - = | = = = =| == U. 4
5/ 6/4+7/4+8/4}4 [2+2+2+4+1]1~06345

Since f is decreasing on [1, 2], an underestimate is obtained by using the

right endpoint approximation, Ry. 0
4 4 X
(b) La = 3 f(wi1) Az = [Z f(Iifl)] Az Y
i=1 i=1 1L
= [f(@o) + f(z1) + f(z2) + f(zs)] A
(i, .t 131 42471 o
= 1+5/4+6/4+7/4] 1= [1+5+3+37]3~075%
L4 is an overestimate. Alternatively, we could just add the area of the
0

leftmost upper rectangle and subtract the area of the rightmost lower

rectangle; that is, Ls = Ry + f(1) - 3 — f(2) - 3.
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SECTION 5.1 AREASANDDISTANCES O 3

4 @Ri=Y f(w) A |Az— ”/24’ 0_ %} = [i f(xi)] Az y F0x) = sin x
i=1 =1 T

= [f(z1) + f(22) + f(x3) + f(za)] Az

4_Tr}fr

— [gin & in 2& in 3% i jus
= [sms—l—sm 3 + sin 3 + sin s | 8

~ 1.1835

Since f is increasing on |0,

I3

], Ry is an overestimate. 0

ool:]

INEE
")

°°|=|

S}

R

Il
—

(b) Ly = 24: f(;vi,1) Ax = |: f(l‘L71):| Ax M flx)=sin x
i=1 4

= [f(@o) + f(a1) + f(22) + f(x5)] Az
= [sin0 +sin § —&—sin%" —l—sin%’r] 3

~ 0.7908

Since f is increasing on [0, 3|, L4 is an underestimate. 0 % n 37 = 57 x

5. (a)f(z):1+at2andAm:2_T(_l):1 = ’ ’
Rs=1-f0)+1-f(1)+1-f(2)=1-1+1-2+1-5=8.
2- (=1
Ax = T =05 = 2 2
Rs = 0.5[f(—=0.5) + f(0) + f(0.5) + f(1) + f(1.5) + f(2)]
=0.5(1.25+1+1.25+2+3.25+5)
= 0.5(13.75) = 6.875 o 1~ o 1~
) Ls=1-f(-1)+1-f0)+1-f(1)=1-2+41-1+1-2=5 ’ ’
Le = 0.5[f(—1) + f(—0.5) + f(0) + f(0.5) + f(1) + f(1.5)]
=0.5(2+1.25+1+1.25+ 2+ 3.25) 5 5
= 0.5(10.75) = 5.375
0 1 X 0 1 X
© Ms =1-f(~0.5)+1-f(0.5)+1- f(1.5) ’ / ’
=1-1.25+1-1.25+1-3.25=5.75
Mg = 0.5[f(—0.75) + f(—0.25) + f(0.25) , ,
+ £(0.75) + £(1.25) + £(1.75)] \\// |
= 0.5(1.5625 + 1.0625 + 1.0625 + 1.5625 + 2.5625 + 4.0625)
— 0.5(11.875) = 5.9375 of 1« of 1«

(d) Mp appears to be the best estimate.
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4 [ CHAPTER5 INTEGRALS

6. (a) 2
fx)=x—2Inx
1 5
0
5—1
(b) f(z) =2z —2Inz and Az = = 1 =
y
() Ra=1-f(2)+1-f3)+1-f(4)+1-f(5)
=(2-2In2)+(3—-2In3)+ (4 —2In4) + (5 —2In5)
~ 4.425 gl
) X
(i) Ma=1-f(1.5) +1-f(2.5) +1- f(3.5) +1- f(4.5) Y
=(1.5—-2In1.5) + (2.5 —2In2.5)
+ (3.5 —2In3.5) + (4.5 — 2In4.5) A
~ 3.843
"o X
(© () Rs = 3[f(15)+ f(2) + -+ f(5)] g
=3[(15-2In1.5) + (2—2In2) +--- + (5 — 2In5)]
~ 4.134 i
"o X
(i) Ms = 1[f(1.25) + f(1.75) + - - - + f(4.75)] Y
= 3[(1.25 — 2In1.25) 4+ (1.75 — 2In 1.75) + - - -
+ (4.75 — 21n 4.75)] Nl
~ 3.889
) X

7. f(z) =2+sinz, 0 <z <7, Az = 7/n.

n = 2: The maximum values of f on both subintervals occur at z = 7, so

wpersum = f(5) -5 +/(3) 5 =35+3-3
— 37~ 9.42.2 2
The minimum values of f on the subintervals occur at x = 0 and 11
T =, S0
lower sum = f(0)- 5 + f(m)- 5 =2-5+2-5 =21~ 6.28. z 77

INSTRUCTO T—"\’US EON LY
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SECTION 5.1  AREAS AND DISTANCES [
n=4: uppersum=[f(3)+f(3)+f(5)+(F)](F) ﬁ
=[2+3V2)+ 2+ D+ 2+ +(2+3V2)](5)
= (104+v2)(%) ~ 8.96 ?
lower sum = [f(O) + f(%) + f(%) + f(ﬂ)] (%) :
=[@2+0)+(2+3v2) + 2+3v2) +2+0](5) e SEE e
:(8+\/§ (%)%7.39 ‘ 2 E
n=8 uppersum=[f(§)+[(5)+ () +/(5)+/(5) §
+ () +FCER) +F(F)]F)
~ 8.65 i
lower sum = [f(0) + f(§) + £(§) + f(5) + F(¥) !
FEE) + () + 1] (3) B O o A |
~ 7.86 ¢ e
8 f(x)=142% -1<z<1,Az=2/n
n=3: uppersum= [f(—1)+ f(3) + f(1)](3) >
- @+¥+2@)
= % ~ 3.41
lower sum = [f(—=3) + f(0) + f(5)] (3)
=(F+1+3)(3) -1 oo !
= g—g ~ 2.15 »
n =4: uppersum= [f(=1)+ f(=3) + f(3) + F(D](3) 2
=2+3+3+2)(3)
=18 3295
lower sum = [f(—%) + f(0) + f(0) + f(3)] (3)
=(2+1+143)(3) -1 10 1 1
=9=22

9. Here is one possible algorithm (ordered sequence of operations) for calculating the sums:
1 Let SUM = 0, X MIN =0, X MAX = 1, N = 10 (depending on which sum we are calculating),
DELTA X = (X _ MAX - X MIN)/N, and RIGHT ENDPOINT = X MIN + DELTA X.

2 Repeat steps 2a, 2b in sequence until RIGHT ENDPOINT > X MAX.
2a Add (RIGHT _ENDPOINT)"4 to SUM.
Add DELTA_X to RIGHT_ENDPOINT.
At the end of this procedure, (DELTA X)-(SUM) is equal to the answer we are looking for. We find that
10 i

1 i \' 13 /i\! 1 50 *
Ro=—>5 (=) ~02533, Rso= = > (=) ~02170, Rso = — 3 ( — ) ~0.2101, and
0= % (10) B0 =552 (30) o =55 2 (50) > an

i=1
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6 [ CHAPTER5 INTEGRALS

100 i \*
Ripo = 1—(1)0 > <ﬁ> ~ 0.2050. It appears that the exact area is 0.2. The following display shows the program
i=1

SUMRIGHT and its output from a TI-83/4 Plus calculator. To generalize the program, we have input (rather than

assign) values for Xmin, Xmax, and N. Also, the function, zt, is assigned to Y1, enabling us to evaluate any right sum

merely by changing Y; and running the program.

PROGEAM: SUMREIGHT
P25

tPromFet Bmin
i Promrt Hmax EE?EEHEEIEHT

tFromrFt =

! CHmar— i n g He0 fnasil
= s 2R ' 2533
tFar(l,1.H) " TDone
e L I e

10. We can use the algorithm from Exercise 9 with X_MIN = 0, X_MAX = 7/2, and cos(RIGHT ENDPOINT) instead of

10 ; 30 y
(mmﬂjmmwmﬂuma@%AWﬁmmmmO:%ggx%<%)mong&m:%gzxm(%>m0ww,
=1 =1

and Rso = 7r5_/02 j;ol cos (%) ~ 0.9842, and R100 = %/(2) gj cos (21_3-0) ~ 0.9921. It appears that the exact area is 1.
11. In Maple, we have to perform a number of steps before getting a numerical answer. After loading the student package
[command: with (student) ;] we use the command
left sum:=leftsum(l/(x"2+1),x=0..1,10 [or 30, or 50]) ; which gives us the expression in summation
notation. To get a numerical approximation to the sum, we use evalf (left sum) ;. Mathematica does not have a special
command for these sums, so we must type them in manually. For example, the first left sum is given by
(1/10) *Sum[1/ (((i-1)/10)"2+1)1,{i,1,10}], and we use the N command on the resulting output to get a
numerical approximation.
In Derive, we use the LEFT RIEMANN command to get the left sums, but must define the right sums ourselves.

(We can define a new function using LEFT RIEMANN with k£ ranging from 1 to n instead of from 0 ton — 1.)

. 12 1 .
= <z< n=—), —a , ~ 0. )
(a) With f(z) PN 0 < z < 1, the left sums are of the form L - Z; (i71 =1 Specifically, L1 =~ 0.8100
. 12 1 .
L3o =~ 0.7937, and Lso ~ 0.7904. The right sums are of the form R,, = -~ > W Specifically, R1o = 0.7600,
i=1 (=) +

R30 ~ 0.7770, and Rso ~ 0.7804.
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SECTION 5.1

(b) In Maple, we use the 1eftbox (with the same arguments as left sum) and rightbox commands to generate the

graphs.

left endpoints, n = 10

right endpoints, n = 10

(c) We know that since y = 1/(x* + 1) is a decreasing function on (0, 1), all of the left sums are larger than the actual area,

1.1

left endpoints, n = 30

left endpoints, n = 50

1.1

right endpoints, n = 30

right endpoints, n = 50

AREAS AND DISTANCES U

7

and all of the right sums are smaller than the actual area. Since the left sum with n = 50 is about 0.7904 < 0.791 and the

right sum with n = 50 is about 0.7804 > 0.780, we conclude that 0.780 < Rs0 < exact area < Lso < 0.791, so the

exact area is between 0.780 and 0.791.

12. See the solution to Exercise 11 for the CAS commands for evaluating the sums.

(a) With f(z) =Inz, 1 <z < 4, the left sums are of the form L,, = 3 > In (1 + M) In particular, L1o ~ 2.3316,
n ;= n

L3o = 2.4752, and Lso ~ 2.5034. The right sums are of the form R,, = é > ln (1 + ﬁ) In particular,
n n

=1
Rig = 2.7475, R30 ~ 2.6139, and Rs5o ~ 2.5865.
(b) In Maple, we use the 1eftbox (with the same arguments as 1eft sum) and rightbox commands to generate the

graphs.

0 4 0 4 0 4

left endpoints, n = 10

0 4

right endpoints, n = 10

left endpoints, n = 30

0 4

right endpoints, n = 30

left endpoints, n = 50

4

right endpoints, n = 50
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13.

14.

15.

16.

17.

18.

U CHAPTER5 INTEGRALS

(c) We know that since y = In z is an increasing function on (1, 4), all of the left sums are smaller than the actual area, and all
of the right sums are larger than the actual area. Since the left sum with n = 50 is about 2.503 > 2.50 and the right sum
with n = 50 is about 2.587 < 2.59, we conclude that 2.50 < Lsg < exact area < Rs59 < 2.59, so the exact area is
between 2.50 and 2.59.

Since v is an increasing function, Le will give us a lower estimate and R will give us an upper estimate.

= (0 ft/s)(0.5s) + (6.2)(0.5) + (10.8)(0.5) + (14.9)(0.5) + (18.1)(0.5) + (19.4)(0.5) = 0.5(69.4) = 34.7 ft
Rs = 0.5(6.2 +10.8 + 14.9 + 18.1 4+ 19.4 + 20.2) = 0.5(89.6) = 44.8 ft

(a) The velocities are given with units mi/h, so we must convert the 10-second intervals to hours:

10 seconds L
3600 seconds/h 360

55 D) + (168.0) (355) + (106.6) (565) + (99.8) (555)
+ (124.5) (555) + (176.1)(5%5)

10 seconds =

distance &~ L¢ = (182.9 mi/h) (3¢5

857.9 .
=360 ~ 2.383 miles

(b) Distance = Rs = (360) (168.0 + 106.6 + 99.8 + 124.5 + 176.1 + 175.6) = 835266 ~ 2.363 miles

(c) The velocity is neither increasing nor decreasing on the given interval, so the estimates in parts (a) and (b) are neither

upper nor lower estimates.

Lower estimate for oil leakage: Rs = (7.6 + 6.8 + 6.2 + 5.7 + 5.3)(2) = (31.6)(2) = 63.2 L.
Upper estimate for oil leakage: Ls = (8.7 4+ 7.6 + 6.8+ 6.2+ 5.7)(2) = (35)(2) = 70 L.

We can find an upper estimate by using the final velocity for each time interval. Thus, the distance d traveled after 62 seconds

can be approximated by

6
=3 o(t;) At; = (185 ft/s)(10's) + 319 - 5 + 447 - 5 + 742 - 12 4 1325 - 27 4 1445 - 3 = 54,694 ft
=1

For a decreasing function, using left endpoints gives us an overestimate and using right endpoints results in an underestimate.
We will use Ms to get an estimate. At = 1, so

Me = 1[v(0.5) + v(1.5) + v(2.5) + v(3.5) + v(4.5) + v(5.5)] ~ 55 + 40 + 28 + 18 + 10 + 4 = 155 ft
For a very rough check on the above calculation, we can draw a line from (0, 70) to (6,0) and calculate the area of the

triangle: £(70)(6) = 210. This is clearly an overestimate, so our midpoint estimate of 155 is reasonable.

For an increasing function, using left endpoints gives us an underestimate and using right endpoints results in an overestimate.

=+ h.

h= =5

We will use Ms to get an estimate. At = =— =5s = 3600

Ms = 755 [v(2.5) + v(7.5) + 0(12.5) + v(17.5) + v(22.5) + v(27.5)]
— -1-(31.25 + 66 + 88 + 103.5 + 113.75 + 119.25) = -1 (521.75) ~ 0.725 km
For a very rough check on the above calculation, we can draw a line from (0, 0) to (30, 120) and calculate the area of the
triangle: £(30)(120) = 1800. Divide by 3600 to get 0.5, which is clearly an underestimate, making our midpoint estimate of

0.725 seem reasonable. Of course, answers will vary due to different readings of the graph.
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20.

21.

22

23.

24.

25.

SECTION 5.1 AREASANDDISTANCES O 9

f(t)=—t(t —21)(t+ 1) and At = 22 =2
Me=2-f(1)+2-f3)+2-f(5) +2- f(7) +2- f(9) +2- f(11)
=2-40+2-216+2-480+2-784 +2-1080+ 2 - 1320
= 7840 (infected cells/mL) - days
Thus, the total amount of infection needed to develop symptoms of measles is about 7840 infected cells per mL of blood

plasma.

(a) Use At = 14 days. The number of people who died of SARS in Singapore between March 1 and May 24, 2003, using left
endpoints is
Le = 14(0.0079 4 0.0638 4 0.1944 + 0.4435 + 0.5620 + 0.4630) = 14(1.7346) = 24.2844 = 24 people
Using right endpoints,
Re = 14(0.0638 + 0.1944 + 0.4435 + 0.5620 + 0.4630 + 0.2897) = 14(2.0164) = 28.2296 =~ 28 people

(b) Let ¢ be the number of days since March 1, 2003, f(t) be the number of deaths per day on day ¢, and the graph of y = f(¢)
be a reasonable continuous function on the interval [0, 84]. Then the number of SARS deaths from¢ = ato¢ = bis

approximately equal to the area under the curve y = f(t) from¢t = atot = b.

2x

f(x):—2+1,1§x53. Ar=3-1)/n=2/nandz; =1+ 1Az =1+ 2i/n.
x
A=t = i S e i 35 2020

2
n—so0 — o=t (14+2i/n)2+1 ‘n

fl@)=a? 4+ V1 +20,4<2<7 Az=(7T—4)/n=3/nandz; =4 +iAx =4+ 3i/n.

A= lim Ry = lim 3 f(z:) Az = lim 3° [(4—1—31’/71)2 n 1+2(4+3i/n)} %
n— o0 n—oo [ n—o00 ;7]

flz)=+sinz,0 <z <7 Az=(m—0)/n=n/nandz; =0+ Az = 7i/n.

A= hm R, = lim Zf(xz)Aat— hm Z \/sin(wi/n) -

TL—N)O

lim > 3 1+ % can be interpreted as the area of the region lying under the graph of y = 1/1 + z on the interval [0, 3],

n—oo ;1 n

since for y = v/1 + x on [0, 3] with Az = % = %, z, =04+iAx = %, and x] = x;, the expression for the area is

A= lim Z f(zi) Az = lim Z 1+ 3 E Note that this answer is not unique. We could use y = /7 on [1, 4] or,
nn

in general, y = \/x —n on [n + 1, n + 4], where n is any real number.

n

lim E ™ Z tan 4— can be interpreted as the area of the region lying under the graph of y = tan x on the interval [ , 4]

w/4—0

. . T
since for y = tanx on [0, %] with Az = , o, =0+ 1Ax = ™ ,and z] = x;, the expression for the area is
n’

T
T an’
ir\ W . . . . . .
A= hm Z f(zi) Az = hrn Z tan( 1 ) e Note that this answer is not unique, since the expression for the area is
n ) 4n

the same for the function y = tan(x — k) on the interval [lmr7 km + %] , where k is any integer.
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10 0 CHAPTER5 INTEGRALS

1-0 1 , i no(i)’ 1
26. (a) AI—T—Eandmi—O—i—zAm—E. A= lim R, = lim Zf(xz)Aa: lim Z(E) g

n—oo n—00 ; n—oo ;7]
© 1 im LS~ 3 1 [n(n+1)]? . (n+1)* 1, 1\ 1
0ty 555 = g £ = o (#0505 o (14 3) =5

27. (a) Since f is an increasing function, L, is an underestimate of A [lower sum] and R,, is an overestimate of A [upper sum].

Thus, A, L, and R,, are related by the inequality L,, < A < Ry.

(b) Ry = f(z1)Az + f(z2)Az + - + f(zn)Az S
Ln = f(zo)Az + f(z1)Az + - + f(zn_1)Az fb) = fla) - [
R — L = f(zn)Az — f(z0)Az i
— Aa{f(2a) - f(z0) S ‘
a=x] 5 X Y2 Ny b=x,
= 220050 - (@) e

In the diagram, R,, — L,, is the sum of the areas of the shaded rectangles. By sliding the shaded rectangles to the left so

that they stack on top of the leftmost shaded rectangle, we form a rectangle of height f(b) — f(a) and width b—Ta.

[£(b) = f(a)].

() A> Ly, 50 Ry — A< Ry, — Ly; thatis, R, — A < b;a

. R, — A< Z21(0) ~ (@) = T [£3) — F(1)] = 2( — )

2 2(e® —
Solving — (e — e) < 0.0001 for n gives us 2(e® — e) < 0.000ln = n > w = n > 347,345.1. Thus,
a value of n that assures us that R,, — A < 0.0001 is n = 347, 346. [This is not the least value of n.]

2. )y = f(z) = 5. Aw:ﬂzzandxi:O—l—iAx:%.
n n n

A= lim R, = lim Zf(xz)Aa:f lim Z(%) 2 lim Z%g: lim 6—§Zi5.
1 n n n—o0 N° j=1

n—oo 'ILAN)O n—00 n n—00 i=1 mn

*(n+1)*(2n* +2n — 1)

n, 5 cAs
(b) El% = B
© lim 6_4 nn+1°@+2m—1) 64 (P +20+1)(20° +20 1)
n—oo no 12 12 n—oo n? -n?
16 . 2 1 2 1 6 u
:?nlin;o(1+g+m)(2+—fm) =8.1.2=2
2 n . . n ) —-2(,2 1
30. From Example 3(a), we have A = lim o Z e~2/" Usinga CAS, 3 e~ 2/" = % and

2 e ?(e? 1) —2( 2 A . .
ey e e (e — 1) ~ 0.8647, whereas the estimate from Example 3(b) using M1 was 0.8632.
n—oo N e —
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SECTION 5.2 THEDEFINITEINTEGRAL O 11

b—0 b . bi
3. y = f(z) = cosz. AJE—T —Eandmi—O—i—zAm—E.

