
Fall 2009 MATH 833 – Random Matrices B. Valkó

Lecture 14 – 15 : Bulk scaling limit of GUE near 0

Notes prepared by: M. Tao

Now we continue working with the Bulk scaling limiting, i.e., we are looking for an and bn such
that bn(Λn − an) converges to a “nice” limit as a point process. In the previous lecture, we have
already found the Bulk scaling. From now on, we are trying to identify the limit.

Recall that:

• For |c| < 2, we will use the Bulk scaling σ(c)
√

n(Λn−σ(c)
√

n), where σ(x) = 1
2π

√
4− x21|x|<2

and Λ = {λ1, · · · , λn}.

• For β = 2 case (GUE), the Bulk scaling at 0 is 1
π

√
nΛn, and the scaled joint intensities will

converges to something nice. (Here c = 0, σ(c) = 1
π ).

• The joint eigenvalue density of GUE is

Pn(λ1, · · · , λn) =
1

Zn
4(λ)2e−

1
2

P
λ2

i ,

where 4(λ) =
∏

(λi − λj). This is unordered n-tuples live on Rn

Definition 1. ζk,n(ν1, · · · , νk) =
∫

Pn(ν1, · · · , νn)dνk+1 · · · dνn, where k is fixed, and n →∞.

Hermite Polynomials

Definition 2 (nth Hermite Polynomial). The nth Hermite Polynomial is defined as

hn = (−1)ne
x2

2
dn

dxn
(e−

x2

2 )

This is a polynomial of degree n with the main term xn, and h0(x) = 1.

Proposition 3. One property of Hermite Polynomials: h0, h1, h2, · · · gives an orthogonal basis

w.r.t. the measure e−
x2

2 dx, i.e.,
∫

hk(x)hn(x)
1√
2π

e−
x2

2 dx = δkn · n!
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Proof. For k ≥ n,
∫

hn(x)hk(x)
1√
2π

e−
x2

2 dx

=
1√
2π

∫
hn(x)(−1)k dk

dxk
(e−

x2

2 )dx

=
1√
2π

∫
(hn(x))(k)e−

x2

2 dx (integration by parts)

=

{
0, k > n

n!
∫

1√
2π

e−
x2

2 dx, k = n
=

{
0, k > n

n!, k = n

The nth normalized oscillator wave function is

ψn(x) = hn(x)
e−

x2

4√√
2nn!

And ψ0, ψ1, · · · defines an orthonormal basis w.r.t. Lebesgue measure.

Let’s go back to GUE

Now let’s consider ζk,n(ν1, · · · , νk) =
∫

Pn(ν1, · · · , νn)dνk+1 · · · dνn.

Lemma 4.

ζk,n(ν1, · · · , νk) =
(n− k)!

n!
det[K(n)(νi, νj)]ki,j=1,

where K(n)(x, y) =
∑n−1

k=0 ψk(x)ψk(y).

Proof. First consider k = n case. We know that when k = n,

ζk,n(ν1, · · · , νk) = Pn(ν) =
1

Zn
[4(ν)]2e−

P
λ2

i /2,

where 4(X) =
∏

(Xi −Xj) = det(Xj−1
i )n

i,j=1. Note that the first (highest order) term of hk(x) is
xk, we have,

det




1 x1 x2
1 · · · xn−1

1

1 x2 x2
2 · · · xn−1

2
...

...
...

...
1 xn x2

n · · · xn−1
n




= det[hj−1(xi)]ni,j=1.

Therefore,

ζk,n(ν1, · · · , νk) =
1

Zn
[det[hj−1(νi)]ni,j=1]

2e−
P

λ2
i /2 =

1

Z̃n

[detψj−1(νi)]2 =
1

Z̃n

det[K(n)(νi, νj)]
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Hence, we only need to show that Z̃n = n!. (That’s because here k = n, thus (n − k)! = 1.) To
prove this, we need a lemma.

Lemma 5 (Jacobi Identity). Suppose f1, f2, · · · , fn, g1, g2, · · · , gn are square integrable func-
tions, then

1
n!

