ON A RESULT OF WALDSURGER

HERVE JACQUET

ABSTRACT. This is a translation of Hervé Jacquet’s 1986 paper ” Sur un résultat de
Waldspurger”, published in Annales scientifiques de I'E.N.S. 4e série. The translation
was accomplished with AI. Any errors or inaccuracies are my responsibility. For typos,

corrections, or suggestions, please contact yluo237@wisc.edu.

0. INTRODUCTION

0.1. We will provide a new proof of a remarkable result by Waldspurger ([Wal85, Theorem
2]). Waldspurger’s proof relies on the properties of the Weil representation. Ours relies on
a variant of the trace formula. We hope it will be of interest.

Let us first recall the result. Let F' be a field of numbers, F a quadratic extension of F', n
the character of the ideal class group of F' attached to E. Let us consider the group GL(2)
as an algebraic group G defined over F’; let Z be its center. Let A be a maximal split torus
in G, say, to fix ideas, the group of diagonal matrices. Let m be an automorphic cuspidal
representation of the group G(Fj4), trivial on the center Z(F4). We will say that 7 satisfies
the first Waldspurger condition (abbreviated W1) if there exist automorphic forms ¢; and
¢9 in the space of 7w such that the following integrals are non-zero:

(0.1.1) /¢1(a)da, /¢2(a)n(deta)da, a € A(Fp)/Z(Fy).

Let us introduce on the other hand the set X (E : F'), or simply X, of isomorphism classes
of pairs (G',T"), where G’ is an inner form of G and T’ a maximal torus of G’, isomorphic
over F' to the multiplicative group of E. Recall that such a pair is obtained by means of
a pair (H, L), formed of a simple algebra H of rank four over F' and a sub-field L of H
F-isomorphic to FE, by taking for G’ the multiplicative group of H and for 7" that of L.
The center of G’ will be denoted Z’. We will identify the set X with one of its systems
of representatives. Let us also note X(7) the set of triplets (G',T",7’), where the pair
(G',T") is in X and 7’ is a cuspidal automorphic representation of G'(Fy) related to m by
the condition of [JL70, Th. (15.1)]; let us recall that this condition can be stated as follows:
there exists a finite set S of places of F' such that, for v not in S, the groups G, and G
are isomorphic and the representations 7, and ), equivalent, after identification of the two
groups. We will say that 7 satisfies the second Waldspurger condition (W2) if there exists
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a triplet (G, T’,7’') in X(m) and an automorphic form ¢ in the space of 7’ such that the

following integral is non-zero:

(0.1.2) /gb(t)dt, t € T'(Fa)/Z' (Fa).
Then:
Theorem (Waldspurger). Conditions W1 and W2 are equivalent.

0.2. Let us outline our demonstration. First, we can identify the set of double classes
A\G/A with the disjoint union of double classes T"\G'/T" (§1). To be precise, for this
identification we must limit ourselves to "regular” double classes. This leads us to consider
a smooth function with compact support f on G(F4)/Z(F4) and, for each (G',T"), a smooth
function with compact support f on G'(Fa)/Z'(Fa). In fact, f' will be zero for almost
all (G',T"). To the function f is associated the cuspidal kernel K. and similarly to each
function f’ is associated a cuspidal kernel K. The conditions imposed on these functions

are such that (§7) to §10):

{ Jf Ke(a,b)dan(det b)db = 3 ¢ vy [f KL(s.t)dsdt,

(0.2.1) a,be A(FA)/A(F)Z(FY), st €T (Fa)/T (F)Z'(Fs)

The relationship between f and the f’ is as follows. These functions are naturally products
of local functions. If v is a place of F' that decomposes in E then for all (G',T”) the groups
G, and G, are the "same” and we take for f, and f] the ”same” function. Suppose on the
contrary that v decomposes. Then the set X(E, : F,) is still defined but it is reduced to
two elements (G, Tyi), @ = 1,2, with Gy split. We can still identify the regular double
classes of A, with the disjoint union of regular double classes of T; and T5. We show that
for a given function f there exist functions f; on G; such that

// f(agb)dan,(det b)db = / fi(sg't)dsdt,
a, be Av/ZmSat S Ev/Zi’l)u

if g corresponds to ¢’ ( to (The exact statement is slightly different since the left-
hand side is not quite a function on the set of double classes). If moreover the situation is
unramified and f, is a Hecke function then we can take and do take f; = f, and fo =0
(§5). The condition is now that f] = f; if G), = G;. Waldspurger’s result follows easily
from identity ((0.2.1) (cf. §1.1). Paragraph 6 contains auxiliary results.

The method of demonstrating formula is based on a generalization of the trace
formula which can be stated as follows. Let G be a semi-simple group defined over F' and
A, B subgroups of G defined over F, A and u characters of A(F4)/A(F) and B(F4)/B(F)
respectively. Let us consider a smooth function f on G(F4)/G(F) with compact support

and calculate the following integral:

// K.(a,b)\(a)u(b)dadb
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where K. is the cuspidal kernel attached to f. This kernel has a complicated expression

which contains in any case the sum:

d faTey), £eG(F).
£

Let us choose a system of representatives for the double classes of groups A(F') and B(F).
On the other hand, if 7 is an element of G(F'), let H, be the subgroup of A x B formed of
pairs (a, 3) such that a~!'n3 = 1. Then any element of G(F) can be uniquely written in
the form:

E=a"'nf neAFP\GF)/B(F), (a,f)€ Hy(F)\A(F) x B(F).

By imitating the usual formal calculation, we immediately arrive at the following expression
for the above integral:

22, vol(Hy(F)\H(Fa)) [[ f(a~"nb)A(a)n(b)dadb,
a € A(F)\A(Fa), be B(F)\B(Fa),

the sum being over all i such that A(a)u(b) = 1 if a='b = 1. Of course, we have ignored
the convergence problems and the existence of other terms in the expression for K..

0.3. I wish to thank the Institute for Advanced Study and its permanent members for
their hospitality, as the major part of this work was written during my stay at the Institute,
during the special year 1983-1984 on L-functions. In particular, I thank Langlands for the
interest he has taken in this work. Finally, I owe much gratitude to Piatetski-Shapiro who
was also at the Institute that same year. His deep knowledge of Waldspurger’s work has
been very helpful to me; moreover, a conversation with Piatetski-Shapiro was the starting
point of this work.

1. DOUBLE CLASSES

1.1. In this paragraph F will be an arbitrary field, say of characteristic zero, and E a
quadratic extension of F'. We will denote by N(E : F') or simply N the subgroup of norms
of F in the multiplicative group of F. The set X(E : F') or simply X introduced in the
paragraph is still defined. Let us consider one of its elements (G, T). There exists therefore
a simple algebra H of rank 4 over F' and a sub-field L of H isomorphic to E such that G
is the multiplicative group of H and T that of L. We propose to give a parametrization of
the double classes T\G/T. To this effect let € be an element of the normalizer N(T") of T
that is not in 7. Then every h in H can be written uniquely in the form:

(1.1.1) h = hy +€ha, where h; € L.
On the other hand, if z82~! denotes the unique non-trivial F-automorphism of L then:

(1.1.2) eze ™l =271
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The square ¢ = € is in Z, or in other words, in F. Moreover, the class of ¢ modulo N is

determined by the isomorphism class of the pair (G, T') and, reciprocally, determines it.
Let us define two involutions j© and j~ of H by the formulas:

(1.1.3) jE(h) = h] +chy where h isasin (.11).

It is easy to verify that these are the only involutions of H which induce on L the unique

non-trivial F-automorphism of L. For h in G we will set:

_ (1/2tx(hj*(h))
(1.1.4) X(h) = (1/2tr(hj=(h))

Since the denominator of this fraction is nothing other than the reduced norm of h, X (h)

is a well-defined element of F' depending only on the double class of h modulo T'. We will
also introduce the function P(h : T') or simply P(h) defined by

1+ P(h)
1.1. X(h)=—FF<
(1.1.5) ) = iy
or alternatively
(1.1.6) P(h) = chahy (hih])™', c=¢&%

Thus P is a function with values in the projective line that is constant on the double classes
of T'in G. Note however that according to the preceding formula, if P(h) is neither zero
nor infinite, then it is an element of the class ¢ N determined by the pair (G, T'). Moreover,
P(h) cannot equal one, as this would make X (h) infinite. We will say that A (or its double
class) is T-singular if P(h) is zero or infinite, T-regular in the contrary case.

Proposition. Two elements h and h' of G have the same double class modulo T if and
only if P(h) = P(K'). Moreover, if x is in ¢cN and different from 1, then there exists an h
in G such that P(h) = x.

The proof is left to the reader.

1.2.  The following proposition justifies the use of the term T-regular:
Proposition. Suppose h is T-reqular. Then the relations
sht=hz, se€T, teT, zeZ

imply
sezZ, teZ, st=z.

The proof is left to the reader.



1.3.  What precedes applies “mutatis mutandis” to a pair of the form (G, A) where G is
the group GL(2) and A a maximal split torus, say the group of diagonal matrices in G.
Then H is the algebra of 2 by 2 matrices, L the subalgebra of diagonal matrices and we
can take

01
10

£= , c=1.

The functions X and P(-: A) (or simply P) are defined as above. In particular:

a b
c d

P(h) = be(ad)™, if h=

They are constant on the double classes of A in G. Again P cannot take the value 1. We
will still say that an element h of G is A-singular if P(h) is zero or infinity, A-regular in the
contrary case. There are now 6 A-singular double classes: the classes on which P takes the

value zero:

11 10
1.3.1 T, TnyT, Tn_T, h = , = ,
( ) ny n where ny =) L1
and the classes on which P takes the value infinity:
(1.3.2) el, TenyT, Ten_T.

Thus P does not allow us to distinguish these classes from each other.

However P separates the A-regular classes:

Proposition. Let h and h' be A-regular elements of G. Then h and h' are in the same
class if and only if P(h) = P(h'). If x is in F different from 1 and 0, then there exists an
A-regular element h such that P(h) = x.

We will leave the proof to the reader.

1.4. We also have the analog of proposition [1.2
Proposition. Suppose h is A-reqular. Then the relations
ahb=hz, a€A, beA z€Z

imply
acZ, beZ ab=z.

We will leave the proof to the reader.



2. ORBITAL INTEGRALS: CASE OF A COMPACT TORUS

2.1. Let’s keep the notations from paragraph 1 but now suppose that F' is a local field.
Then T'/Z is compact. Let’s choose once and for all a non-trivial additive character v of
F'. Let’s equip the additive group F' with the self-dual measure dx for the character 1, the
multiplicative group F* with the measure L(1,1r)|z|"'dx (Tamagawa relative measure to
). Similarly, let’s equip the multiplicative group E* with the Tamagawa measure relative
to the character v o tr. By transport of structure, we obtain measures on 7" and Z. Let’s
equip T'/Z with the quotient measure. Let f be a smooth function with compact support
on G/Z. Let us set:

(2.1.1) H(g:f:T)= //f(sgt)dsdt, s,t€T/Z.

It is clear that H(g : f : T') depends only on the double class of g modulo 7. Let x be
an element of F*. If there exists g in G such that P(g : T) = x, we will set H(xz : f :
T)=H(g: f:T). Otherwise, we will set H(z : f : T) = 0. We thus obtain a function
H(f:T)on F* and we propose to characterize the functions H on F'* that are of the form
H = H(f:T) for an appropriate function f.

2.2. Let us therefore consider a function H = H(f : T)). By definition H vanishes, thus
is smooth, on the complement of ¢N. Consider a point x of the form P(h : T). Since the
norm is a submersive application from E* to F*, the application ¢ — P(g : T') is a fortiori
submersive at point h. It follows that H is smooth at point x. Finally, let us suppose that
1 is in ¢N (that is to say that the group G is split); we can then suppose that ¢ = 1. We
are going to show that H is zero in the neighborhood of 1.

Since f has compact support modulo Z, there exists a compact subset C' of G such that
H(g: f:T) # 0 implies g € TCT. It will therefore suffice to show the existence of a
number K such that the relation g € TCT implies |P(g : T) — 1| > K. Suppose that no
such number exists. Then there would exist a sequence g; of elements of T'C'T" such that
P(g; : T) tends to 1. After enlarging C' and multiplying the elements of the sequence by
elements of T" we can suppose that

gi =1+¢t; =c;2
with ¢; in T', ¢; in C and z; in Z. Then
P(g; :T)=tt; =1+a;
and a; tends to zero. On the other hand we have:
det g; = —a;, and detg; = (21)2 det c;.

