ON A RESULT OF WALDSURGER 11

HERVE JACQUET

ABSTRACT. This is a translation of Hervé Jacquet’s 1987 paper ” Sur un résultat de Wald-
spurger”, published in Compositio Mathematica. The translation was accomplished with
AT Any errors or inaccuracies are my responsibility. For typos, corrections, or suggestions,

please contact yluo237Qwisc.edu.

1. INTRODUCTION

1.1. Let F be a field and F a quadratic extension of F', 2 a character of the ideal class
group of F, w its restriction to the ideal class group of F. Let 1 denote the quadratic
character of the ideal class group of F' attached to F, Ny the group of elements of F'* which
are the norm of an element of F, and N; the group of elements of ¥ with norm 1. For each
non-zero € in F, let G be the group formed by matrices of the following type:

a be

b a’

where o denotes conjugation in E with respect to F'. Let G denote the group GL(2), viewed
as an algebraic group defined over F', Z its center, and A the subgroup of diagonal matrices.
If e = 1 then (G is isomorphic to G. In general, G; is an inner form of G. In particular, if
€ is not a norm and 7’ is an automorphic representation of infinite dimension of G., then
the [JL85] correspondence associates to 7’ a cuspidal automorphic representation 7 of Gj.
Conversely, if 7 is given, then there may be several ¢ such that the group G. admits an
automorphic representation corresponding to .

We now suppose that the representation m is not dihedral for the extension E. Then
the lifting II of 7 to the extension E' is a cuspidal automorphic representation of G(FE) =
GL(2, E).

1.2. In [Wal85] Waldspurger considers two conditions relative to the representation 7. Let
w be the central character of 7 and € a multiplicative character of £ whose restriction to
F is w. We denote by T the subgroup of G, formed by matrices of the form:

a 0
0 a°

t =

)
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it is a torus defined over F' and isomorphic to the multiplicative group of E. In particular,
() identifies with a character of the adelic group of T' by the formula (¢) = Q(a). By abuse
of notation, we also denote by Z the center of G.. The first condition is stated as follows:

(1) There exists an €, an automorphic representation 7’ of G. corresponding to m, and an
automorphic form ¢ in the space of 7’ such that the integral

/ SO N ()dE, ¢ € T(Fa)/T(F)Z(Fa),

is non-zero.
(2) The function L(s,II® Q27!) is not zero at the point 1/2.

Waldspurger proves that (1) implies (2) ([Wal85]). But he does not completely prove that
(2) implies (1). We propose to prove this implication. For this, we will prove a "relative

trace formula.”

1.3. Let o’ be the lifting of w to E, such that w'(a) = w(aa”). We choose a system of
representatives of the classes F'*/Ny; for each € in this system of representatives, we fix a
smooth function f. on the group G(F,), transforming by the inverse of the character w’
under the center and with compact support modulo the center; we assume the function is
zero for almost all e. The function f. defines an operator in the space of cuspidal forms
transforming by the character w’ of the center. This operator is represented by a kernel
which we denote K.. We consider the expression:

Y/S [

a€ EBXJE*, g€ G(F)Z(Fa)\Ge(Fa). (1.3.1)

,g] Q! (a)danw(det g)dg,

On the other hand, for each € we fix a smooth function f! on the group G.(F4), transforming
by the inverse of the character w under the center and with compact support modulo the
center; we assume the function is zero for almost all e. The function defines an operator
in the subspace of automorphic forms generated by cuspidal automorphic representations
(i.e., of infinite dimension if G. is not split) which have w as central character and are not
dihedral for E. We denote by K. the corresponding kernel. We also denote ' the character
Q= 1w, In other words, €' is the transform of Q by o. We consider the following expression:

3 / / K[ty t2] Q1) (t2)dtidta, 1 € T(Fa)/T(F)Z(Fy). (1.3.2)

Then given a family of functions f., there exists a family of functions f., zero for almost all
g, such that expression equals expression (|1.3.2)).

The novelty of the formula compared to previous cases ([JL85], [Jac86]) is the presence, at
least in principle, of infinitely many terms on both sides of the formula, each term involving

different groups. From another point of view, the formula is somewhat intermediate between
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that of [JL85] and [Jac86]. It relies on an identification of the disjoint union of double classes
A(E)\G(FE)/G:(F) with the disjoint union of double classes T'(F)\G¢(F)/T(F").

The announced implication follows immediately from formula §7} In principle, one could
also prove Waldspurger’s arithmetic results given in [Wal85]. However, one should consider
the formula itself as the main object of study. Indeed, we hope that it is the precursor of
much more general formulas.

In we study the properties of the above double classes. In §3| we study local orbital
integrals. In §4] we calculate those of Hecke functions. In §5] we study the integral of the
Eisenstein kernel and §6| that of the geometric kernel. Finally, we prove the formula in
In fact, we only prove the formula in the particular case where all functions f. except one

are zero.

2. DOUBLES CLASSES

In this section we keep the notations from §lI| except that F' is now an arbitrary field of
characteristic different from 2.

2.1.  We choose a non-zero ¢ in F' and study the space of double classes T(F)\G.(F)/T(F).
For g in the group G.(F) we set X.(g) = bb7e(aa”)~! if

a be

g:b” a’|’

It is clear that the function thus defined is constant on the double classes of the group T'(F')
in the group G(F'). We will say that g (or its double class) is regular if X.(g) is neither zero
nor infinite, singular in the contrary case. If g and ¢ are in G.(F) and G./(F) respectively
and X.(g) = X (¢') then ¢ = &’ and the elements g and ¢’ are in the same double class of
the group T(F). If g is regular in G.(F) then the relation tgt'~' = g, where ¢ and ¢’ are in
T(F), implies that ¢ and ¢’ are equal and in the center Z(F'). On the other hand, there are
only two singular double classes, those of e and of the element

0 ¢
10

h =

We still consider the relation tgt'~! = g where t and ' are in T(F), but we now take g
singular. If g is e then the relation implies ¢ = ¢t. If g = h, we note that hA normalizes T
and the relation implies ¢ = gt’g~!. Finally, X.(g) is never equal to 1 and takes, as ¢ and g
vary, all values in the set F' — 1, augmented by a point at infinity. The verification of these
assertions is elementary and left to the reader.

2.2. Let A be the subgroup of diagonal matrices in the group G = GL(2). We propose to
study the space of double classes A(E)\G(E)/G¢(F). For this, we introduce the group P
of upper triangular matrices and first study the space P(E)\G(F)/G<(F') of double classes
of the groups P(E) and G¢(F).



LEMMA. If ¢ is not a norm then there is only one double class of the groups P(E) and
Ge(F). If € is a norm let m be a matriz whose second row (r,s) satisfies err’® — ss? = 0.
Then there are two double classes of the groups P(E) and G.(F), that of e and that of m.

Proof. Let g be an element of G(E) whose second row is (¢,d). We first assume that
cc’e — dd° is not zero, which is always the case if € is not a norm. Then there exists an
element h of G.(F") whose second row is (¢,d). The products of the row vector (0,1) by h
and g are the same. Therefore the matrix p = gh™! fixes the vector (0,1); consequently, it
isin P and g = ph. If € is not a norm, the assertion of the lemma is thus proven. We now
suppose that cc”e — dd® is zero and € is a norm. Then 7s~! and c¢d~! have the same norm.
Therefore there exist a and z in E such that ¢ = azr and d = a®zs. We define

a 0 z 0

t= ., h=m t, q=gh™!
0 a° 0 =z =9

Then h and g have the same second line. It follows that ¢ is in P and finally g = pmt with

1= 0
p=4q 0 2
Since p is in P, the lemma is completely proven. ([

2.3.  We now introduce the involution ¢ whose fixator is G,:

-1
0 ¢

10

0 ¢
1 0

g =

g

9

i

where, as above, o denotes conjugation in E. We set H(g) = gg~%. Then the function H
is constant on the right classes of the group G.(F); moreover H(g) = H(g') implies that g
and ¢’ are in the same class of G.(F'). On the other hand, the function that associates the
scalar rq/ps to the matrix h with elements p, ¢, r, s is constant on the double classes of the
—1 7

group A(E). Finally, for diagonal a we have: H(ag) = aH(g)a™" and a~

We are thus led to set

is also diagonal.

Ye(g) = rq/ps
where p, g, r, s are the elements of the matrix H(g). The function thus defined is constant
on the double classes of the groups G¢(F). If g is in P(E)mG.(F) then s = 0 and Y.(g) is
infinite. If ¢ is in P(E)G<(F') then g is in the double class of an element of the form

1 =z
= 2.3.1
nw)=| (23.1)
and we have:
Ya(g) = —e taa?(1 — e tax”) 7 (2.3.2)

This shows that Y. takes its values in the set F' augmented by a point at infinity. We will

say that g or its double class is regular if Y.(g) is neither zero nor infinite.
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LEMMA. Let g and ¢ be reqular for G.(F) and Gz (F) respectively. If Yz(g) = Yz (g')
then € = ¢’ and the elements g and g’ are in the same double class of the groups A(E) and
G.(F).

Proof. We can assume g = n(x) and ¢’ = n(2). Formula (2.3.2) above shows that e 12z =
e/~12'2'. It follows that x and 2’ have the same norm; consequently, there exists a such
that z = 2’aa®"'. We therefore have:

-1
a 0

0 a°

a 0

0 a°

/

9= g

Hence the conclusion. OJ

Note that Y:(g) cannot equal 1 and takes, as € and g vary, all values in the set F' — 1
augmented by a point at infinity.

LEMMA 2.5. (i) If € is not a norm, the only singular double class is that of e.

(i) If € is the norm of an element u, we set

1 u
m =

1 —ul
Then there are four singular classes, those of e, n(u), m and n(1)m.

Proof. 1If € is not a norm, it follows from the previous considerations that Y. does not take
the infinite value. The only singular class is therefore that of e. If € is the norm of w then
Y.(n(z)) is 0 if = 0 and infinite if the norm of x is €. As in the proof of lemma (2.4) the
double class of n(z) depends only on the norm of x. We thus see that P(E)G.(F) contains
two singular double classes, that of e and that of n(u). The other singular double classes are
contained in P(E)mG.(F) and therefore have representatives of the form g(x) = n(z)m.
The elements g(x) and g(y) are in the same double class if and only if there exists a in
A(FE) such that g(z) and ag(y) are in the same right classes of the group G.(F’), or, which
amounts to the same thing, H(g(x)) = H(ag(y)). Denoting by a; and as the diagonal

elements of matrix a, we see that this last relation is equivalent to:

— 40 _ 0
ay = aq, az = Qgy,

alagflTry =Trzx.

The first two relations imply that a; and ao are contained in F. Then we see that there
exists a satisfying the last relation if and only if Trz and T'ry are either both zero or both
non-zero. We conclude from this that there are two classes contained in P(E)mG.(F'), that
of m and that of n(1)m. O



2.6. Given g in G(F), we now study the set Z(g) formed by the pairs (a, h) with a in A(E)
and h in G.(F) such that agh™! = g.

LEMMA. (i) If g is regular or if g = n(u) or if g = mn(u) then Z(g) is the set of pairs
(z,2) with z in Z(F).
(ii) If g = e then Z(g) is the set of pairs (t,t) with t arbitrary in T'(F).

1

(i1i) If g = m then Z(g) is the set of pairs (a,g9 'ag) with a arbitrary in A(F).

Proof. Let p, g, r, s be the elements of matrix H(g). If (a,h) is in Z(g) then H(ag) = H(g)
and this last relation can be written, denoting by a1 and as the diagonal elements of matrix
a

paia,’ =p, qaia;’ =q, ragay’ =71, aga]’ =s.

In case (i) the elements r and ¢ are different from 0 and at least one of the elements p
and s is different from 0. It follows immediately that a is in Z(F') and h = a. In case (ii)
we have p = s =1 and ¢ = r = 0. We deduce that @ is in 7" and h = a. In case (iii) we
have p = s = 0 and r and ¢ are non-zero. We deduce that a is in A(F). Conversely if a is
in A(F'), then according to the previous calculation H(ag) = H(g) therefore ag = gh with
hin G.(F) and h = g lag.

The assertions of the lemma are thus proven. ]

3. ORBIT INTEGRALS

We keep the notations from the previous sections but now assume that F' is a local field,
FE a quadratic extension, 1 the quadratic character of F' attached to E. The set of classes
of Ny in the multiplicative group of F' is reduced to two elements. We denote by 2 a
multiplicative character of E and by w its restriction to F', by w’ the lifting of w to E and
by € the character Q~1w'.

3.1.  'We now choose a non-zero ¢ in F' and consider a function f on the group G., smooth,
transforming by the inverse of character w under the center and with compact support
modulo the center. We define a function H(x) = H(z : f) by the formula:

H(x) :Q(u)//f [tl

if z # 1 and = = uu¢ for at least one u;

1 wue
u’ 1

m] Q1) (t2)dty dts,

H(z) =0, otherwise. (3.1.1)

Each integral is over the compact set T'(F)/Z(F). A formal calculation shows that the
product of the double integral by €2(u) does not change if we replace u by uaa™; it follows
that the right-hand side depends only on the norm of w, which justifies the notation. Note
that H(1) = 0 by definition. We propose to study the properties of function H.

PROPOSITION. (i) The function H is zero in a neighborhood of point 1.
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(ii) It is smooth at every point of F' different from 0.

(iii) There exists a function G defined in a neighborhood of 0 of F' and smooth, such that
H(x) = G(z™Y), for x in eN of sufficiently large absolute value. In particular:

t 0 ¢
G<0>=/f[1 N

(iv) There exists a function I defined and smooth in a neighborhood of 0 of E, such that
H(z) = Qu)I(u) if v = euu® and the absolute value of x is sufficiently small.

