First Midterm Exam February 24, 2004 Answers

Problem 1 Evaluate the integrals:

(a) / sin?(z) cos®(x) dx

Answer:

This product of an even power and an odd power of sines and cosines we can handle by putting one copy of
cos(z) with dz and using cos?z = 1 — sin z on the rest of cos?(z). We get [ sin?(x)(1 — sin?(z)) cos(z) dz
= [(sin®(z) — sin*(z)) cos(z) dz. If we let u = sin(z) so that du = cos(z)dz, this is [(u? — u?)du =

%u?’ — %u5 + C, or substituting the original variable % sin?(z) — %sin5(x) +C.
(b) /6 cos?(z) sin?(z) dz
0
Answer:

I’ll put off worrying about the limits of integration until we complete the antidiﬂ'erentiation. This time both
powers are even so we use sin?(z) = (1 —cos(2z)) and cos?(z) = 3(1+cos(2z)). We get 7 f(1+cos(2x))(1—
cos(2x)) dz = 1 [(1—cos (2x)) dx Now we use one of those identities again to get 1 [(1—%(1+cos(4z))) dz

=1 [(1—cos(4z)) dz = §(z — tsin(4z)) + C = £ — L sin(4z) + C. Now going back to the definite integral
we need to evaluate that at x = § and z =0 and subtract, getting & — = sin(&) = & — g.
Problem 2

. 4z?
(a) Evaluate the integral: / —dx
(1-a2)?

Answer:

I would draw a right triangle and label it: One of the acute angles I will label 6, the hypoteneuse 1,
the leg opposite to 6 T will label z, and then if the leg adjacent to 6 is labelled v/1 — z2 the labelling is
consistent with the Pythagorean theorem. We have z = sin® so dz = cos(6)df, and v1 —2? = cos(0.
Putting those in the integral we get 4 [ 45‘% 09 cos(0)df = 4 [ sin 0 g — 4 [tan?@df. Now use the fact

cos? 0
that tan? 9 = sec?f — 1 and we have 4f(sec 0 —1)d0 = 4(tan@ — 0) + C. From the triangle we have
tanf = \/7 and 6 = arcsin(z), so we can write the answer as \/ﬁ’? — 4arcsin(z) + C.

(b) Convert this integral to an integral of a trigonometric function: You do not have to evaluate the
resulting integral.

| =

Answer:

Again I will draw a triangle. I label the leg adjacent to 6 as 2, the one opposite as z, and the hypoteneuse
\/1 +22. Then z = 2tané, so dr = 2sec’0dfh, and /4 + 22 = 2sech. Hence the integral becomes

f ZQSS?;C 2df = [ sectdo.

This is all you were required to do, but we could evaluate it as In|tan @ + sec @] + C and substitute back

for x to get In|§ + —V42+mz| +C.

Problem 3 Evaluate the integrals:

(a) / e® (2% — 5z) dx

Answer:
This product suggests integration by parts. If we let dv = (2% — 52)dz then v will be cubic, the wrong way
to go. So we let v = 22 — 5z and dv = e®dxz. Then du = (22 — 5)dz, v = €%, and the integral becomes



dv = e® dz so v = e®. Now we get e’”(_:lc2 —b5z) —e* (22 — 53 +[e* 2dz = e®(z? —5z) —e® (22 — 5) + 2% + C.
We can simplify this a little as e®(2? — Tz + 7) + C.

(b) / arctan(z) dz

Answer:

Use integration by parts. Let u = arctan(z) and dv = dz, so du = —;da; and v = . Then the integral
becomes z arctan(z) — [ f"Td;’g. Now we use a simple substitution: Let u = 1 + 22, so du = 2z dz, and that
last integral gives 1In|1 + z?| 4+ C, so the answer is zarctan(z) — 3 In |1 4+ z%| + C.

(We can drop the absolute value signs this time if we note that 1 + z? is never negative.)

Problem 4 Evaluate the integral:

3 x

Answer:
Integrating (z — 1)

- s pretty easy, but we must note that the denominator is zero when z = 1, which is
within the interval we are 1ntegrat1ng over So we will need to write this using limits. I will first work out
the indefinite integral: [(z — 1)~ Sdr = 3z — 1) 5 + C.

Now we need to evaluate this on the 1nterva1 [0,b], as b — 17, and on [a, 3], as a — 31, and add. The first
gives 2(b — 1)% - g(—l)% which has limit —%(—1)% = 2 as b — 17. The second gives 5(2)% — 2(a— 1)%

3 3
which goes to %(2)% as a — 1. Hence the answer is %(2% +1) =~ 4.192860946.