A= lim R, = lim Xn: (zs) Az = lim Zn:cos(ﬂ> b
n) n

n—oo n—oo ;7 n—oo ;1
. 1
bsin( b — +1
CAS . 2n b | cas .
= lim — —| ='sinb
e 2n sin b 2n
2n
Ifb=7%,then A=sinf = 1.
32. (a) % The diagram shows one of the n congruent triangles, A AO B, with central angle
yaar: 27 /n. O is the center of the circle and AB is one of the sides of the polygon.
Radius OC' is drawn so as to bisect ZAO B. It follows that OC' intersects AB at
11
A ‘\_/ B right angles and bisects AB. Thus, AAOB is divided into two right triangles with
C legs of length (AB) = rsin(m/n) and r cos(r/n). AAOB has area

2- %[r sin(m/n)][r cos(m/n)] = r?sin(r/n) cos(w/n) = %7"2 sin(2w/n),

s0 A, = n - area(AAOB) = 1nr?sin(2n/n).

sin 0

(b) To use Equation 3.3.2, gir% = 1, we need to have the same expression in the denominator as we have in the argument

of the sine function—in this case, 27 /n.

lim A, = lim inr?sin(27/n) = lim 1nr2w 2 lim Mmﬂ. Letd = 2—”
n—oo n— 00 2 n— 00 2 27‘(’/’[1 n n—o00o 7'['/’[7, n
Thenas n — oo, 6 — 0,s0 lim erz = lim Slnem*Z = () 7r? = mr2
n—oo 71'/7’L 60 0
5.2 The Definite Integral
1. f(z)=2—1,-6<x <4 Ap=ltzae 4206 _, M fw=x—1
n 5 31
Since we are using right endpoints, x; = x;.
5 -6 -4 2 !
R5=Z:1f($i)A$ 0 5 4 x
= (Az)[f(z1) + f(x2) + f(23) + f(za) + f(25) + f ()] 5l
=2[f(=4) + f(=2) + f(0) + F(2) + f(4)]
750
=25+ (=3) + (-1) + 1+3]
=2(-5)=-10

The Riemann sum represents the sum of the areas of the two rectangles above the x-axis minus the sum of the areas of the
three rectangles below the x-axis; that is, the net area of the rectangles with respect to the x-axis.
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12 U CHAPTER5 INTEGRALS

2. f(z) =cosz,0 < < 27 AI:b;a:w:g'

Since we are using left endpoints, x; = x;_1.

L6 = i f(.l’i_l) AJ)

= (Az)[f(wo) + f(21) + f(z2) + fw3) + f(za) + f(25)]
=5FO) +f(5) +FEE) + 1) + () + ()]
~ 1.033186

flx)=cos x

oo|g
ol

ool
INEE

—1+

=<1
NIE]
=

The Riemann sum represents the sum of the areas of the four rectangles above the x-axis minus the area of the rectangle below
the x-axis; that is, the net area of the rectangles with respect to the z-axis. A sixth rectangle is degenerate, with height 0, and

has no area.
b—a 3-0 1
3. =22 -4,0<z<3. Az= = — =,
flx)==z <z< x - 5 3
Since we are using midpoints, z; = T; = 3 (zi—1 + ).

M6 = i f(fz) AQZ

Ax)[f(@1) + f(T2) + f(T3) + [(Ta) + [(T5) + [(Te)]
FE+HIE)+rG) + @) +1(3) + ()]

[
=1(-82_55_39_ 15417 5Ty _ 1(_98)_ 4o

44
3
24
14

f
-2 i
-3 i
-~ i

The Riemann sum represents the sum of the areas of the two rectangles above the x-axis minus the sum of the areas of the four

rectangles below the z-axis; that is, the net area of the rectangles with respect to the z-axis.

4(21)f():l x§2.Ax:bia:271 L

4

Since we are using right endpoints, =} = x;.

8

Ri= 3 f(as) A

Az)[f(z1) + f(w2) + f(23) + f(za)]
i3+ 7@+ 7@ +7(3)]
=il +2+2+3]

~ 0.634524

The Riemann sum represents the sum of the areas of the four rectangles.

(b) Since we are using midpoints, z} = T; = 3 (zi—1 + @)

§f<>
A @) + @) + F(Ts) + F(T0)]
ilF3)+7(5) + () + ()]
%( + 11 + 13 + 15) ~ 0691220

The Riemann sum represents the sum of the areas of the four rectangles.

y

1+
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10

5@ [ J@)de s Rs = [£2) + f(4) + £(6) + 1(8) + 710)] A
=[-140+(-2)+2+4](2)=3(2)=6
®) J(@)de~ Ls = [(0) + 1(2) + F(4) + J(6) + J(8)] Aa
=3+ (~1) + 0+ (~2) +2)(2) =2(2) =4
© Y p@) de ~ My = [£(1) + £(3) + £(5) + () + F(9)] Ax
=04 (—1) + (1) +0+3](2) = 1(2) = 2
6. (a) /4 g(z) de = Re = [g(—1) + g(0) + g(1) + g(2) + 9(3) + 9(4)] Az
=[-3+0+3+3+(-D+3]M)=0
(b) /4 g(x) de = Le = [g(—2) + g(=1) + g(0) + g(1) + g(2) + g(3)] Az

=[0+(-3) +0+ 3+ 3+ (-D]1) =~

=

=[-1+(-1)+14+14+0+(-3)](1)=-%
7. Since f is increasing, Ls < 1300 f(z)dz < Rs.
Lower estimate = Ls = 25: flzic1)Az = 4[f(10) + f(14) + f(18) + f(22) + f(26)]
i=1

1=

= 4[-12 4 (—6) + (—2) + 1+ 3] = 4(—16) = —64

Upper estimate = Rs = Zi: flz)Ax =4[f(14) + f(18) + f(22) + f(26) + f(30)]

=4[-6+(—2)+1+3+8]=4(4) =16

8. (a) Using the right endpoints to approximate f39 f(z) dz, we have

Me

Flx:) Az =2[f(5) + f(7) + f(9)] =2(—0.6 + 0.9 + 1.8) = 4.2.

i=1

Since f is increasing, using right endpoints gives an overestimate.

(b) Using the left endpoints to approximate f39 f(z) dz, we have

Me

F@i) Az = 2[f(3) + f(5) + f(7)] = 2(~3.4 — 0.6 + 0.9) = —6.2,

i=1

Since f is increasing, using left endpoints gives an underestimate.

(c) Using the midpoint of each interval to approximate f39 f(z) dz, we have

w

F@) Az = 2[f(4) + f(6) + f(8)] = 2(—2.1+ 0.3+ 1.4) = —0.8.

i=1

We cannot say anything about the midpoint estimate compared to the exact value of the integral.
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10.

1.

12,

13.

14.

15.

U CHAPTER5 INTEGRALS

. Az = (8 — 0)/4 = 2, so the endpoints are 0, 2, 4, 6, and 8, and the midpoints are 1, 3, 5, and 7. The Midpoint Rule gives

4
f08 sinyzdz ~ Y. f(Z;) Az = 2(sin V1 + sin v/3 + sin /5 + sin v/7) ~ 2(3.0910) = 6.1820.
i=1

Azr = (1—0)/5:% so the endpoints are 0, & = 5, g, 5,andl and the midpoints are = 10, 130, 150, 170, dl%.The Midpoint
Rule gives
1 5
/\/ﬁ’-kld:ﬂ%Zf(Ei)Aﬂ@ —<\/i0 +1+\/% +1+\/% +1+\/lo +1+\/% )
0 i=1
~ 1.1097
Az = (2—0)/5—% so the endpoints are 0, 2 Z, 5, g, 5,and2 and the midpoints are % % % % d%The Midpoint Rule
gives
2 1 3 5 7 9
2 z = < = = 2 (127 127
dx ~ i) Az = = 5 5 5 5 5 =—-(— ) = — = 0.9071.
/0 T ZZf(x) v 5<§+1+g+1+g+1+g+1+§+1 5\ 56 )~ 140

Az = (m —0)/4 = %, so the endpoints are &, 2T, 3% "and T, and the midpoints are %, 2%, 3% and ZF. The Midpoint Rule
gives

™ 5
/0 zsin® zdr ~ 1; f(@) Az = %(% sin® g + 3% sin® 3% + 5% sin” 5% + 7—87r sin® '%r) ~ 2.4674

In Maple 14, use the commands with(Student [Calculusl]) and

ReimannSum(x/ (x+1),0..2,partition=5, method=midpoint, output=plot). In some older versions of
Maple, use with (student) to load the sum and box commands, then m:=middlesum (x/(x+1) ,x=0..2), which
gives us the sum in summation notation, then M: =evalf (m) to get the numerical approximation, and finally

middlebox (x/(x+1),x=0..2) to generate the graph. The values obtained for n = 5, 10, and 20 are 0.9071, 0.9029, and
0.9018, respectively.

1 1 1

0 0

For f(z) = z/(z + 1) on [0, 2], we calculate L10o ~ 0.89469 and Ri00 =~ 0.90802. Since f is increasing on [0, 2], Lo is

dx < 0.9081.

2 2
an underestimate of / T drand R100 is an overestimate. Thus, 0.8946 < / a:
o 1 o z+1

We’ll create the table of values to approximate f(;T sin z dx by using the
n R,
program in the solution to Exercise 5.1.9 with Y; = sinz, Xmin = 0,
5 | 1.933766
Xmax = 7, and n = 5, 10, 50, and 100. 10 | 1.983524
The values of R,, appear to be approaching 2. 50| 1.999342
100 | 1.999836
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SECTION 5.2 THE DEFINITEINTEGRAL O 15

16. [ ¢ dx withn = 5, 10, 50, and 100.
The value of the integral lies between 0.872 and 0.892. Note that

n L, Ry,
5 | 1077467 | 0.684794 f(x) = e~ is decreasing on (0, 2). We cannot make a similar statement
10 | 0.980007 | 0.783670 for f_zl e=" dx since f is increasing on (—1,0).

50 | 0.901705 | 0.862438
100 | 0.891896 | 0.872262

n eTi
17. On [0, 1], li A
nl0.4) tim, 3 o A

1 x
:/ € dz.
o 1+

18. On [2,5], lim Z m“/l—l—x?Ax:f;m\/l—i—m?’ dx.

n—oo 4
i=1

19. On [2,7], lim 3 [5(x%)? — 4a¥] Aw = [ (52® — 4x) dx.

i=1

n x; 5o

n—oo ;i1 i IQ +4

21. NotethatAsz zéandxi:2+iAa¢:2+ﬁ.
n n n

5 n n y n y
/(4—2.1’)d.7} lim 3 f(z;) Az = lim Zf(Z—&-ﬁ)i: lim 22[4—2(24—%)}
2 n—oo ;77 n—0o0 ;77 n n; n

. 3 & 617 . 3 6\ & . . 18\ [n(n+1)
lim = ——| = lim = —= =1 —= || —
:I;WE[ n} n:fr;on( n)Z n:n;o( n){ 2 }

i <—§> <”+ 1) = -9 lim <1+ i) =—9(1) = -9
n— oo 2 n n—oo n

22. Note:thatAgc:u :éandmizl—l—iAx:l—l—%.
n n n

I
g

n—oo n—o00 mn

4 n n : n
/ (¢® — 4z +2)dr= lim > f(z:) Az = lim Zf(1+3z>§: lim éz
1 i=1 i=1 n n ;

:1&%{%:*%;*21]
- lim % n(n+ 12(2714— 1 %n(n;— ) % ~n(1)}

n—oo | 2 n? n nooo |2 n n n
= lim :g(1+%)(2+%)—9(1+%)—3} :%(1)(2)—9(1)—3:—3
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23. NotethatAz:w :gandm:—Q—l—iAm:—Q—l——Z.
n n n

0 n " .
/ (@ +2)de= lim 3 f(z:) Az = lim zf<—z+%)%: lim 23
=1 N—00 = 1=

_92 n— 00 1

2 & 8  4i® 2 2 & (4i® 6
nLn;onZ;{ n+n2 + :| nL%onZZ;(m +>
2[4 2, 62 n . 8 nn+1)(2n+1) 12nn+1) 2
= lim —|— 2_ - 2| =1 — - = —-n(2
nggon{n2 ,;Z n1=11+,; s [n3 6 n? 2 Jrn n(2)
~ lim é(n+1)(2n+l)_6n+1+4 - lim én+12n+1_6 1_’_1 44
n—oo | 3 n? n n—oo |3 N n n
4 1 1 1 4 2
= lim |[=(1+=)(2+=)—6(14+=)+4| =21)©2)—6(1)+4==
g [0 (2 ) (e ) 4 =@ -sw a3
2—-0 2 21

24. Notethat Ax = —— = —andz; =0+ i1 Ax = —.
n n n

2 " no (2 2 2 .o | (2 2i\°
3y g s _ _ e N T 2y (2
/0(220 m)dm—nlLHQOl;f(ml)Ar—nILrEOi;f(n>n nan;onlg 2<n> (n)
2
n

Il

5

|
1™

- {EM_E{W_H)]Q}: i [4n+1_4<n+1>2}

Il
T_-
g8
r
=~
N
—
_|_
S
~——
|
=~
3
S|+
—_
3
S|+
—_
| S
Te
g8
L
N
/N
—
+
S
~
|
W
/N
—
+
|
~
N
—
+
S
~——
| I

4(1) — 4(1)(1) = 0

25. Note that Az = ﬂ = landxi =0+1Ax = i.
n n n

n n - n .\ 3 LN\ 2
s g s £ (3) 3= 5 2 52

S

n

3
n° =1 ne.i=1

4 n n 2 n n

n— oo

1
n
, 1 [n(n+1)]> 3 nn+1)2n+1) . [ln+ln+1 1n+12n+1
= Ilim{{—|—%| - — ——————— 2 Y = |lim |- _Z

~ lim E (1 + %) (1 + %) - %(1 + %) <2+ %)] =100 - 1@ =3
26. (a) Az = (4—0)/8=0.5and zj = z; = 0.5i. (b) Y
44

Jo (@* = 3z) da ~ i f(z}) Az

=0.5{[0.5* = 3(0.5)] + [1.0° — 3(1.0)] + -~ Lo
+ [3.5% — 3(3.5)] + [4.0° — 3(4.0)] } oNTIT] 4 =
=3(-3-2-§-2-3+0+f+4)=-15 2t NN s,
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n -\ 2 .
(c)/ 2 —3z)dr = lim 5 {(ﬁ) 3(£)} <é> (d) f04(x273x)dx:A1fAz,whereA1

n—oo ;7]

is the area marked + and A, is the area

4116 &2 12
= lim = |— Rl— ; marked —.
s [m Lo -2
y
. 64 nn+1)2n+1) 48 n(n+1) 4l
= lim|l— —A 7 _ .~ 7
n—oo | N3 6 n? 2

_2_.
b _b—a b—a]_ . [ab-a) &, (b-a) &
27./@mdm—n1LII;OTl;{a+ n Z:|_n114»nolo|: n i;ll-l— n?2 1;4
2
= tim [0y Lo D)4 50 (14 )
n— 00 n n 2 noee

28./ PP dr = Tim =% 3 {a—&-b “z} — fim 222 {a2+2ab—“i+ui2}
o n n n n

n— oo

. [—a)? & 5 2a(b—a)? & a*(b—a) &
B B P e PP P
— lim —(b—3a)3n(n+l)(2n+1)+2a(b;a)2n(n—|—1)+a2(b—a)n]
n—oo | n 6 n 2 n
Fon 3
= lim (b—a) -1-<1+l)<2+l>+a(bfa)2-l-<1+l>+a2(bfa)}
n—oo | 6 n n n
_ 3 3 o 12 2 3
:(b 3a) +a(b—a)2—|—a2(b—a):b 3ab —&3—3ab ¢ 4 ab? —2a2b+a® +ab—d®
b3 a3 5 5 5 5 b3_a3
—g—g—ab +a“b+ab® —a’b= 3
29, f(ac):\/4+m2,a:1,b=3,andAm:%:%.UsingTheorem4,wegetmf:xizl—i—iAr:l—i—%,so

n—o0 TL—’OO

/ VA+z?de = lim R, = lim z 4+(1+21) i

30. f(ac):m2+é,a:2,b:5,andAm:5—;2 :%.UsingTheorem4,wegeta:;*:xi=2+iAr:2+%,so

5 n
/ (m2+l)dm:limRn:limZ (2+3Z>+ 1 - §
2 €T n—oo n—oo /] n 2+ﬁ n
n

M. Az = (7 —0)/n =n/nand zj = x; = wi/n.

. T TN . Do . bW\ T cas .1 5T\ cas 2\ 2
/0 sinbz dr = lim Z(SIHBIZ)(n) = lim Z(sm - )n = 7 lim cot(2n> = Tl'( >— z

n—00 ;71 n—oo ;7] n—oo N 5w
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32. Az =(10-2)/n=8/nand z] = z; =2+ 8i/n.

10 n
/ ®dr = lim 2(24—81) (§>=81im12(2+81>
9 n—oo ;=1 n n—oo N ;21

CAS o s 1 64 (58 593n° + 164,052n° 4 131,208n* — 27,776n> + 2048)
m — -
n—oo M 21n®

CcAs 8(1’249’984> _ 9,999,872 ~ 1.428,553.1

7 7
33. (a) Think of fo x) dx as the area of a trapezoid with bases 1 and 3 and height 2. The area of a trapezoid is A = %(b + B)h,
so [ f(x)de=1(1+3)2=4.

(b) fo f(z) dr—fo z)dr + fz f(z) dr—i—fs z) dz

trapezoid rectangle triangle

=301+3)2+ 31 + $:2:3 =443+3=10
(c) f5 x) dx is the negative of the area of the triangle with base 2 and height 3. f5 x)dx = f% -2.3=-3.
(d) f79 f(z) dz is the negative of the area of a trapezoid with bases 3 and 2 and height 2, so it equals
—2(B+bh = —3(3+2)2 = —5. Thus,
fo x)dx = fo x)dx + f5 z) dz + f7 de =10+ (=3) + (—5) = 2.
34. (a) f02 g(x)dr =%-4.2=4 [area of a triangle]
(b) f; g(z)dx = —im(2)> = -2 [negative of the area of a semicircle]
(©) f67 g(z)dz=1%-1-1=41 [areaof a triangle]
f07g(m)dr:f02 a:)da:+f2 dm—i—ng(r Jdz =4—-27r+3=45-2r

35. [ 31 (1 — ) dx can be interpreted as the difference of the areas of the two (-1,2) Y

shaded triangles; that is, 3(2)(2) — 2(1)(1) =2 — 3 = 3.

-1 0 1 X
2,-1)
36. fog (32 — 2) da can be interpreted as the difference of the areas of the two 4 o
shaded triangles; that is, —% (6)(2) + 3(3)(1) = =6 + 3 = —3. A
0 6 X
-2
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. [ 83 (1 + V9 — 22 ) dx can be interpreted as the area under the graph of

38.

3. [

40.

43.
44,

45.

f(z) =1+ +/9 — 22 between © = —3 and = = 0. This is equal to one-quarter

H4
x) = 9 = = 0. This i -
the area of the circle with radius 3, plus the area of the rectangle, so T2

[0 +VI—2)de=1r-32+1-3=3+9m

ff5(x— \/m)dr: ff5xdx— ffs V25 — 22 dz. By
symmetry, the value of the first integral is O since the shaded

area above the z-axis equals the shaded area below the z-axis.
The second integral can be interpreted as one half the area of a

circle with radius 5; that is, 27(5)® = 2. Thus, the value of

SECTION 5.2 THE DEFINITE INTEGRAL

(=3.1)

O

the original integral is 0 — —71' = —%ﬂ.
A { 3 :c‘ dz can be interpreted as the sum of the areas of the two shaded y=|ix] 2y
triangles; that is, £(4)(2) + 3(3)(3) =4+ 3 = 2. ‘ 1
—4 0‘ 3 x
y

fol |22 — 1| dx can be interpreted as the sum of the areas of the two shaded

triangles; that is, 2(3) (3) (1) =

1
5

. fll v/ 1+ x* dxr = 0 since the limits of integration are equal.

