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element method (ray-FEM) [29], whose original version can not handle the singularity
close to point sources accurately. This pitfall is addressed by combining the ray-FEM,
which is used to compute the smooth far-field of the solution accurately, with a high-
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Helmholtz equation the singularity of the solution in the near-field. The method requires a fixed number of
Babich's expansion grid points per wavelength to accurately represent the wave field with an asymptotic
Ray-FEM convergence rate of O(w~1/2), where w is the frequency parameter in the Helmholtz
NMLA equation. In addition, a fast sweeping-type preconditioner is used to solve the resulting

linear system.
We present numerical examples in 2D to show both accuracy and efficiency of our
method as the frequency increases. In particular, we provide numerical evidence of the
convergence rate, and we show empirically that the overall complexity is O(w?®) up to a
poly-logarithmic factor.
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1. Introduction

The numerical solution of time-harmonic wave propagation in heterogeneous media is of paramount importance in a
variety of applications such as medical imaging, oil exploration, nondestructive testing, noise reduction, radar and sonar
technology.

In the constant density acoustic approximation the time harmonic wave propagation is modeled by the Helmholtz equa-
tion, which is given by

—(A +a)2m(x)>u(x):f(x), xeQCR 1)
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plus absorbing or radiation boundary conditions, where, d is the dimension, w is the angular frequency, f is the source
term, m(x) = 1/c2(x) is the squared slowness, c(x) is the wave speed, and u is the unknown wave field to be computed,
which becomes more oscillatory as the frequency increases.

Given the oscillatory behavior of u, we know, by the Nyquist-Shannon sampling criterion [55], that O(w?) degrees of
freedom are sufficient to accurately represent a wave field oscillating at frequency w. In addition, recent work [27] showed
that this number of degrees of freedom is also intrinsic for the Helmholtz equation, in the sense that the least dimension of
a linear space that approximates the wavefields of a high-frequency Helmholtz equation to a given accuracy can grow with
O(w?) as @ — oo. Hence, the optimal complexity to solve (1) is O(w?), up to possible poly-log factors. However, computing
the numerical solution of (1) in the high-frequency regime, i.e.,, when the number of degrees of freedom increases with w,
accurately and efficiently is notoriously hard.

In view of the accuracy, the main challenge is rooted in the pollution error,! which is ubiquitous in most piecewise
discretizations. The main adverse effect of the pollution error manifests in large phase shifts in the propagating waves due
to dispersion error of the discretization, even if the Nyquist-Shannon sampling criterion is respected, i.e., the mesh size,
h, is comparable to the wavelength, O(w~1). This implies that oversampling is required to obtain an accurate solution,
leading to linear systems with suboptimal degrees of freedom [9,8]. Several methods have been proposed to attenuate, and
ultimately eliminate, the pollution error using either non-polynomial basis; such as local solutions of the homogeneous
Helmholtz equation [48], radial basis [10] or generalized planewaves [35], non-standard variational formulations [8] or local
polynomials refinements [73,59]. Although some of the methods mentioned above are able to eliminate the pollution error,
the resulting linear systems are either dense or extremely ill-conditioned thus non amenable to be solved fast, resulting in
a suboptimal complexity [49,34].

In view of the computational efficiency, the main challenge is to solve the linear systems in quasi-linear time with respect
to the number of unknowns. Standard sparse linear algebra algorithms based on nested dissection [32] and multi-frontal
methods [22] have a suboptimal complexity, and they are prohibitively expensive memory-wise in dimension greater than
two [21,3] even in the case of highly distributed codes [38], despite recent advances on compressed solvers [2,63] using
hierarchical compression techniques [11,18]. Standard iterative methods® require a large, w-dependent, amount of iterations
to converge, due to the indefinite character of the resulting linear systems, resulting in super-linear complexities with
respect to the number of unknowns [28]. In this front many new highly efficient preconditioners have been proposed in the
last 10 years that achieve the quasi-linear cost, such as the sweeping preconditioner [25,26], the DDM preconditioner [56],
the source transfer algorithm [20], the double sweep preconditioner [62], and the method of polarized traces [70], among
many others. However, most of them use low-order discretizations so that they require oversampling to produce accurate
solutions, thus resulting in suboptimal complexities with respect to the frequency.

Even though the amount of literature dealing with both issues separately is vast, see, for example, [28,69,25,26,20,62]
mainly focus on efficiency and [10,35,47,73,57,56] on accuracy instead, and among many others; only a few references deal
with both issues simultaneously. We refer to, for example, [59] in which a hybridizable discontinuous Galerkin methods is
coupled with the method of polarized traces, [71,39] in which an integral version of the Helmholtz equation is coupled with
sparsification and a fast preconditioner, and [29] in which an adaptive discretization is built by learning the dominant wave
directions. The last approach is an important building block in the current paper and it will be explained in the sequel.

Besides the issues mentioned before, the accuracy and convergence rate of the discretization degrades greatly when the
source in the right-hand side of (1) presents singularities [66,44]. Many applications model a point source using a Dirac
delta for f, thus introducing a distributional right-hand side. In such case, mathematically, a wavefield has singularities in
both the amplitude and the phase at the location of source. If the singularities are not properly resolved they will lead to
significant errors propagating to the full domain, and, consequently, leading to the detriment of the accuracy of the solver. It
is well known [5,4,16] that standard error estimates for finite elements are not valid when the source term is a distribution.
Thus, some special treatments have been developed to handle such right-hand sides, mostly for elliptic problems, requiring
specially tuned corrections (cf. [33,24] and references therein), which are not easily applicable to the Helmholtz equation.

In the present paper we develop a hybrid approach to solve the high-frequency Helmholtz equation (1) with source
singularity in smooth heterogeneous media efficiently. In particular, the method achieves the following:

e it only requires a fixed number of grid points per wavelength to accurately represent the solution with an overall linear
computational complexity up to poly-log factors,
. . 1

e it possess an asymptotic convergence rate of O(w~2), and

e it can handle sources modeled by Dirac delta seamlessly.

(Note I changed the wording upwards to have consistency when enumerating.)
The hybrid approach presented in this paper is a natural extension of the ray-FEM [29], combining Babich’s expansion
[7,52] to properly address the drawbacks of the former. The ray-FEM method is able to handle high-frequency problems

1 The ratio between numerical error and best approximation error from a discrete finite element space is « dependent.
2 such as standard matrix splitting methods, including Jacobi, Gauss—Seidel and over-relaxed iterations (see [53] for further details); non-preconditioned
Krylov space methods, including GMRES [54], Bi-CGSTAB [60], CG, etc.; and standard multi-grid methods [30].
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accurately in quasi-linear time with respect to the intrinsic degrees of freedom and it has a convergence rate of O(a)*%).
However, as it will be explained in the sequel, it can not handle problems with point sources modeled by a Dirac delta.
In such a scenario, we use the machinery developed in [52] to accurately remove the singularity from the right-hand side
replacing it for a smooth one. The resulting equation is then solved using the ray-FEM method.

