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PART I Preliminaries

1 Markov chains and Markov processes

This section serves several purposes. To prepare the reader for the construction issues of
the exclusion process that will be addressed in Section 2, we discuss here the construction of
countable state Markov chains, first in discrete and then in continuous time. The treatment
is far from complete, so prior familiarity with these topics is necessary. Motivated by these
examples, in Section 1.3 we discuss the general definition of a Markov process as a family
of probability measures {P*} on path space, indexed by initial states x. A brief section
introduces Poisson processes which are a key building block of interacting Markov processes.
The last section on harmonic functions discusses the coupling technique for Markov chains
and proves some results for later use.

1.1 Discrete-time Markov chains

A stochastic process in most general terms is a collection of random variables {X; : j € J}
defined on a probability space (€2, F, P), indexed by some index set J. If the stochastic
process represents the temporal evolution of some random system, the index set is a discrete
or continuous set of time points, for example J = Z; = {0,1,2,...} or J = R; = [0, 00).
However, much more exotic index sets are quite natural. For example, for a point process
on the Euclidean space R?, J would be the collection of all Borel subsets of R.

The key feature of the definition is that the random variables X; are defined on a common
probability space. This enables us to talk about probabilities of events that involve several
or even infinitely many variables simultaneously. This is what the theory is all about.

Among the first stochastic processes one meets is the discrete-time, countable state space
Markov chain with time-homogeneous transition probabilities. Let S be a finite or count-
able set, the state space of the process. A stochastic matriz is a matrix (p(x,y))syes of
nonnegative numbers that satisfy

Zp(m,y) =1 for all z € S. (1.1)

yes

If S is infinite, the matrix p(z,y) is an infinite matrix. Suppose {X,, : n € Z,} are random
variables defined on a probability space (£, F, P). Then X, is a Markov chain with transition
probability p(z,y) if, for all n > 0 and all choices of states xg, 1, ..., T, 1,2,y € S,

P[Xn+1 =Y ‘ Xn =, anl = Tp—1, anQ =Tp—2,--- 7X0 = 33'0] = P(l}y) (12)
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This condition makes sense for all zg,xq,...,x,_ 1,2 for which the conditioning event has
positive probability. Condition (1.2) expresses the idea that, given the present state x, the
future evolution is entirely independent of the past evolution xg,z1,...,2,_1. This notion
is called the Markov property. Time homogeneity is the property that the right-hand side of
(1.2) does not depend on n.

Sometimes one may be faced with the task of using definition (1.2) to check that a given
process is Markovian. But the more natural question goes the other way around. Given a
stochastic matrix p(z,y) and an initial state xo € S, does there exist a Markov chain X,
with transition probability p(x,y) and such that Xy, = o almost surely? This question is
nontrivial because we are asked to construct an infinite collection of random variables X,
that are in a special relationship with each other.

To get finitely many random variables (Xo, ..., X,,) with the required relationship, we
answer immediately as follows. Let Q = S™*! be the space of (m+ 1)-vectors with entries in
S, and let F be the collection of all subsets of 2. For each w = (sg, $1,...,5m) € €, define
its probability by

P(w) = Liz03(s0)p(s0, 51)p(s1, 82) -+ P(Sm—1, Sm).- (1.3)
Define the random variables by X;(w) = s; for 0 < ¢ < m. The Markov property (1.2) for
0 < n < m is built into the model.

Analogously, it is natural to construct the infinite process (X, )o<n<co On the sequence
space 2 = SZ+  whose elements are infinite sequences w = (sg, 51, S9,...) from S, and
take again the coordinate random wvariables X, (w) = s,. The product o-algebra F on
is generated by cylinder sets. Cylinder sets are events that constrain only finitely many
coordinates. With a countable state space it suffices to consider sets of the type

{w: (8053 8m) = (U, .-, um)} = {w: Xo(w) = ug, ..., Xpn(w) = U}

Let Fy be the class of such sets obtained by letting (uq, ..., u,) vary over all finite vectors
with S-valued entries.

But now it is impossible to explicitly write down the probability of every event in F.
Extending formula (1.3) to an infinite sequence w = (S, )o<n<co i useless because the answer
would be 0 in most cases. {2 is now an uncountable space so we cannot expect to define a
measure on it by giving the values of singletons P{w}.

We can write down probabilities of cylinder events, and this is the first step towards a
solution of the construction problem. Define a function P* on Fy by

Po{Xo=1uo, X1 =uy, ..., Xy = un} = Lizy(uo)p(uo, ur)p(ur, ug) - - - p(Upm—1, ). (1.4)

The second step comes from an extension theorem, which says that consistent finite-dimen-
sional distributions always come from a measure on the infinite-dimensional space. We state
Kolmogorov’s extension theorem in a form sufficiently general for our needs.



Theorem 1.1 Kolmogorov’s Extension Theorem. Suppose S is a complete separable
metric space, I = {iy,iy,i3,...} a countable index set, and Q = S’ the space of functions
w from I into S. Let F be the product o-algebra on ), which is by definition the smallest
o-algebra that contains all sets of the type {w : w(i) € B} for Borel sets BC S andi € I.

Suppose that for each n we are given a probability measure p,, on the space S™. Assume
that the collection {u,} is consistent in this sense: for each n and Borel set A C S™,

,Un—i-l{(sl, R Sn-‘rl) S Sn+1 : (‘917 R Sn) S A} = ”n(A)
Then there ezists a probability measure P on (Q, F) such that for all finite n,

pn(A) = Plw e Q: (w(ir), ... w(i)) € A}.

Kolmogorov’s theorem guarantees that for each starting state x, a probability measure
P? exists on the infinite product space such that cylinder probabilities are given by (1.4). If
we want the initial state Xy to be random with a distribution u, we put on €2 the measure
P# defined by P*(A) = > u(x)P*(A) for events A € F. Thus a Markov process with
transition probability p(z,y) exists for every choice of intial distribution .

1.2 Continuous-time Markov chains

Next we construct a Markov chain X; in continuous time 0 < ¢ < 0o, but still on a countable
state space S. Since S is countable, the chain has to move in jumps, it cannot move contin-
uously. Thus the evolution must be of the following form: a random amount of time spent
in a state x, a jump to a new randomly chosen state y, a random amount of time spent in
state y, a jump to a randomly chosen state z, and so on. Given an initial state, a description
of the process has to provide (1) the probability distributions of the random holding times
at different states; and (2) the mechanism for choosing the next state when a jump occurs.

(1) The Markov property stipulates that the distribution of the time till the next jump
can only depend on the current location z. It cannot depend on the time already spent at x.
This memoryless property forces the waiting time at x to be exponentially distributed, and
we let ¢(z)~! be its mean. Then ¢(z) is the rate of jumping from state . Whenever the chain
is at z, the remaining time T before the next jump has exponential tail P[T > t] = e~¢®@)t,

(2) When the chain jumps, the Markov property dictates that the choice of next state
depends only on the current state x. Thus the jumps are described by a stochastic matrix
p(z,y) where p(z,y) is the probability that the next state after x is y.

This suggests that to construct a continuous-time Markov chain X; with parameters c(x)
and p(z,y), we take a discrete-time Markov chain Y, with transition matrix p(z,y), and
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adjust the holding times to produce the correct exponentially distributed times with means
c(z)~t.

Let x € S be a given initial state. Let (Q,’H,P*) be a probability space on which
are defined a discrete-time Markov chain Y,, with transition matrix p(u,v) and initial state
x, and independently of (Y},), a sequence of exponentially distributed i.i.d. random vari-
ables (7j)o<j<oo With common mean E7; = 1. To construct such a probability space, let
(Q4,Hy, PF) be a probability space for (Y,,) and (€, Ha, P») a probability space for (7;), and
take (2, H, P?) to be the product probability space:

(Q,H,Px) = (Ql X Qg,Hl ®H2,P1x®P2)

The sequence of states that the continuous-time chain X; visits is x = Yy, Y7, Y5, Y5, ...
Define the holding times by o, = ¢(Y;) '7,. Given Y,,, the variable o,, is independent of
(0k, Yi)o<k<n_1 and has exponential distribution with mean ¢(Y,)™'. Now define Ty = 0 and
T,=09+ -+ 0,_1 for n > 1, and then

Xy =Y, for T, <t < Ty, forn=0,1,2,... (1.5)

In words, X; spends time o,, at state Y,,, and then jumps to state Y, 1. X; is defined for all
times 0 <t < o0 if T;, /" 00 as n /" oo. This happens almost surely if for example there is
a constant Cj such that c¢(z) < Cy for all z € S. We assume this throughout our discussion.
Note that in (1.5) we specifically chose the path t — X, to be right-continuous.

This construction can be repeated for each starting state x. Define the transition prob-
ability by p(z,y) = P*[X; € y|. One can prove the following property for all time points
0<ty<t; <ty<---<t,and states xg, x1,T9,...,Ty:

P Xy =20, Xe, = 21,..., Xty = Ty, Xy, = T4 (1.6)

- pto ('Ta '/L‘O)ptl—to (.TO, xl) o 'ptn—tn,l(-rn—l, xn>‘

See Chapter 5 in [29] for a proof. (1.6) implies the Markov property, namely that
Px[th = Tp ’ Xy s = Tn1, Xy oy = T2y - o, Xgy = SUO] = ptnftn,1<xn717 l'n) (1-7)

whenever the conditioning makes sense.

In Section 1.1 the discrete-time chain X,, was constructed on the sequence space Q = S%+,
whose sample points are the paths of the process. We do the same for the continuous-time
chain. Let Dg be the space of functions ¢ from [0, c0) into S with the property that at each
t € [0,00), £ is continuous from the right, and has a limit from the left. Precisely, at each
t €0, 00),

£(t) = li{r%f(s), and the limit £(t—) = li}rif(s) exists. (1.8)



Such functions are called RCLL functions, and also cadlag functions (the corresponding
French acronym).

Let F be the o-algebra on Dg generated by the coordinate mappings & +— £(t), t > 0. We
can think of X. = (X;:0 <t < 00) as a Dg-valued random variable defined on (2, H, P*),
and let P* be its distribution. Then P? is the probability measure on (Dg, F) defined by

P(A) = P*{X. € A}

for events A € F. This defines a family {P*} of probability measures on Dg, indexed by
states x € S. E* stands for expectation under the measure P*. The transition probability
can be expressed as
pe(w,y) = PTE(t) = . (1.9)
We wish to express the simple Markov property (1.7) in a more abstract and powerful
form. Let {6, : t > 0} be the shift maps on the path space Dg, defined by 6,£(s) = £(t + s).
The effect of the map 6; is to restart the path at time ¢. For an event A € F, the inverse
image

0;'A={¢€ Dg:0¢c A}

is the event “A happens from time ¢ onwards.” Let F; = 0{&(s) : 0 < s < t} be the o-algebra
on Dg generated by coordinates up to time ¢. Then for all events A € F and all x € S,

P[0 A| F](€) = PEO(A) (1.10)

for P*-almost every &. The object on the left-hand side is the conditional probability of
an event that concerns the future from time ¢ onwards, conditioned on the past up to time
t. It is a random variable on the space Dg, in other words a measurable function of a
path £ which we indicated explicitly. Measurability of = +— P*(A) on the right-hand side is
automatic because on a countable space, all functions are measurable. To derive (1.10) from
(1.6), check E*[15-14 06, = E*[1p - P€®(A)] first for cylinder events A € F and B € F,
and then extend to all events by the 7m-A-theorem A.1.

Markov property (1.10) expresses the idea that conditioning on the entire past and looking
forward from time ¢ onwards amounts to restarting the process, with the current state £(t)
as the new initial state.

As the last issue, we look at the infinitesimal behavior of the process. In countable state
spaces one can express everything in terms of point probabilities [as in (1.9) for example], but
in more general spaces this is no longer possible. The alternative is to look at expectations
of functions on the state space, so we adopt this practice now.

Define a linear operator L on bounded functions f on S by

Lf(z) = c(z) Y plw,y)[f(y) - f(2)] (1.11)

yeSs



This operator encodes the jump rules of the chain, and reads as follows: starting from state
x, the next jump arrives at rate ¢(z), and when the jump happens, the new state y is
selected with probability p(z,y). This jump causes the value of f to change by f(y) — f(x).
Rigorously speaking, Lf(z) is the infinitesimal expected change in f(£(t)), in the sense of
the next theorem. L is called the generator, or the infinitesimal generator, of the Markov
chain.

Theorem 1.2 Assume c(x) < Cy for allx € S and let f be a bounded function on S. First,
we have the strong continuity at t = 0,

lim sup |E*[f(¢(8))] - f(a)] = 0. (112)

=0 2eg

Second, the expectation E*[f(£(t))] can be differentiated with respect to t at t = 0, uniformly
i x € S. Precisely,

lim sup
=0 g9

Em[f(f(ti)] —flz) _ Lf(z)| = o. (1.13)

We leave the proof of Theorem 1.2 as an exercise, because in Section 2.3 we go through
the details of the same result for the more complicated case of the exclusion process. This is
a valuable exercise, because it requires some basic estimation in the simplest of situations.

The infinitesimal rates can be expressed in terms of a matrix @ = (¢(z, y))s yes defined by
q(x,y) = c(x)p(z,y) for z #y and g(z,z) = — > .. q(z,y). Even if originally p(z,x) > 0
so that jumps from x to x are permitted, () ignores this possibility and records only the
rates of jumps to genuinely new states. The generator can be equivalently expressed as

Lf(x) = a(x,y)lf(y) - f@)]. (1.14)

yeSs

Combining c(x)p(x,y) into a single factor ¢(x,y) represents a change in perspective. Earlier
the chain moved in two stages: first the random clock rings at rate c¢(x), and then a new
state y is selected with probability p(z,y). We can equivalently attach to each possible move
x vy (y # x) a Poisson clock with rate g(z,y), and undertake that jump whose clock rings
first. After the jump all clocks are reset. The equivalence of these descriptions follows from
properties of Poisson point processes (see Proposition 1.5 below).

We can also write Lf = Qf when we think of f = (f(2)).es as a column vector, and
interpret @ f as matrix multiplication. In particular, taking f = 1,y in (1.13) gives

d
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1.3 General definitions for Markov processes

Motivated by the continuous-time Markov chain example, we now state some general defini-
tions. Let Y be a metric space, and Dy the space of RCLL functions w from [0, 00) into Y.
Measurability on Y will mean Borel measurability, and on Dy with respect to the coordinate
o-algebra F. In case Y is separable, F is the Borel o-algebra of a separable metric on Dy
(see Section A.2.2). On the space Dy, let X. = (X, : t > 0) be the coordinate process defined
by Xi(w) = w(t), and F; = 0{X, : 0 < s <t} the o-algebra generated by coordinates up to
time ¢. The shift maps 6, : Dy — Dy are defined by 6w(s) = w(s +t).

Definition 1.3 A Markov process is a collection {P* : x € Y'} of probability measures on
Dy with these properties:

(a) P{w € Dy : w(0) =} = 1.

(b) For each A € F, the function v — P*(A) is measurable on'Y .

(c) P[0, A|F](w) = P*B(A) for P"-almost every w, for everyx €Y and A € F.

Requirement (a) in the definition says that x is the initial state under the measure P*.
Requirement (b) is for technical purposes. Requirement (c) is the Markov property. We
write E* for expectation under the measure P*.

To start the process with a distribution p other than a point mass ¢d,, put on Dy the
measure P* defined by

PH(A) = /YP””(A) u(dz) for A e F.

The transition probability p(t, x, dy) is defined for t > 0, z € Y, and Borel sets B C Y by
p(t,z, B) = P*{X, € B}. (1.15)

The Chapman-Kolmogorov equations
p(s+t,w,B)Z/p(s,y,B)p(tyzr,dy) (1.16)
Y

are a consequence of the Markov property.
For bounded measurable functions f on Y and ¢ > 0, define a new function S(t)f on Y

by
S(t)f(x) = E*[f(X)] = /Y £(9) p(t. z, dy). (1.17)

Measurability of S(t)f follows from part (b) of Definition 1.3. Define the supremum norm
on functions by

1fllee = ilelglf(x)!- (1.18)
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Then
1S(@) flloo < ([ llos (1.19)

so S(t) maps bounded measurable functions into bounded measurable functions. By the
linearity of integration,

S(t)(af + Bg) = aS(t)f + BS()g (1.20)

for scalars a, 3 and functions f, g. This says that S(¢) is a linear operator on bounded
measurable functions. Finally, by the Markov property,

Ss+t)f(z) = E[f(Xep)] = BB {f(Xege) | Fo}]
= B EN{f(X)}] = EP[S()F(X,)] = S(s)S(1)f(a).

Thus the operators {S(t) : ¢ > 0} form a semigroup, which means that S(0) = I and
S(s+t)=S(s)S(t). Property (1.19) says that the operators S(t) contract distances among
functions, so we call {S(t)} a contraction semigroup.

Note that the probability measures {P*} are uniquely determined by the semigroup
{S(t)}. First, the semigroup {S(t)} determines the transition probabilities p(t,z,dy) via
(1.17). Second, finite dimensional distributions under P* are computed as iterated integrals
of the transition probabilities:

O(Xy,, Xigy oo X4,

// [ S

P(tn — the1, Tn_1,dxy) - - - p(ta — t1, x1, dzo) p(ty, z, dq)

for any time points 0 < t; <ty < --- < t,, and any bounded function ® product measurable
on Y. Finally, the measure P* is uniquely determined by its finite dimensional distributions,
by the m-A-theorem A.1.

There is a convenient freedom of language in the theory. Depending on which point of
view is fruitful for the occasion, one can talk about a Markov process in terms of random
variables Xy, in terms of a semigroup {S(¢)} on a function space, or in terms of probability
measures { P*} on a path space.

Let Cy(Y') be the space of bounded continuous functions on Y. The Markov process
{P*} is a Feller process if Cp(Y') is closed under the semigroup action. In other words, if
S(t)f € Cy(Y) for all f € Cp(Y) and t > 0. Equivalently, if the transition probability
p(t, z, dy) is weakly continuous as a function of z for each fixed ¢ > 0.

All our examples will be Feller processes. Since a probability measure on a metric space
is uniquely determined by the integrals of bounded continuous functions, (1.17) shows that
for a Feller process, the semigroup action on C,(Y) is sufficient to determine transition
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probabilities, and thereby the whole process. Thus for Feller processes it is convenient to
consider the semigroup on the space Cy(Y'), which is what we shall do.

A strengthening of the Markov property concerns the admission of certain random times
t in property (c) of Definition 1.3. A random variable 7 : Dy — [0, 0] is a stopping time if
{r <t} € F for each t < co. The o-algebra of events known at time 7 is

Fr={AeF : An{r <t} e F foral t < oo} (1.21)
The random shift 6, on Dy is defined by 6,w(s) = w(7(w) + s).

Proposition 1.4 (Strong Markov property) Suppose {P*} is a Feller process on Dy, and T
15 a stopping time. Then

PO A Fr](w) = PAD(A)
for P*-almost every w such that T(w) < 0o, for every x € Y and A € F.

Proof. We outline the somewhat lengthy proof. Check first that the result holds in case
the values of 7 can be arranged in an increasing sequence. This argument is the same as
the proof of the strong Markov property for discrete-time Markov chains, see for example
Section 5.2 in [11].

To handle the general case, we prove that

E' 1510y - f00r) = E 151 co0y EX(f)] (1.22)

for an arbitrary event B € F,, and for a function f on Dy of the form f(w) = [[%, fi(w(t;))
where fi,..., fm € Cp(Y) and 0 < ¢; < .-+ < t,,. Let us argue why this suffices for the
conclusion. By taking bounded limits of the functions f; we can extend the validity of (1.22)
to f = 14 for cylinder events of the type

A={we Dy :wt)) € Ay,...,w(tn) € An}

for closed sets A; C Y. Such events form a m-system and generate F. The class of events A
such that (1.22) is valid for f = 1,4 is a A-system. Thus by the m-A-theorem (Theorem A.1),
(1.22) is valid for f =14 for all A € F.

Now to prove (1.22). Use the Feller continuity of the transition probability to check, by
induction on m, that E*(f) is a bounded continuous function of x. Set 7, = 27"([2"7] + 1).
Check that 7, is a stopping time, {7, < oo} = {7 < oo}, that 7, \, 7 as n — oo, and
F, C F,,. We already know the conclusion for discrete stopping times, hence (1.22) is valid
for 7,:

Ex[]-B]-{T<OO} f © 97’11] = Ex[]-B]-{T<oo} EXm (f)] (123>
Let n — oo and check that (1.23) becomes (1.22) in the limit. This follows from the right-
continuity of the paths w. H

12



1.4 Poisson processes

Poisson processes on [0, c0) are central examples of continuous-time Markov chains, and also
a building block of the interacting processes we construct in Section 2.

A homogeneous Poisson process with rate r € (0,00) is a Markov chain NV, on the state
space Z, = {0,1,2,3,...} of nonnegative integers, whose rate matrix () is given by ¢(j,7 +
1) =r and ¢(j,j) = —r for all j € Z,. In words, N; marches upward one step at a time,
and the waiting time between each step is exponentially distributed with mean r~!.

To construct N, by the method of the previous section, introduce a deterministic, discrete
time chain Y; = j, and holding times {o;} which are now i.i.d. exponential with mean .

Set again T,, = 09 + - - - + 0,_1. With initial state Ny = 0, (1.5) becomes

N, = Zn . l[Tn,TnH)(t) = Z Z 1[Tn,Tn+1)(t) = Z Z l[TanH)(t)
n=0

n=1 j=1 7j=1 n=j
00

— Z Lz, o0) (1) = Z L0.4(T})-

j=1 j=1

The last formulation suggests a different point of view. Regard the {T}} as random points on
(0, 00), and let V; be the number of these points in the interval (0, ¢]. A natural generalization
is to define the random counting measure N(-) by

N(B) =3 15(T)) (1.24)

for Borel sets B C (0,00). Then N, = N(0,¢] is the special case where B = (0,t]. The
process {N(B) : B € B(0,00)} is uniquely determined by these two properties:

(a) Let | B| denote the Lebesgue measure of B. If |B| < oo, N(B) is Poisson distributed
with mean 7|B|, in other words

e 1Bl(r| B])"

PIN(B) =] = 1=

k=0,1,2,...
While if |B| = 0o, P[N(B) = o0] = 1.
(b) For pairwise disjoint Borel sets By, Bs, ..., B,y,, the random variables N(B;), N(Bs),
.., N(B,,) are independent.
For a proof that {N(B)} defined by (1.24) has the above properties, see Section 4.8 in
[29]. This makes N(-) into a Poisson random measure with mean measure r times Lebesgue
measure.
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We give an alternative construction of {N(B)} that is useful for many proofs. This
construction satisfies immediately properties (a)-(b) above. It works for arbitrary o-finite
mean measures on general spaces, which the “renewal definition” (1.24) does not do.

Let (0, 00) = U2, U; be a decomposition of (0, 00) as a union of pairwise disjoint, bounded
intervals. For each 4, let {w! }1<r<o be i.i.d. random variables, uniformly distributed in the
interval U;, and such that all the random variables {w} }1<; r<oo are independent. Let {K;}
be independent Poisson distributed random variables, independent of the {w}}, with means
EK; = r|U;|. The random point set that gives the Poisson process is the set

T={w,:i=1,2,3,...,1<k<K;},

or in terms of the random counting measure,

K.

N(B)=> > 15(uw}). (1.25)

i=1 k=1

N

We shall alternate freely between different points of view of the Poisson process on (0, 0o):
as an ordered sequence of jump times 0 < T} < Ty, < T3 < ---, as the random set 7 =
{1, T5,Ts, ...}, or as the counting function N; = |7 N (0,¢]|. In Section 2 Poisson processes
on (0,00) serve as the random clocks in the construction of the exclusion process. These
basic properties will be needed.

Proposition 1.5 (a) Suppose {7;} is a family of mutually independent Poisson point pro-
cesses on (0,00) with rates r;, respectively, and r =Y r; < oco. Let T =U;T;. Then T is a
Poisson point process with rate r. For any time point 0 < s < oo, the first point of T after
s comes from T; with probability r;/r.

(b) Let T be a Poisson point process with rate v, and let {p;} be a probability distribution
on N. To each point t € T, assign independently a mark Y, € N with probabilities P[Y; =
i| =pi. Set T, ={t € T :Y; =i}. Then {T;} are mutually independent Poisson point
processes with rates {p;r}.

The proof of Proposition 1.5 as left as an exercise. The Feller continuity of a single
Poisson process N(t) is immediate because its state space Z, has the discrete topology.
Later we need to consider a countably infinite family N(t) = {N;(¢) : i € I} of Poisson
processes, indexed by a subset I of a some square lattice Z¢. The state space of N(-) is Zfr,
which is a Polish space with its product metric. Feller continuity is true again, and so in
particular the strong Markov property holds.

We conclude this section with an alternative construction of the continuous-time Markov
chain X; of Section 1.2. This construction is better because it simultaneously constructs
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the chains from all initial states on a single probability space. Such a simultaneous con-
struction of several processes is a coupling. This construction is the same as the graphical
representation of the exclusion process in Section 2, except that here there is no interaction.

The probability space is (2, H, P) on which are defined independent Poisson point pro-
cesses {T(yy) : (z,y) € S*,x # y} on (0,00). The rate of T, is q(z,y) = c(x)p(z,y).
Perform the following mental construction. To each z € S attach a time axis [0, 00), to
create the product space S x [0,00). For each t € 7(,,), create an arrow ((x,t), (y,t)) that
emanates from (z,t) and points to (y,t). For each initial state x, we define a path (¢, X[)
for 0 < ¢t < oo through the space S x [0,00) that moves at rate 1 along a time axis, and
instantaneously jumps along any arrow it encounters (but only in the correct direction).

Given an initial state x, define the path X} explicitly as follows: Set T = 0, yo = x, and
X§ = yo. Let T} be the first time ¢t when an arrow emanates from (yo,t), and suppose this
arrow points to (y1,t). Then define

th =Y for Ty <t < T, and le;l =11.

Now repeat the same step. Let T be the first time ¢ after T} that an arrow emanates from
(y1,1), and suppose this arrow points to (ye,t). Then continue defining the evolution:

X =y for Ty <t <Tj, and X7, = ypo.

Continuing in this manner, we obtain a sequence of times 0 = Ty < T) < Ty < T3 < ---
and states © = Yo, Y1, Y2, Y3, - .. with the property that no arrows emanate from (y;,t) for
T, <t < Ty, and ((yi, Tix1), (Yix1, Tiv1)) is an arrow for each i. The path is defined by
Xg =y for Ty < t < Tiyy.

Proposition 1.6 The path X7 defined above is a Markov process. It has the following
property: After a jump to a state (say) x, the holding time in x is exponentially distributed
with mean c(x)~ and independent of the past, and the next state y is selected with probability
p(z,y), independently of everything else.

Proof. We first prove that X{ is a Markov process. Let 7 = {7(,,} represent the entire
family of Poisson point processes. Let H; be the o-algebra of the Poisson processes on the
time interval (0,¢]. Time shifts 6, act on Poisson processes as they did on the path space
in Section 1.3. In terms of the counting function, 6,N; = N,.;. The effect on the random
measure or the random set is to restart the counting from time s:

OsN(t,u] =0sN, —OsN; = N(s+t,s+u|, and 0,7 ={t—s:teT,t> s}

Think of the construction of X7 as a family of maps G, so that X7 = G;(x, 7 ) constructs
the state X? from the inputs z (the initial state) and 7. Let

pe(x,y) = PIX7 = y] = P[Gy(2,T) = y].
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The construction of X7, can be done in two stages, first from time 0 to s, and then from s
to s+t. This restarting of the construction can be expressed as X7, = G4(X%,0,7T). Hence

P(X7, = y|H(w) = P[G(X?,0.T) = y| H|(w) = p(XZ (W), y).

The last step is a consequence of several points. X? is H,-measurable while 8,7 is inde-
pendent of H,, because 6,7 depends only on Poisson points in (s,00) and Poisson points
in disjoint sets are independent. We can apply a basic property of conditional expecta-
tions: if Y is B-measurable and o(Z) is independent of B, then E[p(Y, Z) | B] = g(Y) where
g(y) = E[¢(y, Z)]. Then note that 6,7 has the same distribution as 7.

The equation above implies that X7 is Markovian with transition probability p;(z,y),
because the past {X? : 0 < u < s} is Hs-measurable.

Next we check by induction the second part of the statement of the Proposition. As in
the construction, suppose X7 = y,. The construction from time 7, onwards is given by
X7 = Gy(yn, 01, T). T, is a stopping time for the Poisson processes, so by the strong
Markov property, 67, T is independent of Hy, and distributed as 7. This is because 7 is
a function of (N; — Ny : t > 0), and hence independent of Ny by the Poisson construction.
The state y, is Hyp,-measurable, so the restarted Poisson processes 67, 7 are independent of
that too.

Let z = y,. Apply Proposition 1.5(a) to the Poisson processes {07,7.,) : y € S} and
01, T. = Uyb1, 7., restarted at time 7T,,. 07,7, has rate c¢(z), so 1,41 — T, has exponential
distribution with mean c(z)~!. The arrow that emanates from (2,7, 1) points to (y, T, ;1)
if the first jump time came from 607, 7. .y, which happens with probability p(z,y). B

1.5 Harmonic functions for Markov chains

This section introduces the important coupling technique for Markov chains, and collects
results about harmonic functions needed later. For a stochastic matrix p(z,y), the m-step
transition probabilities p™ (x, 1) are obtained from the mth power of the matrix, inductively
by

P, y) =D p" Y (w, 2)p(z,y).

z€S

A function h on S is harmonic for the transition p(x,y) if h(z) = 3, p(z,y)h(y) for all
x, and the sum on the right is defined. Then by induction on n,

h(z) = E*[h(X1)] = E*[h(X,)]

for the discrete-time chain X,, with transition p(z,y).
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In general, a coupling of two stochastic processes X,, and Y,, is a realization of the two
processes on the same probability space. One studies the joint process (X,,Y,) to learn
something about the marginal processes. A coupling is successful if with probability 1 the
processes X,, and Y,, eventually stay together. In other words, there exists an almost surely
finite random N such that X,, =Y,, for all n > N.

Lemma 1.7 Suppose that two copies of the Markov chain with transition p(z,y) can be
coupled successfully for any pair of starting states (x,y). Then every bounded harmonic
function for this transition is constant.

Proof. Let h be bounded harmonic, and fix two states x,y. We shall couple two versions of
the Markov chain, one started at = and the other at y, to show that h(x) = h(y). Let (X,,Y,)
be a successful coupling with starting state (Xo, Yo) = (x,y), defined on some probability
space (2, F,P). Let N(w) be the a.s. finite random time such that X, (w) = Y, (w) for
n > N(w). Since both X,, and Y, are Markov chains with transition p(u,v),

h(z) = h(y)] = |E*[W(Xn)] = EY[R(X5)]]
= [E[n(Xy)] = E[R(Y,)]] = [E[A(X,) = h(Ya)]| < E[A(X,) = h(Y,)]
< 2f[hlloP(Xn # Ya) < 2[|A][P(N > n).
Since N < oo a.s., letting n /" oo shows h(z) = h(y). N

According to the standard Markov chain definition, a transition probability p(z,y) is
irreducible if for all states x and y there exists an m so that p™(z,y) > 0. For interacting
systems, the following more inclusive definitions of irreducibility are sometimes useful. The
first way to relax the definition is to require that for some m,

P (x,y) + p"™ (y,x) > 0.

We can relax this further by permitting each step of the path from x to y to be traversed in
either direction.

For every pair of states z and y there exists a finite sequence
of states x = oM, 2@ ... 2 =y such that (1.26)
p(zV), xUFD) 4 p(20+D) 20y > 0 for j =0,...,k — 1.

A discrete time random walk on the countable state space S = Z¢ is a Markov chain
X, that can be represented as a sum X,, = ¢+ & + --- + &, for i.i.d. step variables &.
Equivalently, the transition probability is translation invariant in the sense

and then {p(0,x) : x € S} is the step distribution.
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Theorem 1.8 Constants are the only bounded harmonic functions for a random walk on Z¢
that is irreducible in the sense (1.26).

Proof. Tt suffices to construct a successful coupling started from (Xg,Yy) = (x,y) for
each pair x # y such that p(z,y) > 0. Then h(x) = h(y) if p(x,y) + p(y,z) > 0, and
by the irreducibility assumption (1.26) any pair x,y can be connected by a finite sequence
v =M 2@ . 2® =y such that h(z")) = h(zU*F)). We may assume that p(0,0) > 0,
for otherwise the original transition can be replaced by p(z,y) = %p(x, y) + %1{33:3,} which
has the same harmonic functions as p(z,y).

Fix x # y such that p(z,y) > 0. The joint process (X,,Y;,) will be a Markov chain on
the state space

X = {(u,v) € Z¢ x Z* : v — v is an integer multiple of y — x}
started from (z,y). Let 8 = p(0,0) Ap(z,y) € (0,1/2]. The upper bound of 1/2 comes from
Define the joint transition for u # v by

= p(O,U)) forw%oﬂy_a%

: )
p((u,v), (u,v+y—2)) = B,
p((w,v), (u+y—z,0) = B,
p((u,v), (u,v)) = p(0,0) =0,
p((u,v), (u+y—z,v+y—1x) = pl,y) —p,

and for u = v by p((u,u), (u +w,u + w)) = p(0,w). The chain with these transitions stays
in X.

Let B, be the integer defined by Y,, — X,, = B,(y — x). Then B,, is a Markov chain
on Z with transitions p(k,k + 1) =  and p(k,k) = 1 — 203 for k # 0, and p(0,0) = 1.
By the recurrence of one-dimensional simple symmetric random walk, eventually B, will be
absorbed at 0, which is the same as saying that eventually X, =Y,,. 1

For a continuous-time Markov chain X;, a function h is harmonic if h(x) = E*h(X;) for
all starting states z and ¢t > 0. In the special case where all clocks ring at the same rate ¢, and
the new state is chosen according to a probability kernel p(z,y), the transition probability
pe(z,y) = P*[X; = y] of the continuous-time chain can be written down explicitly:

e—ct

pi(a,y) =) %pm)(z,y)- (1.28)
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The index n in the sum represents the number of jumps that the chain has experienced up
to time t.