(v) If Q is the lift to E of a character A of F then there exists a function J defined in a
neighborhood of zero of F, such that for x in eNg of sufficiently small absolute value we
have: H(x) = X x)J(x). In particular:

J(0) = / FOQ)dt - vol(T(F)/Z(F))A~(&).

(vi) If H is a function satisfying properties (i) to (iv) then H = H(f) for an appropriate

Q(t)dt - vol(T(F)/Z(F))

function f.

Proof. The first assertion is evident if 1 is not in e Ny, since H is then zero on the neighbor-
hood Ny of 1. We now suppose that 1 is in e Ny, we have H(1) = 0 by definition. If z is in
eN and H(z) is non-zero then the matrix in the double integral must be in a fixed compact
of the group G.(F')/Z(F), thus in fact in a compact of the group G.(F). Its determinant
1 — z must therefore be in a compact set of F*, which proves the first assertion.

The second assertion is evident. To prove the third assertion, we write, after a change of

i@ = [ 1

In the p-adic case if the absolute value of u is large enough this equals:

/ / fi [tl (1) g] tow (1) (t)dt1dts

A change of variables gives the result in the required form. Hence the conclusion. In the real

variables:
t ul €
1 U

o1 | 292t (t2)dt1dty (3.1.2)

case (3.1.2) depends only on the norm of u and we conclude similarly using the following

lemma:

LEMMA 3.1.3. Let T be a smooth function defined in a neighborhood of 0 in E. We
assume that T'(u) depends only on the norm of w. Then there exists a smooth function S in
a neighborhood of 0 of F, such that T'(u) = S(uu?), if the absolute value of u is sufficiently
small.

Assertion (iv) is evident. To prove assertion (v) we proceed as for assertion (iii). For the

value of J at point zero we obtain the integral:

//f(tth)Q(h)Q/(tg)dtldtg
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A change of variables gives the result in the required form. We leave to the reader the task
of proving the last assertion. ([l

3.2.  We now consider an element ¢ of F, a function f on G(E), transforming by the inverse
of the character w’ under the center, smooth and with compact support modulo the center.

We propose to examine the properties of the function U(x) = U(z : f) = U(z : f : ¢€)

defined by
1
v =) (1] o 1] et g)dady
0101
a€E”, geG(F)/Z(F),
if v = —e tuu’ (1 — e tuu)~! for at least one u;

U(z) =0 otherwise. (3.2.1)

A formal calculation shows as above that the product of the double integral by Q(u) depends
only on the norm of u, which justifies the notation. On the other hand, we note that
U(1) = 0, by definition.

3.3. To study the properties of functions U we introduce the set X formed by matrices g
in G(E) such that g¢° = 1, where i denotes the involution that fixes G.. (Cf. (2.3)). We
denote P the application from G(FE) to X defined by P(g) = gg~*.

LEMMA 3.3.1. The application P is surjective.

Proof. Let x be an element of X. For h in G(E) we set y(h) = h + zh’. We have xy(h)! =
y(h) hence x = P(y(h)) if y(h) is invertible. We will show that y(h) is invertible for at
least one scalar matrix h, which will prove the proposition. If h is the scalar matrix with
element a and y(h) is not invertible then —aa™ is an eigenvalue of z. Since every element
of norm 1 has this form and x has at most two eigenvalues, there exists at least one h such
that y(h) is invertible. Hence the lemma.

From the lemma we deduce that X is a closed subvariety of G(F) and that P defines a
diffeomorphism from G(E)/G.(F) onto X. Let u be a character of E* that extends n. We
set:

fi(g) = f(g)uS2(det g) (3.3.2)

Then the integral that defines U can be written:

a 0 1 u

-1
dad
010 1|9 (a)dadg

U() =2 [[ £ [

a€ EX, geG.(F)/Z(F). (3.3.3)
The integral
[ hinayig
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converges; its value depends only on the class of h modulo G.(F'), or, which amounts to the
same thing, on P(h). There exists therefore a function F; on X, smooth and with compact
support, such that Fj(P(h)) equals the integral above. The function f; transforms by the
character a — pf2(aa™7) of the center. On the other hand, writing a for the scalar matrix
having a for diagonal elements, we have: P(ah) = aP(h)a™?. It follows that F; has the
following invariance property: Fi(uy) = Fi(y)puf2(u) for all y in X and all u in E of norm 1.
We extend it to a function still denoted F} on G(E) having the same invariance property,
smooth and with compact support. In terms of F} the integral that defines U (z) is written:
a(l = tun?) aa™ul 4 (3.3.4)

Ulz) = Q(u) / i)

—Luo a

If x is finite, then 1 — e 'uu’ is non-zero and the integrand has compact support; the
original integral therefore converges for all finite x, including x = 0.
We now examine the behavior of the function U(z). We set

s(u) = —e Tuu (1 — e tun?) ™! (3.3.5)

We first examine the behavior near 1. If ¢ is not a norm then U is zero in the neighborhood
Ny of 1. We now suppose that ¢ is a norm. Let x be an element of F'; if U(z) is not zero
then x = s(u) and the integral above is not zero. This implies that the matrix in the
integral is in a compact set and that the absolute value of u is bounded above. It follows
that that of 1 — z is bounded below. Therefore U is zero in the neighborhood of point 1 in
all cases.

We now examine the behavior near an arbitrary point of F'* — 1. It is clear that the
integral defines a smooth function with compact support of u € F; we conclude that U is
smooth at every point of F* — 1. Combining with the previous remarks, we conclude that
U is smooth at every point of F'*. O

3.4. We now examine the behavior near 0. The function U(x) is 0 unless x = s(u), for at

1

least one u. If x is small enough then u is as small as we want and 1 — e~ uu’ as close as

1

we want to 1, in particular is a norm; then z is of the form —e™ vv?. Conversely if z is of

this form and small enough, then 1 — z is a norm and z(1 — x)~! is therefore of the form

—e luu®. We then have z = s(u).

PROPOSITION. (i) If = is near 0 then U(x) = 0 unless = is in — ' Ny.

(ii) There exists a smooth function I(v) defined in a neighborhood of 0 of E, such that, for
v sufficiently close to 0, we have U(—e1vv?) = Q(v)I(v).

(iii) We suppose that S is the lift of a character \ of F'; then there exists a smooth function
J defined near 0 on F such that U(z) = Mx)J(z) for x in —e~'Ng and small enough.

Moreover:
0= ([ 1

a O
01

9Qa)danw(det g)dgA(—¢)
9



Proof. According to the remarks preceding the proposition, if x is close enough to 0, then
z is of the form s(u) if and only if x is in —e~*Ny. The first assertion is therefore evident.
Still for « sufficiently close to 0, we can write (1 — z)~! in the form z(x)z(z)?, where z(x)
is an analytic function, defined on a neighborhood of 0 of F', with values in E. Then if x is

1

small enough and of the form —e~'vv? we can also write:

1

x=s(u) with u=vz(—e v0?)

Since U(x) = Q(u)I1(u), where I; is the function defined by the integral (3.3.4) in a neigh-
borhood of 0, we obtain the second assertion with:

I(v) = I (vz(—e tov?)Q(z(—e Lov?)) (3.4.1)

Under the hypotheses of the third part of the lemma, Q(v) depends only on the norm of
v. The same is therefore true of I(v). In the p-adic case I is constant in a neighborhood
of 0 therefore certainly a smooth function of the norm of u. The same conclusion remains
true in the real case according to lemma (3.1.3). Finally J(0), 1(0) and I;(0) are equal and
given by the integral of the third part of the proposition. (Il

3.5. We now examine the behavior of U near infinity. For this we use without proof the

following lemma:

LEMMA 3.5.1. Let ¢ be a Schwartz-Bruhat function of two variables. For all non-zero x

m F, we set:
@) = [ o(en,a n(ayia
Then there exist two Schwartz-Bruhat functions ¢1 and ¢o such that for every non-zero x
I(x) = ¢1(x) + n(z)d2(x)

MOTQO’UCT we h(l’U@.'
61(0) = / 6(0, ayp(a)d a, ba(0) = / $(a, 0)n(a)da

The last two integrals are divergent; the last one for example is the value at point O of the

analytic continuation of the following integral, which converges for Res strictly positive:
[ éta.0laraa

After stating the lemma we return to studying the function U. If z = s(u) we have
e luu = (1 — 271)~L. If the absolute value of z is large enough the right-hand side is a
norm; we conclude that if € is not a norm then when the absolute value of x is large enough
x is not of the form s(u) and U(z) is zero. We now suppose that ¢ is indeed a norm. Then if

the absolute value of x is large enough the right-hand member is a norm, thus equal to the
10



left-hand member for an appropriate u; then = s(u). On the other hand, we can regard
F as a Schwartz-Bruhat function of 4 variables. We consider the integral:

ay aa”

U _
ol gm0 ]u Y(a)da (3.5.2)

L(y,u) = Qu) / F

The first variable y is in a neighborhood V' of 0 of F' but non-zero and the second is in a
subset V' of E, reciprocal image via the norm of a neighborhood of e. It is clear that the
integral converges. To calculate it we can integrate first on F'* then on the compact set
E*/F*. We can apply the lemma above (or rather a version of the lemma with parameters)
to the interior integral. It follows that there exist two smooth functions Ly and Lo on V x V’
such that

L(y,u) = L1 (y,u) + n(y) L2y, u) (3.5.3)
Moreover we have:

o N -1

Li(0,u) =Q(u) | F4 P . | #(a)da (3.5.4)
- a
[« al=ou| -1

Ly(0,u) = Qu) | F o p~(a)da (3.5.5)
—eu? 0

The last two integrals are divergent; the second for example is the value at 0 of the analytic
continuation of the following integral, which converges for Res strictly positive:

Q(u) / i)

We know that F} has an invariance property: Fj(hv) = Fy(h)uf2(v), for all v of norm 1. It

a al—a

—e 1o 0

“] i (a)al*da

follows that L has the following property: L(y,uv) = L(y,u) for v of norm 1. By integrating
the identity (3.4.3) over the group of elements of norm 1, we see that we can assume that
L1 and Ls have the same invariance property as L. We can therefore write L; as a function
of the pair (y,t) with ¢ = —euu?. Finally if the norm of z is large enough we can write
x = s(u). Then taking y = 1 — e luu® and t = —e tuu’, we get U(z) = L(y,t). Since
t=1/z7'—-landy = —27! /271 —1 we can write L;(y,t) = M;(x~!), where M; is a smooth
function defined in a neighborhood of 0 of F. If moreover the absolute value of x is large

1

enough then 1 —27" is a norm and 7(y) = n(—z). Taking u of norm &, we obtain an infinite

value of = and the relation M;(0) = L;(0,u). We thus arrive at the following proposition:
PROPOSITION. (i) If € is not a norm then U(x) = 0 if the absolute value of x is large
enough.

(ii) Suppose that € is a norm. Then there exist two smooth functions M;, i = 1,2, defined

in a neighborhood of 0 of F', such that, for x large enough, we have:

U(z) = Mi(z™") + n(—2)Mz(z ™)
11



(iii) Under the hypotheses of (ii) if € is the norm of v then:

l1-0o
M;(0) :Q(u)/F1 91 0 N aydra
—e 7 a
a at=%| %
M>(0) —Q(u)/F1 . p(a)d™a
—e v 0

The last two integrals are divergent and are defined as above by analytic continuation.
They can also be interpreted as orbital integrals (divergent) attached to singular orbits. For

this purpose we assume € = 1 and v = 1. Then we have:

1 1 0 1
m=ly e P o)
0 1 -2 1
P(n(1)) = PEE P(mn(1)) = L0 (3.5.6)
By formal calculation we see that:
o) = [ 1 [g X n(l)g] 2 a)o(det )" ady,
M5(0) = //f [g (1) n(1)mg| Q(a)nw(det g)d* adg (3.5.7)

3.6. Let £ be given in F, a function f on G(FE), as above. We also give a system of
representatives {e1,e2} for the classes of Ny in the multiplicative group of F'. We assume
€1 is in No. We write G; for the group defined by ¢;.

PROPOSITION. Given f and e, there exist functions f1 and fo on G1 and G2 respectively
such that

Ul:f:e)=H(z, fi) if z=¢euu’

The proposition is an immediate consequence of the characterization of orbital integrals
H and the properties of the function U.