The properties of the hybrid approach presented above are achieved by complementing the two methods in the following
manner:

e the Babich’s expansion provides an efficient algorithm to obtain an accurate solution close to the singularity where the
ray-FEM is inaccurate, and,

e the ray-FEM provides an efficient algorithm to compute an accurate solution far from the singularity, in which caustics
and turning waves can occur and thus render difficulties for the Babich’s expansion.

Remark 1. We point out that in the high-frequency regime, the notion of convergence is different. We aim to study the
asymptotic behavior of the error ||u, — uZ)H as w grows, where u,, and uﬁ) are the analytical and numerical solution to (1)
respectively. In practice, most finite elements estimates for the error are bounded by an expression of the form C(w)(wh)P,
for some p that depends on the order of the method. Usually, the pollution error manifests itself as a growing dependence
of C(w) with respect to w. Even though some methods have been able to provide a C(w) which is constant with respect to
w by increasing the polynomial order of the approximation, the numerical error does not decay as w — oo if wh is fixed. In
our case, however, the constant of the method decreases as O(w~1/?) as w increases. To the best of our knowledge this is
the first method to achieve, at least empirically, such scaling for a high-frequency problem with a distributional right-hand
side.

1.1. Motivation
In [29] the authors presented a ray-based finite element method (ray-FEM) to solve (1) in smooth media based on a

procedure to adaptively learn the basis functions to represent the wave field specific to the underlying medium and source.
The approach was motivated by the geometric optics ansatz, in which the solution can take the form

. 1
u(x) = superposition of {A,(x)e/#®}N® 1 o (6) , (2)
where N(x) is the number of fronts/rays passing through X, the phases ¢, are independent of the frequency w and the

amplitudes A, are mildly dependent on the frequency w. Furthermore, the phase functions can be linearly approximated in
the form

$n(X) ~ dn(X0) + Vobn(Xo) - (X — Xo) = ¢n (X0) + | Vebn (Xo) [dn (Xo) - (X — Xo), (3)
where an(xo) = ;ﬁ;&;l are called the ray directions [14] or the dominant wave directions [17].

In [29], the local dominant plane-wave directions are learned/extracted first from a low-frequency wave, which probes
the same medium using the same source. Those local dominant plane-wave directions are used to build local basis com-
posed of polynomials® modulated by plane-waves. The resulting algorithm only requires a fixed number of grid points per
wavelength to achieve both stability and convergence without oversampling. Moreover, a fast solver was developed for solv-
ing the resulting linear system with linear complexity up to poly-log factors. The method can efficiently compute wave
fields when the source is far away, even in the presence of caustics. However, the ray-FEM cannot handle the singularities
at point sources for two reasons:

e the traditional geometrical-optics amplitude at the source location is singular, which indicates that the geometric optics
ansatz breaks down at the source points and it is difficult to handle for a finite element based method;

e the phase is also singular, i.e., the curvature of the circular wave-front goes to infinity at the source location, which
makes the ray direction extraction, such as the numerical micro-local analysis (NMLA) [13,14], infeasible.

On the other hand, the Babich’s expansion [7], which is a Hankel-based asymptotic expansion, can capture source singu-
larity and overcome the above difficulties near the source in heterogeneous media. The components of the expansion can
be numerically computed by high-order Eulerian asymptotic methods [52] to yield accurate solutions in the neighborhood
of the point source.

The reasons for preferring the Babich’s ansatz rather than the usual geometrical-optics ansatz are well illustrated in [52]
and are briefly summarized below. If we apply the usual asymptotic expansion of the solution for the Helmholtz equation
of a point source in an inhomogeneous medium, then we end up with the following systems:

3 In this work, for simplicity we used a low degree polynomial, it is possible to use higher degree basis; however, the asymptotic behavior would remain
the same.
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[o¢]
: 1
u(x, o) = e g As(x, xwm, )

where T = (X, Xg) is the phase satisfying the eikonal equation

V1 -Vr=m?X), 7(Xg,Xo)=0, (5)

and As = As(X, Xp) satisfy a recursive system of transport equations along rays,

2VT - VAs+ AsAT = —AAs_q, s=0,1,---, A_1=0. (6)

(Note: I changed r by x, to be more consistent with the notation above.)

Alas, a difficulty arises immediately: how to initialize As at the source point for this system of equations. In addition,
when d is even, the ray series (4) does not yield a uniform asymptotic form close to the source. When d = 3, Avila and Keller
[6] were able to find the initial data for As using the boundary layer method, but the case of d =2 was left incomplete. In
practice, such difficulties in initializing amplitudes are handled in an ad hoc manner. The amplitudes are initialized a little bit
away from the point source using amplitudes for a medium with constant refractive index [61,51,41,43,42]; consequently,
the resulting numerical asymptotic solution is not uniform near the source.

To overcome these initialization difficulties Babich [7] proposed an asymptotic series defined by the first Hankel function
as an ansatz to expand the underlying highly-oscillatory wave field; the equation for the phase is the usual eikonal equation,
but the resulting transport equations for the amplitudes are easily initialized. Moreover, Babich’s expansion ensures that the
Hankel-based ansatz yields a uniform asymptotic solution as @w — oo within the neighborhood of the point source and
away from it. However, the Babich’s ansatz based on the Eikonal equation for the phase function and transport equations
for amplitudes may encounter difficulties due to caustics and turning/crossing rays.

The hybrid approach developed in this paper is aimed to combine the strengths of the ray-FEM and Babich’s expansion to
solve the high-frequency Helmholtz equation with source singularity. Numerical examples in 2D demonstrate that the pro-
posed hybrid method achieves an asymptotic convergence rate of O(w*%) with fixed number of grid points per wavelength
and a total empirical complexity of O(w?) up to a poly-logarithmic factor.

1.2. The hybrid approach
We decompose u, the solution to (1) with point source term f(X) = §(X — Xp), into two components:

U(X) = Unear(X) + Ugar(X), (7)

where upeyr is the near-field solution, which captures the source singularity, and ug, is the far-field solution, which is
highly-oscillatory but does not contain singularities. We insert (7) into (1) and we have that

— (A+a)2m) U = 8(X — Xg) + (A +a)2m) Unear- (8)
Moreover, we suppose that upear has the form

Unear (X) = Up(X) Xe (X), (9)
where uj, is the approximation given by the Babich’s expansion and x. is a smooth cut-off function satisfying,

1, if|x—xg| <€,

Xé(x)={0, if [x — Xo| > 2e, (10)

where € is a fixed small number such that there are no caustics or ray crossing in |X — Xg| < 2€. Following a standard
computation we have that

(A + wzm) Unear = (Aub + Cl)zmub) Xe +2Vup - Vxe +upAxe, (11)
furthermore, given that Aup, + w?mu, = —8(X — Xo) and plugging into (8), we have that
— (A +®m) ugr =2Vup - Vixe +upAxe, (12)

whose right-hand side is smooth. Moreover, it can be easily computed accurately: x. and its derivatives are known analyt-
ically, and it is possible to compute u;, accurately and efficiently in the support of x. using the method developed in [52],
as will be reviewed briefly in the sequel.