. ff sin* 0 df = — I OTr sin® @ df [because we reversed the limits of integration]

= - fow sin® z de  [we can use any letter without changing the value of the integral]

=-3r [given value]

[y (5—62?)dz = [ 5dz—6 [ a®dx =5(1-0)—6(3)=5-2=3

[P @2e" —de=2[e"dx— [} 1dx =2(e® —e) —1(3 — 1) = 2¢> — 2¢ — 2

ffem+2dx:flsem -ede:ezflge”dwzez(e3 —e)=¢e

5_ 3

4. [7%(2cosw —5z)dv = [* 2coswde — [/ 5w de =2 [/ coswdr — 5 [/ xd

@/ -0 _, 57

=2(1) - 5= 2

f f(z)dz + f2 z)dzr — f flz)dz = f_52 f(z)dz + f:12 f(z)dz [by Property 5 and reversing limits]

= [°, f(z) dx

[Property 5]
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48. fz f(x) dm+f4

U CHAPTER5 INTEGRALS

dx—f2 x) dz, sof4 dx—f2 dm—fz (z)dz =73-59=14.

49. [P[2f(z) +3g(x)] dz =2 [} f(z)dx+3 [} g(x)dz = 2(37) + 3(16) = 122
3 forx<3 5

50. If f(x) = ,then [ f(z) dx can be interpreted as the area of the shaded y
x forx >3 51

region, which consists of a 5-by-3 rectangle surmounted by an isosceles right triangle

whose legs have length 2. Thus, f05 f(z)dz =5(3) + 32(2)(2) = 17.

0 ) é é X
3 . .

51. fo f(z) dz is clearly less than —1 and has the smallest value. The slope of the tangent line of f at x = 1, f'(1), has a value
between —1 and 0, so it has the next smallest value. The largest value is f38 f(z) dz, followed by [, 48 f(z) dx, which has a
value about 1 unit less than f38 f(z) dz. Still positive, but with a smaller value than [, f 48 (z) dz, is fo z) dz. Ordering these
quantities from smallest to largest gives us

f03 fl@)dz < f'(1 <f0 x)dx<f4 d;t<f3 z)dr or BKE<A<D<C

52. F(0) = f20 f@)dt=— fo t) dt, so F'(0) is negative, and similarly, so is F'(1). F'(3) and F'(4) are negative since they
represent negatives of areas below the z-axis. Since F'(2 f2 (t) dt = 0 is the only non-negative value, choice C is the
largest.

8. 1= [*,[f(x) +2x +5]de = [?, f(x)dz+2 (%, ade+ [*,5de =1 + 2L + I3

y
I = —3 [areabelow z-axis] +3—3=-3 24
I, =—%(4)(4) [area of triangle, see figure] + 3(2)(2) -4 0

2 x
=-8+2=-6
y=x

Is =5[2— (—4)] =5(6) = 30 4l
Thus, I = —3 + 2(—6) + 30 = 15.

54. Using Integral Comparison Property 8, m < f(z) <M = m(2-0) < fo z)de < M(2-0) =
2m < fo z)dr < 2M.

55. 2 —4x +4 = (. —2)> > 0on [0,4], s0 f(;l(x2 — 4z +4)dx >0 [Property 6].

56. 22 < 2 on[0,1],s0 1+ 22 < /14 z on [0, 1]. Hence, fol V1i4+z2dz < fol V14 2z dx [Property 7].

57. If -1 <2 < 1,then0 < z? <land1 <1+ 2?< 2,501 <+1+22<+2and
11— (=D))< 1 VIF2%de <v2[1— (~1)] [Property 8]; thatis, 2 < [*, VI + 22 da < 2V/2.

™ m 1 V3 S . -
58. Ifg <z< 3 then 3 <sinz < - (sinx is increasing on [Z, 1), so

3 6

1 /3 \/g
(= — =)< i < e (= = = P -thatis. — <
5 ( ) /77/6 sinz dr 5 ( ) [Property 8]; that is, 17 /

/3

/6

V3w

sinz doe < ——

12 7
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64.

65.

66.

67.

68.

69.

70.

SECTION 5.2 THE DEFINITE INTEGRAL U

If0 <z <1,then0<2® <1,500(1—0)< [} 2*der <1(1—0) [Property8];thatis, 0 < [ 2®dz < 1.

3
If0§x§3,then4§x+4§7and%§ xi4§i,so%(3—0)§/o %degz—ll(s—o) [Property 8]; that is,
3
§</ ! dm<§.
7T Jo z+4 — 4
IfZ <z<Z thenl<tanz<+3,501(%Z—2)< :/ftanzdzg\/g(%—%)or%g :/ftanxdxgl—’;\/g.

Let f(z) = 2® — 3z + 3 for 0 < 2 < 2. Then f'(x) = 32® —3 = 3(x + 1)(xz — 1), so f is decreasing on (0, 1) and
increasing on (1,2).  f has the absolute minimum value f(1) = 1. Since f(0) = 3 and f(2) = 5, the absolute maximum
value of f is f(2) = 5. Thus, 1 < 2® — 3z + 3 < 5 for z in [0, 2]. It follows from Property 8 that

1-(2-0) < [2(2* — 32 +3)de <5- (2 0); thatis, 2 < [7 (2* — 32 + 3) dz < 10.

The only critical number of f(z) = ze™* on [0,2] is = 1. Since f(0) = 0, f(1) = ¢! ~ 0.368, and
F(2) = 2e72 ~ 0.271, we know that the absolute minimum value of f on [0, 2] is 0, and the absolute maximum is e . By
Property 8,0 < ze * <e 'for0<z <2 = 0(2-0)< f02 ze "dr<e '(2-0) = 0< f02 xe ¥ dr < 2/e.

Let f(z) =z — 2sina form < < 2. Then f'(z) =1 —2coszand f'(z) =0 = cosz =1 = z=75.

[ has the absolute maximum value f(2£) = 2 — 2sin 2 = 2Z 4 /3 & 6.97 since f(r) = 7 and f(27) = 27 are both
smaller than 6.97. Thus, 7 < f(z) < 32 +v3 = w21 —7) < [ f(z)dz < (3£ +V/3) (21 — 7); that is,

w2 < ffﬂ(m —2sinz)dz < %7‘(2 +3m.

Vet +1> Vet =22 s0 f13 vzt +1ldz > f13x2 dx = %(33 — 13) =2,

2

0<sinz <1for0<z<Z,soxsint<z = foﬂ/zxsinmdrgfoﬂ/ZmdmZ%[(g)Q—Oﬂ:%.

21

sinz < /r < x for 1 <z < 2 and arctan is an increasing function, so arctan(sin z) < arctan \/z < arctan z, and hence,

/. 12 arctan(sinz) dz < ff arctan /z dz < [ 12 arctan z dz. Thus, | 12 arctan x dx has the largest value.

2% < /z for 0 < < 0.5 and cosine is a decreasing function on [0, 0.5], so cos(z?) > cos \/z, and hence,

f00'5 cos(z?) dz > f00'5 cos /7 dx. Thus, f00'5 cos(x?) dux is larger.

Using right endpoints as in the proof of Property 2, we calculate

fab cf(xz)dr = lim zn: cf(z;) Az = lim ¢ zn: f(z:) Az = ¢ lim i f(z) Az = cf: f(z)dx.

i=1
(a) Since — | f(z)| < f(z) < |f(x)], it follows from Property 7 that

—[Plf@)da < [P f(z)de < [V f(2)|de =

J! f(@)da| < [21f(@)|dx
Note that the definite integral is a real number, and so the following property applies: —a < b <a = |b] < a forall

real numbers b and nonnegative numbers a.
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73.

74.

75.
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(b) ‘ f(z)sin2z da:’ <[ 7| f(«) sin2z| dz [by part (a)] = f% |f(z)||sin2z|dz < f f(z)| dz by Property 7,

since sin2z| <1 = |f(x)][sin2z| < |f(x)].

n
Suppose that f is integrable on [0, 1], that is, lim > f(z]) A exists for any choice of z] in [x;—1, 2;]. Let n denote a
n—oo ;2]

n —

P .. . . . 1 1 2
positive integer and divide the interval [0, 1] into # equal subintervals {0, E] R [— —} s {

=1, , l] . If we choose ] to be
n’'n

n

. . , . . . 1

a rational number in the ith subinterval, then we obtain the Riemann sum ) f(z}) - = = 0, so
i=1 n

lim Zf( i)

n—oo ;

SI'—*

= lim 0 = 0. Now suppose we choose x; to be an irrational number. Then we get

n—o00

—_

> )=

—
3=

1 n 1 .
=n-— = 1foreachn,so lim ) f(z})-— = lim 1 = 1. Since the value of
1 n n—oo ;] n n— oo

©
Il

lim > f(x}) Az depends on the choice of the sample points z;, the limit does not exist, and f is not integrable on [0, 1].

n—o0 ;|

1

. . . . 1 .
Partition the interval [0, 1] into # equal subintervals and choose 7 = —;. Then with f(z) = =
n x

s

Z flxi) Az > f(x])Azx 1/1712 . % =n. Thus, 2:1 f(x}) Az can be made arbitrarily large and hence, f is not integrable
on [0, 1].

noto1 nofi\' 1
lim Z — = lim ) i lim (5> e At this point, we need to recognize the limit as being of the form
n—o0 ; n—»oo i—1 n—oo ;]

lim Z f(z;) Az, where Az = (1 —0)/n = 1/n, x; = 0+ i Az = i/n, and f(x) = 2*. Thus, the definite integral

n—oo ;

isf01x4dm.
lim li;* lim iél lim Zf(l‘)AZL‘ where Az = (1 — 0)/n =1/n,
n—oo N ;=1 1+(z/n) - n—oo ;=1 1+(z/n)2 n - n—oo ; ‘ o

. . 1 L. . Vode
2z, =0+iAz =1i/n,and f(z) = 1 xQ.Thus, the definite integral 1s/0 i
i i—1 7
Ch. =1+ —andaz! = Tz = 1/ [ 1 14+~ ). Th
0ose & +nan x VTi—1ix \/( + )( +n> en
2 _92 . 1 1 L 1
der=1 - - =1
Rt N P G s B S (R )

(
— lmny <n;—%> [by the hin] = lim n(f LI )

—00 —omn—+1 in+

lJr L + + L — L + + L +i
n n+1 2n —1 n-+1 2n —1 2n
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DISCOVERY PROJECT AREAFUNCTIONS [

23

1. (a)

y=2t+1
3.7

Area of trapezoid = (b1 + b2)h = (3 +7)2

= 10 square units
Or:
Area of rectangle + area of triangle

=byohy + $behe = (2)(3) +

(b) y y=2t+1
84+ (v2x+1)

As in part (a),

= (z+2)(z — 1) = 2° + & — 2 square units

(2)(4) = 10 square units

(c) A'(x) = 2z + 1. This is the y-coordinate of the point (z, 2z + 1) on the given line.

2. (a)

(d)

y
y=1+¢
(2,14 x?)
A(x)
_‘1 0 i x t
y y=1+ t?

(x+ 7,14 (x+h))

| _A(x+h)—A(x)

-1 0 X xth 1
A(z 4+ h) — A(z) is the area
under the curve y = 1 + 2
fromt =xtot =z + h.

(b) A(z) = [*, (1+¢*)dt = [ 1dt+ [" t*dt [Property 2]

3 3
z° —(=1) Property 1 and

=1z — (-1 e a—
[.213 ( )] + 3 l:Exercise 5.2.28

=z4+1+32°+3
~ oo+
(c) A’'(xz) = 2 4 1. This is the y-coordinate of the point (x, 14 2%)

on the given curve.

(e) !

y=1+¢

-1 0 x x+h 1
An approximating rectangle is shown in the figure.
It has height 1 + 22, width h, and area h(1 + z2), so

Az + h) — A(z)

Az +h) — A(z) = h(1 +2?) = A
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(f) Part (e) says that the average rate of change of A is approximately 1 4+ x2. As h approaches 0, the quotient approaches the
instantaneous rate of change—namely, A’(z). So the result of part (c), A’ (x) = x? + 1, is geometrically plausible.

3. (a) f(z) = cos(z?) (b) g(w) starts to decrease at that value of 2 where cos(t*) changes from

1.%5 positive to negative; that is, at about x = 1.25.

]
N

(¢) g(x) = [, cos(t?) dt. Using an integration command, we find that
)

9(0.2) ~ 0.200, g(0.4) ~ 0.399, ¢(0.6) ~ 0.592,

(d) We sketch the graph of g’ using the method of Example 1 in Section 2.8.

The graphs of ¢’ () and f(z) look alike, so we guess that ¢'(z) = f(z).

4. In Problems 1 and 2, we showed that if g(x) = [ f(t) dt, then ¢'(x) = f(x), for the functions f(t) = 2¢ + 1 and
f(t) =1+ t. In Problem 3 we guessed that the same is true for f(¢) = cos(t?), based on visual evidence. So we conjecture

that ¢'(z) = f(x) for any continuous function f. This turns out to be true and is proved in Section 5.3 (the Fundamental

Theorem of Calculus).

5.3 The Fundamental Theorem of Calculus

1. One process undoes what the other one does. The precise version of this statement is given by the Fundamental Theorem of

Calculus. See the statement of this theorem and the paragraph that follows it on page 398.

2. (a) g(x) = [ f(t)dt,s0g(0) = fo t)dt = 0.

= [y f(t)d 1+1 [areaoftriangle] = 1.
9(2) = [y f(O)dt = fo tydt+ [ f [below the r-axis]
=i-1.1.1=0.
9(3) =g+ [ ft)dt=0—-%-1.1=-1
9(4) =g@) + [} f(H)dt=—3+1-1-1=0
9(5) =g(4)+ [} f()dt =0+15=15
9(6) = g(5) + [2 f(t)dt = 1.5+ 2.5 = 4.
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SECTION 5.3 THE FUNDAMENTAL THEOREM OF CALCULUS [ 25
(b) g(7) = g(6) + f67 f(t)dt ~ 4+ 2.2 [estimate from the graph] = 6.2. (d) %
(c) The answers from part (a) and part (b) indicate that g has a minimum at g

2z = 3 and a maximum at = 7. This makes sense from the graph of f

since we are subtracting areaon 1 < < 3 and addingareaon 3 < =z < 7.

ol 1 7x
3. (@) g(a) = [ (1) dt.
9(0) = J§ F(t)dt =0
g(1) = fol fAydt=1-2=2 [rectangle],
9(2) = [§ F®)dt = [ f@)de+ [ F(t)dt = g(1) + [7 f(2) dt
=24+1-2+ % -1-2=5 [rectangle plus triangle],
g(3) = [ f)dt =g(2)+ [; f(t)dt=5+3-1-4=7,
g(6) =g(3) + f36 f(t)dt [the integral is negative since f lies under the t-axis]
=7+ [-(3-2:2+1-2)]=7-4=3
(b) g is increasing on (0, 3) because as x increases from 0 to 3, we keep ()] J
adding more area. g
(c) g has a maximum value when we start subtracting area; that is,
atx = 3.
1
0 1 X

4. (a) g(x) = [ f(t)dt,s0 g(0) = 0 since the limits of integration are equal and g(6) = 0 since the areas above and below the

t-axis are equal.

(b) g(1) is the area under the curve from 0 to 1, which includes two unit squares and about 80% to 90% of a third unit square,
so0 g(1) = 2.8. Similarly, g(2) ~ 4.9 and ¢(3) ~ 5.7. Now g(3) — ¢g(2) ~ 0.8, 50 g(4) ~ ¢(3) — 0.8 = 4.9 by the
symmetry of f about x = 3. Likewise, g(5) ~ 2.8.

(c) As we go from 2z = 0 to z = 3, we are adding area, so g increases on the interval (0, 3).

(d) g increases on (0, 3) and decreases on (3, 6) [where we are subtracting area), so g has a maximum value at z = 3.

(e) A graph of g must have a maximum at x = 3, be symmetric about z = 3, Y

y=g(x)
and have zeros at x = 0 and = = 6.

(f) If we sketch the graph of ¢’ by estimating slopes on the graph of g (as in Section 2.8), we get a graph that looks like f (as
indicated by FTC1).
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5. y . (a) By FTCl with f(t) = t* anda = 1, g(z) = [ t*dt =
y=t
g'(z) = f(x) = 22

(b) Using FTC2, g(z) = [ t*dt = [31°]] = 32° — 3 = g'(x) =2

6. (a) By FTC1 with f(t) =2 +sintanda = 0, g(z) = [, (2 +sint)dt =

g (z) = f(z) = 2 +sinz.
(b) Using FTC2,

y=2+sint

= [ (2+sint)dt = [2t — cost]p = (2¢ — cosz) — (0 — 1)

=2r—cosz+1 =

g'(x) =2— (—sinz) + 0 =2 +sinx
7. f(t) =Vt+5 and g(z) = [ VI + 3 dt,soby FTCL, ¢'(z) = f(z) = V& + 5.
8. f(t) =In(1+*) and g(z) = [ In(1 +¢*) dt, so by FTCI, ¢(x) = f(z) = In(1 + 2?).
9. f(t) = (t —t*)®and g(s) = [ (t — t*)®dt, so by FTCL, ¢/ (s) = f(s) = (s — s*)°.

Vi

t+1

and h(u /idtsobyFTCIh() f(u) = Vu

10. f(t) = v

0 x x
1. F(x):/ Vl—l—sectdt:—/ V1+sectdt = F’(w):—%/ V1+sect dt = —/1+secx
x 0 0

2 y Y
12. R(y) = / t*sint dt = f/ t*sintdt = R'(y) = f%/ t*sint dt = —y®siny
y 2

2

du dh _ dhdu
13. Let u = €”. Then — = e”. Al
etu=c¢e en——=¢ 50, 0 = ==, 50
d [ d [ du du :
’ _a _ e Lau au Ty, LT x
h(m)—dI/1 Intdt du/l Intdt g lnudI (Ine*) - e" = ze”.
du 1 dh  dhdu
14, Letu = \/_Then——m.Also,E—%a,so
Va2 w2 2
h/(x):i/ Z_dz:i/z_dz.d_u: w du @ 1 VT
dz zt+1 du zt+1 de  uw'+1dx 22412z 2(22+1)
du dy _ dydu
15. Letu = 2. Then — = 3. Also
etu = 3z + en -~ 3. I dude
,_i/““ b4t du  u  du  3x+2 38z +2)
L 1+ @), 18 4 1twddr 1+@Bz+2)° 0 1+ (Bz+2)3
du dy _ dydu
_ 4 au _ 43
16. Let w = z*. Then T 4x°. Also, == T dude’ SO

4
d * d b du du
/ 2 2 2 2/ 4 3
Yy ™ A cos” 0 db m A cos” 6 db - Cos U - COos (.T ) X
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du 1 dy dy du
. Letu = y/z. Then pria W Also dr = dudn°
=4 " 9tant9d<9——i 0tan0d9 ——utanu———\/_tan\/_ ——ltan\/E
T dx du dx \/_ 2

. Let u = sinz. Then % = cos z. Also,
T

dy _ dydu
de  dudzs

7i 1+t2dt= —/ V14+t2dt- — :fdi/ \/1+t2dt-%
u Jq i

sinx

—v/1+u2? cosz = —y/1 +sin’z cosz

ff(m2+2x—4)d$: [%$3+x2—4x]?=(9—|—9—12)—(%—|—1—4) =6+5=2

1

us

/6

1 100 3. _ [_1 10111 _ 1 1\ 2
'f—lm dac—[wlx }_1—101_(_101>—101
2,4,3
Sy (5 -

.f01(1—8v3+16u7)dv:[v—2v4+2u8];=(1—2+2)—0=1

S 2ydt = [2t - 1P+ 12l = (B -2+ 4) —0=2

3/279

9 9 9
/ \/de:/ o de = |E— :§[:r3/2] :§(93/2 13/2) 227-1)=
1 1 3/2 ], 1

8 1/318 8
1 1 1

g/

5 _ > —
[ edr = [ex} = 5e — (—be) = 10e

1/3

sin@d@z[—cos@}7T =—cosm— (—cos§) =—(—1) — (—\/3/2):14—\/3/2

/6

D d= [ @ u-odu= [f — 0 —uly = (-3 -6) ~0——F

4 4 4 4
/0 (4—t)\/idt:/0 (4—t)t1/2dt:/ (42 — 32yt = [§t3/2—§t5/2] = 5(8) — 2(32) = 320192 _ 1%

0 0

42+$2

7 dx:/4 (%+72_) /14(2x_1/2+:1:3/2)dx

= [12 + 22 5/2]1 [42)+2(32)] - (4+3) =8+ % -4-2=2

/2

/6

/3

/4

S Bu—2)(ut D du= [? (3u +u—2)du=[u®+iu?—2u)? =(8+2-4)— (-1+3+2)=6-3=1

/
/

csct cottdt = [— Csct} sz =(—cscq)—(—cscE)=—-1—-(-2)=1

csc? 0do = [—cot&}:i = (—cot%) — (—cot %) = —% —(-1)=1- %
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33. fol(l—l—r)Sdr:f01(1+37"+37‘2+7"3) dr = [7‘—1—%7"2—1—1“34—%7‘4];: 1+2+143)-0=

s

3 3
34./(2sinx—e””)dx:[—2cosx—e”] = (—2cos3—¢®) — (—2—1) =3 — 2c0s3 — €’
0 0

35.