Therefore z; tends to zero. The same is thus true of g;. Since the projection of g; on L is

1, this gives us a contradiction.



2.3. Let us examine the behavior of the function H in the neighborhood of zero and in the
neighborhood of infinity. We are going to show that there exists a neighborhood U of 0 in
F and a smooth function A on U such that:

(2.3.1) H(z)=A(z)(1+n(cx)), for zeU,

(2.3.2) 24(0) = vol(T/2) / F(t)t.

Similarly, we will show that there exists a neighborhood U of 0 in F' and a smooth function
B on U such that:

(2.3.3) H(z) = Bz H(1 +n(cx)), for z7'el,

(2.3.4) 2B(0) = vol(T/2) / F(et)dt.

-1

Indeed, since P(eg:T) =P we have:

(9:7)
// f(segt)dsdt = H(z™ : f - T)

or alternatively:

Haz ':f:T)=H(z: f:T) with f(g9) = f(eg).

It will therefore suffice to prove the assertions relating to the zero point. It will be convenient
to first deal with the non-archimedean case. Take an x in ¢N. Then x = cll~ where x = P(h)
with h = 1 + €l. We can therefore write:

H(z:f:T) ://f[t1(1+5l)t2]dt1dt2

or after a change of variables:

(2.3.5) H(z:f:T) ://f [(Hdii) tg] dtydts.

Since f is smooth there exists an ideal V of E such that for [ in V' we have:

f(g) = fl1+2)g] forall g.

There exists then an ideal U in F' such that [[~ € U is equivalent to [ € V. For z in cU we

therefore have H(z) = 0 if x is not in ¢N; if on the contrary z is in ¢N then z = ¢~ with [
in V and we have according to formula (2.3.5):

H(z) = vol(T/2) / F(t)t.

Our assertion is then immediate.
Let’s move on to the archimedean case. Then I is the field of real numbers and L the

field of complex numbers. Let K(x) = H(cz). Let V be a disk {z | 2z~ < a} in L such that
7



1+ €V is contained in G. Then the second member of (2.3.5)) defines a smooth function on
V, say C(l), depending only on the norm of I. We have

K(x)=0 if =z <0,

K(xz)=C() if >0 and z=1" with lin V.

In particular the restriction of C' to the real axis is smooth and even and we have
K(x)=0 if z<0,
K(x)=C(y) if 0<z<a and z=y*> with [ withy real.

The content of our assertion is the existence of a smooth function D on F' such that D(z) =
K(z) for a > = > 0. It is therefore a consequence of a Whitney theorem.

2.4. The preceding properties characterize the functions H(f : T'):

Proposition. Let H be a function on F*. For there to exist a smooth function with compact
support f on G/Z such that H = H(f :T), it is necessary and sufficient that the following
conditions be satisfied:

(1) H is zero in the complement of cN;
(2) H is zero in a neighborhood of point 1;

(8) there exists a smooth function A on a neighborhood of 0 in F such that, for x near 0,
we have:

H(z) = A(z)(1 + nlcz));

(4) there exists a smooth function B on a neighborhood of 0 in F such that for |x| sufficiently
large we have:

H(z) = B(z™")(1 +1(cx)).
Finally if f, A and B satisfy these conditions then:

24(0) = vol(T/Z) / F(B)dt, 2B(0) = vol(T/2) / F(et)dt.

We have just shown that conditions (1) to (4) are necessary. We will leave to the reader
the task of showing that they are also sufficient. The last assertion of the proposition was
proved in number ([2.3)).

3. ORBITAL INTEGRALS: CASE OF A SPLIT TORUS

3.1. In this paragraph F'is a local field, F a quadratic extension, n the quadratic character
of F* attached to E, G the group GL(2) and A the subgroup of diagonal matrices. Let us
further equip F* with the Tamagawa measure, (F'*)? with the tensor product of Tamagawa

measures of the factors. By transport of structure we obtain a measure on A. Let us equip
8



A/Z with the quotient measure. If f is a smooth function with compact support on G/Z
and g is A-regular in G we will set:

(3.1.1) H(g:f:A)=H(g:f:1)= // f(agb)dadb, a,be AJZ,

(3.1.2) H(g:f:n) = // f(agb)dan(det b)dadb,, a,be A/Z.

The first integral only depends on P(g : A) and we shall denote by H(z : f : A) or
H(x: f:1) its value at a point g such that P(g: A) = z. We shall also set H(1: f: A) =
H(1:f:1)=0. For  in F different from 0 and 1 we shall define a matrix g(z) by:

1 =«

(3.1.3) g(x) = L1

Then P(g(x)) = = so that we have defined a section of the space of double classes of A in
G. Wesshall set H(z : f:n) = H(g(x) : f:n) if x is different from 1 and 0; H(z : f:n) =0
if x = 1. Let us set:

0 —1

3.1.4 -
(3.1.4) w=\,

Let N be the group of strictly upper triangular matrices and N’ the group of strictly lower
triangular matrices. Then we have a covering of G' by two open sets:

(3.1.5) G = ANN' U ANwN.

We can therefore write f as a sum f; + fo where f; has its support in the first open set and
fo2 in the second. Let us set

(3.1.6) o(g) = /f(ag)da, a€A/Z

and define ¢; and ¢9 similarly. Then ¢ is left invariant under A and has compact support
modulo A. The same is true for ¢; and ¢2 and ¢ = ¢ + ¢2. Moreover, the functions ¢
and ¢9 defined by

1 u 1 0
3.1.7 Py (u,v) = X ,
(3.L7) 1(u,0) ¢1[o Y| 1]
1 u 1 v
3.1.8 Oy (u,v) =
(3.18) 2(.0) @[0 RE 1]
have compact support on F' x F. Since
1-— 1 a'(1—2)7t 1
(3.1.9) o) a 0 _ a(l—z) 0 " a(1—2)""z " 0
0 1 0 1 0 1 a 1
-z 0 |1 al—2)7Y |1 a7t
= X w ,
0 a 0 1 0 1




for x different from 0 and 1:
(3.1.10) H(x:f:A)= /él[al(l —2) 'z, dd% +/<I>2[a(1 —2) Y a Yd%.

To prove the convergence of our integral, we can assume f positive. Then the previous
calculation is justified. In the right-hand side of the integrands have compact
support in F'* and thus give convergent integrals. Therefore H is convergent and equal to
. Similarly, we have, for x different from 0 and 1:

(3.1.11) H(z:f:n) = /@1[a1(1 —2) 'z, aln(a)d®a —|—/<I>2[a(1 —2) Y a n(a)d®a.

3.2.  We shall study the properties of the functions H(f : n). Formula already
shows that H(z : F': n) is a smooth function at any point x different from 0 and 1. On the
other hand, if ®; and ®, have their support in the set of (x,y) such that |z| < C, |y| < C
then in the second integral we have, on the support of ®2, |a(l —z)~!| < C and |a~!| < C
which gives: C~2 < |1 — x| if the second integral is not zero. Similarly, if the first integral
is not zero we find |(1 —z)~1z| < C2, which also implies D < |1 — z| for a suitable constant
D. Tt follows that H(x : f : n) is zero in a neighborhood of 1. We can therefore consider
formula as valid for all x not equal to zero.

Let us now study H(f : n) in the neighborhood of 0. In the second integral is
evidently a smooth function of x at point 0. To study the first integral we will use the
following lemma, whose proof is left to the reader:

Lemma. Let ® be a Schwartz-Bruhat function of two wvariables. Then there exist two
Schwartz-Bruhat functions of one variable Ay and Aa such that for all x different from 0
we have:

/CIJ(a_lx, a)n(a)d®a = Ay (z) + As(z)n(z).

If F is real and ® is given with compact support, we can take Ay and Ao with compact

support.

Let us return to the first integral of (3.1.11). Using the notation from the proof of the
lemma, the integral is equal to

(3.2.1) Ai(z(1—2)™Y + Ay (z(1 — ) Yzl —2)7h).

If = is sufficiently close to 0 then 1 — x is a norm and n(z(1 — )~ !) = n(z). Moreover,
Ap(z(1—2z)71) is a smooth function of x in a neighborhood of 0. Since the second integral of
(3.1.11)) is evidently smooth at point 0, we conclude that, in a neighborhood of 0, H(z : f : 1)

has the following form:
(3.2.2) H(z: f:n)=A(x)+ Aa(x)n(x)

where A;, i = 1,2, is smooth.

To study H(x : f : n) for large |z| let us note that
10



1 0
0 =z

0 1

9(a) = 9(a™) Lol

It follows that

(3.2.3) H@ ™' fin)=H(z: f :nn(x) with f(g) = f(eg).

There exist therefore two functions B;, i = 1,2, defined in a neighborhood of 0 and smooth,
such that:

(3.2.4) H(z: f:n) = Bi(z™') + Bo(z n(x)

for |z| sufficiently large.

3.3. In summary:

Proposition. Let H be a function on F'* such that there exists a smooth function with

compact support f on G/Z with H(z : f :n) = H(x). Then:

(1) H is smooth on F*;

(2) H vanishes on a neighborhood of 1;

(3) there exists a neighborhood U of 0 and two smooth functions A;, i = 1,2, in U such
that, for x near 0, we have:

H(@) = A1(2) + Ax(w)n(a);

(4) there exists a neighborhood U of 0 and two smooth functions B;, i = 1,2, in U such

that, for |x| sufficiently large, we have:

H(z) = Bi(z™") + Ba(z™")n(z).

3.4. We shall discuss the significance of the zero values of functions A; and B; from propo-
sition (3.3). For this purpose, let us first recall that, if ® is a Schwartz-Bruhat function on
F, then the integral:

[ o@ala

or rather its analytic continuation, has a pole at point s = 0; the residue at this point has
the form C'®(0), where the constant C' depends on the choice of the Haar measure on the
group F'*. On the other hand, the integral:

/ o) |2l () A

has a holomorphic extension at point zero and its value at this point will still be denoted

as an integral:

[ o@myia.

11



We shall introduce the following quantities:

(3.4.1) H(n+:f:n)://f g (1) x (1) ll’ d%an(b)d®b,
(3.4.2) H(n_:f:n)://f g (1) x [1) (1) d%an(b)d®b,
(3.4.3) H(eny: f:n) = //f g ? e (1) ll’ d®an(b)d®b,
(3.4.4) H(en_:f:n) = //f g 2 e 2 ? d¥an(b)d®b.

In general these integrals are divergent, but they can be interpreted as recalled above. For
example, the first integral is the value at point 0 of the meromorphic function which, for
Re s > 0, is given by the convergent integral:

e il

Let us note however that if f has its support in the open set ANwNN then integrals
and are convergent. In fact integral is zero since AN does not intersect
ANwN. On the other hand, the intersection of AN’ with a compact set contained in
ANwN is a compact set disjoint from A. It follows that in the integrand has compact
support in F* x F* and the integral therefore converges trivially. Similarly integrals (3.4.3))
and converge if f has its support in ANN’.

a 0
0

10
0 1

] d®an(b)|b|*d"b.

Proposition. With the above notations and those of proposition (3.3|) we have:

(3.4.6) H(ny : f:n) = Az(0)
(3.4.7) H(n_: f:n) = A;(0)
(3.4.8) H(eny : f:n) = By(0)
(3.4.9) H(en_ : f:n) = By(0).

Proof. Let us prove assertions (3.4.6) and (3.4.7)). According to (3.4.1), it suffices to give

the proof when f has its support in ANN’ or in ANwN. First suppose that f has its

support in ANwN. Then (cf. (3.1.9) and (3.1.11)):

(3.4.10) H(x:f:n)= /@[a(l —2) YL a n(a)d®a
12



where

1 u |1 v
3.4.11 0] =
(3.4.11) (w0 ¢[01w01,
(3.4.12) o(g) = /f(ag)da, acA/Z.
Since H is smooth at zero we have Ay =0 and A; = H(f : n). Then:
1 af |1 a7t
A1(0) :/gb[() A%l 1 ]n(a)dxa.