Given that ugr = U — Upear >~ (1 — Ye)U, i.e., Uy is the far-field solution of the Helmholtz equation, it satisfies absorbing
or radiation conditions. Then we can solve the equation (12) using the techniques developed in [29] for high-frequency
Helmbholtz equation in smooth media, which has a total complexity proportional to w? up to polylogarithmic factors.
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The proposed algorithm to compute the solution to (1) with a point source can be distilled to the following steps:

compute the asymptotic solution u; given by the Babich’s expansion in a neighborhood of the source point,
build the right-hand side in (12),

solve (12), using the ray-FEM method with the adaptive learning basis approach proposed in [29],

add the near field part upear and the far field part ugy;,.

We provide details of each step in the sequel.
1.3. Outline

The outline of the paper is as the following: we give a brief introduction of the Babich’s expansion in Section 2 and we
review the adaptive learning ray-FEM method in Section 3. In Section 4, we provide the error analysis of the hybrid method
in each step. In Section 5 we provide a description of fast linear solvers that we are using. The full algorithm is described
in Section 6 and numerical results are presented in Section 7. Finally, conclusions are summarized in Section 8.

2. Babich’s expansion

The reduction of (7) to (12) relies on computing a local approximation of the solution close to the source. This is achieved
by using a specific asymptotic expansion of the solution, usually referred to as the Babich’s expansion [7], which we briefly
review here.

To solve (1) asymptotically when @ — oo, Babich proposed the following Hankel-based ansatz [7] to expand the solution
in a neighborhood of the source,

o
uX) =up(X,Xp, ®) := Z Vp(X, X0) fp—(d-2)/2(w, ¢ (X, X0)), (13)
p=0
where d is the dimension,
T 2&\1
fo@, &) = i en (—g) H (@8), (14)
2 w
and ¢ is the phase or travel time function satisfying the eikonal equation,
Vo (X, X0)| = —, (15)
c(x)
and {vp}p—o,1,2,... are assumed to be smooth functions satisfying a recursive system of transport equations,
1 1
V§*(X) - Vvp(X) + [(Zp —dym(x) + 5A¢2<x)} V() = S AVp1(X) (16)
with initial conditions
(d-2)/2
_ _ o _
vo1=0. vo(Xo) =TG5 Mo =mXo). (17)

The problem is then reduced to computing each term of the expansion (13), defined as up, = vp fp—(d-2)/2, by solving
the PDE systems (15) and (16). By using the high-order Eulerian asymptotic method developed in [52], it is possible obtain
accurate numerical solutions even close to the source.

In the present work we only need to compute the first two terms of the Babich’s expansion in order to obtain the desired

1
convergence rate of O(w™2).
The algorithm to compute the expansion can be summarized as follows:

o firstly, the phase ¢ is computed using a fifth-order Lax-Friedrichs weighted non-oscillatory (LXF-WENO) scheme [37,72,
67] with a sixth-order factorization® [31,41,42] around the source;

e secondly, the first amplitude coefficient v is computed using the third-order LXF-WENO scheme with the third-order
factorization around the source;

e then, the second amplitude coefficient v is computed by the third-order LxF-WENO scheme with the first-order fac-
torization around the source;

4 The solution is represented as a product or sum of the analytical solution to a homogeneous medium and an unknown factor or perturbation, which is
smooth.
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Algorithm 1 Babich’s expansion.

1: function [u}, Vul!, {d}}p, ] = Babich(xo, c, , h)

2 [on, Von, vg, va. v'l’, Vv’l'] = Eikonal-Transport(Xo, ¢, h)

3 ﬁ = ‘gmg‘ > Computing ray directions
4 coefy = i@, coef; = ig exp(im) > Coefficients of fq in (14)
5. Fr=H" (0gn), T = gnH (0¢n) > Hankel based terms of f; in (14)
6 u'go = coefyvi fl, up = coefy vifh > The first two terms in (13)
7. ul= ugo + u’gl > Approximating the Babich’s expansion
8 Vf(‘; = —a)Hgl)(w¢h)V¢h > Computing gradients
9: VI =2H{" (@en) Ve — o H" () Ve

10: Vug0 = coefo(VVA fil +- VBV FI), Vugl = coefy (VI fIl - vV ity
11: Vug = Vug,J + Vug1 > Approximating the gradient of Babich’s expansion
12: end function

Algorithm 2 Eikonal/transport solver.

1: function [¢, Ve, vh, Vi, v, Vi1 = Eikonal-Transport(xo, ¢, h)

2: ¢n = LxF-WENO-Fac(5, 5,Xo, ¢, h) > Computing the phase in (15)
3t Vg2 = WENO(3, 92, h), A2 = FD(4, ¢2,h), Ve, = Vo2 /24,

4 vl = [xF-WENO-Fac(3, 3, V2, A¢2, Xo, c. h) > Computing the first amplitude coefficient in (16)
5:  Vvh = FD(4, v, h), AvE = FD(4, VA, h)

6: v‘;‘ = LxF-WENO-Fac(3, 1, V¢ﬁ, A¢ﬁ, Avg, Xo,C, h) > Computing the second amplitude coefficient in (16)
7. Vvh = FD(4, v )

8: end function

o finally, the solution is approximated by replacing the numerically computed phase and amplitude coefficients into
Upy + Up, -

Note that the different orders of the LXF-WENO schemes above are calibrated to each other for the different subproblems,
the reason is well explained in Section 3 of [52]. Below is a summary of the algorithm to approximate the asymptotic
Babich’s expansion u, and its gradient Vu, in the disk Dye :={Xx € Q: |X — Xg| < 2¢} with mesh size h, and we denote
by u’,}, Vu’,;,ugo, ug],¢h, vg, v'll the numerically computed quantities of up, Vup, upy, up,, ¢, vo, v1 respectively. For further
details, we refer the reader to [52].

Remark 2. In Algorithm 1, we compute u’g and Vu’g only in the annulus € < |X — Xg| < 2¢ to build the right-hand side of
equation (12) and {dﬁ}ng to be used in the ray-FEM. In Algorithm 2, we denote by LxF-WENO-Fac(p, q,-) the p-th order
LXF-WENO scheme with g-th order factorization around the source, WENO(p, -) the p-th order WENO scheme and FD(p, -)
the p-th order finite difference scheme. qu,f, V¢ and Aqbﬁ are computed except for the points around the source.