(3]

2.3 6 2
/ %:/ (%+3u2> dv = [lnfo] + %] = (In2+8) — (In1+1) =In2+7
1 1

18 18 18
36 / \/gdz - / V3: 24z =3 [27;1/2] = 2v/3(18"% — 11/2) = 2V/3(3v2 - 1)
1 1 1

1 . . Ie+1 a; 1 1 1
37./0(33 +e )dx:LJrl—l—e]O:<e+1+e>—(0+1):m+e—1

38. fol coshtdt = [sinh t](l) =sinh1—sinh0=sinh1 [or J(e —e™")]

V3 8 V3
39. / —Q dr = [8 arctanx}
131+ 1//3

Il
7/~
Wl

|
o
SN—

Il

oo
7/~
ol
SN—

Il

N
| §

3,3 o2 3
40./ %dy:/ (y72fé>dy:[%y272y71n|y|]?:(%7671n3)7(%7270):71n3
1 1

4 4
1 16 1 15
41, 2ds = |—2°| = — - — =-—""—
/0 s {ln2 ]0 In2 In2 In2

42 e 4 d 4 i s 4
. ———dxz = |4arcsinzx =
/1/2 V1—x2 [ } 1/2 (

™
|
N ]
N—
I
S
/
ol
S—
I
vl

sinz if0<z<m/2
43. If f(x) = . then
cosz ifn/2<z<m
foﬁ flx)dz = Oﬁ/z sinxdx+f:/2 cosxdr = [—cosar]g/2 + [Sinx]:/z = —cos 5 +cos0+sinm —sin §

=-0+1+0-1=0

Note that f is integrable by Theorem 3 in Section 5.2.

if —2<z<0

2
4. 1f f(x) = then
I {4—302 if 0<z<2

ffz f(z)dx = f322da:+f02(4—x2)d$ = [22@]22 + [4&0 — %m:)’]?) =[0-(-4)]+ (% —0) = %

Note that f is integrable by Theorem 3 in Section 5.2.

wlg

4 4 4
45, Area:/ \/de:/ xl/de:[§x3/2]O:§(8)—0:
0

0
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SECTION 5.3 THE FUNDAMENTAL THEOREM OF CALCULUS U

1
46. Area:/o x3dx:[%x4];:i_0:% f
0 X
2
i avea= [ (4-at)do= [ §a))’, = (5-5) - (-8+3) =% ;
- y=4—-x"
—2 0 2 X

48.

49.

50.

51.

52.

2
Area:/ (20— ?) do = [2* — 1a®]> = (4—3) —0=4
0

From the graph, it appears that the area is about 60. The actual area is

3
27
o7 @l de = [$2*/%] T = %81 -0 = 22 = 60.75. This is 3 of the
0
area of the viewing rectangle.
0 27
From the graph, it appears that the area is about % The actual area is !
6 —-3716 6
4 T —1 1 1 215
dr=|"—| =|—| =———+ = === ~0.3318.
/lx v [—3]1 [3:153}1 3216 3 648
6

It appears that the area under the graph is about % of the area of the viewing

rectangle, or about §7r ~ 2.1. The actual area is

™

Jo sinzdr = [—cosx]g = (—cosm) — (—cos0) = — (=1) + 1 =2.

Splitting up the region as shown, we estimate that the area under the graph

is Z 4+ 2(3- %) ~ 1.8. The actual area is

foﬁm sec? zdx = [tanz]]/® = /3 - 0= 3~ 1.73.

wly
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85.

56.

57.

58.

59.

60.
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2 3. (1,412 _ 1 _ 15 _ ¥
f71$ dl‘_[zl‘ ]71—4_1—7—3.75
y=x
+
=1
0 é X
fﬂ/(jcosx r = |sinx e —5=—3 1

r Yy =cos X
of = \\_/ 2w x
_1,,

f(z) = ™% is not continuous on the interval [—2, 1], so FTC2 cannot be applied. In fact, f has an infinite discontinuity at

x =0, s0 f_12 z~* dz does not exist.
flx) = — is not continuous on the interval [—1, 2], so FTC2 cannot be applied. In fact, f has an infinite discontinuity at
x

2
4 .
=0, s0 / — dx does not exist.
a7z

f(6) = sec tan 0 is not continuous on the interval [r/3, 7], so FTC2 cannot be applied. In fact, f has an infinite

discontinuity at x = /2, so f:/g sec 0 tan 0 df does not exist.

f(x) = sec? z is not continuous on the interval [0, 7], so FTC2 cannot be applied. In fact, f has an infinite discontinuity at
_ T2 :
x=m/2,s0 [ sec® x dx does not exist.

3z , 2 0,2 3z , 2 2z 2 3x 2
u®—1 u—1 u—1 u®—1 u®—1
9() /2 w1 /2?cu2+1 qu/o TR /0 u?+1 qu/o w1

x

(22)2 -1 d (3z)2—1 d 4z% -1 922 — 1

)= 22 — 2 & W) =2 L isp) = 2. .

9@ =—Grr1 @t Gl @Y PR R e
1+2z 0 142z 1—2x 142z

g(x):/ tsintdt:/ tsintdt+/ tsintdtz—/ tsintdt+/ tsintdt =
1-22 1-22 0 0 0

g (@) = —(1 — 22) sin(1 — 2a) - d%u —22) + (1 4 22) sin(1 + 2z) - d%a +22)

= 2(1 — 2z)sin(1 — 2z) + 2(1 4 2z) sin(1 + 2x)

2 2 2

x 0 x T T
F(x)z/ etzdtZ/ etzdt—l—/ etzdtz—/ etzdt—&—/ dt =
x T 0 0 0
, 2 22 d . 9 2 4
F'(z) = —e* +¢® d—(:): )= —e* 4 2ze”
x
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SECTION 5.3 THE FUNDAMENTAL THEOREM OF CALCULUS U

2z 0 2z VT 2z
F(z) = / arctantdt = / arctant dt + / arctant dt = —/ arctant dt + / arctantdt =
NG NG 0 0 0

F'(z) = —arctan/z - dix (v/r) + arctan 2z - i(2317) =—

- arctan \/x + 2 arctan 2x
x

1
2\/x
sin 0 sin x
y= / In(1+4+2v)dv= / In(1+ 2v)dv+ / In(1+ 2v) dv

cosx cosx 0
= —/ In(1 + 2v) dv—i—/ In(1+42v)dv =
0 0

, d . d . . .

y' =—In(1+2cosz) - T €82 +In(1 4 2sinz) - 7, Sine =sinz In(1+ 2cosz) + cosz In(1 + 2sinx)
x x

flz) = / (1- t2)6t2 dt is increasing when f'(z) = (1 — gv2)e””2 is positive.
0

Since e > 0, fl(x)y>0 & 1—22>0 < |z| <1,so0 fisincreasing on (—1,1).

T t2 1,2
dt =
v /Ot2+t+2 Y T @rzr2
v (@ +r+2)(22) —2®(2241) 22 +22° +4de—22° -2 244 z(z+4)
vo= (22 +z +2)2 n (22 +z+2)2 T (24 +2)?2 (224 +2)2

The curve y is concave downward when 3" < 0; that is, on the interval (—4, 0).

If F(x) = [ f(t) dt, then by FTC1, F'(x) = f(z), and also, F"'(x) = f’(z). F is concave downward where F" is

negative; that is, where f’ is negative. The given graph shows that f is decreasing (f’ < 0) on the interval (—1,1).

F(z) = f; e dt = F'(z) = 6”2, so the slope at . = 2 is e?® = ¢*. The y-coordinate of the point on F' at x = 2 is

F(2)= f; et dt = 0 since the limits are equal. An equation of the tangent line is y — 0 = e*(z — 2), ory = ¢*

9y) = [J f@)dz = g'(y) = f(y). Since f(z) = [ VI+12dt, g"(y) = f'(y) = /1 +sin’y - cosy,

s09"(8) = \/1+sin?(2) -cosF = 1+ (3)2 - = - f = /T,

By FTC2, [ f'(z)dz = f(4) — f(1),5017 = f(4) =12 = f(4) =17+ 12 =29.
(a) erf(z) = 2 / e Cdt = / e dt = VT erf(x). By Property 5 of definite integrals in Section 5.2,
ﬁ 0 0 2
e ®dt= [ e dt+ [P e dt,so

b 9 b 2 a 2 T T
/ e dt = /o e dt 7/0 e dt= % erf(b) — % erf(a) = 3 /7 [erf(b) — erf(a)].

(b)y = e erf(z) = ¢ = 2ze®” erf(x) + e erf’(z) = 2zy + e icf”c2 [by FTC1] = 2zy+

N

(a) The Fresnel function S(z) = [, sin(5¢*) dt has local maximum values where 0 = S’ (z) = sin(%¢?) and

5

S’ changes from positive to negative. For x > 0, this happens when %xZ = (2n — )7 [odd multiples of 7] <
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32 0O CHAPTER5 INTEGRALS

22 =2(2n—1) & = +/4n — 2, n any positive integer. For 2 < 0, S’ changes from positive to negative where
%mQ =2nm  [even multiples of 7] < z?=4n << 1z =—2+/n. S’ does not change sign at z = 0.

(b) S is concave upward on those intervals where S” (z) > 0. Differentiating our expression for S’ (x), we get
S"(x) = cos(32”) (252) = mwcos(52?). Forz > 0, $”(z) > 0 where cos(32%) >0 < 0< 32> < Zor
(2n — 3)7m < 32% < (2n+ 3)m, nanyinteger < 0 <z <1lory4n —1 < a <+/4n+ 1, nany positive integer.
Forz < 0,5"(z) > 0 where cos(52%) <0 & (2n—3)7 < 32? < (2n — 3)7, n any integer &
dn—-3<2’<4n—-1 & Vin-3<|z|<VIn—1 = Vin—-3<-z<Vin—1 =
—V/An =3 >z > —/4n — 1, so the intervals of upward concavity for z < 0 are (—+v/4n — 1, —/4n — 3), n any

positive integer. To summarize: S is concave upward on the intervals (0, 1), (,\/g’ 71), (\/5, \/5), (f\/?, ,\/5)’
(V7,3),....

(c) In Maple, we use plot ({int (sin (Pi*t"2/2),t=0..x),0.2},x=0..2) ;. Note that
Maple recognizes the Fresnel function, calling it FresnelS (x) . In Mathematica, we use
Plot[{Integrate[Sin[Pi*t"2/2],{t,0,x}1,0.2},{x,0,2}]. In Derive, we load the utility file

FRESNEL and plot FRESNEL_SIN (x). From the graphs, we see that [ sin(Z¢%) dt = 0.2 at z ~ 0.74.

0.75 0.25

y=02
0 ' J2 0y —————————08
72. (a) In Maple, we should start by setting si:=int (sin(t) /t, t=0..x);. In 2
Mathematica, the command is si=Integrate([Sin[t]/t, {t, 0, x}]. {
—4

Note that both systems recognize this function; Maple calls it Si (x) and J am

Mathematica calls it SinIntegral [x]. In Maple, the command to generate

the graph is plot (si, x=-4*Pi..4*Pi);. In Mathematica, it is
Plot[si, {x,-4*Pi, 4*Pi}]. In Derive, we load the utility file EXP_INT and plot ST (x).

(b) Si(z) has local maximum values where Si’(z) changes from positive to negative, passing through 0. From the

Fundamental Theorem we know that Si’(z) i / st dt = Snw
0

=7 7 , S0 we must have sin x = 0 for a maximum, and
iy

for z > 0 we must have z = (2n — 1), n any positive integer, for Si’ to be changing from positive to negative at x.
For x < 0, we must have x = 2nm, n any positive integer, for a maximum, since the denominator of Si’ () is negative

for x < 0. Thus, the local maxima occur at x = 7, —2m, 37, —4m, 5w, —67, .. ..
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SECTION 5.3 THE FUNDAMENTAL THEOREM OF CALCULUS L1 33

cosx sinz . .
— —— = 0. We can see from the graph that the first inflection

(¢) To find the first inflection point, we solve Si”(z) = — =

point lies somewhere between x = 3 and x = 5. Using a rootfinder gives the value = ~ 4.4934. To find the y-coordinate
of the inflection point, we evaluate Si(4.4934) ~ 1.6556. So the coordinates of the first inflection point to the right of the
origin are about (4.4934, 1.6556). Alternatively, we could graph S” () and estimate the first positive z-value at which it

changes sign.

(d) It seems from the graph that the function has horizontal asymptotes at y ~ 1.5, with lirj? Si(z) ~ £1.5 respectively.

Using the limit command, we get lim Si(z) = 7. Since Si(z) is an odd function, lim Si(z) = —7. So Si(z) has the

horizontal asymptotes y = +7.
(e) We use the fsolve command in Maple (or FindRoot in Mathematica) to find that the solution is  ~ 1.1. Or, as in

Exercise 65(c), we graph y = Si(z) and y = 1 on the same screen to see where they intersect.

73. (@) By FTCl, ¢'(z) = f(x). So ¢'(z) = f(z) =0atz = 1,3,5,7,and 9. g has local maxima at z = 1 and 5 (since f = ¢’
changes from positive to negative there) and local minima at x = 3 and 7. There is no local maximum or minimum at

x =9, since f is not defined for x > 9.

5

(b) We can see from the graph that (folfdt( < ‘ff’fdt‘ < ’f;’fdt’ < ’f;fdt’ < ’fffdt‘. Sog(1) = ’folfdt

9(3) = [y fdt = g(1) = | [} fat| + |f5 f e

,and g(9) = fog fdt=g(5)— ‘f;fdt‘ + ’ff fdt’. Thus,

9(1) < g(5) < ¢(9), and so the absolute maximum of g(x) occurs at z = 9.

(¢) g is concave downward on those intervals where g” < 0. But ¢'(z) = f(z), (d) Y
1
s0 g"(x) = f'(z), which is negative on (approximately) (%,2), (4,6) and 2 4/\6 8/
(8,9). So g is concave downward on these intervals. 10 *
-2

74. (a) By FTCl, ¢'(z) = f(x). So ¢'(z) = f(z) = 0atz = 2,4, 6, 8, and 10. ¢ has local maxima at x = 2 and 6 (since f = ¢’
changes from positive to negative there) and local minima at x = 4 and 8. There is no local maximum or minimum at

x = 10, since f is not defined for x > 10.

(b) We can see from the graph that ‘fozfdt‘ > ‘f;fdt‘ > ’fffdt’ > 'f:fdt‘ > ‘fsmfdt‘. Sog(2) = ‘fg fdt

s

9(6) = [§ Fdt = () = | [} fat| + | [} 7t

cand g(10) = [3° f dt = g(6) — | [ fdt| + | [3° £ dt|. Thus,
g(2) > g(6) > g(10), and so the absolute maximum of g(x) occurs at z = 2.

(c) g is concave downward on those intervals where g” < 0. But ¢’ (z) = f(z), ()
so g"(z) = f'(zx), which is negative on (1, 3), (5, 7) and (9, 10). So g is

concave downward on these intervals.

2 4 6 8 10X
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s T NN L N I R ) B I A
JLH;E(E*F)*JLH;;(HW)51}220—71 ZI\z) T

= [t +3e = () -0= %

3 (h i ) - i [ e [ < -0

—0=2

Suppose h < 0. Since f is continuous on [z + h, =], the Extreme Value Theorem says that there are numbers u and v in

[z + h,z] such that f(u) = m and f(v) = M, where m and M are the absolute minimum and maximum values of f on
[z + h, z]. By Property 8 of integrals, m(—h) < [, f(t)dt < M(—h); thatis, f(u) fIJrh Ydt < f(v)(—h).

x+h
Since —h > 0, we can divide this inequality by —h: f(u) < % / f(t)dt < f(v). By Equation 2,

glx+h)—glx) _ 1

5 =7 gl + h})L —9(@) < f(v), which is Equation 3 in the

x+h (
/ f(t)dt for h # 0, and hence f(u) <

case where h < 0.

di; g(h:) ft)d dix [/g f(t)dt + /h(z) f() dt] [where a is in the domain of £ ]
g(x) h(zx)
= d%: [‘/ F@ydt| + d% / () dt] = —f(9(x)) ¢'(x) + f(h(z)) W'(z)

= f(h@) 1 (z) = f(9(x)) ' (x)

(@ Let f(z)=+vx = f'(x)=1/(2/x)>0forz >0 = fisincreasing on (0, 00). If x > 0, then z* > 0, so
14 23 > 1 and since f is increasing, this means that f(l + x3) >f(1) = +1+az3>1forx > 0. Nextlet
gt)=t* -t = gt =2t—1 = g'(t)>0whent > 1. Thus, g is increasing on (1, 00). And since g(1) = 0,
g(t) > 0whent > 1. Now lett = /1 + x3, wherex > 0. v/1+ 22 > 1 (fromabove) = t>1 = g(t)>0 =
(1 —|—$3) — V1423 >0forz > 0. Therefore, 1 < /1 + 23 <1+ 2> forz > 0.

(b) From part (a) and Property 7: fol ldz < fol V1+az3dr < fol(l +2)de <
(@], < fy VItatde < [o+1at]) & 1< [fvVItaldr<1+1=125

(a) For 0 < 2 < 1, we have 2> < . Since f(x) = cos z is a decreasing function on [0, 1], cos(z?) > cos z.

(b) 7/6 < 1, so by part (a), cos(z®) > cosz on [0, 7/6]. Thus,

foﬂ/ﬁ cos(x?) dx > foﬂ/ﬁ cosx dx = [sinx}g/ﬁ = sin(7/6) —sin0 =5 — 0 = 1.
2 2
T T 1
0<m<ﬁzpon[5,10],so

10 2 10 10
T 1 1 1 1 1
0< | ——5—d L= |-t oL (Lo
*/5 e+l K/s) 2 { xL 10 < 5) 10
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SECTION 5.3 THE FUNDAMENTAL THEOREM OF CALCULUS 01 35

82. (a) Ifz < 0, then g(z) = fox f@)dt = fox 0dt =0. (b) y
1 f
If0 <z <1, theng(z) = [ f(t)dt = [} tdt = [3t°], = 32°.
If1 < ax <2,then . -
0 1 2 X
:é<1)2+[2tf%t2]”f:%+(2xf%w2>f(2f%) —20-4a -1 T
Ifz > 2, theng(x) = [ f(t)dt =g(2) + [, 0dt =14+ 0=1.So . .
0 1 2 x
0 if £ <0
(@) %xz ifo<z<1
xTr) =
g 21’—%;152—1 if l<zx<2
1 if ©>2

(c) f is not differentiable at its corners at z = 0, 1, and 2. f is differentiable on (—oc0, 0), (0,1), (1,2) and (2, c0).

g is differentiable on (—o0, 00).

83. Using FTCI, we differentiate both sides of 6 +/ f0) dt =2V to get —-= f( ) 5 \1/_ = f(z) =22

a
To find a, we substitute = a in the original equation to obtain 6 + / % dt=2vVa = 6+0=2Va =
a
3=Va = a=09.

8. B=3A = [Je"dz=3[le"dr = [e*])=3["]s = e"—1=3("~1) = € =3"-2 =
b=In(3e" — 2)

85. (a) Let F'(¢ fo s) ds. Then, by FTC1, F'(t) = f(t) = rate of depreciation, so F'(t) represents the loss in value over the

interval [0, t].

(b) C(t) {A + / f(s)ds } A%F(t) represents the average expenditure per unit of ¢ during the interval [0, ¢],

assuming that there has been only one overhaul during that time period. The company wants to minimize average

expenditure.

(©) C(t) {A—l—/f ].UsingFTCl,wehaveC'( :——{A—i—/f ds}—l— f@).

=0 = tf(t):A+/Otf(s)ds = :%[AH—/f } o).

86. (a) C(t) % /t [f(s) 4+ g(s)] ds. Using FTC1 and the Product Rule, we have
0
/ 1 1 1 /[t
C(0) = 1150+ 9(0] — 5 [ 1)+ 9(6)ds. St (0 = 0: 150+ 9(0) — 37 [ (1) + 96N ds =0 =

[F() +g(t)] = %/0 [f(s)+9(s)lds =0 = [f() +9(®)]-C() =0 = Ct)=f(t)+9().

©)2016 Cengage Learning. All Rights Reserved: May notbe scanned; copied, or duplicated, of posted toja publicly accessibleswebsite, in'whole ot in part.