4. ORBIT INTEGRALS: UNRAMIFIED CASE

4.1. We return to the notations of §3 we now assume that F' is a non-archimedean local
field and F is an unramified quadratic extension. We assume that the residual characteristic
is not 2. We also assume the characters w and  are unramified. Let K = GL(2, Rg), where
Rpg is the ring of integers of E. Similarly, let K/ = GL(2, Rp). We denote by H(K) the
Hecke algebra of bi-invariant functions under K with compact support. Similarly, we denote
by H(K,w') the algebra of bi-invariant functions under K, transforming by the inverse of

character w’ under the center and with compact support modulo the center. We define
12



similarly the algebras H(K') and H(K',w) of functions on the group GL(2, F'). There exist

natural homomorphisms:
H(K)— H(K'") (4.1.1)
and
H(K,w) — H(K,w) (4.1.2)

The first can be defined in terms of the Satake transform. For f in H(K) we set:

f(Xl,X2)=/f[ “

0 b

1 u

01

] a2 (b|*> 12 da db du,

The function f is a polynomial; it is the Satake transform of f. We similarly define the
transform of a function f’ of H(K'). Then if f’ is the image of f under the homomorphism
(4.1.1) we have:

(X1, X0) = f(XE,X3)

To define the homomorphism (4.1.2) we write an element f of H(K,w’) in the form:

flg) = / folag)w'(a)da, a € EX, (4.1.4)

with fop in H(K). Let f} be the image of fy under the homomorphism (4.1.1). Then the
image f’ of f under the homomorphism (4.1.2)) is given by:

f'(9) = /fé(ag)w(a) da, a€ F*. (4.1.5)

We are given a unit €; thus it is a norm. We are also given a system of representatives
{€1,e2} for the classes of Ny in the multiplicative group of F. We assume that 1 is a unit
thus a norm. We denote by G; and Gy the groups defined by £; and 2. The group Gy
is isomorphic to the group G(F) = GL(2, F). In particular there exists an isomorphism
of G(F) that transforms the group K’ into the group K N G1(F): such an isomorphism
will be called privileged. We then take f in H(K,w'); we denote by f’ its image under
the homomorphism and f; the image of f’ under a privileged isomorphism. Since
a privileged isomorphism is unique, up to composition with an inner automorphism of
GL(2, F') defined by an element of K, the function f; is well defined. We also denote by
f2 the zero function on the group Ga(F'). Then we can specify proposition as follows:
PROPOSITION: With the hypotheses and notations above, we have:

U@:f:e)=H(x: fi) if z=¢N(u)

The proof will occupy the remainder of §4
13



4.2. It is easy to see that we can reduce to the case where ¢y = 1 and w = 7. Then
w' =1 and Q is the unramified quadratic character of E. It will also be more convenient
to formulate the above equality in terms of functions belonging to H(K). Thus for such a

function f:

U(x:f>=9<y>/f[‘§’ ol

= 0 otherwise. (4.2.1)

g] Q(a) da dbdgif x = s(y) for a y;

We can also write the above integral in the form:

a 0|1 y

U<m:f>—ﬂ<y>/f[0 Y
if x = s(y). (4.2.2)

g] Q(a)Q(b) dadbdyg,

We then denote by f’ the image of f in H(K'), then f; the image of f’ under a privileged
isomorphism of G(F') onto G1(F'). We write N (u) for the norm of u and we set

1 wu
H(z: fi) = Qu) /f [tl o1 to | Qt1)Q(t2) dty dts
if £ = N(u);
= 0 if x is not a norm. (4.2.3)

We need to show that
U(x: f)=H(x: fi) if z is a norm;

U(z: f) =0if z is not a norm. (4.2.4)

By linearity, it is clear that it suffices to prove this assertion when f is the characteristic
function f,, of the following set, where m denotes a uniformizer of £ or F":

™ 0

K, =K
" 0 1

K

Still by linearity, it suffices to prove this assertion for the function

gm =fm+ fm—1+--+ i+ fo

We denote by U(x : m) the orbital integral corresponding to g,,. We will first calculate
U(z :m).

4.3. Let F,, be the function defined by:

Fn(y) = /gm [

We will calculate the function F, then calculate the integral U(x : m) in terms of Fp,.
14
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LEMMA 4.3.2. Let ® be the characteristic function of Rg, m a uniformizer. Then:
Fn(y) = (=1)"®(7™y)

Proof. We first calculate the function:

AT

Houly) = S (=17, [

a 0 Y

0 1 Q(a)Q2(b) da db (4.3.3)

This can be written as:

0 x*

Since j + k equals m if the matrix above is in K,,, the sum can also be written as:

A

where the sum is over all j such that:
j20, m=j=0, j=z-uv(y), Infljm—jj+o(y)]=0

yml

Tm= J

If m = 0 the sum reduces to the single term 5 = 0 and Hy = ®. We now assume m > 0. If
v(y) > 0 the sum reduces to the terms j = 0 and j = m; it follows that H,,(y) = 2(-1)"
If —m < v(y) < 0 then the sum reduces to the terms j = —v(y) and j = m; it follows
that H,,(y) = 2(—1)". If v(y) = —m the sum reduces to the term j = m = —v(y); then
Hp,(y) = (—1)™. Finally if v(y) < —m the sum is empty and H,,(y) is zero. Therefore:

Hy(y) = (=1)™[@(yr"™) + S(yn™ ") if m > 1;
Hy =@

By writing that F}, is the sum of H; for 0 < j < m we find the desired result. g
4.4. The relation between U(z : m) and the function F, is the following:
LEMMA 4.4.1.
Uz :m) =2Qy)(1 = )7 g Fuly) + Q)1 — a7 /F (y +u)(1 = N(u)™']
+92)(1 - a7 [ Fuly+ w1 - N@)™!

x [1 = N(w)]2Q(1 — N(u))du,
if 2 = s(y)(= =N(y)(1 = N(y))™H),

where du denotes the Tamagawa measure and the integral is over the units of E.
15



Proof. We use the following integration formula on the group G1(F):

[aag=a-at [ 1 [u

where dt denotes the Tamagawa measure on the torus 7" and du the Tamagawa measure on

;‘ to| dtydta[l — N(u)]52du,
u

the additive group of E. There exists an analogous formula for functions on G (F’) that are
invariant under the center Z(F'). We will apply it to the restriction to G1(F') of a function
f on G(E) that is right-invariant under K and invariant under the center Z(E) of G(E).
Then the integral in ¢2 disappears. To evaluate the integral in u, we decompose it into three
integrals corresponding to the three regions: |u| < 1, |u| = 1, |u| > 1. Moreover, in the
integral for |u| > 1, we change u to u~!. We obtain the product of the factor (1 — ¢~ !)~!

[Jasee f

and the following sum:
/ [ uwl 0
t
0 u?°

1 u 1

1 u®

] dt du

1—wu® wu||1 O
+ t dt|1— N (u)|du.
/f[ i 1] 1= N7
The first two integrals are for |u| < 1, the last one for |u| = 1. Taking into account the

right invariance under K, this reduces to:

/ f(9)dg = q~2(1 — )12/ (e)

+(1 —q‘l)‘l/f [t

We now apply this formula to calculate U(z : m). If x = s(y), we obtain:

1-N(u) u
1

] dt |1 — N(uw)|2du,

Uz :m) =2Qy)q *(1— ¢ ") Fny)+

1 O[[1-N(u) y+u _
Q) (1— ¢! / ¢ 1— N(u)[:2
W1 —-q) [g o ol o _ (u)[p
x Q(ab) da db du.
A simple change of variables finally gives the desired result. U

4.5.  We must now evaluate the integral from lemma (4.4.1)), taking into account the value
of the function F, given in lemma (4.3.2]). In this section, we examine the case where the
absolute value of y is different from 1. If it is less than 1, then we immediately obtain:

Q)1 - a7 1" x {207+ [ @7 (1 - Nw)THR( - N[t - N(w)]?du},
16



In the integral, we can take z = N (u) as a variable. Then du must be replaced by (1+¢~ 1) dz.
Therefore, we have:

Qy)(1—qg H H(=1)™ x {2q72 +(1+ ql)/q)(Trm(l —2) hHO0 - 2)1 — 2|72 dz}.

The integral is taken over the set of z with absolute value 1. It can be written as the
difference between an integral over the set of z with absolute value at most 1 and an
integral over the set of z with absolute value strictly less than 1. In this latter integral,
1 — z is a unit and the integral equals ¢~ !. However, in the first integral, we can change z to
z 4+ 1 and then evaluate the integral as a geometric series. Finally, we obtain the following

result:

LEMMA 4.5.1. If ly| < 1 and x = s(y), we have:
Uz :m)=Q(y)g™.

We now move to the case where the absolute value of y is strictly greater than 1. We
first obtain:

(1) (1)1 025) < {202 0(un™)+ [ Bl (1N (W) 1N (W) 221 N(w) du}.

Again, in the integral we can take z = N(u) and replace du by (14 ¢~') dz. We obtain an
integral over the set of z with absolute value 1 which we treat as above. Finally, we obtain:

LEMMA 4.5.2. If w|ly| > 1 and x = s(y) then:
Ulz:m)=q" "W, if 1<yl < |z,
Ue:m) =0 if Ir™ < Jy]

4.6. We now move to the case where y is of absolute value 1. We will prove the following
result:

LEMMA 4.6.1. Suppose © = s(y) with y of absolute value 1.
(i) If N(y) — 1 is also of absolute value 1 then:

U(x:m)=q"
(ii) If N(y) — 1 is not of absolute value 1 we set z = N(y) — 1. Then:
Uz :m) = ¢™[(-1)"® +1]/2.

We return again to the integral of lemma [4.4.1] Since y is a unit we can change u to uy.
On the other hand, the functions that we consider are invariant under a homothety of unit

ratio. We can see that we can write:
Ue s m) = 0) (1" - )7 x {20+ [ B0+ A~ m"I0() A du)

with A = N(y)~! — N(u).
17



We now choose a system of representatives for the classes of 1+ Pg in the unit group of E.
It will be convenient to take the ¢g? — 1 roots of unity in E for the system of representatives.
Then we can set u = (14 wv), where ¢ runs through this set of representatives and v through
the set Pg. The integral above becomes:

Uz :m) = (—1)™(1 — ¢~ 1! x {2q_2 + 2/@[(1 +t+tv)B‘17rm]Q(B)|B];2dv},
t

with B = N(y) " 'N(#t)™! -1 - Q(v), Q(v) = Tr(v) + N(v).

In the sum over ¢ we will distinguish the ¢ for which N(y)N(t) is not congruent to 1
modulo Pr. There are ¢> — g — 2 such t. Moreover for such a ¢, B is a unit, 1 + ¢ + tv an
integer and the integral above is independent of ¢ with value ¢=2. The contribution of these

1

t is therefore 1 — ¢~ — 2¢~2. Adding this to the first term in the expression above, we see

that:

Uz :m) = (—1)™ x {1 +(1—-q¢Ht Z/(I)[(l +t+tv)B*17rm]Q(B)\B|;2dv},

with B = N(y)"!N#)™' -1 - Q(v), Q(v) = Tr(v) + N(v), where the sum now runs over
the set X (y) formed by the ¢t such that N(y)N(¢) is congruent to 1 modulo Pr. Note that
if N(y) is itself congruent to 1 modulo Pr then t = —1 is in X (y) because N(—1) = 1. If
on the contrary N(y) is not congruent to 1 modulo Pp then —1 is not in X (y).

We first assume that N(y) is not congruent to 1 mod Pr. Then 1+t is a unit since —1 is
not in X (y). The same is true for 1+ ¢+ tv which therefore ”disappears” from the integral.
We can then take Q(v) as a variable, that is to say use the integration formula:

/f[Q(v)]dU = q_l/f[w]dw, veE Py, weE Pp.
Therefore we have:

Uem) = (- x {1+ (1 g )1 / o[B " )(B)| B2 dw},

with B = N(yt)™! — 1 —w, w € Pp.

Since N(yt)~' — 1 is in Pr, we can make it disappear from the integral by a translation
on w. The integral thus has a value independent of ¢ which is moreover easy to calculate.
As for the number of elements of X (y), it is the number of elements in the finite field with

¢? elements having norm 1 in the field with ¢ elements. This is therefore ¢+ 1. In total, we

find for U(z : m) the value announced in (4.6.1)) (i).
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We now assume N (y) congruent to 1 mod P. Then —1 is in the set X(y). In the sum
over t we therefore separate the terms with ¢ # —1 from the term ¢ = —1. We thus obtain:

U(:m)=(-1)"

X {1 +(1—-q¢Ht Z/(I)[(l +t + tv) B~ n™Q(B)|B|2dv

(=g /@[vClwm]Q(C)]C|E2dv}

with B = N(y)"IN®#) ™' —1-Q(v), Q(v) = Tr(v) + N(v), C = N(y)™* —1 - Q(v). The
first expression can be calculated as above, except that there are only ¢ terms in the sum.
We find that its value is

(q+ 17 (=q) = (=)™

To calculate the second integral we use the following lemma:

LEMMA 4.6.2. Let z be an element of F' of absolute value less than 1. Then we have:
[ #eD  TmRD)DI s = (1= =1+ )M (g )72 (-1 -1)
where we have set D = z — Q(v) and v € Pg.

Applying the lemma to z = N(y)~! — 1 and adding the result to the value of the first
integral, we see that U(x : m) indeed has the given value; note that z and N(y) — 1 have
the same valuation since N(y) is a unit.

4.7. We will now prove lemma which will complete the proof of lemma . We
set P = Pp, P' = Pg, G; =1+ P" and G, = 1 + P"". We denote Tr the trace and N the
norm. Then Tr(P’) = P and N(G}) = G;. Let K be the kernel of N in G}. We will use
without proof the following result:

LEMMA 4.7.1. The index of K NG in K is ¢/~ ".

To calculate the integral of lemma [4.6.2] we use the following integration formula:

/P/ F(u+1)alu:q—l/Pdv/KF[(l_|_u0)]€]a”€7

where in the inner integral we choose a ug such that N(1 4 ug) = 1+ v and dk denotes the
Haar measure of volume 1 on K. Noting that Q(u) = v if N(1 + u) = 1 + v, we see that
the integral of lemma, can therefore be written as:

gt /PQ(Z — )|z —v|2dv / dlu(z — v) " ta™|dk,

where we write 1 + u = (1 + ug)k with N(1 + up) = 1 +v. We write the outer integral as

the sum of an integral over the set of v such that 1 < |(z —v)7r~™| and an integral over the
19



v such that |(z —v)m™™| < 1:

gt / Qz—v)|z — v|2dv/¢[u(z — o) lamdk, |z —v| > ¢ ™

gt / Qz —v)|z —v|2dv / Olu(z —v)ta™dk, |z—v| <qg ™. (4.7.2)

In the first integral, we note that in the domain of integration the function ® is evaluated
on an integer; the inner integral is therefore independent of v with a value equal to 1. By
changing v to v + z, we finally obtain:

gt /Q(v)v[2dv, g " <|v <1 (4.7.3)
The value of this integral is:

1—¢ Hg+ 1) =14 (-1)"¢™].

We now consider the second integral (4.7.2). For u in P’ we have |u|g > |Q(u)|g. In the

inner integral we thus have:
((z = v)m " |E = [ulp = |Q(u)|e = |v|E.