3. Ray-FEM

As shown in [52], the Babich’s expansion provides an accurate solution in the neighborhood of the source, provided
that high-order methods are used to compute the phase and amplitude terms of the expansion. However, this approach
cannot directly handle caustics or crossing rays away from the source. This is a consequence of computing the viscosity
solution of the eikonal equation, which does not take into account possible multivalued solutions of the eikonal equation.
Therefore, we only use this expansion in a region around the source without caustics occurring. Such a region always exists
for the eikonal equation under consideration as shown in [6,58]. In the far field, however, we compute the waves by using
the ray-FEM method developed in [29], which is a stable finite element method without oversampling, specially adapted for
wave propagation. The ray-FEM method is based on a geometric optic ansatz and its local approximation via a superposition
of plane-waves propagating in a set of dominant directions. We use this method to solve equation (12).

3.1. Geometric optics ansatz

The geometric optics ansatz approximates the solution to the Helmholtz problem asymptotically in w, by a superposition
of several wave-fronts of the form in (2). Moreover, except for a small set of points, e.g., source/focus points, caustics,
and discontinuities of the medium, phases ¢, and amplitudes A, are single-valued functions satisfying the following PDE
system,

1
(eikonal) |V¢y| = o (transport) 2Ve¢y - VA, + ApA¢gy, =0, (18)

each defined in a suitable domain with suitable boundary conditions [12].
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Based on the above ansatz, a local plane-wave approximation can be derived at any point where ¢, and A, are smooth
with variations on an O(1) scale. Indeed, we define
-~ Von (X
d, ®n(Xo)

n =

= = Von 19
Y n (%0)| ¢(X0)Vpn(Xo) (19)

as the ray directions of the wave-fronts at an observation point Xg, k(X) = w/c(x), and

Bn(X) = (An(Xo) + V An(Xo) (X — Xg) e (#n(X0) V90 %0) (20)

the affine complex amplitude on a small neighborhood |x — Xg| < h <« 1. By using a Taylor expansion within this neighbor-
hood, we obtain a local plane-wave approximation of the following form for the n-th wave-front,

S 1
Un(X) := Bp(x)ekxodaXx 4 o <h2 + wh? + 5) . (21)

This motivates us to construct local finite element basis with mesh size h = O(w~1), in which an affine function is mul-
tiplied by plane-waves oscillating along the dominant ray directions, resulting in a local approximation similar to (21) but
with asymptotic error O(w™1).

3.2. Ray-based FEM formulation

We use finite element methods to compute the solution to (12) with PML boundary conditions [15]. For simplicity, we
consider the rectangular domain € = (—Ly, Ly) x (=Ly, Ly) in 2D. We introduce

_ 2
. (Lﬁpml> ) ifx € (=Ly, —Lx + 8pmp)s

% Spml .
x(x) =10, " if x € (—Lx + pmi> Lx — Spmi). (22)
C X—Lx+8pmi :
Som (Tm,p> ) ifx € (Lx — 8pmi, Lx),
and similarly for 8y (y). Here 8ppny is typically around a couple of wavelengths, and C is an appropriate positive absorption
constant independent of w.
Then the equation (1) can be re-written [26] as

—V - (DVu) —a)zmsxsyu =$xSyfinQ, u=00n0dQ2 (23)
where D = Sy(/)sx Sx;)sy ] sx=1+1iox(x)/w and sy, =14 ioy(y)/w with quadratic coefficient functions ox(x) and oy (y).
The standard weak formulation is given by

Find u € H)(S2), such that B(u, v) = F(v), Vv e H)(Q), (24)
where

B(u, v) :=/(DVu)-de —wzfmsxstudV (25)

Q Q
F(v) :=/sxsydeV, f=2Vup - Ve +upAxe. (26)
Q

The domain, €2, is discretized with a standard regular triangulated mesh, with mesh size h. The resulting mesh is denoted
by 7, = {K}, where K represents a triangle element of the mesh.
We define the standard local approximation space by

Vs(K) =span{pj(x), j=1,2,3, VxeK}, (27)

where {@; (x)}?:1 are standard P1 finite element nodal basis functions over the element K.
We modify the P1 finite elements by incorporating the ray information and we define the ray-based local approximation
space by

VRay(K) = span{p;(x)e®iditX j=1,2,3, I=1,..,nj;, VxeK}, (28)

where we let kj = w/c(X;) be wave-numbers and {El\j,,}}zl be n; ray directions at the vertex V; with coordinates x;.
Therefore, we can build the corresponding global approximation space and further the standard/ray-based FEM by re-
placing H}(Q2) with Vs/ray(7h) in (24), where

Vs/ray(Th) = {v € C°(RQ) : vk € Vs/ray(K), VK € Ty} (29)
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3.3. Adaptive learning of the basis

In the prequel we used the geometric optics ansatz to build an adaptive approximation space that incorporates ray
information specific to the underlying Helmholtz equation. However, the ray directions, which depend on the medium and
source distribution, are unknown quantities themselves, hence they need to be computed or estimated numerically.

Following [29] the dominant ray directions are learned by probing the same medium with the same source but using a
relative low-frequency wave. That is, we solve the low-frequency Helmholtz equation

—AUX) — *mX)UX) = f(X), XeQCRY, (30)

plus suitable boundary (or radiation) conditions with the same m(x), f(x) but at a relative low-frequency @ ~ /@ on a
mesh with size h = O(@2) = O(w~!) by using the standard FEM, which is quasi-optimal in that regime [46].

We then process the computed low-frequency wave field, with numerical micro-local analysis (NMLA), to extract the
dominant ray directions locally in the far field. A brief introduction to NMLA can be found in Appendix A and [13,14,29].
However, NMLA cannot capture ray directions accurately near the source since the wave-fronts near the source have high
curvatures. Instead we apply Algorithm 1 to obtain the ray directions near the source.

Once the local ray directions are extracted, we incorporate them into the ray-FEM space to solve the high-frequency
Helmholtz equation (1). If necessary, ray estimation can be improved by iteratively applying NMLA to high-frequency wave
field and then the resulting ray information can be incorporated into the ray-FEM space to obtain more accurate high-
frequency waves.

4. Error analysis

In this section, we provide an asymptotic error estimate of the high-frequency solution u to (1) by decomposing it into
two parts: near field upes; computed using Babich’s expansion [52] and far field ug,, computed using the ray-FEM [29]. We
remind the reader that in this section, we assume the wave speed c, phase function ¢, amplitude coefficients v{, v, and
amplitude function A are smooth functions, and we only focus on the rectangular 2D domain with mesh size that scales as
wh = O(1) in the high-frequency regime. We define notations D, :={Xxe€ Q: [X —Xo| <7}, Dr,—r, :=D,\Dr, ={Xx€ Q11 <
X —Xo| <712}

4.1. Near-field solution: Babich’s expansion

We recall the basic properties of the first kind Hankel functions [36,64]

d H'@

EHq(z)qu —Hy 1@, (31)
O 12y,  if|z] - oo,

H" () =1 O(nz),  if|lz| > 0andq=0, (32)

Oz, if|zl - 0andq > 1.