36 L[ CHAPTER5 INTEGRALS

V.V \_ [V vV L]tV Voo
- s 15 900

t
b) F <t< h D(t) = —_ = — —8 — —
(b) For 0 < t < 30, we have D(t) /0(15 150 55 900

Kt—Lt?:v = 60t—t2=900 = t2—-60t+900=0 =

SoD(t)=V = G 900

(t—30)>=0 = t=30.So the length of time 7" is 30 months.

1 [V Vv

:1(Kt_Lt2+Lt3):K_Lt+ 4 t2

Tt

1V, Voo, V 4
15 900 38,700 0

Vo),
12,900 )ds

t\15° 900 ' 38,700 15 900 ' 38,700
=YV, 1 ,_ 1 -
C'(t)=—505 + To350¢ = OWhen Toasgt = gog < L= 215
VvV 1% - v
C(215) = 1= — 505 (215) + 55700 (21.5)° & 0.05472V, C(0) = = ~ 006667V, and
C(30) = v_ L(30) + L(30)2 ~ 0.05659V, so the absolute minimum is C'(21.5) ~ 0.05472V.
15 900 38,700 ’
(d) As in part (c), we have C(t) = v _ Lt + 2,50 C(t) = f(t) + g(t) <
part{e), 15 900 ' 38700 ° - g y
vV Vv vV o, V Vv Voo, v y=fn+g()
= — —¢ ? o x
15 900 ' 38700 15 450 " 12,900 15
.2 11 (1 1 o 1o 1/900 757215 y=C(t)/
12,900 38,700 / ~ "\ 450 900 T 2/38,700 2 7 , ,
0 21.5 30

This is the value of ¢ that we obtained as the critical number of C' in part (c), so we

have verified the result of (a) in this case.

5.4 Indefinite Integrals and the Net Change Theorem
d [ V1+22 d [ (1+az?H)/? -1 +2?) 73 (22) - (1+2%)V2 1
=T s o= =L | =—
dx x dx (x)?
4P 2P (1+a?)] —1 B 1
B x? (T a?)2? 2112
d (1 1 . 1 1 1 1
2, o (5418—1—131112.1—1—0) = §+Zcos2m-2—|—0— 5—&—5(:0529[:
:%+%(2cos2m—1) :%+coszm—%:cos2z

3. i(tanx—m—l—C):sec2x—1+O:tan2x

dz
4 L2 3h0 —20)(a+ ) + 0| = =2 (30 — 20)3(a + b2)"/2(8) + (a + b)*/2(30) + 0]
& | 150 1502 2
2
= oz (3b)(a + bx)*/? [(3bz — 2a)3 + (a + bx)]
2 1/2 5
= a(a—i—bx) §bx =zva+ bz
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5. /(231'3 + 72> dx = %mz.s + 3—75553'5 +C = %3:52'3 +2:3° 4 C

6.f\4/x5dx:fx5/4dx:%x9/4+0
1. f(5+ 2% 4 1’)dw=5x+%-%xg—l—%-iw‘*—l—c—&r—&—zxs—l— 2t C
8 [(u®—2u° — v’ + ) du=12u"—2 - 2uS - tut+ 2u+C=L1u" — 2u® — 2t + 2u+ O
2 u3 u2 2 3 9 2
9. [(u+4)2u+1)du= [ (2u +9u+4)du:2?+9?+4u+025u —|—§u +4u+C

10. [VI(® +3t+2)dt= [t/ +3t+2)dt = [(¢7/* +3t3/% + 2¢/?) dt

_247/2 2.5/2 243/2 _ 247/2 645/2 4,3/2
=212 13- 2452 4 2. 2032 L 0= 24T/2 4 852 1 432 4 ©

1. /L\/Md:p:/<1+£+§)dx:/<l+x*1/2+1)dx
€T X X x X

=Inlz|+22"2 + 2+ C=Injz| +2yz+2+C

3
12-/<$2+1+ 211>dx:%+x+tan_lx+0
x

13. [(sinz + sinhz)dx = —cosz + coshz + C

2 2
14./(1—:7") dr:/wdr:/(r*2+2r*1+1)dr:—r71+21n\r\+r+0:_%+21nw+r+c

r2

15. [(2+tan®0)df = [[2+ (sec® —1)] df = [(1 +sec®0) df = 0 + tan 6 + C
16. [sect(sect +tant)dt = [(sec®t +sect tant)dt = tant + sect + C

2t 10
t t ==
17./2(1+5)d /(2 +2 5% dt /(2+10)d_ln2+ln10+c

9 94
18. /Sm—xdm Z/Mdm = /2cosxdx =2sinxz +C
sinz sinx
19. [ (cosz + 1z) dz = sinz + 2® + C. The members of the family 105
20 / /2
in the figure correspond to C' = —5, 0, 5, and 10. /
-10 | I 10
-6

20. [(e" —22%)dx = e” — 22° + C. The members of the family in the

figure correspond to C' = —5, 0, 2, and 5.
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el
|
|5

(4x373x2+2x)dx:[:1:47:E3+:Jc2]i:(1678+4)7(171+1):1271:11

0
(3t + 507 —t)dt = [H1° + ' —3°], =0 [5(-32)+ 5(16) -t (4) ] = — (-2 +1-2) =2
(1+ 6w? — 10w*) dw = [w + 2w® —2w5]§ = (3 +54 —486) — 0 = —429

(22 — 3)(4a? + 1) dz = [?(82° — 122% + 22 — 3) dz = [22* — 42 + 2? —3x]§ =(32-32+4-6)—-0=—

t1—t)?dt= [ t(1 -2t +2)dt = [ (¢ — 202 + ) dt = [3¢2 — 2¢° + L¢1]"
—(-3+H- (3D -

(5e” + 3sinx) dx = [5e® — 3cosz]y = [be” —3(—1)] — [5(1) —3(1)] = 5e™ +1

271 4 2, s b 42277 1 277 11
— " de = — 4 HNde = | Z— — =2+ =(—242)-(-142)=-1
(355t [ [ 2] = L 5] = (543) - ren

(4;—?“)% /4<%+6\/—?i)d /1(4u 1/2+6u1/2)du—[8u1/2+4u3/2] = (16+32) — (8+4) = 36

Loy
1+ p?

1
dp = [4 arctanp] =4arctanl — 4arctan0 = 4(%) —4(0) =
0

1
o(Vet Vo) de= [} @+ 0¥t do = [2a77 4+ 30%4] = (34 4) 0=

=(-1-In4)—(-2—-In1)=1—1n4

2z 1, ? 1 3
(5——)d:c— {43: —21n|:c|} —(1—21n2)—(1—21n1)—Z—anQ

z 1
i g ] - (3 5) ()55
1($10+1Oz)d$: [Il—lll + 11110110]; = (1—11 +%) - <o+ﬁ> = 1—11 +%
W/4sec9 tan 0 df = [se(:e]z/4 :secg —sec0=v2-1

/4 2 /4 2 /4
Losedg:/ ( 1 +M>d9:/ (sec? 0+ 1) df
0 0

cos? 6 cos26 = cos?6

/4

= [tanf + 0] = (tan§ +5) - (0+0) =1+ %
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2 1\3 2 3 o2 _ 2 2
/ udm:/ mm:/ x_3+§_i dr = %m2—3z+3ln|x|+l
i 2 1 x? 1 x  x? x

SECTION 5.4  INDEFINITE INTEGRALS AND THE NET CHANGE THEOREM 0O 39

/3 o : 2 /3 : 2 /3 o 2 /3
/ sinf + sin § tan 9d9:/ sin 0 (1 + tan” 6) d9:/ sin 6 sec 0d9:/ sin 0 do
0 0 0 0

sec2 0 sec? f sec? f

= [70050]3/3 =—1-(-1=

ML

T2t [P g [y = 2. 3¢/3 §t4/38*(12+12— 6+32)=2
' @ - ) t2/3+t2/3 - 1( + )dt = +1 1 ) ( 4)_4

12

10 x 10 T 10 x 10
/ _Q;dx:/ M dx:/ Qde:/ 2de = [22]" ) =20 — (—20) = 40
_10 sinhz + coshz o ef—et e +e _10 €” —10

2 2

V3/2 dr

V3/2
o VI }

= [arcsinr = arcsin(\/?_)/Z) — arcsin0 =
0

1

=(2-6+3In2+3)—(§-340+1)=3m2-2

1/V3 t271 1/V3 t271 1/V3 1 1
_ _ _ /V3 _
. /0 t4—1dt7/0 mdtf/o t2+1dt7 [arctant}o farctan(l/\/?_)) — arctan 0
2¢ — 1 if2r—1>0 20 —1 ifz>1
20 — 1] = . -
—(2z—1) if2z—-1<0 1-2z ife<si

Thus, f02 |20 — 1| dz = 01/2(1 —2z)dz + f12/2(2:1: —1)dz = [z — 27 Y2y [#? — xf

0 1/2

—(G-hH-0+@-2-G-H=1+2-(-H-}

N

ffl (x —2|z|)dz = ffl[x —2(—z)|dx + f02 [z —2(x)]dz = ffl 3z dr + f02(—z) dx = 3[%1‘2]0 — [%mQ]z

=3(0-3) - 2-0)=-F=-35

JI2 sina| de = [ sinadz+ [*7*(—sinz) dr = [~ cosz]] + [cosa]F = [1 - (~1)]+ [0~ (-1)] =2+1=3

S8}

The graph shows that y = 1 — 2z — 5z* has z-intercepts at

z =a= —0.86 and at z = b =~ 0.42. So the area of the region that lies

under the curve and above the x-axis is -

2
f:(l -2z — bzt de = [z —2® — xﬂz
=0b-0*-b)—(a—a®>—da®)~1.36 =
The graph shows that y = (2 +1)~! — z* has z-intercepts at 2
z =a~ —0.87 and at x = b = 0.87. So the area of the region that lies
under the curve and above the z-axis is ) / \ 2
f; [(#> +1)7! —2*] do = [tan™ " = — $a°] i
= (tan_1 b— %b5) - (tan_1 a— %a5) )

~ 1.23
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U CHAPTER5 INTEGRALS
A= [T y—v)dy= [y 3l = (4-§) —0=1
y=Va = w=ytsoA=flytdy= (3= L

If w’(t) is the rate of change of weight in pounds per year, then w(t) represents the weight in pounds of the child at age t. We

know from the Net Change Theorem that f t) dt = w(10) — w(5), so the integral represents the increase in the child’s

weight (in pounds) between the ages of 5 and 10.

ff I(t)dt = f: Q' (t) dt = Q(b) — Q(a) by the Net Change Theorem, so it represents the change in the charge Q from time
t=atot=0.

Since r(t) is the rate at which oil leaks, we can write r(t) = —V"’(t), where V/(¢) is the volume of oil at time ¢. [Note that the
minus sign is needed because V is decreasing, so V' (t) is negative, but r(t) is positive.] Thus, by the Net Change Theorem,
[ty dt = — [}*°V/(t) dt = — [V(120) — V/(0)] = V(0) — V/(120), which is the number of gallons of ol that leaked

from the tank in the first two hours (120 minutes).

By the Net Change Theorem, f015 n'(t) dt = n(15) — n(0) = n(15) — 100 represents the increase in the bee population in

15 weeks. So 100 + f n'(t) dt = n(15) represents the total bee population after 15 weeks.

By the Net Change Theorem, f15000000 R'(x)dz = R(5000) — R(1000), so it represents the increase in revenue when

production is increased from 1000 units to 5000 units.

The slope of the trail is the rate of change of the elevation F, so f(xz) = E’(z). By the Net Change Theorem,

f35 flx)dz = f35 E'(z)dz = E(5) — E(3) is the change in the elevation E between x = 3 miles and = = 5 miles from the
start of the trail.

In general, the unit of measurement for f: f(z) dz is the product of the unit for f(x) and the unit for z. Since f(z) is

100

measured in newtons and z is measured in meters, the units for f f(z) dx are newton-meters (or joules). (A newton-meter

is abbreviated N-m.)

The units for a(x) are pounds per foot and the units for z are feet, so the units for da/dz are pounds per foot per foot, denoted
(Ib/ft)/ft. The unit of measurement for f2 x) dx is the product of pounds per foot and feet; that is, pounds.

(a) Displacement = [’(3t — 5) dt = [3* — 5t}z =Z_15=-2m

(b) Distance traveled = [ |3t — 5| dt = 05/3(5 —3t)dt + f53/3(3t —5)dt

SCETGRIEELI S SR I3 S RIC BLREY

(a) Displacement = [;/(t2 — 2t — 3) dt = [2¢* — > —3t], = (52 ~16-12) — (8 ~4-6) =2 m
by v(t) =1 -2t —3 = (t+1)(t — 3),s0 v(t) < 0 for —1 < ¢ < 3, but on the interval [2,4], v(t) < 0for2 < t < 3.
Distance traveled = f; |t* —2t — 3| dt = f; —(t* — 2t — 3)dt + f34(t2 —2t—3)dt
= [-4¢% + 2 + 3], + [46> — 12 - 31],
=(-949+9) —(—5§+44+6)+ (3 -16-12) —(9-9—-9)=4m
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SECTION 5.4  INDEFINITE INTEGRALS AND THE NET CHANGE THEOREM [0 41
@vEt)=alt)=t+4 = v@)=iP+4+C = v(0)=C=5 = ov(t)=3t>+4t+5m/s

(b) Distance traveled = [ [u(t)|dt = [} |4¢% + 4t + 5| dt = [}°($¢* + 4t +5) dt = [L* + 2¢* + 5¢]
= 230 4200 4 50 = 4162 m

@v{t)=alt)=2t+3 = vt)=*+3t+C = v0)=C=-4 = vl)=t>+3t—4

(b) Distance traveled = [ [t* + 3t — 4| dt = [ |(t +4)(t — 1)|dt = [ (—t* — 3t +4) dt + [ (t* + 3t — 4) dt
=[5 = 367 +aily + 360+ 3 — 4]}

g0 E o) (o=
Since m/(z) = p(z), m = [ p(x) dm—f0(9+2\/_)daz—[9m+4 3/2} =36+22 —-0=10=462kg.

By the Net Change Theorem, the amount of water that flows from the tank during the first 10 minutes is
Jar(t)dt = [)°(200 — 4t) dt = [200t — 2¢2],° = (2000 — 200) — 0 = 1800 liters.

100

Let s be the position of the car. We know from Equation 2 that s(100) — s(0) = [,

v(t) dt. We use the Midpoint Rule for

0 <t < 100 with n = 5. Note that the length of each of the five time intervals is 20 seconds = hour = 51;0 hour.

3600

So the distance traveled is

[ 2 v(t) dt ~ 155[0(10) + v(30) + v(50) + v(70) +v(90)] = 155 (38 + 58 + 51 + 53 +47) = 24T ~ 1.4 miles.

(a) By the Net Change Theorem, the total amount spewed into the atmosphere is Q(6) — Q(0) = fOG r(t) dt = Q(6) since

Q(0) = 0. The rate r(t) is positive, so @ is an increasing function. Thus, an upper estimate for Q(6) is R¢ and a lower

estimate for Q(6) is Lg. At = b ; 2= 6—g0 =1
Rs = Zf:lr(t ) At =10 + 24 + 36 + 46 + 54 4 60 = 230 tonnes.
L¢ = izlr(tifl) At = Rg + r(0) — r(6) =230 + 2 — 60 = 172 tonnes.
(b) At = b ;L a_ 6—50 =2. Q(6) = M3 =2[r(1) +r(3) + r(5)] = 2(10 + 36 + 54) = 2(100) = 200 tonnes.

From the Net Change Theorem, the increase in cost if the production level is raised from 2000 yards to 4000 yards is

C(4000) — C(2000) = [2°% ' () da.

2000

4000 4000 4000

/ C'(z)dx = / (3 — 0.0z + 0.0000062:2) dz = [3x — 0.00522 + 0.000002a;3]

2000 2000 2000
= 60,000 — 2,000 = $58,000

By the Net Change Theorem, the amount of water after four days is

25,000 + [5 r(t) dt ~ 25,000 + My = 25,000 + 432 [r(0.5) + r(1.5) + 7(2.5) + 7(3.5)]
~ 25,000 + [1500 + 1770 + 740 + (—690)] = 28,320 liters
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To use the Midpoint Rule, we’ll use the midpoint of each of three 2-second intervals.

0(6) — v(0) = [° a(t) dt ~ [a(1) + a(3) + a(5)] % ~ (0.6 + 10 +9.3)(2) = 39.8 ft /s
Use the midpoint of each of four 2-day intervals. Let t = 0 correspond to July 18 and note that the inflow rate, r(t), is in ft3/s.
Amount of water = fos r(t) dt = [r(1) + r(3) + r(5) + r(7)] 8f;0 ~ [6401 + 4249 + 3821 + 2628](2) = 34,198.

Now multiply by the number of seconds in a day, 24 - 60, to get 2,954,707,200 ft>.

Let P(t) denote the bacteria population at time ¢ (in hours). By the Net Change Theorem,

(2' —2% = 1000 143,

In2

2t 11 1000
n2|,

P(1)—P(0):/O1 P’(t)dt:/ol(1000~2t)dt: {1000— SO

Thus, the population after one hour is 4000 + 1443 = 5443.

Let M (t) denote the number of megabits transmitted at time ¢ (in hours) [note that D(¢) is measured in megabits/second]. By

the Net Change Theorem and the Midpoint Rule,
M(8) — M(0) = [ 3600D(t) dt ~ 3600 - 232 [D(1) + D(3) + D(5) + D(7)]
~ 7200(0.32 4 0.50 + 0.56 4 0.83) = 7200(2.21) = 15,912 megabits

Power is the rate of change of energy with respect to time; that is, P(t) = E’(¢). By the Net Change Theorem and the
Midpoint Rule,

24 _
E@4)—EO0) = [ Pe)dt~ 220
; 12

~ 2(16,900 + 16,400 + 17,000 + 19,800 -+ 20,700 + 21,200
+ 20,500 + 20,500 + 21,700 + 22,300 + 21,700 + 18,900)

= 2(237,600) = 475,200

[P(1)+ P(3)+ P(5) +--- + P(21) + P(23)]

Thus, the energy used on that day was approximately 4.75 x 105 megawatt-hours.

(a) From Exercise 4.1.74(a), v(t) = 0.00146t> — 0.11553t> + 24.98169¢ — 21.26872.

(b) h(125) — h(0) = [*° v(t) dt = [0.000365¢* — 0.03851¢" + 12.490845¢ — 21.26872¢] ;>

A ~ 206,407 ft

5.5 The Substitution Rule

1.

2.

3.

4,

Let w = 2x. Then du = 2dx and dz = %du, sofcos2:)c dr = fcosu (% du) = %sinquC’: %sin2x+C.

Let u = —2°. Then du = —2z dz and z dz = —1 du, so fa:e’””2 de = [e* (—3du) = —3e" +C = —%eﬂQ +C.

Letu = 2® + 1. Then du = 32” dz and 2* dz = % du, so

/xZ\/xs—-deZ/\/a(%du):lu

3/2 1
33/2 3

Let u = sin 6. Then du = cos 0 df, so [sin® 0 cosdf = [u® du = %u‘g +C = %sin30+C.
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SECTION 5.5 THE SUBSTITUTION RULE

. Letu = * — 5. Then du = 42° dz and 2° dz = 1 du, so

3 1/1 1 1 4
/14_5da: /Z(Zdu)—zlrﬂu\—&—o—zln’x —5|+C.

. Letu =2t + 1. Then du = 2dtand dt = J du,so [ 2t + 1dt = [u (3du) =3 - 2432+ C = (2t +1)3% + C.

2

. Letu =1 —2?. Then du = —2z dz and z dz = —3 du, so

JavT—aZde = [u (—3du) = —%-2u*? +C=-3(1 -2+ C.

. Letw = z®. Then du = 322 dz and 22 dz = 1 du, sofxzezg de= [e" (3du) = 3e" +C = 3e" +C.

.Letu =1 —2x. Thendu = —2dx and dz = —%du, S0

JA—22)%de = [u® (—3du) =—3 - Fu'®+C=—5(1-22)""+C.

Letu = 1+ cost. Then du = —sintdt and sintdt = —du, so

[sinty/1+cost dt = [ /u(—du) = —%u?’/z +C=-2(1 + cost)?/? 4 C.
Letu = Zt. Then du = Z dt and dt = 2 du, so [ cos(5t) dt = fcosu( du) =2sinu+C=2 sm(%t) +C.
Let u = 26. Then du = 2d6 and df = % du, so [ sec® 20 df = fsecQu(% du) = stanu+C = 1 tan20 + C.