We can therefore consider the outer integral as being over the set of v such that

g "ol <fz—vf <™

We now consider such a v. There exists a ug with |ug|g = |v|g such that N(1+up) = 1+wv.
We then set 1 +u = k(1 4+ up) and the inner integral is over the set of k such that |u| <
|(z —v)m~"™|. Setting j = v[(2 — v)m~™] this means that k is in G; N K. The inner integral
is therefore the volume of this intersection, which is ¢' =/ according to lemma ({.7.1]), or

equivalently ¢|(z —v)7m~"™|. In total, the second integral (?7) becomes
qm/Q(z — )|z — | o, ¢ < |z -] < ¢ ™
By changing v to v + z we arrive at:
" [ Q@] v, o+ 2 < ol <a™ (4.7.4)

The first inequality is automatically satisfied if |z] < |v|. If |z| > |v| it reduces to the
inequality |v| > ¢~™|z|. We thus see that the domain of integration is in fact defined by
the inequalities ¢~ "™|z| < |v| < ¢~™. The calculation of the integral is then immediate. We
find:

(1—q g™ (=1)"[-1+ (-1)")]/2.

Adding the results of calculating (4.7.3)) and (4.7.4)), we indeed arrive at lemma [4.6.2]
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4.8. In summary, for x of the form s(y), U(x : m) is given by the following formulas:

Qy)g™ if v(y) >0,
0 if wv(y) <-—m,
g" W) i —m <w(y) <0,
¢"2 1+ (-1)*®)] with z=N(y)—1 if v(y)=0.

It remains to translate these formulas in terms of the variable z. We thus arrive at the
following result:

PROPOSITION. (i) U(z : m) = 0 unless the valuation v(z) of x is even.

(ii) We now assume v(x) even. Then U(x : m) is given by the following formulas:

¢" (=12 f v(@) >0

q™m if wv(z) < O0;

q"q =2 it w(2) =0, w(l—x) is odd and v(1 — ) < 2m;
0 if v(x)=0 and v(l—=x) is odd

orifv(x) =0 and v(l—2z)>2m.

4.9. Let f’ be a function on G(F') that is K'-invariant. This function can be extended
to a function on G(F) invariant under K. We can then restrict this function to G (F);
this is nothing other than the image of f’ under a privileged isomorphism from G(F) to
G1(F). We will still denote by f” the extension and restriction of this extension. Let g/,
be the image of g,, under the homomorphism . We now calculate the orbital integral
H(x : g;,). Let f,; first be the characteristic function of the set:

7.(.a-i-i 0

| K
0 Tt ’

K/

We write simply f; for f; 5. We first have the relation:
Hiz: fl,) = (~1)H(z - f2). (191

Since T'(F) is contained in Z(F)K' we immediately have:

; (1 wu
LY — ! . -
Ha ) = 200 (-1 Ll (u 1)] it = N().
If |x| < 1 then the matrix above is in K; this expression is therefore zero unless a = 0, in
which case it is (—1)¥(®)/2, Similarly if || > 1 then the matrix above can be written:
u! 1

1 ua—l

u 0

0 u®

The first matrix is in T'(F') thus in Z(F)K. The second is in K. The value of the expression

above is therefore zero, unless a = 0 in which case it is 1. Finally we assume |z| = 1. Then
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the matrix above can be written:

1—N(u) 0O
0 1

1 0

w’ 1|

1 u
0 1

The first and third matrices are in K. The expression above is therefore zero unless a =
v(1l — N(u)), in which case it has the value 1. In summary, we have proved the following

lemma:

LEMMA 4.9.2. The function H = H(x : f}) is given by the following formulas:
(i) H = 0 if the valuation of x is odd;
Now suppose the valuation of x is even.
(i) if v(x) > 0, H = 0 unless a = 0, in which case H = (—1)"®)/2;
(iii) if v(z) < 0, H =0 unless a =0, in which case H = 1;
(iv) v(z) =0, H =0 unless a = v(1 — x) in which case H = 1. Now we need to calculate

), in terms of functions fa;. This is a classical calculation that we leave to the reader (Cf.
[Lang0] ).

LEMMA 4.9.3. We have:

Z f2a+ Z Z 1_(] )féa,i

0<a<m 0<a<m 1<i<m—a
By applying relation we immediately obtain
H(z:gp)= Y ¢" “H(z: f3,)

0<a<m
If v(x) is odd H(x : g},,) = 0 by definition. Now suppose v(z) is even. If v(z) > 0 this sum
reduces to the term a = 0 and thus has the value ¢"(—1)"@®)/2, If v(z) < 0 the sum still
reduces to the term a = 0 and takes the value ¢"*. Finally if v(z) = 0 the sum reduces to
the term a = v(1 —x)/2. It is therefore zero unless v(1 — ) is even and v(1 — z) < 2m. Its
value is then ¢m—v(1-2)/2,
By comparing with proposition [4.8 we obtain the identity:

H(z:g,,)=U(x:m)
This is identity (4.2.4) for the function g,, and proposition is thus established.

5. INTEGRAL OF EISENSTEIN SERIES

5.1. We now take for F' a number field and for £ a quadratic extension of F'. Let w be a
character of the ideal class group of F. We assume it is trivial on the subgroup of ideals of
E whose finite components are 1 and whose infinite components are all equal and positive.
Unless explicitly stated otherwise, we make the same assumption for all characters of the

ideal class group of F' or E. We denote by w’ the lift of w to the field E. We consider
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the Eisenstein series integrals of the group G(E) which we will need for the relative trace
formula. We consider a function ¢ on G(E4) such that:

2 [8 2:] 9= x(a)x'(B)lal* /2 b 12, (511

where y and Y’ are characters of the ideal class group of E whose product is w’. Despite the
adopted notations, the function ¢ depends on u. It is determined by its restriction to the
usual maximal compact subgroup K. In general, we assume this restriction is independent
of u. We will denote by o(x, X', u) the representation of G(E4) in the space of functions
transforming as above. We write f - ¢ instead of o(x, x’,u)(f)¢ when this does not lead to
confusion. We denote by B the subgroup of upper triangular matrices and we set:

E(g, 6, X,u)= Y é(v9),
(ENG(E)

where the sum is defined by analytic continuation.

5.2.  We will need a formula for the Mellin transform of E. Let 1 be a non-trivial character
of the ideal class group of E. We set:

1 =«
01

W)= [ £

] g (x)dx.

We also set, for {2 a character of the ideal class group of E:

a 0

-1 / _
L(Q 7¢7X7X7u)_/W[0 1

] a7 207 (@)d* ],z o (5.2.1)

More precisely, the integral converges when the real part of s is large enough and extends
to a meromorphic function of s, holomorphic at point 1/2. We now integrate E over the
set of diagonal matrices diag(a, 1) with ¢~! < |a| < ¢; the integral is taken modulo rational
elements. The Haar measure is the product of local Tamagawa measures by the residue at
point 1 of the function L(s, 1g). Moreover, given the result we have in mind (cf. ), the
choice of measure matters little. We obtain the following relation:

c
|.E
-1

X T2 (—u+1/2)7H (M (u, x, X)) é(e))
X e 2 (w+1/2)  (w)

a 0

- 0 (a)da = L 6, x, X )

O X U

+R(c,u, f - ¢) (5.2.2)
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where we set 0(x) = 1 if x is not trivial, 6(x) = 0 if x is trivial, M denotes the intertwining
operator and w is the matrix:

01
10

The “remainder” R(c,u,®) tends to 0 when ¢ tends to infinity. For the proof see |Jac80]

w =

§8. From now on we assume that the restriction of €2 to F' is w.

We will need precise estimates on the introduced quantities:

LEMMA 5.2.3. The function L(-,-,u) and its derivatives are of slow growth on the line
Re(u) = 0.

Proof. We can assume that the function ¢ is a product of local functions ¢,. Let S be a
finite set of places of E containing all infinite places and such that, for all v not in S, ¢, is
K,-invariant and the characters y, and Y/, are unramified. Then, at places v not in S, we

can write
do(g) = L2u+1,xuxy 1) / ®,[(0, 1)g][t|** T xuxy (t)d ¢
X Yo (det g)| det g|*+1/2 (5.2.4)

where ®,, is the characteristic function of integers. At places v in S we can write

Pu(g) = /%[(0, Dg)[tP* xxy  (H)d* tx(det g)| det g[*+172, (5.2.5)

where @, is a Schwartz-Bruhat function such that the function ®,[(0,1)g] on SL(2, F},) has
compact support, modulo the group of strictly upper triangular matrices. This being so,
denoting by ® the product of functions ®,, we obtain for L(-,-,u) the expression

L ¢, x, X u) = L(2u+1, xx' %) 7 / / @' (a,0)Q x(a)|a|* T/ 2daQ 1y (b)[b] "1/ 2db

(5.2.6)
where ® denotes a partial Fourier transform of ®. The factor L in this formula denotes
the product of factors L(2u + 1, x,x, 1) for v not in S. On the line Re(u) = 0 it is of
slow growth as well as all its derivatives, in fact of logarithmic growth. Its inverse is of
slow growth; its derivatives are therefore also of slow growth. The second factor is a Tate
integral without poles on the same line. It is therefore bounded as well as all its derivatives.
Hence the lemma. g

LEMMA 5.2.8. On the line Re(u) = 0 the function R(c,u,®) and its derivatives are of
slow growth. Moreover, when c tends to infinity, the function and its derivatives tend to 0

in the space of functions of slow growth.

Proof. We again use the integral expression above for the function ¢. We then obtain for
R(c,u, ¢) the expression:

L(2u+ 1,y '5) ! / [ / @'(ta, 1~ )’ (D)1 Pdt] 2 x(a) a2,
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where the exterior integral is over ideals of norm greater than c or less than ¢~!. Let
R, (c,u) be the integral over a such that |a| > ¢. There exists a Schwartz-Bruhat function
¢ > 0 such that:

[ 1#tat it < oalal !
We thus obtain a majorization of R (¢, u) by the integral

/ (a)|a]2d*a, |a| > ¢

which decreases rapidly for large c. We thus have the desired majorization for R (u,c). For
R_(c,u) we have, after a change of variables, the following integral representation, where
we integrate over a of norm greater than c:

Lzu+ 10009 x [ [ @0 a0l 2y @)l e

We thus obtain an estimate for R_(c,u) and then R(c,u). Finally, we obtain similar esti-
mates for the derivatives of R(c,u) by replacing the factors |t|?* and |a|* with their deriva-
tives. O

LEMMA 5.2.9. On the line Re(u) =0 the function:

c
I
-1

and all its derivatives are rapidly decreasing. The function M (u,x, X )¢(e) and its deriva-

a 0
0 1

7f‘¢7X7X/7u] da

tives are of slow growth.

Proof. We can write
Feo=> mi(u)e;

where the functions m; are rapidly decreasing. We thus see that for the first assertion it
suffices to prove that the integral obtained by replacing f-¢ with ¢ is of slow growth as well
as all its derivatives. Returning to expression (5.2.2) and using the preceding lemmas, we
see that it suffices to verify that M (u, x, x")¢(e) is of slow growth as well as all its derivatives
on the line Re(u) = 0. For this purpose we write:

M(u,x, X )p(e) = L(2u, xxX' " HL(2u+1,xx 1) ~* H R(u, Xv, X)) P (€)

where R(u, x4, X,) is the normalized intertwining operator. In the infinite product almost
all factors are 1. Moreover, if v is a finite place the corresponding factor is a rational
function in ¢, “. If v is an infinite place the corresponding factor is a rational function in
u. Using the functional equation of the L functions, the ratio, up to an exponential factor,
can be written in the form:

L(1—2u, X'xg" )L(1 + 2u, xxs ") ™t x L(1 — 2u, X'x ") L(1 + 2u, xx' %),
25



where S now denotes the set of places at infinity and the first factor is the product of
local L factors for all places in S. As in the proof of lemma the second ratio and
its derivatives grow slowly. The first ratio has absolute value 1; moreover according to
the classical properties of the gamma function, the quotient of a derivative of the function
L(1+2u,-,-,s) by itself is of slow growth. It follows that all derivatives of the first quotient
are of slow growth. Hence the conclusion. O

We will also need the following result:

LEMMA 5.2.10. Suppose that x is the lift of a character of F' and that the restriction of
X to F equals wn. Then the function L(Q~Y, f - ¢,x, X', u) is zero at 0.

Proof. Under the hypotheses of the lemma, we have Y = x’. As above, denoting by S the
set of infinite places, we have:

L@ 6 ) = Lo 115 x [ @000 @(@)al 2 e () )2
The first factor has a zero at point 0 and the other two have no pole. The lemma follows. [

5.3. Let y still be a character of the ideal class group of E and X’ the character w’y~!. If

¢ is as above we will set:

(¢, x, X, ) =/¢>(9)77w1(det9)d9, 9 € Z(Fa)T(F)\Gg(Fa). (5.3.1)

To calculate the integral, we can first integrate over the torus 7. The integral over the
torus reduces to the integral of x(a/a”) over the quotient of E} by the product EXFJ. It
is therefore zero unless y is invariant under conjugation of F with respect to F'. Under this
hypothesis it equals the volume of this quotient and the total integral equals:

(6, X, 0) = / &gy~ (det g)dg vol(E/F5 EX),

g€ Z(FA)T(Fa)\Go(F2). (5.3.2)

LEMMA 5.3.3. If ¢ is not a norm and the real part of u is large enough then:

/ E(g,¢,x,X'w)dg = 1(¢,x, X', u).
Z(Fa)Ge(F)\Ges(Fa)

Proof. Indeed we have G(E) = P(E)Gg(F) and the intersection of these two subgroups is
T(F). The series that defines the Eisenstein series can therefore be written:

E(g)=>_¢(vg), 7€ T(F)\Gs(F).

and the assertion of the lemma is therefore immediate. O
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If € is a norm, the above integral diverges and we must use a truncation operator. For
this purpose we assume € = 1, we choose an element of E with zero trace s and we set:

s 01 1
01 1 —1|

Then we verify that mG1(F)m~! = G(F). Moreover, according to lemma [2.2| we have:
G(E) = P(E)G1(F) U P(E)mG1(F).