Exercise 1.1 Suppose X; has transition probabilities given by (1.28). Show that a function
h is harmonic for X; iff it is harmonic for the discrete-time transition p(z,y).

Theorem 1.8 and the above exercise give the following corollary.

Corollary 1.9 Suppose X, has transition probabilities given by (1.28), and p(x,y) is trans-
lation invariant in the sense of (1.27) and irreducible in the sense of (1.26). Then every
bounded harmonic function for X, is constant.

Finally, we check that certain limits are harmonic functions.

Lemma 1.10 Let X; be a continuous-time Markov chain on a countable state space S, and
assume jump rates are uniformly bounded. Suppose there is a sequence of times t; /' oo and
a bounded function g such that the limit h(x) = lim;_.o E*g(X,,) exists for all x € S. Then
h is a harmonic function, in other words h(x) = E*h(X}) for allx € S and t > 0.

Proof. The generator of X; is of the form

Lf(x) =) _clx)r(z.y)[f(y) — f(x)]

where c(x) is the rate at which X; jumps from state x, and r(z,y) is the probability of
choosing y as the next state. Assume r is a Markov transition, in other words »_ r(z,y) =1
for each fixed x. The assumption is that ¢(z) < ¢ for a constant ¢. By introducing additional
“dummy” jumps from z to x, we can make all clocks ring at uniform rate ¢. Then the new
jump probabilities are

cte(@)r(z,y) if y#
p(z.y) = { 1—cte(z)(1 —r(x,z)) ify=ux.
The transition probability p;(x,y) of X; can then be expressed as

2 e~ (ct)" (

pi(z,y) = ™ (z,y).

n!
n=0

To show h(z) =}, ps(z,y)h(y), first by boundedness and Chapman-Kolmogorov,

> s, 2)h(2) = lim 3 pa(w, 2)p, (2,9)9(v)

Z?y

= Jim > pess,(.9)9 ().
Yy
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Then

> ps(@y)h(y) — h(z)

< th{)loz [Pste; (2, y) — pe; (2, 9)] - |9(y)]
Yy

. o] e—cs—ctj (CS + Ct)n e—ctj (Ct)n N
< lim [lgllee Y 2 — —— 1> " (a,y)
j—o0 ot n! n! ”
2L e~ % (ct;)" s\"
< i s — 9 e 14— —1].
< Jim e 3 S e (1

To see that this last line tends to 0 as j " oo, think of the sum as E¢(t;,Y;) where Y; is
Poisson(ct;) distributed, and ¢(t,n) = |e=**(1+ s/t)" — 1|. First check that ¢(¢;,Y;) — 0 in
probability by showing that

lim P{[Y; — ct;| > 6t;} =0
Jj—00

for every 6 > 0, and that, given ¢ > 0, there exists § > 0 such that ¢(t,n) < e if t >
6" and |n — ct| < 0t. Second, since ¢(t,n) < e™/* + 1, direct computation shows that
sup; E[@(t;,Y;)?] < co. These suffice for E¢(t;,Y;) — 0. We leave the details as exercise. N

Exercise 1.2 Prove Theorem 1.2. The key is to decompose E*[f(X})] according to how
many jumps the Markov chain experienced in (0, ¢].

Exercise 1.3 Prove Proposition 1.5 for Poisson processes.

Exercise 1.4 Fill in the details for the proof of Lemma 1.10. Look at a periodic example
to show that Lemma 1.10 is not necessarily true for a discrete-time Markov chain.

Exercise 1.5 Suppose p(x,y) is symmetric and translation invariant, in other words p(z,y) =
p(y,z) = p(0,y — x). Let X; and Y; be independent copies of the continuous time Markov
chain with jump rates p(z,y). Let Z, = X; — Y;. Prove that the process (Z; : ¢ > 0) has the
same distribution as the process (Xg; : ¢ > 0). In other words, the difference X; — Y} is the
same as the original process, run at twice the speed.

Hint: Let py(z,y) be the common transition probability of X; and Y;. Show that
psy [Ztl =z, Zt2 = Z29,..., Ztn = Zn]

= Dot (T — Y, 21) Pata—11) (21, 22) =+ D2tn—tn_1)(Zn—15%n)

for any 0 <t; <ty < --- < t,, using induction on n.
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Notes

It is not possible to rigorously define models of stochastic processes without some measure
theory. Product measure spaces are especially important for probability theory because
the product construction corresponds to the probabilistic notion of independence. Sources
for the measure theory needed here are for example the appendix of [11], or any of the
standard real analysis textbooks, such as [17]. A proof of Kolmogorov’s Extension Theorem
for an arbitrary index set can be found in Chapter 12 of [10]. Section 1.5 is from Liggett’s
monograph [27]. The reader is referred to [6] for a comprehensive treatment of Poisson point
processes.
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2 Construction of the exclusion process

Assume given a transition probability p(x,y) on the lattice S = Z¢, in other words nonneg-
ative numbers that satisfy > o p(z,y) = 1 for each z. Our standing assumptions are that
p(z,y) is

translation invariant: p(z,y) = p(0,y — z) (2.1)

and
finite range: there exists a finite set B? C S such that p(0,z) = 0 for x ¢ BP. (2.2)

We wish to construct a Markov process that corresponds to the following idea. Particles
are distributed on the points of S (we call these points sites) subject to the restriction that
no two particles occupy the same site. Each particle waits an exponentially distributed
random time with mean 1, independently of the other particles, and then attempts to jump.
If the particle is at z, it chooses a new site y with probability p(z,y). If site y is vacant,
this particle moves to y and site x becomes empty. If site y was already occupied, the jump
is cancelled and the particle remains at z. In either case, the particle resumes waiting for
another exponentially distributed random time, independent of the past and the rest of the
system, after which it attempts a new jump to a new randomly chosen target site y. All
particles are going through this cycle of waits and jump attempts. The random waiting
times and choices of target site are mutually independent and independent of the rest of
the system. The interaction between the particles happens through the exclusion rule which
stipulates that jumps to already occupied sites are not permitted. Without this rule all
the particles would be simply moving as independent Markov chains on S with jump rates
p(,y).

Note that because the waiting time distribution is continuous, with probability one no
two particles ever attempt to jump at the same time, so no conflicts arise between two
particles attempting to jump to the same vacant site.

We can assume that p(0,0) = 0. Otherwise we could define a new kernel by p(0,0) =0
and p(0,z) = p(0,2)/(1—p(0,0)) for x # 0. This eliminates jump attempts from z to x that
have no effect on the configuration, and runs the process faster by a factor of (1 —p(0,0))™".

We define the state of the system to keep track of the occupied and vacant sites. For
each z € S, let n(x) = 1 if = is occupied, and n(z) = 0 if x is empty. Thus the state
is a configuration n = (n(z) : x € S) of 0’s and 1’s, and the state space is the product
space X = {0,1}°. The goal of this section is to rigorously construct a Markov process
ne = (m(z))zes that operates according to the description given above. The state space X
is uncountable, so existence of this process does not follow from our earlier construction of
countable state Markov chains.
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2.1 Graphical representation of the exclusion process

Let S2 = {(x,y) € S* : p(z,y) > 0} be the set of pairs of sites between which jump
attempts can happen. Let (Q2,H,P) be a probability space on which is defined a family
{Tey) : (x,y) € S2} of mutually independent Poisson point processes on the time line
[0, 00). Poisson process 7, is homogeneous with rate p(x,y). The jump times of 7, are
the random times at which we will attempt to move a particle from x to y.

As explained in Section 1.4, we can switch freely between representing a Poisson process

as the random set 7(,,), as the random measure N, ,\(B) = |75, N B| for Borel sets
B C [0,00), or as the counting function N, ,(t) = Nz, ((0,1]).
Let
L=UTww and T/=|J(Tey U Tuo)- (2:3)
Yy Yy

7, is the set of times when a particle attempts to jump out of x, if x is occupied. 7, is a
Poisson process of rate »_, p(x,y) = 1. 7. is the set of all times when a jump either in or
out of x can happen. 7. is a Poisson process of rate

> e y) +p(y,2) =Y play)+ > p0,x—y) =2,

Y

where we used the translation invariance assumption.

According to Proposition 1.5, attaching the independent Poisson processes {7(;,} to
edges is equivalent to attaching a single Poisson point process 7, of rate 1 to each site x,
and then assigning each t € 7, to a particular edge (z,y) with probability p(z,y). For our
discussion it is convenient to have the Poisson processes {7(,,)} given at the outset. So
informally, instead of having one alarm clock at = and then flipping a p(z,y)-coin after the
clock rings, we attach clocks to all edges (z,y) and react whenever one of them rings.

Fix a sample point w € €, in other words a realization {7, )} of the Poisson processes.
By discarding a set of P-probability zero, we may assume that

each 7 has only finitely many jump times in every bounded interval (0, 7], and (2.4)

no two distinct processes 7, ,y and 7,/ ) have a jump time in common.

Assume given an initial state n € X.

The term “graphical representation” refers to the following space-time picture. Put the
lattice S = Z? on the horizontal axis. (It may be necessary to take d = 1 to make drawing
feasible!) To each z € S attach a vertical time axis oriented upward. At each jump time
t of 7(5,), draw an arrow from (z,t) to (y,t). Put the initial particle configuration at level
t = 0 on the sites of S. After the process starts, all particles move vertically upward at
a steady rate 1. When a particle encounters an arrow at (x,t) pointing to (y,t), it moves
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instantaneously along the arrow from (z,t) to (y,t) in case y is vacant at time ¢ (in other
words, if there is no particle at (y,t) blocking the arrow). This way each particle traces a
trajectory in the space-time picture, moving vertically upward at rate 1 and occasionally
sideways along an arrow.

A problem arises. Suppose we compute the value 7,(0) for some ¢ > 0. This value is
potentially influenced by ns(z), 0 < s < t, from all sites = that interacted with 0 during
the time interval (0,¢]. This means those x for which 7,y or 7(o,) had a jump time during
(0,¢]. But to know ns(x), 0 < s < t, for these z, we have to consider what happened at all
sites y that interacted with any one of these z-sites. And so on. How does the construction
ever get off the ground? For the Markov chain we could wait for the first jump time before
anything happened. But now, if the initial state n has infinitely many particles, infinitely
many of them attempt to jump in every nontrivial time interval (0, ).

The percolation argument

To get around this difficulty we use a percolation argument due to T. Harris. This guarantees
that for a short, but positive, deterministic time interval [0, ¢o], the entire set S decomposes
into disjoint finite components that do not interact during [0, ¢s]. In each finite component
the evolution 7, (0 <t < tg) can be constructed because only finitely many jump times need
to be considered.

For 0 < s < t, let G, be the undirected random graph with vertex set S and edge set
Es+ defined by

{z,y} € &, iff Ty, or Ty, has a jump time in (s, t]. (2.5)

Each edge {x,y} is present in G, with probability 1 — e~(¢==)@¥)+P:2) " independently of
the other edges. Quite obviously, as s is fixed and ¢ increases edges are only added to the
graph, never removed.

The connection with the exclusion evolution is that in order to compute the evolution
ns(z) for 0 < s < t, only those sites that lie in the same connected component as x in the
graph Gy, are relevant.

Lemma 2.1 If ty s small enough, the random graph Go., has almost surely only finite
connected components.

Proof. Let B, = BP U (—DBP?), the symmetrized version of the set B? in the finite range
assumption (2.2), R = maxX,ep, |¢|w the radius and k, = |B,| the cardinality of the set B,.
By (2.2), 7(z,) cannot have any jump times unless y — x € BP. Hence if {z,y} € &, then
necessarily y — x and z — y lie in B,, and so |y — 2|, < R.
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We first show that if ¢y > 0 is fixed small enough, then with probability 1 the connected
component containing the origin is finite.

Suppose a site y with |y|s > L lies in the same connected component as 0. Then there
must exist an open path 0 = zg, 1, ..., 2, =y in the graph, and since each edge {x;, z;11}
can span distance at most R, m > L/R. A given sequence of sites 0 = zg,x1, ..., T, such
that x4 — x; € B, is an open path in the graph Gy, with probability

—_

(1 _ e*to(p(ri7xi+1)+p(ri+1,wi))) < (1 _ e*Qto)m'
=0

The number of possible paths 0 = zg, x1,...,x,, starting at the origin is k", as each suc-

cessive vertex x;;1 must be chosen from among the k, elements of the set x; + B,. Pick t,
small enough so that k,(1 — e™2%) < 1. This choice is deterministic and positive. Then

Z P[there is an open path of length m in the graph starting at 0]

m=1

< Z ET (1 — e )™ < oo.

m=1

By Borel-Cantelli, almost surely there is a finite upper bound on the length of the longest
open path starting at 0. And consequently there is a finite L such that 0 is not connected
to any vertex y such that |y|. > L.

Finally, by the assumption (2.1) of translation invariance, the joint distribution of the
edge indicator variables 1[{z,y} € &4, is translation invariant. Consequently the probabil-
ity that a vertex x lies in an infinite connected component is the same for each z. By the
above proof, this probability is zero. N

To construct the process 7, for 0 <t < ¢y, we imagine doing it separately in each finite
connected component of the graph Gp,. Ignoring everything outside a particular connected
component and considering only the time interval [0, o] is by assumption (2.4) the same as
having only finitely many edges in the entire graph Go,.

Construction with finitely many jump times

Suppose the finitely many jump attempts happen at times 0 < 74 < 7o < -+ < 7,. Let
(1,91), (2,92), .., (@, yn) be the pairs of sites such that 7, € T, ) for k =1,... n.
Recall that the initial state is n. Set

n =n for 0 <t < 7.
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If 1 is occupied and y; is vacant at 77— (this means: immediately before time 71), move a
particle from x; to y; at time 7y, and so set

Z1,Y1

777'1 = 777’1— :

We introduced this notation: ™V is the state that results from 7 after interchanging n(x)
and 7n(y), in other words

ny), z==x
n"Y(z) =4 n(x), z=y (2.6)
n(z), z#x,y.

If x; is vacant or y; is occupied at 7, —, no change happens, and we set

7771 = 777'1*'

We have defined the process on the time interval [0, 7].
The general step: Suppose the state 1; has been defined for 0 < ¢ < 7. Define

Ny = Ny, for 7, <t < Tpyq.

If Ny —(Tpg1) = 1 and 0y, —(ye41) = 0, set

TR+ 1YR+1
Mrier = Mgy

while if 9, ,, —(2r41) =0 or 1~ (Ykg1) = 1, set

N1 = Mg —

This step is repeated until the construction is done on the time interval [0, ] for a
particular connected component. Since the connected component is finite, by assumption
(2.4) we reach time ¢, after finitely many updating steps. Then this construction is repeated
for each connected component.

Construction for all time

Given an arbitrary initial configuration 7, we can now construct the evolution 7, for 0 <
t < to, for almost every realization of the Poisson processes {7(;,)}. Once the evolution is
constructed up to time %y, take the state 7,, as the new starting state, and use the Poisson
processes restricted to the time interval (to,2t;]. Lemma 2.1 guarantees again that with
probability one, the connected components are finite for the random graph Gy, 2;,, and thus
the construction can be extended from time ty to 2t,. Continue this way, and conclude
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that the evolution 7; can be constructed for all time (0 < t < o0), for an arbitrary initial
configuration 7, and for all but an exceptional P-null set of jump time processes {7(; )}

We seem to have deviated from the description at the very beginning of this section. There
we specified that each particle waits an exponentially distributed time, and then attempts to
jump. However, in our construction the Poisson clocks 7, are attached to directed edges
(x,y) between sites. This apparent difference can be cleared by the memoryless property of
the exponential distribution. Let 0 < T} < T < T3 < --- be the times of the jump attempts
experienced by a particle initially located at zy. Let x; be its location at time T}, either the
new location after a successful jump, or the old location after a suppressed jump. The T}’s
are stopping times for the Poisson processes. By the strong Markov property, the Poisson
processes start anew at time T} independently of the past. The past includes the choices
of states xy,...,z;. So from the perspective of this particle, after time T} the clocks 7(,, 4
ring at rates p(zg,y) independently of everything in the past. So it is as if the particle were
carrying his own clocks.

2.2 Stirring particle construction for the symmetric case

Suppose the jump probabilities are symmetric: p(z,y) = p(y,z). Then instead of arrows
in the graphical construction, we can use undirected edges. Start again by putting in the
vertical time axes {x} x [0,00) for z € S. Take a realization of mutually independent
Poisson processes {7(,,}} indexed by unordered pairs {z,y} of distinct sites, with rate
p(z,y) = p(y, ) for T(,,y. For each jump time ¢ of 7y, ,, connect the space-time points
(x,t) and (y,t) with a horizontal undirected edge.

Let us say there is a path between (x,0) and (y,t) in the space-time graph if there is a
sequence of times 0 = 5o < s1 < -+ < 8 < sgp1 = t and sites © = xg, x1,..., 2 = y such
that

(a) no horizontal edges touch the open vertical segments {z;} X (s;,8;41) for 0 < i < k
and

(b) each {(z, Si+1), (Tit1,8i11)} for 0 <i <k —1 is a horizontal edge.

The rules for a path leave no choices. Starting from (z,0) = (z0,0), the path proceeds
forward in time until it encounters the first horizontal edge {(x¢, s1), (21, s1)}, which forces
the path to jump to (x1,s1). Subsequently the path proceeds forward in time along the
segment {1} X (s1, $2), until the edge {(z1, $2), (72, $2)} forces the path to jump to (xs, s2).
And so on. Hence starting from (z,0) and proceeding to level S x {t}, the endpoint (y,t) is
uniquely determined, because there is only one path from (x,0) to level S x {¢}. Similarly
one can traverse the same path backwards in time, from (y,t) to (x,0). These paths define
bijective maps between S x {0} and S x {t}.
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To construct the exclusion process 7, for 0 < s < ¢, place the initial particle configuration
on level S x {0}, and let the particles follow the paths to the level S x{t}. This has the effect
of swapping the contents of sites x and y at each jump time of 7, 1. If 2 and y were both
empty, nothing happened. If z and y were both occupied, the particles at x and y traded
places, but no change occurred in the occupation variables n(x) and n(y). If x was occupied
and y empty, then the particle at x jumped to y. Or vice versa. This jump happened at
rate p(z,y) = p(y, x), as it should have. Since this representation swaps particles when both
sites are occupied, we call it the stirring representation.

We introduce notation for the backward paths. X? € S is the position after time s of a
walker who starts at (y,t) and follows the path from (y,t) down to level S x {0}. The walker
proceeds backward in time at rate 1, but jumps instantaneously across horizontal edges. He
reads his own time forward, so X = y and his location in the space-time graph is actually
(XY, t —s) for 0 < s < t. If the path connects (y,t) and (z,0), then X} = x. The stirring
representation can now be expressed as

ne(y) = no(XY). (2.7)

Notice for later use that the backward paths also represent the exclusion process with
rates p(x,y) = p(y,z). If we start an exclusion process with finitely many occupied sites
{y1,...,yn}, then the occupied set at time ¢ is {X/*,..., X/"}.

2.3 Properties of the construction

To prove necessary measurability and continuity properties of the construction, we need to
be specific about the metrics on the various spaces. The state space X = {0,1}° of the
exclusion process is metrized with the product metric

d(n.¢) =Y 27=n(z) = ((2)]. (2.8)

z€eS

Convergence d(n?,n) — 0 is equivalent to saying that, for any finite set A C S, there exists
Jo such that n?(z) = n(x) for all z € A and j > j,. Under this metric X is a compact space.
Dy is the space of X-valued right-continuous functions 7. on [0, c0) with left limits. Let F
be the o-algebra on Dx generated by coordinate mappings. This is the same as the Borel
o-algebra of the Skorokhod topology (Section A.2.2).

Think of the Poisson processes in terms of right-continuous counting functions w =
(N () @ayesz where Nigy) () = [Z(zy) N (0,]| counts the number of Poisson jump times.
The path Ny, (-) is an element of Dz, . The value w(t) = (N(zy)(t))(z.y)es2 is an element of
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2
the product space U = Zi”. U is a Polish space under the product metric

dy(m,n) = Z 2—|a:\oo—\y|oo|m(x,y) _ n(x7y)| Al
(x,y)eS2

where m = (M) (z.y)es2, and similarly n, denote elements of U. The path w = (w(?) :
t > 0) is an element of the space Dy, metrized by the Skorokhod metric. This is defined
as in (A.4) with dy in place of p. The probability space of the Poisson processes is thus
(Q,H,P) = (Dv, B(Dy), P).

Let Qg be the set of paths w that satisfy (2.4) and for which the random graphs G, k41t
kE = 0,1,2,..., have finite connected components. () is a Borel subset of Dy and has
probability 1 (exercise).

In the previous section we constructed the exclusion process as a function of an initial
state n € X and a sample point w € €y. We express this dependence on (n,w) by writing
ny (w) for the state of the process at time ¢ > 0, and 7 (z;w) for the occupation variable at
site z. The process with initial state 7 is denoted by 7. The first item to check is that 7" (w)
is an element of the path space Dx.

Lemma 2.2 For (n,w) € X X Qq, the function t — n;(w) is right-continuous and has left
limats at all time points.

Proof. Fix a radius r > 0, and consider the cube B = {z € S : |z|o < 7}. By (2.4), the
Poisson process U,ep7, contains only finitely many points in (¢,7") for any 0 <t < T < co.
Fix ¢, and pick § > 0 so that U,ep7, has no jump times in (¢, 4+ 0). Then no changes
happen in the cube B during time interval (¢,¢ + ¢), whence n/(z;w) = n(x;w) for © € B
and t < s <t+ 4, and so

dif(), W) < Y 27F=< ¥ 2 [{r: ale = n}|

|| oo >T n=r+1

< > 2m2d(2n+ )"

n=r+1

The last expression can be made less than ¢ by fixing r large enough at the outset. This
shows that d(n(w), n?(w)) — 0 as s \ t.

Considering left limits, we cannot rule out the possibility of a jump time ¢ € 7 at some
site . Then 7, ;(z;w) can differ from 7} (z;w) for all small 6 > 0. But for any site z, there
is a §, > 0 such that 7 has no jump times in (¢t — d,, ). Consequently n?(z;w) = n!'(z;w)

29



for s,u € (t — 0,,t), and the limit n; (z;w) = lim, » n?(x;w) exists. Since convergence in X
is coordinatewise, this implies that the limit n; (w) = lim, ~ n?(w) exists. W

Now that we know 7"(w) is an element of Dy, we need to check that it is continuous in
7 and measurable in w. Both will follow from the next lemma.

Lemma 2.3 The path n"(w) is a continuous Dx-valued function of (n,w) € X x .

Proof. We sketch the proof and leave details as an exercise. We use the notation estab-
lished in Section A.2.2.

Fix (n,w) € X x Q. Fix an arbitrary cube A C S and 7" < oo. Let k be such that
(k — Dty < T < kty where ty is the number given by Lemma 2.1. There exists a finite set
B C S such that, if ( = on B, then n¢(z;w) = n(z;w) for all z € A and 0 < ¢t < T.
Existence of such a B can be shown inductively on k. Let Cx_1)s .k, () denote the connected
component containing x in the graph G 1y k.- If k =1, take

B =] Coyl).

T€EA

Suppose a finite B exists for k = n and any finite A. Set

A/ = U Cﬂto,(n+1)to (x)7

T€EA

and take the set B corresponding to A" and k = n. Thus a finite set B exists for A and
k = n 4+ 1. The point of the inductive argument is that, if a state 7, at time nt; is
given, the evolution {n(z) : nty <t < (n+ 1)ty} depends on 7, only through the values
{1t () = ¥ € Chto (n1)t0 () }-

Let € > 0. Let ' = (N, ,(*)) be another element of 2. If § > 0 is chosen small enough,
then s(w,w’) < § guarantees that for some A € A, y(\) < ¢ and for all edges (z,y) incident
to the set B,

Nagy)(t) = N, (A1)  for 0<t <T.

Shrink § further if necessary so that d(n, () < § forces n = ¢ on the set B.
Now we have, for ((,w') € X X Qq such that d(n,() + s(w,w’) < §, for x € A and
0<t<T,
() = i (w30) = (30 0 X) = 1 (5).
In the first step we can replace 1 by ¢ because only the initial values on B matter for the
state at time ¢ on the set A. Next we can replace w by w’ o\ because these two paths agree on
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all jumps that influence the set B up to time T'. The last step follows because the number of
jumps the path w'(A(+)) has in time interval (s, t] is the same as w' has in (A(s), A(¢)]. Then

sup d(n?(w),ni(t)(w’)) = sup 22_|z‘°°|nf(x;w) _ ni(t)(l,;w/” < 22_@‘00.
0<t<T 0<t<T e

This last quantity can be made arbitrarily small by choosing A large enough. By Lemma
A.2, we have shown that if d(n, n™) + s(w,w™) — 0, then

™, (n
s (w™), n(w)) — 0
asn —oo. 1

The lemma above implies that 7 is a measurable mapping from €2y into Dx. Let P" be
the probability measure on (Dy, F) defined by

P (A) =P{w:nl(w) € A} (2.9)

for events A € F. Let F; = 0{n,s : 0 < s <t} be the o-algebra generated by the coordinates
over time interval [0, t].

Theorem 2.4 The collection {P" : n € X} of probability measures on Dx is a Markov
process, in other words

(a) P"[no =n] =1.

(b) For each A € F, the function n+— P"(A) is measurable.

(c) Py € A|F] = P (A) P"-almost surely, for everyn € X and A € F.

Proof. (a) is clear since by definition n](w) = 7.

(b) Let £ be the class of sets A € F for which n — P"(A) is measurable. It is a A-system.
Let P be the class of finite product sets A = {n. € Dx :m, € Hy,m, € Ho,...,m, € Hy}
for finite £ and Borel subsets Hy, Hs,..., H; of X. P is closed under intersections, and
generates the o-algebra F of Dx. By the m-A-theorem, it suffices to show that n — P7(A)
is measurable for A € P.

The function

F(n,w) = 1, (0, (W) 1a, (0, (W) - - - L, (f ()

is jointly measurable, because (1, w) — n(w) is measurable by Lemma 2.3, and the coordi-
nate projections 7. — 17, are measurable on Dy. Hence by Fubini’s theorem, the function

/ F(n,w) P(dw) = / Ly (7 0)) L, (7, () -+ L, (7l () P(d) = PP(A)
Q Q

is a measurable function of 7.
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(c) Let us write nyp4 to denote the function 7. € Dx restricted to the time interval [0, ¢].
Dx|[0,t] is the space of right-continuous functions on [0,t] with left limits, again with the
o-algebra generated by coordinate projections. We need to show that, for any measurable
set B C Dx|0,1],

EM1A(m+)15(moy)] = E"[P"(A)1p(no.)]-
The argument returns to the construction. Write G : (n,w) — n(w) for the measurable map
from X x )y into Dy that constructs the process from an initial state n and the Poisson
processes w = {7, }. Let 6, denote time shift of the Poisson processes: 6w is obtained by
restarting w at time ¢. To clarify, if 7, ,) has jump times

0<s) <8<+ <8 < Spyr <00y
and s,,_1 <t < sp, then 6,7, ,) has jump times
0<sym—t<Spy1 —t<Smio—1T<---

The restriction wyy is independent of ¢yw, because Poisson processes on disjoint sets are
independent.

The evolution 7/, (w) from time ¢ onwards can be constructed by evolving the state 7
with the restarted Poisson processes fyw. In other words, /. .(w) = G(n/, fw). Now

= [ LA(G0) 00) Ll () Pd)
[ Pe) 1ati @) [ PUD) 14(G ), 05)
— [Pl 1000, @) [ P 14(G ). )
[ Pe) 1a ) P )

= E"|

15(m0.9)P™(A)].

By the independence of wyg 4 and 6;w, we integrated separately over them above, and empha-
sized this by writing w for the second integration variable. Note that the restricted evolution
nﬂlt] (w) depends only on wjyy. And also that 6w has the same distribution as W, hence the
shift could be dropped in the inside integral. B

Let C(X) be the space of continuous functions on X. Since X is compact, all continuous
functions on it are bounded.
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Lemma 2.5 The exclusion process is a Feller process, in other words for any f € C(X)
and t >0, E"[f(n)] is a continuous function of the initial state n.

Proof. E"[f(n)] = E[f(n])]. By Lemma 2.3 the integrand is a continuous function of 7.
The expectation is then continuous in 7 by the bounded convergence theorem. N

A consequence of this lemma is that the strong Markov property is valid for the exclusion
process. The operators S(t) are defined on the space C(X) by S(t)f(n) = E"[f(n:)]. The
previous lemma guarantees that S(t)f € C(X) for f € C(X).

Finally we look at the infinitesimal evolution of the process. For Markov chains, the
infinitesimal expected evolution was described by the generator L defined by (1.11), in the
sense of the time derivative given in (1.13). Our goal is to find a similar description for the
exclusion process.

Suppose f is a cylinder function on X. This means that there exists a finite set A/ =
{1,..., 2} C S and a function f on {0, 1} such that f(n) = f(n(z1),...,n(xm)). Another
term for a cylinder function is local function. Let Gy be the random graph defined by (2.5),
and ?y given by Lemma 2.1. Let C; be the union of the connected components in Gy, that
intersect AY. By Lemma 2.1 C; is almost surely finite for 0 < ¢t < 5. To compute f(n(t))
for 0 <t < ty, only the initial values {n(z) : x € C;,} and the finitely many Poisson jump
times in Uyec,, 7, N [0, %o] need to be inspected.

Fix a cube A in S that contains A7, and is large enough so that the distance from every
point of A/ to any point outside A is at least 3R. Here R is the upper bound on the distance
|z — Y|~ between the endpoints of an edge {z,y} € &, as introduced in the proof of Lemma
2.1. Define the event

H, ={C; C A}. (2.10)

Let NV; be the number of jump times in U,e47;) N [0, ].

In the first step, we decompose the probability space Q four ways into H; N {N, = 0},
HN{N; =1}, H.N{N; > 1}, and Hf. Then we note that {N; = 0} and {V; = 1} are subsets
of H;, because with only one edge in G, incident to the set A, A/ cannot be connected to
anything outside A. Fix 0 <t < {; and a starting state 7.

S@).f(n) = f(n) = E"[f(ne) = f(no)]
= E[(f()) = F) L iw=oy] + E[(f (/) — (1) Lin=1y] (2.11)
+ E[(f(n) = )1 1wy + E[(f () — f(0) L]

The first term after the equality sign is zero because 7] = n when no jumps happen in A.
On the event {N; = 1}, there is a single jump time which can influence f(n/) — f(n). Let

B="Y pEy+ D, =y,

€A, yes zeS\A,ycA
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the finite rate of the Poisson process UyeaZ.. Then P[N; = 1] = Bte . Given that
Ny = 1, the unique jump time occurred in 7, with probability 5~ 'p(z,y) for (z,y) €
[Ax SJU[(S\ A) x A]. Given that the unique jump time occurred in 7, ),

f) = f(n) = n(x)(L = n)If (™) — f(n)]

because the (x,y)-jump has no effect unless n(x) is occupied and 7(y) vacant. Recall the
definition of n™¥ from (2.6). Thus the second term of (2.11) equals

te > pla,y)n() (1 =) [F o) — ).
z,yeS

We summed over all pairs (z, y) because f(n™¥)— f(n) is zero for (z,y) ¢ [AxSJU[(S\A) x A].
The last two terms in (2.11) are treated as error terms. The absolute value of the third
term is bounded by

2] flloo PIN: > 1] = 2| flloo(1 — €™ — Bte™) < 2| fl|oc 57,

The fourth term we estimate as we did in the proof of Lemma 2.1. On the complement of H,
there must exist an open path in Gy, of length at least 3 edges, starting from some z € A/.
Recall that k. is the cardinality of the symmetrized set B?U(—B?) where B? = {x : p(0,x) >
0} is the finite support of the jump probability. Fix t; € (0,) so that k.(1 —e ") < 1/2
for t <t;. Then for ¢ < t;, the fourth term in (2.11) is bounded above by

2/l flloo P[Cy & A] < 20| flloo [A] Y KZ(L = €)™ < 4| flloo [AT[RE(1 — e72)°

n>3
< 32| flloo | AT K227,

Define an operation L on cylinder functions f on X by

Lf(n) =Y pla,ym(@)(1 = n)[f ") = f(n)]. (2.12)

We call L the generator of the exclusion process. The sum has only finitely many nonzero
terms, and so Lf € C(X) for cylinder functions f. We have the bound

||Lf|\oo§2||f\|oo( I p<x,y>)s4rAf|-||fuoo. (2.13)

x€Af yes xeS\ASf, ycAf

We can summarize the estimation made thus far.

sup |S(2)f(n) — f(n) —tLf(n)]

nex
<t(1—e ) AJAT| || flloo + 211 flloe 8787 + 32 floo |AT K322 (2.14)
< (e,

where C(f) is a constant that depends only on f. Two conclusions from this.
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Proposition 2.6 (a) For cylinder functions f, the function t — S(t)f(n) is differentiable
att =0,
d

%S(t)f(ﬁ)

and the limit holds uniformly in n:

t=0

S(t)f(n) — f(n)

lim sup — Lf(n)‘ = 0. (2.15)
t—0 nex t
(b) For all f € C(X) we have this uniform continuity at t = 0:
lim sup [S(t) f (1) — f(n)| = 0. (2.16)
-V neXx

Proof. (a) is immediate from (2.14). For cylinder functions f, (b) follows from (2.13) and
(2.14). To complete the proof of (b), we argue that cylinder functions are dense in C(X),
in other words for any f € C(X) and ¢ > 0 there exists a cylinder function g such that

sup, | f(n) — g(n)| <e.
As a continuous function on a compact space, f is uniformly continuous. Pick ¢ > 0 so

that |f(n) — f(Q)| < e for all n,{ € X such that d(n, () < J. Fix a finite set V' C S such that
Zwv 2~ I7le < §. For each ), define n° € X by

o, | nx) forzeV,
n(x)—{o forz ¢ V.