Taking into account that f is invariant under the center we can write this in the form:

wo- Jf1f

A change of variables shows that this is nothing other than H(n_ : f : n). Since Az and
H(ny : f :n) are zero, relation (3.4.6) is also verified.
Suppose now that f has its support in ANN'. Then (cf. (3.1.7) and (3.1.11))):

] dbn(a)d”a.

(3.4.13) H(z:f:n)= /<I>(a_1(1 —z)7z,a)n(a)d*a
where:

1 u 10
(3.4.14) D(u,v) =¢ [(O 1) X (v 1) ,
(3.4.15) o(g) = /f(ag)da, a€ AL
Let us recall the definition of A1 and As:
(3.4.16) H(x) = Ai(x) + Az(x)n(x);

On the other hand, according to lemma (3.2

(3.4.17) /@(a_lx,a)n(a)dxa = Ci(x) + Ca(x)n(x).

Comparing with (3.4.4), we see that C;((1 —z)'z) = A;(z). Therefore C; and A; have the

same value at zero. Taking the Mellin transform of the preceding equation, we obtain:
//@(m,a)]wﬁn(aﬂasdxa = /C’l(a:)|xsdxx + /Cg(a:)|x\s77(a;)dxx.

Calculating the residue of both sides at s, we find:
/ (0, a)n(a)d*a = C4(0).

According to (3.4.14) and (3.4.15)), the left-hand side is none other than H(n_ : f : n).
On the other hand, the right-hand side is none other than A;(0). Relation (3.4.7)) is thus

established. Relation (3.4.6|) can be established in the same way.
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Relations (3.4.8) and (3.4.9) follow from relations (3.4.6)) and (3.4.7) applied to the func-
tion f” defined by f'(g) = f(eg). O

4. MATCHED FUNCTIONS

4.1. In this paragraph F is a local field, E a quadratic extension of F', n the quadratic
character attached to E. We will still consider the pair (G, A) formed by the group GL(2)
and the subgroup of diagonal matrices and the set X = X(F : F). It is reduced to two
elements (G;,T;), i = 1,2, with say G deployed. Let f be a smooth function with compact
support on G/Z and f;, i = 1,2, a smooth function with compact support on G;/Z;. We
will say that f and the pair (fi, f2) are matched if the following condition is satisfied. For
all x in F different from 1 and 0, let ¢ and g in G; be such that x = P(¢g: T;) (i =1 if x is
a norm of E, i = 2 otherwise); then:

H(z:f:n)=H(g: fi: T;).

Proposition. Given a function f, there exists a pair (f1, fa) matched to f. Moreover, if f
and the pair (f1, f2) are matched we have:

vol(ﬂ/Zi)/fi(ti)dti =H(my:f:n)£Hn_:f:n),

Vol(Ti/Zi)/fi(eti)dti =H(en_: f:n)+ H(eng : f:n)

with the + sign if i = 1, the — sign if i = 2.
Proof. This follows immediately from propositions ([2.4)), (3.3]) and (3.4). O

4.2. If F is real we will denote by K the orthogonal subgroup in G. We will denote by U
the set of pairs (fi1, f2) that are matched to a smooth function with compact support f on
G/Z, K-finite if F is real.

Let Uy (resp. Us) be the first (resp. second) projection of U. Then the sets U; have a
density property.

Proposition. Let ¢ be a continuous function on G;/Z; biinvariant under T;. Suppose that

the integral of ¢ against any function in U; is zero. Then ¢ is zero.

The proof will occupy the rest of this paragraph.
4.3. Let f be a continuous function with compact support on G/Z; then:
(4.3.1) /f(g)dg:c/H(:c:f:A)|1—x|_2d:U, x # 0.

where c¢ is a constant independent of f.
We will also need an estimate on the functions H(z : f : A) where f is continuous with

compact support on G/Z:
14



Lemma. Let f be a function with compact support on G/Z and H(x) = H(z : f : A).
Then H wvanishes in a neighborhood of point 1 and is O(log |x|) for |x| small or large.

Proof of the lemma. It is analogous to that given in ([3.2)) except that lemma ((3.2)) is replaced
by the following assertion: if ® is a Schwartz-Bruhat function of two variables, then there
exist two Schwartz-Bruhat functions of one variable A;, i = 1,2, such that:

/@(a_lx, a)d*a = Ai(z) + Aa(x) log |z|.
Finally, we will need integration formulas for the groups G; analogous to (4.3.1)):

(4.3.2) /f1 dg—cl/H cT)| — 2| 2dz, x>0

(4.3.3) /fg(g)dg = CQ/H(JJ : fo: To)|1 — 2| 2dx, x <0
where ¢; is a constant and f; is a continuous function with compact support on G;/Z;. O

4.4.

Proof of proposition[{.9 To fix ideas, let’s suppose i = 1. Let H(z) = H(z : ¢ : T1). In
particular, H(x) = 0 if x is not a norm. We will calculate up to multiplicative constants.
Now suppose f and (f1, f2) are paired with f K-finite if F'is real. Then according to (4.3.2):

/¢ g1)f1(g1)dgr = /H LT[ — 2| de
On the other hand, let ¢y be the function on G defined by:
¢0(g9) = H(x)n(detd) if g = ag(x)b.

Given the properties of H and the integration formula (4.3.1)), ¢q is locally integrable and:

/gbo(g) dg—/H Df )l — x| da.

Since H(x : f:n) = H(xz: f1 : T1) if z is a norm, we have:

/¢0(9)f(9)d9=/¢(91)f1(91)dg1-

The right-hand side is zero by hypothesis. Therefore ¢q is orthogonal to all smooth functions
(resp. all K-finite smooth functions if F' is real). It follows that ¢g is zero. The same
therefore holds for H; since ¢ is Ti-biinvariant, ¢ is completely determined by H and we

obtain ¢ = 0. O
15



5. ORBITAL INTEGRALS: THE UNRAMIFIED SITUATION

5.1. In this paragraph F is a non-archimedean local field, £ a non-ramified quadratic
extension of F. We will assume that the residual characteristic of F' is not 2 and that the
order of character 1 is 0. We will consider the pair (G, A) formed by the group GL(2) and
the diagonal subgroup. We will denote R as the ring of integers of F', P the maximal ideal
of R, w a uniformizer and K the group GL(2, R). The set X = X (E : F) is reduced to two
elements (G1,T1) and (Ga,T3). We will assume G7 = G, T; contained in the subgroup ZK.
We will simply write 7' for 77. The measures of AN K/ZNK and TN K/Z N K are thus
equal to 1. The aim of this paragraph is to prove the following proposition:

Proposition. Let f be a bi-K -invariant function with compact support on the group G/Z.
Then f and the pair (f,0) are matched. Moreover:

Hny:f:n)=H(n_:f:n)= ;VOI(T/Z)/f(t)dt.

It will be convenient to consider functions with compact support on G rather than func-
tions with compact support on G/Z. Of course, the measures of the sets AN K, TNK,
Z N K are thus equal to 1. If f is a bi-K-invariant function with compact support on G,
then we will set:

(5.1.1) Hg:f:T)= //f(sgt)dsdt, seT, teT/Z.
Since T is contained in ZK this reduces to:
(5.1.2) H(g:f:T)= /f(zg)dz, z € Z.

Similarly, we will set:

(5.1.3) H(g:f:n) = //f(agb)dan(det b)db, a€ A, beA/Z

We will also write H(z : f : n) for H(g(z) : f : ). The relations to prove are thus:

(5.1.4) H(xz:f:n) = /f(zg)dz if v(x) is even and P(g: T) = =z,

(5.1.5) H(x:f:n)=0 ifv(x) is odd.

By linearity we can assume that f is either the characteristic function fy of K, or the
characteristic function f,, of the set

wm

5.1.6 K
(5.1.6) 01

K, where m > 0.
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Note that f,(g) # 0 if and only if the following conditions are verified:

(5.1.7) the coeflicients of g are integers;
(5.1.8) v(det g) = m;
(5.1.9) at least one of the coefficients of g is a unit.

Of course if m = 0 condition (5.1.9) is superfluous.

5.2. We will first calculate H(x : f, : ) which, for simplicity, we will denote H(z : m).
We will begin with the case m > 0.

Proposition. Suppose m > 0. Then H(x : m) is given by the following formulas:
(1) if v(z) is odd H(xz : m) =0;

(2) if v(z) is even H(x : m) = 0, unless v(x) = 0 and v(1 — ) = m in which case
H(x:m)=1.

Proof We will use the following lemma:

Lemma. Let S = (—1)""7 where the sum is over all pairs of integers (i,j) belonging to the
border of the rectangle defined by the inequalities

0<i<P, 0<j<Q.
Then S is given by the following formulas:
if PQ >0, then S =0;
if P=0and Q >0, then S =1 if Q is even and S =0 if Q is odd;
if Q=0 and P >0, then S =1 if P is even and S =0 if P is odd;
if P=0and @Q =0, then S =1.

Let us now prove the proposition. It will be convenient to write Mat[a, b, ¢, d] for the
matrix whose coefficients are the numbers a, b, ¢, d. With this notation we have:

(5.2.5) H(z:m)= Zfm(Mat[wi+k7ij+k,wi7wj])(_1)i+j7

where the sum is over all triplets of integers (i, 7, k). Since the determinant of matrix (5.2.5))
has a valuation equal to ¢ + j + k + v(1 — ) condition ([5.1.8) shows that in the above sum
we can restrict ourselves to triplets such that:

i+j+k+v(l—x)=m.
This allows us to eliminate k and, taking into account ([5.1.7) and (5.1.9)), to write:
(5.2.6) H(z:m) =Y (-1)"

17



where the sum is over all pairs of integers (i, j) such that:

(5.2.7) 0<i<m-—v(l—=x)+v(r)
(5.2.8) 0<ji<m-—v(l—2x)
(5.2.9) if [m —v(1 —z) +v(x) —if¥m —v(l —z)—j]=0.

The sum is empty and H(x : m) is zero unless:
(5.2.10) m—v(l—2z)>0 and m-—v(l—2x)+uv(zx)>0.

Suppose conditions ([5.2.10)) are satisfied. Then we can apply the lemma. We therefore have
H(xz :m) =0 unless

(5.2.11) [m—v(1—z)][m—v(l—z)+v(z)] =0.
The verification of the proposition is then elementary.
5.3. Let us now calculate H(z : 0).

Proposition. H(x : 0) is given by the following formulas:
(1) if v(z) is odd then H(x :0) =0;

(2) if v(z) is even then H(x : 0) = 1, unless v(z) = 0 and v(1 — ) > 0 in which case
H(z:0)=0.

Proof. We still have:
(531) H([E : 0) = Z fo(Mat[wHk,ijJrk,wi,wj])(—l)iH,

where the sum is over all triplets of integers (i, j, k). As above, taking into account conditions

(5.1.7) and (5.1.8]), we can eliminate k£ and write:
(5.3.2) H(z:0) =) (-1)"

where the sum is over all pairs of integers (i, j) such that:

(5.3.3) 0<i<w(z)—v(l-x)
(5.3.4) 0<j<—-v(l-uz).
The verification of the proposition is then elementary. O

5.4. Let us now calculate the integral [ f,(zg)dz. It only depends on x = P(g : T') and
we will denote its value H(z : m : T'). Recall that by definition z is a norm, in other words
the valuation of x is even. We will begin with the case m > 0.

Proposition. Suppose m > 0. Then H(x :m :T) =0, unless v(z) =0 and v(1 —x) =m

in which case H(x :m :T) = 1.
18



Proof. We can assume that F is the extension generated by the square root of 7, where
7 is a unit. Then we can take for T' the multiplicative group of the algebra:

(5.4.1) L:{“ b}
and for € the matrix:

br «a
(542 (0

Let’s calculate H(x : m : T) where x = P(g : T'). We can assume that:

(5.4.3) g=L+e|" "

vT U
Then detg = 1 — z and = = u? — v?7. We have:
(5.4.4) Hb:m:T)=) fm(wky)

k
where

wF(1+ u) wkv

5.4.5 kg =
( ) ©I —wkur W1 =)

Given condition (5.1.8]), this sum thus has at most one term whose index k is determined
by the equation

(5.4.6) k=1/2[m—v(1—x)]

In particular H(b: m : T) = 0 or 1. Given conditions (5.1.7)) to (5.1.9), H(z :m : T) = 1 if
and only if the following conditions are verified:

(5.4.7) m=v(l—xz) mod 2

(5.4.8) the coefficients of matrix (5.4.5) where k is given by (5.4.6|) are integers;

(5.4.9) at least one of the coefficients of this matrix is a unit.