We therefore also have:
G(FE) = P(E)G1(F)U P(E)G(F)m

If f is a function on G(E)\G(E4) the function truncated ”at height ¢” is the function 7°¢f
on G1(F)\Gy (FA) given by the sum:

T°f(g9) = f(g) = Y _ fn(ymg)He(ymgm™), ~ € P(F)\G(F),

where fy is the constant term of f, that is the integral:

fN(g):/f [(1) f] gdz, x € FE,/E.

and we have set:

— . a
H(g)=lab~'[p if g=

i] k with ke K,

H.(g)=H(g) if H(g)>c¢, =0 otherwise.
LEMMA 5.3.4. Let e = 1. Then, for a suitable choice of Haar measures we have:

/ T°E(g, 6, v, X'> w)nw™ " (det g)dg = I(é, x, X'> )
+5(Xw1n)02”(2u)1/¢(k:m)dk:

(e e (2u) ! / (M (ut, X, X)) (k) d.

In this formula £ is in the usual maximal compact subgroup Kp of G(F4); moreover the
first § for example is 1 if the restriction of x to F equals wn~!, 0 otherwise. Finally I = 0
unless y is a lifting.

Proof. By combining the series that define F and its truncation, we obtain the expression:

TE= ) g+ Y [b(ymg) — En(ymg)He(ymgm™)].

T(F)G1(F) P(F)G(F)

We now integrate this expression against nw=! on the quotient of G (F4) by Z(F4)G1(F).
The first sum gives the integral I. The second becomes the integral:

[¢(gm) — En(gm)H(g)]nw ™ (det g)dg,

27
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or alternatively:

/ ¢(gm)[1 — He(g)lnw ™" (det g)dg — / M (u, x, X )¢(gm)He(g)nw ™ (det g)dg.

The integrals are taken over P(E)Z(F4)Ny+1(F4) where N is the group of upper unipotent
matrices. We arrive at the desired result using the Iwasawa decomposition. O

5.4. We will need the analytic properties of the functions I(...u).

LEMMA 5.4.1. Suppose that x is the lifting of a character of F. Then I(...u) is holo-
morphic and rapidly decreasing in the strip 0 < Reu < 1/2, except for a simple pole at
u =0 and a simple pole at u = 1 if the restriction of x to F equals wn. Its derivatives have
slow growth on the line Re(u) = 1/2.

Proof. If x is the lifting of the character u, then the restriction of x to F' is the square of
1. We use the same integral representation as above for the function ¢, but we write it in
the form:

6(9) = L(2u+1,xx' %)™ / ®[(0,1)] (é ﬁ) gl ()| g

dt x(det g)| det g[%ﬂﬂ,

the integral being over the torus 7. By integrating this over the quotient T'(F4)G(F4) we
obtain an integral over G.(F4):

L(2u+ 1,y 15) ! / B((0, 1)gly2w " n(det g)| det g+ dg.

The function L is not zero in the band in question. Its inverse is therefore holomorphic and
has slow growth in the band. The second factor is a Tate integral for the division algebra
whose multiplicative group is G.. According to the theory of these integrals, it is the prod-
uct of an entire function, the function L(2u + 1, z?w™'n) and the function L(2u, p2w™1n).
Moreover, in the first factor, the character is composed of p%w™! and the norm. The holo-
morphic properties are thus manifest. A Tate integral is bounded at infinity in any vertical
band. Its derivatives similarly have slow growth in any vertical band. It is therefore clear
that the function has slow growth in the band. We move on to the behavior on the line
Reu = 1/2. Since L(2u + 1, u?w™n") is defined by a convergent product (or a convergent
Dirichlet series) its derivatives are bounded on the line in question. We conclude that the
derivatives of the product have slow growth. Hence the conclusion. ([l

LEMMA 5.4.2. Suppose that the character x is a lifting and its restriction to F is w. Let
z* denote the complex conjugate of the complexr number z. Then the product

M(“? X5 X/)f ' ¢(€)I(¢, X5 Xla —U*)*

is holomorphic and rapidly decreasing in the strip 0 < Reu < 1/2. Its derivatives are rapidly

decreasing on the line Reu = 1/2.
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Proof. By hypothesis we have y = x’. By linearity we can assume that we are in the
following situation: the function ¢ is the product of local functions ¢, and S is a finite
set of places of E. For v not in S the function ¢, transforms under K, according to the
character x,(det k). For v in S we have:

/ du(gk)xu(det k)" tdk =0
Ky

Note that S may not contain certain archimedean places. We then have an integral rep-
resentation analogous to the one we have used until now. In particular, the quantity in

question can be written:
L(2u, 1)L(2u+1,1) "' R(u, x, X) f-¢(e) L(—2u+1,1%) " x / ®*[(0,1)g]n(det g)| det g|*~*“dg.

The last integral is a Tate integral over the group G.. We write L(2u,1) = L(1 —2u, 1), up
to an exponential factor. We thus obtain the expression in the form of a product of factors:

L(2u+1,1%) [ L = 2u, 1) (1 + 2u, 1,) ™ £ - (1, Xo, X))o e)]
veES

x / 3°((0, 1)gn(det g)| det g|~2*1dy.

This formula already gives holomorphicity. Indeed, the last factor is a holomorphic multiple
of L(1 — 2u,n)L(—2u,n) and is thus holomorphic. The first factor and the normalized
intertwining operator are holomorphic in the band in question. The factor L(—2u + 1, 1,)
where v is in archimedean S has a pole at point 1/2; however, according to our conventions
R(u, x,Xx")$» = 0 at point 1/2. Thus the pole of the factor L(—2u + 1,1,) is compensated
by a zero. A similar argument applies to the poles of the factor L(—2u + 1,1,) for finite
v in S. To obtain the required estimate we can further modify S as follows: we enlarge
S by adding all places at infinity. Then the first factor has slow growth in the band; its
derivatives have slow growth on the line Reu = 1/2. The last factor is bounded as are
all its derivatives in the band. The factor containing the intertwining operator is rapidly
decreasing for archimedean v. According to the properties of the gamma function, the
factor corresponding to an archimedean place v in S has slow growth in the band as do all
its derivatives. Finally, the remaining factors are rational functions of ¢, ® without poles in
the band. Our assertion follows. O

5.5. Let us now consider the kernel K,;s. Recall that z* denotes the complex conjugate of
z. We have:

Kol h) = 1/4im 3" [ Blg,£.6,xx() - By, X}
X9

the sum is over all characters x and, for each y, over an orthonormal basis of the representa-
tion space p(x, X', u), considered as acting on a function space on K. We have written and

will often write in the sequel f - ¢ for the action of f on ¢ in the representation p(x, X', u).
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We choose C > 0 and ¢ > 0 and apply to the kernel the truncation operator with respect
to the second variable "at height ¢”. It is clear that we can exchange the integration and
truncation. We consider the following integral:

C
/ /TQCKeis
c-1

The integral in h is over the quotient G, (F)Z(Fx)\Gy(Fy); the integral in a is over the
elements a of the group of ideal classes of E such that C~1 < |a| < C. We will assume that

 h| Q7Y a)nw(det h)dhd* a. (5.5.1)

a 0
01

€ is a norm and even that ¢ = 1. We will indicate in passing the modifications to make if €

is not a norm.

LEMMA 5.5.2. There exists a polynomial P(t) such that |T°E(h, ¢, x, X', it)| < P(t) for
all t and all h. Moreover, given f, x, a compact subset M and an integer N, there exists a
constant C such that |E(h, f,¢,x, X', it)| < CJt|™™ for h in M.

Proof. The second assertion is standard. The first one is [JL85, Lemma 8.2.1]. O

The lemma shows that the integral ([5.5.1)) is in fact equal to a finite sum of integrals:

[

According to (5.3.4), setting:

C
/ E("‘ 2') b uQ (@)d a = J(C, u),

c1 0

a 0
01

] o X u) Q a)d e x /TCE(M b, x, X', u) nw(det h)dh | du.

we can write this in the form:

/J(C,u)[(cb, Xo X ) du
+5(Xw_177)/c_2“(2u)_1J(C,u)/¢(km)dk‘*du

5w ) / 24 (—2u) 1) (C,u) / M(u, v, ) $(km)dk*du. (5.5.3)

The first term is zero unless x is a lift. The last two terms are zero unless the restriction
of x to F is wn. Moreover, according to lemma (5.2.9), J(C,u) and its derivatives decrease
rapidly on the line Reu = 0. The last two integrals are therefore oscillating integrals with
a limit as ¢ tends to infinity, namely:

c
in/2 /C B ‘g ?'] F 600X, 00 7 (@)d a / o (km)dk",
C
Z'7r/2/c_1E g ‘ ,f~¢,x,x’,09_1(a)dxa></M(O,cb,x,x%(km)dk*-

First, suppose that x is the lift to E of a character u of F'. Since the restriction of x to F

is 12, we must have u? = wn. It follows that ' equals x. According to a well-known result,
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we then have M (0, y,x’) = —1 and the preceding terms cancel out. Now suppose that y
is not a lift. We now use expression to calculate the above integrals. The terms
S(x271) and §(x’'Q271) are zero because the restriction of Q to F is w while the restriction
of x and x’ to F is wn. The term R(C,u, f,¢) tends to 0 as C tends to infinity. We thus
finally obtain the following contribution for the double limit of the last two terms of :

S L Fx X, 0)(im/2) X [/(;3 [km]dk* + /[M(O,X,X’)qﬁ](km)dk* . (5.5.4)
box

The sum is over all x whose restriction to F' is wn and which are not lifts. These terms are
not present if £ is not a norm.

We now examine the first term of (5.5.3). We replace the integral in a by its expression
derived from (5.2.2). We obtain the following terms:

/L(le <0, X s w) (¢, x, X', w)*du

FO0Y) [ €U 1) (016,01 ) d

) [T 127 M X)L (Gx. ) d
) [ €U 1) 90163, ) d
+5(XQ_1)/C_“’+1/2(—U+1/2)_1f-M(u,x,x')¢(w)f(¢>,x,x’,U)*du

+/RWMf¢W¢mMMWw

Each term is zero unless x is a lift. We can therefore assume this is the case. If moreover
the restriction of x to F' is the character wn then I has a pole at point v = 0 (lemma
(5.4.1)); the integrals above are then improper When C' tends to infinity, the last term
tends to 0 as follows from lemma . We now examine the limit as C' tends to infinity
of integrals 2 to 5. They are zero unless x = X' = . Since the restriction of  to F is
w, that of x is also w and in particular different from wn. According to lemma the
function f - ¢(e)I(¢, x, X', —u*)* is holomorphic in the band —1/2 < Reu < 0, with rapid
decay; its derivatives have rapid decay on the line Reu = —1/2. We can therefore deform

the integration contour and write integral 2 in the form:

[ertss@neon /2 - oy

the integral being extended to the imaginary axis, except that the arc from —ie to ie is
replaced by the semicircle passing through —ie, ¢, i¢; letting € tend to 0 we see that the
above expression equals the (improper) integral over the entire imaginary axis plus i7 times
the value of the integrand at point v = 0. Now letting C' tend to infinity, we finally obtain:
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We proceed similarly with integral 4 and obtain an analogous result. For integrals 3 and
5, we proceed as above except that the integration contour becomes the line Reu = 1/2
suitably deformed and we use lemma . In total, we obtain the following expression
for the double limit of the first term of :

/L(Q_laf : ¢7X7 X/7U)I(¢,X,X/,U)*du
+2im[o(2, €, —1/2)(f)M(1/2,2,)¢(e)
the last two terms being present only if € is a lift. In summary, we have the following

formula:

PROPOSITION. Consider the integral (without Ty if € is not in Ny)
- la 0] x
T5Ee;s , hnw(det h)dhd™ a.
c-1 0 1

The double limit where ¢ then C tends to infinity exists. It equals 4w~ times:

Z/L(Q_l,f 0, X s w (¢, x, X', ) du
X:¢

+ 37 2im(, 2, ~1/2)(f)ple) (6, 2, 2, 1/2)"
¢

+ 37 2imo(9, 2, 1/2)(£)p(w)I(6, 2, 2, 1/2)°
¢

+ 37 2imo(Q, Q. ~1/2) (£)M(1/2,2, ) $(e)I(, Q. 0, ~1/2)°
¢
+ 37 2im0(Q, Q. ~1/2) ()M (1/2,2, Q)d(w) (6,2, Q, ~1/2)*

6
+> L f o, x X, 0)(im/2)
X,

XUMWMW+/WQMXW%M%*

The first sum is over all x which are lifts. The following terms are zero unless ) is the lift
of a character of F'. The last sum is over all characters x which are not lifts and whose

restriction to F is wn. It is zero if € is not a norm.