By the choice of V', d(n,n") < ¢ for all n € X. Now g(n) = f(n°) defines a cylinder function
that is uniformly within € of f. W

For continuous time, countable state Markov chains, and for the exclusion process, we
have naturally arrived at semigroups S(t) of operators on bounded continuous functions, and
an infinitesimal description of S(t) given by an operator L. In the next section we turn to
study these notions in an abstract setting. This yields results that are applicable to a wide
range of Markov processes.

Exercise 2.1 Extend the construction to more general transition probabilities p(z,y). For
example, drop the translation invariance assumption. Replace the finite range assumption
with a bound on the tail of p(z,y). Chapter I of Liggett’s monograph [27] constructs the
process for a general countable index set S under the assumption

sup » _p(x,y) < oo.
y X

The construction in [27] is based on semigroup theory, and is analytic rather than proba-
bilistic. Can you show that the graphical representation is well-defined in this case?
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Exercise 2.2 Show that the event )y defined above Lemma 2.2 is measurable and has
probability 1.

Exercise 2.3 Show by example that L f is not defined for all continuous functions f € C(X).
Show that as a mapping of functions, L is not continuous even among cylinder functions.
For example, it is possible to define a sequence of cylinder functions f,, such that || f,,||cc — 0,
but yet ||Lf,||cc — 0.

Exercise 2.4 Derive the generator of the symmetric exclusion process from the stirring
particle representation of Section 2.2, repeating the steps that led to (2.14). You should
arrive at

Lf(m) = p(x,y)[f (™) — f(n)] (2.17)
{z.y}

where the sum is over unordered pairs {z,y} of sites. Check that this is the same as L
defined by (2.12). In Exercise 4.5 below you use martingales to check that this equality of
generators guarantees that the two constructions produce the same Markov process.

Exercise 2.5 Let f be a cylinder function on X. Use (2.14) to show that

Mt:f(nt)_/o Lf(ns)ds

is a martingale with respect to the filtration F;.
Here is a way to carry this out. The goal is to show

B ) - 160 - | ' Lf(n) du

7| =0

Partition [s, ] into m subintervals [s;, s;11] of common length § = s;,1 —s;. The goal becomes

E{Z{E[f(nsiu)‘fsi] —f0ns) = /+ L) du}

7 2

7| =0

Rewrite each innermost term as

E[f(nswl)’fsi} - f(nsz) - /%Hl Lf(nu) du

= B [f(né)} _ f(ns;) = 0Lf(ns;) — 5<Lf(775i+1> - Lf(n8¢>)
+ / - (Lf(nswrl) - Lf(nu)) du.
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Sum over . Apply (2.14). Let § — 0, and use the right-continuity of the paths 7, in the
time variable.

After this exercise the reader will appreciate the ease with which the conclusion follows
from semigroup theory (Exercise 3.1 in Section 3.2).
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3 Semigroups and generators

We cover here a minimum of semigroup theory. The goal is to have the [ Lf dv = 0 criterion
for equilibrium distributions, and to prove some technical lemmas needed in later sections.

3.1 Some generalities about Banach spaces

A norm on a real vector space X is a function || - || from X into nonnegative reals that
satisfies these properties, for vectors f, g € X and real numbers a:

(@) [If + gl <l +1lgll  (the triangle inequality)
(b) llafll = all £l
(©) [IFl > 0iff f #0.

A vector space with a norm is called a normed vector space. Such a space is a metric space
with distance d(f,g) = ||f — g||. A Banach space is a normed vector space in which the
metric is complete. This means that every Cauchy sequence converges. In other words, if
{fn} is a sequence in X such that

lim sup || f, — fml] =0
=00 m>n
then there exists a vector f € X such that || f, — f|| — 0 as n — oo.

Example 3.1 The space R? of real d-vectors z = (z1,...,74) is a Banach space with any
norm |z|, = (J21|P + -+ + |z4/P)/? for 1 < p < o0, and also with the norm ||, = max; |z;].
The case p = 2 is the Euclidean norm.

Example 3.2 For any metric space S, the space C,(S) of bounded continuous functions on
S with the supremum norm || f||« = sup,cg |f(x)| is a Banach space. The completeness of
Cy(S) follows from the fact that a uniform limit of continuous functions is continuous. Note
that in case S is compact, then all continuous functions are bounded and C(S) = C(S), the
space of all continuous functions.

The dual space X* of a Banach space X is by definition the space of all continuous linear
functions from & into R. (Or into C, if one works with complex scalars.) Elements of A*
are also called functionals, and the value of v* € X* applied to f € X can be denoted by
v*(f) or (v*, f). X* is also a Banach space, with norm

[0*]| = sup{(v*, f) : f € X, [[f]] < 1} (3.1)
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This gives the useful inequality
(0" A< [

A fundamental fact is that X* is sufficiently rich to separate points on X, namely if f,g € X
and (v*, f) = (v*, g) for all v* € X*, then necessarily f = g.
A linear operator on X is a linear map A whose domain

D(A) ={f e X: Af is defined }

and range

R(A)={Af: [ DA}
are linear subspaces of X. The graph

G(A) ={(f,Af): [ € D(A)}

is a linear subspace of the product space X x X. X x X is also a Banach space with norm
Nl = I1FIF+ llgll- Ais a closed linear operator if G(A) is a closed subspace of X x X.
Equivalently, if f, — f and Af, — g, then f € D(A) and g = Af.

A is a bounded linear operator on X if its domain is all of X', and its operator norm

[A[l = sup{[|Af][ - f € X, [[f[l < 1} (3.2)

is finite. As above, then ||Af| < ||A|| ||f|| for all f. An operator defined on all of X is
bounded iff it is continuous. A is a contraction if [|A| < 1.

Example 3.3 Linear transformations defined on finite-dimensional spaces are given by ma-
trices, and always have finite operator norm and so are bounded linear transformations.
Note the different notions of boundedness: a linear map cannot be bounded in the sense
that sup; ||Af|| is finite, unless it is trivial.

On infinite dimensional spaces it becomes natural to consider unbounded operators that
are defined only on a subspace. For example, on C,(R) differentiation Df = f’ is an un-
bounded linear operator whose domain is the subspace of functions with bounded continuous
derivatives. It is a closed operator, because if f, — f and f; — g boundedly and uniformly,
then passing to the limit in f,,(z) — f.(0) = [;" fn(y) dy shows that f' = g.

An example of a bounded linear operator on Cy(R) is

Af(z) = /R plt, 2,9) () dy

where p(t, x,7) = (2mt) "2 exp(—(x —y)?/2t) is the transition probability function for Brow-
nian motion, or the Gaussian kernel. Since [ p(t,z,y)dy = 1, A is a contraction.
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Parts of calculus work fine for Banach space valued functions. Let u : [a,b] — X. Say u
is (Riemann) integrable if the limit

lim S u(ss)(ti — tit) (3.3)

|A[[—0 <=
=1

exists, where
A={a=ty<t; <---<t,=>b}

is a partition of [a,b], ||A] = max(t; — t;_1) is the mesh of the partition, and the {sz}

are arbitrary points such that s; € [t;_1,¢;] for each i. The limit is denoted by f

Differentiability has to be interpreted in the Banach space norm. To say that u/(t) = g for

some g € X means that

u(t + h) —u(t)
h

At the endpoints u'(a) and u/(b) are defined as one-sided derivatives in the obvious way. Let

us say the function u(t) is continuously differentiable on [a,b] if the derivative u'(t) exists
and is itself continuous as an X-valued function from [a, b] into X.

lim
h—0

-

Lemma 3.4 (a) The integral f t)dt exists for every continuous function u : [a,b] — X.

It satisfies
b
< / ()] dt. (3.4)

(b) Suppose K is a closed linear operator on X with domain D(K). Let u : [a,b] — X.
Assume that u actually maps la,b] into D(K), and that both u(t) and Ku(t) are continuous
functions of t. Then f t)dt also lies in D(K), and

/ Dt = /Ku (3.5)

(c) Suppose u : [a,b] — X is continuous and continuously differentiable on |a,b]. Then

(t)dt‘

b
/ o' (t)dt = u(b) — u(a). (3.6)

Proof. (a) Existence of the integral can be proved as in calculus. A continuous function u
defined on a compact interval [a, b] is uniformly continuous. So given £ > 0, we may choose
an integer M > 0 so that ||u(s) —u(t)|| < &/(b— a) whenever |s —t| <6 = (b—a)/M. Let
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{ti} be an arbitrary partition with mesh ||A[| < ¢ and {s;} points chosen from the partition
intervals. We shall compare the Riemann sum

S = Z w(s;)(t; — tiy)

to the sum

R = Z u(rg)d

formed with the partition {ry = k(b — a)/M }o<p<m- Let {t;} be the common refinement of
the partitions {t;} and {7}, in other words, as point sets {t;} = {t;} U{r¢}. Let s} equal s;

for that i which satisfies [t; 1, %] 2 [t}_,t}]. Then

S = Z Jl)

The point s’ may lie outside [ but it is within  of . Hence S is within ¢ of the sum

]17]]

S = ult)t ).
t/

For each j, choose k so that [t} |, t}] C

that S’ is within € of R.

To summarize, for any partition A with [|A|| < §, the Riemann sum S is within 2¢ of the
(fixed) Riemann sum R. Consequently any two Riemann sums from partitions with mesh at
most J differ by at most 4e. Thus the upper and lower limits in (3.3) differ by at most 4e.
Since € > (0 was arbitrary, the upper and lower limits in (3.3) must actually coincide, and so
we have proved that the limit exists.

To show (3.4): by the triangle inequality

‘ <ZHUSZ||t_tz 1)

As |A|| — 0, this inequality turns into (3.4).

(b) Fix a sequence of partitions A™ = {t;} whose mesh tends to zero as n — oo, and
fix points {s;} from the partition intervals. Let fn = >, u(s;)(ti-1 — ;) be the Riemann
sum for partition A™. By part (a), f, — f = f t)dt as n — oo. By (a) again and the

[rk—1,7%]. Then ¢ is within § of r4, and it follows

Yt —tiq)

assumption that ¢t — Ku(t) is continuous, the mtegral g= fa Ku(t)dt exists and equals the
limit

n—oo
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where we used the linearity of K.

To summarize, (f,, Kf,) — (f,g). By the closedness of K, ¢ = Kf which is the
conclusion (3.5).

(c) For this part we rely on the fact that the dual of a Banach space separates points.
Fix v* € X*, and define a real-valued function ¢(t) = (v*, u(t)). First observe that ¢/(t) =
(v*,u'(t)), for

—_— ‘ et B =gl . u,(t»'
_ hffzszlp ‘ <U*’ ult + h})z —u(t) (t)>‘

t+h)—u(t
< timsup o] - | A=)

h—o0

~u)| =0

by the assumption of differentiability of u. As a composite of two continuous functions,
namely «'(t) and v*, ¢'(t) is continuous. Thus the fundamental theorem of calculus gives

b b
/ (v"  (£))dt = / o (1)t = o(b) — p(a) = (v, u(b) — u(a)).

Applying part (b) to the first member above gives

<v*,/abu’(t)dt> — (", u(b) — ua)).

The integral fab u'(t)dt exists because we assumed that u/(¢) is continuous on [a, b]. Since the
equality above holds for all v* € X*, (3.6) follows. W

3.2 The generator of a semigroup

Let S(t) be a bounded linear operator on X for each ¢t > 0. {S(¢)} is a semigroup if S(0) = 1
and S(s+1t) = S(s)S(t). {S(t)} is a strongly continuous semigroup if ||S(¢)f — f|| — 0 as
t — 0 for every f € X. If each S(t) is a contraction, then {S(¢)} is a contraction semigroup.

Lemma 3.5 Suppose {S(t)} is a strongly continuous contraction semigroup on X. Then
for every f € X, S(t)f is a uniformly continuous function of t € [0,00) into X .

Proof. For t,h > 0,
1St +h)f = SO fI = 1S@Sh)f = DI < ISh)f = fli
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and for 0 < h <'t,
1St —h)f = S@)fI =15 =h)(S(h)f = Il < [[S(h)f — fII-
In both cases the right-hand side vanishes as h — 0, and the bounds are uniform in ¢. H

The generator (also called the infinitesimal generator) of a semigroup {S(¢)} is the op-
erator L defined by

Lf =tim 20 =S (3.7)

t—0 t

with domain D(L) consisting of those f € X for which this limit exists (convergence has to
be in the norm of X').

Example 3.6 In Sections 1.2 and 2 we constructed the semigroups for continuous-time
Markov chains on countable state spaces, and for the finite range exclusion process. We
checked that these semigroups were strongly continuous. They are contraction semigroups
by virtue of their definition in terms of integration against probability measures.

For a Markov chain on a countable state space, the generator is a bounded operator given
by (1.11) and its domain is the entire space Cy(5).

For the exclusion process the generator is the unbounded operator given by (2.12), and its
domain is a subspace of C'(X). By (2.15) the domain D(L) contains the cylinder functions.

Lemma 3.7 Suppose {S(t)} is a strongly continuous contraction semigroup on X with gen-
erator L.

(a) For all f € X and t > 0, fot S(s)fds € D(L) and
S(t)f—f:L/ S(s)f ds. (3.8)
0
(b) For all f € D(L) andt >0, S(t)f € D(L) and
%S(t) = LS()f = S@)LF. (3.9)
(c) For all f € D(L) and t > 0,

SWf—f = /Ot LS(s)f ds = /OtS(s)Lf ds. (3.10)
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Proof. (a) Note that a bounded linear operator is automatically closed. So applying (3.5)
and easily verified additivity properties of the Banach space valued integral, we get

—S(h;l_l/o S(s)fdsz%/o S(s—i—h)fds—%/o S(s)f ds

1 [t+h 1 [t 1 [t+h 1 b
= E/h S(s)fds—E/OS(s)fds:E/t S(s)fals—ﬁ/0 S(s)fds
SO f—f ash\0,

by Lemma 3.5. This checks that fo s)fds € D(L) and proves (3.8).
(b) Fix t > 0 and let h > 0. Algebraic manipulation gives

S(t—i—h)é S(t)f_S(h;l IS(t)f—S(t)S(h;l If. (3.11)

Let A\, 0. By assumption h™*(S(h) —I)f — Lf. Since S(t) is a continuous map on X, the

last term of (3.11) converges to S(t)Lf. This forces the middle term to converge too, which

implies that S(t)f € D(L) and LS(t)f = S(t)Lf. Convergence of the leftmost member then

says that S(t)f is differentiable from the right, and the derivative is the one given in (3.9).
It remains to check differentiability from the left. Let still A > 0.

S(t—h)f-5SH)f
—h

= S(t—h) (% —Lf) +S(t—h)Lf — S()LF,

from which, using contractivity,

H t—hf-SOf _

—h
NS -1
o

The last line vanishes as h \, 0, the first term by the assumption f € D(L), the second by
Lemma 3.5. This proves differentiability of S(¢)f from the left.
(c) S(t)Lf is a continuous function of ¢, and so this follows from (3.6). §

— S(t)Lf

st

+[1S(E = h)Lf = SE)LS].

Here is a probabilistic application of the foregoing.

Exercise 3.1 Suppose X; is a Feller continuous Markov process on a metric space Y, and
suppose S(t)f(x) = E*[f(X})] is a strongly continuous semigroup on Cy(Y). Let L be the
generator and f € D(L). Show that

M, = f(Xy) — f(Xo) —/Oth(Xs)ds
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is a right-continuous mean zero martingale. See Exercise A.2 for the measurability of the
integral term on the path space.

Corollary 3.8 If L is the generator of a strongly continuous contraction semigroup on X,
then D(L) is dense in X and L is a closed operator.

Proof. Let f € X. By Lemma 3.7(a), t ! fot S(s)f ds lies in D(L) for each t > 0. By the
strong continuity of the semigroup ¢! fot S(s)fds — fast\, 0, and consequently D(L) is
dense in X.

To show that L is a closed operator, suppose (f;,Lf;) — (f,g) in X x X for some
sequence {f;} of elements of D(L). By (3.10)

S(t)f] — fj = /(; S(S)Lf] ds.

Let 7 — oo. Note that by (3.4) and the contraction property,

Thus in the limit we obtain

/S(S)ijds—/ S(s)gds S/ 1S(s)(Lfj = g)ll ds < t|[Lf; = gll-
0 0 0

t
sf = [ Sgds
0
which implies that f € D(L) and Lf =g¢g. 1

The above were basic properties of the generator. Next a special formula that we need
in Section 5.3.

Proposition 3.9 Let {S(t)} and {T'(t)} be strongly continuous contraction semigroups on
X with generators L and M, respectively. Assume that L and M are bounded operators, so
that in particular, their domains are the whole space X and they are continuous mappings.

Then for any f € X,

S f — Tt f = /O T(t — r)(L — M)S(r)f dr. (3.12)

Proof. Note first that, by the continuity of the semigroups (Lemma 3.5) and the assumed
continuity of L and M, the integral is well-defined by Lemma 3.4(a).
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We want to find (d/ds)T(t — s)S(s)f for s € (0,t). First we differentiate from the right.
Let h > 0.

% {T(t—s—h)S(s+h)f —T(t—s)S(s)f}

S(5+h)f—S(s)f+T(t—s—h)—T(t—5)
h h
T(t—s—h)—T(t—s)
h

= T(t—s—h)

- T(t—s—h)%/o S(r)LS(s) fdr +

T{t—s—h)—T(t—s)
“h

= T(t—s—h)LS(s)f — S(s)f

h
+T(t—s—h)%/0 (S(r)LS(s)f — LS(s)f)dr

Let h ™\, 0, and consider the three last terms. The first one converges to T'(t — s)LS(s)f
by the continuity of the semigroup. The second one converges to T'(t — s)MS(s)f by (3.9),
since by assumption all elements of X are in D(M). By contractivity and (3.4), the norm of
the last term is bounded above by

h
7 [ 1SS~ LS fldr

which vanishes as h ™\, 0 by the continuity of the semigroup.
We have differentiated from the right and obtained (d/ds+)T(t—s)S(s)f =T (t—s)(L—
M)S(s)f. We leave the similar calculation for the left derivative as an exercise, and consider

Dt~ $)S(s)] = T(t — 5)(L~ M)S(5)] (3.13)

proved.
Finally we check that this derivative is a continuous function of s:

[Tt —s—=h)(L—=M)S(s+h)f=T(t—s)(L—M)S(s)f|
< [Tt —s—=h)(L—=M)(S(s+h)f =S NI+ [T(E—s—h)=T(t—s)|(L—M)S(s) [l
< (L =M)(S(s+h)f =SSN+ ITE—s—h)=T@E—s)](L—-M)S(s)f]
where in the last step we used contractivity. Both terms vanish as h — 0, by the continuity

of the semigroups. The first term also needs the continuity of the mapping L — M. Now
(3.12) follows from (3.6). N
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3.3 The resolvent and cores

Recall that for a matrix A, a scalar A is an eigenvalue iff the matrix A — A is singular.
(When we mean a matrix or an operator, a scalar A stands for AI.) The set of eigenvalues
is the spectrum o(A) of the matrix. The resolvent set p(A) is the set of A for which A — A
is invertible. The resolvent set is an important concept also in operator theory on infinite
dimensional spaces. The complement of the resolvent set is still called the spectrum, but
eigenvalues alone do not account for the entire spectrum.

For any closed linear operator L on X, we say that A € p(L) if A — L is a one-to-one map
on D(L), its range R(\ — L) is the entire space X, and the inverse operator (A — L)™' is a
bounded linear operator on X'. The bounded operator Ry = (A — L)™' is called the resolvent
of L.

Proposition 3.10 Let L be the generator of a strongly continuous contraction semigroup
{S(t)} on X. Then (0,00) C p(L), and for all f € X and A > 0,

A=L)'f = /OOO e MS(t)f dt. (3.14)

Remark. To make sense of the right-hand side of (3.14), extend the Banach space valued
integral to infinite intervals by

(3] b

/ u(t) dt = blim u(t) dt (3.15)
0 —eJo

provided the limit exists. To see that the required limit in (3.14) exists, note that for

0 < a < b, by the contraction property,

e—)\a

¢ At ’ A ’ A
M) f dt — NS fd A S d
/Oe (t)fdt /e (t)f tHS/a e M| S) flldt < || f]l 3

0

which vanishes as a /" co. Thus by the completeness of X', the limit lim;_ . fob e MS(t)f dt
exists. Lemma 3.4(a)—(b) extend to integrals over an infinite interval.

Proof of Proposition 3.10. Define the operator By on X by

Byf = /OOO e MS(t) f dt.

B is well-defined for all f € X by the remark above, and by the linearity of the integral it
is a linear operator. Since

ENTE / e NS() ] dt < AV £l (3.16)
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we see that B) is a bounded linear operator on X.
Using (3.5) extended to the infinite interval, and linearity, we can see that Byf € D(L):
S(h)—1 1 [
LBAf = —/ e MS(t+h)f —S)f]dt
h h Jo
et —1

00 h
= / e MS(t)f dt — e 1 / e MS(t) f dt
h Jo h Jo
— AB\f— f as h — 0.

This gives LB\f = AB)f — f, or equivalently
AN=L)B\f=f for all f € X. (3.17)

This says that B, is a right inverse for A — L. To get the other half, take f € D(L). By (3.9)
L commutes with the semigroup, so applying (3.5) again, we see that B) and L commute:

By\Lf = / h e MS(t)Lfdt = / h Lle™™S(t) f] dt
0 0
=L / h e MS(t)fdt = LBy f.
0

Thus (3.17) gives also
B\A—L)f=f forall feX. (3.18)

It remains to oberve that we have checked everything. (3.17) implies that R(A — L) = X,
(3.18) that A — L is one-to-one, and together that (A — L)™' = B), a bounded operator. B

Corollary 3.11 The generator L of a strongly continuous contraction semigroup has the
following property called dissipativity: for all f € D(L) and X > 0,

IAf = LfI = Allf]- (3.19)
Proof. By (3.16), ||[(A — L) 'g|| < A7|g]| for all g € X. Take g=(A—L)f. N

The definition of the domain D(L) in terms of the existence of the limit in (3.7) is not
very useful, because for complicated Markov processes verification of this limit is not easy.
Fortunately the precise domain need not be often known. Instead, it is sufficient to identify
a suitable smaller subspace of X which carries all the relevant information. For a closed
linear operator L, a linear subspace ) of D(L) is a core if the graph of L is the closure of the
graph of L restricted to ). We express this by saying that L is the closure of its restriction
to ). Explicitly, the requirement is that for each f € D(L) there exists a sequence g, € Y
such that g, — f and Lg, — Lf.
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Proposition 3.12 Let L be the generator of a strongly continuous contraction semigroup
{S(t)} on X. Let Yo and Yy be dense subspaces of X such that Yo C YV, C D(L), and
S(t)f € Y1 for each f € Vo andt > 0. Then Y, is a core for L.

Proof. Fix A > 0. First we show that {(A—L)f : f € Y1} is dense in X, by showing that
each f € )y is the limit of (A — L) f,, for a sequence {f,} C V;. So fix f € )y, and define

n%—1

fu= % 3" e WS (k/n)f € .

k=0
We leave it to the reader to check that for any g € X,

n?—1

1 o0
lim — > e/ :/ Xt =(\—L)"g. 2
Jim e S(k/n)g e MS(t)ygdt=(A—L)""g (3.20)

k=0 0
Apply this to g = (A — L) f to get

lim (A= L)f,=A—L)" "\ —=L)f = f.
We have shown that {(A\—L)f: f € Y1} is dense in X.
Next we show that L is the closure of its restriction to ;. Let f € D(L). Let g = A\f—Lf.
Find f,, € Y, such that (A — L)f, — g. Since it converges, the sequence {(A — L) f,,} must
be a Cauchy sequence. By dissipativity

1fo = fll < AT = L) fo = (A = L) fuall,

and so {f,} is also a Cauchy sequence in X'. By completeness, f,, converges to some h € X.
And then
Lfn=Afu—(AN=L)f, — Ah—g.

Now we have (f,,Lf,) — (h,Ah — g), so by the closedness of L, h € D(L) and Lh =
A —g =AM —Af+ Lf. The latter gives (A— L) f = (A — L)h. But by dissipativity A — L is
one-to-one, and so we conclude h = f. To summarize, we have shown (f,, Lf,) — (f, Lf).
Since f € D(L) was arbitrary and {f,} C )i, we have shown that L is the closure of its
restriction to )y, and thereby that ) is a core for L. 1

We present here a lemma useful for uniqueness questions, and whose proof utilizes the
resolvent. If I and M are two operators on X', we say that M is an extension of L if the
graph of L is a subset of the graph of M. In other words, D(L) C D(M) and M = L on
D(L).
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Proposition 3.13 Suppose L and M are generators of strongly continuous contraction
semigroups S(t) and T(t), respectively, and M is an extension of L. Then M = L and
S(t) =T(t) for allt > 0.

Proof. To show M = L, it suffices to show that D(M) C D(L). Let f € D(M). Since the
range of A — L is the entire space X, we can find g € D(L) such that (A — M)f = (A —L)g.
But since M extends L, Mg = Lg, and we get (A— M) f = (A—M)g. By dissipativity A— M
is one-to-one, and so f = g. This implies that f € D(L).

Since M = L, also (A — M)~ = (A — L)™', and we get for all A\ > 0 and f € X that

/OOO eNT)fdt=N=M)"'f=\N—L)'f = /OOO e MS(t) f dt.

Consequently, for any bounded linear functional v* € X™*,

/Ooo e M, T(t)f — S(t)f)ydt =0

for all A > 0. By Lemma A.19 in the appendix, a bounded continuous function is uniquely
determined by its Laplace transform, hence it follows that (v*, T'(¢)f — S(t)f) = 0 for all ¢.
Since v* is arbitrary, we can conclude that T'(t)f = S(¢)f for all t. W

Exercise 3.2 Provide the argument for the left derivative for (3.13).
Exercise 3.3 Extend Lemma 3.4(a)-(b) to integrals over an infinite interval.
Exercise 3.4 Prove (3.20).

Exercise 3.5 To develop intuition for the semigroup material, here are deterministic exam-
ples simple enough so that everything can be explicitly calculated.

(a) Fix a € R, and consider the ordinary differential equation z/(t) = a on R. Its
solutions are x(t) = 2(0) + at. The natural semigroup on functions is

S(t)f(x) = f(x+ at).

On what Banach space is this semigroup strongly continuous? The generator is Lf = af’.
Given a suitable function g and A > 0, consider the linear o.d.e.

—af' + \f=g.
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There is no initial condition, but you can show that there is a unique bounded solution,
given by

flz) = / e Mg(x + at) dt.
0
You have discovered the resolvent formula (A — L)'g = [7 e *S(t)g dt.

(b) An easier case to consider is S(t)x = xe™™ for x € R, where a > 0 is fixed.

Notes

Most of this section is from Ethier and Kurtz [13], Chapter 1. We omitted the main result
of semigroup theory, namely the Hille-Yosida theorem, because we have no need for it.

o1



4 Applications of semigroups

4.1 Invariant probability measures
4.1.1 The general situation

Let { P*} be a Feller continuous Markov process as defined in Section 1.3. Assume S(t) f(z) =
E*[f(X})] defines a strongly continuous, contraction semigroup {S(¢)} on the Banach space
Cy(Y). The space M;(Y) of probability measures on Y is also a metric space under the
Prohorov metric. Convergence in M;(Y) is the familiar notion of weak convergence of
probability distributions, characterized by

fhy — o iff /fd,un — /fdu for all f € Ob(Y) (41)

The semigroup S(t) acts naturally on the space M;(Y), in a way that is dual to the
action on functions. For p € My(Y) and t > 0, define uS(t) € My(Y) by

/f@ﬁ@ﬂ:/S@fW/EHMfGQOW (4.2)

A little more explicitly, for Borel subsets B of Y,
;ﬂM&—/WWﬁBMM) (4.3)

Probabilistically speaking, pS(t) is the probability distribution of X;, when the initial dis-
tribution of the process is .
We say that p is invariant for the process X, if

pS(t) = p for all ¢ > 0. (4.4)

We write Z for the set of invariant probability measures when it is clear from the context
which process is under discussion. Alternative terms for invariant probability measures are
mvariant distributions and equilibrium distributions.

Invariance implies that if the initial state X, has probability distribution pu, then so does
X; at all later times ¢ > 0. And furthermore, the process (X;)o<t<oo is stationary, which
means that the distribution of the shifted process (X;i+)o<t<oo 1S the same as the distribution
of the original process. Invariant measures are a key component in a description of the long
term behavior of a Markov process. This we know well from the theory of discrete-time
Markov chains.
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We want a convenient way of checking whether a given measure is invariant. For a
discrete-time Markov chain on a countable state space S the requirement (4.4) reduces to a
single equation

plyy => platp(z,y)  forally €S, (4.5)
zes
or u = pP, if we think of p1 as a row vector, P = (p(x,y))syes is the transition matrix, and
pP is matrix multiplication. For a continuous-time process it would not suffice to check (4.4)
for any finite set of time points. But we can use the generator to obtain a single equation.

Theorem 4.1 Let L be the generator of the strongly continuous contraction semigroup S(t)
on Cy(Y') defined by a Markov process X;. Let o be a probability measure on Y. Let ) be
any core for L. Then u is invariant for X, iff

/Lfd,u:O forall f €. (4.6)

One possible choice for the core Y is of course the domain D(L) itself.

Proof. Suppose first that p is invariant and f € D(L). Since ¢ 1(S(t)f — f) — Lf
boundedly and uniformly as ¢ — 0 [this is what convergence in C(Y') means], we can take
the limit of integrals and get

Jrran =ty [2OI= gt f [ paison - [ ran}
=i { [y fraf =

Conversely, assume [ Lgdp =0 for all g in a core Y. By the definition of a core, for any
f € D(L) there are g, € Y such that Lg, — Lf boundedly and uniformly. Consequently
JLfdu=0foral feD(L).

Fix f € D(L). By Lemma 3.7(b), S(t)f € D(L) for all ¢ > 0. Integrate the equality
St)f—f= fot LS(s)f ds against p and use Fubini’s theorem to get

[swran- [rau- [ { [t} as=o (17)
/fduS /fdu (4.8)

for all f € D(L). By Corollary 3.8 D(L) is dense in Cy(Y'), so (4.8) holds for all f € Cy(Y).
This implies that pS(t) = p. B

Consequently
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Example 4.2 This criterion works well for a continuous-time Markov chain on a countable
state space S. As for the discrete-time chain, we get a single matrix equation: p is invariant
iff

pQ =0 (4.9)

where () is the rate matrix defined in Section 1.2.

7 is a convex set, which means that Sy + (1 — f)v € Z for all y,v € Z and 0 < g < 1.
In case of a Feller process, Z is closed in the weak topology of M;(Y'), because the map
w— S(t) is continuous. A measure p € 7 is an extremal invariant measure, or an extreme
point of Z, if it cannot be expressed as a convex combination of two distinct measures in Z.
This means that if p = v/ + (1 — B)v” for some v/, € T and 0 < (§ < 1, then necessarily
vV =v" = pu. I, denotes the set of extreme points of Z.

Consider the special case of a Feller process on a compact state space. Then by Corollary
A.14 of Choquet’s theorem, p € 7 iff there exists a probability measure I' on Z, such that

,u:/ vI'(dv). (4.10)

Thus knowing Z. is equivalent to knowing the entire collection Z. This result is applicable
to exclusion processes.

Before turning to the exclusion process, we insert here a general lemma for later use. Let
us say a measurable subset A of the state space is closed for the process X, if P*[X; € A] =1
for all x € A. Note that this does not require any topological closedness.

Lemma 4.3 Suppose A is a closed set for the Markov process X;, and u is an invariant
measure. Suppose 0 < pu(A) < 1. Then both py = p(-|A) and pe = p(-|A°) are invariant
measures for X;.

An extremal invariant measure p must have p(A) = 0 or 1 for every set A that is closed
for X;.

Proof. Consider a function f > 0. Observe first that, by the assumption on A,

La(@)SO)f(x) = La(x)E*[f(Xe)] = La(z) E*[1a(X0) f(X,)]
< ETA(X) (X)) = S@)(1af)(x).

Using this and the invariance of p,

/ S(0)f dpy = ﬁ / 14S(t) f d

1 1
SM/S(txlf&f)dﬂ:m/lAfdM:/fdﬂl~
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Supposing now that 0 < f < 1, we can apply this to both f and 1 — f to get

[sOrdu< [ i and [s©0-Hdu< [0 ) du

This implies, since S(¢)1 = 1, that

[ s0rdu = [ sdu

and thereby the invariance of p;. The invariance of py now follows from noting first that

= Bu1 + (1 = B)pus for 8= pu(A), (4.11)

and then by the invariance of p and py:
(1-0) [s@fdn = [ sw5du-5 [ s@1du

= [rau-s [ fam=0-5) [ sin

Since p; and py are invariant, (4.11) shows that p cannot be extremal. The last statement
of the lemma follows. N

4.1.2 Checking invariance for the exclusion process

Let T be the set of probability measures on X = {0,1}°, S = Z?, that are invariant for
the exclusion process. In this section we improve Theorem 4.1 for the exclusion process, by
showing that it suffices to check condition (4.6) for cylinder functions. Let C be the class
of cylinder functions on X, in other words, functions that depend on only finitely many
coordinates.

Theorem 4.4 Let L be the generator of the exclusion process n;, defined by (2.12). Let u
be a probability measure on X. Then u € L iff

/Lf dp =0 for all cylinder functions f € C. (4.12)

By Theorem 4.1, this will follow from showing that

Proposition 4.5 C is a core for the generator L of the exclusion process.
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To prove Proposition 4.5, we introduce a class of functions larger than the cylinder
functions, and with the property that this class is closed under the semigroup evolution. Let

Aj(z) =sup{[f(n) — ()| : n(y) = ((y) for all y # z}. (4.13)

Let D(X) be the class of functions f € C(X) for which ) Ay(z) < co. Note that if n and
¢ agree outside a finite or countably infinite set A, then

[F(m) = FOI <D Agla)

x€A
Lemma 4.6 S(t)f € D(X) for all f € D(X).