Suppose first v(z) < 0. Then v(1 — z) = v(z). Since v = u?

— o7 and 7 is not a square,
v(x) is even. According to (5.4.7) H(x : m : T) = 0 unless m is also even. Let’s suppose

therefore that this is the case. We can write:
(5410) U= qul/Zv(x), v = vowl/Zv(x)

where ug and vy are integers, at least one being a unit. Then the coefficients of matrix

(5.4.5)) are the numbers:

wl/Q(mfv(a:))(l_i_qul/Zv(a:)), w1/2mv07

- w1/2mv07_’ w1/2(m—v(ac))(1 - qul/Qv(x))
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All these numbers are in the ideal P thus H(z : m : T') = 0. Suppose v(z) > 0. Then
v(l —z) = 0. According to H(x : m) = 0 unless m is even. Suppose this is the
case. Then k = 1/2m, u and v are integers. The coefficients of matrix are now the
numbers:
W2 (1 4 u) wl/2my
—wPmyr W12 (1 — )
All these numbers are in the ideal P thus H(z:m:T) = 0.
Finally, suppose v(z) = 0. Then v(1—z) > 0. If m—v(1—z) is odd then H(xz : m : T') = 0.
Suppose therefore m — v(1 — x) is even. Then the coefficients of matrix are the

numbers:

w1/2[m—v(1—m)] (1 + u) w1/2[m—v(1—x)]v
_w1/2[m7v(1fx)],v7_ w1/2[m7v(17m)](1 _ u)

Since z is a unit, u and v are integers and at least one is a unit. If 1 + v and 1 — u were
both in P we would have 2 € P, a contradiction. Thus at least one of the numbers 1 + u
and 1 —u is a unit. If therefore H(xz : m : T') is not zero then conditions ((5.4.8]) and (5.4.9)
imply that m = v(1 — x). The coefficients of matrix thus reduce to:

14w, v, —vr, 1—u
These are integers and at least one is a unit. Thus H(x: m : T) = 1.
We have therefore completely calculated H and our result agrees with the proposition.

5.5. Finally, let’s calculate H(z : 0: T'). Recall once again that v(x) is even.

Proposition. H(z : 0:T) =1, unless v(z) = 0 and v(1l —x) > 0 in which case H(xz : 0 :
T) = 0.

Proof. As above we have:

(5.5.1) H(@:m:T)=>_ folw"g)

k

The sum in fact has at most one term whose index k is given by:

(5.5.2) E=—-1/2v(1 —x)

In particular H(z : 0 : T') = 0 or 1. Moreover H(x : 0 : T)) = 1 if and only if v(1 — z) is
even and the matrix

wh(1 +u) wkv

5.5.3 whg =
( ) g —whor  WE(1 — )

with k given by (5.5.2)) is in GL(2, R).
Suppose v(z) < 0 and v(1 — z) even. Then v(1 — z) = v(z), v(z) is even and

u = ’LLowl/QU(z), v = ,Uowl/Qv(;r)
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where ug and vy are integers, at least one being a unit. Then the coefficients of matrix

(5.5.3)) are the numbers:

~1/2 ~1/2
W@ fug vy, —ver, w TR gy,

These are integers. Since the determinant of matrix is a unit according to the choice
of k, matrix (5.5.3) is in GL(2,R) and H(z:0:T) = 1.

Suppose v(z) > 0 and v(1 —z) = 0 (of course v(z) > 0 implies v(1 —x) = 0). Then k =0
and the coefficients of matrix (5.5.3) reduce to the numbers:

14w, v, —vr, 1—u
Since u and v are integers, these numbers are also integers and matrix ([5.5.3)) is in GL(2, R).
Thus H(z:0:T) = 1.

Finally suppose v(z) = 0 and v(1 —x) > 0. Then H is zero unless v(1 — x) is even.
Suppose this is the case. Then the coefficients of matrix ([5.5.3)) are the numbers:

w—1/2v(1—$)(1 +u) w—l/?v(1—$)v
w—1/2v(1—az)v7_ w—1/2v(1—a:)(1 _ U)
Since 1 4w or 1 — w is a unit, at least one of these numbers is not an integer thus (5.5.3)) is
not in GL(2,R) and H(z:0:T) = 0.
We have therefore completely calculated H and our result agrees with the proposition.

5.6. By bringing together propositions (5.2)), (5.3), (5.4) and (5.5) we see that we have
proved the identities (5.1.4]) and ([5.1.5)). This thus completes the proof of the first assertion

of proposition (b.1). The second then follows from proposition (4.1)).

5.7. To establish the convergence of global orbital integrals we will need an additional
result, whose proof we will leave to the reader:

Lemma. Suppose h in KZ and let x = P(h : A). Suppose v(z) = 0 and v(1 —x) = 0.
Then the relations

ahbe KZ, ac A, beA
imply
acZ(KNA), beZ(KNA)

The lemma obviously implies the following proposition:

Proposition. Let f be the characteristic function of KZ. Suppose the quadratic extension
E is unramified and T contained in KZ. Let h be an element of KZ and x = P(h: A). If
z and 1 — z are units then:

Hh:f:A) =1, Hh:f:n=1
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6. REMINDERS ABOUT LOCAL REPRESENTATIONS OF GL(2)

6.1. Let F be a local field and E a quadratic extension of F'. We will again consider the
set X which is reduced to two elements (G1,77) and (G2, T5), with say G deployed. It will
be convenient to use the following result:

Proposition. Let 7 be an irreducible unitary representation of G1/Z1. Then the dimension
of the space of continuous linear T1-invariant forms on the space of smooth vectors of  is at
most one. Moreover, such a form is given by the scalar product with a T1-invariant smooth

vector.

If F is not archimedean then the assertion about the dimension is proved in [Wal91,
Propositions 9]. If F is real, it is classical. The rest of the proposition is evident.

6.2. Similarly:

Proposition. Let m be an irreducible unitary representation of G1/Z1 of infinite dimen-
sion. Then the dimension of the space of continuous linear A-invariant forms (respectively

invariant relative to the character nodet of A) on the space of smooth vectors of w is one.
These are propositions 9 and 10 of [Wal80].

6.3. Consider, for ¢ = 1,2, an irreducible unitary representation m; of G;/Z;. We will
assume that the pair (7, m2) satisfies the conditions of theorem (15.1) of [JL70]; in particular

71 is in the discrete series.

Proposition. The representations w; cannot both have a mon-zero vector invariant under
the group T;.

If F' is non-archimedean then our assertion is found in theorem 2 of [Wal91]. If F' is real,
it is classical.

7. GLOBAL ORBITAL INTEGRALS: CASE OF A SPLIT TORUS

7.1.  In the remainder of this work, I’ will be a number field and E a quadratic extension of
F', n the quadratic character of the ideal class group of F' attached to E. In this paragraph
and the next, we will consider the pair (G, A) and a smooth function with compact support
fon G(Fa)/Z(Fa). To the function f is attached the cuspidal kernel K.. Let ¢; be an
orthonormal basis of the space of cuspidal forms for the group G/Z.

Then, by definition:

(7.1.1) Ke(z,y) = > p(£)di(@)0;(y)

where:

(71.2) o(f)dla) = / F(9)b(zg)dg



In this paragraph and the next, we propose to give a useful expression for the integral:
(7.1.3) // K.(a,b)n(detb)dadb, a,b € A(F4)/A(F)Z(Fjy)

We have chosen a non-trivial character ¢ of F4/F. We thus have at each place v the
Tamagawa measure attached to 1, and by transport of structure on A, and Z,. We therefore
have the product measure on A(F4/F) and the quotient measure on A(F4)/Z(Fa). We
will denote by S a finite set of places containing the infinite places, the ramified places in E
and the places of residual characteristic 2. For any place v of F', we will denote by K,. The
usual maximal compact subgroup. In particular K, = GL(2, R,,) if v is finite. We will take
the function f as a product of local functions f,, which are K,-finite at all places. We will
assume that f, is bi-K,-invariant for all v not in S. Indeed, f, is actually the characteristic
function of K,Z, for almost all v not in S. We have a decomposition of K. as a sum:

(7.1.4) Ke(w,y) =Y [z ") — Kopla,y) — Kei(@,y),

where the sum is over all v in G(F')/Z(F), K, denotes the special kernel and K; the
Eisenstein kernel (the definition is recalled later). We can write the first term of this sum

as the sum of two other terms K, and K where:

(7.1.5) K, (z,y) = Zf(x_ly,y), ~v A-regular;

(7.1.6) Ks(z,y) = Zf(xilfy,y), v A-singular.
Then K. can be written as

(7.1.7) K, =K, + K, — Ky — Ke;.

7.2.  We first consider the integral of K,. Any element v of G(F')/Z(F') can be uniquely
written in the form:

(7.2.1) v =ag(§)s, with a and 8 € A(F)/Z(F) and & different from 0 and 1.

(cf. (.1.3) for notation and §(I])). It follows immediately:

(7.2.2) // K, (a,b)n(detb)dadb => H(E: f:m), £#0and 1.

where we have set:
(7.2.3) HE:f:n) = //f(ag(f)b)n(det bydadb, a,be A(Fa)/Z(Fa).

Let us justify our formal calculations. First, the support of f meets only a finite number
of regular classes. Indeed, the function X introduced in paragraph 1 (cf. ) defines
a continuous function from the group G(F4)/Z(Fa) to Fa. It therefore takes only a finite
number of values on the intersection of the support of f with the set of rational points;

the same is thus true for the function P(- : A), which gives us our assertion. On the other
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hand, each of the integrals ((7.2.3|) converges absolutely: it is sufficient to prove this for the
integral

(7.2.4) HE:f: A= // flag(&)b)dadb, a,be A(A)/Z(A).

Each of the local integrals H({ : f, : A,) converges; almost all are equal to 1 (cf. (5.7)).
Therefore (7.2.4)) converges. The same is thus true for (7.2.3) and (7.2.3) is the product of

the corresponding local integrals:

(7.2.5) HE:fn)=[[HE: fo:m).
In this product almost all the integrals are equal to 1 (cf. (5.7)).

7.3. Let’s consider the integral of K. It is not absolutely convergent, but it is ”weakly”

convergent in the following sense. Let ¢ be a number greater than 1. Let us denote by
C C
(7.3.1) / / Ks(a,b)n(det b)dadb, a,b e A(Fq)/A(F)Z(F4)
c 1 Je 1

the integral of Ky(a,b)n(detb) over the set of pairs (a,b) satisfying ¢=! < |ay/as| < ¢,
¢! < |by1/ba| < ¢; where a1 and ap for example denote the diagonal coefficients of a. Since
the integral is taken over a compact set, it exists. We will see that the integral
tends to a limit as ¢ tends to infinity. This limit will be, by definition, the weak integral
of K(a,b)n(detd). We saw in section that there were 6 singular double classes for A,
namely the double classes of the following elements: e,ni,n_,e,eny,en_. Let’s number
them from 1 to 6. Then we have a decomposition of K into 6 terms K;, 1 < ¢ < 6, where
K; is the sum of f(z~!vyy) for all v in the i-th double class. Let’s study the integral of K;
for example. We have

Ki(z,y) =) fle " ay), a€ A(F)/Z(F).
Hence:

/ Ki(a,b)n(det b)dadb = / f(ab)n(det b)dadb;
c 1 Je—1

-1 Je-1
in the left integral, a and b vary in the compact subset of A(F4)/A(F)Z(Fy4) defined above;
in the right integral, b still varies in the compact subset of A(Fy4)/A(F)Z(F,) defined by
¢! < |b1/ba| < ¢, but a varies in the subset of A(F4)/Z(Fa) defined by ¢! < |aj/as] < c.
Let’s change a to ab~! in the right integral. We obtain a double integral, where the inner
integral depends only on |by/bz|. This inner integral can be written as:

/: n(detb)db, be A(Fa)/A(F)Z(F4).