Letu = 5 — 3z. Then du = —3dx and dz = —3 du, so

/5gx3x:/%(—%du):—%ln\u\+0———ln|5 3z| + C.

Letu = 4 — y®. Then du = —3y” dy and y* dy = —2 du, so
[P —y*)Pdy = [u*? (=2du) = -1 303+ C=-L(4—y*)"® +C.

Let u = cosf. Then du = —sinf df and sinf df = —du, so
Jcos® 0 sin0df = [u?(—du) = —2u' + C = —L1cos* 0+ C.

Letu = —5r. Thendu = —5dr and dr = —% du,so [ e > dr = [e"(—1du) = —2e" + C = -2 + C.

Letx = 1 — e Thendx = —e“du and €* du = —dx, so
e o 1 o —92 -1 _1 o 1
/(176“)2du_/$2( dz) = /;v dz = —(—x )+C_x+c_1fe“+c'

Let uw = /7. Then du = ﬁdm and 2du = %dm, so

/Sﬂy_/fdm: sinu (2du) = —2cosu + C = —2cos vz + C.
X

Let u = 3ax + bx>. Then du = (3a + 3bx?) dx = 3(a + bz?) dx, so

a + bz’ Tdu 1 12 12
\/m 21/2:§/u du:%-Qu +C:§\/3ax+bx3+c_
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Letu = 2° + 1. Then du = 32° dz and  du = 2° dz + C, so
2 14 1 1 3

Letu = Inz. Then du = %,so/%dm = [vdu=3u’+C=1(nz)’+C.

Let u = cosx. Then du = —sinz dr and —du = sinx dx, so

[ sinz sin(cosz) dz = [sinu (—du) = (- cosu)(—1) + C = cos(cosz) + C.

Let u = tan 6. Then du = sec® 6 df, so [ sec® 0 tan® 0 df = [u® du = iu‘l +C = %tan49+ C.
Letu = x + 2. Thendu = dr and x = u — 2, so

fx\/erde:f(qu)ﬁdu:f(u‘g/z72u1/2)du:§u5/272-%u3/2+0:%(m+2)5/27%(x+2)3/2+0.

Letu=1+¢". Thendu = e”" dz,s0 [ "I+ e*dz = [udu=3u®? +C = 2(1+¢")*? + C.
Or: Letu = /1 + €®. Then u? = 1 + ¢® and 2udu = e® dz, so

fe“\/l—l—emdr:fuﬂudu:%us—&—C:%(l—i—ex)s/Z—l—C.

Let u = ax + b. Then du = adz and dz = (1/a) du, so

axr +b U a i a a

Let u = 2® + 3z. Then du = (32° + 3) dx and 1 du = (2® + 1) dz, so

J(@®+1)(2® +3z) de = [u? (3du) = 5 - 2u° + C = £ (2° +32)° + C.

Letu = cost. Then du = —sintdtandsintdt = —du, so [e*'sintdt = [e" (—du) = —e* + C = —e**' + C.

1
Let u = 5¢. Then du = 5'In5dtand 5 dt = 5 du, so

(st — [ s () = L I
/5 51n(5)dt—/s1nu<ln5du)— 1nE)cosu—&—C’— 1n5cos(5)—|—C’.

Let u = tanz. Then du = sec? z dz, so

2
/Seczxdx:/izdu:/u72du:flu71+02* ! o= —cotztcC
tan® u tanx

2 2
sec” 1 cos“ x

Or: — dx = e | dx = cs’zdr = —cotz 4+ C
tan? x cos?2x sin‘z

1 2
Let u = arctan . Then du = ——— dx, so (arctan )"
241 x2+1

dx = /u2 du = %uS +C= %(arctanr)‘n’ +C.

Let u = 2* + 4. Then du = 2z dz and x dv =  du, so

e [1(Lg) L EET EET e o7
/x2+4dm7/u (zdu) len\u|+0f2ln|x +4|+Cf21n(x +4)+C [since z* +4 > 0].
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=1

33. Let u = 1 + 5¢t. Then du = 5 dt and dt = £ du, so
Jcos(145t)dt = [cosu(sdu) = £sinu+C = £sin(1+5t) +C
. 1 . =«
——sinu+C =——sin—+4+C
Tz

1 1
34, Letu = I. Then du = _ T dx and — dx = —— du, so
T 2 2 T

/Mdm:/cosu(—%dU>

2

3/2
+C=—2(cota)’? +C

u

3/2

/\/cotmcsczmdm:/\/a(—du):—
1
In2

36. Let w = 2° + 3. Then du = 2" In2dt and 2! dt = — du, so

35. Let w = cot 2. Then du = — csc? ¢ dzx and csc? z dx = —du, so

L) T
oo u)iln2 1n|u|+C—ln2 In(2" +3)+C.

2! 1
4 og= =
/2t+3 /u(
37. Letu = sinh . Then du = coshz dz, so [ sinh® x coshzdz = [u? du = §u3 +C = %sinh%—l—C

1/2
Y L Cc=2V1+tant+C.

38. Letw = 1 + tant. Then du = sec®tdt, so
/ dt sec? tdt du / —1/2
= = _— = u du =
cos?2t+/1+tant v/1+tant N 1/2
dr = 21I. Let u = cosz. Then du = —sinx dz, so

sin 2z sin x cos
. _— =2
% /1+c0s2xd$ /1+c082x
= —In(1+4cos’z) + C.

udu
21——2/1+u2 = -

=211 +4*)+C=-In(1+u?) +C

Or: Letu =1+ cos® z.
40. Let u = cosx. Then du = — sin x dx and sin x dr = —du, so

sin x -1 —1
/mdl’ — tan u—l—Cz—tan (COSZ’)+O
Cos ™

41./cotxdx:/ -
sinx

42. Letu = Int. Thendu:%dt,so/cos(tit)dt:/cosuduzsinu—i—C:sin(lnt)+C
1 .1
= adu:ln|u|+C’:1n‘sm x|+ C.

do so/d—x
’ V1—22sin"tx

_/ —du
) 14w
1
dz. Letu = sinz. Thendu:cosmdm,so/cotxdm:/Eduzln|u|—|—C:1n|sin;t|+C.

1
43, Letuw = sin~ ' z. Then du = ——
V1 — x2
Yu+C=Ltan'(2®) + C.

44. Let v = 22. Then du = 2z dz, so L dr=
1+ x4

=tan 'z + Llnju| +C

45. Letuw = 1 + 22. Then du = 2z dz, so
! +/L
1422

142
——dex = | ——d
/1+x2 x /1+x2 x

ztanflx—&—%ln’l—i—wzy—I—C':tan*la:—i—%ln(l—i—a:Z)—i—C [since 1 4+ z2 > 0].
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46. Letu = 2+ z. Then du = dx, x = u — 2, and 2° = (u — 2)?, s0

[a*V2¥zde= [(u—2)*Vudu= [(u*—4du+4)u'?du = [(u"/? — 4u’/? + 4u*/?) du

= 3uT? = 3wt 3t 1 O = 32+ 0) 7 - 22+ 2P + § 2+ 0)¥ P 4 C

47. Letu =2z + 5. Then du = 2dz and x = 3(u — 5), so

S22z +5)%de= [ 2(u—5)u® (3 du) =1 [(u) — 5u®) du

= L(Eu? -5 4 0= L2 4+5)° - 2 (22 +5)° +C
48. Letu = 2>+ 1 [so2” = u — 1]. Then du = 2z dx and z dz =  du, so
PV lde= (22 Va2 Flade = [(u—1)va (2 du) = % [(W®? —u'/?) du
2 2
_ %(gus/z _ gus/z) +C =L@+ 1)5/2 - L2 + 1)3/2 4 C.
Or: Letu=+vz2 + 1. Thenu? =22 +1 = 2udu=2zdr = wudu=zdz,so
224+ 1de= [2>Ve? +1ade = [(W* — Du-udu= [(u* —u?)du
IR
=i - 3P+ =L+ 1) - 3(a® +1)*2 4+ C.

Note: This answer can be written as -= /2% + 1(3z* + 2% — 2) + C.

4. f(z)=2(z*-1)3 wu=2"-1 = du=2xdz,s0 !
F
Ja(@®=1)Pde= [v’(3du) = tu'+C=L(2"-1)'+C
-2 2

Where f is positive (negative), F is increasing (decreasing). Where f ‘

changes from negative to positive (positive to negative), F' has a local .

minimum (maximum).
50. f(0) =tan?@ sec’f. u =tanf = du = sec®6db,so 2

f]F
[tan® @ sec?0df = [v?du = 1u®+C = 3tan’6+C
—1.1 1.1

Note that f is positive and F' is increasing. Atz =0, f = 0 and F has a r J

horizontal tangent. >
51. f(x) = e®*Tsinz. u=cosz = du= —sinzdz,so 2

JeTsinzdr = [e* (—du) = —e" +C = —e**" +C o

27
Note that at x = 7, f changes from positive to negative and F" has a local F
maximum. Also, both f and F are periodic with period 27, so at z = 0 and
-3

at z = 2m, f changes from negative to positive and F" has a local minimum.
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f(z) =sinzcos’r. u=cosz = du=—sinzdz,so 0.3
. f
[sinzcoszdr = [u' (—du) = —tu’ +C = —Lcos’z + C
0 2m
Note that at z = 7, f changes from positive to negative and F has a local e
maximum. Also, both f and F" are periodic with period 27, so at z = 0 and
—0.3

at x = 2m, f changes from negative to positive and F' has a local minimum.
Letu = %t,s0du = 5 dt. Whent =0, u = 0; whent = 1, w = 7. Thus,
fol cos(mt/2) dt = 077/2 cosu (2du) =2 [sinu]g/2 =2 (sinf —sin0) =2(1-0)=2
Letu =3t —1,s0du =3dt. Whent =0,u = —1; whent = 1, u = 2. Thus,
fol(St )50 dt = f u w50 (L du) =1 [5_111151}271 L [251 (_1)51] _ %@51 +1)
Letu =1+ 7x,s0du = 7dx. Whenx = 0, u = 1; when x = 1, u = 8. Thus,

1 8
/§w+mmz/)”%d@—ﬂ%mL:%WﬁfW%:%me:—
0

Letu =5z + 1,s0du = 5dx. Whenx = 0, u = 1; when z = 3, u = 16. Thus,

5 dw 17171 1 16 1 1

Letu = cost, so du = —sintdt. Whent = 0,u = 1; whent = &, u = \/3/2 Thus,

/6 sint (V32 (11 2
0 1 1

1 1 T _m. _ 2 _
Letu = 5t,s0du = 5 dt. Whent = %, u = §; whent = ¢, u = %. Thus,

27 /3 /3 5 ‘rr/3
/ csc (% )dt = / csc”u(2du) =2 [— cot u}

/3 /6

t—— t—
CO 6)

(e
— 2=~ V3) = 23V~ v3) = 413

Letw = 1/2,s0 du = —1/2*dx. Whenz = 1, v = 1; whenz = 2, u = % Thus,

2 1/ 1/2
/; £ 3 dacz/1 e“(—du):—[6“]1/22—(61/2—6)26—\/;,

T

Letu = —z2, s0 du = —2xdz. Whenz = 0, uw = 0; when z = 1, u = —1. Thus,

Jae e de = it ot (~da) = ~3[e], " = ~3(e — ) = 31~ 1/).

:/:;4(3:3 + z* tan ) dz = 0 by Theorem 7(b), since f(z) = 2® + x* tan z is an odd function.
Letu = sinx, so du = coszdr. Whenx = 0, u = 0; when x = 5, v = 1. Thus,
foﬁm cosz sin(sinz) de = fol sinudu = [— cos u}(l) =—(cos1—1)=1—cosl.
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63. Letu =14 2x,s0du = 2dx. Whenx = 0, w = 1; when x = 13, u = 27. Thus,

/13 dx _/27u
o Ya+2m)? N1

64. Assume a > 0. Let u = a2 — 22, so du = —2x dz. When z = 0, u = a?; when z = a, u = 0. Thus,

27
(G du) = 43T =43-1 =3

2

2 a
i VB de = [t (< du) = 3 [T = 1 [202) = 2
65. Let w = 22 + a2, so du = 2z dz and z dz = % du. When z = 0, u = a?; when z = a, u = 2a°. Thus,

/ 22+ a? dv :/
0 a

2a2 2402

2

2
u? (3 du) = 3 [2027] " = [30°?]

a2

_ %[(2a2)3/2 . (a2)3/2} _ %(2 Va2 — 1)@3

2 a

66. [ :/r % z* sin x dz = 0 by Theorem 7(b), since f(z) = * sin z is an odd function.

67. Letu =2 — 1,sou+ 1 =xand du = dx. Whenz = 1, u = 0; when x = 2, u = 1. Thus,

(=2}

ot

2 1 1 1
/ x\/m—ldxz/ (u—l—l)\/adu:/ (u3/2+u1/2)du: [§u5/2+%u3/2} :%_1_%:1 .
1 0 0 0

68. Letu=1+2zx,s0z = %(u—l) and du = 2dx. Whenz = 0, u = 1; whenx = 4, w = 9. Thus,

/4 zdx _ 9%(u—l)@21/9(u1/2_u—1/2)du:l[
0o V1+2z 1 Vu o2 L *

=5leT-9)-(0-3)]=F =3

9
W — 2u1/2} _ % . % [us/z o 3u1/2}
1

9

win

1

d
69. Letu = Inz, so du = _x' When z = e, u = 1; when z = e*; u = 4. Thus,
T

4

e 4 4
/ dz :/ u*l/zdu:z[um] =202-1)=2.
e xVInzx 1 1

70. Letw = (x — 1)%, so du = 2(z — 1) dz. Whenz = 0, u = 1; when 2 = 2, v = 1. Thus,

2 1
/ (x — 1)6(””71)2 dr = / e" (3 du) = 0 since the limits are equal.
0 1

. Letu =¢e* + 2,80 du = (¢* + 1) dz. When z =0, u = 1; when z = 1, u = e + 1. Thus,

1 =z e+1 et1
/Ozziidzz/l %du:[lanl =Inle+1|—In|l| =In(e+1).

72. Letu:%—a,sodu:%rdt. Whent:O,u:—a;whent:g,u:w—a. Thus,

T/2 T—
/0 sin(% — a) dt = / sinu (% du) = % [~ cosu] T:la = f%[cos(w — ) — cos(—a)]

—Q

T T T
= —%(—cosa —cosa) = —%(—2COSQ) = —cosa
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1

2V

/olﬁz/fu—iﬂﬂu—l)du]: /j(%—%) du:2{—%+3_is}j
2

Letu =14 v/z, sodu = dz = 2yxdu=dr = 2(u—1)du=dz. Whenz =0,u=1;whenz =1,

u = 2. Thus,

If f(z) = sin ¥/z, then f(—x) = sin /—x = sin(— /7 ) = —sin /x = — f(x), so f is an odd function. Now

I= ffz sin J/z dx = ffz sin /7 dz + f;’ sin /zdx = I1 + I. I = 0 by Theorem 7(b). To estimate I», note that
2<x<3 = 2< ¥z <VB[r144] = 0< ¥z < Z [*1.57] = sin0 <sin <z <sinZ [since sine is
increasing on this interval] = 0 < sin /= < 1. By comparison property 8,0(3 —2) < I, <1(3-2) =

0<IL<1 = 0<I<Ll

From the graph, it appears that the area under the curve is about 2

1+ (a little more than % -1- 0.7), or about 1.4. The exact area is given by
A= fol V2x + 1dx. Letu = 2z + 1, so du = 2 dz. The limits change to

2-0+1=1and2-1+1=3,and

3
A:ff\/a(%du):%[%us/ﬂl:%(3‘/§_1):\/§_%21'399'

—05 1.5
0
From the graph, it appears that the area under the curve is almost % - 2.6, 2.7
or about 4. The exact area is given by
A = [[(2sinz — sin2z) dz = —2 [cos x| — [, sin 2z da
=-2(-1-1)—-0=4
0 m

Note: [ sin2x dx = 0 since it is clear from the graph of y = sin 2z that f:/2 sin 2z dx = — fOW/Q sin 2z dx.

First write the integral as a sum of two integrals:
I=[(c+3)\Vi—22de=NL+L= [ zVi—2%de+ [*,3vA— 2% dz. I, = 0 by Theorem 7(b), since
f(z) = x+/4 — x? is an odd function and we are integrating from © = —2 to z = 2. We interpret > as three times the area of

a semicircle with radius 2,s0 I =0+ 3 - 3 (7 - 2%) = 6.

Let v = x2. Then du = 2x dz and the limits are unchanged (02 = 0 and 1? = 1), so
1= fol /1 —atdr = % fol v/1 — u? du. But this integral can be interpreted as the area of a quarter-circle with radius 1.

Sol=1.1(r-12) = ir.
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First Figure Letu = \/z,s0 T = uw? and dz = 2udu. When z = 0, w = 0; when z = 1, u = 1. Thus,
A = fol eV¥de = 01 " (2udu) =2 fol ue” du.

Second Figure A = fol 2ze” dr = 2 fol ue du.

Third Figure Letu = sinz, so du = cosz dz. Whenz = 0, u = 0; when z = 7, u = 1. Thus,

As = 077/2 e sin 22 d = foﬂ/Z e (2sinz cosz) dr = [ e (2udu) = 2 [, ue" du.

Since A; = Ay = As, all three areas are equal.

it s
Letu = 17 Then du = 12 dt and

24 24 Tt 27 12 12 27
R(t)dt = / 85— 0.18cos( — | |dt = / (85 — 0.18 cosu) [ — du | = — [85u — 0.18 sin u]
0 0 12 0 T s 0

_ 1—7? (85 - 27 — 0) — (0 — 0)] = 2040 keal

The rate is measured in liters per minute. Integrating from ¢ = 0 minutes to ¢ = 60 minutes will give us the total amount of oil

that leaks out (in liters) during the first hour.

[P r()dt = [2°100e7M" dt  [u= —0.01t,du = —0.01dt]

.6

=100 [, *%e*(~100du) = —10,000 [¢*] ;" = ~10,000(¢™*® — 1) =~ 4511.9 ~ 4512 lters

Let () = ae® with a = 450.268 and b = 1.12567, and n(t) = population after ¢ hours. Since r(t) = n/(t),
f03 r(t) dt = n(3) — n(0) is the total change in the population after three hours. Since we start with 400 bacteria, the

population will be

n(3) = 400+ [ r(t) dt = 400 + [} ac dt = 400 + T[]} = 400+ F (¢ — 1)
~ 400 + 11,313 = 11,713 bacteria

The volume of inhaled air in the lungs at time ¢ is
t t 27t/5
V(t)= /0 f(u)du = /0 % sin(2?7T u) du = /0 %sinv <% dv) [substitute v = ZEu, dv = 2F du
5

= e [f cos v} (2)”/5 = % {f cos(%rt) + 1] = % [1 — Cos (%Tt)} liters

The rate G is measured in kilograms per year. Integrating from ¢ = 0 years (2000) to ¢ = 20 years (2020) will give us the net
change in biomass from 2000 to 2020.

60,0000 M 60000 w=1+5e0,
0 (1+56_0'6t)2 o 6 u? (__ u) du = —3e~ 964t

- ~ 16,666

1+56712
_ 120,000 _ 20,000 20,000
o T 145e12 6

U 6

Thus, the predicted biomass for the year 2020 is approximately 25,000 + 16,666 = 41,666 kg.
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SECTION 5.5 THE SUBSTITUTION RULE
e—30r/V

30 30 . v J—
/O u(t) dt:/o T eV di = co/1 () |2

e—30r/V

- Co [—x] 1 = Co(—e /Y 4 1)

The integral |; 030 u(t) dt represents the total amount of urea removed from the blood in the first 30 minutes of dialysis.

Number of calculators = z(4) — z(2) = f, 5000 [1 — 100(¢ + 10)~2] dt

= 5000 [t + 100(t + 10)*]; = 5000 [(4 + 22) — (2 + 12)] ~ 4048
Let w = 2z. Then du = 2dx, so f02 f(2z)dx = f04 f(u) (3 du) = %fff(u) du = 3(10) = 5.
Let u = 2% Then du = 2z da, so [, xf(z?)dz = [} f(u) (4 du) =3 [ f(u)du=1(4) =2.