Proof. By iterating the semigroup S(t), it suffices to show that S(t)f € D(X) for
0 <t <ty Let Co.(z) be the connected component that contains x in the random graph
Go+- By Lemma 2.1, Cy,(z) is almost surely finite for every x and t < ¢,. Suppose n and ¢
are two configurations that differ only at site x. Using the original construction of Section
2.1 performed on the probability space (€2, H, P) of the Poisson processes {7, )}, construct
two processes 7, and nf, the first one started from 7 and the second from ¢. Both 7y and nf
are exclusion processes in their own right, and they are coupled so that they use the same
Poisson jump time processes. Note that n/(y) = 75 (y) for y outside Co,(z).

[S()f(n) = SO = [Ef @) = Ef ()] < ELf (o) — f ()]
SE Z Af ZAf y600t< )]

yECo + )

The bound above is uniform over n and ¢ that agree outside {x}, and hence is a bound on
Ag@yf(x). Since y € Coyu(x) iff z € Coy(y),

ZAS () < ZAf )ZP[l’ € Co(y)] = E|Co,4(0) ZAf

where we used translation invariance to say that the expected size E|Cy(z)| is independent
of z. It remains to observe that E|Cy,(0)] is finite. This follows by the type of estimation
used in the proof of Lemma 2.1. For |Cp4(0)| > (2k+1)? to be possible, 0 must be connected
to a site y such that |y, > k. Then there must be an open path in the graph Gy, starting
at 0 and with at least k/R edges. We get the estimate

P[[Col(0)] > 2k + 1) < Y 0™ < b

m>k/R
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where 0 = k(1 —e %) < 1 and b = (1 — 6)~'. The reader can check that this is strong
enough to give

E|Co.(0)] =) _P[|Co.(0)] > n] < oo. |

Note that for f € D(X), the function
Lf(n) = pla,y)n(@)(1 = n)[f ") = f(n)]

exists, since the sum on the right converges uniformly in 7. This alone does not imply that
f € D(L) because membership in the domain is defined by the existence of the limit in (3.7).
To get this, we approximate f with a cylinder function.

Lemma 4.7 Suppose f € D(X). There exist cylinder functions f, such that f, — f and
Lf, — Lf uniformly. Consequently f € D(L).

Proof. Once we have the convergence statements, f € D(L) follows from the closedness
of the operator L (proved in Corollary 3.8), because we have shown that cylinder functions
lie in the domain of L.

Recall the definition of R as the maximal distance | — y|. between two sites with
p(z,y) > 0. For a cube A C 5, let

A°(R) ={z € S : |z — y|oo < R for some y € A°}.
Let € > 0. Fix a cube A such that
Z Af(l’) < €.
z€A(R)

Note that then also |f(n) — f({)| < € for all n and ¢ that agree on A. Pick a larger cube B
such that B O A. Define a cylinder function g by g(n) = f(n°) where n° € X is defined by

n(x) = { gfx)’ : ; g' (4.14)

Abbreviate c(z,y,n) = p(z,y)n(z)(1 —n(y)).

Lgin) = Y clz,y.m)lg0n™) — g(n)]

z,yEeS

= > ez yn)lg0™) — g(n)]

z,y€A

1Y+ Y | elmyn)am™) — g()].

€A, yeS\A zxeS\A,yeS
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Decompose Lf(n) in exactly the same way. Note that

™) = F)l v lgn™) — g < Ap(z) + Ag(y).

Then we can bound as follows:

ILf = Lgllso < sup | > cla,y, M (1™*) — g(n™*) = f(n) + g(n)]

T layeA

21 >+ Y | play) (M) + As(y))

€A, yeS\A zeS\A,yeS
<2 plEy)f —glle+8 Y. Ayx)
z,yc€A z€A°(R)
<2/A]- ||f = glleo + 8&.

We used the fact that p(x,y) = 0 unless x and y are at most distance R apart, and the
translation invariance p(x,y) = p(0,y — x). Keep cube A fixed, and choose cube B large
enough so that ||f — gl < €/|A].

Since € > 0 was arbitrary, we have shown that (f, Lf) can be uniformly approximated
by (g, Lg) for cylinder functions g. H

Proof of Proposition 4.5. D(X) is dense in C'(X) because C is dense and C C D(X). By
the lemmas above, D(X) lies in the domain D(L) and is closed under the semigroup action.
Thus by Proposition 3.12, D(X) is a core for L. But then Lemma 4.7 implies that C is also
a core, because now an arbitrary (f, Lf) for f € D(L) can be uniformly approximated by

(g, Lg) for some g € D(X), which in turn by Lemma 4.7 can be uniformly approximated by
(h, Lh) for some h € C. N

For 0 < p <1, let v, denote the Bernoulli measure on X with density p, defined by
v{n:n(z) =1forall z € A, n(y) =0 for all y € B} = pll(1 — p)IP! (4.15)

for any two disjoint finite sets of sites A and B. Equivalently, under v, the occupation
variables {n(x)} are i.i.d. with mean p.

Exercise 4.1 Check that Bernoulli measures v, are invariant for the translation invariant,
finite range exclusion process. This will be established as part of Theorem 6.1 below.

Exercise 4.2 FEquilibrium distributions for independent random walks. Let initial occupa-
tion variables {ny(x) : z € Z?} be given, with values in Z,. At site x, put no(z) particles.
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Let all particles execute independent random walks, so that each particle jumps at rate
one and new sites are chosen according to a fixed translation-invariant jump probability
p(z,y) = p(0,y — x). Let n,(z) denote the number of particles at site x at time t. Show that
if {no(x)} are i.i.d Poisson distributed, then so are {n,(z)}.

Hint. Do not try to use advanced machinery. Just compute a joint Laplace transform

Elexp{—Mn:(z1) — Aame(w2) — -+ — Anne(zm) }-

Count how many particles have moved from site y to site x; during [0, ¢], and use indepen-
dence.

4.2 Uniqueness results

Return again to the general setting of a Feller process { P*} on the path space Dy, with a
strongly continuous contraction semigroup S(t) f(z) = E*[f(X;)] and generator L on Cy(Y).
It is a consequence of Lemma 3.7(c) that for any f in the domain of L,

M, = f(X,) - / LX) ds (4.16)

is a martingale with respect to the filtration F; = o{X, : 0 < s < t} (Exercise 3.1). It is
useful to know that these martingales actually characterize the Markov process. Recall that
Pt = [ P* ju(dx) denotes the probability measure on Dy under which the Markov process
X. has initial distribution u.

Theorem 4.8 Let pu be a probability measure on Y. Let Y be any core for the generator L.
Suppose P is a probability measure on Dy with these properties:

(a) P[Xo € B] = u(B) for all Borel sets BCY .

(b) M, is a martingale under the measure P, for all f € ).
Then P = P*.

Proof. We write F for expectation under measure P, and as before, E* for expectation
under measure P*.

First we observe that (b) can be strengthened to work for all f in the domain of L. For
given f € D(L), s < t, and an event A € Fy, find g, € ) such that g, — f and Lg, — Lf
boundedly and uniformly. That this is possible is the definition of a core. By (b),

£l (500 - [ Latan)] = B (m0x) - [ La0n)an)].

29



Let n — oo. Bounded convergence replaces g, by f so that

E [1A (f(Xt) -/ LA(X.) du)} —E [1A (f(Xs) - [Tere) du)} .

Since A € F; is arbitrary and since M, = f(X;) — fos Lf(X,)du is Fs-measurable, this says
that E[M,;|Fs] = M. In other words that M, is a martingale.
Let g € Cp(Y') and A > 0. By Proposition 3.10 there exists f € D(L) such that

A=L)f=g.

By the martingale property, for 0 < s < t,

Bl - [ L)

]—"s} = f(X,). (4.17)

Multiply this by Ae=* and integrate over ¢ € [s, 00):

B { | e ra - [T ernpeaar ‘ fs] (X

which gives
E {/ e Mg(X,) dt ‘ Fs} = e Mf(X,). (4.18)

Measure P* also satisfies hypotheses (a)—(b), so (4.18) is valid also when FE is replaced
by E*.

We prove by induction on n that P and P* have the same finite-dimensional distributions
on n variables (X, , ..., X, ) forany 0 < s; < -+ < s,,. This suffices for P = P as measures
on Dy.

First set s = 0 in (4.18) and take expectations of both sides with respect to P. This and
assumption (a) give

/0 M Eg(X,) dt = E[f(Xo)] = [ran

The same step applies to P* too, and we have

/0 h e ME[g(X,)]dt = /0 h e MEg(X,)] dt.

Both measures P and P* live on the path space Dy and so both expectations E[g(X;)]
and E*[g(X;)] are right-continuous functions of ¢. By the uniqueness of Laplace transforms
(Lemma A.19),

Elg(Xy)] = E[g(X1)]
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for all ¢. This is valid for all ¢ € Cy(Y), and so we have shown that X; has the same
distribution under P and P*, for any ¢t > 0.

Now assume that the vector (Xg,,..., X;,) has the same distribution under P and P*,
for any n time points 0 < s; < --- < s,. Take s = s, in (4.18), let hq,..., h, be arbitrary
bounded continuous functions on Y, and multiply (4.18) by

Notice that this product is Fs, -measurable and so can be taken inside the conditional ex-
pectation on the left-hand side of (4.18). Take expectation under P. Take the expectation
inside the ¢-integral. This gives

o
/ e ™ME
Sn

The same step applies to P* too, and we have

oo
/ e MEH
Sn

By the induction assumption, the right-hand sides of (4.19) and (4.20) agree. Hence so do
the left-hand sides. Use again the uniqueness of Laplace transforms. Note that having

/ e‘”u(t)dt:/ e Mu(t) dt

for all A > 0 guarantees that u = v on [s,, 00) which is what we need here. So we have

n

neolll h(XSZ.)] dt =e M E

=1

FxOT] h(st-)] . (4.19)

n

neolll h(XSZ.)] dt = e pr

=1

rxo Il h(XsJ] : (4.20)

i=1

n

g(Xx0) [T rxs)

=1

E = E*

9(X1) Hh(Xs»]

i=1
for any set 0 < 51 < --- < s, <tof n+1 time points. N

Let us emphasize two things: The measure P in the theorem was not even assumed to
represent a Markov process. This is useful because checking the Markov property of a given
process may be tricky. Second, the core ) can of course be the entire domain of L.

Next we show that the action of the generator on cylinder functions uniquely specifies the
exclusion process among Feller processes on X with strongly continuous semigroups. This
point is worth making because we defined the exclusion process by directly constructing the
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probability measures { P"} on the path space. This construction alone does not rule out the
possibility that some other Markov process {ﬁ”} has the same generator.

So let L be the exclusion generator (2.12). Suppose a Markov process {P"} exists on
the path space Dx with these properties: the semigroup T'(t)f(n) = E"[f(n,)] is a strongly
continuous contraction semigroup on C'(X) with generator M, cylinder functions lie in the
domain of M, and M f = Lf for cylinder functions f.

Proposition 4.9 P" = P foralln e X.

Proof. This can be viewed as a corollary of Theorem 4.8. Here is an alternative argument
from semigroup theory.

First observe that, since both L and M are closed, D(L) C D(M). For if f € D(L), we
can find a sequence f, from the core C (for L) such that (f,, Lf,) — (f,Lf). And then
fe€DM)and M f = Lf. Thus we know M must be an extension of L, and by Proposition
3.13 the semigroups agree. Then, as explained in Section 1.3, the transition probabilities
agree, and consequently the probability measures P and P on path space must agree. 1

Exercise 4.3 Equation (4.17) is valid almost surely, for any fixed s < t. To obtain (4.18)
from it through the integration step we in principle involve uncountably many ¢-values. Give
a rigorous justification for the almost sure validity of (4.18) for any fixed s.

Exercise 4.4 Solve Exercise 1.5 using Theorem 4.8.

Exercise 4.5 Check that the graphical representation of Section 2.1 and the stirring particle
construction of Section 2.2 produce the same process, when the jump kernel is symmetric.
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PART II Convergence to equilibrium

5 Symmetric exclusion processes

We have constructed the exclusion process under the assumptions of translation invariance
and finite range of the jump probability. These meant that p(z,y) = p(0,y — ) for all
r,y € S = Z% and that the set {x : p(0,z) > 0} is finite. In this chapter we make two
additional assumptions, namely

symmetry: p(x,y) = p(y,z) for all x,y € S,

and
irreducibility: for all z,y € S there exists n > 0 such that p™(z,y) > 0.

Note that by symmetry we are actually not assuming anything more than the relaxed ir-
reducibility condition (1.26). The finite range condition will not be explicitly used in this
chapter. We write M, for the space of probability measures on the state space X = {0,1}*
of the exclusion process.

This chapter proves the following two theorems under the assumptions mentioned above.

Theorem 5.1 The class I of invariant measures is precisely the class of exchangeable mea-
sures on X = {0,1}°.

Recall the definition of the Bernoulli measure v, for 0 < p < 1. Under v, the coordinates
{n(x)} are independent with common distribution

vAn:n(z) =1} =p and v,{n:n(z)=0}=1—p.

By de Finetti’s Theorem A.16 the exchangeable measures are exactly the mixtures of Bernoulli
measures. S0 Theorem 5.1 can be equivalently stated by saying that the extreme points of
T are the Bernoulli measures, or Z, = {v, : 0 < p < 1}.

The second theorem concerns convergence to equilibrium from a special class of initial
distributions, namely the translation invariant ergodic ones. The spatial translations, or
shifts, are bijective maps 6, defined on X by 6,n(y) = n(x + y) for all x,y € S. They
are continuous, hence measurable. As usual, maps on a space act on measures through
composition with inverses, so for any y € My, the measure p 0 0! is defined by

po 0 (A) = u(0;'A) = uin: 0,n € A} (5.1)
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for measurable sets A C X. A measure p is translation invariant if u = po ;' for all
x € 5. Let § denote the set of translation invariant probability measures on X. An event
A is translation invariant if ;!4 = A for all x. A measure u € S is ergodic if u(A) =0
or 1 for every translation invariant event A. The Bernoulli measures are a basic example of
ergodic measures in S.

If 1 is the initial distribution of the process, let y; = uS(t) be the distribution of 7, the
state at time ¢.

Theorem 5.2 Suppose v is a translation invariant and ergodic probability measure on X
with density p = p{n(x) = 1}. Then p, converges weakly to v, ast — oo.

The proof of Theorem 5.1 splits into two parts, depending on whether the jump kernel
p(z,y) is recurrent or transient. For an irreducible discrete-time Markov chain X, with
transition p(x,y), recurrence is equivalent to

P?[X,, =y for infinitely many n > 1] =1 for all states x and y,
while transience is equivalent to
P*[X,, =y for only finitely many n > 1] =1 for all states z and .

We begin with the key notion of duality.

5.1 Duality

In general, two Markov processes z; and w; with state spaces Z and W are in duality with
respect to a bounded measurable function H on Z x W, if for all states z € Z and w € W,

E*H(z,w) = EYH(z,w).

On the left the w-argument is fixed while £* denotes expectation over the random z; with
initial state z. And similarly on the right. For symmetric exclusion we obtain this type of
relationship between two versions of the same process. The second member of the duality
is taken to be an exclusion process with finitely many particles. The benefit of the duality
is that questions about the general process can be converted into questions about the finite
exclusion process. This is an improvement because the latter is a countable state Markov
chain.
Let Y denote the set of all finite subsets of S. It is a countable set. Equation

A={zx e S:n(z)=1}
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maps bijectively between configurations 7 € X with finitely many particles [meaning that
Y .n(x) < oo] and sets A € Y. So we can regard an exclusion process with finitely many
particles as a countable state Markov chain with state space Y. Let A; denote the process,
in other words the set of occupied sites at time ¢.

The next theorem expresses the self-duality of symmetric exclusion, a key tool for its
analysis.

Theorem 5.3 Forne X and A€Y,

Pn(x) =1 for allx € A} = PA{n(z) =1 for all z € A;}. (5.2)

Proof. Fix arealization of the Poisson clocks {7y, 3} for the graphical construction for the
time interval [0, t] used in Section 2.2. Let X? be the stirring particles that march backward
in time, as defined in Section 2.2. According to (2.7) we can construct n; by n:(z) = n(X[).
Let us construct the evolution A, (0 < s < t) backwards in time as suggested in the last
paragraph of Section 2.2, so that A; = {X} : © € A}. Then m(z) = 1 for all z € A iff
nXf)=1forallz e Aiff n(z) =1forallz € 4,. 1

For a probability measure p on X, define a function i on Y by
w(A) = pu{n:n(z) =1for all z € A}. (5.3)
Note that two probability measures ;o and v on X are equal if
pu{n=1on A} =v{n=1on A}

for all A € Y. In other words, u = v iff i = . The function i can be used to conveniently
express the duality.

Corollary 5.4 For u € My, let uy, = uS(t) be the distribution of n, when the initial distri-
bution is . Then for A€Y,
i(A) = EAi(A,). (5.4)

Proof. Integrate (5.2) against p:

A = pdn=1on 4} = [ PP =1 on Autan) = [ PHy=1on Au(an)

= B [ 1{n=1on Autdn) = E*(A). .

65



Duality converts the question about invariant measures of 7; into a question about har-
monic functions of the finite exclusion process A;. For v € M, v is invariant for the
exclusion process n; iff v = v iff U = 7. By (5.4) this last statement is equivalent to having
U(A) = EAD(A;) for all A €Y. We conclude that

v is invariant for 7, iff 7 is harmonic for A,. (5.5)
We get the following intermediate results toward a characterization of Z.

Proposition 5.5 All exchangeable measures lie in T.

Proof. According to Exercise A.6 in Section A.6, if v is exchangeable, then 7(A) depends
only on |A|. Since |A;] = |A| (particles are neither created nor destroyed in an exclusion
process), V(A;) = U(A). So 7 is not only harmonic for A; but even almost surely constant
in time. M

Proposition 5.6 In order to prove that I is exactly the class of exchangeable measures,
it suffices to prove this statement: If f is a bounded harmonic function for Ay, then f(A)
depends only on |A|.

Proof. 1t only remains to show that all invariant measures are necessarily exchange-
able. So let v be invariant. Then by (5.5) ¥ is harmonic for A;. If the statement about
harmonic functions of A, is proved, then we know v{n =1 on A} = PV(A) depends only on
|A]. According to Exercise A.6 this property characterizes exchangeability. Thus v must be
exchangeable. W

5.2 Proof of Theorem 5.1 in the recurrent case

By Propositions 5.5 and 5.6, Theorem 5.1 will follow from proving this proposition:

Proposition 5.7 Suppose the transition probability p(x,y) is recurrent. Let f be a bounded
function on the space Y of finite subsets of S. If f is harmonic for the finite exclusion process
Ay, then f(A) depends only on |A|, the size of the set.

Proof. It suffices to show that, for any two n-sets A and B that have n — 1 points in
common, the processes A; and B; started from A and B can be coupled successfully. For
then, as in Chapter 1,

[F(A) = F(B)] = |Ef(A) = EPf(B)| < EIf(Ar) — f(Bo)] < 2l| flloo P(As # By) — 0.
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Since any two n-sets can be transformed into each other by replacing one point at a time,
and since n is arbitrary, it follows that f(A) = f(B) for any two sets A and B with the same
number of points.

The constructions used in this proof do not utilize the graphical representation. They
are more basic and require only construction of certain countable state Markov chains.

A single particle exclusion process is simply a random walk. So in the case n = 1, we can
write A, = {X;} and B, = {Y;} where X; and Y} are random walks with jump rates p(x,y).
Define the coupled process (X;, Y;) so that X; and Y; move independently until they meet for
the first time, and after that they move together. By symmetry, Z, = X; — Y} is a random
walk with twice the rate but the same jump probability p(z,y) (Exercise 1.5). Hence Z;
is recurrent and therefore almost surely eventually hits 0. This is the same as saying that
almost surely there is a time ¢ > 0 at which X; = Y}, so the coupling is successful. We leave
as an exercise the precise definition of the coupled process.

Now for the case n > 1. We shall describe a process (Ct, X;, Y;) where Cy is an (n—1)-set
of points in S, and X; and Y; are S-valued but outside C;. The state space of this process is

Z={(Ciz,y) €Y xSxS:|Cl=n—-1,x¢ C,y ¢ C}.

This process will realize a coupling (A, B;) through the formulas A, = C; U {X;} and
B, = Cy U {Y:}. In particular, this coupling of A; and B; will be successful if eventually
X =Y.

The process (Cy, X;,Y;) is a countable state Markov chain with generator G of the stan-
dard form

Gf(z) =) r(z,w)[f(w) - f(2)).
wezZ

Here we denoted generic elements of Z by z and w, and r(z, w) is the rate of jumping from
state z to w. Below we describe these jump rates case by case. For u € C' and v ¢ C, write
Cuv = (C\ {u}) U{v} for the effect of removing point v and adding v to the set C'.

Case 1. Suppose the current state is z = (C, z,y) with  # y. In each case below, u € C
and v ¢ C'U{z,y}. Then

the jump to state w = (Cy,,z,y) happens at rate r(z,w) = p(u,v)
(Cv,y) p(z,v)
(C.y,y) p(z,y)
(C,z,v) p(y,v)
(Cz,x) p(y, )
(CU,xauay) p(u,iL‘) :p(.’lf,u)
(Cuys 7, 1) p(u,y) = p(y, u)
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Case 2. Suppose the current state is z = (C,z,x). Let u € C and v,y ¢ C U{z}. Then

the jump to state w = (Cy,,z,z) happens at rate r(z,w) = p(u,v)
(Cu,zau7u) p(u,l’) :p(.’E,U)
(C,y,y) p(z,y).

Reading off the rates of the marginal processes, we see that X; and Y; are random walks
with jump rates p(x,y) that evolve independently until they meet, after which they stay
together. Hence again 7, = X; — Y, is a random walk with twice the rates until it is
absorbed at the origin. Eventually Z;, = X; — Y, = 0 by the recurrence assumption, so the
coupling is successful.

To make this reasoning rigorous, we apply the martingale characterization Theorem 4.8
along the following lines. By Exercise 3.1 the process

M, = f(Cy, X, Y:) — /Ot Gf(Cs, X,,Ys) ds (5.6)

is a martingale for any f € C,(Z). Let ¢ be a bounded continuous function on S, and take
f(C,z,y) = ¢(x — y). Check that for this f, Gf(C,z,y) = Hp(x — y) where

Hp(z) =1{z #0} - Y 2p(z,0)[6(v) - ¢(2)].

vESwF#z
Define the process Z; = X; — Y;. Eq. (5.6) becomes

Mzﬂ@—éﬂdmﬁ- (5.7)

Now observe that H is precisely the generator of a random walk on S that jumps with rates
2p(z,y) until it is absorbed at the origin. We could construct such a random walk as was
done in Section 1.2, and then derive the generator H from this construction as in Theorem
1.2. Since we have shown that (5.7) is a martingale for every ¢ € Cy(S), Z; is exactly this
random walk by Theorem 4.8.

Using the same argument one checks that A, = C; U {X,} behaves exactly as a finite
exclusion process, jumping from A to A, , with rate p(a,b) for any a € Aand b ¢ A. Similarly
for B, = C; U{Y;}. To summarize, we have constructed a successful coupling of A; and B,
and thereby completed the proof. W

5.3 Comparison with independent walks

In the transient case we cannot hope to couple successfully as we did in the proof of Propo-
sition 5.7. Instead, we approach the finite exclusion process by comparing it with a system
where the walks are independent and not subject to the exclusion rule.
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Let X(t) = (Xi(t),...,X,(t)) be a vector of independent random walks on S = Z
with jump rates 1 and jump probabilities p(z,y). Let U(t) denote the semigroup for X(t),
explicitly given by

U fx) =D [ ol w) f(y) (538)
yeS™ i=1
where we wrote x = (z1,...,x,) for an n-vector of sites from S, and similarly for y. The
transition probabilities of the individual walks X;(¢) that appear in the formula above are
given by

[e.9]

pila,y) =Y e;;tnp(”)(w? y). (5.9)

n=0

The generator of U(t) is the bounded operator U on C,(S™) given by

UF(x) =Y plaiy)f (@, 21,y T, - 20) — f(X)]. (5.10)

i=1 yeS

For the comparison with U(t), it is convenient to encode a finite exclusion process with

n particles by keeping track of the vector x of particle locations. The state space for this
process is

T={xeS": x#ux;fori#j} (5.11)

and the generator
Vf(X) :Z Z p(xhy)[f(xlw"7xi—17y7xi+17"'7xn)_f(x)]‘ (512)
i=1 yeS\{z1,...,zn}

We write V(t) for the semigroup of the n particle exclusion on the space T'.
The connection between V (t) and our earlier notation A; is the natural one, as can be
seen by constructing them together with the graphical representation. Let

w(t) = (wi(t), ..., w,y(t))

denote the process on T" with generator V' and initial state w = (wy,...,w,). Let A; be
the finite exclusion process with initial set A = {ws,...,w,}. If both processes follow
the same Poisson clocks in the graphical representation, A; = {wi(t),...,w,(t)} for all

t > 0. In particular, given a bounded function h defined on n-sets A € Y, define f(x) =
h({z1,...,2,}). If A and w are as above, then

EAR(A) = V() f(w). (5.13)
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The comparison of V(t) and U(t) will come in the following somewhat abstract form.
Let us say a bounded, symmetric function f(z,y) on S? is positive definite if

> flay)v(@)v(y) >0 (5.14)

for absolutely summable real functions ¥ on S. Absolute summability means that > |¢(z)| <
oo and guarantees that the sum in (5.14) is well-defined. A bounded symmetric function of
n variables is positive definite if the condition is satisfied for any two variables, holding the
other n — 2 variables fixed.

Proposition 5.8 For every bounded symmetric positive definite function f on S™ and every

xeT, V(t)f(x) <U@)f(x).
Proof. Directly from (5.10) and (5.12) for x € T

Uf(x) = V[f(x)
= Z p(xiaxj)[f(l’h-.-,$i—1,Ij7Ii+1,--.,$n)_f(X)]

1
:5 Z p(xi7$j)[f($17---,xi—17$j7$i+1,---,fn)

1<i,j<n

+f(l’1, ey L1, Ly Ljq1y e e ,ZEn) — 2f(X)]

To get the last form, take 1/2 times the middle expression, and another 1/2 times the
middle expression after first interchanging ¢ and j in the sum and then using symmetry to
replace p(x;,x;) by p(x;,x;). The last expression in brackets is as in (5.14) with ¢(z) =
0z,(7) — 64, (x). Thus Uf —V f >0 on T for bounded symmetric positive definite f.

Next we show that operating with U(t) preserves the property of positive definiteness of
a function f.

Y Ula)@)Unfx) = ) w<xj>w<xk>2{ pt(x@-,yi)}f(y)

x;,xES xS yeSn
= ZZ{Hmw)} S vlepasy) (Zwk)pt(:ck,yk)) /().
i#£5.ky;€S \i#jk Yj,YkE€ES \ Zj T

Let p(y) = >, ¢(x)pi(x,y). Then the last line above is a positive linear combination of
terms Zyj,yke s ¢(y;)e(yk) f(y), each nonnegative by the positive definiteness of f. Thus
the entire last line is nonnegative, and so U(t)f is positive definite. That U(t) preserves
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symmetry is evident from (5.8), and boundedness is preserved because U(t) is a contraction
semigroup.

Now we may apply the first conclusion to the function U(s)f, and claim that (U —
V)U(s)f > 0 on T. The semigroup V' (¢) preserves nonegativity of functions, and so

V(t—s)(U—-=V)U(s)f >0
on 7. Finally, by Proposition 3.9,
UM f - V) f = /t V(t— $)(U — VYU (s)f ds > 0
0

onT. 1

Corollary 5.9 Let x = (x1,...,2,) € T be an n-vector with distinct entries, and consider
also the n-set A = {xy,...,x,} € Y. Then for u € My with p, = pS(t),

u(A) < EXp{Xa (1), ..., Xa(t)}-

Proof. For all vectors x € S™, let

f(x) = p{n(z) = =n(z,) = 1} = {z1,..., 20}

Note that this definition is not problematic even if some of the points z; coincide. The
function f is bounded, symmetric, and positive definite as can be seen from this calculation:

> fay,ws, . wn)()d(y) = /Zn(x)n(y)@b(x)@b(y) {Hn(xi)} pi(dn)

=/ (Zn(x)l/}(l‘)) {Hn(l’i)} p(dn) > 0.

i=3
By duality (5.4), (5.13), and Proposition 5.8,

() = EYu(A) =V () f(x) <U®)f(x)
= EXF(X0(), ..., Xu(t) = BXR{X0 (1), ..., X (D). N
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5.4 Proof of Theorem 5.1 in the transient case

Again our goal is to prove that bounded harmonic functions for the finite exclusion process
depend only on the size of the set. The transition probability p(z,y) is transient, in addition
to the assumptions of translation invariance and irreducibility.

As before, X(t) = (X1(t),...,X,(t)) denotes a vector of independent random walks on
S = Z%, each with jump rates p(z,y). Recall that T defined by (5.11) is the set of n-vectors
with distinct entries, and serves as the state space for n particle exclusion. U(t) denotes the
semigroup of X(¢), and V() the semigroup of n particle exclusion. For x = (z1,...,z,) € S™,

ot g(x) = PX[X(1) ¢ T for some 1 > 0]

= PX[X,(t) = X;(t) for some 1 <i < j <nandt> 0] (5.15)

Lemma 5.10 (a) Forx € S, U(t)g(x) — 0 as t — oo.
(b) Forx e T, V(t)g(x) — 0 as t — oo.

Proof. For xz,y € S, define
w(z,y) = PCY[X,(t) = Xy(t) for some t > 0].

We check that w(z,y) is positive definite in the sense of definition (5.14). First fix 0 < t; <
ty < --- < t,,, and consider the function

w(z,y) = P@Y[X,(t;) = Xo(t;) for some 1 < i < m].

If we can show »_  w(z,y)¢¥(z)Y(y) > 0, then by letting {¢;} increase into a countable
dense subset of (0, oo) in the limit we recover >, w(x,y)¥(z)y(y) > 0.

Zw () PV X (t;) = X,(t;) for some 1 < i < m]
= Z¢(x)¢(y)zp(x’y)[X1(ti) = Xo(t;), X1(tj) # Xo(t;) for j=1+1,...,m]

= > w@ely) Yo D P (L) = wlPYXa(t) = u]

T,y =1 w

x PUO (X (ty — ;) # Xa(ty —ti) for j=i+1,...,m]

x PUO (X (ty — t;) # Xa(t; — i) for j =i +1,...,m]
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We have shown that w(z,y) is positive definite. It is also bounded and symmetric. For
x € 5", let

G(x) = Z w(w;, ;).

1<i<j<n

G inherits the properties of boundedness, symmetry and positive definiteness from w.
Again use the fact that by the symmetry of p(x,y), Z(t) = Xi(t) — Xa(t) is a random

walk with twice the rates of X;(¢) (Exercise 1.5). By the transience assumption Z(t) has a

last visit to the origin almost surely, and so for all z,y € S,

lim P@Y (X, (s) = Xy(s) for some s > t] = 0. (5.16)

t—o00

Recalling that U(t) represented the semigroup of X(#),

U(t)G(x) EXG(X(1))

= Y ErwXi(t), X))
1<i<j<n

= Z EX[PEOXWIX(s) = X (s) for some s > 0}]
1<i<j<n

= Z P X (s) = X;(s) for some s > t}.
1<i<j<n

By (5.16) we conclude that

lim U(t)G(x) =0 for x € S™. (5.17)

t—o0

By Proposition 5.8 V(¢)G < U(t)G on T, so

lim V()G(x) =0 forxeT. (5.18)

t—o0

The conclusions of the lemma now follow from (5.17), (5.18) and the observation that g(x) <
G(x). 1

Proposition 5.11 Suppose f is a bounded function on T such that V (t)f = f for allt > 0.
Then f must be constant.

Proof. For n = 1 the exclusion is just the irreducible random walk, and we already know
bounded harmonic functions of an irreducible random walk are constant. So assume n > 2.
Multiplication by a constant and adding a constant do not change boundedness or being
harmonic, so we may assume 0 < f < 1. We may couple X(¢) and the exclusion process so
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that they agree until the first time X(#) leaves 7. (Detailed specification of this coupling
left as an exercise.) Consequently

V() f(x)=U(t)f(x)] < g(x) forxeT. (5.19)
By assumption V(t)f = f on T, and so
lf(x) = U@)f(x)| < g(x) forxeT. (5.20)

Extend f to S™ by setting f = 0 on S™\ 7. Since g = 1 on S™ \ 7', the above inequality
extends:
|f(x) = U(#)f(x)| < g(x) forx e S™ (5.21)

Next, for s,t > 0,
U(s)f(x) =U(s + 1) f(x)] S U(s)|f = U(t) fl(x) < U(s)g(x), x € 5™

Letting s — oo and using Lemma 5.10(a) shows that the limit of U(s)f(x) exists as s —
0o, for all x € S™. This limit is harmonic for the random walk by Lemma 1.10, hence
constant because X(t) is an irreducible random walk on Z". So for some constant b € [0, 1],
U(t)f(x) — b as t — oo. Pass to this limit in (5.21) to get

|f(x) —b| < g(x) for x € S™. (5.22)
Again since f is assumed harmonic for V(t), for x € T" we have

[f(x) = bl = V() f(x) = b = [V(£)(f = b)(x)| < V()|f = bl(x) < V()g(x).

Finally, let ¢ — oo and apply Lemma 5.10(b) to conclude that f =bon 7. W

Corollary 5.12 Suppose h is a bounded function on'Y , and harmonic for the finite exclusion
process Ay. Then h(A) depends only on |A|.

Proof. Let A, B € Y be such that |A| = |B| = n. We want to show that h(A) = h(B).
For x = (z1,...,2,) € T, define f(x) = h({z1,...,z,}). By the harmonicity of h and (5.13),
V(t)f = f, and by Proposition 5.11 f must be constant. N

We have proved that a bounded harmonic function for the finite exclusion can depend
only on the number of particles. By Proposition 5.6, we have proved Theorem 5.1 for the
transient case.
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5.5 Proof of Theorem 5.2

In the proof of Theorem 5.2 we can now handle both the recurrent and the transient case
simultaneously.