5.6. For the application we have in mind, we can reformulate this identity as follows. In
the first integral, the factor I may have a pole at point u = 0 if the restriction of x to F
is wn. However, according to lemma ([5.2.8)) the first factor then has a zero. This integral

is therefore always an ordinary integral. Let S be a finite set of places of E containing all
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places at infinity; if € is not a norm we assume that S contains all places where ¢ is not a
norm as well as all places where ¢ is not a unit. For v not in S we take for f, a K,-invariant
function. We write f (resp. fg) for the product of f,, v not in S (resp. in S). Then the
Satake transform f°(x, x’,u) is defined by the formula:

06w = olx, X u)(f5)e,

if ¢ is K*S-invariant. Then the preceding expression has the form:
Z /L(Q_lv fSa ¢a X le U)I(d)a e X,a u)*fS(X7 le u)du
+D A(fs,6,) 5 (X, 0) + B(fs, ¢,9) £(2,9,1/2),

X

where A and B depend linearly on their first argument. Moreover, the characters that
appear in the sums are the unramified characters outside of S. The first sum is over all
characters x which are lifts, the second over all characters which are not lifts and whose
restriction to F' is wn. Furthermore, the second sum is zero if € is not a norm. Finally, the
last term is zero unless € is a lift.

5.7.  We now study the integral from proposition (5.6) for the special kernel. This is given
by the sum:

Kope(.3) = L/ool 3, [ fg)x(det g)dg(amn(y)',

the sum being over all characters y whose square is w’. We first assume € = 1. The integral

in question is written:
¢ c ‘a 0| —1 X
T5 Kgpe , hnw(det h)dhQ)™ " (a)d™ a.
c-1 0 1
The integral in a is zero unless x equals €. The integral in h gives a difference:

X" (g)wn(det g)dg — / xwn(det gm) Ho(gm)dg.

/Z(FA)GI(F)\GI(FA) Z(Fx)P(F)\G(Fy)

Both integrals are zero unless the restriction of y to F' equals nw. We conclude that the
total integral is zero. We have an analogous conclusion for the case where ¢ is not a norm.
Hence:

PROPOSITION. Ife =1 then the integral
© c ’CL O’ —1 X
T5 Egpe , hnw(det h)dhQ™ " (a)d™ a.
c-1 0 1
s convergent and zero. If € is not a morm the integral
¢ ’a 0‘ -1 X
Eqpe , hnw(det h)dhQ ™ (a)d” a.
c-1 0 1

is convergent and zero.
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6. INTEGRATION OF KERNEL K

6.1. We keep the notations from We set

K(z,y) =Y f(z7'¢y), ¢eG(E)/Z(E).
If e = 1 we study the integral

¢ a 0 1
/ /T2C ,h| nw(det h)Q2™"(a)dhda,
c-1 0 1
a € Ex /EX, he Z(F\)Gi(F)\Gi(Fy) (6.1.1)
If € is not a norm we study the integral
¢ a 0
/ / K ,h| nw(det h)Q Y (a)dhda,
c-1 01
a € EXJEX, h€ Z(Fp)G(F)\Ge(Fy). (6.1.2)

6.2. We will first show that the truncation operator in (6.1.1) is superfluous. For this
purpose, we set:

S°(g) = (T° — 1)glg) = > _ én(ymg)He(ymgm ™).
We then have the following proposition:

PROPOSITION. Given f and C > 0, there exists D > 0 such that the relations ¢ > D
and C~1 < |a] < C imply
,h] ~o.

Proof. We use without proof the following lemma:

SSKCLO
01

LEMMA 6.2.1. Let U be a compact subset of SL(2,Fy). Then there exists D > 0 such
that the relations

geU, ~eSL(2,F) and H(vg)>D
imply that v is triangular.

O
This being the case, the constant term of K with respect to the second variable is written:
a 0 a0
KQN[(]l,y]:/ > f[o 17ny]dn.
NEN) yez(B)\G(B)/N(E)

It follows therefore:

a 0 a~t
: a,g]_ 5 /N(EA);f[
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In this expression we can assume that a is in a compact set. Under this hypothesis, if

l'is in a compact set modulo the center and

the integrand is not zero then h = ynfmgm™
H(y~'h) > ¢. According to the lemma, we therefore have v € P(E) if ¢ is large enough.

Thus the preceding expression, for ¢ large enough, reduces to:

aa”t 0 1
Z nfdmg| H.(6mgm™")dn.
9eP(F)\G(F) N(EA) a 1
We now write:
Omgm = = 0 (1) n'k, |b|>c, keK.

For the preceding expression, it follows:

“lab 0
Z/Zf [“ “ nk:m] dn|b|.
1
0 a
If this expression is not zero then |aa™'b| = |a~'b| is in a compact set of RX. The same is

therefore true of |b|. This expression is thus zero if ¢ is large enough. Hence the conclusion.

6.3. We are now reduced in all cases to considering the integral (6.1.2)). We will prove its
convergence. For this we write K as the sum of K4 and K, with:

Kreg(x,y) Zf ~Ley), regular (6.3.1)
Kgin(z,y) Zf ~Ley), singular (6.3.2)
In this section we study the integral of K,.,. Every regular element can be written as:

a 0
0 1

¢

")/:

with
acEX, ueG.(F)/Z(F), N #0, e

Moreover «, u and N (&) are uniquely determined. It immediately follows that:

/jl/meg[g
At

N(E)

, h] nw(det h)dhQ ™ (a)da

&)h| nw(det h)dhQ(a)da (6.3.3)

where in the right-hand side a is in EY, h in G<(Fp)/Z(Fa) and the sum is over the norm

of &, assumed different from 0 and . The support of function f is contained in a compact
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1

set modulo the center; the image of this set by the application P(g) = gg~" associated to

G, is thus contained in a union

U[g 2] M, N(u)=1,

where M is compact. If the integrand of the right-hand side of (6.3.3) is not zero then the
image of the inner matrix by P is in the preceding set, which gives:

‘ a lu Eu

—e 70w (1 — e IN(€))a%u €M,

for at least one u of norm 1. The element &u is in a compact set of adeles. The same is
therefore true of its norm N (£) which thus takes only a finite number of values. According
to the choice of &, the same applies to £&. Therefore u is in a compact set of adeles. Since
the quotient Nj(Fp)/Ni(F') is compact, u is thus in fact in a compact set of Ny(Fy), or

!is in a compact set of adéles. Since 1—e~ 1N (€)

equivalently a compact set of ideals; thus a™
takes only a finite number of values, a“ is also in a compact set of adeles. It follows that a is
in a compact set of ideals; this implies that h is itself in a compact set. This shows that the
right-hand side of (6.3.3) converges and that its value is independent of C', provided that
C is large enough. Moreover, this value is nothing other than the value of the analogous
integral without restriction on a. A similar conclusion applies to the left-hand side and the

equality is verified. We thus obtain:

i [ [ e
- %Q(f)//f[

the factor ©(§) being in fact equal to one.
Now we write the integrals of (6.3.4]) as a product of local integrals. If v is a place of F’
inert in £ and w the unique place of E above v, we set:

a O |1 u
0 1] 10 1

if v =—e"N(u)(1 —e 1N (u))~! for at least one u, = 0 otherwise.

Then the local factor at place v in expression (6.3.4) is nothing other than:

a 0
01

,h] nw(det h)dhQ 1 (a)da

a 0
01

n(f)h] nw(det h)dh(a)da (6.3.4)

hQy, (a)nyw, (det h)dhda (6.3.5)

Uua) =) [ 1o

Us(p), where p=—e N1 - 'N()™ (6.3.6)
We now consider a place v that decomposes into v; and ve. We thus have isomorphisms:

E,, — F,, E,, —F,
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and we denote by & and & the images of £ in F),. The group G, is isomorphic to the group
of pairs (hq, h2) such that
-1

0 ¢ . h e GLR2, ).

10

0 ¢

h pu—
2 10

1

Then the local factor at place v in expression (6.3.4]) is written:

/fm[ Lo m]/fwl G

0 1 0 1
daydazdhy§dy, (gl)sz (&2)-
We now introduce the function f,, on GL(2, F},) defined by:

CLQO
0 1

a10
0 1

hg] Qvl (al)QUQ (ag)wv (det hl)

folg) = / For (gh0) o (B (det B )b (6.3.7)

Then f, transforms according to the inverse of w, under the center. We define a function
U, on the multiplicative group of F; by the formula:

folg) = / Fon (9h1) fu (h2)eou (det by )y (6.3.8)

Then f, transforms according to the inverse of w, under the center. We define a function
U, on the multiplicative group of F; by the formula:

aQO
0 1

1 =«

a10
0 1|1 1

o) = @) [[ 1, [

] Qm (a1)9v2 (ag)daldag (6.3.9)

if t 21, =0if x = 1. One can easily see that this integral converges. After a change of
variables, the factor corresponding to place v in integral (6.3.4) becomes:

Qo (=)0 (), p=—c'616(1—e "61&) (6.3.10)

In total, we see that the integral of K., can be written:

//Kreg--': S TV T Qs (—2); (6.3.11)
nov

the second product is over the set of places v decomposed in E; for such a place we choose,
once and for all, a numbering v, vo of the places of ¥ above v; the sum is over all elements
p of FX of the form

—e IN(E)AL—eIN(€)™!, with N(§) #e.

If i is not of this form there exists at least one place v inert in E such that p is not of the
form

— 'Nw)(1 —e'N(u)™" with ue Ff.

Then U, () = 0. We can therefore regard the sum in (6.3.11)) as being over all i # 0 in F.
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6.4. We move on to the singular terms. If ¢ = 1, then there are four double singular
classes, those of ny, nir, e, r, where we have set:

1 -1 11
_ o= 6.4.1
Thoal Mo (6.4.1)
We denote by K;, 1 < i < 4, the corresponding kernels. According to lemma [2.6] they are
given by:
[ 1l 0
Ki=> fla! 0 1 nwy], a€E*, yeGi(F)/Z(F),
Ky = Zf z ! g (1) nlrvy] , a€E*, ~yeG(F)/Z(F),
[ _1la 0
K3:Zf x ! 0 17?4]7 aEEX/Nl(F)7 WEGI(F)/Z(F%
i 0
Ky=> fla! g‘ ) my], a€ EX/F*, ~eGi(F)/Z(F). (6.4.2)

If € is not a norm then the only singular class is that of e and Kj;, reduces to K3.

6.5. We study the integral of K3. We obtain:

111

where a is integrated over the set of elements of E’ /N1 (F) satisfying the inequality C~! <
la| < C. As in (6.3)) there exists a compact set M of GL(2, E4) such that if the integrand

is not zero then

h Q(a)nw (det h)da dh, (6.5.1)

a O
01

uP a0 eM
0 1
for a u of norm 1. This gives
au 0 c M.
0 a%u

It follows that the norm of a is in a compact set and that a itself is in a compact subset
modulo Nj(F4). Since Ni(Fa)/Ni(F) is compact, we see that a is actually in a compact
set. It follows that the integral converges and its value is independent of C, provided that
C is large enough. This value is moreover that of the integral obtained by integrating over
the whole quotient E /Ny (F).

We now integrate over Ni(F4)/Ni(F) (variable b) then over E /N1(F4). We get:

/'

ab 0
0 1

] h Q(a)Q(b)nw (det h) dh da db.
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If we write b = u*~7 this becomes:

I

After a translation on h we obtain as a factor the integral of {2 over the quotient Ny (F4)/Ni(F).

0
0 wu°

] h Q(a)Q(b)w(N (u))nw(det h) dh.

This factor is therefore zero, unless €2 is trivial on this subgroup, that is, the lifting of a
character A of F. If this is the case, the integral becomes:

ol (/) [ [

a€ EX/Ni(Fa), heGi(Fa)/Z(Fa). (6.5.2)
We now relate this integral to the functions U, and f, (Cf. (6.3.5), (6.3.8), (6.3.9)). Let v
be a place of F inert in F and w the corresponding place of E. Then we know (Prop.

that
li ~1(z) = @
xﬂo,ﬂlﬁrenfsNoi, UUAU (.Z') // fw [O

In the integral of (6.5.2) the factor corresponding to the place v has the same form as above

Q(a)nw(det h) dh da,

(1] h| Qu(a)nywy,(det h) da dh A(—e). (6.5.3)

except that the integral is over the quotient E,°/Ni,; this factor is therefore
lim UM, () vol(Ny,) ™t AM(—¢). (6.5.4)

z—0,2€—eNoy

If v decomposes into v; and ve then the local factor corresponding to v in (6.5.2)) is nothing
2 0

/ fvl [Cz)l (z hl] fvg [C:) 1 h2] Qm (al)QvZ(ag)wv(det hl) dhl, (655)

the integral being over the group of pairs (a1, as2), modulo the subgroup of pairs of the form

(b,b=1). After a change of variables this can be written:

/fv M(a) da, a€ Ay/Z,.
where f, is the function (6.3.8). In summary:
PROPOSITION. We have:

c
lim / /Kg :/ Kg.
C—o0 Jo-1

These integrals are zero unless € is of the form Ao N. If this is the case, the value of this
expression is the product of the following quantities:
(i) vol(E} /N1(Fa));

(ii) for each inert place v:

lim U L (2) vol(Ny) ™t A(—e);

r—0,2€—Noy
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(iii) for each decomposed place v:

/fv(a))\v(a) da, a€ Ay/Zy.

6.6. We now study the integral of K4. According to lemma (2.6 it can be written as

/1]

a€ EX/F*, O '<la|<C, heGi(Fa)/Z(Fy).

rh| Q(a)w(det h) da dh,

a 0
01

As above there exists a compact set M such that if the integrand is not zero then

a
0

where v is of norm 1. This can also be written:

uP

i) rh] e M,

—Uu 0

7 is in a compact set. Thus a is

It follows first that v is in a compact set, then that a'~
of the form btc where b is in a compact set, ¢ in the group of ideles of F' of norm 1 and ¢
in a subgroup of the ideles of F' isomorphic to the group of real numbers > 0. Since the
absolute value of a is in a compact set, the same goes for t. Thus a is in a compact set and

the integral converges. According to lemma (2.6 we have:

after a change of variables we see that the integral admits:

/Q(c)nwl(c) dc = /n(c) de
as a factor. Since this factor is zero, we conclude that the integral is zero. Hence:

PROPOSITION.
lim K,=0.

cC—> 00 c-1

6.7. We now study the integrals of K; and Ky. We recall that these terms are zero unless
€ is a norm, thus € = 1 with the conventions made. They can be written:

1]
I

Q(a) wn(det h) dh, (6.7.1)

aOnlh
01

a 0
01

nlrh] Q(a)wn(det h) dh. (6.7.2)
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We study the first integral as an example. We will see that it is convergent and has a limit
when C' tends to infinity, equal to the value at s = 0 of the analytic continuation of the

/1]

integral which itself converges for Res > 1. For this purpose we introduce a character p of

integral:

a O
0 1

nlh] la|*Q(a)wn(det h) dh, (6.7.3)

the group of idele classes of EF whose restriction to F' is  and we set:

f1(g9) = f(g) pS2(det g).