∫
· · ·

∫
det[

n∑

k=1

fk(xi)gk(xj)]dx1 · · · dxn

=
1
n!

∫
· · ·

∫
det fi(xj) det gj(xi)]dx

=det[
∫

fi(x)gj(x)dx]ni,j=1

Proof. Part I: Note that detAB = (detA)(detB). Here let A = [fk(xj)] and B = [gi(xk)], then we
have

AB = [fk(xj)][gi(xk)] = [
∑

fk(xi)gk(xj)].

Therefore, the first equation holds.

Part II: Define index mapping ν = τ ◦ σ−1, then

1
n!

∫
· · ·

∫
det fi(xj) det gj(xi)]dx

=
∑

σ,τ∈Sn

ε(σ)ε(τ)
∫
· · ·

∫ ∏
fσ(i)(xi)gτ(i)(xi)(

∏
dxi)

=
∑
σ,ν

ε(ν)
∫
· · ·

∫ ∏
fσ(i)(xi)gν(σ(i))(xi)(

∏
dxi)

=
∑
σ,ν

ε(ν)
∫
· · ·

∫ ∏
fk(xσ(k)−1)gν(k)(xσ(k)−1)(

∏
dxk)

=
∑

σ

det[
∫

fi(x)gj(x)dx]

=n! det[
∫

fi(x)gj(x)dx]

Now back to Lemma 4,
∫
· · ·

∫
det[K(n)(νi, νj)]dν = n! det

∫
ψi−1(x)ψj−1(x)dx = n!

This implies Z̃n = n!.

Now let’s consider k < n case. If k < n, define Xi as Xi = νi, i ≤ k and Xi = ξi, i > k, then we
have
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ζk,n(ν1, · · · , νk) = Ck,n

∫
(detψj−1(xi))2

n∏

i=k+1

dξi

= Ck,n

∑
σ,τ

ε(σ)ε(τ)
∫
· · ·

∫

︸ ︷︷ ︸
n−k

∏
ψσ(j)−1(Xj)ψτ(j)−1(Xj)

n∏

i=k+1

dξi

if σj 6= τj for j > k ⇒ the appropriate term is 0 (orthogonal)

= Ck,n

∑

1≤ν1<···<νk≤n

∑
σ,τ

ε(σ)ε(τ)
k∏

i=1

ψσ(i)−1(νi)ψτ(i)−1(νi)

where σ, τ : {ν1, ν2, · · · , νk} = {σ(1), σ(2), · · · , σ(k)} = {τ(1), τ(2), · · · , τ(k)}
= Ck,n det K(n)(νi, νj) (by Cauchy-Binet)

Lemma 6 (Cauchy-Binet Formula). A is m × k matrix, B is k × n matrix, and C = AB. r ≤
min(m, k, n) and |I| = |J | = r, then det CI,J =

∑
|K|=r det AI×K det BK,J , where K ⊂ {1, · · · , k}

Proof. Use linear algebra or Jacobi identity.

Then we will prove that Ck,n = (n−k)!
n! . In fact, we have:

1 = Ck,n

∫
· · ·

∫
det K(n)(νi, νj)dν

= Ck,n

∑

1≤ν1<···<νk≤n

∫
(detψνj−1(νi))

2dν

= Ck,n

∑

1≤ν1<···<νk≤n

k! by Jacobi identity, part II

= Ck,n

(
n

k

)
k! = Ck,n

n!
(n− k)!

This implies Ck,n = (n−k)!
n!

Therefore, we finished the proof of Lemma 4.

Recall that we want to show the joint intensities will converge to something nice. First let’s define
what the joint intensity is.

Definition 7 (Joint Intensity of order k). Suppose D1, D2, · · · , Dk ⊂ R are disjoint, and χ(Di) is
the number of points in Di, then the expectation of

∏k
i=1 χ(Di) can be presented as

E[
k∏

i=1

χ(Di)] =
∫

D1

∫

D2

· · ·
∫

Dk

R
(n)
k (ν1, · · · , νk)dν1 · · · dνk

Then R
(n)
k (ν1, · · · , νk) is called the joint intensity of order k.