Let p be a spatially invariant and ergodic probability measure on X, and p = u{n(z) = 1}
the density of p. To prove p, — v, as t — oo, it suffices to show that an arbitrary sequence
t; /" oo has a subsequence ¢;, such that y; — v,. This suffices because if p; were not to
converge to v, weakly, there would have to exist a bounded continuous function ¥ on X, a
sequence of times t; /oo, and § > 0 such that for all j,

[ v, [ v,

However, this would be contradicted along {jx} if fit;, — Vp-

So let t; /" oo be an arbitrary sequence of times. By the compactness of the space M;
of probability measures on X, we can pick a subsequence, which we denote by {¢;}, such
that a weak limit p,, — v exists. We need to show that v = v,.

For any A €Y,

> 4.

D(A) =v{n=1on A} = lim i, {n=10n A} = lim fi,, (A) = lim Ei(A,,)

where the last equality follows from duality (5.4). By Lemma 1.10, 7 is harmonic for A,.
Consequently 7(A) depends only on |A|. For the recurrent case this comes from Proposition
5.7, and for the transient case from Corollary 5.12. By Exercise A.6 in Section A.6, v is an
exchangeable measure. By de Finetti’s theorem A.16, there exists a probability measure ~y

on [0, 1] such that
v :/ Vo Y(dav).
[0.1]

It remains to show that v = d,, the point mass at p. Cylinder functions are continuous on
X, hence their expectations converge under weak convergence.

p[n(0) =1} =l g, {9(0) = 1} = lim fi ({0})
= Jim BUAA,) = lim ER{X (1)} = p,

k—oo

where we used duality, represented the one-particle exclusion started from Ay = {0} by the
random walk X (¢), and noted that f{x} = p for any singleton {z}. This implies

/[01] avy(da) = p. (5.23)
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Similarly for x # 0, by duality, Corollary 5.9, Fubini’s theorem, and Corollary A.23,
vin(0) = n(x) = 1} = Jim 7 ({0, 2))
< lim BOYGIXG (), Xo(t)} = lim EO9pu{n(X () = n(Xa(t)) = 1}

= lim [ EO9 (X (t)n(Xa(t))] uldn) = p*.

k—o00

This says
/ o y(da) < p?. (5.24)
[0,1]

By (5.23), (5.24), and Schwarz inequality,

p= [artda) < ( / a2w<da>>1/g <p

Equality in the Schwarz inequality forces the function to be almost surely constant. Thus ~
is concentrated on the point p. The proof of Theorem 5.2 is complete.

Exercise 5.1 Construct explicitly the coupling used in the proof of Proposition 5.11 between
the random walk X(¢) and the finite exclusion process.

Notes

This chapter came from section VIIL.1 in Liggett’s monograph [27] and from Chapter 3 in
Liggett’s lectures [26].
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6 Equilibrium distributions without symmetry assump-
tions

6.1 Equilibrium product distributions

In this section we drop the symmetry assumption, and p(z,y) satisfies the assumptions we
used for constructing the exclusion process, namely translation invariance p(z, y) = p(0, y—=)
and finite range.

For a function o : S — [0, 1], let v, be the product probability measure on X defined by

Vo{n:m(x)=1forallz € A, n(y) =0forally € B} = H a(x) H(l —a(y))  (6.1)

€A yeDB

for any two disjoint finite sets of sites A and B. The case of constant a(z) = p is the
Bernoulli measure v, defined earlier in (4.15).

Theorem 6.1 (a) Suppose w(x) is a positive function on S that satisfies w(x)p(x,y) =
w(y)ply,x) for all z,y € S. Let a(x) = w(x)/(1 4+ w(x)). Then v, € T.

(b) The Bernoulli measures are invariant for the exclusion process with any translation
invariant p(x,y).

Proof. By Theorem 4.4, we need to check that | Lfdv, = 0 for an arbitrary cylinder
function f. By the finite range assumption on p(z,y), we can fix a finite set A C S such
that

Lf(n) =Y plx,y)n(@)(1 = n@)[f(n"") = f(n)],

z,y€A

and then

/ Lidve = 3 pley) / n() (L — 1) F ) valdn)

z,yeA

= 3 bl [ 0la)t = nw)s ) vala)

z,ycA

Separate one (x,y)-term from the first sum above. To manipulate the coordinates explicitly,
introduce the notation n = (7/,n(z),n(y)) where 1’ contains all the coordinates outside
{z,y}. Write v/, for the marginal distribution of 7/, and v* for the marginal distribution of
n(x). Since v, is a product measure, we can integrate separately over distinct coordinates,
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and reason as follows.

— [vitar) ate)1 - ay) £.0.1)

_a@A =) [ a1 ol f
- [t et = a() 50,1
o1 -a) [, o

- S [t = i) )

Substitute this back above, combine the sums and rearrange terms to get

/Lfdva — /va(dn)f(n) > plx,y)

r,yeA
a(z)(1 — a(y))
X{mwu—a@»

In case (a) the sum inside the integral equals

n@ﬂl—mw>—7mwu—n@»}. (6.2)

S s S0 ) = X e nna) (0 = (o)
= plyamy) A=) = Y pla,y)n)(d—ny) = 0
z,y€A r,yeA

where the last equality follows because the sums differ only by a relabeling of the summation
indices. This proves case (a).

For case (b) we have to do someting different to get the sum in (6.2) to vanish. We
restrict the process to a finite cube in S with periodic boundary conditions. This means that
jumps of particles out of the cube are directed to a site inside the cube, and jumps from
outside the cube are completely eliminated. Fix a positive integer k, and let A be the cube
A = [—k,k]*N Z%. Define the new jump probability for z,y € A by

pa(w,y) =Y plz,y+ 2k + Dw).
weZd
Note that {y+(2k+1)Z? : y € A} partitions Z? into disjoint subsets. This gives > yeabalm,y) =

1 so that pa(z,y) is a well-defined jump probability on A. Using translation invariance, for
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any z € A,

ZPA($Z ZZ (7,2 4+ 2k + 1w ZZ 0,z —z+ (2k+1w) = 1.

€A €A weZd €A weZd

The last equality follows because, by the symmetry A = —A, {—z + 2k + 1)Z% : x € A} is
also a partition of Z¢, and this is not changed by translating each set by z.

Fix the cube A large enough so that pa(z,y) = p(x,y) for any =,y such that f(n™Y) #
f(n), so that

= Y palz,y)n)(L = n@)f ") — fn)].

z,ycA

We can repeat the earlier calculations down to (6.2) with p(z,y) replaced by pa(x,y). Now
a(x) = p, and we get

/Lfdya

= [vatim s Zwy{ (9”)8:“(%@)(1—77(9:)) - w(a)a = (o)

z,yeA

ZPAQUQ —n(x)}

= f(n) {Z n() > palz,y) — Y n(x) Zm(fc,y)}

[t
/Va

This proves part (b). H

The condition 7(x)p(z,y) = 7(y)p(y, x) says that 7 is reversible for the transition prob-
ability p(z,y). Suppose 7 is a probability measure on S. Then 7 is invariant for the Markov
chain with transition p(z,y), and furthermore the process with marginal distribution 7 is
reversible, meaning that {X_,} has the same distribution as {X,}.

A transition matrix that satisfies Y p(z,y) = 1 for all y is called doubly stochastic.
This is the hypothesis needed for part (b) of the above theorem. Translation invariance is
stronger.

Example 6.2 Consider the one-dimensional nearest-neighbor exclusion process with jump
kernel p(z,x +1) =p, p(x,z —1) =q¢=1—p, and p(z,y) =0fory Ax+ 1. If p=1/2
this process is symmetric, and we already know that the Bernoulli measures are all the
extremal invariant measures. If p # 1/2 this is an asymmetric process. By part (b) of
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the above theorem, the Bernoulli measures are again invariant. But now part (a) also gives
something nontrivial. One can check that w(x) = ¢(p/q)” is reversible for p(z,y), where
¢ is any constant. By the theorem, the product measure v, with a(z) = ¢p®/(cp® + ¢°)
is invariant. Thus interestingly, even though the transition mechanism for this exclusion
process is translation invariant, it has invariant measures that are not translation invariant,
because under v, the distribution of the coordinate n(z) varies with x.

6.2 Translation invariant equilibrium distributions

In Theorem 5.1 we characterized the entire set Z of invariant distributions for symmetric
exclusion processes. In this section we shall do less for the general translation invariant
finite range exclusion process. Namely, we characterize the set Z NS of translation invariant
equilibrium distributions. The example of the p, g-asymmetric exclusion above shows that
there can be nonstationary equilibrium distributions, so the result is incomplete.

The duality arguments of the symmetric case are not applicable now. The main technique
in this section is coupling of two exclusion processes. We already encountered this briefly in
the proof of Lemma 4.6. The basic coupling means that two exclusion processes 1, and (; are
constructed as explained in Section 2.1, with one set of Poisson processes {7, } that govern
the jump attempts of both processes. The effect of this is that individually 7, and (; are both
exclusion processes, but their jump attempts are synchronized. At a jump time in Poisson
process 7(;.,), the state (1, () transforms into (n™¥,(), (n,¢("Y), or (n™¥,(™¥), depending on
whether an n-particle, a (-particle, or both can jump from z to y at time ¢. By considering
the different possibilities, one sees that in this coupling an n-particle and a (-particle jump
together whenever possible.

This construction defines a process (n;, (;) with state space X2, path space Dyz, and all
the properties proved in Section 2.3. Its generator is

Lf(n,¢) = > pla,y)n(x) (1 —n)¢(x) (1 = ) [Fm™, ¢ = £, Q)]

+ > play)n(@) (1 —n(y) 1{¢(z) =0 or ¢(y) = 1} [f(n™", () — f(1, Q)] (6.3)
+ > plwy) C@)(1 = C(y) Ln(x) = 0 or n(y) = 1} [f(n,¢") = f(n,C)].
z,yeS

Write S(t) for the semigroup of the process (1, ;).

We define a partial order on X in a coordinatewise fashion, by n > ( iff n(z) > ((x) for
all x € S. Relative to this order, the basic coupling has an important monotonicity property:
if initially 79 > (o, then 1, > (; holds with probability one for all time ¢ > 0. (Proof by
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considering the possible effects of a jump.) This property is expressed by saying that the
exclusion process is attractive. See Section A.3 for discussion of this order relation and its
definition for measures on X.

Let us write Z for the set of invariant probability measures of the process (1, (;) con-
structed by the basic coupling. And similarly, fe for the extremal members of 7 , and S for
the translation-invariant measures on the space X2 = ({0,1} x {0,1})%".

It is instructive to consider how discrepancies behave in the basic coupling. Let us say
there is a positive discrepancy at site = at time ¢ if n,(x) > (;(x), and a negative discrepancy
if i (z) < (). As the processes evolve under the coupling, discrepancies move around but
are never created. Discrepancies of the opposite type annihilate each other when they land
on the same site. To see this, consider the effect of a jump time ¢ € 7, ,) on a state (n—, ¢;—)
such that (m.—(z),n.—(v)) = (1,0), (G—(z),G-(y)) = (0,1). After the jump the processes
agree on {z,y}.

Suppose we make an irreducibility assumption which enables the discrepancies to mix
around. Then it is reasonable to expect that in the long run discrepancies of the opposite
type cannot coexist. In particular, an invariant measure should not give such an occurrence
positive probability. This we prove now.

Assume that p(x,y) is translation invariant, finite range, and has this irreducibility prop-
erty:

for all (x,y) there exists n such that p™ (z,y) + p™(y,z) > 0. (6.4)

This property includes examples such as p(x,z + 1) = 1 where not all spatial directions are
permitted for jumps.

Proposition 6.3 Let v € 7ZNS. Then for all sites x,y € S,

v{(n,¢) :n(z) =C((y) =0, n(y) =((x) =1} = 0.

Proof. Fix z, and apply the generator L to the cylinder function f (n,¢) = 1{n(x) #
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Lf.0) = S ple ) in() = C(x) = L nfy) # <)}
y*ZP@vﬂi)l{n(l‘) = ((x) =0, n(y) # C(y)}
- zy:p(x,y)l{n(x) # ((x), n(y) = C(y) = 0}
- ip(yal‘)l{n(fﬁ) # C(@), n(y) = C(y) = 1}
- i(p(x, y) +p(y, ) 1{n(z) = ((y) # n(y) = ((z)}.

The plus terms contain the ways in which a discrepancy can be moved to z. For example,
in the first sum x is occupied for both 7 and ¢ before the jump, and then at rate p(x,y) a
particle is moved from x to y in either n or ¢ but not in both. The two first minus terms
count the ways a discrepancy can be moved out of x. The last term counts the ways a
discrepancy at x can be annihilated.

Now take expectation under 7. Since v € 7 ,J L fdv = 0, so the expectation of the
left-hand side vanishes. On the right-hand side, use the translation invariance of p(z,y) and
v. Then the expectation of the first term equals

> plzy){n(z) = ((x) =1, n(y) # C(y)}
= " p(0,y — 2)7{n(0) = ¢(0) = 1, n(y — =) # C(y — =)}
= p(0,2)7{n(0) = ¢(0) = 1, n(z) # ¢(2)}.

Similarly, the expectation of the fourth term equals

> oy, 2)v{n(x) # ¢(x), n(y) = C(y) = 1}

= 3" (0,2 —y)F{n(e —y) # (@ — y), 1(0) = ((0) = 1}
= 3" p(0, 2)5{n(2) # C(2), n(0) = (0) = 1}.

We see that the expectations of the first and fourth term cancel each other on the right-hand
side. Similarly, the expectations of the second and third term cancel each other.
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We conclude from all this that for every pair (z,y) such that p(z,y) + p(y,x) > 0,

v{n(z) = ((y) #nly) = ¢(x)} = 0. (6.5)

By the assumption (6.4), to finish the proof we show by induction the following statement:
(6.5) holds for any pair (z,y) such that p™ (z,) + p"™ (y,z) > 0 for some 1 < m < n. We
have already proved the n = 1 case. Let us assume that the result is true for n — 1, and
prove it for n.

Let us employ the following shorthand for events involving 1 and (. For any sites

T1,...,Tm, and any vectors (ai, ..., a,) and (by,...,b,) of 0’s and 1’s,
€Ty Tg - T
a, as - Aoy
by by --- by,
(2129 - T [ a1 ag - G | D1 Do o by ]
= {(77’ C) : 77(1‘1) = al?”(l‘Q) = Qg ... 777(xm) = Gy,
C(.Tl) = bl, C(SEQ) = bg, c. ,C(I‘m) = bm}

In this notation, the induction assumption is that

+v =0

R
O~ K
—_— o
_— O K
O~

for any pair (x,%) such that pt™ (x, ) + p™ (y,2) > 0 for some 1 <m <n — 1.

Now for the induction step. Suppose p™ (z,y)+p™ (y, z) > 0. Let us suppose p™ (z,7) >
0. Otherwise exchange x and ¥y, which is permissible because the event in (6.5) is not affected
by such an exchange.

We shall show [ 2y | 1 0| 0 1 ] = 0 and leave the analogous argument for [z y |01 |10 ] =
0 as an exercise. Find states © = xg,21,...,2, = y such that p(z;,x;41) > 0 for i =
0,...,n—1. Leta= (a,...,a,-1) and b = (by,...,b,_1) represent (n — 1)-tuples of 0’s and
1’s. Decompose the event [z y|10|01] as

r y o L1 ++ Tp-1 Tn

1 0 = U 1 a --- Ap—1 0

0 1 ab| 0 by -+ b1 1
By the induction assumption, any term with some (a;, b;) = (1,0) or (0,1) will have zero v
measure. Let V be the set of pairs (a, b) such that (a;,b;) = (0,0) or (1,1) for each i. Then

Tz y To T1 - Tp-1 Tn
Pl O0l= > 7|1 a - ag 0
0 1 (a,b)eV 0 by -+ by 1



It remains to show that each term on the right is zero. Consider first the case where
(a1,b1) = (0,0). Abbreviate

o T1 T2 -+ Tp-1 Tn o T1 T2 -+ Tp-1 In
A= 1 0 a -+ ap,—1 0 and B=| 0 1 as -+ an_1
0 0 by -+ b,y 1 0 0 by -+ b,y 1

Event B results from A after a jump from zy to z;. Let G be the event that in time (0, ¢],
there is one jump time in 74 ,,), and no jump times in any other 7,y such that either u
or v is among xg, ..., Z,. Note two things:

{(m0, o) € A} NG C{(m, G) € B},

and
P(G) = p(xg, x1)te Pom)t . o=t 5

where
n

ﬁ = Zzp(l‘uy> + Z Zp(y’xj> —p(l’o,l’l).
=0 y y¢{zi} J=0

Now estimate
B(B) = 5S(1)(B) 2 P"({(n0, &) € A} N G) = H(A) P(G).

Above we used first the invariance of 7. Then we wrote P” for the probability measure
on the probability space where the processes (7, (;) and the Poisson processes are defined.
Finally, it is a property of the construction that the Poisson jump time processes {7, )} are
independent of the initial condition (ng, (o).

By induction 7(B) = 0. Since P(G) > 0, we must have 7(A) = 0.

The remaining case is of the type

To X1 -0 Tg-1 Tk Tk+l °° Tp-1 Tp
A=\ 1 ay -+ apq 1 0o - 0
by - by 1 0o - 0 1
for some k < n. Let
To Ty r Tg-1 Tk Tkl 7 Tp-1 Tp
B= 1 a - Qp—1 0 0 cee 0 1
0 by -+ by O o --- 1 1
To turn A into B, let G be the event that clocks 7(4, 2;.1), Zaprani2)s -0 Len1,n) TING
in order, and no other clocks that affect xo, ..., x, ring during a fixed time interval (0,¢].

Repeat the earlier argument. N
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Corollary 6.4 Let v € ZNS. Then ({n > YU {¢ >n}) = 1.

Proof. A configuration (7, () outside {n > ¢} U{¢ > n} has discrepancies of both types.
But

v{discrepancies of both type coexist}

< > v{nl@) =Cy) =0, n(y) = ((z) =1} =0

z,yeS
by Proposition 6.3. B

Next we consider starting the joint process (1, (;) with a translation invariant initial
probability distribution 5 on the space X?. It is important that the distribution 7S(t) at
later times retains this translation invariance.

Lemma 6.5 Suppose 7 is a translation invariant probability measure on X2. Then ﬁg(t) 18
translation invariant for each t > 0.

Proof. Think of the initial configurations and the Poisson point processes together as a
process indexed by = € Z? in this sense:

(10, o, w) = {mo(@), Co(x), (Tiw) : y € S,p(,y) > 0) s w € 27},

The distribution of this process is invariant under translations of x.

Let g be the map that constructs the occupation numbers at the origin at time ¢ from
the initial configurations and the Poisson point processes: (17:(0),¢:(0)) = ¢g(n,(,w). Then
(ne(z), G (x)) = g(0,m,0.¢,0,w). By Lemma A.10 the process {n:(x),¢(z) : z € Z} is

stationary. N

Lemma 6.6 Let ju,v € (ZNS).. Then there exists U € (Z NS). with marginals ju and v.

Proof. Let ¥ = p ® v, a translation invariant probability measure on X?2. The space of
probability measures on X2 is compact, by the compactness of X2. Hence there is a sequence
t, /" oo along which the probability measures

t” ~
t / FS(t) dt
0

converge weakly to a measure /.

Since 1 and v are invariant for the exclusion process, 75 (t) has marginals p and v for all
t > 0. By Lemma 6.5 above 7:97 (t) is translation invariant for all ¢ > 0. Both these properties
are preserved by time averaging and weak convergence, so g has them also.
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The invariance of p under the semigroup comes from the fact that the process is Feller
continuous. For then the operation S(s) is weakly continuous on measures, and we get

iS(s) = ( lim 17! /0 550 dt) S(s) = tim {(t;l /0 550 dt) 5(3)}

tn — S+tn -
= lim t;l/ ¥S(s+t)dt = lim t;l/ S(t) dt
0 s

n—oo n—oo

tn
— lim £ / Y5(8) dt = i
n—oo 0
Thus g is an invariant probability measure for the joint process.
We now know € ZNS. If i is an extreme point of this set, we are done and we can
take 7 = 1. Otherwise by Corollary A.14 there is a probability measure I" on (Z N S), such
that

INS)e

ﬁ:/( v I(dv).

Let 71,75 be the marginals of 7. They lie in ZN S. The integral gives

L :/ 7 (dv) and v :/ v I'(dv).
(ZINS)e (ZNS)e

By assumption p and v are extreme points of ZN S, hence we must have vy = p and vy = v
for I'-almost every v. Now we can pick any v in the support of I'. 1

We are ready for the main theorem, which says that the exchangeable measures make up
all the translation invariant equilibrium distributions for the class of processes considered.

Theorem 6.7 For a finite range, translation invariant exclusion process with irreducibility
property (6.4), (ZNS)e={r,:0<p <1},

Proof. Each v, lies in ZNS. Also, v, is ergodic, so it cannot be a convex combination
of two distinct translation invariant measures. In particular, it must be an extreme point of
the set ZNS.

Let v € (ZNS).. Let p € [0,1]. By Lemma 6.6, we can find 7 € (ZNS), with marginals
v; = v and v, = v,. Consider these two events in the space X 2.

A={n<¢ and  B={n=>(}

Suppose 0 < V(A) < 1. Since A is closed for the process (1, (), V(- |A) and v(- |A°) are
equilibrium distributions by Lemma 4.3. Also, events A and A€ are translation invariant, so
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v(-|A) and v(- |A°) are translation invariant measures. Since v is a convex combination of
v(-|A) and v(-|A), this contradicts the extremality of v.

This same reasoning works for B also, and we conclude that both events A and B have
measure 0 or 1 under v. By Corollary 6.4 one of these events must have probability 1.
Depending on which set has full measure, we conclude that either v < v, or v > v,.

To summarize: for each 0 < p <1, either v < v, or v > v,. Since v, < v, for p; < po,
the number py = inf{p : v < v, } satisfies v, < v < v, for p < py < A\. Thus by Lemma A.7,
v="y,. B

In the next chapter we address the question of convergence towards an equilibrium v,
from a spatially ergodic initial distribution. We can solve this question only for the one-
dimensional lattice S = Z. We generalize the treatment in a different direction, by permitting
more than one particle per site. This introduces new problems. For example we cannot
explicitly describe even the translation invariant equilibrium distributions in all cases.

Notes

This chapter is from Section 4 in Liggett’s lectures [26].
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7 Asymmetric K-exclusion processes in one dimension

7.1 The K-exclusion process

In this chapter we generalize the exclusion process to allow more than one particle per site.
The bound on the number of particles a site can hold is a fixed positive integer K. As
before, jumps are governed by mutually independent Poisson jump time processes {7(;,)}
with given rates p(x,y). The new jump rule is that if ¢ € 7(,,), then at time ¢ one particle
is moved from site x to site y provided that, after this move, site y has at most K particles.
The occupation variables n(x) now take values 0, 1, ..., K, and the state space of the process
is X ={0,1,..., K}® with S = Z? as before. The generator of the process is

Lf() = plz.y)1{n(z) > 1, n(y) < K — }[f(n") = f(n)] (7.1)
where
nx)—1, z==x
n(z)=q ny)+1, z=y (7.2)

n(z), z ¢ {r,y}

is the configuration that results from moving a single particle from z to y. The process
described by this generator is the K-exclusion process.

The construction of Section 2.1 and the properties proved in Sections 2.3 and 4.1.2 can
all be repeated for a translation invariant finite range transition probability p(z,y). We
leave these as an extended exercise for the reader. For the case K = 1 Theorem 6.1 showed
that Bernoulli measures are equilibrium measures for the translation invariant process. When
K > 1 we cannot explicitly write down translation invariant equilibrium distributions, except
in the symmetric case. See Exercises 7.1 and 7.2 at the end of this section.

The assumptions for the results of this section include the standing assumptions of trans-
lation invariance

p(z,y) =p(0,y — ),
and finite range:
p(0,z) =0 for |z|o > R.

The new assumptions are that the lattice is one dimensional, so S = Z, and for convenience

the assumption
p(0,1) >0 (7.3)

that gives us the irreducibility we need. Of course, we could just as well assume p(0, —1) > 0
and then switch left and right in the proof.
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Let Z be the set of equilibrium probability measures of the process, and S the set of
translation invariant probability measures on X = {0, 1,..., K}%. Our objective is to say as
much as we can about the set (ZNS),, and to prove that if started from a spatially ergodic
initial distribution, the distribution of the state converges weakly as t — oo.

As already indicated above, in general we do not know what extreme elements of ZNS
look like. So our goal is an existence theorem that says (Z N'S), is indexed by density. Let

H={[n0)v(dn):ve(InS).} (7.4)

be the set of densities of the extreme measures in Z N'S. Here is the main result, proved
for the one dimensional, translation invariant, finite range K-exclusion process that satisfies
assumption (7.3). K is an arbitrary positive integer.

Theorem 7.1 The set H is a closed subset of [0, K], and for each p € H there is a unique
measure v, € (ZNS). such that [n(0)dv, = p. Dependence on p is monotone: v, < v,,
for p1 < ps in H. The measures in (ZNS). ={v,:p € H} are spatially ergodic.

Suppose the process is started with an initial distribution p that is translation invariant
and ergodic, and has density p = [n(0)du. Let u, = pS(t) be the distribution of the state
of the process at time t. The measures p; converge weakly as t — oo, and the limit depends
on p as follows.

(i) If p € H, then p — v, as t — oo.

(ii) If p & H, let p, and p* be the closest densities below and above p in H. Precisely,

p« =sup{h € H:h <p} and p*=inf{h € H:h > p}.
Let oo = (p* — p)/(p* — ps). Then py — av,, + (1 — )y« ast — oo.
For two special cases we can give a complete result.

Theorem 7.2 Suppose K = 1, so we are discussing a one-dimensional exclusion process.
Then (Z N S). is the set of Bernoulli measures {v, : 0 < p < 1} defined by (4.15). For a
spatially ergodic initial distribution p with density p = [ n(0)dp, p — v, as t — oo.

Proof. The characterization of (ZNS). is a special case of Theorem 6.7. Thus H = [0, 1],
and the convergence follows from case (i) of Theorem 7.1. 1

The other special case is the symmetric case p(z,y) = p(y,z). For b > 0 let A’ be the
product measure on X with single coordinate marginal distribution

MN{n(z)=j}=c,j=0,1,....K, x € Z, (7.5)
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where ¢ = 1 + b+ b? 4 - - - + b¥ is the normalization constant that makes this a probability
measure. The family {\° : b > 0} forms the extremal translation invariant equilibria for the
symmetric /K -exclusion. The parameter b does not correspond to density, so we change the
notation to be consistent with our earlier statements. For p € [0, K|, define b = b(p) by

b+ 207 430 + -+ KON
I e

) - / n(0) A*(dn).

Let v, = A\@. Then [ n(0)dv, = p.

Theorem 7.3 Suppose K is arbitrary and p(z,y) is symmetric. Then (ZNS)e ={r,:0<
p < K}, with v, as defined above. For a spatially ergodic initial distribution p with density

p=[n0)du, pu — v, ast — oo.

Proof. According to Exercise 7.1, the measures v, are equilibrium measures. Since they
are translation invariant, they are members of Z N'S. Being i.i.d. they are ergodic, and so
extreme points of the set S. Thus no v, can be a nontrivial convex combination of any
translation invariant measures, in particular not of elements of ZNS. So the v,’s must be
extreme elements of Z N'S. The densities of these v,’s cover the entire interval [0, K], and
so H = [0, K]. By the uniqueness statement in Theorem 7.1, there are no other extreme
measures in Z N S. The convergence follows from case (i) of Theorem 7.1. N

The main open problem left here in one dimension is the existence of spatially ergodic
equilibrium distributions for all densities, in the general nonsymmetric case. In higher di-
mension there is nothing like Theorem 7.1 for the nonsymmetric case. The remainder of this
chapter proves Theorem 7.1.

Exercise 7.1 Suppose p(z,y) is finite range, translation invariant, and symmetric. Check
that the i.i.d. product measure A’ with marginals defined by (7.5) is invariant for the Markov
process with generator (7.1). This result does not require dimension d = 1.

Exercise 7.2 Show that if p(z,y) is not symmetric, no i.i.d. product measure can be in-
variant. Here is a suggestion: Suppose an i.i.d. product measure p is invariant. First let
f(n) = fo(n(0)) be an arbitrary function of a single coordinate, and show that [ Lfdu =0
forces p to be of the type A for some b. Next take

f(n) =1{n(u) =1,n(v) = K}

for two sites u and v, and show that [ Lfdu = 0 forces p(0,u —v) = p(0,v — u).
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7.2 Proof of Theorem 7.1

This section utilizes the basic coupling of two copies of the K-exclusion process, and it works
in principle exactly as in Section 6.2. The state space for the coupled process (1, (;) is X2
Their jumps are governed by the same Poisson clocks {7(,,,}. We leave the explicit formula
for the generator of the joint process as an exercise, in the style of (6.3). The semigroup for
the coupled process is S(t).

Fix a translation invariant and ergodic probability measure ;2 on X?2. This is the initial
distribution of the coupled process (1, (;). The coupled process is constructed as a function
of the p-distributed initial configuration (7, (y) and the Poisson jump time processes, as
explained in Section 2.1. The Poisson processes are represented by a sample point w =
(Z(ayy) : (z,y) € SP) from a probability space (2, H,P). Recall that S} = {(z,y) : p(z,y) >
0}. The Poisson processes are independent of the initial configuration. So the process (7., ()
is constructed on the product space (X? x Q, B(X?) @ H,1 @ P).

For expectations on this probability space we write P and E instead of the longer 1 ®@ P.
P and F are also used to refer to the distribution of the coupled process (7., (.) on its path
space Dy2. The distribution of the state (n;,¢;) at time ¢ is i, = 15(t).

Lemma 7.4 The probability measure [i; is translation invariant and ergodic for each t > 0.

Proof. Think of the initial configurations and the Poisson point processes together as a
process indexed by x € Z in this sense:

(M0, Cosw) = {no(x), Co(®), (T(wy) 1 y € Z,p(x,y) > 0) : v € Z}.

The distribution of this process is the measure # ® P on the space X2 x ). As z varies, the
collections of Poisson processes (7(y,) : y € Z,p(x,y) > 0) form an ii.d. sequence. Thus by
Lemma A.9 (1o, {p,w) is an ergodic process indexed by Z.

Let g be the map that constructs the occupation numbers at the origin at time ¢ from
the initial configurations and the Poisson point processes: (7:(0), (;(0)) = g(no, (o, w). Then
(me(x), () = g(0:n0,0:C0,0,w). By Lemma A.10 the process {n(z),((x) : © € Z} is
ergodic. B

Define positive and negative discrepancies by
B (x) = (@) — G(@))* and By (z) = (@) — ()™,

and denote discrepancies of both kinds by &(z) = 8, (z) + 8; (z). Put v(z) = me(x) A G(x).
The joint process (1, (;) can be recovered from the process (v, 3;", 3; ) by

77t:7t+ﬁt+ and G =+ B .
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The dynamics can be described entirely in terms of (v, 3;", 3;) without any reference to
(m¢, G¢), as follows.

(a) The ~-particles jump according to the K-exclusion rules, obeying the Poisson clocks
{Twy

(b) If two discrepancy particles of opposite sign are on the same site, they immediately
merge and produce one ~y-particle.

(c) The discrepancy particles are invisible to the y-particles, and behave as second class
particles relative to the v-particles, which means two things:

(c.i) When a jump time ¢ € 7, happens, if a y-particle is present at = at time ¢—, only
a y-particle attempts to jump. A discrepancy particle at x may attempt the x ~ y jump
only if no ~-particle is present at x at time t—.

(c.ii) If a y-particle jumps to y, and after the jump there are K + 1 particles at y, a
discrepancy particle is moved from y to x. There must be a discrepancy particle at y,
because otherwise y already had K ~-particles at time t—, and no jump x ~ y could have
happened.

By (b) each site contains discrepancy particles of at most one type, so there is no ambi-
guity about which type of discrepancy particle might move from x to y in (c.i) or from y to
x in (c.ii).

A consequence of Lemma 7.4 is that E[n.(z)] = E[n:(0)] for all z € Z, and similarly for
the densities of the other particles and discrepancies.

Lemma 7.5 The densities En:(0)] and E[((0)] are constant in time. The discrepancy
densities E[3;(0)] and E[£(0)] are nonincreasing functions of t.

Proof. Fix s < t, and imagine restarting the process at time s, from state (7, (). Find
sites
0<21<ZQ<Z3<"~<Zg/m

with this property: if 7(,,) has a jump time during (s,¢], then for each ¢ either both x
and y lie in the interval {—z,..., 2/}, or neither does. Such a sequence of sites exists with
probability 1. Here is a way to see this. Recall definition (2.3) of 7] and the definition of R
as the maximal range of a single jump. For each k > 0, there is a fixed positive probability
that the Poisson process
U zur,
Rk<az<R(k+1)

has no jump times in (s,t]. Consequently this happens for infinitely many & > 0, say for 0 <
k1 < ky < kg < ---. For such k there can be no jump across the interval { Rk, ..., Rk+R—1}
or across the interval {—Rk — R+ 1,..., —Rk}, because the maximum range of a jump is

R. Take z, = Rk,.
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By the ergodic theorem,

E[(0)] = lim ! Z &(x) almost surely, (7.6)

and similarly at time s. Since discrepancies are not created and possibly only annihilated,
and since the interval {—z,..., 2z} does not exchange discrepancies with the rest of the
system during (s, t],

rT=—2y T=—2y

Divide by 2z, 4+ 1 and let ¢ /" co. Passing to the limit in (7.6) along a random subsequence
n = z; does not alter the conclusion, and hence in the limit E[§(0)] < E[&(0)]. Same
argument applies to 3 as well.

For 1, and (; there is equality in (7.7) because particles are neither created nor annihilated.
The ergodic limit shows that their densities are constant in time. M

Let I be a finite interval of sites in Z, and B C X? the event that I contains discrepancies
of opposite sign. The proof of the next lemma uses the assumption p(0,1) > 0.

