Fall 2009 MATH 833 — Random Matrices B. Valké

Lecture 14 — 15 : Bulk scaling limit of GUE near 0

Notes prepared by: M. Tao

Now we continue working with the Bulk scaling limiting, i.e., we are looking for a,, and b, such
that b, (A, — ay) converges to a “nice” limit as a point process. In the previous lecture, we have
already found the Bulk scaling. From now on, we are trying to identify the limit.

Recall that:

e For |c| < 2, we will use the Bulk scaling o(c)/n(A, —o(c)y/n), where o(z) = 5-v4 — 221,
and A = { A, -, A\ )

e For =2 case (GUE), the Bulk scaling at 0 is %\/ﬁAn, and the scaled joint intensities will
converges to something nice. (Here ¢ = 0,0(c) = 1).
e The joint eigenvalue density of GUE is

1
Pn()‘la T )\n) = ?A(A)ze_% 2/\?7

where A(X) = [[(A; — Aj). This is unordered n-tuples live on R"

Definition 1. ¢, (v1,- -+ ,vk) = [ Po(v1, -+, Un)dVjsq - - - dvy, where k is fixed, and n — oo.

Hermite Polynomials

Definition 2 (n'* Hermite Polynomial). The n*" Hermite Polynomial is defined as

22 d" 2
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hyp = (_1>ne dzn (6_%)

This is a polynomial of degree n with the main term z", and ho(z) = 1.

Proposition 3. One property of Hermite Polynomials: hg, hi, ho,--- gives an orthogonal basis
2

_z .
w.r.t. the measure e~ 2 dx, i.e.,
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Proof. For k > n,

/hn(aj)hk(az)\/%e;dx
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Yn(2) = hn(2)———=
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And g, 11, --- defines an orthonormal basis w.r.t. Lebesgue measure.
Let’s go back to GUE
Now let’s consider Cgp(v1,- - vk) = [ Po(vi, - s Vp)dVggr - - - dup,.
Lemma 4. ( )
n—k)!
Ck‘,n(Vla T 7Vk) = T det[K(n)(Vla Vj)]?,j:l’

where K™ (x,y) = Zz;é Vr(2)r(y)-

Proof. First consider k = n case. We know that when k& = n,

oW1, Vi) = Pa(v) = %[A(z)]ze*ZA?/Q,

n

where A(X) = [[(X; — X;) = det(XZ-jfl)Zj:l. Note that the first (highest order) term of hy(z) is

T, we have,

1z 2} - 2!
1 oz a3 - ah! .
1z, 22 - 2!

Therefore,

1,7=1
n n n

Con(ry- ) = Zi[det[hj_l(ui)]n Pe 222 = ety (n)]? = — det[K™ (v, 1;)]



Hence, we only need to show that Z, = n!. (That’s because here k = n, thus (n — k)! = 1.) To
prove this, we need a lemma.

Lemma 5 (Jacobi Identity). Suppose fi, fa, -, fn, 91, g2, , gn are square integrable func-
tions, then

1 n
n!/---/det[;fk(xi)gk(xj)]dajl...dl‘n
1

:n!/m/det fi(x;) det gj(z;)]dz

—det| [ filwgi(o)delos

Proof. Part I: Note that det AB = (det A)(det B). Here let A = [fi(x;)] and B = [g;(x)], then we
have

AB = [fi(x)lgi(zr)] = D frl(wi)gr(a;)]-
Therefore, the first equation holds.

Part II: Define index mapping v = 7o o', then
71!/.../(16‘5 fi(xj)det gj(:vi)]dg
= 3 e(0)e(r) / / LI 7o @i)gr @ (] ] dai)

=
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! det / fi()g; (2)da]

Now back to Lemma 4,
/~~/det[K(")(1/¢,Vj)]dV: n! det/@bi_l(a:)ipj_l(x)da? =n!
This implies ZL =nl.

Now let’s consider k < n case. If k < n, define X; as Xi =v;, i < k and X; =&, i > k, then we
have



n

Gon(v1, -+ 1) = Clen / (et 1(z0))? ] de
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if oj # 1j for j > k = the approprlate term is 0 (orthogonal)
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where o, 7 : {v1,v9, -, ={0(1),0(2), - ,o(k)} ={r(1),7(2),--- ,7(k)}
= C}p, det K™ (1, vj) (by Cauchy-Binet)

Lemma 6 (Cauchy-Binet Formula). A is m x k matriz, B is k X n matriz, and C = AB. r <
min(m, k,n) and |I| = [J| =r, then det C1 ;= 3 k|, det A;xk det Brcj, where K C {1,--- , k}

Proof. Use linear algebra or Jacobi identity. O

(n—k)!
n!

Then we will prove that Cy, ,, = . In fact, we have:

1 :C’kvn/---/detK(")(yi,yj)dV

= Ck,n Z /(det wujfl(ui))QdV

1< <<y <n

=Cin Z k! by Jacobi identity, part 11

1< <<y <n

n n!
— | —
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This implies Cj,,, =

Therefore, we finished the proof of Lemma 4. O

Recall that we want to show the joint intensities will converge to something nice. First let’s define
what the joint intensity is.

Definition 7 (Joint Intensity of order k). Suppose D1, Da,- -+, Dy C R are disjoint, and x(D;) is
the number of points in D;, then the expectation of Hle X(D;) can be presented as

/ / / 1/1, L vE)dyy - dyg
Dy J Dy Dy,

Then R,(:)(ul, -+, vg) is called the joint intensity of order k.