Then the above integral can be written:

/3]

We introduce the function ® defined by

®(a") Z/fl [

Then the integral (6.7.4)) can be written, after a change of variables:

g (1) nlh] la|~*u 1 (a) da dh. (6.7.4)

a O
0 1

nlh] dh. (6.7.5)

/@(a)|a|s,u(a) da. (6.7.6)

We write the function ® as a product over all places of F'. Let v be an inert place of F
and w the unique place of E above v. Since P is submersive there exists a function fy,, on

G(Ey), smooth, with compact support, such that:

fou(P(g)) = / fru(gh) dh. (6.7.7)

p[ m]:

It follows that the local factor for the function ® corresponding to the place v can be written:

On the other hand:
0 al—o
-1 a |

a O

- (6.7.8)

0 aafl

-1 a

(I)v(a) = f(]w [

] . (6.7.9)

If we write a = tb with ¢ in F,, and b non-zero, we obtain a Schwartz-Bruhat function of ¢
depending on b. Moreover, for all w not in 7', the function fy,, is the characteristic function
of Ky, (and ®,, the characteristic function of R,,), as follows from the following lemma:

LEMMA 6.7.10. Suppose v finite, inert and unramified in E. Let x be in K, such that

xzzt = 1. Then x = P(h) with h in K,.
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Proof. Tt suffices to show that y =t + zt’ is in K, for at least one scalar ¢ which is a unit
of F; indeed we have zy’ = y from which z = p(y) if y is invertible. Since the matrix y has
integer coefficients it suffices to show that it is invertible mod P. We are thus reduced to an
analogous problem for a finite field e and a quadratic extension f: given an invertible 2 x 2
matrix x, there exists a scalar ¢ such that the matrix y is invertible. If this were not the
case, the matrix  would admit all numbers —t!=7 as eigenvalues. Since there are ¢+1 > 2
such numbers, we would obtain a contradiction. Hence the conclusion. O

We now consider a place v of F' which decomposes into v; and vs. We set:

foulg) = / For (ghs) oy (h)dhs (= Qi (et g) fu(g))- (6.7.11)

This is a smooth function, with compact support modulo the center, characteristic function
of Z,K, for almost all v. Then the factor corresponding to place v for the function ® can
be written:

0 al_lag
—1 as

(I)U(QI,QQ) = wa [

] (6.7.12)

Thus @ is the product of expressions (6.7.9)) and (6.7.12)). In particular if ®(a) is not zero

-0

then a is in a compact set of ideles; we can then write a = mb, where m is in a fixed

compact set and b in the ideles of F'. Moreover «a is in a compact set of adeles of E. We
can therefore regard the function ® as a Schwartz-Bruhat function of b, depending on the
parameter m. It follows that the integral converges when the real part of s is large
enough. Similarly the integral from which we started can be written:

/@(a),u(a) da, O~ '<|al<C. (6.7.13)
It therefore converges. We recall moreover the following result:

LEMMA 6.7.14. let ¢ be a Schwartz-Bruhat function. Then the following limit exists:

C
lim $(b)n(b) db.

C—c0 Jo-1

It is equal to the analytic continuation at point 0 of the integral

[ owlern) av.
Finally this limit is equal to the product of the following factors:

(1) L0, n);

(i) for each inert place v:
£0.0)" [ a0 (0) b
(iii) for each place v decomposed in E:

. —1 S — 1/2 .
dim L 1) [ B db= a6, (0);
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where a denotes a differential idele of F'. Almost all factors are equal to 1.

We apply this lemma, or rather a variant of this lemma with parameters, to the integral
(6.7.13). We first obtain that the integral , that is the integral of K7, has a limit
when C tends to infinity, equal to the value of the integral at point 0. Moreover we
can calculate this limit as the product of the following factors, almost all equal to 1:

(i) L(0,m);

(ii) for each inert place v below a place w of E:

B 0 aa—l
£O.0)" [ fow [ o ] f(a) da;

(iii) for each place v decomposed in E:

1/2 0 a —1

lay| fow 1 ol|Hm (a)™" da. (6.7.15)
Similarly using the fact that
) l—0o
ik 0 nyr| = a a
0 1 -1 0

we find that the integral of K5 has a limit when C tends to infinity, equal to the product
of the following factors:

(i) L(0, n);

(ii) for each inert place v below a place w of E:

- a a’ !
L(0,m,) " / Jow (@) da;
-1 0
(iii) for each place v decomposed in E:
1/2 0 a -1
[ fow 1 0 Uy, (@)™ da. (6.7.16)

We can also formulate these results in terms of the functions U, for v inert and the functions
fv for v decomposed. We know that

Uy(z) = Miy(z™b) + ny(—z) My (z71), (6.7.17)

where the functions M;,, are smooth near 0 and we have (Prop [3.5)):

0 aa—l
3,0 = [ o || ° " || ) da
[ a a’ ! ]
MQU(O):/wa . 0 oy (a) da.




Similarly the integral (6.7.15) (iii) above is nothing but

|avl/2/fv [

and an analogous remark applies to (6.7.16]) (ii7).

Qy, (a) da,

0 a
-1 0

6.8. We can summarize the preceding discussion as follows: for each inert place v we
have the orbital integral function U, defined by and the numbers M;,,(0) defined
by ; for each decomposed place v we have the function f, on the group GL(2, F})
defined by , as well as the function U, defined in terms of f, by .

PROPOSITION. The integral

/CCI/K<7“esp/Ccl/T2*K ife= 1)

has a limit when C tends to infinity (resp. when c tends to infinity and then C tends to
infinity). The limit is equal to the sum of the following terms:

(1) ZWAO 1L, Uy (1) 11820, (—€);

(2) a term present only if Q is the lift of a character \ of F*; it is the product of the
following factors:

(Z) UOl(NlA/Nlp),‘

(ii) for each inert place v of F':

lim UMy (2)vol(Ny,) "IN (—e);

z—0,2E—Ngy

(iii) for each decomposed place v:

/fv(a))\v(a)da, a € A(F,)/Z(F,);

(3) two terms present only if € = 1; each term is the product of the following factors where
index 1 takes values 1 or 2 depending on the term:

(i) L(0,n);
(ii) for each inert place v:

M;, (0)L(0,m,) Y

(iii) for each decomposed place v:

|au|1/2/fu

Qy, (a)da.

0 a
-1 0
44



7. COMPARISON

7.1. Now we fix an element ¢ of F'*. If ¢ is a norm we assume g9 = 1. We write Gy
for the group G. with ¢ = g9. We consider a finite set S of places of F' containing all
places at infinity, all places that ramify in F, and finally all finite places where ¢ is not a
unit. We denote by T the set of places of E which are above a place of E contained in S.
We furthermore assume that S is large enough so that w is unramified outside S and €2 is
unramified outside T'. As in §6, we consider a smooth function f on G(E4), transforming by
the inverse of w’ under the center and with compact support modulo the center; the function
f is a product of local functions f,,. For w not in 7" we assume that f,, is K,-invariant.
From the function f, we define for every inert place v a function U, on F,* and for every
decomposed place v a function f, on GG, as well as a function Uy; to do this we choose if v
is decomposed a numbering of the two places of E above v (6.3)).

We choose on the other hand a system of representatives of the norm classes of the group
Ny in the multiplicative group of F'. We assume that —e; !is in this system. For each ¢ in
this system we choose a function f. on the adelic group of G., transforming by the inverse
of the character w under the center and with compact support modulo the center. The
function f. is a product of local functions f.,. If v decomposes into v; and ve then G, is
the group of pairs of matrices of G, = GL(2, F},) of the form:

-1
0 €

10

0 ¢

h1, ha) with hy =
(1 Z)Wl 2 10

hy (7.1.1)

By transporting f, to G¢, by the isomorphism of G, onto G, which sends the pair (hq, hs)
to hy we can regard f, as a function on G,. We will take:

fsv = vavz(_so)Qvl(f‘:)‘ (712)

If v is an inert place and w the unique place of E above v then we consider the orbital
integral function H.,, defined by f.y:

Hoo() = Q) [ oo

if  is of the form eN(u) for at least one u,

1
U (41)99 (t2)dt dta, (7.1.3)
uoc 1

H.,(x) = 0 otherwise.

We choose f., such that
H.(x) = Uy(x) if & € eNp,. (7.1.4)

This is possible according to the results of §3. In particular if v is inert but not in .S then
the function f,, is Ky-invariant. It follows that U,(z) = 0 if the valuation of x is odd
(lemma ) According to the choice of f., if € is not a norm at place v, that is if
v(e) is odd, then H., = 0. We will in fact take f.,, = 0. Let f, be on the other hand

the K,-invariant function which is the image of f,, by the homomorphism (4.1.2)); then f,
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transforms by the inverse of the character w, under the center. If € is a norm then we
choose an isomorphism of GL(2, F,) onto G, and we take for f.,, the image of f, by this
isomorphism, as it is possible to do according to Prop. . We denote by K., the image
of K, by this isomorphism; it is thus a maximal compact subgroup of G, and the function
few 1s invariant under this group. If moreover € is a unit at place v then we choose the
isomorphism such that K, is the intersection of K, with G¢,, (”privileged isomorphism”).

We note that f. = 0 if € is not a norm in at least one place of F' which is not in §. We
can therefore ignore such €. The remaining €, that is those which are norms at all places
not in S, form a finite set.

7.2. Let 7 be a cuspidal representation of G.(F4) of central character wj it is thus a rep-
resentation of infinite dimension, by definition if € is not a norm. Let ¢; be an orthonormal
basis of the representation space 7. We set:

Ko(z,y) = o(f)di(x)di(y)".
LEMMA 7.2.1. The series
> K. (z,y)

converges uniformly on any compact. Moreover if € is a norm then the series converges

uniformly.

Proof. The series converges in any case in the space L?. On the other hand we know that
f- is a finite sum of convolution products f1 * f’ x fo. By linearity we can assume that f. is
such a product. Denoting by K. the kernel associated to f’ we have:

K (x,y) = /K;(hl.x, ha.y) f1(hy) f2(hy V) dhidhs.

In other words, the series associated to f. is obtained by applying to the series associated
to f’ convolution operators with smooth functions of compact support. In general these
operators send the space L? into the space of smooth functions; if moreover ¢ is a norm
then these operators send the space of L? and cuspidal functions into the space of bounded
continuous functions. The result follows. O

7.2.2. We will set:

(dihedral kernel)
K gie = Z K, 7 dihedral;
(proper kernel)
K pro = Z K., 7 cuspidal non-dihedral;
(special kernel)
K. spe = Z K;, dim 7 = 1;
(geometric kernel)

Ko(z,y) =Y f(a"'¢y), all &
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(regular kernel)
Kereg(z,y) = Y fo(z7"€y), € regular;
(singular kernel)

K. sin(z,y) Zf€ z~1¢y), € singular.

Finally, we will denote by K cis the Eisenstein kernel associated to the group G. and the
function f., where ¢ is the unique element that is a norm in £. We thus have:

KE,prO =K. — KE,Spe - Ka,die - Kl,eisa (7.2.3)

the last term being present only if € is a norm.
We have on the other hand the kernel K., associated to function f. The main result

of this work can then be stated as follows:

THEOREM 7.2. With the above notations we have:

Z// KEPTO(thtQ)Q_l(tl)Q(tQ)dtldtg

[ "

t; ET(F)\)/T(F)Z(F)\), CLEE;/EX, hGGo(F)Z(F)\)\G()(F/\)

,hQ Y (a)n(det h)dadh,

7.3. We will calculate the left-hand side. For this, we integrate each term in the right-hand
side of (|7.2.3]) and sum over €. We begin with the regular kernel. We have:

sreg l‘ y Z Z Je [x 1 7_23/] ;

N (&) T1,T2
in the sum, each 7; runs through T(F)/Z(F) and N({) runs through the norm group
deprived of point 1 if € is a norm. It follows that the integral of the regular kernel is

[0 1]

the factor Q(§) being in fact equal to 1. This integral decomposes into a product of local

155
1

written:

t2 Q1) (to)dt 1 dts,

0'

integrals. The factor corresponding to an inert place v of F' in F is by definition the
orbital integral of f., evaluated at the point N(§)e. By the very choice of fe,, this factor

equals U, (N (§)e). If on the contrary v is a place that decomposes into v; and vg, then the
corresponding local factor is written:
Quy (§1) 0, (§2) 0, (—20) 20, (€)
0

al 1 §1€
/f’”[o 0 b2]

&2
Qm (al)QW (ag)Qvl (bQ)QUQ (bl)d(ldb
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Since the restriction of 2 to F' is w, the product €, €2, equals w,. After a change of

variables, this integral is written:

a 0 b 0

01

1 &éee
1 1

Qu, (—0) 0, (€61, &2) /fv [ ]QUI(a)sz(b)dadb.

