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Your Name:

Circle your TA's name:

Clark Good Aaron Greenblatt Sharib Haroon

Neil Lyall Prabu Ravindran Jue Wang

Mathematics 222, Fall 2001 Lecture 1 (Wilson)

Second Midterm Exam November 6, 2001

Write your answers to the eight problems in the spaces provided. If you must continue an answer
somewhere other than immediately after the problem statement, be sure (a) to tell where to look
for the answer, and (b) to label the answer wherever it winds up. In any case, be sure to make
clear what is your �nal answer to each problem.

Wherever applicable, leave your answers in exact forms (using �,
p
3, cos�1(0:6), and similar

numbers) rather than using decimal approximations. If you use a calculator to evaluate your
answer be sure to show what you were evaluating!

You may refer to one or two pages of notes you have brought with you, as announced in class.

BE SURE TO SHOWYOURWORK, AND EXPLAINWHAT YOU DID. YOUMAY RECEIVE

REDUCED OR ZERO CREDIT FOR UNSUBSTANTIATED ANSWERS. (\I did it on my

calculator" and \I used a formula from the book" are not suÆcient substantiation...)

Problem Points Score

1 10

2 10

3 12

4 12

5 12

6 16

7 16

8 12

TOTAL 100
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Some formulas, identities, and numeric values you might �nd useful:

Values of trig functions:

� sin � cos � tan �
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Trig facts:

1. tan � = sin �
cos �

2. sec � = 1
cos �

3. sin2 � + cos2 � = 1

4. sec2 � = tan2 � + 1

5. sin(x+y) = sin(x) cos(y)+cos(x) sin(y)

6. cos(x+y) = cos(x) cos(y)�sin(x) sin(y)

7. tan(x+ y) = tan(x)+tan(y)
1�tan(x) tan(y)

8. sin2 x = 1
2(1� cos 2x)

9. cos2 x = 1
2(1 + cos 2x)

Derivative formulas:

1. d
dx

tanx = sec2 x

2. d
dx

secx = secx tanx

3. d
dx

sin�1 x = 1p
1�x2

4. d
dx

tan�1 x = 1
1+x2

5. d
dx

sec�1 x = 1
jxjpx2�1

6. d
dx

lnx = 1
x

7. d
dx
ex = ex

Integral formulas: (We assume you know, and

you are certainly allowed to use, basic formu-

las for integrals of functions such as xn, ex,
sinx, cos x, etc., and how to use substitution

to extend these.)

1.
R 1

u
du = ln juj+ C

2.
R

dup
1�u2 = sin�1 u+ C

3.
R

du
1+u2

= tan�1 u+ C

4.
R
sec(u) du = ln j sec(u) + tan(u)j +C

5.
R
u dv = uv � R

v du

Algebra formulas:

1. ln(xy) = ln(x) + ln(y)

2. ax+y = ax ay

3. ab = eb ln a
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Problem 1 (10 points)

Solve the di�erential equation e�x dy
dx

= 1 + y2. You should �nd the general solution, in the form
y = f(x) for some f .

Problem 2 (10 points)

Find the center (in x-y coordinates) and radius of the circle r = 6 cos(�)� 4 sin(�).
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Problem 3 (12 points)

Find the area of the region which is inside the
circle r = 1 but outside the curve r2 = 2 sin �.



page 5

Problem 4 (12 points)

(a) Find all solutions of d2y
dt2

+ 4dy
dt
+ 20y = 0.

(b) Describe what happens to the solutions found in (a) as t!1.

Problem 5 (12 points)

Solve the initial value problem: x dy
dx

+ y = sinx, with y(�2 ) = 3. (You may assume x > 0.)
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Problem 6 (16 points)

This problem essentially asks you to solve the initial value problem y00 � 3y0 + 2y = 5ex with y(0) = 0
and y0(0) = �7. You are to �nd the solution in several steps as outlined below, and we give you

answers at several stages. Thus if you make a mistake in one part you should still be able to complete

the other parts correctly. But: You get no points for �nding a solution which we give you, so what

counts is showing how to get the solution.

(a) Solve y00 � 3y0 + 2y = 0.

(The general solution to this homogeneous equation is yh = C1e
x+C2e

2x: You should show how

to �nd it, not just show that this is a solution by testing it in the equation.)

(b) Find a particular solution to y00 � 3y0 + 2y = 5ex.

(One solution is yp = �5x ex: As in part (a) you must show how to �nd yp, not just check that

this is a solution. You may �nd a di�erent solution but it must be a solution.)

(c) Find all solutions to y00 � 3y0 + 2y = 5ex.

(d) Find the solution to y00 � 3y0 + 2y = 5ex with y(0) = 0 and y0(0) = �7.
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Problem 7 (16 points)

(a) Write a formula describing the nth term an of a sequence if the �rst 5 terms are

1; � 1

3
;
1

5
; � 1

7
; and

1

9
:

(b) The sequence an = 1
n
cos(n) converges. What is its limit?

(c) Does the sequence an = sin(n�) converge? Give a reason. If it does converge, what is the limit?

(d) Does the sequence an = sin(n� + �
2 ) converge? Give a reason. If it does converge, what is the

limit?
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Problem 8 (12 points)

(a) Suppose a polar curve is given by r = e�. Show that the angle  between the tangent line and

the radius vector, at any point (r; �) on the curve, is �
4 .

(b) Suppose a polar curve, not necessarily the same one as in (a), is given by r = f(�). Further

suppose that the angle  for this curve is some constant �, not necessarily �
4 , at every point

(r; �) on the curve. Show that f(�) must be Cek� for some constants k and �. (I.e., �nd in terms

of �, a number k such that f(�) must be Cek� for some C.)