It is zero because the restriction of 7 to the group of idéles of absolute value 1 is not trivial.
The integral of K is therefore weakly convergent and its value is 0. The same applies to

the integral of Kjy.
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Let’s examine the integrals of the other terms, Ko for example. We have:

(7.3.2) Ky(z,y) = Zf(:l:_lom+ﬂy), a,f € A(F)/Z(F).
It follows that:

2\a, = )
/_ /_ Ks(a,b)n(det b)dadb /_ /_ Zf(an+ﬁb)n(det b)dadb;

in the right integral, b still varies in the compact subset of A(F4)/A(F)Z(F4) defined by
c™1 < |b1/ba| < ¢, but a varies in the subset of A(F4)/Z(F4) defined by ¢! < |aj/as] < c.
Let’s now introduce the function ¢ on (F*)4 x F4 defined by:

x[; @1/].

It has compact support. Our integral can be written as:
|3 [ otavs¢yn(erdads,
¢

CEF", ac(F%a, cl'<lal<ec be(FYa/F*, cl<p<ec

z 0

(7.3.3) oz, y) = f [0 )

Using Poisson’s formula with respect to the second variable and taking the Fourier transform
with respect to the second variable, we obtain for this integral the expression:

/Z/¢(ab1,b§)n(b)dadb+/2/¢/\(ab, b¢)|bn(b)dadb, ¢! <|al<ec, 1<|b<ec
¢ ¢

It is evident that the same two integrals extended to the domain:
ac€ Fy, beFi/F%, 1<]bl,

converge absolutely. Moreover, in the integrals extended to the preceding domain, we can
change a to ab™!. We conclude that the integral of Ky is weakly convergent and that its
value is the sum:

/ / ;¢(aabC)U(b)dadb+ / /C ¢"(a, bC)|bln(b)dadb,

acFy, beF{/Fi, 1<|b|.

This is nothing other than the value at s = 0 of the analytic continuation of the following

integral:

(7.3.4) // ¢(a,b)|b|*n(b)dadb, a€ F}, be Fj.
This value will also be written as an integral:

(7.3.5) // é(a,b)n(b)dadb, a€ F%, be Fy.
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With this convention, we can write that the weak integral of Ks is equal to:

(7.3.6) H(ny:f:n) // [0 1] X [(1) ll)] n(b)dadb.

An analogous result holds for the integrals of the other K. Finally, we see that the weak

integral of K exists and is equal to the sum:

(7.3.7) H(ny: f:n)+H(n-:f:n)+H(eng: f:n)+Hen-: f:n);

the first term is defined by (6) and the other terms are defined analogously:

(7.3.8) H(n_:f:n) = //f [3 (1)] X 117 (1) n(b)dadb;

(7.3.9) H(5n+:f:n)://f g (1) € (1) 11) n(b)dadb;
(7.3.10) H(en_:f:n)://f g (1) € ll) (1) n(b)dadb.

7.4. Let’s now consider the integral of K,. Recall the definition of Kj:

Kgp(x,y) = vol™ 1Z/f x(det g)dex(det z)x L (det y),

where the sum is over all quadratic characters x of the idele class group of F and Vol is the
volume of the quotient G(F4)/G(F)Z(F4). If x is such a character, then either x or xn
has a non-trivial restriction to the groups of idele classes of norm 1. Reasoning as for Ki,
we immediately see that K, is weakly integrable and its integral is zero.

8. THE KERNEL OF EISENSTEIN

8.1. We continue with the notations from paragraph 7. We will see that the integral
(8.1.1) / Kei(a,b)n(detb)dadb, a,b e A(Fa)/A(F)Z(Fjy).

is weakly convergent. Regarding the value of the integral, as in the now-classical applications
of the trace formula, we will only need a rather weak result. Let us indeed choose a place
u outside of S that decomposes in E. Let us fix the components of f at other places and
consider the integral as a function of f,. Let us denote by f/* the Satake transform
of f,,. We will prove the following:

Proposition. There exists an integrable function on the real line ¢ and a constant ¢ such
that:

(8.1.2) // Kei(a,b)n(det b)dadb = /¢(t)f$(quit)dt +cefMg™h.
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8.2.  We will need standard results about the Mellin transform of an Eisenstein series. We
will fix once and for all a subgroup C' of F4 isomorphic to the group of real numbers > 0
such that F4 is the product of C and F', the group of ideles of module 1. The group C is
equipped with the reciprocal image measure of the measure t~!dt by the application ¢ — |c|
and F! with the quotient measure. Unless explicitly stated otherwise, all characters of the
group of ideal classes will be assumed trivial on C. Let x be such a character and V(x) the
space of functions ¢ on K (the product of K,) such that:

(8.2.1) ¢ [g Z] k= x(ab~")p(k)
if g 9; is in K.

Let us now consider a function ¢ on K x C, such that for each complex number u
the function ¢(-,u) is in V(x). The function will be assumed to be holomorphic, or even
meromorphic with respect to u; for example, it can be independent of u. We will extend ¢
to a function ¢(g,u,x) on G(F4) such that:

g,u,x = x(ab™H)[abH "2 (g, u, x).

(8.2.2) ¢ [g ”;

The Eisenstein series is then the analytic continuation of the series:

(8.2.3) E(g,¢,u,x) = > ¢(vg,u,X), v € G(F)/AF)N(F).

The series converges absolutely if Reu > 1/2. The constant term of E along N, the
group of strictly upper triangular matrices, is by definition the integral

(3.2.4) Ex(g, 6,1, X) = / E(ng, é,u,x)dn, n € N(Fa)/N(F).
It has the form:

(8.2.5) En(g,¢,u,x) = ¢(g,u, x) + M (u, x)(g, —u, x )

where M (u, x) is the intertwining operator that goes from V(x) to V(x~!). We will also
need another Fourier coefficient of E, namely:

x
(8.2.6) W(g, ¢, u,x) Z/E 0 1] 9, ¢, u, x(—x)dx, x € Fa/F,
where 9 is the fixed character of the group F4/F. The Fourier series of E can thus be
written:
(8.2.7) E(g,¢,u,x) = ¢(g, 4, X) + M(u, x)é(g, —u, x ") + Y _ W(ag, é,u,x)
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where the sum is for o in A(F)/Z(F). We can also consider a Fourier series for the group
N’ of strictly lower triangular matrices. Since

0 -1
(8.2.8) N' =wNw™!, withw= Lo

)

it is actually written:

(829)  E(g,¢,u,X) = d(wg, u, x) + M(u, x)d(wg, —u,x ") + >_ W(awg, ¢,u,X).

The Mellin transform L(s,A : ¢ : u,x) of E is defined by the following integral (or its

analytic continuation):
(8.2.10) L(s,\: ¢ :u,x) :/{E[diag(a, 1)]—Enldiag(a, )]} a|*"*X(a)da, a € F}/F*.

We have removed from the notation the dependence of E on variables other than the one.
By replacing F with its Fourier series, we immediately obtain for the Mellin transform the

expression:
(8.2.11) / Wdiag(a, 1)]|al*~/2A(a)da.

We can also write the Mellin transform of F as follows:

“+o00

00 1
(8.2.12) L(s,...) = /1+ (E — ENy) —F/() (E— EN/) + En + /01 Enr.

1
In each of these integrals, the function is evaluated at the point diag(a, 1) and integrated

against |a|*~1/2A(a) over a subset of the group of ideal classes. For the first integral, for
example, the subset is defined by the inequality 1 < |a|. Using the Fourier series of E, we
obtain without difficulty another expression for the Mellin transform of E:

—+00
(8.2.13) Wdiag(a, 1)]|al*"?A(a)da

1
+oo

+ Wdiag(a, 1)w]|a]* "%\ (a)da
1

+o0
[ el @) + lal ! (@M (o) da
1
" /0 lal" =1~ (@) (uw) + [al* 5 x(a) M (s, x)b(w)]

The first two integrals converge for all s and the last two for Res > 1/2. The last two

integrals can be easily calculated. In particular, for s = 1/2 and u purely imaginary, we
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obtain the following expression for the Mellin transform of E at the point s = 1/2:

(8.2.14) L(1/2,A:¢:u,x) = 1+OO Wdiag(a, 1)|\(a)da
+o0
+ . Widiag(a, 1)w]A(a)da
1

Cu+1/2
L1
u—1/2

where we have defined for any character x of the group of ideal classes

5(X):/X(a)da, a € F}/F*.

We will need to calculate the difference between the Mellin transform and the following

[(w)d(Ax ) + b(e)d(Ax)]

[M (u, x)¢(w)d(Ax) + M (u, x)p(€)5(Ax )]

integral:

(8.2.15) ) E[diag(a, 1)]A(a)da.

c—1
Let us recall that this notation means that the integral is taken over the compact subset of
ideal classes a such that ¢=! < |a| < c. Instead of (8.2.12)), we have for integral (8.2.15)) the

expression:
c 1 c 1
(8.2.16) / (E—EN)—i-/ (E—EN/)+/ EN+/ En.
1 c 1 1 c 1
By replacing E again with its Fourier series, we obtain for (8.2.15)) the expression:

(8.2.17) /1 W [diag(a, 1)]A\(a)da + /1 W (diag(a, 1)w]A(a)da
+/1 a2 xA(@)p(e) + |al />~ M (@) M (u, X)é(e)]da

1
+/ [la| ==X A @)d(w) + la]* " xA @) M (u, x)d(w)]da.

—1

By calculating the last two integrals and comparing with (8.2.14]), we finally obtain the

expression we were aiming for:

c

(8.2.18) y Eldiag(a,1)]X\(a)da = L(1/2,\: ¢ : u, x)
cut1/2 o—ut1/2 »
+m5(X)\>¢(e) + m&X A M (u, x)9(e)
Cu+1/2 . C—u+1/2
tur 1/25(X A)op(w) + m&xk)M(u, X)o(w) + R(c).
where R(c) is given by:
+oo +o0
(8.2.19) —R(c) = Widiag(a, 1)]\(a)da + Wldiag(a, 1)w]A(a)da.
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It is clear that R(c) tends to zero as c tends to infinity.

8.3. We will need precise estimates for R(c). Recall that R depends not only on ¢, but
also on u, A and ¢. Our estimates will be a consequence of the following lemma:

Lemma. Suppose the function ¢ is independent of u. Then there exists a Schwartz-Bruhat
function ¢ such that, for all imaginary u, we have:

\Wdiag(a, 1), ¢, u, ¥]| < ®(a)|a|~?|L(2u+ 1, x>~

The notation L(s,x°) denotes the product of local factors L(s, x.) for all v not in S. Fur-
thermore, we assume ¢ is invariant under K, for all v not in S.

Proof. There exists a Schwartz-Bruhat function in two variables ¢ such that:
(9,1, x) = /@[(Ovt)Q]XQ(t)‘tPqut x x(det g)| det g “*1/ % L(2u +1,x*%) 7",
A formal calculation (done in detail in [JL70], gives:
Widing(a, 1), = L2+ 137 x [ 8 (ta ™)@ O™ dtx(@al 12,

where ®” is the Fourier transform with respect to the second variable. It will therefore
suffice to prove the following assertion: given a Schwartz-Bruhat function ® > 0 in two
variables, there exists a Schwartz-Bruhat function in one variable ¢ > 0 such that for all
idele a we have:
/@(at, tHdt < ¢(a)|a| ™t

Let us consider the analogous local problem. More precisely, let us first consider the case
where the local field F' is non-archimedean and the function @ is the characteristic function
of integers. Then the integral is nothing but the volume of the set defined by the inequalities
la| < |t| < 1. The integral is thus 0 unless a is an integer. Assuming this is the case, the
integral equals 14 v(a). Since ¢ > a this is less than ¢*(¥). Therefore our integral is at most
#(a)|a|~!, where ¢ is the characteristic function of integers. If F' and ® are arbitrary, the
integral, viewed as a function of a, has the form:

/@(at,t‘l)dt = ¢1(a) + ¢2(a)log |a|

where the ¢; are Schwartz-Bruhat functions (cf. (4.3))). It is clear that the right-hand side
is majorized by ¢(a)|a|~!, where ¢ is a suitable Schwartz-Bruhat function. By multiplying
these local majorizations, we easily obtain the required global majorization.