Problem 5 Evaluate the integrals:

(a) /100 ze Ydx

Answer: ,
This is an improper integral we evaluate as blim re *dx. Using parts, with v = z and dv =
—00 J 1
b
e ¥dr so du = dz and v = —e ®, we have lim [[—xex]?jt/ e ” dx] = lim [—xe*‘v—e*‘v]? =
b—o0 1 b—o0

2
lim [—b T e_b] + —. Now blim et is pretty clearly 0, but the limit of be™? is not so obvious. Think
— 00

b—oo e
of that as e% and note that both numerator and denominator go to oco. With that justification apply

I’Hopital’s rule: The derivatives of numerator and denominator give el—,, which clearly goes to 0. So the
answer is %

00 1
o Nkt

Answer:
Again I will put off the limits and first work out [ \/ﬁ dz. This is just a power-rule integral giving

1
dz
VT +2 b—>oo/ \/ﬁ
b
blim [2\/:5 + 2] 0= blim 2vVb + 2 —2v2. As b — oo, Vb + 2 increases without bound, so this limit does not
— 00 — 00
exist, and the integral diverges.

o
2v/x+2 4+ C. Now set up the integral as it really should be, /
0

Problem 6 For each series, tell whether it converges or diverges and give a reason for your answer.

(a) in +3n+2



As n — oo, the terms of this series approach %, not 0, so by the n'" term test this series must diverge.

(b) D e
n=2

Answer:
The terms of this series do go to zero, so it might converge. If we try the ratio test we have
6—(71—1—1) ) 1

. 1
p = lim = lim - =-<1,
n—oo e N n—o00 e e

(o)
so the series converges using the ratio test. It is also pretty easy to work out / e “dz and find that
2
it converges, so the integral test also shows this series converges. And for a third version, this is really a
geometric series, each term is % times the previous one so the ratio in the geometric series is % which is
between +1 and so again we know the series converges.

> 3™ + 1000
27

(c) 6+ 77

n=1
Answer:
This series does converge. You could show this using the limit comparison test, but here is another way:
Consider separately the series > % and > ﬁ. The first of these is term-by-term less than > ?—Z

n
=> (%) which is a converging geometric series, —1 < r = % < 1. The second is term-by-term less

than > 7% and that is similarly a converging geometric series. Hence the series > 6_%% and > ﬁ both
converge by the comparison test. But the series in the problem is the first series plus 1000 times the second,
and so it converges by our theorem on doing arithmetic with series.

Problem 7 For each series, tell whether it converges absolutely, converges conditionally, or does not converge at all,
and give a reason for your answer.

W X

Answer:
If we start by looking at the series of absolute values, we have 3 4% which is a geometric series with ratio
between £1 so it converges. Hence this series converges absolutely and we don’t need to check anything
further.

O S (ow )

n=1
Answer:
The terms of this series have limit ﬁ # 0, so this series must not converge at all.
s Llnn
© (-t
n=1 n
Answer:

The series of absolute values ) %‘ is term-by-term (for n > 3) greater than the terms of the harmonic
series which diverges. So the series of absolute values does not converge. But the terms lnT” do decrease
(for n > 3) with limit zero. (you can check this using calculus, the derivative is negative so the values
are decreasing and "'Hopital’s rule shows the limit is zero, but T am willing to accept this without proof.)
So with the alternating signs included the series does converge, by the Alternating Series test (Leibniz’
theorem). Hence the series is conditionally convergent.



s 2
Zn2+4n~l—3'

n=1

Find the sum of the series

Hints:

(i) Find numbers A and B such that m = nijrl + nLi?’.

(ii) Find an expression for the general n'* partial sum of the series, making use of the A and B you found
in (i).

(iii) Use the definition of the sum of an infinite series.

Answer:
Following the recipe above. ..

(i) Assume m = nLjrl + %. Multiply both sides by n? + 4n + 3 which is the same as (n +1)(n + 3).
This gives 2= A(n+3)+ B(n+1) = (A4 B)n+ (34 + B). Now the constants on the two sides must be
equal, so 3A + B = 2. And the multipliers on n must also be equal: There is no n term on the left, i.e.
the term is On, so A + B = 0. That makes B = —A. Substitute that into 3A+ B =2 and get 3A — A =2
or 2A =2,s0 A=1. Then B = —A = —1. Thus we have m = n%q + =L which you can check is

n+3
true by adding the fractions.

1

(ii) Write down the first few terms of the series, in the form n%rl — s

-9+ G-) (-9 -

Notice that the second term in each set of parentheses cancels against the first term in the parentheses two
steps later. Thus the sum of the first n terms, for n at least 3,

(1 1>+(1 1)+(1 1)+ +( 1 1 )
2 4 3 5 4 6 n+1 n+3
1 1

has every term cancelling except 5, 5, and two terms at the end, —n%ﬂ and —

n+_3, and the partial sum is
2 T3 T T aes
(iii) The sum of the series is by definition the limit of the sequence of partial sums. As n — oo, the last

two terms in each partial sum are getting smaller with limit 0. Hence the sum of the series is % + % = %.



