Mathematics 234, Fall 2005 Lecture 2 (Wilson)

First Midterm Exam  October 6, 2004 ANSWERS

Problem 1
Let f(z,y) =z cos(y) + e*¥ and let P be the point (2,0).

(a)

N
Find the gradient V[ at P.

ANSWER:

We compute first the partial derivatives. f, = cos(y) + y €*¥ which when z = 2 and y = 0 gives
1+0=1. f, = —zsin(y) + z e which at (2,0) gives 0 + 2 = 2 Thus V_} at (2,0) is 7'+ 27.

For the vector ¥ = —37'+ 47, find the directional derivative of f at P in the direction of .
ANSWER:

First we find a unit vector @ in the direction of ¥. Since |9] = /94 16 = 5, we use @ = =7 =
—%z—' + % 7. Now compute the dot product of that with the gradient from (a) and get —% + % =1.

Find a vector @ in the direction of the level curve f(z,y) = 3 at P.
ANSWER:

We know the gradient is perpendicular to the level curve. Hence we can use any vector perpen-
dicular to the gradient. If we let & have the components from the gradient, but with the order
interchanged and one sign changed, i.e. W = —27+ 7, then its dot product with the gradient will
be zero so they will be perpendicular.

Give a vector in the direction which makes the directional derivative at P largest. What is the
directional derivative in that direction?
ANSWER:

The gradient points in the direction of the largest directional derivative, so we can use that
vector: 7+ 27. In that direction the derivative is the magnitude of the gradient, v/1 + 4 = /5.

Problem 2

(a)

The function f(z,y) = HEQ—Tny;FL‘ly is continuous at the point (1,2).
How can I tell that is true? Give reasons based on theorems in the textbook: You do not need
to quote the theorems or cite where a theorem appears in the book.

ANSWER:
Since f is given as a quotient of polynomials, which are continuous everywhere, f will be con-
tinuous anywhere its denominator is not zero. This denominator gives 12 —22 =1 —4 = —3 at

the given point, so it is not zero.
What is  lim  f(z,y)?

(z,y)—(1,2)
ANSWER:
Since f is continuous at this point, the limit will be the value of f at the point, i.e. 12_2?}#
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(b)

The function f(z,y) = nggﬂ does not have a limit as (z,y) — (0,0).
Justify this statement carefully: Give numeric evidence, don’t just paraphrase the definition of

the limit.
ANSWER:

If we approach (0,0) along the line y = ma for some constant m, we have f(z,y) = f(z,mz) =

% which is equal to liﬁ"% for any z # 0. Hence the limit coming in along such a line

is 143—7:15 Along different lines, i.e. for different values of m, this gives different results. For

example, coming in along y = 0, where m = 0, we get 0, but along y = z (m = 1) we get
2 = 1. Since we don’t have a consistent limit on different lines there is no limit.

T+1
Problem 3
Some mechanism forces an object to move with position vector given by 7(t) = t?7'+ e'7+ telk, for
—1<t<1.
(a) Find the velocity for this motion, both in general and at ¢ = 0.

ANSWER:
T(t) =7(t) = 27+ €' 7+ el (1 + t)k. At t =0 we get 7(0) = 7+ k.

Find the acceleration for this motion, both in general and at ¢ = 0.
ANSWER:
at) = (t) = 20+ e'T+ e (2 + t)k. At t =0 we have @(0) = 27+ 7+ 2k.

Find equations for the tangent line to this object’s path at ¢ = 0.

ANSWER: The tangent line goes through the position given by #(0), i.e. (0,1,0), in the direction
of 7(0) = 7+ k. In parametric form we can write x = 0+ 0t, y = 1 + 1¢, and z = 0 + 1¢, i.e.
z=0,y=1+1¢ and z =t

Suppose the mechanism breaks and from the instant ¢ = 0 the object flies freely. Will it ever hit
the plane where y = 27 If so, at what point will it hit that plane?
ANSWER:

For the object, flying along the tangent line derived in (c), to hit y = z, we must have 1 +¢ = ¢.
Since that implies 1 = 0, it never occurs.

Problem 4

Let

-

7(t) = 12sin(t)7+ 5t 7+ 12 cos(t)k describe the motion of an object along a curve in space.

Find as functions of ¢:

(a)

The velocity ¥/(t)
ANSWER:
F(t) = 7 (t) = 12cos(t)7+ 57— 12sin(t)k.

The acceleration d(t)
ANSWER:
@(t) = o' (t) = —12sin(t)7 — 12 cos(t)k.



()

(d)
(e)

(f)

The unit tangent vector T(t)
ANSWER:
The magnitude of

is \/144(3082( t) + 25 + 144 sin?(t) = /144 + 25 = V169 = 13, so T(t) =

u(t)
L5(t) = Beos(t)T+ 37— 1 2 sin(t)k.
The principal unit normal vector N (¢)

The curvature x(t)

I will compute ap and ay first, then do (d) and (e):

The tangential (scalar) component of acceleration ap
ANSWER:

ap = f,'r—ﬂ'—' = ﬂ Using our answers to (a) and (b) and the magnitude computed in (c), we have

—144 cos(t) sin(t)+144 cos(t) sin(t
ap = (O)sin(e) 144 cost)sin(®) _

The normal (scalar) component of acceleration ay

ANSWER:

Since ayr = 0, @ = 0T + aNJ\_f, i.e. N is a unit vector in the direction of @ and ay is the
magnitude of @. Thus ay = |d(t)| = \/144(sin2(t) + cos?(t) = /144 = 12. Then N = Lat) =
—sin(t)7 — cos(t)k.