It is classical that the function L(2u + 1, b )~! has at most polynomial growth on the
line Re(u) = 0. On the other hand, if ¢ is a Schwartz-Bruhat function, there exists for all
N > 0 a constant C'(N) such that

+oo
/ d(a)la|~tda < C(N)e™.

Comparing with the definition (8.2.19|) of R, we immediately obtain:
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Lemma. For all N there exist constants C(N) and M such that for all imaginary u we
have:

[R(c,u)| < C(N) el = |ul™.

Similarly, using expression (|8.2.14)) for the Mellin transform and the fact that the operator
M (u, x) is unitary on the imaginary axis, we obtain the following estimate:

Lemma. On the imaginary axis M(u, x)p(k) and L(1/2,\: ¢ : u, x) have at most polyno-

mial growth.

8.4. Let us now study the integral of the kernel K,;. Let us recall its definition. For any
character x, let us choose an orthonormal basis ¢; of the Hilbert space V(x); let us denote
by p(u, x) the representation of G(F)4) by right translations in the space of functions ¢ such
that

(8.4.1) g [g ”g] g =x(ab™)lab~![*1/24(g).

We can identify the space of p(u, x) with V(x) and set:
(8.4.2) F(u,x :1,7) = (p(u, x) i, d;)-

We will write E¢;(x,i,...) for E¢(x, ¢, ...). With these notations:

(8.4.3) Kei(z,y) =Y Ky(z,y)
X

where, for each character x of the group of ideal classes,

+i00

(8.4.4) Ky (z,y) = (2mi)~" Z/ F(u,x :4,5)E(z, j,u, x)E(y,i,u, x) du.

i —100
For a given f, the sums (8.4.3)) and (8.4.4)) are finite. Let us set

(8.4.5) I(e,x) = /: /: K, /(a,b)n(det b)dadb.
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We can obviously exchange the order of integration for u and the pair (a,b). Taking into
account (8.2.18), we obtain for I(c, x) the following expression:

(8.4.6)
+i00
(im) ™1 Z/ F(u,x :14,7)
| cut1/2 out1/2
X [L(1/27 L:j,u,x) + R(c,u) + m&)@%(@ + mfs(X_I)M(Ua x)9j(e)

cut1/2 c—ut1/2

+m5(x_l)¢j(w) + mfs

()M (u, X)¢j(w)]

o—ut1/2 - Fut1/2
m‘“ﬂX)@ (e) + wt1/2

x [L(1/2,n,i,u,x) + R'(c,u) + SO )M (u, X)8; (e)

c—u+1/2

+—u—i—1/2

Cu—|-1/2

du.
u+t1/2 o

S(x"'n)e; (w) + 5(xn)M (u, x)¢; (w)

For each (i,7), the terms R(c,u) and R/(c,u) satisfy the conclusions of lemma (8.3]). For
a given f, F(u,x : i,7) is zero except for a finite number of pairs (i,j). In particular,
F(u,x : i,j) is zero unless ¢; and ¢; are both invariant under all K, with v not in S.
Moreover, on the imaginary axis, F(u, x : ¢,j) decreases rapidly (faster than the inverse of
any polynomial in u). On the contrary, according to , the terms L(...) and the terms
containing powers of ¢ have slow growth. It follows that when we develop expression ,
we find a certain number of terms that when ¢ tends to infinity, these terms tend to zero.
We can ignore these terms. Among the remaining terms, there is an integral independent
of ¢:

+i00

(8.4.7) Z/ |

F(u,x,4,5) x L(1/2,1: j 2 u, x) x [L(1/2,m,4,u,X)] " du.
—100
The other terms are only present if x = 1 or x = 7. Each of these terms is of one of the
following types:

cl/2+u

(8.4.8) /F(u,l 24, 7)L(1/2,m 14k u, 1)7m(¢j(e) + ¢;(w))du,

Cl/2—u

1/27—u(¢;(6> + ¢; (w))du,

(8.4.9) /F(u,n 21, J)L(1/2,1: § :u,m)

cl/qu
(8.4.10) /F(u, 1:d,5)L(1/2,m 4 :u,1)” = u(M(u, Doje) + M(u,1)¢j(w))du,

cl/2+u
BA1D) [ Pl ) E/20 1 5 wn) e ()] () + M )07 ().
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Integral (8.4.7)) clearly has the properties required by proposition (8.1). To prove this
proposition, it will suffice to show that each of expressions (8.4.8)) to (8.4.11) has a limit
when ¢ tends to infinity and, moreover, this limit is zero if the Satake transform of the

function f, is zero at point ¢~!.

This last condition means that the integral of f, on
Gu/Z, is zero and implies that F(u,1:4,7) and F(u,n : 4,7 ) vanish at points u = 1/2 and

u=—1/2.

8.5. Let us examine term from number . We will shift the integration contour
from the line Reu = 0 to the line Reu = —1/2; however on this latter line, we will replace
the segment joining point —1/2 — ie to point —1/2 + ie by the semicircle with center —1/2
and radius ¢ passing through points —1/2 — €i, ¢ — 1/2 and —1/2 + ie. Let us verify that
this contour displacement is legitimate. The factor

F(u) = F(u,1:1,5)(¢j(e) + ¢j(w))

as well as its derivatives, is holomorphic and rapidly decreasing in the vertical strip —1/2 <
Rewu < 0. The exponential function remains bounded. The factor (1/2+ u)~! also remains
bounded at infinity in this vertical strip. Let us examine the Mellin transform. Recall that

we can find an integral representation of ¢;(g,u,1):
oi(g,u,1) = /@[(O,t)g]|t|2“+1dt x |det g|"" Y2 L(2u 4+ 1,15)71,

A simple formal calculation then gives for the Mellin transform (denoted L(u) in abbreviated
form):

(8.5.1) L(u) = L(2u +1,1%)71 / " (a, b)|a)/> y(a) b >~y (b)dadb,

where ®” is the Fourier transform of ® with respect to the second variable. Taking the
complex conjugate of both sides, we obtain:

(8.5.2) L(—u™)" = L(—2u+ 1,1%) 71T (u),
where
(8.5.3) T(u) = / ®1(a,b)|al?""n(a)[b]*/*y(b)dadb.

In this expression ®; is a Schwartz-Bruhat function; the double “Tate” integral T'(u), as
well as all its derivatives, is bounded in the vertical strip —1/2 < Re(u) < 0. Finally, in
the strip in question we have 1 < Re(—2u + 1) < 2 and the function L(—2u + 1,15)7! is
holomorphic and bounded by a polynomial in Im(u). As our integral is written:

/F(u)L(l — 2u, 19) "M () # (12 + u) " du.
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Our displacement of the integration contour is indeed legitimate. Replacing u by u — 1/2,
we obtain for term (8.4.8) the following expression:

(8.5.4) /F(u —1/2)L(2 — 2u, 1%) 71T (u — 1/2)c*u " du.

In (8.5.4) the integration contour is now the line Re(u) = 0, except that the segment joining
point —ie to point ie is replaced by the semicircle of center 0 passing through points —ie,
g, ie. Let us now let € tend to 0. Then the integral over the semicircle tends to

itF(=1/2)L(2,1%)71T(-1/2),

while the integral over the rectilinear part of the contour tends to a ”Cauchy principal
value”. Using a real integration variable ¢ we therefore obtain that (8.5.4]) is also equal to:

o0
(8.5.5) /+ F(it—1/2)L(2—2it, 15" )T (it—1/2)c"t dt+ir F(~1/2)L(2,1%) 7' T(~1/2).
—0o

For real ¢, the function L(—2it42,1°) is given by an absolutely and uniformly convergent
infinite product (or Dirichlet series). Its derivatives are thus bounded and its inverse is also
bounded. The derivatives of the factor L(—2it +2,1%)~! are therefore bounded. In
the product of the first three terms is thus a Schwartz function of t. When ¢ tends to infinity
the Cauchy integral tends to ¢m times the value of the Schwartz function at point 0. In

total we see that (8.5.5)), i.e. term (8.4.8)), tends to a finite limit when ¢ tends to infinity,

namely:
2inF(—1/2)L(2,1%)71T(-1/2);
this limit vanishes at the same time as F'(—1/2,1 : i, 7). This is indeed what we needed to

prove. An analogous conclusion applies to term (8.4.9)).

8.6. Let us now examine term (8.4.10)). For simplification, we will set:
F(u) = F(u,1:14,j).

We will use a slightly different expression from what we have used until now for the Mellin
transform.

Let us write ¢ for ¢; and assume, as is permissible, that ¢ is a product of local functions
¢,. We can also assume that, for each place v, ¢, is either K, invariant, or conversely has
zero integral over K,. Let T be the set of places where this latter condition is satisfied.
Then T is finite and contains S. We can find an integral representation for ¢(g,u, 1) of the

form:
(8.6.1) (g, u,1) = /@[(o, )g]|t]? T dt x | det g|" T2 L(2u +1,17) 71
We conclude, as above, that the Mellin transform appearing in (8.4.10) can be written:

(8.6.2) L(—2u+ 1,177 (u).
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where T'(u) is defined by a double Tate integral, holomorphic for all u. On the other hand,
we can write the intertwining operator M (u, 1) as a product:

(8.6.3) M(u,1) = L(2u, 1) L(2u + 1,1) " N (u, 1)

where N is the normalized intertwining operator. Now the quotient of L(2u, 1) by L(—2u+
1,1) is an exponential function ab®. It follows that the product of factors (8.6.2)) and (8.6.3)

reduces to:

(8.6.4) abL(—2u+ 1,17)L(2u + 1,17) ' L(2u + 1,1T) T (u) N (u, 1).
Thus term (8.4.10) is given by the following integral:
(8.6.5) / P)L(2u+ 1,17 ()2 5(1/2 — u)~ A(u)du,

with
A(u) = ab"L(—2u+ 1,17)L(2u + 1, 1T)_1[N(u, Lo(e) + N(u,1)p(w)].

We will shift the integration contour. The present contour is the line Re(u) = 0. The new
contour will be the line Re(u) = 1/2, except that the segment joining the points 1/2—ie and
1/2+ie will be replaced by the semicircle passing through points 1/2 —ie, 1/2 —¢, 1/2+ie.
The end of the proof will then be the same as in the previous case, except that we must
show that the factor A(u) is holomorphic and slowly growing in the strip 0 < Re(u) < 1/2.
The ratio of L-factors appearing in A is the product of ratios

L(—2u+1,1,)L(2u +1,1,) 7"

for all v in T. If v is a finite place, then this ratio is a rational function in ¢, " and
thus is slowly growing. If v is infinite, Stirling’s formula shows that this ratio has slow
growth. Recall that ¢, equals one on all K, for all v not in T. For such a v, we have
N(u,1y)¢y(ky) = 1 for all u. Thus N(u, 1)é(e) is in fact the product over all v in T of:

N(u, 1,) ¢ ()

If v is finite, this still has slow growth. If v is infinite, this is a polynomial in u. Therefore
A has slow growth. Let us finally prove the holomorphy of A at the poles of the factor
L(—2u+ 1,17) in the strip. Let us prove for example the holomorphy at 1/2 of:

L(—2u+ 1,17)L(2u + 1,17) " N (u, 1)¢(e)
The preceding product can in fact be written as:
TT Z(—2u+ 1, 1) L(2u + 1,1,) 7" N (u, 1) du ()
veT

Take a v in T. Since the integral of ¢, over K, is zero, N(u,1,)¢,(e) vanishes at point
u = 1/2 and this zero compensates for the pole of the factor L(—2u + 1,1,) at the same

point. The product is therefore holomorphic at point 1/2 and this concludes our discussion
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for term (8.4.10). An analogous discussion applies to term (8.4.11)). The assertions of
number (8.1)) are therefore completely proved.

9. GLOBAL ORBITAL INTEGRALS: THE CASE OF A COMPACT TORUS

9.1. In this paragraph F' is still a number field and F is a quadratic extension of F'. We
will fix an element (G,T) of the set X(E : F') and an element € of N(T') —T. Then the
square ¢ of € is an element of F'* and the class ¢/N of the norm group N of E determines
the isomorphism class of (G,T). Let f be a smooth function with compact support on the
group G(F4)/Z(F4). To the function f is attached the cuspidal kernel K.. Let ¢; be an
orthonormal basis of the space of automorphic forms that are cuspidal and orthogonal to
the functions g — x(det g), where  is a trivial square character of the ideal class group of
F. Then, by definition:

(9-1.1) Ke(w,y) =Y p(f)di(2)8; (y)-
We propose to give a useful expression for the integral
(9.1.2) // K.(s,t)dsdt, s,t € T(Fp)/T(F)Z(Fy).