4



Note that
∏k

i=1 χ(Di) =
∑

λi1
,··· ,λik

1(λi1 ∈ D1)1(λi2 ∈ D2) · · · 1(λik ∈ Dk). Therefore, we have

E[
∏k

i=1 χ(Di)] equals to the marginal of first k variables. Hence

E[
k∏

i=1

χ(Di)] =
∫

Pn(ν1, · · · , νn)dνk + 1 · · · νn

=
n!

(n− k)!

∫

D1

· · ·
∫

Dk

ζk,n(ν1, · · · , νk)dν1 · · · dνk

=
∫

D1

· · ·
∫

Dk

k
det
i,j=1

[K(n)(νi, νj)]dν1 · · · dνk

Therefore, R
(n)
k (ν1, · · · , νk) = detk

i,j=1[K
(n)(νi, νj)], where K(n)(νi, νj) =

∑n−1
j=0 ψi(x)ψj(y). When

we rescale it, we have

(
π√
n

)kR
(n)
k (

π√
n

t1, · · · ,
π√
n

tk) =
k

det
i,j=1

[
π√
n

K(n)(
π√
n

ti,
π√
n

tj)]

And we will show that

π√
n

t1K
(n)(

π√
n

,
π√
n

tj) → sin(π(x− y))
π(x− y)

uniformly on compacts.

For the convenience, let’s define S(n)(x, y) = 1√
n
K(n)( x√

n
, y√

n
), then what we need to prove is

S(n)(x, y) → 1
π

sin(x−y)
(x−y) .

Before starting proving, let’s discuss some properties of hn and ψn:

1.
∫

hk(x)hn(x) 1
2πe−x2/2dx = δn,kn!

2. hn(x) is even (or odd) if n is even (or odd).

3. hn+1 = xhn − h′n, b/c h′n = [(−1)nex2/2(e−x2/2)(n)]′ = xhn − hn+1 (Integration by parts)

4.
∫

xhn(x)2 1
2πe−x2/2dx = 0, b/c xh2

n is odd.

5. h′n = nhn−1 (It’s equivalent to xhn = hn+1 + nhn−1). It can be proved by induction, i.e., for
k ≤ n− 1, (by property 3)

∫
h′nhk

1
2π

e−x2/2dx = −
∫

hn+1hk
1
2π

e−x2/2dx +
∫

hn(xhk)
1
2π

e−x2/2dx.

In the RHS, the first term is 0, for the degree of hk is k, less than n + 1. And for the second
term, the degree of xhk is k + 1. Hence for k + 1 < n, then

∫
hn(xhk) 1

2πe−x2/2dx = 0. This
implies that h′n = Cnhn−1. Therefore,

∫
hn(xhn−1)

1
2π

e−x2/2dx =
∫

h′nhn−1
1
2π

e−x2/2dx = Cn

∫
h2

n−1

1
2π

e−x2/2dx = Cn(n− 1)!.
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On the other hand,
∫

hn(xhn−1)
1
2π

e−x2/2dx =
∫

hn(hn + h′n−1)
1
2π

e−x2/2dx =
∫

h2
n

1
2π

e−x2/2dx = n!

So we have Cn = n, and hn = nhn−1.

6. Christoffel-Darboux identity

n−1∑

k=0

hk(x)hk(y)
k!

=
hn(x)hn−1(y)− hn−1(x)hn(y)

(x− y)(n− 1)!

This is because

n−1∑

k=0

hk(x)hk(y)(x− y)
k!

=
n−1∑

k=0

(hk+1(x) + khk−1(x))hk(y)
k!

−
n−1∑

k=0

hk(x)(hk+1(y) + khk−1(y))
k!

=
hn(x)hn−1(y)− hn−1(x)hn(y)

(n− 1)!
(telescopic)

7. For ψ(x) = e−x2/4 1
4√2π

1√
n!

hn(x) (ψi’s are orthonomral), ψ′n(x) = x
2ψn(x) +

√
nψn−1(x) (by

property 5 + product rule).