One of the many formulas for the curvature x(t) is ﬁ—{"’; Hence rk(t) = &% = {2 for all ¢.

Problem 5

For the function f(z,y) = z? — zy + 3y*:

ANSWER:

Since it will help in both (a) and (b) I first note the linearization L(z,y), using the partial derivatives
whenz =3 and y =1, is L(z,y) =15+ 7(z —3) — 9(y + 1).

(a)

(b)

Find an equation for the tangent plane to the graph of f(z,y) at the point (3, —1,15).
ANSWER:
Since the tangent plane is the graph of L(z,y), we can use z = 15+ 7(x — 3) — 9(y + 1).

Use a linear approximation to estimate f(2.98,—0.97).
ANSWER:

We compute L(2.98,—0.97) = 15 + 7(—0.02) — 9(0.03) = 15 — .41 = 14.59.
(If we compute the actual value f(2.98,—0.97) we get 14.5937, so this is pretty good!)

Problem 6
Let f(z,y,2) = zyz + x sin(z).

(a)

Calculate all three first partial derivatives of f.

ANSWER:
i = yz + sin(z), %5 = zz, and %zt = xy + x cos(z).



(b) Calculate all nine second partial derivatives of f.

ANSWER:

0? 0? 9?2 : o’ f o’ f o’ f o’ f

%g = O’ B_yé = 0’ %'é = —xsm(z), oyox = % 01 — y+COS(Z)’ 0xdy = % 020y = 7,
9?2 9?2

awfz =y + cos(z), and —6yafz =z.

You could save some work by using and citing the fact that the function is so “nice” that it has
continuous second partial derivatives, and hence the mixed partials can be computed in either
order. By calculating them all individually, as above, we can instead use that fact as a check on
OUT aISWeTS.

Problem 7

Let f(x,y) = 2?4+ 2z +y? — 3y + 4.

Find all points (z,y) such that the tangent plane to the surface z = f(x,y) at the point (z,y, f(z,y))
is parallel to the plane —2z + 3y — z = 0.

Hint: Write an equation involving zg and yo that describes the tangent plane to the surface at the
particular point (z¢, yo, f (70, %0)). Remember how the equations of parallel planes compare, and solve
for which value(s) of 2y and yo make these parallel.

ANSWER:

Using the hint, we first find the tangent plane. We have had two ways to do this, either works, but I
will let F(z,y,2) = f(z,y) — 2z = 2? + 22 + y? — 3y + 4 — z and then the surface is F(z,y, z) = 0. The
gradient of F' at (29,0, 20) is (2x0 + 2)7+ (2yo — 3)7— k, which must be perpendicular to the tangent
plane at (xg,yo, 20). But the vector —27+ 37— k is perpendicular to the given plane, so for the tangent
plane to be parallel to the given plane these two vectors must be parallel. Hence for some number C,
2¢0+ 2 = —2C, 2yp — 3 = 3C, and 1 =1 x C. From the last of these we get C' =, so 229 + 2 = -2,
29 = —2, and 2yy — 3 = 3, yo = 3. Thus the only point is (—2,3). (Since f(—2,3) = 4, the actual
point on the surface is (—2,3,4). But we were asked for the z and y values.)

Problem 8

(a) Consider the function given in cylindrical coordinates F(r,0,z) = 2r? 4+ z2. Convert the function
to rectangular (z-y-z) coordinates and find an equation for the tangent plane to the level surface
through the point (in rectangular coordinates) (1,2,3).

ANSWER:

2

Since r? = x? + y?, the function becomes f(z,y, z) = 222 + 2y + 22 in rectangular coordinates.

Then f(1,2,3) =2+4+8+9 = 19, so the level surface in question is f(z,y,z) =19. The gradient
of f at (1,2,3) is 47+ 87+ 6k, which must be perpendicular to the tangent plane. The plane
goes through (1,2, 3) so its equation can be written 4(z — 1) + 8(y — 2) + 6(z — 3) = 0.

(b) An object moves in air so that its position (z,, z) at time ¢ is given by (sin(t),2 cos(t), e3').

The region of space through which the object moves has air temperature given by T'(x,y,x) =
20 + zyz — 22 — 2y degrees on some scale.

Find %, both for ¢ in general and at the instant when ¢t = 7.

ANSWER:
. . d
Using the chain rule, ‘fl—:tp = g—gﬁ—f + %—r‘gd—?{ + %—Z%.



Computing the derivatives of the given functions we have g—g = yz — 2z, ‘3—5 = zz — 2, and

9L = py, while & = cos(t), % = —2sin(t), and & = 3¢,
Putting these together we get 4 = (yz — 22) cos(t) — 2(zz — 2) sin(t) + 3(zy)e*. You can reduce
all of those to explicit functions of ¢ or leave them in that form.

At t =7 we have £ = 0, y = —2, and z = €3™. So the derivative at that time is 2 e3".