Of course 1 oTr is a character of E4/F and we thus have for each place v of E the Tamagawa
measure on the group E; and, by transport of structure on the group 7;,. We also have the
product measure on the group T'(E4) and the quotient measure on T'(F4)/Z(F4). We will
denote by S a finite set of places of F' containing the infinite places, the places ramified in
E, the places where G is not split, the places where 1), is not of order 0 and the places of
residual characteristic 2. We will choose for all v a maximal compact subgroup K, of G,
such that T), is contained in K, Z, if v does not decompose in E and G(F4) is the restricted
product of the GG, with respect to the K,. We assume that f is the product of local functions
fv, smooth and with compact support, on G, /Z,. We will assume f, is bi-K,-invariant for
each v not in S. We do not change integral if for v not decomposed in F we replace
fu by the function f; defined by:

f1(g) = vol(T,) ! / F(s0gto)dsodts.

We can therefore assume that for each v that does not decompose in E the function f, is
bi-T,-invariant, in particular bi- K,-finite. Finally, we will assume f, bi-K,-finite at places
v that decompose in £. We then have:

(9.1.3) Ke(z,y) =Y fa yy) — Kop(z,y) — Kei(z,y),

where the sum is over all v in G(F)/Z(F), Ky, denotes the special kernel and K the
Eisenstein kernel. The Eisenstein kernel is of course null if G is not split. The kernel K,
is defined by the following sum:

(9.1.4) Kep(z,y) = Z vol ™! / f(det g)dgx(det z)x ! (dety);
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the sum is over all characters x of trivial square of the ideal class group of F' and Vol is the
volume of the quotient G(F4)/G(F)Z(F4). We can define two other kernels:

(9.1.5) Ko(z,y) =Y f@'yy), v T-regular,

(9.1.6) Ks(z,y) = Zf(:c_l'yy), ~ T-singular.
Then K. is the following sum:
(9.1.7) K.=K, + K, — Ky, — K.

Since the quotient T'(F4)/T(F)Z(F4) is compact, integral (9.1.2)) is simply the sum of the
integrals of each term in (9.1.7]).

9.2. Let us study the integral of K,. Each element v of G(F')/Z(F') that is T-regular can

be written uniquely in the form:
(9.2.1) v =0 tur,

where o and 7 range over T(F )/Z(F) and p a set of representatives for the regular double
classes T'(F) in G(F) (Prop. (1.2)). We therefore immediately obtain:

(9.2.2) //K s, t)dsdt = Z//f Lut)dsdt,

the integrals on the right-hand side now both being over T'(F4)/Z(F4). The double integral
on the right-hand side depends only on ( = P(u : T) and we will denote its value by
H(¢: f:T). We can therefore write:

(9.2.3) // Kp(s,t)dsdt =Y H(C: f:T), (€cN -1,

since the function P parameterizes the regular double classes and its values, on regular
elements, are all points of the class ¢N associated with the pair (G,T) minus point 1 (Prop.
(1.1))). Of course, the orbital integral H(¢ : f : T) is the product of local orbital integrals:

(9.2.4) HC:f:T)=[HC: fo: T0).

Almost all factors are equal to 1. Indeed, let v be a place of F' that is not in S; suppose
that f, is the characteristic function of Z,K,. If v does not decompose in F, then T, is
contained in Z, K, and the integral equals 1. If v decomposes in E then the local integral
still equals 1 according to proposition .

9.3. Let us move on to the integral of term K,. There are only two singular double classes,
T(F) and €T'(F). Therefore we have:

(9.3.1) [ Ketstyasde =l [ syat +vol [ sty

where vol denotes the volume of the quotient T'(F4)/T(F)Z(F4) and each of the integrals

is over the quotient T'(F4)/Z(F4).
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9.4. Let us move on to the integral of term Kg,. According to (9.1.4), we have:

(9.4.1) //Ksp s, t)dsdt = ZVOI_ /f x(det g) dg/x(det s)ds/x_l(dett)dt;

each of the integrals over the quotient T'(F4)/T(F)Z(F4) is 0 unless s — x(det s) is trivial
on T'(F4); this is the case if and only if x =1 or x = 1. The integral of K, thus reduces

to two terms:

(9.4.2) //Ksp s,t)dsdt = Vol ™! vol? [/f n(det g dg+/f dg]

In particular, let us choose as in (8.1 a place z of F' not in S, fix the components of f at
places other than z and consider the integral as a function of f/'. Then integral ((9.1.5)) is
of the form cf/ (¢, 1), where c is a constant.

9.5. Let us move on to term K. It is null if G is not split over F. Suppose G is split and
let us return to the notations of (8.4). We have:

+i00
(9.5.1) Kei(z,y) = (in)™! / A(z,y,u)du,
where
(9.5.2) Az, y,u) =) _[p(HEN (@, j,u, X)E(y. jiu, x) "

X:J

Note that the maximal compact subgroup implicit in the definition of Eisenstein series is
now the product of groups K,, with K,Z, = T, if v is infinite. In particular series ((9.5.2))

is finite. Since we are integrating over a compact set we obtain:
+i00
(9.5.3) / Ka(s, t)dsdt = (im)~! / A : f)du,
—100

where
(9.5.4) Alwsf) =Y / () E) (s 4w, x)ds / E(t, j,u, x)dt.

Now [p(f)E](z, j, u, x) is null unless ¢; is K,-invariant for all places v not in S. In particular,
let us choose as above a place z of F' that is not in S and decomposes in E. Then f = f*- f,
where f? is the product of f, for v # z and

(9.5.5) [o(f)E)(w, j,u, x) = f2(az ") [p(f*) El(x, j.u, x).

Therefore we have:
+100 )
(9.5.6) / Kei(s, t)dsdt = (2i7r)1/ fz/\(q;m“)A(u : ff)du

where A(u : f?) is integrable, a result that will be sufficient for our purpose.
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10. THE FUNDAMENTAL IDENTITY

10.1. In this paragraph F is always a number field, E a quadratic extension of F, n the
quadratic character attached to E. We will further consider the pair (G, A) formed by
the group GL(2) and the subgroup of diagonal matrices A; we will fix an element ¢ of the
normalizer of A that is not in A. We will denote by K, the usual maximal compact subgroup
of G, and we will assume ¢ is contained in K, for all v. We will give ourselves a finite
set S of places of F', containing the infinite places, the places that ramify in E, the places
where 1 is not of order 0 and the places of residual characteristic 2. It will be convenient
to assume that S has an even number of elements. Let X (.S) be the set of pairs (G',T")
in X(F : F) such that G’ splits outside of S. For each (G',T") in X(S) and each place v,
we will choose a maximal compact subgroup K|, of G) such that G'(F4) is the restricted
product of the G, with respect to the K. We will assume that if v does not decompose in
E then T is contained in K Z,. For all v not in S the measures of T, N K /K| N Z, and
A,NK,/K,NZ, are 1. We will fix an element &’ of the normalizer of T that is not in 7" and
we will assume that ¢’ is in K, for all v not in S. We will give ourselves a smooth function
with compact support f on G(F4)/Z(F4) and, for each (G',T") in X (S), a smooth function
with compact support f on G'(Fa)/Z'(F4). Of course these functions will be assumed to
be products of local functions. We will furthermore make the following hypotheses:

10.1.1. Let v be a place in S that does not decompose in E. Then f] is T)-biinvariant.
Moreover if x is an element of F, different from 1 and 0, (G’,T") an element of X (S) and
¢’ an element of G, such that z = P(¢’ : T,) then (cf. §4):

H(x: fy:iny)=H(g : f :T)).

10.1.2. Let v be a place of S that decomposes in E. Then f, is K,-finite and f] is K| -finite.
Let g be an A,-regular element of G,. If (G',T") € X(S) and ¢’ € G/, are such that

P(g:A,)=P(¢:T))
then:
(i). H(g: fo:Ay) = H(g’ : f{; : Té);

(). [ folaw)day = [ f5(t;,)dty;

(iii). [ fo(eay)day, = [ fi('t))dt..

10.1.3. If v is not in S then f, is K,-biinvariant, f, K|-biinvariant and any isomorphism

of the pair (Gy, K,) onto the pair (G}, K}) transforms f, into f].
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10.1.4. Remark. In the situation of condition there exists an isomorphism of the
pair (G, A,) onto the pair (G, T)). Condition is satisfied if we take for f; the
image of f, under this isomorphism. Indeed this is clear for (((10.1.2)).i) and ((10.1.2)).ii).
For ((10.1.2)).iii), the integral on the right-hand side does not change if we replace &’ by the
image of € under the isomorphism in question and then our assertion is evident.

To the function f is associated the cuspidal kernel K. for the group G. Similarly, for each
(G',T"), to the function f’ is associated the cuspidal kernel K for the group G’. We will
prove in this paragraph the following result:

Theorem. With the preceding hypotheses and notations:
(10.1.1) //K a,b)n(det b)dadb = //K’ s,t)dsdt, (G',T') € X(S).
(G/ T/

10.2. To prove our identity we will write, as in paragraphs 7 and 9:

(10.2.1) K.= K, + Ks — Kgp — Ko,

10.2.2 K =K +K/ -K —-K..
c r s sp ei

We will first prove the following identities:

10.2.3 K, (a,b)n(det b)dadb = K' (s,t)dsdt,
( )

(g, 1)

(10.2.4) //K a,b)n(det b)dadb = / K/ (s,t)dsdt.

(¢, 1)

Supposing these identities proven, let us show how the theorem follows. Consider the
difference:

(10.2.5) //K a,b)n(detb)dadb — > / K!(s,t)dsdt.

(G/ Tl

Given ((10.2.3) and ([10.2.4)), it can be written as:

//Kspab (detb)dadb + > // (s, t)dsdt

(G.17)

//Kelab (det b)dadb+ // (s, t)dsdt.

(G, 17)
Let us recall that for group G these are weak integrals.
Let us now choose a place z of E that is not in S and that decomposes in E. Let us fix

the components of f and f’ at other places. At place z, the Satake transforms of f, and f,
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are the same. We can therefore consider our integrals as functions of f/. Then according
to (8.1)), (9.3) and (9.4), the sum above has the form:

+00 )
(10.2.6) S(t) f2(az > )dt + cf2(az ),

—00

where ¢ is integrable. We complete the proof as in [Lan80] using the fact that the integrals
of K. and K. also have the form:

(10.2.7) > afl (),

where the complex numbers ¢ are either on the unit circle or on the real axis between ¢!
and ¢, and the series of a; is absolutely convergent. The uniqueness of the decomposition
of a measure into an atomic measure and a continuous measure implies that the difference

(10.2.5)) is in fact zero.

10.3. Let’s prove equality ((10.2.3]). The left-hand side can be written as:

STHC: frn), (#0,1,
¢

while the right-hand side can be written as a double sum:

DD HE T
) <

(G",8

where the inner sum is over all { in the class ¢V, excluding point 1, determined by the pair
(G',T"). We can recombine the two sums and write the right-hand side as a sum

D H(C:f':T), ¢eN(S)-1,
¢

where N(S) denotes the union of the classes ¢N determined by the elements of X (.59).
According to class field theory, the elements of F* — N(S) are exactly the ¢ in F* that
satisfy the following condition: there exists a place v of F', which is not in S, which does
not decompose in F' and such that { is not a norm of the quadratic extension FE, of F.
According to Proposition , we have, for such a ¢, H(¢ : f, : ) = 0 if v is the place
in question. It follows that H(¢ : f : ) = 0. Therefore, it suffices to prove the equality of
the orbital integrals H(¢ : f :m) and H({: f': T') if ( is in N(S). Let us decompose these
integrals into products of local integrals H({ : f, : ) and H(C : f} : T)) respectively. For

v in S, the equality of these integrals follows from hypotheses (10.1.1)) and (10.1.2)). For v
not in S, the equality follows from hypothesis (10.1.3)) and proposition (5.1]). The equality

of global orbital integrals, and formula (10.2.3)), are thus established.
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10.4. Let us now prove equality (10.2.4)). We can use formula ([7.3.7)) to calculate the left-
hand side and formula (9.3.1)) to calculate the right-hand side. Equality (10.2.4)) will then
be a consequence of the following two equalities:

(10.4.1) Hngy:f:n)+Hn_: f:n)= Z vol(T'(FA)/T’(F)Z'(FA))/f’(t)dt,

(@17

(104.2) H(eny:f:nm)+H(en_:f:n) = Z vol(T'(FA)/T/(F)Z/(FA))/f’(e’t)dt.
(G17)

The second identity follows from the first identity applied to the function f; defined by
f1(g) = f(eg) and to the functions fi defined by fi(g) = f'(¢'g). It is indeed easy to verify
that conditions (10.1.1)) to (10.1.3) are satisfied by fi and the f{. Let us therefore prove
the first identity.