8. K(n)(x, y) =
∑n−1

k=0 ψk(x)ψk(y) =
√

nψn(x)ψn−1(y)−ψn−1(x)ψn(y)
x−y

Lemma 8. Let φγ(t) = n
1
4 ψγ( t√

n
), where γ − n is a constant. Then we have

lim
ν→∞ |φγ(t)− 1√

π
cos(t− πγ

2
)| = 0 uniformly in t on compacts.

Using Lemma 8, we can prove that S(n)(x, y) → 1
π

sin(x−y)
(x−y) . That’s because

S(n)(x, y) =
√

n
ψn( x√

n
)ψn−1( y√

n
)− ψn−1( x√

n
)ψn( y√

n
)

x− y

,
√

n
f(x)g(y)− g(x)f(y)

x− y

=
√

n[
f(x)− f(y)

x− y
g(y)− g(x)− g(y)

x− y
f(y)],

where f(x)−f(y)
x−y can be expressed as

∫ 1
0 f ′(tx+(1−t)y)dt, and similarly for g(x)−g(y)

x−y , i.e.,g(x)−g(y)
x−y =∫ 1

0 g′(tx + (1− t)y)dt. Let z = t x√
n

+ (1− t) y√
n
, then we have
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S(n)(x, y) = ψn−1(
y√
n

)
∫ 1

0

√
nψn−1(z)− z

2
ψn(z)dt− ψn(

y√
n

)
∫ 1

0

√
n− 1ψn−2(z)− z

2
ψn−1(z)dt

= n
1
4 ψn−1(

y√
n

)
∫ 1

0
n

1
4 ψn−1(z)− n−

1
4
z

2
ψn(z)dt

− n
1
4 ψn(

y√
n

)
∫ 1

0

√
n− 1

n
1
4

ψn−2(z)− n−
1
4
z

2
ψn−1(z)dt

→ 1
π

cos(y − π(n− 1)
2

)
∫ 1

0
cos(tx + (1− t)y − π(n− 1)

2
)dt

− 1
π

cos(y − πn

2
)
∫ 1

0
cos(tx + (1− t)y − π(n− 2)

2
)dt

=
1
π

cos(y − π(n− 1)
2

)

∫ y
x cos(z − π(n−1)

2 )dz

x− y
− 1

π
cos(y − πn

2
)

∫ y
x cos(z − π(n−1)

2 )dz

x− y

=
1
π

sin(x− y)
x− y

Then the only thing left is how to prove Lemma 8. To do this, we need to use the Laplace Method

Lemma 9 (Laplace Method). Laplace Method is to consider the asymptotics of
∫

f(x)sg(x)dx (s →
∞), where f has a global max at x = a, and it’s locally quadratic there, g is locally Lipschitz near
a, and |g(a)| ⊂ K. Then we have

lim
s→∞

√
sf(a)−s

∫
f(x)sg(x)dx =

√
−2πf(a)

f ′′(a)
g(a)

Proof. A brief proof of Lemma 9 is, near a, we have f(x) ≈ f(a) + 1
2f ′′(a)(x− a)2. Then we have

∫
(
f(x)
f(a)

)sg(x)dx =
∫

(1 +
1
2

f ′′(a)
f(a)

(x− a)2)sg(x)dx

≈
∫

exp(
1
2
s
f ′′(a)
f(a)

(x− a)2)g(x)dx

=
1√
s

∫
exp(

1
2
s
f ′′(a)
f(a)

y2)g(a +
y√
s
)dy (let x = a +

y√
s
)

→ 1√
s

√
−2πf(a)

f ′′(a)
g(a)

If you want to prove the lemma more precisely, you need to consider
∫

f(x)sg(x)dx =
∫

|x−a|<ε
f(x)sg(a)dx +

∫

|x−a|<ε
f(x)s(g(x)− g(a))dx +

∫

|x−a|>ε
f(x)sg(x)dx
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