Lemma 7.6 1i;(B) — 0 ast — oo.

Proof. The probability fi;(B) is not altered by translating I, so we may assume that
I ={0,1,...,m — 1} for some m. Fix 0 < T < oco. For any time point s, let Ay be the
following event on the Poisson jump time processes: during (s, s+ T, this sequence of jump
times happens, and no other clock rings that involves any site in I:

Round 1: K jump times in 7(,_2m—1)-

Round 2: K jump times in 7(;,—3,,—2), followed by K jump times in 7(,,—2m—1).

Round 3: K jump times in 7(,_4,,—3), followed by K jump times in 7,3 n—2), followed
by K jump times in 7(;,—2m—1)-

... And so on, until in the last round:

Round m — 1: K jump times in 7, followed by K jump times in 7; 5, followed by K
jump times in Ty 3, ..., followed by K jump times in 7p,_9 1.

After round k in this scheme, particles initially at sites {m —k—1,...,m— 1} are packed
to the right end of the interval I, and after the last round m — 1, all particles initially in I
are packed to the right end of the interval I. In particular, after the last round there cannot
be discrepancies of opposite types in I. Let 69 = P(A;) > 0. By the temporal invariance
of the Poisson processes, this quantity is the same for all s. The assumption p(0,1) > 0 in
(7.3) was made to facilitate the definition of As.

93



Let
L =14z={z,2+1,...,24+m—1} for x € Z.

The spatially shifted event A,, = 0 1A, has the same effect on the interval I, as A, has
on I described above, and the same probability dy = P(A,,). 0,;'B is the the event that
interval I, contains discrepancies of opposite sign.

To get a contradiction, suppose there exists a sequence ¢, /" co and d; > 0 such that

fie, (B) > 01 (7.8)

We may assume that ¢,, .1 > t,+71 for all n, by dropping terms from the sequence if necessary.
Fix t,, for the moment. As in the proof of the previous lemma, find sites z, / oo such

that the system in {—z,..., 2} does not interact with the outside during time interval
(tnytn + T7.
To explain the next inequality, note that if interval I, C {—z,..., 2} contains opposite

discrepancies at time ¢,, and if event A, , happens, then at least two discrepancies were
annihilated in I, during (¢,,t, + 7). Event A, , contains the requirement that I, does
not interact with the outside during (¢,,t, + 7). So for disjoint I, and I, the annihilated
discrepancies were distinct, and can be counted separately. No discrepancies migrate to
{=z0,..., 2z} from the outside during (¢,,t, + T]. Let J = [(2z,+ 1)/m] — 1 be the number
of disjoint m-length intervals that fit in {—z,..., 2, — m}. Let z € {0,...,m — 1}. Let us
write A(s,x) for A, to cut down on subscripts. The discrepancy balance from time t,, to
t, + T satisfies this inequality.

Z gtn+T Z ft -2 Z 1p (9—Ze+x+jm(77tn>Ctn)) 1A(tn,7zé+$+jm)'

y=—2¢ y=—2z¢ 0<5<J

As j varies through 0, ..., J—1, the intervals I_,, ;. are disjoint and lie inside {—z, . .., 2z,—
m + x}, so annihilated discrepancies are not counted more than once. Next, average over
z€{0,...,m—1} to get

20 zZ¢ m—
Y Garly) <) Gy Z Z (O—zoratgm (N> G ) LA(tn,— 2 ajm)
y=—2 y=—2 <j<
2 zZe—m
S Z ftn - Z 1B(0yntn7 Qthn)]‘A(t'ruy)'
y=—2 m o=

Divide by 2z, + 1 and let ¢ " oo. Ergodicity applies to all terms. Note in particular that
the events {(6,m,,0,(,.) € B} are independent of the events A, ,, because the latter only
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depend on Poisson clocks in time interval (t,,t, + T]. So here is another application of
Lemma A.9. In the limit
2 _ 20001
Ele,+7(0)] < Ef€, (0)] = — e, (B)P(Ar,) < E[&,(0)] =
where we used (7.8) and §y = P(A;,). By Lemma 7.5 and the assumption ¢,.; > t,, + T we
get

m

2600
El&,,,(0)] < E[&,+7(0)] < B[, (0)] = 7;;1-
However, E[¢, (0)] is obviously bounded by 0 and K so we cannot subtract from it a fixed
constant 20¢d;/m infinitely many times along the sequence t,, which the above inequality
suggests. This contradiction indicates that (7.8) must be false, and so i;(B) — 0. 1

Let H;, be the event that at time ¢ there is a discrepancy at z, and the next discrepancy
to the right of site x is of the opposite sign. By spatial invariance, P(H;,) = P(H; ) for all
x.

Corollary 7.7 P(H;) — 0 ast — oo.

Proof. Suppose there exist a subsequence t,, /* 0o and § > 0 such that P(Hy, o) > 0. Fix
t = t, for the moment. Let Y; be the nearest site to the right of 0 that contains a discrepancy
at time t. Then
Ely, Y] <1

by Lemma A.11 applied to the spatially stationary process
{1[there is a discrepancy at = at time t] : x € Z}.

Pick N > 2/§. Let G; be the event that there is at least one discrepancy in the interval
{1,..., N} at time ¢. Then

1> Ely, eV 2 N - E[ly, 1]

from which

P(HioNGy) = P(Hyo) — P(HigNGY) >0 —— >0/2.

1
N
This bound is valid for all ¢ = ¢,,. However,

H,o NGy C {the interval {0, ..., N} contains discrepancies of opposite type},

and for a fixed N the probability of the latter event vanishes as ¢ — oo by Lemma 7.6. This
contradiction shows that P(Hyy) — 0 ast — oco. N

We come to the main step of the proof which says that, in the presence of sufficiently many
positive discrepancies, all negative discrepancies will be annihilated. The initial distribution
of the coupled process is still a fixed, spatially ergodic probability measure 1 on X2.

95



Proposition 7.8 Suppose E[no(z)] = p1, ElCo(z)] = p2, and py > ps. Then

lim E[(n(x) — G ()] = 0. (7.9)

Proof. By Lemma 7.5 the densities of discrepancies are nonincreasing functions of t.
Thus to get a contradiction, we may assume that for some § > 0, E[(n:(x) — ((x))~] > § for
all t > 0. But then, since

0 < p1 = p2 = Elni(x) = G(x)] = El(n(x) — G(2))"] = El(n(z) — G())7],
it follows that
El(ni(z) — G(x)*] > and  E[(n(z) — (x)) ] >4 forallt > 0. (7.10)

We shall derive a contradiction from (7.10).

We track individual discrepancies. At time 0 assign integer labels separately to the pos-
itive and negative discrepancies. Each discrepancy retains its label throughout its lifetime.
Let w;r(t) denote the location of the positive discrepancy with label j at time ¢, and similarly
for w; (). Assume the initial labeling is nondecreasing, in other words wi(0) < w]j.[(O) for
1< 7.

The life of a discrepancy ends when it merges with a discrepancy of opposite sign to
create a y-particle. Let

7 = inf{t > 0: wj (t) meets a discrepancy of the opposite type}

be the time when positive discrepancy wj ceases to exist. Of course, w;f may never meet a
negative discrepancy, and lives forever. Then T]-Jr = oo and w;f is immortal. Same conventions
for negative discrepancies, with expiration time 7;” for discrepancy w; .

We need to be specific about which discrepancy at a site is affected by a jump if more
than one discrepancy is present. We stipulate that if the interaction is to the left of =,
then it involves the discrepancy at x with the smallest index. If the interaction is to the
right, then the discrepancy at x with the largest index is affected. For example, suppose
t € Tzy), © <y, and at time t— we have v,_(z) = 0, 3 (z) > 0, and 8, _(y) > 0. Then at
time ¢ the positive discrepancy with the largest index at x jumps to y, and merges with the
negative discrepancy with the smallest index at y to create a y-particle. Note that a positive
discrepancy was allowed to jump because there were no v-particles at x at time t—.

Despite this rule, discrepancies do not stay ordered, unless only nearest-neighbor jumps

are permitted, which means that p(x,y) =0 for y # = + 1.
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Let
Bon(r) =D 1w (0) =, 7" > t}
J
denote the occupation variables at time 0 of those discrepancies that are still alive at time
t. For fixed t, the spatial process

{6&@)75&1&(‘%) x € Z}

is translation invariant and ergodic. This follows by the argument of Lemma 7.4. The
labeling of the discrepancies may appear to confound the issue. But again we can write

(Bou(2), Bo () = Fiw(no, Co,w),

where the map F}, first labels the discrepancies, then constructs the evolution up to time
t from the graphical representation, following the conventions on discrepancies enunciated
above, and returns the occupation numbers at site x. Whatever the details of this map, if
the entire picture (1o, (o, w) is translated so that x becomes the origin, then the discrepancies
at x are moved to the origin, and the entire evolution is similarly translated. This just says
that

F, +(no, Co,w) = Fy0(0m0, 0:C0, Ow). (7.11)

Translation invariance and ergodicity now follow from Lemma A.10.
Let

g (t) = Ef,(0)

be the density of these discrepancies at time 0. By the ergodic theorem, also
1 n
+ . +
t) = lim — Imost ly. 7.12
(0 = Jim 3G almost surely (7.12)

Assumption (7.10) implies that g=(t) > §. We can see this by repeating the argument
used in the proof of Lemma 7.5 above. Suppose {—z, ..., 2/} is a portion of the lattice that
does not interact with the outside during time interval (0,¢]. Since discrepancies alive at
time ¢ were also alive at time 0,

> Bl =) B().

T=—2y T=—2y

Dividing by 2z, + 1 and letting £ — oo gives
g*(t) = B[ (2)] = E[(m(z) - G(2))*] = 0
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by assumption (7.10).
Define the initial occupation numbers of immortal discrepancies by

B () = lim ().

The limit exists by monotonicity. The translation property (7.11) is preserved to the limit
and becomes

(ﬁa:oo(x)a ﬁ()_,oo(x)) = Foo,x(”Oa CO: w) = Foo,O(HacnOa ‘930607 qu)),

so the process
{8000 (@), By oo (@) : x € Z}

is spatially translation invariant and ergodic. The ergodic theorem gives the almost sure
limits

n—oo N

n -1
1 1
+ + : + . +
=F 0) = lim — = lim — . 7.13
g (00) = EBEL(0) = lim ;:1: Byoo () = lim — m:§n Bo,00 () (7.13)
The equality of the left and right limits is a special case of (A.9) in the appendix.
By monotone convergence,

g+ (00) = Effj o (0) = lim Ef,(0) = lim g*(t) > 0. (7.14)

From (7.13) and (7.14) we conclude that at time 0, with probability one there are infinitely
many immortal discrepancies of both sign on both sides of the origin. We are now ready
to complete the proof of the proposition for the case of a nearest-neighbor process, where
discrepancies of opposite sign cannot jump over each other.

Completion of the proof of Proposition 7.8 for a nearest-neighbor process.

The assumption is that p(z,y) = 0 for y # = + 1. Then a pair of immortal discrepancies
is never switched around. Intuitively speaking, by (7.13) and (7.14) there must be a fixed
positive density of immortal negative discrepancies followed by a positive discrepancy. This
contradicts Corollary 7.7. Here is the rigorous argument.

For 0 <t < o0, let
rz+n—1
Ly, = inf {n >1: ) By = 1}
y=x

be the smallest n such that at time 0 the interval {z,... , z +n — 1} contains a positive
discrepancy that survives up to time ¢, or is immortal in case t = co. By (7.13) and (7.14),
L, is an almost surely finite random variable. By the bound L;, < L , and by translation
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invariance, it is possible to fix an integer 0 < u < oo so that P[L;, > u] < 6/2K for all
x € 7Z and t > 0. Note also that

P65,(0) > 1} > 2 iy (0) > /K

By spatial ergodicity,
N R . . 5
i =D 1) 2 WL <0} = PURO) 2 BT Su) 2 o (119

almost surely.
Fix a sample point of the underlying probability space for which the limit (7.15) holds.
Let 1 <z <1 <29 <23 <--- be the points x for which

{65 (x) > 1)1{Ly, < u} = 1.

Let wi’(T)(O) =z, 7 =0,1,2,3,..., be negative discrepancies that live past time ¢. If there is
more than one such negative discrepancy at some z,., pick the one with the smallest index.
Consider every uth such discrepancy:

Wiy Wituyr Wi2u)y> Wi3u) -« -
Since

and L
(e +1)u)(0) that survives past time t. Since the order of discrepancies is preserved un-

cent < U, at time O there must be a positive discrepancy between wi_(ku)(O) and

der nearest-neighbor jumps, in the interval {wj(t),. .., w41, (f) — 1} is at least one
negative discrepancy for which the next discrepancy to the right is positive.
The limit (7.15) translates into

1

lim —max{r:z, <n} >J§/(2K),
n—oo N
and this in turn into 1
lim —max{k : xp, < n} >0/(2Ku). (7.16)

n—oo N,
Let H,, be the event that at time ¢ there is a negative discrepancy at x, and the next
discrepancy to the right is positive. By ergodicity

n

_ .1 _
P(H;,) = 7}1}2@ - Z; {H,,} almost surely. (7.17)
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Choose again sites 2, /" oo with the property that no particles or discrepancies jump over
zp during time (0,¢]. The limit (7.17) is valid also along the subsequence n = z,. Let

m = inf{k = 0wy, (t) = 1}. (7.18)

Since the event H,, happens at least once between each pair wy;,)(¢) and w;(, (1),

24

HH,,} > max{k:w;, (1) <z} —m=max{k:w,, (0) <z} —m
; t7 (k) () (7.19)

= max{k : Tp, < 2} —m.

Divide by z; and let £ " co. Combining with (7.16) and (7.17) gives P(H,,) > 0/(2Ku).
This bound is valid for all ¢ > 0. We have contradicted Corollary 7.7. This concludes
the proof of Proposition 7.8 for the nearest-neighbor case.

Completion of the proof of Proposition 7.8 for the general case.

Now we deal with the possibility that the ordering of discrepancies is not preserved. Say
that a jump time t is a switching time if at time ¢ the order of two discrepancies of opposite
sign is reversed and neither one is annihilated. In other words, ¢ is a switching time if for
some indices ¢ and 7, either

wy (t—) <w(t—=) and wj (t) > w] (),

or same statement holds with reversed inequalities, and 7,7 A 7" > t. Let us say that

discrepancies w; and w;" are involved in a switch when the above event happens. Note that
as many as K (R — 1) negative discrepancies may be involved in a switch at a particular
switching time, if a positive discrepancy jumps over R — 1 sites all filled with negative
discrepancies. Let krj_(t) be the number of switches experienced by discrepancy w; during
time interval (0, t].

For M € N, x € Z and t < oo, define the event

J

Gl = J{wy (0) ==, 77 > ¢, k; () < M},

G%E is the event that at time O there is a negative discrepancy at site x which is alive at time
t and has experienced at most M switches by time ¢. As discrepancies can be annihilated and
switches only accumulate, G}, decreases with ¢. By translation invariance P(G}%) = P(G})

for all x. We prove an intermediate lemma.
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Lemma 7.9 P(G}) — 0 ast — oo.

Proof. To get a contradiction, assume there exists a d; > 0 such that P(G}{) > 4, for all
t > 0. This proof essentially repeats the argument given above in the nearest-neighbor case.
For 0 <t < o0, set

z+n—1
L;J:inf{nz 1: Z Gai(y) > 2M—|—1}.
y=z

By (7.13) and (7.14), L., is an almost surely finite random variable. By the bound L} , <
L' and by translation invariance, it is possible to fix an integer 0 < u < oo so that

00,T

P[L;, > u] < 01/2 for all z € Z and t > 0. By spatial ergodicity,

n

Tim % Z H{GUY{L;, <u} = P(GY,N{Liy <u}) >6&/2 almost surely.  (7.20)
=1
Fix a sample point of the underlying probability space for which the limit (7.20) holds.
Let 1 < 2o < x1 <y < 23 < --- be the points x for which 1{G},}1{L;, < u} = 1. Let
wl._(r)(()) =ux.,7=20,1,2,3,..., be negative discrepancies that live past time ¢ but experience
at most M switches up to time t. (If there is more than one such negative discrepancy at
some x,., pick the one with the smallest index.) Again, consider the subsequence

Wi0)r Wiwyr Wicau)» Wi(zu)r -~

Since

Thu + 1 = Wi (0) + 1 < Wy 1), (0)

and L, , < u, at time 0 there are at least 2M + 1 positive discrepancies between wi’(ku)(O)

experience

and Wik +1)u)<0) that survive past time t. Discrepancies Wy 1) and Wy (k1))
together at most 2M switches. So at least one positive discrepancy remains between them
at time ¢. In particular, their order must have been preserved up to time ¢, meaning that
Wi () < wi_(({ﬁl)u)'(t). Consequently, in the interx‘/al { Witk (), - - ,u‘)i_((kJr'l)u) (t) - 1} is at
least one negative discrepancy for which the next discrepancy to the right is positive.
(7.16) now becomes
1
lim — max{k : xp, < n} > 01/(2u).

n—oo M
Equations (7.17)—(7.19) can be repeated verbatim. The conclusion is

2

1 )
P(Hip) = fim =3 1{H;.} = 61/(2u).
r=1
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This bound is valid for all ¢ > 0 and contradicts Corollary 7.7. Lemma 7.9 is proved. N

We conclude the proof of Proposition 7.8. The idea is this. By the lemma above, a positive
density of immortal negative discrepancies forces the density of switches to increase without
bound. But after each switch there is an opportunity to annihilate a pair of discrepancies.
These two points contradict each other.

Fix 0 < T" < oo. Define the event A, , as in the beginning of the proof of Lemma 7.6 for
the interval I, = {x,...,x + R}. A, is an event that involves only the Poisson processes

U 7,0 (s,s+T]
yz<y<z+R

and its probability 0, = P(As,) > 0 is independent of (s,x). When Ay, occurs, the process
in I, does not interact with the rest of the process during (s, s+ T}, and at time s+ T there
are discrepancies of only one type in I,.

For m > 0, let N/ (t) be the total number of jump times that cross either site m or —m
during (0,¢]. In terms of counting functions,

N;(t):Z{N(x7y)(t):xS—mgy,yg—mgx,xgmgy,orygmgx}.

N (+) is a Poisson process with rate bounded by 4R. N} () is an upper bound on the number

of discrepancies that migrate into the interval {—m, ..., m} during (0, ¢].
Let
7 = U Tiay) Uiy
yr<y<z+R

be the Poisson process of jump times at which x interacts with a site y to its right. Each
jump time in the entire system lies in exactly one 7). Define the random variable

Q. (t) = Z 1{s is a switching time}1{ A, }.

sET]:s<t

The key observation is that if s € 7.” is a switching time, at time s the interval I, contains
at least one pair of discrepancies of opposite sign. If A, happens, this pair is annihilated.
The jumps that happen in I, during (s,s + 7 in the event A, are all nearest-neighbor
jumps, hence no switches happen in I, during (s, s+ 7). This implies that no annihilation is
counted twice in the sum that defines @Q),. Thus 2Q,(t — T') is a lower bound on the number
of discrepancies that have been annihilated during (0, ¢] following a switching time in 7).

Next we observe that for distinct < 2’ the sums for @), and ), do not count the same
annihilation. Suppose that for s € 7)” and s’ € T

1{s is a switching time}1{A,,} =1 and 1{s'is a switching time}1{Ay ..} = 1.
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There is potential interference only if x < 2’ <z 4+ Rand |s—§| <T. If s < <s+T
then in fact s’ cannot be a switching time because 2’ is only involved in nearest-neighbor
jumps during [¢',s + T]. If ' < s < & + T then the switching jump at time s happened in
{z,...,2" —1} because during event Ay, the interval I, does not interact with the outside.
Consequently event A, , annihilates a pair of discrepancies in {z,...,2" — 1} which must be
distinct from those annihilated by Ay /. The case s = s’ need not be considered because we
use only those realizations of the random clocks that have no simultaneous jump times.
We get this inequality for the discrepancy balance in the interval {—m, ... ,m}.

S < Y Gl =2 Y Qult—T)+ N () (7.21)

Tr=—m r=—m Tr=—m

Let k(t) be the expected number of switching times among jump times in 7,/ N (0,¢]. It
is independent of x by spatial invariance. Let 0 < 07 < 09 < 03 < --- be the jump times in
7). Let F; denote the filtration of the coupled process (7, (;) and the Poisson clocks. The
oy’s are stopping times for the filtration ;. The event {0} is a switching time} lies in the
o-algebra F,, of events that are known by time oj. The event A,, , is a future event. By
the strong Markov property the Poisson processes restart independently of the past, and so

P(As, 2| Fs,) = P(Aoz) = 01 almost surely.

We get

EQ,t-T) = Z E[1{o, <t —T}1{oy is a switching time}1{A,, ,}]

k=1

= Z E[1{oy <t —T}1{oy is a switching time}P(A,, .| Fs,)]
k=1

== 51R(t — T)
Take expectations in (7.21), divide by 2m + 1 and let m " 0o to get
E[&(0)] < El(0)] — 2015(t = T). (7.22)

We show that Lemma 7.9 together with the positive density of immortal negative dis-
crepancies leads to x(t) /' oo, which contradicts (7.22). Let K*(x,y,t) be the total number
of switching times that happen within the space interval {z, ...y} during (0,¢]. By spatial
ergodicity,

1
k(t) = lim
m—oo 2m + 1

K*(—=m,m,t) almost surely.
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Recall that k; (¢) is the number of switches experienced by discrepancy w; during (0, .
Fix again a sequence of sites z, /' oo with the property that no exchange of particles
or discrepancies happens across £z, during time interval (0,%¢]. Recall that a particular
switching time affects no more than K (R — 1) negative discrepancies. Then

K'(—22t) 2 7 Z > ky (1) 1wy (0) =, 7 >t}

a:f—Zz J

The sum on the right above counts the switches experienced by those negative discrepancies
that survive past time ¢ in the interval {—z, ..., 2,}. Develop this further:

K* (=2, 20,t) > RED Z Zl{w )=z, 77 >t k;(t) > M}

> %x;e (; H{w; (0) =, 77 >t}
=) Hwy(0) ==, 7 >t k(1) < M}>
> K(RL_UZ (B5ur) = KT{GIL)

Divide by 2z, + 1, let £ " oo and use ergodicity to get

Kk(t) > % (EB; (0) — KP(GLY)) -

Let t /" oo and use assumption (7.10) and Lemma 7.9 to get

M
o N
h{gglf/@(t) Z RE=1)
The quantities §, K and R are fixed. We may take M and ¢ large enough to contradict
(7.22).
We have reached a contradiction, and thereby disproved (7.10). The proof of Proposition
7.8 is complete. N

This proposition was the main technical point of the proof. For the remainder of the
section, 1 no longer denotes a fixed initial distribution for the coupled process. Recall that
S(t) is the semigroup of the one-dimensional K-exclusion process, and S (t) the semigroup
of the coupled process.
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Corollary 7.10 Let py and po be two translation invariant ergodic probability measures on
X with densities p1 = [n(0) duy and ps = [1(0) dus.

(a) Suppose py > pay. Suppose t,, / oo is a subsequence along which the limits 1S (t,) —
i1 and poS(t,) — e exist. Then iy > [ia.

(b) Suppose py = pa, and t, / oo is a subsequence along which the limit 1 S(t,) — [
exists. Then also peS(t,) — fir.

Proof. (a) Let 1 be a spatially ergodic measure on X? with n-marginal z; and (-marginal
to. Such a measure exists because the ergodic decomposition of the translation invariant
measure f; ® po must be supported on such measures. Let 7 be any limit point of the
sequence ,Tl§ (t,). The marginals of ¥ are fi; and fi2, and by Proposition 7.8 7{n > (} = 1.
This says fi1 > fiso.

(b) Let 1o be any limit point of the sequence /,ng(tn). By part (a), 11 > fig and fi; < fia.
By Lemma A.5 fis = j1;. Since this is true for all limit points, and we have compactness, the
convergence follows. N

For the next lemma, let

Anl) = 5 3 0(@)

r=—n

denote the average density in the interval {—n,...,n}. Let Ay(n) = lim, . A,(n) for
those n € X for which the limit exists. The limit exists almost surely under any translation
invariant measure, and is almost surely constant under any ergodic measure. As a first step
toward proving the ergodicity of extreme elements of Z NS, we show that A, is constant
under such a measure.

Lemma 7.11 Suppose v € (ZNS), with density [n(0)dv = p. Then v-almost surely the
limit A (n) = p.

Proof. Let {—z,..., 2z}, z¢ /" o0, be lattice intervals that do not interact with the
outside during time interval (s,¢]. As in the proof of Lemma 7.5, we can define z, = Rky,
(=1,2,3,..., where 1 < k; < ky < k3 < --- are the indices k at which the event

Ur = { > Z(N(w,y)(s,t] + N(—aay)(&t]) = 0}

Rk<z<R(k+1) y€Z

happens. By the i.i.d. property of the Poisson processes,
L1 Z”
lim — 1Uk = P(UO) > 0.
n—oo 1
k=1
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By Exercise 7.3 this implies

lim Z4L "%, (7.23)
{—00 2y
By particle conservation
2y K7
Y @)= mla).
T=—2zy r=—2zy

Together with (7.23), this implies that the limiting density A, (ns) exists iff A, (7;) exists,
and the limits coincide. Here is the argument. For any n, define ¢ = ¢(n) by 2z < n < zp41.
Then

22+1 1 & R 2201 + 1 1 X3
. < < . .
M+ 1 22+ 1 2 mle) < o+ 1 2 (@) < M+ 1 224y 1 2 @)
T=—2p T=-—n T=—Zp41

The ratio (22, + 1)/(2z¢41 + 1) — 1 by (7.23). Consequently the limits

1 F7) 1 n
1 2 () = A and o BT (@) — As(n)

rT=—2y rT=—N

are equivalent. The same holds for 7.
For 0 < r < K define the event

B={ne X :A,(n) exists and A (n) < r}.

We have shown that this event is closed for the Markov process 7; in the sense of Lemma
4.3. Also, B is translation invariant. Thus if 0 < v(B) < 1, the conditioned measures v(- | B)
and v(-|B¢) are elements of ZNS. Then v cannot be extreme.

Thus v(B) = 0 or 1 for any choice of r in the definition of B. It follows that v-almost
surely A, must equal its mean [ A dv=p. B

Recall the definition (7.4) of H, the set of densities of extreme measures of ZN'S.

Proposition 7.12 (a) Let p € H. Then there is a unique measure v, € (Z NS). with
density [n(0)dv, = p. For every spatially ergodic j with density [ 1(0)du = p, we have the
convergence 1S(t) — v,.

(b) The measure v, is spatially ergodic.

(c) If p1 < p2 are in H, then v, <uv,,.

Proof. (a) Fix an ergodic measure p on X with density [ n(0) du = p. Let i be any limit
point of uS(t), and {t,} any sequence such that

1S(t,) — fi. (7.24)



Let v be any measure in (ZNS), with density p, which exists by the assumption p € H. Let

- / AT ()

be the ergodic decomposition of 7. From Lemma 7.11,
1=0v{A, =p} = / MA = p}T(dN).
Se

It follows that I'-almost every A has density p. And then from (7.24) and Corollary 7.10(b)
that AS(t,) — @ for I'-almost every A. Take a test function f € C'(X). By the invariance of

v,

/ fdo = tim [ S(t.)fd7 = lm Se{ / S(tn)fd)\} I(dA)

n—oo

B /S {JEEO/S(t")fd)‘} T(d\) = /fd,u.

This tells us two things. First, there can be only one measure in (Z N'S), with density p,
because an arbitrary such measure turns out to equal fi. Let 7 = v, be this unique measure.
Second, pS(t) — v, because an arbitrary limit point i is equal to v,.

(b) By adjusting the argument above, we get the ergodicity of v,. Let again v, =
fSe AT (dX) be the ergodic decomposition. For an ergodic A, A\S(t) is also ergodic by the
proof of Lemma 7.4. Since v, is invariant,

v, = 1,S(t) = / AS(t) T(dN).

Thus the distribution of AS(¢) under I' is also an ergodic decomposition for v,. By the
uniqueness of the ergodic decomposition, AS(¢) has the same distribution as A. And AS(t) —
v, for I'-almost every X by the argument for part (a). All this implies that I" has to be in
fact supported on the singleton {v,}, and then v, itself must be ergodic. To see this last
point, take a bounded continuous function ¥ on the space M of probability measures on
X, and pass to the t — oo limit in this integral:

/ WO T(dA) = / TAS(H) T(dN) — U(w,).

t—o0

(c) The inequality v,, <wv,, for p; < ps in H follows from Corollary 7.10(a). i
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Proposition 7.13 (a) For any ergodic u, all limit points of uS(t) ast — oo lie in T NS.
(b) The set H is closed.
(c) Suppose p is ergodic with density p ¢ H. Let

p« =sup{h € H:h <p} and p*=inf{h € H:h > p}.
Let oo = (p* — p)/(p* — ps). Then pS(t) — av,, + (1 — a)v, ast — oo.

Proof. (a) Let it be a limit point, realized along the sequence pS(t,) — f. uS(s) is also
an ergodic measure with the same density as p, so by Corollary 7.10(b) uS(t, +s) — [.
Consequently

= Jim a4 5) = { T pS() } S(s) = ()

where we used the semigroup property S(t, + s) = S(¢,)S(s) and the continuity of the
operator S(s) on measures. This says @ € Z. The other part i € S follows because
wS(t,) € S forall t,, and S is a weakly closed set by the continuity of the spatial translations.

(b)—(c) Suppose p is an ergodic measure with density p ¢ H. Let i be a limit point as
above. By Choquet’s theorem A.13 there exists a probability measure A on (Z N S), such

that
= / AA(dN).
(ZNS)e

Let M(A\) = [n(0)d\ denote the function that maps a probability measure on X to its
density. Define the probability measure v on [0, K| by

v(B) =AM~ (B)) =A{X: [n(0)dXx € B}.

We claim that v is supported on the two points {p., p*}, which in particular then have to
be elements of H.
Suppose [hg, K] > 0 for some hy > p*. Recall the definition of A, and Lemma 7.11.

plde 2 hah = [A(A = ) Ay = | AMAw > ha} AdN)

M(X)€[h2,K]
= A{N: M) € [ho, K]} = ~[ho, K] > 0.

Pick hy € H such that p* < h; < he. By Corollary 7.10(a) i < vp,,. A,(n) is an increasing
cylinder function, converges to A.(n) fi-almost surely, and so for h = (hy + hs)/2,

fA{As > ho} <liminf i{A, > h} <liminfv,, {A, > h} = 0.

This contradicts what we obtained a moment earlier. Consequently v[hg, K] = 0 for all
ho > p*, which implies v(p*, K] = 0. An analogous argument gives 7[0, p.) = 0. And since
by assumption (p., p*) N H = (), we conclude that ~v({p., p*}¢) = 0.
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The actual y-masses on the points {p., p*} are determined by the density, namely by

= 0)dn = M(N) AldN) = h~(dh) = p, N * *
) /n()u / (V) A(N) /M A(dh) = purip.} + 02 e")
= aps+ (1 - Oz)p*.

We have proved (b). To see this, suppose p is a limit point of H but not in H. Then p
must equal either p, or p*. Find an ergodic measure p with density p (for example, an i.i.d.
measure) and let i be a limit point of ©S(t) (it exists by compactness). The above argument
shows that the measure v on [0, K] must be supported on {p., p*}. Thereby p must lie in H.

We have also proved (c). Since an arbitrary limit point i was identified as av,, +(1—a)v,«,
the measures pS(t) converge to this limit. N

Propositions 7.12 and 7.13 complete the proof of Theorem 7.1.

Exercise 7.3 Let 1 < 2z < 25 < 23 < --- be positive integers, R a positive integer, and
assume

1
—-max{l:z < Rn} - c>0 asn— oo.
n

Show that (12, — R/c.

Notes

The ideas for this section come from the unpublished manuscript of Ekhaus and Gray [12].

For symmetric K-exclusion in arbitrary dimension with an irreducible jump kernel, Keis-
ling [23] proved that (ZNS). = {v, : 0 < p < K} and that the process converges to a
mixture of the v,’s from a spatially invariant initial distribution. Convergence to an ex-
tremal v, from a spatially ergodic initial distribution has not been proved. Keisling’s proof
is a generalization of one given by Liggett for K = 1 exclusion, and relies on couplings and
generator calculations.
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PART III Hydrodynamic limits

Hydrodynamic limits describe the behavior of an interacting system over large space and time
scales when the initial particle density varies in space. In Part II we discussed the conver-
gence over time of processes with translation invariant initial distributions. The translation
invariance was preserved under the evolution. The percolation argument showed that the
global particle density was preserved. In other words, the dynamics preserves a constant
density profile. Here we ask what happens over time to a nonconstant density profile.

For the reader who is new to hydrodynamic limits, Exercises 8.2 to 8.5 at the end of
Chapter 8 give useful experience with simple situations.

8 Symmetric exclusion process

In this chapter we look at the large scale behavior of the symmetric exclusion process on
the lattice Z¢ with jump kernel p(u,v). The assumptions on p(u,v) are those used in the
construction in Chapter 2. Namely, in addition to symmetry

p(u, U) = p(”? u)a

we assume translation invariance

p(u,v) = p(0,v — u),

and finite range:
p(0,v) =0 for |v); > R

for some fixed finite number R. Chapter 2 gave two constructions of this symmetric exclusion
process, the graphical representation in Section 2.1 that works for all exclusion processes,
and the stirring particle construction in Section 2.2 that was special for the symmetric case.
Both constructions produce a process 1, = (n,(u) : u € Z%) with state space X = {0,1}2"
and generator

Lft) =3 Y pluo)[f(n"*) = f(n)] (8.1)
where |
nv), w=u
n*(w) =q nu), w=v (8:2)



is the configuration that results from exchanging the contents at sites u and v. Formula (8.1)
for the generator is not exactly like either of the formulas (2.12) or (2.17) given in Chapter
2, but can be deduced from them.