Let us calculate the right-hand side of . Let us introduce a differential ideal a of
E and b of F. The analytic continuation of the Tate integral

(10.4.3) /WWWWu

where ¢ is a Schwartz-Bruhat function, takes at point s = 0 the value:

L. [ [ eutmtes)de,L0.)7 ] ou(0)la 2

veT veV

where T' is the set of places of F' that do not decompose in F and V the set of those that
do decompose.
Let us apply this formula to the functions ¢ and ¢_ defined by:

P4 (x) = /f _a (é T) da, a€ A(Fa)/Z(Fa),

r 1

¢_(g;):/f a(l 0) da, ac A(Fa)/Z(Fs).

The local components of ¢, and ¢_ are defined analogously in terms of the local com-
ponents of f. Then the right-hand side of (10.4.1)) is nothing but the sum of the values of
the Tate integrals (10.4.3]) of ¢4 and ¢_ at point s = 0. Moreover, we obviously have for
each v in V:

¢+(0) = - ,(0) = /fv(av)dava ay € Ay/Zy.

On the other hand, for each v in T', the values at point 0 of the Tate integrals of ¢ ,, and
¢_» are nothing but the singular orbital integrals of points n and n_. Let us therefore
set, to simplify the notation:

M, = /fv(av)dav for vin V,

M,y =2H(ny : fy:1ny) forvinT.
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Then the left-hand side of equality (10.4.1) can be written:
(10.4.4) L(0, ) [T 1/2200,70) 7 T lawl™? x T] Mo[] | Mo + [ Mo-].
T % % T T

Note that in each of the infinite products, almost all factors are equal to 1.
Let’s move to the second member of (10.4.1). The volume that appears there is none
other than 2L(1,n), as is well known. The integral is obviously the product of analogous

[ rwie=T] [ fite.)ae

If v is in V, the local integral is none other than M, according to hypothesis (10.1.2)(ii). If
v is in T', then the integral is equal to

local integrals:

vol(Ty,/ Zy) ™ 1/2[ My + 1y (¢) My ]

according to proposition (4.1) and proposition (5.1)). The volume that appears in this
formula is none other than |by|"/2|a,|~"/2, where w is the unique place of E above v. In
total, the right-hand side of ((10.4.1)) is equal to the following product:

(10.4.5)

2L(1,m) Z H 1/2L(Ov77v)_1 H ‘bw|_1/2|av|1/2 H M, H 1/2[My— + 1y (c) My ].

ceN(S)/N veT veT veV veT
Comparing with (10.4.4]), we see that it suffices to prove the following equalities:
(10.4.6) LO,n) I laol = Z(1,0) TT lowl ™2 las|"/2,
veV veT

(10.4.7) [ Mos+ [ Mo—=2 > T 1/20M0- + nu(c) Moy
veT veT ceN(S)/N veT
Equality follows immediately from the functional equations of functions L(s,1g)
and L(s,1p) and their relation with L(s,n).
Let’s move to equality . For v € T — S we have n,(c) = 1 according to the
definition of N(S) and M,y = M,_ (Prop. (5.1)); moreover, for almost all v € T'— V,
Myy = M,— = 1. Setting U =T N S, we see that identity reduces to:

[0+ [[M-=2 > []1/20M0- +n0(c)Moy].

velU vel ceN(S)/N veU

Let H be the group {1,—1}Y. For each v in U, let us define a character y, of H by the
formula x,(h) = h,. Let H' be the subgroup of H defined by the equation [], o xv(h) = 1.
Then the mapping ¢ — (1,(c)) defines a bijection from N(S)/N to H'. With this notation,

the formula to be proved becomes

H M,y + H M,- =2 Z H 1/2[My— + xo(h) My ).

vel velU heH veU
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Since [H : €] = 2[H’ : €], the right-hand side can be written:
e ) e ] Mer T Mo
Y heH'vey veY veU-Y
where the outer sum is over all subsets Y of U. The character [[, .y X» has a non-trivial
restriction to H', unless Y is empty or equal to U. In the preceding sum, therefore, only

the terms corresponding to the empty set and U remain; this gives us our equality.

11. THE RESULT OF WALDSPURGER

11.1. We will finally prove Waldspurger’s result using the identity from paragraph .
We will denote by S a finite set of places of I satisfying the conditions of paragraph .
Since we can take S arbitrarily large, there will be no issue in only considering cuspidal
representations of G that are unramified outside S, couples (G',T") belonging to X (.5), and
for such a couple, cuspidal representations of G’ that are unramified outside S. We will
denote by K (resp. K° ) the product of compact subgroups K, for all v (resp. all v not in
S) and G¥ the restricted product of G, for v not in S. For a couple (G',T") in X (S), the
notations K’, K’® and G’® have analogous meanings.
To specify the first Waldspurger condition, let us note that if the integrals

/ ¢(a)da and / d(be)n(det b)db

are not zero for a couple of smooth vectors, they are not zero for a couple of K-finite vectors
(¢, ¢'); moreover if S is large enough, then ¢ and ¢’ are K®°-invariant. Similarly if there
exists a couple (G',T") in X, a cuspidal representation 7’ and a smooth vector ¢ in the space
of 7' such that the integral [ ¢(¢)dt is not zero, then we can take ¢ K’-finite; moreover, if
S is large enough, (G’,T") is in X (S) and ¢ is invariant under K’°.

11.2. Let us therefore consider a set S and functions f and f’ satisfying the conditions of
paragraph (L0). In particular f, (resp. f;) is bi-invariant under K, (resp. K). Consider
the kernel K.. We can write it as:

(11.2.1) K.=) K,

where, for each cuspidal automorphic representation (unramified outside S) 7, we have
defined:

(11.2.2) Kq(z,y) = Zp(f)cbj(x)qb; (v),

¢; denoting an orthonormal basis of the subspace of K S_invariant vectors in the space of
m. We will assume the ¢; are K-finite. The series converges not only in the Hilbert
space of square-integrable functions on the quotient G(Fa)/G(F)Z(F4), but also in the
space of rapidly decreasing functions on the quotient G(F4)/G(F)Z(F4). Moreover, since

fv is K, -finite for infinite v, the series (11.2.2]), for a given f, has only a finite number of
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non-zero terms. Let us denote by H(S) the Hecke algebra of group G* relative to subgroup
K?S. Let us write f = fof®, where fg (resp. f°) is the product of f, for v in S (resp. not
in S). Let A, be the character of H(S) attached to a representation w. Then we have:

(11.2.3) / K.(a,b)n(det b)dadb = Z a(m, f$)Ax(f2),

where we have defined:

(11.2.4) T, fs) = Z/ (fs)o;(a da/¢ n(det b)d

11.3. Let us similarly consider a couple (G, S’) in X (S). We still have a decomposition

(11.3.1) K.=) Ku,

(11.3.2) Ku(z,y)=>_ p(f)bi(2)0; (v),
j

where ¢; is an orthonormal basis of the space of K ’S_invariant vectors of 7. The series

(11.3.1)) still converges in the space of rapidly decreasing functions and series (11.3.2)) is
finite. By integrating term by term we find:

(11.3.3) // K (s, t)dsdt = a(n, f§) A (f°),

where we have defined
(11.3.4) 7, f5) = Z/ " (s ds/qb

The total integral is therefore:

/ K(s,t)dsdt =Y a(n’, f§) A (f"9).
"
11.4. Let us now use our fundamental identity. Note that if 7’ is a cuspidal representation
of G' and 7 the cuspidal representation of G that corresponds to it, then Ax(fs) = A (f5).
Since 7" determines m we can write a(w, fg) for a(n’, f§). On the other hand, for a given
representation 7 for group G, it will be convenient to set a(m, f5) = 0 if there does not exist
a representation 7’ for G’ corresponding to w. Then our fundamental identity becomes:

(11.4.1) D alm f)Am, ) =D 1)) alm, f9)IA (T, £5).

e e G/ T/

In this formula f° is an arbitrary element of H(S). Let v be a place in S. Then the
function f, is arbitrary K,-finite. The function f} is related to f, by conditions ([10.1.1]) or
(10.1.2). If v decomposes, f} is in fact arbitrary K|-finite (cf. (10.1.1))). If on the contrary

v does not decompose, then f] is no longer arbitrary but satisfies a density condition: if a
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continuous function h on G,/Z, is bi-T,-invariant and orthogonal to all possible f; then h
is zero (Prop. (4.2)).

Suppose that 7 satisfies the first Waldspurger condition; then there exist K-finite vectors
¢ and ¢’ in the space of 7 such that:

/qﬁ )da #0 and /¢ n(det b)db # 0,

and we can suppose ¢ and ¢ are K°-invariant. Let us choose the basis ¢j such that
= ¢'/||¢||7*. There exists fg such that p(fs)¢1 = ¢ and p(fs)d; = 0 if j # 1. Then we

have:
a(m, fs) = /QS da[/gbl detbdb] £ 0.

According to the principle of “infinite” linear independence of characters of H(S) ([Lan80,
p. 211]), there exists at least one (G’,T”) such that a(r, f§) is not zero. It evidently follows
that there exists at least one ¢ in the space of 7’ such that [ ¢(t)dt is not zero. Thus 7
satisfies the second Waldspurger condition.

Suppose now that there exists a couple (G, T”), a representation 7’ and a K’-finite vector
¢ in the space of ©’ such that the integral [ ¢(¢)dt is not zero; we can suppose that (G',T")
is in X(9) and ¢ is invariant under K. We will see that we can choose f4 such that
a(n’, fg) is not zero. The integral over T' defines a continuous linear form on the space of
smooth vectors of 7’ fixed by K’S. Let us write it as the scalar product with a ” generalized”
vector ep:

[ ottt = o.en).
If h is a smooth function with compact support on Gg/Zg, then 7’/(h)(er) is defined: it is a
smooth vector such that (¢, 7' (h)er) = (7'(h*)¢, er) for all vectors ¢, smooth or not. With
this notation we have:
a(m, fs) = (7'(fs)er, er).
The subspace of 7’ formed by K’ -invariant vectors is isomorphic to the tensor product of
the spaces of 7/, with v in S. For each v in S, there exists a non-zero continuous linear form
e, on the space of smooth vectors of 7T; that is invariant under 7},. This form is unique up
to a scalar factor (cf. and , and we can therefore write:
a(r’, fg) = (m (fs er.er) = C [[(mo(f))ev, ),
ves

where C' is a non-zero constant. It remains to see that we can choose f/ such that
(7o (f))ew, €y) is not zero. This is evident if v decomposes since f] is then arbitrary K| -finite.
If v decomposes, e, is in fact an ordinary vector since T, is compact. Then (m,(f})es, €y)
is the scalar product of the function f] with the continuous matrix coefficient (7'(g)e, ey);
it therefore cannot be zero for any choice of f] according to the density property of f;. On
the other hand, if (G”,T") is another element of X (S), then a(m, f¢) = 0; otherwise there

would exist at least one place v in S where the groups G, and G/ are not isomorphic and the
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representations 7, and 7/, admit non-zero vectors invariant under 7, and T}/ respectively.
But this is impossible (Proposition ) The coefficient of A; in the second member
of is therefore non-zero, for a suitable choice of fg (i.e. fg). It follows as above
that a(m, fg) is not zero. This evidently implies that 7 satisfies the first Waldspurger condi-
tion. This therefore completes the demonstration of the equivalence of the two Waldspurger

conditions.
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