Let w = —x. Then du = —dz, so y

[V f(—a)de = [7) f(u)(—du) = [7F f(u)du= [ f(z)da

{

From the diagram, we see that the equality follows from the fact that we are

reflecting the graph of f, and the limits of integration, about the y-axis. —b —a0| & b X

Let w = 4 ¢. Then du = dz, so y=fxte)  y=f(x)

f; flz+c)de = fabj: f(u)du = f;:cc f(z)dx \ \

From the diagram, we see that the equality follows from the fact that we are

translating the graph of f, and the limits of integration, by a distance c. 0

Letu=1—x. Thenx =1 — v and dr = —du, so
fol 21— )’ de = flo (1 —u)* ub(—du) = fol (1 —u)*du = fol (1 — x)* da.
Letu =7 — x. Then du = —dx. When z = 7w, u = 0 and when x = 0, u = 7. So
Jo xf(sinz)de = — f:(w —u) f(sin(m — w)) du = [ (7 —u) f(sinu) du
=7 [y f(sinu)du— [[u f(sinu)du == [ f(sinz)de — [z f(sinz)de =
2 [y f(sing)de =7 [ f(sinz)de = [[af(sing)de =% [ f(sinz)dz.

. ) t |
. j:_ség—sz — =T _51;1;72 — = f(sinz), where f(t) = 5 By Exercise 92,

T xsinz T ™ [T ™ sin x
T e = i de = = i de = = > 4
/0 T+ coszz F /0 x f(sinz) dz 5 /0 f(sinz) dz /0 T+ o2z OF

Letu = cosx. Then du = —sinxz dx. Whenx = 7, u = —1 and whenx = 0, u = 1. So

E/” sinx dx——z/ﬂ du _2/1 du —z[tanflu]l
2 )y 1+cos?2z ~ 2/, 14wz 2 ) ,1+4+u2 2 -1
2

oo =55 ()] -5
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52 [ CHAPTER5 INTEGRALS
94. (a) fow/z f(cosz)dx = 077/2 flsin(3 — )] dx [u=7% — z,du= —dz]
— f,?/z f(sinu)(—du) = foﬁ/Q f(sinw) du = foﬁ/Q f(sinz) dx
Continuity of f is needed in order to apply the substitution rule for definite integrals.

(b) In part (a), take f(z) = 22, so fOW/Q cos?zdx = foﬁm sin? ¢ dz. Now

/2

fOW/ZCOSQxdx—&—fow/zsinzxdx:fw/g(coszr—i—sian)dx: Oﬁ/21dm= [x]o

0

wld

>

s02f07r/2 cosPzrdr =% = fo"/2 cos’wdr =% [: fo’f/zsinzxdx]

5 Review
TRUE-FALSE QUIZ

1. True by Property 2 of the Integral in Section 5.2.
2. False. Trya=0,b=2, f(z) = g(x) = 1 as a counterexample.
3. True by Property 3 of the Integral in Section 5.2.

4. False.  You can’t take a variable outside the integral sign. For example, using f(z) = 1 on [0, 1],

[laf(z)de = [} ade = [%mZ]é = 1 (aconstant) while z [} 1dz = z [z]) =z - 1 = x (a variable).

5. False.  For example, let f(x) = x*. Then fol Va?dr = fol zdr = %, but ,/fol x?2dr = \/g = %
6. True by the Net Change Theorem.

7. True by Comparison Property 7 of the Integral in Section 5.2.

8. False.  Forexample, leta = 0,b =1, f(z) = 3, g(z) = z. f(z) > g(x) for each z in (0,1), but f'(z) =0 < 1
forz € (0,1).

9. True. The integrand is an odd function that is continuous on [—1, 1].

10. True. ffs (az® + bz + ¢) do = f: (az® + ¢) dz + ffs bx dz

=2 f05 (0302 + C) dz +0 [because ax? + c is even and bz is odd]

11. False.  For example, the function y = || is continuous on R, but has no derivative at z = 0.
12. True by FTCI.

13. True by Property 5 of Integrals.

14. False.  For example, [ (z — 1) do = [12? — %az]é =(3—-3%)—(0-0)=0,but f(z) =z — 3 #0.

2
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15. False. fab f(z) dx is a constant, so % (f: f(z) dm) =0, not f(x) [unless f(z) = 0]. Compare the given statement
carefully with FTC1, in which the upper limit in the integral is z.
16. False. See the paragraph before Note 4 and Figure 4 in Section 5.2, and notice thaty =z — 2% < 0 for1 < = < 2.
17. False.  The function f(x) = 1/z* is not bounded on the interval [—2, 1]. It has an infinite discontinuity at 2 = 0, so it is
not integrable on the interval. (If the integral were to exist, a positive value would be expected, by Comparison
Property 6 of Integrals.)
1 if0o<z<1 )
18. False.  For example, if f(z) = ) then f has a jump discontinuity at 0, but [~ f(x) d exists and is
0 if -1<z<0
equal to 1.
EXERCISES
6
1. (a) y Le =) f(zi-1) Az [Az = % =1]
i=1
5 y =1 = f(zo) - 1+ f(z1) - 1+ fla2) - 1+ f(ws) - 1+ flaa) - 1+ f(as) - 1
6 ~24+35+4+2+(—1)+(—25)=8
0 2 X
The Riemann sum represents the sum of the areas of the four rectangles
above the x-axis minus the sum of the areas of the two rectangles below the
x-axis.
6
(b) y Ms =Y f(@) Az [Az =52 =1]
i=1
2 Y= 1) = J@) 1+ (@) - 1+ f(Ts) - 1+ f(Ta) - 1+ f(Ts) - 1+ f(To) - 1
6 = £(0.5) + f(1.5) + f(2.5) + f(3.5) + f(4.5) + f(5.5)
0 2 X
~3+39+34+03+(-2)+(-29) =57
The Riemann sum represents the sum of the areas of the four rectangles
above the x-axis minus the sum of the areas of the two rectangles below the
T-axis.
2. (a) y fl@)=2"—zand Az =232 =05 =

R4 =0.5f(0.5)+0.5f(1) + 0.5f(1.5) + 0.5f(2)
=0.5(—-0.25+040.754+2) = 1.25
The Riemann sum represents the sum of the areas of the two rectangles

above the x-axis minus the area of the rectangle below the x-axis. (The

second rectangle vanishes.)
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’IL—)OO

{ﬁ‘ n(n+1)(2n + 1) i‘n(nJrl)} ~ lim {é'n+1'2n+172'n+1
n n n

© Jo (¢* —2) de = [32° — 32°]0 = (§ ~2) = 3
(d) y f02 (m2 — m) dx = A1 — A, where Ay and As are the areas shown in the
y=x—x diagram.
1
A,
A,
0 a 1 X
3. fol(x—&—\/l—atz)da?:folxdx+f01\/l—x2dmzfl + Is. y Y
. . . y=v1-x
I can be interpreted as the area of the triangle shown in the figure .
and I can be interpreted as the area of the quarter-circle.
2 s
Area = £(1)(1) + 3 (m)(1)* = 2 + 3. ol — 5 —
4. On[0,7], lim Y sinz; Az = [ sinzdr = [-cosz]j = — (—1) — (-1) = 2.
n—oo i=1
5f0 dx—fo dx+f4 z)dr = 10—7+f4 z)dr = f4 2)dr=10—-7=3
n -1 4 4
6. (a) f15(r+2$5)dr = lim Y f(z:) Az [Am 21 S
n—o00 ;] n n n
n 4 3 2
~ fim 3 (1+ 41) +2(1+ 42) } 4 CAS . 1305n" + 3126n 3+2O80n 256 4
n—oo ;7 n n—00 n n
= 5220

) [ (z +22°) dz = [La? + 225]7 = (2 4 15628) _ (1 4 1) =12 4 5208 = 5220

7. First note that either a or b must be the graph of fo t) dt, since fo t)dt = 0, and ¢(0) # 0. Now notice that b > 0 when ¢

is increasing, and that ¢ > 0 when a is increasing. It follows that c is the graph of f(z), b is the graph of f’(x), and a is the

graph of [ f(t) dt.
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1
d

8. (a) By the Net Change Theorem (FTC2), / 7 (e ) da = [eamanﬂ; =% -1

0

d ' : L . .
(b) dz / e T 0. — ( since this is the derivative of a constant.
T Jo
d xr
(c) By FTC1, — / eretant g, arctana
dz J,

g(d) = [ feyde = [} ft)dt+ [7 f(&)dt+ [2 f(t)dt + [ f(£)dt

1 area of triangle,
below t-axis

] +4-1.241-2441-1.2=3

By FTCL, ¢'(z) = f(x),s0 g'(4) = f(4) = 0.

10. g(z) = [y f()dt = g¢'(x) = f(z) [byFTCl] = g¢"(z) = f'(x),s0g"(4) = f'(4) = —2, which is the slope of

the line segment at = = 4.
M. [2(82° +32) de = [8- 12t +3- 1% = [22 +2°) = (2.20 +2°) — (24+1) =40 -3 =137
12. /OT(a:4—8m+7)da::[%r5—4x2+7x]::(%T5—4T2+7T)—O:%T5—4T2+7T
3. fi(1-a%)de=[z— 520, =(1-%)-0=3
14. Letu =1 — x,s0 du = —dx and dx = —du. Whenz = 0, u = 1; when x = 1, u = 0. Thus,

fol(l —x)°dr = flo u?(—du) = fol wd du = % [uw](l) = %0(1 —-0)= 1—10.

9 o 2 9 9
15./ @du:/ (u_1/2—2u)du= [QUI/Q—UZ} =(6-81)—-(2-1)=-T6
1

1 1

16, fo (Va+ 1) du= [{ 20+ ) du = 300 4 0/ ] = (G+g41) 0= 8

1

0

17. Letu = y*> + 1,50 du = 2y dy and y dy = %du. Wheny = 0, u = 1; wheny = 1, u = 2. Thus,
2

Jow@® + 1% dy = [[ o’ (3 du) = 3[3u°]) = (64 - 1) = § = 2.

18. Letu = 1+ ¢, so du = 3y* dy and y* dy = %du. Wheny =0, u = 1; wheny = 2, u = 9. Thus,

9
SV dy = 72 (du) = 4 [307] = 3T -1) = 2

5

19. / _dt does not exist because the function f(t) = _t has an infinite discontinuity at ¢ = 4;
1 (E—4)? (t—4)?

that is, f is discontinuous on the interval [1, 5].

20. Let u = 3mt, so du = 3w dt. Whent = 0,u = 1; whent = 1, u = 3m. Thus,

/lsin(37rt)dt—/3ﬁsinu idu —i[—cosuf"——i(_l_l)_l
o “Jo 37 T 3n o 3x T3

©)2016 Cengage Learning. All Rights Reserved: May notbe scanned; copied, or duplicated, of posted toja publicly accessibleswebsite, in'whole ot in part.

O

55



56

21

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

U CHAPTER5 INTEGRALS

Letu = v2, so du = 3v?dv. Whenv = 0, w = 0; whenv = 1, u = 1. Thus,

fol v? cos(v?) dv = fol cosu (3 du) = %[Sinu]; = 2(sin1—0) = 1sinl.

1 . .
/ BTz =0 by Theorem 5.5.7(b), since f(z) = ST s an odd function.

1422 14 22
/4 i tant t* tant
/ L ant g 0 by Theorem 5.5.7(b), since f(t) = L tant is an odd function.
—nja 2+ cost 24 cost

Letu = €*,s0 du = € dx. Whenz = 0,u = 1; when x = 1,u = e. Thus,

1 630 e 1 . 7r
> dr = 5 du = [arctan u} = arctane — arctan 1 = arctane — 7.
o l+e2® 1 14w 1

2 2
/(1—x> dx:/(l—l) dm:/<i2_2+1>d$:—l_2ln‘m|+x+c
z T T T T

10
x . .
/ R dz does not exist because the function f(z) =
T

) has an infinite discontinuity at z = 2;
72 —

that is, f is discontinuous on the interval [1, 10].

Let w = 2% + 4a. Then du = (2x + 4) dx = 2(z + 2) dx, so

2 _
/\/7;‘14;%: w2 (Sdu) =420+ C = Vu+ C = a? + 4z + C.

CSC2 x

Letu =1+ cot z. Then du = — csc? x dz, so [ ————
1+cotx

x:/%(_du):_1n|u\+C:—ln|1—|—cotac|+C,

Let u = sinwt. Then du = 7 coswt dt, so [sinmt cosmtdt = [u(: du) = £ - 2u® + C = 5=(sinnt)* + C.

Let u = cosz. Then du = —sinz dz, so [ sinz cos(cosz)dr = — [ cosudu = —sinu+ C = —sin(cosz) 4+ C.
N
Letu = /x. Thendu:;—xﬁ,so/(i/z dac:2/e“du:2e“+6’:2eﬁ+0.
1 sin(Inx) .
Letu =Inz. Thendu = —dz,s0 | ———=dz = [ sinudu = —cosu+ C = —cos(lnz) + C.
x x
Let u = In(cosx). Then du = S Jx = —tanz dz, so

[tanz In(cosz) dz = — [udu = —3u® + C = —L[In(cosz)]* + C.

Let w = z2. Then du = 2z dz, so / 1 sin"tu+C = %sinﬂ (mQ) + C.

de_l/d_u_
Vi—zt U 2) Vi

IS 1 1 1 1 4
do=7 | —du=jlful+C=3ln(l+a")+C.

Letu =1+ z%. Thendu:Zlﬂc?’d:r,so/m 1

Let u = 1+ 4x. Then du = 4dx, so [ sinh(1 + 4z)dx = % [sinhudu = % coshu 4+ C = % cosh(1 + 4z) + C.
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Letu = 1+ sec . Then du = sec 6 tan 6 df, so

sec tan 1 1
/71+sec9 d@-/m(sec@tan@d@)—/Edu—ln|u\+C-ln|l+sec€\+0.

Letu = 1+ tant, so du = sec?tdt. Whent = 0, u = 1; whent = I, u = 2. Thus,
fﬁ/‘l(l +tant)3 sec® tdt = u3du = [%u‘l]? =12'-1")=1(16-1)=1%

Since 22 —4 < 0for0 <z < 2andz2 —4 > 0 for 2 < z < 3, we have ’x2—4’ = (2> —4)=4—2%for0 < 2 < 2and

|a* — 4| =2 —4for2 < z < 3. Thus,

877 x> 8
/ ’x —4|dx—/(4—r dac—i—/(a’ —4)dx = [4:5——] +{——4m}
3 1o 3 2
=B8-8)-0+(9-12)—(8-8)=L_-3+5=32_29_2
Since\/Efl<0f0r0§:1:<1and\/571>0f0r1<m§4,wehave‘\/571‘:7(\/9;71):17\/5

for0<m<1and’\/_—1‘ —1for1<a:<4Thus

Letu = 1 + sinx. Then du = cos x dz, so

v ?du=2u"?+C=2I+Fsinz+C.

cosx dr

v1+sinz -

Letu:m2+1.Thenx2:u—landxdm:%du,so 4

f
e N B
T

1’2—1—

:%(%u‘g/z—Qul/z)+C:%(a:2+1)3/2 (x +1)1/2+C’

=1+ D)2 [(2*+1) -3|+C=3VaZ+1(2* - 2)+ C -4

From the graph, it appears that the area under the curve y = = 1/x between z = 0 8
and = = 4 is somewhat less than half the area of an 8 x 4 rectangle, so perhaps
about 13 or 14. To find the exact value, we evaluate

4
f04x\/5dm:f0413/2 de = [%15/2} =2(4)°/? = & =128,

0

4
0
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45.

46.

47.

48.

49.

50.

51.

52,

53.

. From the graph, it seems as though fO% cos® z sinx d is equal to 0. To evaluate

the integral, let w = cosz = du = —sinzdx. Thus, [ = fll u? (—du) = 0. W\f
0

U CHAPTER5 INTEGRALS

Vavs

—0.5
x t2 d x t2 I2
F(x) = dt F' dt =
() /0 red = )= d:)c/o I E A e
1
F(x):/ Vt+sint dt = / Vit+sintdt = F'( :——/ Vt+sintdt = —vVa +sinzx
du dg _dgdu
Letu = 2*. Then — = 42°. Also
etu =1 en P T A dude SO
4
d [* d [* d d
g'(z) = e /0 cos(t?) dt = @/0 cos(t*) dt - d—Z = cos(u®) d_z = 4a° cos(z®).
du dg _ dgdu
Let u = sinx. Then Iy = CosT Also, Te — dude
, d [snT1—¢? d [“1—1¢2 du 1—4%? du 1—sin’z cos® x
g (z)=— ——dt=— — = = ———— - COST = ————
dz 14t du J; 1+t* dr  1+u* dr 1+sin*z 1+sin®*x

r _t 1t z _t Vx ot T _t
y:/ e_dt:/ £t + e—dt:—/ e—dt+/ Sat =
Vet Vit Lt 1t 1t

dy d Ve et d T et
= =—— —dt — —dt |. Letu = V. Th
dx dx</1 t +dac /1 t etw = V. Then

VTt w t u u VT
i/ Cg— e_dt:i</ _dt>d“_€_. L e 1
1 t t 1

y= ;;H sin(t4)dt = f;x sin(t4) dt + f03z+1 i

n(t
di (2x) = 3sin|[(3z + 1)4] - 251n[(2x)4]

y =sin[(3z +1)*] - dix (3z 4+ 1) —sin[(22)*] -

If1<z<3thenv12+3<Va2+3<V32+3 = 2<V2?+3<2V3,50
2(3—1) < [P VaZ +3dz < 2V/3(3 — 1); thatis, 4 < [ vaZ + 3dz < 43,

1 <l
z+1— 4

(5-3) < /5 L w<icos)
3 z+1 T=1 ’

T

®|'—‘

1 51 1
thatis, = < de < =.
a15’3—/3 zc+1 =3

0<z<1 = 0<cosz<1l = zlcosz<z? = foleCos:cd:cgfolxzdx:%[m?’];

@~ w ove Vi oave 2

) f3z+1 s1n(t4) dt — fOQI sin(t4) dt =

_1
=3 [Property 7].
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T sinz . . sinz
— is decreasing. Therefore, the largest value of

1
[7r 7T:| s sin(m/4) _ V2/2 242

. 242
= = . By Property 8 with M = —\/_ we get /
w/4 /4 ™ i _

On the interval 3 |» @ is increasing and sin x is decreasing, so

2 4

/2 ging 22 /o« V2
ws==(5-7) =%

T x 1 z 1 z 1.zl
cosz <1 = e"cosx<e” = [re"cosxdr< [jetdr=[e"]j=e—1

For0<z<1,0<sin'z< Z,s0 folxsinflxdx < folx(g) dr = [%xz]é =I.

T = (3 — = 3, so the endpomts are O, 5, 1, 5, 2, 5, and 3, and the midpoints are 5, 5, 5, 7, 3, and =~.
A 3—0)/6 = 1, so the endpoi 0,1,1,2,2, 2, and 3, and the midpoi 1,3,2 19 and I
The Midpoint Rule gives
3 . 3 6 — 1 .. 1\3 . 3\3 . 5\3 . 7\3 . 9\3 . 11)\3
Jy sin(z?) dz = Y f(Ts) Az = §[s1n(z) +sin(3)" +sin(2)” +sin(1)” +sin(§)” + sin(4}) } ~ 0.280981.

0 :
i=1

(a) Displacement = f05 (£ —t)dt = [3£° — ltz}z =128 — 2 = 18 — 29.16 meters
(b) Distance traveled = [ |2 — t| dt = [; |t(t — 1)|dt = [, (t —*) dt+ [ (t* —t) dt

= (3 - 301+ (30 30T =5 - 404 (2 - 2) — (5 - 3) = B = 205 meters
Note that r(t) = b'(t), where b(t) = the number of barrels of oil consumed up to time ¢. So, by the Net Change Theorem,

f08 r(t) dt = b(8) — b(0) represents the number of barrels of oil consumed from Jan. 1, 2000, through Jan. 1, 2008.

5.0

Distance covered = o

v(t) dt = Ms = 22=L[v(0.5) 4+ v(1.5) + v(2.5) + v(3.5) + v(4.5)]

= 1(4.67 4 8.86 4 10.22 + 10.67 + 10.81) = 45.23 m

We use the Midpoint Rule with n = 6 and At = 24—6’0 = 4. The increase in the bee population was

[24r(t) dt ~ Mo = 4[r(2) + r(6) + r(10) + r(14) + r(18) + r(22)]
~ 4[50 + 1000 + 7000 + 8550 + 1350 + 150] = 4(18,100) = 72,400

Ay = 1bh = $(2)(2) = 2, A2 = 1bh = $(1)(1) = 3, and since

-2 2

y = —+/1— 22 for 0 < x < 1 represents a quarter-circle with radius 1,

[Lf@)de=A1— Ay —A3=2-1 -2 =1(6-7)

Letu = 2sin6. Then du = 2cos 6 df) and when § = 0, u = 0; when § = 5, u = 2. Thus,

foﬁ/z f(2sin6) cosfdf = f02 f(w)(3du) =3 f02 fu)du = %fOQ f(z)dz = 5(6) = 3.