In the disk Da¢, ¢ (X) < O(¢) < C; = constant, the Hankel based terms fq(w, &) have the following asymptotic form [7] for
large w,

o ((g)" (wg)—l/z) — O(w 9"12£9-1/2)  if g > C, = constant,
fow, &) =4 O(n(w§)), ifwé <Cyandq=0, (33)
10 ((g)" (wg)—q) — O(w2), if & < Cpandq > 1.
Since the Babich’s expansion (13) is approximated by the first two terms in Algorithm 1, i.e. up ~ up, + up,, where
up, = vqfg, =0, 1. We have the truncation error, asymptotically in ,
b — (g + up,) 1 (e) = O(@ ™). (34)

On the other hand, the phase ¢ and amplitude coefficients vg, v{ are numerically computed by Algorithm 2. According
to Theorem 5.1 in [52] and Remark 3 in [40], the p-th order LxF-WENO scheme combines with g-th order factorization for
equations (15) and (16) yield min(p, q)-th order accuracy for smooth ¢ and v’s. Thus, we have

¢ — Pl (Do) = Oh®), Vo = Vhllie(pyy = OHh3),  vi = Vi |lise(pyey = Oh). (35)

Excluding a small neighborhood of the singular source point, i.e. X € Da¢c_y, w¢(X) > O(wn) = C, for a small positive
number 7 < €, by the mean value theorem there exists ¢ > min{¢ (x), P"x)} > O(n) such that
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g (@ () — H (@o" (0))] = | — H" (09) (0¢ %) — 0g" (x))] 6
< O((wp) 1 ?wh®) S Oy~ 12h%),
where the constants for < and O(-) only depend on constants C; and C;. Thus, we have
1fo— flllieaeyy SIHS (@¢) — HE (@™ 1Dy, = O@/2~ 1213 , (37)
similarly, || f1 — f1h||Loo(D2H1> =O(w~ 12k + 0= 3/2n=1/2p3),
Hence,
by — uf 1 (Da ) = IVoSo = Vi fellDae
=[(vofo— ngo) + (ngo - ngg)”L"O(Dzé,,?)
< 1vo — Vil (Daey | foll 220 (De ) (38)
Vgl (Dsep | fo = f3 LoDy
— O~ 21213 4 /2= 1/25)
and analogously,
lup, = up Dy, = O@2h+ w™12h% 4 @73/2~1/2p3) (39)

Therefore, under the assumption of h = O(w~!) and % <01 < ¢ <O(e) < (4, the asymptotic error with respect to @ of
the Babich’s expansion is

lup — uf o Dye_) = llup — uﬁo - uﬁl 20 (Dge_)
= ll(up — upy — tpy) + (Upy — Up ) + (Upy — up 1Dy )
< llup — upy — Up; lL20(Dge )
+ llup, — uﬁolle(ng_w + llup, — uﬁl |20 (Dge )
=0 %) + 0@ 3) + O(w™>/?)
=0(w™?).

4.2. Right-hand side for the far field equation

Given that the Babich’s expansion up is computed accurately and the cut-off function y. is known analytically, we can
construct the near-field solution upesr = Upxe. On the other hand, in order to obtain the far-field solution ug,, we need
to solve the equation (12). Most stability and error analysis for finite element methods [47,65] rely on the norms of the
right-hand side (RHS). Moreover, numerical experiments show that the error of numerical solution is tightly bounded by
the norm of RHS in this case, i.e. if the norm of the RHS is w dependent, the error will grow as w grows. Thus, it is crucial
to have asymptotic orders of the norms of the RHS in (12) with respect to w and €. We use the analytical expression of the
cut-off function and Babich’s expansion to obtain such scalings in L% and L% norm.

We define the smooth cut-off function

1, if|x —Xxg| <e,
e (X, Xo) = exp(z‘;f{'), ife < x—Xo| <2¢,t= X%l _1q (41)
0, if | X — Xg| > 2e,

and we choose € small enough such that y.(x,Xp) is compactly supported within the computational domain €2, i.e. Dy C Q
and no caustic or multi-pathing has occurred. We can easily verify that x. € C*(R), VX, and Ay, vanishes in D§___:=
{x e Q:|x—Xp| > 2€ or |[x —Xg| < €}. Moreover, based on the derivatives of the first kind Hankel functions (31) and its
asymptotic expansions (32), we have the asymptotic orders of the right hand side as displayed in Table 1. The scalings
imply that when we > 1, the first term 2Vu,, - Vxe dominates the right-hand side. In the high-frequency regime, we pick

small but fixed €. Hence the right-hand side scales as O(a)%) as w — oQ.
4.3. Far-field solution: ray-FEM

After constructing the w-dependent right hand side of (12), we use ray-FEM to solve the equation with ray directions
extracted numerically by NMLA from computed low-frequency wave field. Now we provide an upper bound of the approxi-
mation error
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Table 1

Asymptotic orders of the right-hand side with respect to w and €.
QCcR? VXe AXe 2Vup - VXe UpAxe 2Vup - Vxe +UupAxe
I e oE™ 0™ Oie 1) O ie ) Oie 3)+ 0w 1e3)
I 2 O O™ Owie?) O re3) OWre )+ O e 3)

h
Mufar = Upyelli2(2) (42)

uneViy, (Th) luarll 2

h
Ray
estimation by NMLA is \Ej —G’}| ~O(w~1/?).

For the simplicity of error analysis, we assume that there is no ray crossing in the domain €2, no reflections from the
boundary 9€2, and the Babich’s expansion (13) is the exact solution of equation (1). Then the far-field solution to equation
(12) is

where the ray-FEM space, V7  (7y), incorporates the estimated ray directions {a’}}. From Appendix A and [29], the error for

Ufar = U — Upear = Up — Up Xe = (1 — Xe)Up- (43)

Note that (1 — x¢)up vanishes in the disk D¢, using the first term up, to approximate Babich’s expansion outside disk D¢
we have truncation error O(w~3/2) similar to (34),

Ugar = (1 — xup = (1 — xe)py + O(@ /%) = 0 2 AX)e ™ 1 O 3/?), (44)

where A(x) = i¥32(1 — XOHS” (wp (%)) ei®® is a smooth amplitude function with a support outside disk Dc. Thus,
asymptotically we have

lutarll 2 () = O(@™ /). (45)
Moreover, we denote by

up = YN 0 1A (x)el@ld ) 1/e0d xxp),
h _ 5N 12 A(x:) 0 iw[¢(xj)+l/C(xj)a’}‘(x_xj)] (46)
up=3 5o (xj)gj(x)e ,

h

Ray(ﬁ) with exact and numerical ray direction, respectively. For

the nodal interpolations of the solution in Vgqy(74) and V
smooth A and ¢, from [29] we have

[ugar — Urll2() S 1/zhzlt‘\h-ﬂ(sz) +w1/2h2||A||L°°(Q) l V2¢||L°°(sz) + (9(60_3/2), (47)
and
—ul <w'?h| A~ s di —d; ;o) Sh|A| L e 48
Nur —upllz) < lAlLo @) lle™ Lo l1d; i) ShllAllLo @ llc™ o), (48)
J

the constants in < only depend on the domain 2. Hence, we have the error estimate, more compactly with respect to w
on the mesh with h = O(w™ 1),