This is nothing other than
Qvg (_EO)UU (5517 £2) .
Writing p for e N (), we see that the integral of the kernel K qq is written

Z H Uy () H Qy, (—¢0),

where the sum is over all elements of e Ny different from 0; the first product is over all places

v of I and the second over those that decompose in E. Summing over all ¢, we find:

Z // Kereg = ZH Us(1) Hﬂvz(—so), (7.3.1)

the sum being over all elements p of F' except point 1. This is nothing other than term (1)
in proposition . We have thus proved the following proposition:

PROPOSITION 7.3. We have

/ / Ky = 26: / / Kereg.

7.4. 'We now move on to the integral of the singular kernel. According to the results of

0 ¢
Kegin(z,y) ngx Ty+Zfa<a;17'1 0y>,

where the sum is over all 7 in T'(F')/Z(F). Therefore we find:

//Kssin = // fs(t1t2)9(t1)9,(t2)dt1dt2+// fe |t ta | Q(t1)SY (t2)dt1dts,

where ¢; is integrated over T'(Fy)/Z(F)) and tg over T(F\)/T(F)Z(F)). Since €' is in fact
the transform of €2 by the Galois automorphism o, the second integral is written:

€
10

vol(T(Fy)/Z(F)\)T / fe [ Q(t)dt. (7.4.1)

Similarly in the first integral, the integral of the character Q77 is a factor; the integral is
therefore zero unless €2 is invariant by o, that is unless it is the lift of a character A. The

integral is then written

vol(T(Fy)/Z(F\)T / LIA(det £)d (7.4.2)



We will calculate these integrals in terms of the local data f, and U,. The integral (7.4.2)
is a product of local integrals. The factor corresponding to an inert place v is written:

/ fsv dett

According to proposition this is nothing other than the limit of
vol(Ty,/Zy) "  Hew(z) Ay (z)

for z tending to 0 in €Ny,; by the very choice of f.,, this is the limit of
vol(T,/Zy) " Uy (2) Mo (z)

for  tending to 0 in €Ng,. However if x is small enough U,(x) = 0, unless z is in —eo Ny,
(Prop. (3.4)). It follows that is 0 unless ¢ is in —e, ' Ny, for all inert places v. This
condition means in fact that ¢ is in —¢ ! No; there is thus only one such e, namely € 1. On
the other hand, the factor corresponding to a place v decomposed into v; and vy is written:

Quy (—20) 0, (5)/fv [aO1

the integral being taken modulo the center. Since:

0
a ] Qvl (al)sz (ag)daldag,
2

ggeg = —1 and iy, = oy, = Ay

this is nothing other than:

/fv o(deta)da, a€ A,/Z,.

In total, the sum over all ¢ of the integrals (7.4.2)) is zero unless €2 is the lift to E of a
character A of F. If this is the case, this sum reduces to one term; in turn this term is
written as the product of the following factors:

() vol(E /%)
(ii) for each inert place v:
vol(EX /FX) Mim U\, H(2)A(—&0), & — 0,2 € —e9Noy;

(iii) for each place v decomposed in E:

/fv v(deta)da, a€ A,/Z,. (7.4.3)

We now compare this result with expression (2) in proposition . Taking into account
the exact sequence:
1—F* —>FE*—N —1
where the second arrow is
z — 27O,
we see that the volumes are identical in the two expressions. The two expressions are

therefore themselves identical.
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7.5.  We now move on to (7.4.1). The factor corresponding to an inert place v is written:

/fw[

As we have seen (Prop. (3.1])) this is nothing other than the limit of

0 ¢
1 1

a0 ]QU(a)da.
0 a°

VO](TU/ZU)_IHEU ()

for z tending to infinity in €Ng,. Still according to the choice of function f, this is also the
limit of

vol(T,/Zy) LU, (),

when z tends to infinity in £ Ny,. Now we know that for x large enough, U, (z) is zero unless
g0 is a norm (Prop. (3.4)). We conclude that (7.4.1)) is zero unless ¢ is a norm at each
inert place v, that is unless g is a norm; with the conventions made this implies ¢g = 1.

Under this hypothesis we know (loc. cit.) that the function U, has the form:
Uy(z) = Miyo(z™") + no(—2) Mao(z7"),
where the functions M;, are smooth near 0. The above limit therefore has the form:
M1(0) + 1 (=€) M2, (0).

On the other hand, the factor corresponding to a place v that decomposes into v; and vy is

written:

0 ¢

aq 0
0 L o Qy, (a1)Qy, (a2)daidag;

a2

Qy (—20) s (<) / £y [

Since €g = 1, we obtain after a change of variables:

/fv[

Finally, we see that the integral ([7.4.1)) is zero unless g = 1. If this is the case, this integral
equals the product of the following factors:

(i) vol(EY /EXFY);

0 a
. O] 0y, (a)da.

(ii) for each place v, decomposed:

/fv[

(iii) for each inert place v under the place w of E:

Qy, (a)da; (7.5.1)

0 a
-1 0

vol(E /F)) ™ [M1(0) + Moy (0)1u(—¢)]
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We will now show that the sum of the integrals (7.4.1) for all € equals the sum of the two
terms 3 in proposition . By examining the terms in this proposition and comparing
them with the above expression, we see that it suffices to prove the following identity:

L(0,m) {HMlv(O)L(Oanv)_l +HM2v(0)L(0777v)_1} H ‘%’1/2

v decomposed

= vol(EY /FYE*) Y [ [{M10(0) + Moy (0)ny(—2) vol(E /FX) ™.

In this formula, the products containing the functions M;,(0) are over the inert places.
Note that for almost all inert v we have U,(z) = 1 if v(x) is even and z is large enough,
Uy(xz) = 0 if v(x) is odd and x is large enough and 7n,(—e) = 1. These relations imply
that M;,(0) = 1/2. We also have L(0,7n,) = 1/2. We thus see that the products in the
left member have almost all their factors equal to 1. Let U be a set of inert places such
that the preceding conditions are satisfied for v not in U. For a given ¢ if v is not in U
and 7,(—¢e) = 1 then the corresponding factor in the infinite product of the right member
corresponding to € is 1. This already shows that the infinite products of the right member
have a meaning. On the other hand if n,(—¢) = —1 for an inert v not in U, then the
corresponding factor is zero. Thus the product is zero for all —e that is not a norm in at
least one place not in U. The sum is therefore finite.

To prove this identity we introduce a differential ideal b for E. The local volume that
appears in the formula is nothing other than:

2L(Oa77v)’bw|l/2’av’_l/2
while the global volume is 2L(1,7). Setting
Ay = My (0)L(0, 7)™, By = May(0)L(0, 1)~
we see that the relation to be proved is a consequence of the following two relations:

jal'/2L(0,7) = L(1,m) [ T Ibw]"/?,

1/2 {HAU + HBU} => [ 1/2{A + n(—2)B.}.

The first follows from the functional equation of the L-functions. The second is an exercise

in group theory (Cf. |Jac86l §10] ). We have thus finally proved the following result:

PROPOSITION 7.5. The sum of the integrals of the kernels K.y equals the sum of

terms (2) and (3) in proposition [6.8
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7.6. The difference between the two members of the equality in theorem is thus equal
to the difference of the contributions of the Eisenstein, special and dihedral terms. More
precisely, let U be a set of places of F' containing S and let V' be the set of places of E
above U. We suppose that g and all the ¢ that effectively enter the formula are units at all
places not in U. We write fy for the product of f,, with w in V and fV for the product of
fw with w not in V. Let 7 be a cuspidal representation of G(F)) with central character w’
and admitting an invariant vector under the group KV, that is the product of groups K,
for w not in V. Let ¢; be an orthonormal basis of the space of vectors fixed by K"; we set

Kr(w,y) =Y o(fv)di(x)di(y)",

(2

We also denote by fV () the eigenvalue of the Hecke algebra associated to 7:

o(fV )i = £V (m) .

Then the cuspidal kernel has the following expression:
Kcusp(fEa y) = Z fV(Tr)Kﬂ.(l‘, y),

the series being uniformly convergent. The integral of the cuspidal kernel can therefore be

J[ Ko =32 £ @A 1) (7.6.1)

Atmi )= [ [ K, [

Similarly, the contribution of the Eisenstein kernel is the sum of two terms (Cf. (5.6))). The

first is written:

written:

with

h| Q7Y (a)dnw(det h)dh. (7.6.2)

a 0
01

S [ Al 017 e Xl (7.6.3)
X

where A(-, -, -) denotes an appropriate function and the second factor is the eigenvalue f ‘7(77)
for the representation m = 7(a"x, a*x’), the sum being over all characters y which are lifts
and x’ is the product of w’ by the inverse of y. The other term is written:

>0, XA X), (7.6.4)
X
the sum being over all characters x which are not lifts and whose restriction to F' is wn and
A(-,-) denotes an appropriate constant. The contribution of the special kernel is written:
V(A (7.6.5)

where we write Q for the representation Q° det and A is an appropriate constant.
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Similarly for each € we consider the functions f.;y and fY. We have a decomposition of
the kernel K cus:

ecus ng Us Ocs Kag(xay) = Zg(fg)¢l(x>¢;k(y)a
i
where the first sum is over all cuspidal representations o, having an invariant vector under

the compact group KU and ¢; runs through an orthonormal basis of the space formed by
these vectors. By integrating this kernel we therefore obtain:

/ / K= 3 10 (02)aloe, fov), (7.6.6)

where we have set:
afow far) = [ [ Kot t)00(00) et (7.6.7)

We now sum the integrals over all e. For a given representation o., there exists
a cuspidal representation € of G(F)) which corresponds. For v not in U and inert under
w, we have denoted f, the image of f,, by the Hecke homomorphism. For v not in S and
decomposed into v; and vy, we have defined a function f, on G,. Given the choices made,
we see that:

17(0) = f7(00). (7.6.8)

Making the announced sum, we get:

//KEI’“)_ZJCU Z (02, fov)- (7.6.9)

The first sum is over all cuspidal representations o of G(F)) that are not dihedral for the
extension E and the second over all £ that are norms at all places not in S and such that
there exists a cuspidal representation of GG corresponding to o.

We have also defined dihedral kernels. They have expressions analogous to the above and
the sum of the integrals of the dihedral kernels is written:

Z//KEdle ZfU Z (0, feu)- (7.6.10)

where the first sum is now over all dihedral cuspidal representations.
The integral of the Eisenstein kernel (for ¢ a norm) is similarly written:

//K1 = /fU u, X, X )a(u, x, x')du. (7.6.11)

Finally the special kernel is written:

Kegpe(z,y) = Z//\(det 9) f=(g)dgA(det ) \*(det y)Vﬁl, (7.6.12)
by

53



where the sum is over all characters A whose square is w and V denotes the volume of
the quotient G(F\)/G(F)Z(F)). Integrating this we find 0 unless {2 is the lift to E of a
character A\. Then (2 is also the lift of n\ and we can write the integral as a sum:

// Kespe = [T (Va1 + [ (An)as. (7.6.13)
where a1 and a9 are appropriate constants. We now note that if o lifts to 7 then
fV(m) = f7(0). (7.6.14)

Indeed if v is a place of F', inert and not in U, under w then we have:

~

fw(ﬂw) = folow),

because m,, is the lift of . If on the contrary v decomposes into vy and v, then taking into
account that € is a unit at place v we have:

folg) = / For (gR) fun (R)wy(det h)dh.

Since the contragredient representation of ¢, is its tensor product with the inverse of its
central character and since
Ty, & My, & Oy

we see that

fo(mo) = for (T0) fos (7"11) = fu (7Tv1)fv2(7rv2)-
The relation ([7.6.14]) follows from these identities. Similarly, we have:

V(X' = 17, AN
if y is the lift of A, and
) =17

if Q is the lift of A. Finally if o is dihedral, there exists a character y of ¥ whose restriction
to F'is wn and such that 7(0, x, x’) is the lift of . We then have:

Y0, x:X) = ().
We now consider the difference of the two members in proposition . According to what
precedes, it is a linear combination of the differences of expressions and ,
and , and , and . According to the preceding
equalities, the difference of (7.6.3) and (7.6.11]) has the form (7.6.3), with a different function
A. Similarly, the difference of (7.6.5) and (7.6.13) has the form , with another
constant A. Again similarly the difference of and has the form with
a different constant A. Finally since every o admits a lift the difference of ([7.6.1]) and (7.6.9)
also has the form . First, as in the ”Base Change”, we use the fact that a continuous
measure cannot be equal to a discrete measure to show that the difference of and

(7.6.11]) is zero. We then apply the principle of infinite linear independence of characters to
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show that each of the differences is in fact zero. In particular the terms ([7.6.1)) and (7.6.9)
are equal which finally proves the sought assertion.

7.6. We now prove the fact that the first Waldspurger condition implies the second. We
thus consider a proper cuspidal representation o of G(F4) of central character w and we
denote 7 its lift to E. We suppose that L(1/2,7 ® Q') is not zero. There thus exists a
K-finite function ¢ in the space of 7 such that the following integral is not zero:

folo

On the other hand [HLR86] we know that there exists a K-finite function ¢’ in the space
of 7 such that the following integral is non zero:

/ ¢ (h)nw~(det h)dh, h e G1(Fa)/Z(F1)G1(F).

Q Ya)da.

We apply the above result with ¢g = 1. We choose S and U large enough so that the
functions ¢ and ¢’ are K" invariant. It is then clear that we can choose the function fy/
such that A(w, fy/) is not zero. We know that the set of representations of which 7 is the
lift is composed of o and its tensor product with the character . By applying again the
linear independence of characters we obtain:

A(m, ) =Y aow, fu) + Y alow @, fu).
FEach sum extends over all € such that there exists a cuspidal representation o, of G,
corresponding to o. There exists therefore at least one e such that a(og, f.U) or a(o: ®
7, feU) is non zero. In both cases this implies the existence of a function ¢ in the space of
0. such that the following integral is non zero:

/ d(t)Q L (t)dt.

The second Waldspurger condition is therefore satisfied.
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