(a) C is increasing on those intervals where C’ is positive. By the Fundamental Theorem of Calculus,
C'(z) = di; [Jo cos(5t?)dt] = cos(5x?). This is positive when Z2” is in the interval ((2n — 3)m, (2n + 3)7),
n any integer. This implies that (2n — 3)7 < §2° < (2n+ 3)7 & 0<|z| <lorvAn—1< |z| <+VAn+1,

n any positive integer. So C is increasing on the intervals (—1, 1), (\/5, \/5), (—\/_, —\/3), (\/7, 3), (-3, —\/7), .

©)2016 Cengage Learning. All Rights Reserved: May notbe scanned; copied, or duplicated, of posted toja publicly accessibleswebsite, in'whole ot in part.
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(b) C is concave upward on those intervals where C” > 0. We differentiate C" to find C"': C'(z) = cos(3z?) =

C"(z) = —sin(32”) (% - 2z) = —7wwsin(5z?). For z > 0, this is positive where (2n — 1)1 < Z2° < 2nm, n any

positive integer < 1/2(2n — 1) < & < 2+/n, n any positive integer. Since there is a factor of —z in C”, the intervals

of upward concavity for z < 0 are (— V2(2n+1),—-2/n ) , n any nonnegative integer. That is, C' is concave upward on
(7\/57 0): (\/57 2)a (7\/67 72)a (\/67 2\/§>a R

— \ 08 From the graphs, we can determine
/—\ that [ cos(3t%) dt = 0.7 at
( y =07 x =~ 0.76 and x ~ 1.22.
(S — 13
2 0.6

(d) 1 The graphs of S(z) and C'(x) have similar shapes, except that S’s flattens out
C

near the origin, while C’s does not. Note that for z > 0, C'is increasing

s where S is concave up, and C' is decreasing where S is concave down.

Similarly, S is increasing where C'is concave down, and S is decreasing

where C' is concave up. For z < 0, these relationships are reversed; that is, C'

-1 is increasing where S is concave down, and .S is increasing where C' is

concave up. See Example 5.3.3 and Exercise 5.3.65 for a discussion of S(z).

65. Area under the curve y = sinh cx betweenx = 0and x = lisequaltol = 4

folsinhcxdle = %[coshcm](l)zl = ZI(coshc—1)=1 =
coshc—1=c¢ = coshc=c+ 1. From the graph, we get c = 0 and

¢~ 1.6161, but ¢ = 0 isn’t a solution for this problem since the curve

y = sinh cx becomes y = 0 and the area under it is 0. Thus, ¢ ~ 1.6161.

66. Both numerator and denominator approach 0 as a — 0, so we use I’Hospital’s Rule. (Note that we are differentiating with

respect to a, since that is the quantity which is changing.) We also use FTC1:

C 2 e~ @—w?/ (kD) 3, —(2—a)?/(4kt) — a2/ (4kt)
lir% T(z,t) = lim Jo L lim Ce _ Ce
a—

a—0 aVarkt a—0 Varkt B Varkt

67. Using FTC1, we differentiate both sides of the given equation, [, f(t) dt = (x — 1)e** + [[" ™" f(t) dt, and get

e (2x — 1)

f@)=e +2e - +e " f(@) = f@1-e") = +2Ar— 1) > fla)= T

68. The second derivative is the derivative of the first derivative, so we’ll apply the Net Change Theorem with F' = h'.

ffh”(u) du = ff(h’)'(u) du = h'(2) — h'(1) = 5 — 2 = 3. The other information is unnecessary.
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Letu = f(z) and du = f'(z)dz. S0 2 [} f(2)f (2) dw = 2 [} wdu = [w?] 1) = [f®)]* — [f())*

61

Let F(z / vV 1+ t3dt. Then F'( i %—hm / V1+t3dt,and F'(z) = /1 + 3, so

—0 h—0 h
2+h
}Lin%— V1+t3dt=F'(2)=/1+23=9=3.
Letu =1 — x. Then du = —dx, so fol fA—a)de = [} f(u)(~d fo u) du = fo

9 9 9 9 _ .\ 9 1 1071
lim l (i) + (2) + (E) 4+ 4 (E) lim u (i) = / xg dx = |:I_:| = i
n—oo m [ \ M n n n n—ooo Mmoo L=\ n 0 10}, 10

The limit is based on Riemann sums using right endpoints and subintervals of equal length.

The shaded region has area fol f(x) dz = 3. The integral fol ) dy y
1
gives the area of the unshaded region, which we know to be 1 — % = %

So [ f M (y)dy = 2.

y=f

or

="'y
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1. Differentiating both sides of the equation z sin 7x = fOIQ f(t) dt (using FTC1 and the Chain Rule for the right side) gives
sinmx + mx cosmr = 22 f(2?). Letting z = 2 so that f(z?) = f(4), we obtain sin 27 + 27 cos 27 = 4f(4), so

J) =10 +2r1)= 5.

a+1.5
2. The area A under the curve y = . + 1/z fromz = ato x = a + 1.5 is given by A(a) = / (a: + %) dz.

To find the minimum value of A, we’ll differentiate A using FTC1 and set the derivative equal to 0.

d a+1.5 1
Al(a)=— —|d
(a) da /a (I + x) *
1 atls

:i/ (:L’—&—l)dx—&—i/ (m—i—l)dm

da /, T da J, T
a+1.5
:,i/ (atJrl)da?Jri/ (:):Jrl)d:):
T da /, T

da J,
1 1 1 1
<a+a>—|—<a—|— 5+a+1.5> 5+a—|—1.5 a

1o 11 _ _
Alla) =0 < Lo+ e =0 & L5a(a+1.5)+a—(a+1.5) =0 <
1.5a> 42256 —1.5=0 [multiplyby 3] < 2a°+3a—2=0 < (2a—1)(a+2)=0 & a=1% or
a = —2.8ince a > 0,a = 1. A/’(a):f%+%>0,s0
(a+1.5) a

2 2
A(%) = / (x—l— l) dr = [%wz +ln\x|} =(2+1In2) - (é — ln2) = % + 21In 2 is the minimum value of A.
1/2 T 1/2

3. For [ = f04 ze@=2* dx,letu = x — 2 sothat x = u + 2 and dx = du. Then
I= [ (u+2)e du= [?,ue du+ [*,2¢"" du=0 [by5.5.70)] +2 [ @ 2" dx = 2k.

2cx —

2
From the graph of f(z) = 3 z , it appears that the areas
c

are equal; that is, the area enclosed is independent of c.

(b) We first find the x-intercepts of the curve, to determine the limits of integration: y =0 < 2cx—2>=0 & 2 =0

or x = 2c. Now we integrate the function between these limits to find the enclosed area:
2c 2
2cx — 1 c 1 1
A= /0 i — [cx2 — lx3]2 = [6(26)2 - %(26)3] == [463 — %C?’] = 4, a constant.

0 c3
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(c) 5 The vertices of the family of parabolas seem to determine a

branch of a hyperbola.

— ¢

0

(d) For a particular c, the vertex is the point where the maximum occurs. We have seen that the x-intercepts are 0 and 2c, so by

2¢(c) — 2

symmetry, the maximum occurs at x = ¢, and its value is = —. So we are interested in the curve consisting of
c

. 1 . L
all points of the form <c, Z) , ¢ > 0. This is the part of the hyperbola y = 1/ lying in the first quadrant.

g(x) 1 cosx

. f(x) = ———dt, where g(x) = 1 + sin(¢*)] dt. Using FTC1 and the Chain Rule (twice) we have

f@= [ == o@) = [ 1+ sin(e®)] dr. Using (twice)

fl(z) = 1 g (z) = 1 [1 + sin(cos® z)](—sinz). Now g(%) = /0 [1 +sin(t?)] dt = 0, so

1+ [g(=)]? 1+ [g(2)]? ' ’ 0 ’
1 .

f'(3) = % (1+sin0)(-1)=1-1-(-1)= -1

I f(z) = [ @?sin(t?) dt = 2® [ sin(t?) dt, then f'(x) = x® sin(2®) + 2z [ sin(t?) dt, by the Product Rule and FTCI.

. By I’'Hospital’s Rule and the Fundamental Theorem, using the notation exp(y) = €Y,

(1 — tan 2t)'/* dt — Ve
lim Jo ( ) B im (1 — tan2z) /* — exp(
z—0 x z—0 1

L ex lir117_2sec2 2 =ex —2- 1 =e 2
TP T “tange ) T P\1—0 ) T

lim In(1 — tan 237))

x—0 €T

. The area A(t) = f(f sin(z?) d, and the area B(t) = 1tsin(t?). Since lim A(t) =0 = lirn+ B(t), we can use

t—0+ t—0

I’Hospital’s Rule:
. A®®) sin(t?)
t

jast

— =1 by FTC1 and the Product Rul
o (t) o+ L sin(t2) + $¢[2¢ cos(¢2)) [by and the Product Rule]

2

t—0+

2t cos(t?) . 2 cos(t?) 2

li =1 =
oo T cos(t?) — 2¢3 sin(¢2) + 2t cos(t?) ok 3 cos(t?) — 2¢2sin(t2) 3—-0

@) =24+ —2>=(—z+2)(z+1)=0 < z=2o0rx=-1. f(z)>O0forzc[-1,2]and f(z) < 0 everywhere

else. The integral fab(2 + 2 — %) da has a maximum on the interval where the integrand is positive, which is [—1,2]. So
a = —1, b= 2. (Any larger interval gives a smaller integral since f(z) < 0 outside [—1,2]. Any smaller interval also gives a

smaller integral since f(x) > 0in[—1,2].)
This sum can be interpreted as a Riemann sum, with the right endpoints of the subintervals as sample

points and with @ = 0, b = 10,000, and f(z) = V2. So we approximate

10,000

n
S Via lim 1000 /10.000; _ 10,000 _[2.3/2
= \/;angfgo—’r;::l 20000 — [ Vrdr = [gx / }

10,000
0

= %(1,000,000) ~ 666,667.
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Alternate method: We can use graphical methods as follows: y =Jx
Areaofeach =~ V= VX
From the figure we see that [/ | Vo de < Vi< [ vVada, so rectangle is /i
10,000

fOIO’OOO Vzdr < Zl Vi < f110,001 Vz dz. Since

[Vade = 22%2 + O, we get [, Vz dz = 666,666.6 and

of /1 i \+ 1 10,000 *
I — l
[0 Ve de = 2[(10,001)/2 — 1] ~ 666,766.
_ 10,000
Hence, 666,666.6 < > Vi < 666,766. We can estimate the sum by averaging these bounds:
i=1
10,000 G
~ 666’666'62+ 666,766 = 666,716. The actual value is about 666,716.46.
i=1

(a) We can split the integral [, [2] dx into the sum [ f;;l [=] dx] . But on each of the intervals [ — 1, ) of integration,
i=1

[x] is a constant function, namely ¢ — 1. So the ith integral in the sum is equal to (¢ — 1)[¢ — (¢ — 1)] = (¢ — 1). So the

n n—1 -1
original integral is equalto > (1 —1) = > i = w
i i=1

(b) We can write [ [z] dz = [ [x] d — [ [2] d.
Now [y [#]dz = [\ [z] dz + [§; [z] dx. The first of these integrals is equal to 3 ([5] — 1) [8],
by part (a), and since [z] = [b] on [[b] , b], the second integral is just [6] (b — []). So
Jo [l dz = 3([6] — 1) [b] + [b] (b — [b]) = 3 [6] (2b — [b] — 1) and similarly [ [2] do = § [a] (2a — [a] — 1).
Therefore, [ [z] dz =  [b] (2b — [b] — 1) — 3 [a] (2a — [a] — 1).

sin x

T sin t
By FTCl1, diic / ( V14wt du) dt = v 1+ u* du. Again using FTCI,
0 1 1
d2 x sin t d sin
) (/ 1—|—u4du)dt:— 1+utdu=+1+sin* zcosz.
0 1

dx [,

Let Q(z) = / P(t)dt = |at + é252 +E8 4 é254 =ax+ éxz + 57+ gz‘l. Then Q(0) = 0, and Q(1) = 0 by the
o 2" T3 Ta |, 27 73" T4
given condition, a + g + § + %l =0. Also, Q'(z) = P(x) = a + bz + cx® + dx® by FTC1. By Rolle’s Theorem, applied to

Q on [0, 1], there is a number r in (0, 1) such that Q’(r) = 0, that is, such that P(r) = 0. Thus, the equation P(z) = 0 has a

root between 0 and 1.

More generally, if P (z) = ao + a1z + a2z + - - - 4+ a,z™ and if ap + % + % +- ncz: s 0, then the equation

P (z) = 0 has a root between 0 and 1. The proof is the same as before:

Let Q(z) = /OI P(t)dt = aox + % 2 + a—; a4t n“_: T z". Then Q(0) = Q(1) = 0 and Q' (z) = P(z). By

Rolle’s Theorem applied to @ on [0, 1], there is a number r in (0, 1) such that Q'(r) = 0, that is, such that P(r) = 0.
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14, Let x be the distance between the center of the disk and the surface of the liquid.
/ The wetted circular region has area 72 — w22 while the unexposed wetted region
/ (shaded in the diagram) has area 2 f; V12 — 2 dt, so the exposed wetted region
\%5/ has area A(z) = mr? — m2? — 2 f: VrZ —#2dt,0 < x < r. By FTCI, we have
Al(z) = —2mz + 2/r% — 22,

Now A'(2) >0 = —2m2+2vr2—22>0 = Vr2—x2>nx = r’>—2?>7%% =

2

= < ;, and we’ll call this value x*.

r
w2 +1 V2 +1

Since A'(z) > 0 for 0 < z < z* and A'(z) < 0 for z*< z < r, we have an absolute maximum when x = z*.

15. Note that - (/ [/ f(t)dt] du) :/ F(t) dt by FTC1, while
dz \ Jo 0 0

2 {/Oxf(u)(xfu)du] -2 {x/ox f(u)du] o UO f(u)udu}

= Jo f(w) du+af(z) = f(@)x = [§ f(u)du

r’>n? a2 = >4 1) = 2f<

Hence, [ f(u)(z —u)du= [ [[," f(t)dt] du+ C. Setting x = 0 gives C = 0.

16. The parabola y = 4 — z? and the line y = x + 2 intersect when Y
4—2*=zx+2 & 2*4+2-2=0 & (z+2)(z-1)=0 <= " y=4-x
x = —2or 1. So the point A is (—2,0) and B is (1, 3). The slope of the line B(1, 3)
y = = + 2 is 1 and the slope of the parabola yy = 4 — z? at z-coordinate x is y=x+2
—2z. These slopes are equal when x = f%, so the point C is (f%, 17)
The area A; of the parabolic segment is the area under the parabola from A(=2,0) # # x
r = —2to x = 1, minus the area under the line y = x + 2 from —2 to 1. Thus,

A12f12(4—x2)dm—f_12(m+2) do = [z — %13}172
=[(4=-3)-(8+39)]-[G+2)-2-9]=9-3=

The area Az of the inscribed triangle is the area under the line segment AC plus the area under the line segment CB minus

o

. . 15/4 — .
the area under the line segment AB. The line through A and C has slope % = g and equationy — 0 = %(x +2), or
5 . 3-15/4 1 . i 1 7
y = 3 + 5. The line through C and B has slope T2 =3 and equationy —3 = —3(z —1),ory = —52 + £.
Thus,
T ! 1 7 ! 5,2 —-1/2 1.2 7,01t 9
A= [ T Garnies [ (AraDde- [ @r2de= G450 4 et 4 e, - 8
—2 —-1/2 —2
=[(5-3)-6-10]+[(-5+3) - (H-D-3=B+F-"H=-%=%
Archimedes’ result states that A; = %Ag, which is verified in this case since % . %7 = %.
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17. 7 Let ¢ be the nonzero z-intercept so that the parabola has equation f(z) = kz(z — ¢),

ory = kx? — ckx, where k < 0. The area A under the parabola is

c

A= foc kx(zx —c)dx = kfoc (x2 —cx)dr = k[%x:” _ %sz]o

o = K3 - 3% = -3k
(0, 0) \ x
The point (a, b) is on the parabola, so f(a) =b = b=ka(la—c) =
b A

k:a(a—c)

. Substituting for k in A gives A(c) = i

Al(e) = b (a— o)(3¢?) — E(—1) __ b A[3(a —¢) + ¢ _ _bc2(3a —2c)

 6a (a —c)? 6a (a—c)? 6a(a — c)?

Now A'=0 = c¢=2a.Since A'(c) <0fora <c< 2aand A’(c) > 0 for ¢ > 3a, so A has an absolute

minimum when ¢ = %a. Substituting for ¢ in k gives us k = b = = 72—2, so f(z) = 72—2 x(:): - %a), or
a(a—2a) a
2b 5 3b . 13 9 ..
flx)=—=2"+ - Note that the vertex of the parabola is ($a, §b) and the minimal area under the parabola
is A ( % a) = % ab
18. We restrict our attention to the triangle shown. A point in this triangle is

1| closer to the side shown than to any other side, so if we find the area of
the region R consisting of all points in the triangle that are closer to the
center than to that side, we can multiply this area by 4 to find the total
area. We find the equation of the set of points which are equidistant

from the center and the side: the distance of the point (z, y) from the

side is 1 — y, and its distance from the center is y/x2 + y2.
So the distances are equal if /22 + 2 =1—y < 2>+’ =1-2y+1® & y= 11— 2?). Note that the area
we are interested in is equal to the area of a triangle plus a crescent-shaped area. To find these areas, we have to find the

y-coordinate A of the horizontal line separating them. From the diagram, 1 — h = v/2h < h = TI\/E =v2-1

We calculate the areas in terms of A, and substitute afterward.

The area of the triangle is 3 (2h)(h) = h?, and the area of the crescent-shaped section is
[ 1) W dr =2 (3~ h - 3a?) de = 2[(3 — )z — 2]t = h - 20® — 0.
So the area of the whole region is
4[(h = 2n% = 31%) + 1?) = 4h(1 b - $h%) =4(VE-1) [1 - (V2 - 1) = § (V2 - 1)’]
—4(VE-1)(1-3vE) = 4(4VE - 5)
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1 1
19. lim T
vzaw(\/ﬁ\/n—l- Vn/n+2 \/ﬁ\/n—&—n)

I
§ =
el
S
N\
3
+
o

n
n+n)
nso 1 \/1+1/n \/1+2/n V1i+1
= nhl{.lo % lzzlf(%) {Where flz)= —11+ r}

/ —=do = [2VITE], = 2(VE-1)

20. Note that the graphs of (z — ¢)? and [(z — ¢) — 2]° intersect when |z — ¢| = |t — ¢ — 2| &
c—x=x—c—2 < x=c+ 1. The integration will proceed differently depending on the value of c.
Casel: —2<c< -1

In this case, f.(z) = (z — ¢ — 2)* for z € [0, 1], so
= fol(ac —c—2)%de = %[(w —c— 2)3](1J = %[(—c— 1)3 —(—c— 2)3]

=13 +9c+T) = +3c+I=(c+2)+%

y

This is a parabola; its maximum value for
y=(x—c) - o) —2<c¢< —1lisg(—2) = %, and its minimum

valueis g(—32) = 5.

Case2: —1<c¢c<0

(x —c)? f0<zx<c+1
In this case, f.(z) =
(x—c—2)?2 ife+l<a<1

Therefore,

= fol fe(z)dz = C+1(I c)*dx + fclﬂ(r —c—2)dz

=1[@-o] +i[@—c—2°].,, =11+ + (—c—1)° = (-1)]

Again, this is a parabola, whose maximum value

for—1<c<O0is g(f%) = 12, and whose

minimum value on this c-interval is g(—1) = 3.
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Case3: 0<c<2
In this case, f.(z) = (z — ¢)* for z € [0, 1], so
9(0)= [y (x = de = 3@~ )*], = 5[1 - &)’ — (-0)’]

¢ —cti=(- '+ 3

This parabola has a maximum value of g(2) = £

L

and a minimum value of g(3) = 75.

We conclude that g(c) has an absolute maximum value of g(2) = %, and absolute minimum values of g(—%) = g(%) =+
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