; h h
inf €Vl (Th) lugar — ug, 2@y < lugar — ujll2(q)

ufar
< llufar — Urllp2¢q) + lluy — u?llLZ(Q) (49)
— O(a)—1/2h2 + wl/2h2 + h + w—3/2)
=0 ).
Therefore,
h
u —u 2
lltfar far”L (Q) :O(wq/z). (50)
ueVh, (M lufarliz@

We point out that the desirable relative convergence rate in this case is O(w~'), which has the same order as the geo-
metric optics ansatz (2). However, the error in the estimation of dominant wave directions using NMLA, which is O(w™1/?),
dominates the total error and becomes the bottleneck to improve the overall convergence order. This error is due to the
deviation of a general wave-front from a plane-wave form which is one of the underpinnings of assumptions for micro local
analysis. See Appendix A and [29] for more details.
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4.4. Adding near-field solution and far-field solution

Adding the near-field solution upe;r with the far-field solution ug,, and considering the error excluding a small disk D),
we can obtain the error estimate for the numerical solution to (1). Indeed,
lu = unll2(@\p,) = ll(tnear + Utar) — WUhear + Uy ) 112(@\D,)
<|lu- UZ)XeHLZ(Q\Dn) + llUfar — U?ar||L2(Q\D,7) (51)
< llu = ull2p,e_,) + lttar — ufy 120

from (40) and (49), we have

inf flu— (U Xe + Unoorn) 12000,y = O@ ). (52)

h h
Llfare VRay (7;1)

Moreover, based on asymptotic forms in (32) and (33), we have

lulli2@\p,) = O~ ™1/, (53)

and finally we obtain
llu — (UEXE + u?ar)”LZ(Q\Dn)

inf =0 w™1/?), (54)
u’f’arevl’;ay(ﬁ.) ||u||L2(sz\D,})

where the constant in O(-) only depends on constants C; and C;.
5. Fast linear solver

The overall complexity claim mentioned in the introduction, is based on the assumption that the linear system provided
by both finite element formulations, the standard FEM and the ray-FEM, which we write in a generic form as

Hu=f, (55)

can be solved in linear complexity (up to poly-logarithmic factors).
This can be achieved using a variation of the method of polarized traces [70], which was developed in [29]. The method
of itself can be categorized as a domain decomposition method that encompasses the following aspects:

layered domain decomposition;

absorbing boundary conditions between subdomains implemented via PML [15];

transmission conditions issued from a discrete Green’s representation formula;

efficient preconditioner arising from localization of the waves via an incomplete Green’s formula.

The method of polarized traces aims to solve the global linear system by solving the local systems, in which the absorbing
boundary condition between subdomains, helps to reduce non-physical reflexions due to the truncation of the domain. In
order to solve the global system, or in this case to find a good approximate solution, we need to “glue” the subdomains
together. The coupling between subdomains is achieved by using the discrete Green’s representation formula as explained
in [29]. The coupling naturally leads to a smaller integral system posed on the interfaces between subdomains, which can
be easily preconditioned by localizing the waves using the incomplete Green’s formula. As in [29] we reduce the off-line
cost by using a matrix-free formulation (see Chapter 2 in [68]).

In general, the number of iterations for convergence will depend on the quality of the absorbing boundary conditions,
and the wave speed. In the best case, the number of iterations will depend on the number of physical reflections across
subdomains. For a smooth and fixed wave speed, several numerical experiments indicate that the number of iterations to
convergence is weakly dependent on the frequency; i.e., the number of iterations scales as O(log w), meaning that the cost
is dominated by the factorization and solve of each local linear system.

If we suppose that €2 is discretized into N = O(n?) elements, and that each slab is only ©O(1) elements thick, then we
have that factorizing all the local problems using a multifrontal method [22,32] (in this case UMFPACK [21]) will have an
asymptotic cost of O(n), which has to be performed O(n) times, leading to an off-line cost of O(N).

For the preconditioning, we need to solve O(n) quasi 1-D linear systems, which can be performed in O(n) time, leading
to a linear complexity for each iteration. This, however, depends on the eventual growth of the auxiliary degrees of freedom
corresponding to the PMLs. As it will be shown below, for the low-frequency problem, we need to increase the number of
PML points as O(logw), to maintain the same convergence rate, which is normally achieved in O(logw) iterations. Thus,
the overall complexity is linear up to poly-log factors.
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Algorithm 3 Hybrid high-frequency Helmholtz solver.

1: function U, ; = HYBRID-SOLVER(Xp, C, ®)

20 d~Jo,h~w !, he~ w? > Low-frequency and mesh sizes
3: [”Zi,b' vult {d)p,. | = Babich(xo, ¢, @, h) > Babich’s expansion in disk Do
4 fap=2Vul, Ve +ull, Axe > Right hand side in (12)
5: uéaa =S-FEM(®, h, ¢, fz, gugr) > Low-frequency solution to (30)
6: Ugnh= “g{;ﬂ,r, + u’ul,,,, Xe > Low-frequency waves
7 {d’u%}sz\uk = RayLearning(a, h, h¢, ¢, ug p) > Ray learning in far field
8 {di}g={d%}o\p, Uld])p, > Low-frequency rays
9: [ug).b, Vugb] = Babich(xo, ¢, w, h)

10: fo=2Vul - Ve +ul  Axe

11: uggfh = Ray-FEM(@. h. ¢, fo. 8, or. {d)q) > High-frequency solution to (12)

12: “(]u,h = uf;;fh + ”Z;_b Xe > High-frequency waves

13: tol =1, niter =0,
14: while tol > € and niter < max_iter do

15: {d" }o\p,. = RayLearning(w, h, hc, c, ul )
16: {dﬁ,}g = {d?u}g\p26 @] {dg}p26 > High-frequency rays
17: ', = Ray-FEM(@, h. . fo. 8, for. (s} )
. 2 _ far I
18: uwvh_udw.hjtu;)vaé
19: tol =lul , —u2 | ll2i0) /102 12
20: niter =niter + 1, u}, , =2
21: end while
22: uyp=ul,

23: end function

6. Algorithms

In this section we provide Algorithm 3 to implement the hybrid method for solving the high-frequency problem (1) with
point source terms. The full algorithm starts by computing low-frequency wave field and ray directions in the near field
using Babich’s expansion in line 3. Then it solves a relative low-frequency Helmholtz equation (30) with the standard FEM to
probe the medium and to learn the dominant ray directions in the far field within line 5-8. Afterwards, the high-frequency
wave field near the source is computed using the Babich’s expansion in line 9. Moreover, the far-field solution of the
high-frequency equation (12) is computed using the ray-FEM which incorporates those learned local dominant ray directions
in line 11. Lastly, the ray estimation is improved by iteratively applying NMLA to high-frequency waves in the far field and
then the resulting rays are incorporated into the ray-FEM space to obtain more accurate high-frequency waves in the while
loop from line 14 to line 21.