Note that Hle x(Di) = >,

1197

Ay 1(N\i, € D1)1(Niy, € D3)---1(N;, € Dg). Therefore, we have

E[Hf:1 X(D;)] equals to the marginal of first k variables. Hence

k
E[HX(D'L)] = /Pn(yla s Un)dug + 1y
i=1
n!
= / Ckn(yla l/k;)dl/l"'dljk
Dy,
/ / det ) (v, vj)ldvy - - - duyy,
D1 Dk 7] ]-
Thercfore, B (vi, -+ i) = detf;_y [K() (i, )], where K)(vi,v5) = Y2725 i) (y). When

we rescale it, we have

T \kpm), T m
N e ——
\/ﬁ) Ty (\/ﬁl’ rn

And we will show that

ty) = det g
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T T sin(m(z — y))
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For the convenience, let’s define S (z,y) = %K () (=2 %), then what we need to prove is

vn’
(n) 1 sin(z—y)

uniformly on compacts.

Before starting proving, let’s discuss some properties of h, and ,,:

L. [ hi(z) *m2/2d:c = 0p k1!

2. hy(x) is even (or odd) if n is even (or odd).

3. hpg1 = xhy — by, bjc B, = [(—1)"e* /2(e==*/2) ™) = zh, — h,11 (Integration by parts)
4. [xhy(z)?5e " /2dz = 0, b/c xh? is odd.

5. hl, = nh,—1 (It’s equivalent to xh,, = hyp41 + nhy,—1). It can be proved by induction, i.e., for
k <n—1, (by property 3)

1 1 1
/h;hkex2/2da; = —/hthkex2/2dw+/hn(xhk)ex2/2da;.
27 27 27
In the RHS, the first term is 0, for the degree of hy is k, less than n + 1. And for the second
term, the degree of zhy is k + 1. Hence for k + 1 < n, then [ hn(mhk)%e_ﬁ/zdx = 0. This

implies that h], = Cp,h,,—1. Therefore,

/h (xhp—1)5=e" /de—/h P 12 e Pdy = C, /h —e Py = Cy(n — 1)L,
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On the other hand,

1 1 1
/hn(xhnl)%e—fzﬂdx = /hn(hn + h;_l)%e—“/?dgc = /hi%e—IQ/de =nl

So we have C,, = n, and h,, = nh,_1.

6. Christoffel-Darboux identity

= Pe(@)hi(y) _ (@) 1(y) = ha1(@)ha (1)
2 (@ —y)(n—1)
This is because
()b () (2 — nzzl (hiy1(x) + kZ‘k 1(2)) hie(y nz_:l hi () (hyy1(y k)'+ khi—1(y))
0 =0 k=0
n(ac) ((73 : f;_l( 2)hn(y) (telescopic)

7. For ip(z) = e /4 %fh (x) (1pi’s are orthonomral), ¥, () = Svn(x) + vVnbp_1(z) (by
property 5 + product rule).

8. KO, y) = S35y dnle)in(y) = ynteittefunthinl)

Lemma 8. Let ¢ (t) = nizpy(ﬁ), where v —n is a constant. Then we have

1
lim ¢, (t) — NG cos(t — %)\ = 0 uniformly in t on compacts.

V—00

1 sin(x— y)

That’s because
(z—y)

Using Lemma 8, we can prove that S (z,y) —

Un(J5)Un-1(75) = Yn1(75)¥n(J5)

S™(z,y) = vn
T—y
2 @) — 9(@)f W)
r—y
x) — x) —
_ \/ﬁ[f( ) f(y)g(y) _g(@) g(y)f(y)]’
T —y T —y
where f(x:z:;”(y) can be expressed as fo '(tx+ (1 —1t)y)dt, and similarly for g(xx):z(y), i.e.,g(xxig(y) =

1
0 9 (tr + (1 —t)y)dt. Let z = tﬁ +(1- t)f, then we have



vy z
$™ (@, y) = tna (- / Vithn-1(2) = Sn(2)dt = tn( ) /0 Vi =T a(2) = SUn-1(2)dt

2
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! 1) ! m(n—1)
;cos(y 2)/0 COS(t(E -+ (1 — t)y _ T)dt
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= 1 cos(y — m(n 1))fj cos(z - %)dz — —cos(y — ﬂ)fxy cos(z — (T))dz
1sin(z—y)
T z—y

Then the only thing left is how to prove Lemma 8. To do this, we need to use the Laplace Method

Lemma 9 (Laplace Method). Laplace Method is to consider the asymptotics of [ f(x)*g(x)dz (s —
o0), where f has a global mazx at x = a, and it’s locally quadratic there, g is locally Lipschitz near
a, and |g(a)| C K. Then we have

“on/(a)
Shm Vsf(a /f F(a) g(a)

Proof. A brief proof of Lemma 9 is, near a, we have f(z) ~ f(a) + 3 f”(a)(z — a)?. Then we have

[y gty = /<1+f"”<:c a)2)*g(x)da

f(a) 2 f(a)
~ [y a>2>g<x>d:c
f// y . Y
\[/exp y?)gla + %)dy (let  =a+ \/g)
Y _27rf(a) )
P

If you want to prove the lemma more precisely, you need to consider
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