Assume we have a sequence 7', n = 1,2,3,..., of these symmetric exclusion processes.
These processes may be defined on separate probability spaces or on one common probability
space. All statements involve only distributions so the exact definition of the processes is
immaterial for the discussion. For each n, we shall use the generic P for the probability
measure on the probability space on which process 7} is defined.

The hydrodynamic limit concerns the occupation measure

=Y (w)dum (8.3)

ucZd

of the exclusion process. The symbol &, represents a unit mass placed at the point « in R%.
In probabilistic terms, d, is the degenerate probability distribution defined for Borel sets A

by
1 if A
5$(A): IIxre A,
0 ifzd¢ A

Thus as a measure 7 places mass n~% at point u/n in R? if site u in Z? is occupied by a
particle at time ¢. Technically speaking 7" is a random Radon measure on R?. The term
Radon measure means that 7} is a nonnegative Borel measure whose total mass may be
infinite but which gives finite mass to bounded sets.

The space of Radon measures on R? is denoted by M. M is a Polish space with its
so-called vague topology. (See Section A.10 in the appendix.) Convergence in this topology
(vague convergence) is defined in terms of convergence of integrals of compactly supported
continuous functions. The same convergence can also be defined by test functions ¢ €
C>(R?), the space of compactly supported infinitely differentiable functions. So our goal is
to derive laws of large numbers for averages of the type

o) (de) =n7 ) ui()o ) (8.4)

ucZd

for test functions ¢ € C®°(R?). However, as it stands, the average above lacks a crucial
ingredient. Since we shrunk lattice distance to n~!, a symmetric random walk moves only a
distance of order t'/?2n~! in a fixed time ¢. Thus to see any motion in the limit n — oo, the
space scaling has to be matched with the time scaling n?t. See Exercise 8.6 in this context.

The basic hypothesis for the hydrodynamic limit is the existence of a macroscopic density
profile at time 0. Let 0 < po(z) < 1 be a given bounded measurable function on R. Assume
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that for all ¢ € C>°(R?) and all € > 0,
tin P{ e S agolz) - [ o) de

ucZa R¢
We also make an ellipticity hypothesis on the random walk kernel p(u,v). The term
ellipticity is borrowed here from p.d.e. theory (see Exercise 8.8). The assumption is that the

>epr=0. 8.5
} (5.5)

possible jump directions span the d-dimensional space. Precisely,

for every z € R? such that = # 0 there exists a

d (8.6)
u € Z% such that u -z # 0 and p(0,u) > 0.

Write u = (uy,...,uy) to represent a site u € Z? in terms of its coordinates. Define the
covariance matrix ¥ = (0;;)1<; j<q4 of the jump kernel p(0,u) by

gij = Z p(0, w)uu;.

ucZd

Assumption (8.6) is equivalent to the requirement that ¥ is nonsingular, or equivalently,
that ¥ has strictly positive eigenvalues (Exercise 8.7). If assumption (8.6) fails, the additive
subgroup of Z? generated by the support of p(0,u) is isomorphic to Z* for some k < d, and
the problem can be restated in a lower dimensional space. (See Proposition P1 in Section 7
of [43].)

The result we are looking for is a weak law of large numbers for 7,,, of the general
type that appears in assumption (8.5). The density function p(x,t) that will appear in the
theorem has an explicit formula. Define the function p(x,t) on R? x [0, 00) by

p(r,0) = po(), (8.7)

and for t > 0 by

plast) = (2nt) (et s) 2 |

| polw) exp{—g(r—y) X (@ —y)}dy.  (88)

The function in the exponent is the quadratic form

(=) - S a—y) = > (@ —y) (S il —yy).

1<i,j<d

The function p has the following properties. On R x (0, c0) it is infinitely differentiable
and satisfies the partial differential equation p; = %Ap, where the differential operator A is
defined by

Ap: Z 04, Pz, (89)

1<ij<d
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The initial density function py is the vague limit of p(x,t) as t — 0, meaning that

/(b(:):)p(x,t)dx - /gb(x)po(m)dm ast — 0, for ¢ € C.(RY),

If po is assumed continuous to begin with, then p(x,t) is continuous all the way to the t =0
boundary. In either case we regard p as a solution of the initial value problem

pe=3Ap on R x (0,00), p(w,0) = po() for z € R™. (8.10)

The point of this chapter is that this partial differential equation gives the macroscopic
description of the dynamics whose particle-level decription is the symmetric exclusion pro-
cess. The mathematically rigorous form of this idea is the next law of large numbers, called
a hydrodynamic limit of the particle system.

Theorem 8.1 Suppose a sequence of symmetric exclusion processes n;' satisfies assumption
(8.5). Assume their common jump kernel p(u,v) satisfies (8.6). Define the function p by
(8.7)—(8.8). Then for every t >0, ¢ € C°(RY), and € > 0,

JigroloP{ nty e (w)e () —/ p(z,t)p(x) dz

d
ucZd R

> 5} = 0. (8.11)

Behind this theorem is convergence of the entire empirical measure process (7%, : t > 0).
Let Dy denote the space of paths « : [0,00) — M that are right-continuous and have left
limits everywhere, endowed with the Skorokhod topology described in Section A.2.2. Let sy
denote the Skorokhod metric on Dy, defined as in recipe (A.4) in terms of the vague metric
dnt on M. Define a specific path & in Dy by

a(t,dz) = p(x,t)dx

with p as defined by (8.7)—(8.8). This path & is in fact continuous, not only right-continuous.

Define the time-scaled empirical measure process 7" by 7 = 7', for ¢ > 0. The right-
continuity of ¢ — 7} follows from the right-continuity of integrals of compactly supported
test functions. These integrals are finite sums of the type (8.4), and their right-continuity in
t follows from the right-continuity of the exclusion process n;* itself. Consequently the path
7" is an element of Dyy.

Theorem 8.2 Under the assumptions of Theorem 8.1, @ converges to & in probability, as
n — 0o. In other words, for any ¢ > 0,

lim P{sm(7", @) > e} =0. (8.12)

n—oo
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Theorem 8.1 will be obtained as a corollary of Theorem 8.2. To prove Theorem 8.2
we show that the process 7" converges weakly in the space Dyg to a weak solution of the
initial value problem (8.10). This last notion we have not yet defined. Let us call a vaguely
continuous Radon measure-valued path « : [0,00) — M a weak solution of (8.10) if the
initial condition

a(0,dx) = po(z)dz (8.13)
is satisfied, and if for all ¢ € C>°(RY),

alt, 8) — a(0, ) — ;/O als, Ag) ds = 0. (8.14)

The notation a(t, ¢) is a shorthand for the integral,

a(t, ) = () aft, dx).

Rd

In Section A.11 in the appendix we show that & is the unique weak solution, subject to a
boundedness assumption. Thus 7" converges weakly to a degenerate limit, which implies
convergence in probability.

8.1 Proof of Theorems 8.1 and 8.2

The main technical part of the proof consists in showing that a certain martingale vanishes in
the n — oo limit. To estimate the mean square E[M?] of a martingale M;, one seeks to find
and control an increasing process A; such that M? — A; is a martingale. General theorems
about the existence of such processes can be found in Section 1.5 of [22] and in Section 2.6
in [13]. Here we consider only the basic martingales associated with Markov processes.

A martingale lemma for Markov processes

Assume for the moment a general Markov process setting. Y is a Polish space. {P*} is
a Feller process on the path space Dy, with a strongly continuous contraction semigroup

S(t)f(x) = E*[f(X:)] and generator L on Cp(Y). X; is the coordinate process. For any
function f in the domain of L,

M, = £(X,) - /0 Lf(X.) ds (8.15)

is a martingale with respect to the filtration F; = 0{X,; : 0 < s <t} (Exercise 3.1).
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Lemma 8.3 Suppose both f and f? lie in the domain of the generator L. Then

Vi=M} - / {L(f? —2f(X,)Lf(X)}ds
is a martingale with respect to the filtration F;.

Proof. The hypothesis implies that f, f2, Lf and L(f?) are bounded. So integrability is
not an issue anywhere. Abbreviate

Start by considering a small time increment.

E[M25 — M2|F,] = B[(Mays — M,)°| 7]
s5+0 2
E{ (f(Xs+5) - - [ e dr)

(F(Xass) — F(X))|7] - zE[ (Xera) — 1(X0) [ LI dr|F

v (/:MLf(Xr)dr)2 7|

= Ai(s,s+06) —2A5(s,5+0) + Az(s, s + 0).

That last identity is the definition of the conditional expectations A;(s,s +6), ¢ = 1,2,3.
The main term is the first one.

Ai(s,5+0) = B[(f(Xors) — F(X0)*| 7]
= E[f(XSJr(;)Q‘fS} + f(Xs)2 - 2f(Xs)E[f(Xs+6)‘fs}

_ E{ﬂxs)? f L) dr fs} +F)

7]

f] - QE[f(Xs) / rear:

_ {/ (LX) — 2 (X LF(X,)) dr |7 }

+2E{ / (F(X,) = F(X))LF(X,) dr| 7

EE[/SS+57(T)CZT

7]

I
&

- 2f(XS)E[f(XS) + /:M Lf(X,)dr

E{/SML(]‘ (X, dr

7]

.7:3} +2A,(s,5+9).
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The last line above defines the quantity A4(s,s+ d). Along the way we used martingales of
the type (8.15) for both f and f?. The term A4(s,s + §) is further expressed as follows:
s+46
Ay(s,s+90) = E{/ (f(Xr) — f(XS))Lf(XT) dr .7-"31
]—"3]

s+4d
8] [ ()~ S LX) ]
= Ay(s,s+9) — As(s,s +9).

s+0
_ E[ / (f(Xers) = F(X))LF(X,) dr

Given s < t, let m be a positive integer, § = tﬁ, and s;, = s+ fori =0,...,m. Use

the estimates from above on each partition interval [s;, s;41].

7]

m—1
f5:| — 2E |: Z A5(Si, Si+1)

1=0

E[M? - 2|7 — {ZE M2 02|

:E[/:V(r)dr Fs}-

It remains to show that the last two conditional expectations vanish as m — oo or equiva-
lently 6 — 0. The uniform bound

f5:| + E |: Z A3(Si, 5i+1)
=0

|As(si, si41)| < 82| LSI1Z

takes care of the next to last term. And finally,

[ZA5 suven) | = [Z [ = ) L i

- E[ 0 Z 1(Si’8i+1](rr) (f(Xsi+l> - f<XT))Lf(Xr) dr .;ES:| .

The integrand

3
L

1(8i75i+1}(7n) (f(st‘+1) - f(XT))Lf(Xr)

Il
o

i
is uniformly bounded, also over the index m. As m — oo it converges to zero for each
fixed r and path of the process, by the right continuity of the path r — X,. Consequently
the conditional expectation converges to zero almost surely as m — oo. Here we need a
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conditional dominated convergence theorem. The reader can derive such a theorem without
too much trouble in the same way that the unconditional dominated convergence theorem is
proved. Start with the conditional monotone convergence theorem (property 1.1c in Section
4.1 of [11]), prove a conditional Fatou Lemma, and from that a conditional dominated
convergence theorem.
We have proved that
};}

E[M; — M2|F,] = E[/:y(r) dr

which is equivalent to the conclusion of the lemma. N

Exercise® 8.1 Check that the statement of the lemma would not change if we defined the
martingale as

M, = F(X0) — F(Xo) — / Lf(X.)ds. (3.16)

Return to the proof of Theorem 8.1

For the proof we move the discussion to the path space Dx of the exclusion process. Let P™
be the distribution of the nth exclusion process (n;" : t > 0). E™ denotes expectation under
measure P". As before, 1, denotes the coordinate process on the space Dy. The empirical
measures 7, are M-valued measurable functions on Dy, defined in terms of test functions

¢ by
(o) =n" > m(u)e(L).

ucZd

The distribution of this process 7™ under the measure P" is the same as the distribution of
the process 7™ earlier defined by (8.3) in terms of process n;.
Fix a test function ¢ € C>°(R?). The average

Fo) =n""Y " n(u)s(L). (8.17)

ucZa

is a cylinder function of 7. (Dependence on n will be suppressed from the notation f.) With
this f, define the martingale

Valt) = fla) — 50w — | Lf(n,)ds. (5.18)
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We first find the main contribution to the integrand Lf(n,). Let n € X be arbitrary.

ZpOZ R ES ()

_ T Zp(o, D{n(u+2)6(2) +n(w)e(2) — n(u+ 2)¢(2) — n(w)e (%)}
- Zp (0,2)n

- T;pm,zmww
= 2 Y orl0,

Taylor’s theorem (see for example page 378 in [45]) gives the expansion
uxz u u ZiZ
S ORICIE S RO

w6tz 222
+ 6 Z ¢xi,xj,xk< )

— n ns
1<i g k<d

) —o(2)} + %Zm Dnu+ 2){6(2) - 6(52))

?) - }+—ZPOZ w{6(%2) — ()}

for some numbers 0 < #* < 1. Substitute this into the sum on line (8.19). Cancel the ¢ (%)
and qu(%) terms. The second order terms contribute

W D (Zp (0,2 zzz])% o u) Ap (%
1<ij<d  z
Hence from above comes
u)Ag (1)
+ 067 — 0~
Z Zp(o’ Z)ZiZjZk{¢mi,mj,xk <¥) - gbxi,xj,cck (u n Z) }
1<ij,k<d =z

Since p(0, z) has finite support in Z¢, ¢ has bounded support in R%, and 6* € (0,1), there
is a constant C' such that the sum

Z Zp(O, z)zlzjzk{q%m]mk (%) = Pui ;i (u —n9_z> }

1<ijk<d =z
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is nonzero for at most Cn? sites u. Furthermore, this sum is uniformly bounded over u be-
cause all derivatives of ¢ are bounded by the standing assumption ¢ € C>°(R%). Combining
all this gives the estimate

Lf(n) = w)Ad (%) +0(n?) (8.20)

uniformly over 1. Replace 1 by n;, and note that f(n,) is precisely the integral 7'(¢), while
—d 2 -2

Lf Z e (u ) +0(n?) = %W?(Agb) +O(n3). (8.21)

Replace ¢ by n?t in definition (8.18) and substitute in (8.21). Change variables in the time
integral to get

T2, () — Ty (P) — %/Ot 7 (Ag) ds = M, (n*t) + O(tn™1). (8.22)

The error O(tn™!) results from integrating O(n~3) over the time interval [0,n%¢], and is
uniform over the path space Dx. Note how the change of variable cancelled the powers of n
in front of the time integral.

We come to the point where we show the vanishing of the martingale.

Lemma 8.4 For any 0 <T < oo,
lim E"[ sup M (n’t)] =0. (8.23)

n—00 0<t<T
Proof. We estimate
'7(5) = L(fQ)(ns) - 2f(ns)Lf(778)

for the function f in (8.17). First note that for a general f in the domain of the generator,

L(f*)(n) = 2f(n)Lf(n)
- %Zmo, DL = f0)? — 2 IF ) — F))

:—ZpOZ (7“5 +2) — f(n))".

For the particular f deﬁned by (8.17) and for fixed u and z, Lipscitz continuity of ¢ gives

f™=) = f(n)
=n d{n (u+2)p ( )
=n"(n(u )—TI(U+Z)){¢(
:O(n P \1)

) u+z)gb(
)~ o(2)}

2) —p(u)p(2)}
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This estimate is applied to those sites u such that either * lies in the support of ¢, or
lies in the support of ¢ for some z such that p(0,z) > 0. Let A, be the set of sites u for
which this happens. For u outside A,, the sum

ST p(0,2) (F (") = F(m)?

u+z
n

vanishes for all n. |A,| < Cn? as noted earlier, by the bounded support of ¢ and the finite
range of p(0, z). Consequently

1) =5 32 S0 () ~ flu)’

ueN, =z
<O N " p(0,2)]21]
ueh, =z
< On~%2,

Above we used the common practice of letting C' denote a constant whose actual value
may change from line to line, but which does not depend on the parameter n. The “final C”
incorporates the moment > p(0, z)|z|?, the size of the support of ¢, the Lipschitz constant
of ¢, and miscellaneous factors such as the % that was initially at the front of the generator.
Note that 7(s) is nonnegative so we have

[y (s)] < Cn=9? (8.24)

uniformly over time s and over the path space.
Next apply Doob’s maximal inequality to the martingale M, (¢), then the fact that

V(1) = M2(t) - / 7(s) ds

is a martingale (Lemma 8.3), and finally the bound (8.24) on 7(s). These steps lead to

E"[ sup M:(n’t)] <AE"[M:(n°T)| = 4E"[ /0 '

0<t<T

v(s) ds} < CTn ™

Doob’s maximal inequality for discrete-time martingales is a standard part of probability
texts, see for example Section 4.4 in [11]. From discrete time it extends readily to right-

continuous martingales in continuous time, as we have here. This extension can be found in
Section 1.3 in [22].
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We have proved (8.23). N

Let @} = 7%, denote the time-scaled empirical measure. Rewrite (8.22) in the form

70~ 75(0) ~ [ 7(A0) ds = Moo) + On~) (5.25)

By (8.23) the right-hand side of this equation vanishes as n — oco. Comparison with (8.14)
shows that the measure 7} is on its way to becoming a weak solution of the p.d.e. The rest
is technical. We need to find the right context to establish convergence. Weak convergence
at process level comes naturally from the martingale estimate (8.23).

The process 7" = (7} : t > 0) has its paths in the space Dy of RCLL functions from
[0,00) into M. Let Q™ be the distribution of this process, defined for Borel sets B C Dy by

Q"(B) = P"{7" € B}.

EQ" denotes expectation under Q™. We write a = (a(t) : t > 0) for a generic element of
Dy

Lemma 8.5 The sequence of probability measures {Q"} is tight on Dyy.

Proof. By Theorem A.3 we need to check two things.
(a) Compact containment: for each time 0 < ¢ < oo and € > 0 there exists a compact
set K C M such that
i%f P, e K} >1—¢. (8.26)

(b) Modulus of continuity: for every ¢ > 0 and 0 < T' < oo there exists a § > 0 such that

limsup P"{w'(7",6,T) > e} <e. (8.27)

The modulus of continuity is defined by

w'(a,0,T) = glg sup{dm(a(s),a(t)) : s,t € [ti—1,t;) for some i}

where the infimum is over finite partitions 0 = tg < t; < --- < ty_1 < T < ty that satisfy
ming <;<n(t; — t;i—1) > 9. The metric dyr on Radon measures is defined by

dm(p,v) = ZQ_j(l A ‘/%du— /@‘d’/’)
j=1
with an appropriately chosen sequence of functions ¢; € C°(R?) (Section A.10).
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Part (a). Compact containment is immediate. Let K be the set of Radon measures
such that for each k € N,
[k, k)Y) < (2k +1)°.
K is a compact subset of M by Proposition A.25. (2kn + 1)¢ points of n=!Z? lie in the cube
[—k, k]?. With at most n~¢ mass per point, the empirical measure of the exclusion process

satisfies
%, ([<k, k]?) < n~%(2kn + 1)% < (2k + 1)%. (8.28)

Thus P*{r", € K} = 1.
Part (b). We can do with the simpler modulus of continuity

w(a,8,T) = sup{du(als), a(t) : 5.t € [0,T], s — | < 5}
We leave it to the reader to check that
w'(a,0,T) <w(a,26, T +20) <w(a,26, T+ 1),

the last inequality valid if § < 1/2. Further, by the definition (A.20) of the metric dpr,

w(a, 20, T+ 1 su 277 (1A |a(s alt, ¢;
( >“£%Z (17 las,67) = alt, 7))
stE[OT—H]

m

< 27m+z Supé |a(87¢j) —Oé<t,¢j)|.
. t—s|<2
=t s,lte[O‘,T—H]

Combining these inequalities, we have for 0 < § < 1/2,

mn =N —m S n =N e 1/2

B T <2+ 3B sup [7(6) = 7 (6]

. t—s|<2

=1 $,t€[0,T+1]
We show that each term in the last sum vanishes as first n — oo and then § — 0. Then we
have

lim sup lim sup E"[w' (7", 6, T)] < 27™.
oN\.0 n—00
Since m can be taken arbitrarily large, (8.27) follows by Chebychev’s inequality.
So it remains to show that for fixed 0 < T' < oo and ¢ € C>*(R4)

lim limsup E"[ sup |m,(¢) — miay(0)[7] = 0. (8.29)
N0 n—oo |s—t|<6
$,t€[0,T]
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From (8.22)

t
Wi (8) = Wina(0) = M(ot) = M (o) + 3 [ w0, (46) dr + O(n ™),
and we get the bound

sup [m2(6) =z, ()

|s—t|<d
5,t€[0,T]
2 ! ?
< sup 4(M,(n*t) — M,(n®s))” + sup (/ o, (AQ) dr) +0(n™?)
[s—t|<d |s—t|<8 s
5,t€[0,T]
< sup 16MZ2(n*t) + C?6* + O(n™?).
0<t<T

The constant C' is a uniform bound on 77, (A¢) which exists because A¢ is bounded and
compactly supported. An application of (8.23) finishes the proof of (8.29). N

Since {@Q"} is a tight sequence of distributions, to establish weak convergence it is enough
to show that all limit points coincide. Let @ be an arbitrary limit point of {Q"}, and fix
a subsequence n; such that Q" — () weakly on the space Dy Let Cn be the subset of
continuous paths in the Skorohod space Dyy.

Lemma 8.6 Q(Cyv) = 1.

Proof. For paths a € Dy, let

G(a) = supe tdp(a(t), a(t—)).

t>0

G(a) =0 iff @ € Cy. Lemma A.2 can be used to show that G is a continuous function on
Dy (Exercise 8.9). G is bounded by the definition of the metric dy. Consequently

E°[G]= lim BV [G]= lim E™[G(=7™)]. (8.30)

Since the metric dyg is bounded by one,

G(7") < sup dy (77" ) +e T < sup dy (77, 7) 4+ e T
0<t<T 0<s,t<T:|t—s|<d

Reasoning as in the previous proof, limit (8.29) implies that the limit on the right in (8.30)
is zero. Consequently Q{G = 0} = 1, in other words @-almost every path is continuous. H
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Lemma 8.7 Let ¢ € C*(R%), § >0 and 0 < T < oo. The set

H:{QEDM: sup

0<t<T

a(t.6) ~ a(0.6) ~ 3 [ als. A0)ds

< 5} (8.31)

18 closed in the path space Dyg.

Proof. The function s — «(s, A¢) is a real-valued RCLL path, hence bounded on [0, T
by property (A.8) of Skorohod space. Consequently the integral f(f a(s, A¢) ds is finite for
any path a € Dy;.

Now we prove that H is a closed set. Note the strict inequality ¢ < T" in the supremum
in the definition of H. Suppose a; € H and a; — o in Dy. By Lemma A.2 there exist
strictly increasing Lipschitz bijections A; : [0, 00) — [0, 00) such that y(\;) — 0 and

sup dn(a;(Aj(t)), a(t)) — 0. (8.32)

0<t<T

Fix t € [0,7). The goal is to show

a(t,¢) —a(0,¢) — %/0 a(s, Ap)ds| < 4. (8.33)

Once this is true for an arbitrary ¢ € [0,7"), « € H has been verified.

The limit v();) — 0 implies that A; converges to the identity function uniformly on
compact intervals. In particular, A;(t) < T for large enough j. Then by the assumption
% € H,

Aj(t)
0 (M (1), 6) — (0, 6) — L / oy (5, Ag) ds

It remains to show that the left-hand side of (8.34) converges to the left-hand side of (8.33).
By limit (8.32), a;(\;(s),¢) — a(s, ¢) for both s = 0 and s = ¢t. Note that A\;(0) = 0 by
assumption.

<4 (8.34)

To get the convergence

)\j(t) t
/ aj(s,Ap)ds —— | a(s, Ag)ds, (8.35)
0

Jj—00 0

first change variables in the integral:

)\j(t) t
/ (s, Ag) ds — / oy (s (s), AG)N,(s) ds.
0 0

124



The derivative A} is defined Lebesgue a.e. and the change of variable is valid by the Lipschitz
continuity of \; (Exercise 8.10). The limit v();) — 0 implies that \;(s) — 1 in L>[0,T].
Consequently

03 (A(5), ABN,(5) —— als, A9)
for all 0 < s <t¢. An application of inequality (A.21) from the appendix and (8.32) give, for
some m and large enough 7,

03 (A5(5), A0)| < [[46]1 - { (s, 6m) + 2" (505 (5)), a(s)) }-

This shows that a;(\;(s), A¢) is uniformly bounded over 0 < s < T and large enough j, and
thus dominated convergence implies (8.35). N

We are in a position to complete the proofs of Theorems 8.1 and 8.2. From (8.22) and
(8.23) we get the limit
< 5} 1

lim Q"(H) = lim P{ sup
n—oo n—oo 0St<T

ﬁM@—ﬂ@%&AWhM@%

Then by weak convergence and closedness of H,

Q(H) > limsup Q™ (H) = 1.
Jj—o0
This is true for an arbitrarily small § > 0 and an arbitrarily large T < oo. So for a fixed
¢ € C°(RY) Q-almost every path « satisfies

alt, d) — a(0,6) — 1 /0 als, Ag) ds = 0 (8.36)

for all 0 < ¢ < co. Next, apply this to a countable set of functions ¢; € C°(R?) such that
for an arbitrary ¢ € C°(R?), ¢ and A¢ are uniform limits of ¢;, and A¢;, for a subsequence
{¢;.} supported on a common compact set. (Exercise 8.11 shows that a countable set
satisfying this property exists.) By taking these limits in (8.36), we obtain (8.36) Q-almost
surely, simultaneously for all ¢ € C>®(R%). By hypothesis (8.5), a(0,dz) = po(x)dx for
@-almost every path . We conclude that Q)-almost every path is continuous and a weak
solution of the initial value problem (8.10).

At this point we apply the uniqueness theorem for the initial value problem (8.10). The
same reasoning that gave (8.28) also implies that the closed set

Ly ={a € Dy :a(t,r + (=k, k)% < (2k — 1)? for all 2 € R% and all ¢ > 0}
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satisfies Q™(Ly)=1 for all n and k. By weak convergence Q(Ly) = 1. (See Exercise 8.12
for the closedness of Li.) Thus the boundedness assumption of Theorem A.28 is satisfied
(-almost surely, namely that

a(t, B(z,r)) < Cr?

for all balls of sufficiently large radius . By Theorem A.28, () is supported by the unique
path a(t,dz) = p(z,t)dz, where p(x,t) is defined by (8.7)—(8.8).

Since ) was an arbitrary weak limit point of the tight sequence {Q"}, this sequence
actually converges weakly to the degenerate distribution @) = d5. Weak convergence to
a degenerate distribution implies convergence in probability, so we have the convergence
7 — @ in probability, in the Skorokhod topology of the space Dys. Theorem 8.2 is proved.

Finally, we derive the statement (8.11) which we restate in the following form. Given
¢ € C=(RY), define the Borel set

B={acDy:lat¢)—alt ) > ).

The requirement is then lim, .., Q"(B) = 0. If we can show that Q(0B) = 0 where 0B
is the topological boundary of B, then lim, .. Q"(B) = Q(B) and the conclusion follows
from Q(B) = 0. (Here we use again a basic property of weak convergence of probability
measures.) It suffices to show that @ cannot be a limit of a sequence a; ¢ B. For then &
cannot be a boundary point of B, and consequently Q(0B) = d5(0B) = 0. Two facts finish
this. Convergence o; — @& in the Skorokhod topology implies that «;(t) — @(t) at each
continuity point ¢ of @ (by Lemma A.2). We already know & is a continuous path. Thus
any sequence «; convergent to & has a;(t,¢) — a(t, ¢), and consequently such a sequence
cannot lie outside B.
We have proved (8.11) and thereby completed the proof of Theorem 8.1.

8.2 The gradient condition

A key stage in the hydrodynamic limit of the symmetric exclusion process was the appearance
of the difference operator

And(2) =) p(0,2){6(42) + o(%2) — 20() }

on line (8.19) in the calculation for Lf, where f was the empirical average
fay=n""Y  n(wo(s). (8.37)
ucZa

A, is the lattice version of the differential operator A defined by (8.9). n?A,¢ converges to
Ag as n — oo. That A,¢ is of order n~2 is crucially important for the calculation because it
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can absorb the factor n? produced by the time scaling. In the previous section this happened
in the passage from (8.21) to (8.22). In (8.21) there is still an extra factor of n=2 in front of
7(Ag), but in (8.22) this factor has disappeared as a result of scaling time by n?.

Let us abstract the situation to find the property of the exclusion process that made
this happen, so that we might generalize the approach to other processes. Let us consider
a particle system with state space X = {0,1,..., K}2* for some finite K, or X = Zfd.
Let c(u,v,n) be the rate of moving one particle from site u to site v when the present
configuration is 7. Assume that construction issues of the particle system can be resolved.
The generator on Cy(X) is

Lf(n) = clu,v,n)[f (") = f(n)]

where
nu)—1, w=u
n“'(w)=q¢nv)+1, w=v
n(w), w & {u, v}
is the configuration that results from moving one particle from site v to v. Of course, for
this to make sense, it must be that ¢(u,v,n) = 0 if a jump from wu to v is impossible.

Fix a test function ¢ € C°(R?) and define f(n) as in (8.37) above. Let us attempt to
repeat the calculation that led to (8.19) for the symmetric exclusion. For the third equality
below replace the summation index z by —z in the second sum. For the fourth equality
replace u by u + z in the second sum, for each fixed z.

Lf(n) =Y clu,u+z,m){f(n""*) = f(n)}
=n""Y el utzn){o(42) —o(4)}

_ % > cluu+ zn){o(H2) —o(2)} - % > clwu—zm{o(3) - 6(:5)}

U,z

n~d n=*
— 720(u,u+ zm{o(E) — (%)} — 5 ZC(U +zun{o(ME) — (%)}

U,z

n—d
S el ) = et 2w ) {6(22) — 6(2)). (5.39)

At this point we have only one lattice derivative ¢(“T+Z) — gzﬁ(%) which is of order n!.
We need to take differences for a second time to get another factor of n=!. The factor

](U>U+Z',77) Zc(u,u+z,n)—c(u+z,u,n)
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arranged into the sum is the net flux of particles from site u to site u + z, namely, the flux
from u to u + z minus the flux from u + 2 to u. We make the following assumption: there is
a finitely supported function r : Z¢ — R and a bounded cylinder function h : X — R such
that

j(usu+2,m) = 7(2) (h(0u1) — h(0ur2n)) (8.39)
for all u,z € Z¢ and n € X. This condition is called the gradient condition since it requires

that the microscopic flux be a gradient of some other function. The spatial translations 6, on
the space X are defined by 6,n(v) = n(u + v). Let us check (8.39) for symmetric exclusion.

By p(0,2) = p(0, —2),

ju,u+z,n) = p(O )n(u)(l - n(u +2)) = p(0, —2)n(u + 2)(1 — n(w))

z) (n(w) — n(u+ z)), (8.40)

clearly of the gradient form.
Continue the calculation from line (8.38) and utilize assumption (8.39).

—d

LI = =5 D (elwut 2,m) = clu+ 2um) {42

U,z

_nt Z (Bu) = h(Busam)) {0 (“E2
o Z =) —0(2)) + 1 S G {(2) - 6(45))
e Z w2) — o(2)} + " S () h(Ou) {o (52
- "7 ;hwun) grm{wzz

On the last line we have the second order lattice difference operator

Bup (%) = > r(2){s(=2) + ¢(%2) — 20(%)}

z

) +o(452) —26(3) }- (8.41)

which is of order n=2,

differences in Lf.

A much-studied example of gradient models is the class of zero-range processes. They
have state space X = Z%", and c(u, v, n) = p(u,v)g(n(u)) for a given function g that identifies
the process in question. The gradient condition is trivially satisfied for a symmetric jump

as required. So we see that the gradient condition guarantees the two
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probability p(u,v). The name zero-range stems from the property that the rate of a jump
from u to v depends only on the state at u, so the range of interaction is zero. The K-
exclusion processes introduced in Chapter 7 do not satisfy the gradient condition (Exercise
8.13).

Comparison of (8.19) and (8.41), and also (8.40), reveal the miracle that made the proof
of the hydrodynamic limit for symmetric exclusion unnaturally easy. Namely, the function
h in the gradient condition is simply h(n) = n(0). The consequence of this is that n?Lf(n,)
can be expressed in terms of the empirical measure 77 as in (8.21). That is why (8.25) is a
closed equation for 7}". (Closed in the sense that no other unknowns appear.)

In the general situation the function h in (8.41) does not disappear, and needs to be dealt
with. We shall not pursue this direction, but here is the idea in a nutshell.

Introduce an intermediate scale en with small positive e. For b > 0 real, let A(b) =
[—b, b]2NZ? denote the centered cube with (2[b] 4+ 1)? sites. Use the smoothness of ¢ to write

L 771123 = Z h uant ngb( )
=5 Z{’A en) Z ROz, } B,¢(%) + [an error of order &].
veut+A(en)

As n — oo, one seeks to show that the average

Z h vnn2t

veu+A(en)
is approximately [ hdv,, the average of h under an equilibrium measure v, at density
p=AEn) DY mev),
veu+A(en)

the local empirical density. Informally speaking, the system behaves as if it were in a local
equilibrium in the en-cube around site u. This expresses Lf(1,25) approximately as a function
of the empirical measure, and thereby closes the equation.

Notes

The gradient condition (8.39) can be relaxed by permitting a more complicated linear com-
bination of translates of different functions on the right-hand side. See page 61 in [24].
Hydrodynamic limits for gradient systems appear in the lectures of De Masi and Presutti
[7], the monograph of Spohn [44], in Varadhan’s lectures [46] and in the monograph of Kipnis
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and Landim [24]. Hydrodynamic limits for nongradient systems are discussed in [46] and
[24].