Remark 3. We refer the reader to [29] for details about S-FEM, RayLearning and Ray-FEM algorithms. Here g far and 8, far
are PML boundary data. In our numerical experiments, we only need one or two iterations in the while loop. N

We provide a succinct complexity analysis of the full Algorithm 3 in terms of w, which is summarized in Table 2. The
overall complexity includes:

e the complexity to compute the Babich’s expansion,

e the complexity of learning ray directions by NMLA, and

o the complexity of the linear solver for the discretized systems from both the standard FEMs (in the low-frequency case),
and the ray-FEMs (for high-frequency problem) Helmholtz equations.

It is well studied in Section 5 and [29] that the ray learning stage and fast solvers for the linear systems for both
low-frequency and high-frequency problems have linear complexity @(w?) up to some poly-log factors, as depicted in
Table 2. The only extra cost we need to analyze is the cost of computing the Babich’s expansion in Algorithm 1 in the
uniformly discretized mesh with h = O(w™1), which implies N = O(w?) grid points in the computational domain.

According to [50,40], by using the high-order LXF-WENO schemes to compute the Babich’s ingredients in Algorithm 2,
the computational complexity is O(Nlog N), when those asymptotic ingredients are applied in Algorithm 1 to construct the
Babich’s expansion with linear complexity O(N). Consequently, the overall complexity for computing Babich’s expansion is
O(wlogw) and the overall complexity for the whole hybrid solver is O(w?) up to a poly-log factors.

7. Numerical experiments

In this section we provide several numerical examples to test the proposed method and validate our claims. For all cases,
the domain of interest €2 is discretized using a standard triangular mesh with absorbing boundary conditions implemented
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Table 2
Overall computational complexities with respect to w given that the mesh size scaled as h = O(w™!).
Methods Babich S-FEM Learning Ray-FEM Hybrid solver
Frequency Jo or w Jo Jo or @ ® 13}
Complexity O(w? logw) O(w?log® w) O(w?) O(w? logw) O(w?log® w)
w03l 2 ®-® NPW =14 |
~< ® @ NPW =26
- < - & @ NPW =28 -
w .. w
™ ~ ™
N .. N
T e e
o 10} ~~.. o 1«
L S~
~o )
— Ow™) .- ..
.
102 10°
w/m

Fig. 1. Relative L? error of smooth part solution to equation (12) for one point-source problem in homogeneous medium, NPW is fixed. Left: exact rays.
Right: numerical rays estimated by NMLA. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

via PML while varying the wave speed profile and the source term. The first three cases have a unit square domain Q =
(—0.5,0.5)% and the fourth case has a rectangular domain € = (—1.5,1.5) x (—0.5,0.5). The mesh size h is chosen such
that the number of grid points per wavelength (NPW) is fixed, i.e., wh = O(1). Moreover, we fix € = % for frequencies

® > 1007 so that the L? norm of the right-hand side of (12) is scaled asymptotically as (’)(a)]i) in this frequency regime
(see the explanation at the end of Section 4.2).

We use a high-order Gaussian quadrature rule [23] to compute the integrals required to assemble the mass and stiffness
matrices in (25), the right hand side in (26), and the relative L2 errors of the ray-FEM solutions. The algorithms are imple-
mented in MATLAB 2015b using the iFEM package [19] to generate the mesh and the finite element matrices. The numerical
experiments were executed in a dual socket server with 2 Intel Xeon E5-2670 and 384 GB of RAM.

7.1. Homogeneous medium with exact and numerical rays

We compute the numerical solution to the Helmholtz equation (1) in a homogeneous medium, c(x) = 1, with the exact
solution given by

i
Uex(%, ¥) = ZHél)(w X2 +y2). (56)

7.1.1. Convergence

Since the Babich’s expansion in a homogeneous medium is exactly the first Hankel function, we use the analytical uy
and Vuy to construct the right-hand side of (12), and we check the convergence rate for the far-field solution ug,, with both
exact and numerically computed (by NMLA) ray directions.

From Section 4.3, if the ray information is known exactly and h = O@(w™!), then the relative L2 error in the ray-FEM
approximation space is O(w™!). Fig. 1 left shows that the ray-FEM is stable and it achieves the desired convergence order
with fixed NPW.

On the other hand, if the ray information is numerically estimated by NMLA with accuracy order O (w~'/2), the optimal
approximation error by the ray-FEM is also O(w~1/%) [29]. In fact, we use exact radial ray directions in the disk D¢
and numerically learn the ray directions outside this disk. Fig. 1 right indicates the ray-FEM solution with the learned ray
information is of the same order O(w~1/2).

7.12. Complexity

We use the fast solver developed in [29] to solve (12) thus obtaining the far field component of the wave field. From
Fig. 2 we can observe that the results are qualitatively equal to the ones obtained in [29], the complexity is linear up to
poly-log factors. We point out that the complexity is higher for the low-frequency case given that we need to increase the
number of PML points as O (log? @) in order to obtain a very mild growth in the number of iterations. We remark that for
this case the largest number of waves we have computed is around 500 in each direction.
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Fig. 2. Runtime for solving the Helmholtz equation with a homogeneous wave speed using GMRES preconditioned with the method of polarized traces.
The tolerance was set up to 1072, Left: runtime for solving the low-frequency problem. Right: Runtime for solving the high-frequency problem with the
adaptive basis.
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Fig. 3. Relative L2 error of smooth part solution to Lippmann-Schwinger equation with squared slowness (57), NPW is fixed.

7.2. Lippmann-Schwinger equation

We test our algorithm when the wave speed is constant up to a compactly supported heterogeneity. In this case we
compute the reference solution by solving the Lippmann-Schwinger equation discretized using the super-algebraically con-
vergent discretization proposed in [1], which is then solved using the fast solver introduced in [71].

In order to use the Lippmann-Schwinger equation, we suppose that the point-source is located far from the heterogene-
ity. In particular, we set the point-source to be located at xg = (—0.2, —0.2) and the squared slowness to be

2
m(x) =1+ 0.2h(x, v, B) exp (—%) , (57)
where @ =0.16, 8 =0.22,0 =0.15, x; = (0.2,0.2), r(X) = X — X1 |, t(X, @, B) = r(;‘)%f P(t) = zfjl/t and
1, ifr(x) <o,
h(x) =1{ exp(P(t(x, o, B))), ifa <r(x) <8,
0, ifr(x) > 8.

In this case, in the disk D¢, the medium is homogeneous so that we can build the right-hand side and the rays
analytically; outside of this disk, the medium is heterogeneous and we apply NMLA to estimate the ray directions. Besides,
we use Algorithm 3 to compute the ray-FEM solution to the far field equation (12) and compare it to the reference solution
described in [71]. Fig. 3 shows that the relative error in the L%(Q2) norm follows the desired convergence rate O(w~1/2)
with fixed NPW. We mention that for this example the largest number of waves we have computed is around 500 in each
direction.

7.3. Wave speed of constant gradient

We provide an example in a heterogeneous medium with wave speed of constant gradient: c(X) = cg + Go - (X — Xg)
with parameters co =1, Go = (0.1, —0.2) and Xo = (0, 0). The phase function is known analytically [31] and there is no ray
crossing in the domain € = (—0.5,0.5)2. Then Algorithm 1 can produce an accurate solution to (1) in the whole domain
and we treat this solution as the reference solution.

We construct the right-hand side with numerically computed u, and Vuy in the disk Dy and then apply Algorithm 3 to
compute the numerical solution to (1). We compute the relative L? error with respect to the reference solution. Fig. 4 left
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Fig. 4. Relative L? error of numerical solution to Helmholtz equation (1) with constant gradient of velocity, NPW is fixed. Left: analytical rays. Right:
numerical rays estimated by NMLA.
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Fig. 5. Smoothed Marmousi wave speed model.

Table 3
Marmousi model h convergence rate.
NPW 1 2 4 8
””l’l’;“’w 0.9645 0.2846 0.0806 00218
ref 2 (q)
Order 176 1.82 1.89

shows that the error scales as O(w™') when we use analytical rays outside the disk Dy; on the other hand, Fig. 4 right
shows that the error scales as O(w~'/2) when we use numerically computed rays by NMLA instead.

7.4. Marmousi model

Finally, we apply our method to the Marmousi2 model [45]. Fig. 5 shows the wavespeed, which is smoothed by a convo-
lution with a Gaussian kernel with standard deviation of 100 meters. In this model, we re-scale the computational domain
to @ =(—1.5,1.5) x (—0.5,0.5) and we locate the point source such that the wave speed is constant in the neighborhood
Dye. Within this neighborhood, caustics do not occur so that the Babich’s expansion is reduced to the Hankel function,
which can compute the wave field and ray directions very accurately. However, in the far field ©2\D,¢, where ray crossing
happens and caustics occur, we utilize NMLA to capture only the local dominant ray directions. We select at most four
significant ray directions by sorting amplitudes. In addition, we select rays that are well separated with an angle difference
at least 15 degrees.

Then we use Algorithm 3 to compute the wave field at 18.75 [Hz] on the mesh with 4 grid points for the smallest
wavelength (NPW = 4). The real part of the wave field is shown in Fig. 6. Furthermore, we regard the solution on the mesh
with NPW = 16 as the reference solution u,.f and compute numerical solutions u on different coarser meshes to show the
h convergence rate in Table 3. A higher frequency case at 75 [Hz] is shown in Fig. 7. At the highest frequency the solution
has roughly 250 wavelengths in the vertical direction and 750 in the horizontal direction.



276 J. Fang et al. / Journal of Computational Physics 371 (2018) 261-279

6
x{km]

Fig. 6. Real part of wave field generated by a point-source at 18.75 [Hz] with NPW = 4 for the smoothed Marmousi model.

0 2 4 6 8 10
x[km]

Fig. 7. Real part of wave field generated by a point-source at 75 [Hz] with NPW = 4 for the smoothed Marmousi model.

8. Conclusion

We present a hybrid method, which combines the asymptotic Babich’s expansion and the ray-FEM method, for solving
the high-frequency Helmholtz equation in smooth media with point source terms. The method removes the singularity
efficiently by using the Babich’s asymptotic expansion in the near field, and computes the far-field solution by the ray-FEM
that incorporates local dominant plane-wave directions adaptive to the medium and source. Numerical tests suggest that the
method only requires a fixed number of points per wavelength with an asymptotic convergence O(w~'/2). The proposed
method is coupled with a fast sweeping-type solver achieving an empirical complexity O(w?) up to a ploy-log factors in
2D.
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Appendix A. NMLA

Here is a brief introduction to NMLA developed in [13,14]. We suppose that a wave field is a locally weighted superpo-
sition of plane-waves having the same wave number and propagating in different directions. The aim of NMLA is to extract
the directions and the weights by sampling and processing the wave field locally.

Suppose that a wave field, denoted by u(x), is composed of N plane-waves around an observation point Xg,

N
ux) =y Bpekxxord - id =1, (A1)

n=1
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We suppose that we can sample the wave field, u(x), and its derivative on a circle S;(Xo) centered at Xy with radius r. The
wave field can be written under the model assumption in (A.1) as

N
UKo +18) =Y Bpe U o =kr, Ses. (A2)

n=1

Furthermore, we define the angle variables = 6(s) and 6, = Q(ﬁ\n) such that S = (cos#, sin@), an = (cos by, sinby), and
X(0) = Xg + r8(#). Using the angle based notation we sample the impedance quantity on the circle S (Xg),

1
ue®):= Ea,u(x(e)) +u(x(9)), (A3)

which removes any possible ambiguity due to resonance [13] and improves the robustness to noise for solutions to the
Helmholtz equation. We apply the filtering operator B to U(#) defined as

Ly

1 (FU)e
BU@®) = , A4
O 1 2 T - @) .

where L, = max(1, [¢], [o + (a)% —2.5]), J; is the Bessel function of order I, ],/ is its derivative and

2
(FU), := % / U@®e “de (A.5)
0

is the I-th Fourier coefficient of U. It is shown in [13] that

N
BU®) =) BaSi, (0 —6h), (A.6)
n=1
where S;(0) = %. As a consequence, we have that if o« = kr — oo then
B,, if0=0,(orsS=d,);

0, otherwise. (A.7)

lim BU@®) = i
o—>00

We obtain the directions by picking the peaks in the filtered data in (A.6), and the amplitudes by solving a least square
problem with the direction obtained.

However, for applications, the measured data are never a perfect superposition of plane-waves introducing errors in the
estimation. We summarize the stability result and error estimate with noisy data from [13,29] in the sequel.

For simplicity we use the single wave case, i.e., N = 1. Moreover, we assume that the measured datum is a perturbation
to the perfect plane-wave datum of the form U (9) = UP!@"¢ () + §U (9), where UP!%¢ denotes a single plane-wave datum in
the form of (A.2). Let 6* denote the angle for which 6 — BU () is maximum. Assuming that the noise level satisfies

1

18Ul < 4

|B1l, (A8)

where B* <1 is a pure constant independent of w and B is the complex amplitude of the plane-wave. Then the error in
the angle estimation is given by

2

|61 = 0% < 5——
2Lg +1

~O(l), o =Kkr ~ o0. (A.9)
o

Similar results can be derived for multiple waves N > 1. We remark that 4}3* > 0.25, which implies that if the relative

noise level does not surpass 25% the direction will be estimated within an error of order O(%). In our problem, when

NMLA is used to estimate local ray directions, the perturbation is due to the fact that a general wave field is a superposition

of curved wave-fronts. In [29], it was shown that the optimal choice of the radius of the observation circle is r ~ w~1/2 for

wave-fronts with bounded curvature, and one can achieve the following error estimate

161 — 0% | = O(w~1/?). (A10)
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