Exercise 8.2 Hydrodynamic limit for independent Brownian Motions. This is an example
where no scaling of space or time is needed. For each n, let x"(t) = (27(¢),..., 27 (t)) be
a vector of independent Brownian motions in R%. Assume that L, < Cn? for some fixed
constant C'. Assume that there exists a function py € L'(R?) such that the initial locations
of the Brownian motions satisfy

n—oo

lim E[nt 3" o(e7(0)] = [ ole)mlz) da
- R
for all test functions ¢ € C,(R%). Show that for all t > 0 and ¢,
lim n~* ") = t)dz in L?
lim ¥¢($Z (1) | ¢@ple,t)dr in L2,

where p is solves the heat equation

pe=350p, p(x,0) = po.

Hint: Investigate the mean and variance of n=* " ¢(z7(t)).

For a slightly more interesting exercise, consider the case of infinitely many Brownian
motions {x7(t) : ¢ € N} in R% Use a hypothesis that prevents the initial particles from
accumulating anywhere in space, for example assume there exists a fixed cube B in R? and
a constant C such that for all 2 € R,

E[n—d Z 1.5 (x?(o))} <C.

A third variant of the exercise is this: to avoid problems of unbounded space, hydrody-
namic limits are often proved on the torus T¢ = R?/Z? which can be taken as [0,1)? with
periodic boundary conditions. You can also repeat the exercise above for Brownian motions
on the torus.

Exercise 8.3 This exercise features the space scaling without any dynamics. Let 0 < u(z) <
1 be a continuous function on [0, 1]. Let

{X,;:1<i<n,1<n<oo}

130



be a triangular array of Bernoulli variables such that, for each fixed n, X, ,,..., X, , are
independent with distributions

P(Xp;=1)=u(f) and P(X,;=0)=1-u(l).

i i
n ’ n

Prove that, for any continuous function ¢ on [0, 1],
1 : !
lim —Zqub(%) :/ u(z)p(x)dr almost surely.
- 0

This exercise illustrates the sense in which the function u is the macroscopic profile of the
random variables X, ;. The proof requires the standard Strong Law of Large Numbers and
some simple estimation. Some regularity on ¢ is necessary because the conclusion clearly
fails for the indicator function of rationals.

Exercise 8.4 Hydrodynamic limit for mean zero independent random walks. This exam-
ple has both the space and time scaling, but no interaction. For each n, let x"(¢t) =
(z7(t),..., 2% (t)) be a vector of independent random walks on Z?. Each random walk
jumps at rate 1, and the common translation-invariant jump kernel p(u,v) = p(0,v —u) has

zero mean
Z vp(0,v) =0

veZd

and a finite covariance matrix I' = (7; ;)1<i j<q defined by

Yij = Z v;0;p(0, ).

veZd

Assume that L, < Cn? for some fixed constant C. Assume that there exists a function
po € LY(R?) such that the initial locations of the random walks satisfy

n—oo

lim F [n’d Z qﬁ(n’lx?(O))} = o(x)po(z) dx (8.42)
i R4
for all test functions ¢ € C,(R%). Show that for all t > 0 and ¢,
lim n’dz o(n~'al(n’t)) = (z)p(x,t)dr in L?
n—od i Rd
where p is defined by p(x,t) = Epo(x — t'/2Z) for an N(0, T')-distributed Gaussian random

vector Z. The function p is also the solution of a differential equation, see Theorem A.27 in
the appendix.
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QOutline: By the independence of the random walks the variance of

U,=n"" Z ¢(n~'z}(n’t))

vanishes as n — co. With Ej denoting expectation over the initial locations {z(0)}, let
ga(€) = Eo|n ™3 6 (n a1 (0) + )]

This defines a uniformly bounded and equicontinuous sequence of functions {g,} on R
Since initial locations are independent of jumps for a random walk, the mean of U,, can be
written as

EU, = E[g,(n "s(n’t))]

where s(+) is a random walk starting at the origin. By hypothesis

€)= 9©) = [ olz+Op(a) de
By the multivariate central limit theorem and some properties of weak convergence,
E[g,(n"'s(n’t))] — Eg(tY?2).

The proof shows that the hydrodynamic limit comes from two ingredients: having a large
number of particles, each experiencing central limit behavior.

Exercise 8.5 Hydrodynamic limit for independent random walks with drift. As a prelude
to the asymmetric systems studied in the next chapter, assume that the independent ran-
dom walks x"(t) = (27(t),...,27 (t)) have a drift. Precisely, assume that the common
translation-invariant jump kernel p(u, v) = p(0,v — u) has nonzero mean

Z vp(0,v) = b # 0.

veZd
Assume (8.42) again, and derive a scaling limit for the empirical density. Observe that
the correct time scaling now comes from the law of large numbers instead of the central
limit theorem. The details in this exercise are easier than in Exercise 8.4 because weak
convergence is not needed. What is the partial differential equation satisfied by the limiting
density p(z,t)?

Exercise 8.6 Let n; be a sequence of symmetric exclusion processes defined on a common
probability space. Consider a time scale n®t with 0 < o < 2. Without assuming anything
further about the processes, show that for any ¢t > 0 and ¢ € C*®(RY),

llm {n_d Z My (W) (L) —n Z ng(u)gzﬁ(%)} =0 almost surely.

ucZd u€Za
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Exercise 8.7 Show that assumption (8.6) is equivalent to requiring that the covariance
matrix > have strictly positive eigenvalues. Hint: X is a real symmetric matrix, so it has a
basis of orthonormal eigenvectors. Note that

> p(0,u)(u-2)* =z - Ta.

Exercise 8.8 Show that assumption (8.6) is equivalent to the usual notion of ellipticity of
the differential operator A defined by (8.9), namely that for some constant 6 > 0,

Z 0;,TiT; Z 0|ZL’|% for all x € Rd. (843)

1<i,j<d

Exercise* 8.9 For paths a € Dy, let

G(a) = supe tdp(alt), a(t—)).

>0

Show that G is a continuous function on Dy. Hint: By (A.2), G(a) > 0 implies that the
supremum in the definition of G(«) is attained at some t. Apply Lemma A.2.

Exercise* 8.10 Change of variable. Suppose f is a strictly increasing continuous function
from [a, b] onto [a, B], with inverse g. Assume g is absolutely continuous. Show that for any
bounded Borel function H,

/ () dt = / " H(s)g/ () ds.

Hint: First let H be the indicator function of an interval. Use the 7\ Theorem A.l to
extend to all indicator functions of Borel sets.

Exercise* 8.11 Show that there exists a countable set {1;} € C°(R?) with this property:
given any ¢ € C>°(R?), there exists a compact set K and a subsequence {1;, } such that K
supports ¢ and all 1;,, and the limits ¢;, — ¢ and (v}, )z;.0; — @a,.2, hold uniformly for all
1<i,j<d

Suggestion. Let Hy = {D?¢ : ¢ € C>(R%)} be the space of d x d matrix-valued functions
coming from the Hessian matrices

¢901,961 T (ZSfBl,de
D= | :
qbzd@l T Qsmdazd
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of C>(RY) functions. This is a subspace of the space H of all compactly supported, d x d
matrix-valued C* functions on RY. Let Ky = [N, N| First find a countable set {Gy} C
‘H with the property that for any G € H supported on Ky, there is a Ky, i-supported
subsequence {Gy,, } that converges to G uniformly (in all matrix entries). Next, for each
Gy, supported on K and n € N, find a function ¢y, a1 supported on Kjrqq such that
1D?bp i1 — Gello < 1/n, if such a function exists. The claim is that the collection
{bk.n.n+1} will do the job.

Exercise* 8.12 Let K be a fixed open rectangle in R? and C' a constant. Show that the
set
L={a€Dyu:a(t,z+K)<C foral xcR*and all t > 0}

is closed in Skorokhod topology. Hint: Imitate parts of the proof of Lemma 8.7. If o; € L
and a;(\;(t)) — a(t), consider test functions f € C.(R?) such that 0 < f < 1,,x. The
indicator 1,k is an increasing limit of such functions.

Exercise 8.13 Show that a K-exclusion process with generator (7.1) cannot satisfy the
gradient condition (8.39).
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9 Variational approach for totally asymmetric systems

In this chapter we address the hydrodynamic limit of a totally asymmetric, nearest-neighbor
K-exclusion in one dimension. The approach will utilize a special pathwise variational
property of the process. To formulate this property we switch from the particle occupation
variables n = (n(u) : u € Z) to a representation in terms of a height function h : Z — Z. The
value h(u) represents the height of an interface over the site u. The occupation variables are
the increments of the height function, namely

n(u) = h(u) — h(u —1).

The K-exclusion process 7; and the height process h; are coupled through Poisson clocks.
Whenever a particle jumps from site u to u + 1, height variable h(u) decreases by one.

The height process possesses the variational property, or envelope property, that we uti-
lize for the proof of the hydrodynamic limit. This property generalizes to a multidimensional
totally asymmetric height process h; : Z¢ — Z. However, the increment process of a multi-
dimensional height process is not a K-exclusion process in multiple dimensions (see Exercise
9.2). The basic theorems in this chapter are proved for the multidimensional height pro-
cess. The hydrodynamic limit for the one-dimensional, totally asymmetric, nearest-neighbor
K-exclusion process is derived as a corollary.

9.1 An interface model with an envelope property

We consider a model of a randomly evolving interface in d+1 space dimensions. The interface
is described by an integer-valued height function h : Z% — Z defined on the d-dimensional
integer lattice Z%. The height function moves downward through random jumps.

Let e; = (1,0,...,0), eo = (0,1,0,...,0), ..., eq = (0,...,0,1) be the d standard
basis vectors in Z?. Fix d positive integers K, Ks, ..., K;. These determine the maximal
increments in each coordinate direction of an admissible height function. The state space H
of the system is

H={h:2—-Z: 0<h(u+e)—h(u) <K;foruecZand 1 <i<d}. (9.1)

The dynamics of the interface is determined by a collection {7, : u € Z?} of mutually
independent homogeneous Poisson point processes of rate 1 on the time line [0,00). The
jump rule is that if ¢t € 7., then

hi(u) = hy—(u) — 1

provided after the jump the inequalities

he(u) > hy(u — e;) and hy(u) > hy(u+e;) — K; for 1 <i <d
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are true. In other words, whenever Poisson clock 7, rings, height variable h(u) decreases by
one provided this change does not take the state of the system outside the state space H.
The process h; = (hy(u) : u € Z%) can be constructed on the probability space (2, H, P)
of the Poisson clocks {7, : u € Z9} with the percolation argument of Section 2.1, for any
initial height profile hy € H. Consider only realizations {7,} of the Poisson clocks such that

each 7, has only finitely many jump times in every bounded interval (0, T, 9.2)
and no two distinct processes 7, and 7, have a jump time in common. '

Define the random graph Gy, with vertex set Z? by declaring that the nearest-neighbor edge
{u,v} is present iff either 7, or 7, has a jump time in (0,¢]. Sites u and v in Z? are nearest-
neighbor if u —v = =+e; for some 1 <7 < d. Adapt the proof of Lemma 2.1 to show that if ¢
is fixed small enough but positive, Gy, has finite connected components almost surely. Now
the evolution h; can be defined on each connected component of Gy, for times 0 < ¢ < %,
and then for all time by iterating this argument.

To have a random initial height hg with distribution p on the state space H, construct the
process h; as a function of the initial height hy and the Poisson processes w on the product
space (H x Q,B(H) ® H,u ® P). So the clocks are taken independent of the initial state.
The distribution of the process is a probability measure P* on the path space Dy.

The basic coupling works as before. To couple a family of processes {o¥} through the
Poisson clocks, we need a probability space (2,4, Q) on which are defined the initial height
functions {o}}. Each process oF is then defined on the product space (X x Q, AQH, Q@ P)
as a function of its initial profile of and the Poisson clocks w.

Notationally, we use h; to denote a general height process. Height processes with special
properties such as particular initial configurations are denoted by other symbols such as oy
and &. Despite differences in notation, processes coupled together have the same state space
defined by fixed parameters Ky, ..., Ky.

Two key properties of the height process come in the next lemmas. A coordinatewise
ordering is defined among height profiles by

h<h iff h(u)<h(u) forall ue Z% (9.3)

Lemma 9.1 (Attractivity.) Suppose the processes hy and hy are coupled so that they read
the same Poisson clocks {T,}. Assume that initially at time zero, hg < hg. Then for almost
every realization of the Poisson clocks, hy < hy for allt > 0.

We leave the proof of this first lemma to the reader.

Lemma 9.2 (Envelope property.) Suppose the process hy and a countable family {oF : k €
K} of height processes are coupled so that they all read the same Poisson clocks {7, }. Assume
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that initially at time zero,

ho(u) = supok(u)  for allu € Z°. (9.4)
kek

Then for almost every realization of the Poisson clocks,

hi(u) = sup o (u) for allu € Z¢ and t > 0. (9.5)
kek

Proof. Consider realizations {7,} of the Poisson clocks that satisfy (9.2) and for which
the random graphs Gy, (k+1y¢, have finite connected components for all integers k > 0. Then
the processes under consideration can be constructed for all time. It suffices to show that
(9.5) holds up to time t5. Then the argument can be repeated for the restarted processes
hy = hyye and GF = of . that again satisfy the initial assumption (9.4).

By attractivity we already have h(u) > oF(u) for all k € K. It remains to show that for
each (u,t) there is some k such that hy(u) = of(u).

Fix uy € Z% Let C be the connected component that contains ug in the graph Goto-
During time interval (0,to] the finitely many Poisson processes {7, : u € C} have only

finitely many jump times. We prove that immediately after each of these jump times,
for all v € C' there exists k such that hy(v) = o (v). (9.6)

The proof proceeds by induction on the jump times.
Suppose T € 7,N(0, to] for some u € C, and assume that (9.6) holds for ¢ < 7. Jump time
T € T, only affects the height values at u, so (9.6) continues to hold at t = 7 for v € C'\ {u}.

Case 1: h(u) jumps at time 7, so h,(u) = h,_(u) — 1. By the induction assumption
h,_(u) = ok (u) for some k. By attractivity h,(u) > o¥(u) must hold after the jump. So
o (u) must have jumped too, and we have

he(u) = he_(u) — 1= 0" (u) — 1 = o"(u).

T

Case 2: h(u) could not jump at time 7, because for some 1 < j < d,
he—(uw) = hr—(u — €;).

The edge {u,u — e;} is present in the graph Gy, by virtue of the jump time 7 € 7, N (0, ¢o],
so site u — e; lies in C'. By induction,

he(u—¢;) = or_(u—¢))
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for some ¢ € K. By definition (9.1) of the state space,

ol (u—¢;) < ot _(u).

By attractivity
ol (u) < ho_(u).

T—

All these together give

B () = ho—(u— ) = 0!_(u—¢;) < ot_(u) < hr_(u).

So they are all equal. Height o(u) could not have jumped at time 7 because it was blocked
by of_(u—e;) = ol_(u). We have

and so (9.6) continues to hold after jump time 7.

Case 3: h(u) could not jump at time 7, because for some 1 < j < d,
hr—(u) = h,—(u+e;) — K.

This case follows the same reasoning as the previous one. We leave the details to the reader.

We now know (9.6) holds for times 0 < ¢ < t5. We can repeat this for all uy € Z%, and
thereby have verified (9.5) for 0 < ¢ < t,. This completes the proof of the lemma. B

To take advantage of this property we need a suitable family {¢*}. Define an element

w € H by
d

w(u) = Z K;(u; \0) for u = (uy,...,uq) € Z°. (9.7)
i=1
This wedge profile is the minimal element of H that satisfies w(0) = 0, in the sense that
w < h for any h € H such that h(0) = 0.
Let h; be a height process with deterministic or random initial profile hg. Define a family
{0y : v € Z} of initial configurations, indexed by sites v, by

ob(u) = ho(v) + w(u —v), ue Z

Initial profile o¥ is the minimal profile that goes through the point (v, ho(v)) in Z? x Z. It
is clear that the property

ho(u) = sup og(u)
veZd
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holds at time 0. Couple the processes h; and {0V : v € Z¢} through the Poisson clocks,
so that for each u € Z% hy(u) and o¥(u) obey the clock 7,. By Lemma 9.2 the envelope
property is preserved by the coupling, so

hi(u) = sup o} (u) for all time ¢. (9.8)

veZd

The processes o} are functions of both the initial profile iy and the Poisson clocks. We
normalize them to separate the effect of hy and the Poisson processes. For each v € Z¢,
define process & by stipulating that initially

&(u) =wu) for ueZ? (9.9)
and dynamically
height variable £V(u) attempts to jump at the jump times of 7. (9.10)
These processes are related to the earlier ones via
o (u) = ho(v) + & (u — v). (9.11)

To prove (9.11), note that it is true at ¢ = 0 by construction, and then check that the left
and right-hand sides of the equation always jump together.
The envelope property (9.8) takes the form

hi(u) = suzpd{ho(v) +& (u—v)}. (9.12)
ve
In (9.12) the family of processes {¢;'} is identically distributed. The superscript v translates
the index of the Poisson clocks: process £ reads the translated Poisson processes {74, :
u € Z4.

Convention (9.10) is at odds with our original jump rule since variable £¥(u) obeys Poisson
clock 7, instead of 7,. The choice made here matches (9.12) formally with the Hopf-
Lax formula for Hamilton-Jacobi equations [see (9.17) below and Section A.12]. Another
application of processes that transform the indices of the Poisson clocks occurs in the proof
of Proposition 9.20 later in this chapter.

9.2 Hydrodynamic limit for the height process

Now we describe the evolution of the height process on large space and time scales. The
first step is a limit for the process started from the wedge profile. Let & = £ be the process
defined by (9.9) and (9.10) with v = 0, so without translating the Poisson clocks. The ¢!
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norm on R? and Z? is denoted by |z|; = |z1| + -+ + |24| for & = (z1,...,24). A function g
on R% is concave if for all z,y € R and 0 < av < 1,

glaz + (1 —a)y) > ag(z) + (1 — a)g(y).

Theorem 9.3 There exists a function g : R — (—o0, 0] such that the following statement
holds for almost every realization of the Poisson clocks:

lim l§nt([nau']) = tg(f) for allz € R and t > 0. (9.13)

n—oo 1, t
The deterministic limiting function g is concave, Lipschitz continuous, and satisfies

d

g(x) = Z Ki(z; A O) (9.14)

i=1
for all z € R® such that |z|; > 1.

Note that for ¢ = 0 the limit in (9.13) is given by the right-hand side of equation (9.14),
by virtue of the initial height &, defined by (9.9) and (9.7).

Next we consider the general process. Assume that on some probability space is defined
a sequence {h{ : n € N} of random initial height profiles. The assumption is that this
sequence has a macroscopic profile in the following sense. There exists a deterministic
function v : R? — R such that these limits in probability hold: for each y € R% and each
e >0,

TLIHEOP{ In = hg ([ny]) — to(y)| = e} =0. (9.15)
The notation [ny] above means coordinatewise integer parts. For x = (z1,...,14) € RY,
(2] = ([z1], ..., [x4]) € Z¢ where for a real r, [r] = max{k € Z : k < r} is the integer part of

r.
Augment the probability space of the initial profiles {h{} so it also supports the Poisson
clocks {7,}, independent of {hy}. For each n, construct the process h} with these Poisson
clocks and initial state hj. The objective is to prove that the random evolution A} converges
under suitable space and time scaling.
By the restrictions (9.1) on admissible profiles the function 1y in (9.15) must satisfy the
Lipschitz property

0 <oz +re;) — o(x) < Kir for 1 <i<dandr>0. (9.16)

Define a function v(x,t) for (z,t) € R% x [0,00) by %(z,0) = ¢g(z) and for ¢t > 0

P(a,t) = sup {w()(y) +tg(‘”‘y)}. (9.17)

yERd t
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The function ¢ inside the braces is the one defined by the limit (9.13). It is determined by
the rules of the process, and does not depend on the particular initial conditions h{ or .
Continuity, (9.16) and (9.14) together imply that the supremum in (9.17) is attained at some
y such that |z — y|; <t (Lemma 9.14 in Section 9.5.2). As a function of z, ¥(z,t) satisfies
the Lipschitz bounds (9.16) for each fixed ¢.

Theorem 9.4 Assume (9.15). For each x € R® and t > 0, we have the following limit in
probability. For any € > 0,

lim P {|n"'h([na]) — (z,t)| > e} =0. (9.18)

n—oo

The pathwise variational formula (9.12) certainly suggests (9.17) as a natural description
of a limiting macroscopic evolution. We can also describe the limit with a partial differential
equation. From Section A.12 in the Appendix, we see that (9.17) is an example of a Hopf-Lax
formula which gives the solution of a Hamilton-Jacobi equation. Let

Jp) = inf {p-z—g(x)} for p=(pr,....pa) € R (9.19)

be the concave conjugate of g. Let

V= ﬁ[()? KZ]

be the set of possible gradients of macroscopic height profiles that satisfy Lipschitz condition
(9.16). Partial derivative with respect to time is ¢, = 0v/0t, and the spatial gradient is

VIP = (%17 s 71/)33(1)'

Theorem 9.5 The limiting height function 1 is Lipschitz continuous on R¢ x [0,00), and
therefore differentiable Lebesque almost everywhere. At every point (z,t) of differentiability
in R x (0,00), Vi)(z,t) €V and

o
E(aj,t) = —f(Vw(x,t)). (9.20)

The velocity function f defined by (9.19) is concave and continuous on V. It satisfies f =0
on the boundary of V, and 0 < f < 1 in the interior of V. Qutside V' the function f is
tdentically —oo.

Let I be any subset of {1,...,d}. Suppose p,p € V satisfy

pi=pi fori ¢ I, and p; = K; — p; fori € I. (9.21)
Then f(p) = f(p)-
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At the current level of generality we cannot say much more about the functions f and
g. Only in the case d = 1 and K; = 1 do we have an explicit expression: f(p) = p(1 — p)
for 0 < p < 1. This case is the totally asymmetric nearest-neighbor exclusion process in
one dimension. In Theorem 9.10 below we calculate f and g explicitly from the equilibrium
Bernoulli measures. A way to calculate f from the distributions of the state of the process
is given in the next theorem.

Define the event

B={he€ H:h(0)>h(—e;)+1and h(0) > h(e;) — K; + 1 for 1 <i < d}. (9.22)
A jump time t € 7 causes a jump h(0) = h,_(0) — 1 iff h,_ € B.

Theorem 9.6 Fix a vector p € V, the set of admissible gradients. Let hy be a deterministic
or random initial height function such that Elho(0)|> < oo and for every x € RY,

lim n~tho([nx]) = p-x in probability. (9.23)

n—oo

Let hy be the process constructed from initial condition hy. Then

L[ 1 [
f(p) = lim n 1{hs € B}ds = tlim ;/ P{hs € B} ds, (9.24)
0 — bt Jo

t—o0

where the first limit is in probability.

Example 9.7 Here is an initial height function hy that satisfies (9.23) and has spatially
ergodic increments 1 (u, 1) = ho(u) — ho(u — €;). Let

{n'(0): teZ,1<i<d}

be mutually independent random variables such that for each i, {n'(¢) : £ € Z} are i.i.d.
with values in {0,1,..., K;} and common mean En'({) = p;. For each 1 < i < d define a
one-dimensional height function on Z by

- 22:m+1 n'(€), m<0
o'(m)=<0 m =0

S (o), m > 0.

With these, define the height function hg by

d
ho(uw) :Zai(ui) for u = (uy,...,uqg) € Z%
i=1
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The convergence in Theorems 9.4 and 9.6 can be made almost sure simply by making
the convergence in the hypotheses almost sure. The additional technical tool needed for the
proof is a summable deviation estimate for the convergence in Theorem 9.3. Such estimates
can be obtained conveniently through the last-passage representation in Section 9.4.

Next we address a point of partial differential equations theory. Equation (9.20) is a
Hamilton-Jacobi equation. Even with smooth initial data, its solutions can develop points
of nondifferentiability, or shocks (Exercise 9.4). Consequently it is not enough to consider
classical solutions that are differentiable everywhere. One is forced to deal with weak solu-
tions. But with weak solutions comes the possibility of nonuniqueness. What is needed then
is the correct definition to capture the physically relevant solution among the many weak
solutions. The appropriate notion of weak solution for a Hamilton-Jacobi equation is the
so-called viscosity solution. Its rather abstract intrinsic definition is the following.

Suppose F' is a continuous function defined on R%. A continuous function u(z,t) on
R? x [0,00) is a wiscosity solution of

u+ F(Vu) =0, uli—o = ug

if

(i) u(z,0) = ug(z) for all z € R, and

(ii) if the following holds for all continuously differentiable functions ¢ on R¢ x (0, c0):
if u — ¢ has a local maximum at (zg, to), then

Pu(0,t0) + F(Vd(0,t0)) <0, (9.25)
and if u — ¢ has a local minimum at (x¢, ¢p), then
¢i(0,t0) + F(Vp(0,t0)) > 0. (9.26)

As always with notions of weak solutions, the point is to move the derivatives onto a
smooth test function so that no differentiability requirements are imposed on the solution
itself. Chapter 10 in Evans’s textbook [14] discusses this notion of viscosity solution and
explains the motivation behind it. See also Section A.12 in the Appendix.

To apply the definition to our setting, first extend f to a continuous function f on all
of R%. The simplest way to do this is to set f = 0 outside V. The exact nature of the
extension of f turns out not to influence the definition. For as we show later in the proof,
if u = 1 defined by the Hopf-Lax formula (9.17), ¢ is continuously differentiable, and u — ¢
has a local maximum or minimum at (xzg, ¢y), then —1 < ¢;(zo,%9) < 0 and Vo(xg,t) € V.

Theorem 9.8 Let 1)y be the initial height function in assumption (9.15), and v the limiting
profile in (9.18), defined by the Hopf-Laz formula (9.17). Then for any 0 < T < oo, 1) is the
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unique uniformly continuous viscosity solution of the Hamilton-Jacobi equation

Ui+ f(VY) =0, tli=o = o (9.27)
on R? x [0, 7).

Before turning to the proofs of the theorems we derive as a corollary a hydrodynamic
limit for the K-exclusion process.

9.3 Hydrodynamic limit for totally asymmetric nearest-neighbor
K-exclusion in one dimension

Fix an integer 1 < K < oo. Consider the special case of the K-exclusion process in one
dimension that permits only nearest-neighbor jumps to the right. The state of the process at
time ¢ is the sequence n, = (n(u) : u € Z) of occupation numbers n;(u) € {0,1,..., K}, and
the state space is the compact space X = {0,1,..., K}%. The process is constructed with
an 1.i.d. family {7, : u € Z} of rate one Poisson point processes on the time line [0,00). The
jump rule is this: at jump times ¢ € 7, one particle is moved from site u to v + 1, provided
immediately before the jump there is at least one particle present at u and at most K — 1
particles present at u + 1. The generator given in (7.1) specializes to

Lf(n) =Y _ 1{n(u) = 1, n(u+1) < K — L}[f(n"") = f(n)] (9.28)
where
n(u) —1, v=1u
Nt w)y =< nlu+1)+1, v=u+1 (9.29)
n(v), v {u,u+1}

is the configuration that results from moving a single particle from u to u + 1.
One motivation for introducing the interface process h; was that it represents the K-
exclusion process. Specialize the process h; described in Section 9.1 to one dimension, with

state space
H={h:Z—Z: 0<h(u)—h(u—1) <K for u e Z}. (9.30)

Given an initial configuration 7y for the K-exclusion process, define an initial height function
ho € H by
ho(0) =0, ho(u) — ho(u — 1) = no(u) for all u € Z. (9.31)

When processes n; and h; read the same Poisson clocks, the relation
hi(u) — hy(u — 1) = ny(u) forallu € Z (9.32)
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is preserved for all time. The jumps of h; keep track of particle current for 7. The number
of particles that have jumped across edge {u, u+ 1} during time interval (s, ¢ ] equals hs(u) —
he(u).

We get a hydrodynamic limit for the K-exclusion process as an immediate corollary of
Theorem 9.4. Assume we have a sequence of random or deterministic initial configurations
ny, n = 1,2,3,..., defined on some probability space, together with i.i.d. Poisson clocks
{7.} independent of {n{}. Construct on this probability space the totally asymmetric,
nearest-neighbor K-exclusion processes n;' as described above.

The only hypothesis needed for the hydrodynamic limit is the existence of a macroscopic
density profile at time 0. Let 0 < pg(x) < K be a bounded measurable function on R.
Assume that for all —co < a < b < oo and all € > 0,

[nb]

Y ) [l

u=[na]+1

> a} = 0. (9.33)

lim P{

To produce the macroscopic limiting density function p(x,t) for the K-exclusion process,
first define vy as the antiderivative of py given by

b
p(0) =0, / po(x) dx = y(b) — 1ho(a) for all —oo < a <b < 0. (9.34)

Let ¢ (x,t) be the viscosity solution of the Hamilton-Jacobi equation (9.27), defined by the
Hopf-Lax formula (9.17). The function g in (9.17) is now defined by the limit

g(x) = lim n™ &, ([nz])

n—oo

of the one-dimensional process started from the wedge

0, u >0
u) =
olu) {Ku, u <0

given by Theorem 9.3. The function ¢ (z,t) is Lipschitz continuous, and so the partial
x-derivative exists Lebesgue almost everywhere:

0
1) = — t). 9.35
This function p(z,t) is a weak solution of the scalar conservation law

pe+ f(p)e =0, p(x,0) = po(z). (9.36)

The flux f of the conservation law is the concave conjugate of g.
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Theorem 9.9 Under assumption (9.33) this limit in probability holds: for all —oco < a <
b < oo ande >0,

[nb]

b
0l () — / p(e.1) dz

u=[na]+1

lim P{ > g} = 0. (9.37)

To derive this theorem from Theorem 9.4, just observe that by (9.32)

[nb]

Y m(u) = hiy([nb]) = hy([na)

u=[na]+1

and by the Lipschitz property of ¢

/ p(x,t)de = (b, t) — (a,t).

Now (9.37) follows from (9.18).
When we specialize to the case K = 1, we can finally get an explicit formula for the flux

f.

Theorem 9.10 For the totally asymmetric nearest-neighbor exclusion process in one dimen-
sion (the case K = 1), the fluz function is

flp)=p(1=p), 0<p<L (9.38)

The limiting shape g for the wedge growth is the concave conjugate of f given by

x, r < —1
gla)=q—-11-2)* —1<z<1 (9.39)
0, x> 1.

Proof. Now V = [0,1]. On the boundary f(0) = f(1) = 0, either by considering the
process with no particles for p = 0 and the process with no empty sites for p = 1, or by
Theorem 9.5.

Let p € (0,1). We apply Theorem 9.6. Let 7, be a process in equilibrium with Bernoulli
distribution v,. Define the initial height function hy by (9.31). Then the hypotheses of
Theorem 9.6 are satisfied. The event B defined by (9.22) is the same as

B ={n(0) = 1,n(1) = 0}.
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By stationarity and the definition of the Bernoulli measure,

t

Flp) = Jim + [ PO1(0) = 1,m,(1) = 0} ds = v {n(0) = Ln(1) = 0} = p(1 — p).

t—o0 0

Since ¢ is concave and upper semicontinuous (in fact, continuous by Theorem 9.3), it is its
own double conjugate, so

g(x) = inf {zp— f(p)}.

0<p<1

We refer to Section 12 in Rockafellar’s monograph [31] for justification of this, and further
basics of convex (and concave) duality. From this equation formula (9.39) can be derived.
[

9.4 The last-passage percolation model

In this section we reformulate the process & with the wedge initial condition as a last-
passage percolation model. The last-passage approach is convenient for certain tasks such as
probability bounds, large deviations, and distributional limits. See the notes of this chapter
for references.

Recall again the construction of the wedge process. Initially

d
§o(u) = ZKz(uz A0)  for u= (uy,...,uy) € Z%

i=1
At jump times t € 7., &(u) = & (u) — 1, provided just before time ¢ the inequalities
§-(u) > & (u—e)+1and & (u) > & (u+te)— K +1for1<i<d

were valid.

As the height function & marches downward, the set A; between the graphs of &, and &
describes a randomly growing finite set of points or cells in Z9*'. To describe this precisely,
define the set

L= {(u,h)GZdXZ:h<zd:Ki(ui/\O)}

i=1

with outer boundary

oL = {(u,h) €Z'x7: h:iKi(uiAO)}.

i=1
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Note the notation: a cell in Z%*! is denoted by a pair (u, h) where the first component u is
a site in Z? and the second component A is a Z-valued height.
The boundary 0.L is the graph of the initial height profile ;. The growing set

Ap = {(u, h) = &o(u) > h = &(u)}

is a finite subset of L, and adds a new cell whenever &, experiences a jump. For (u,h) € L
let
T(u,h) =1inf{t > 0: (u,h) € A;} =inf{t > 0: &(u) < h}

be the time when cell (u,h) joins the set A;. The initial values are T'(u,h) = 0 for all
(u,h) ¢ L. The random times T'(u, h) are stopping times for the filtration

tha{Nu(s):UEZd,Ogsgt}

of the Poisson processes.

The rules of the process & tell us that before (u, h) can join the growing set A;, each of
the 2d + 1 cells (u,h + 1), (u —e;,h), and (u + ¢;, h + K;) for 1 < i < d must have already
joined A; or must lie outside L. After this (u, h) must wait a mean one exponential random
time to join, and this random time is independent of the past. Let Y, ; denote this waiting
time. It is defined for (u,h) € L by

Yorn = T(u,h)—max{T(u,h+1),T(u—e;h),
The immediate predecessors of (u, h) are those of the 2d + 1 cells (u,h + 1), (u — €;, h), and
(u+e;, h+K;) that lie in L. Any cell that can be reached from (u, h) by taking successive steps
from a cell to one of its immediate predecessors is called a predecessor of (u, h). Starting with

any (u,h) € L and following backwards any path of immediate predecessors in L ultimately
leads to cell (0, —1).

Lemma 9.11 The random variables {Y,p : (u,h) € L} are i.i.d. mean one exponentials.

Proof. We can arrange the cells of L in a sequence

L= {(Uh h1)7 (U27 hg), (U3, h3)a s }

with the property that for each n the immediate predecessors of (u,,h,) are among the
(u1, h1), (ug,he), ..., (Up—1,hn_1). Necessarily (uy,h;) = (0,—1). After that the sequence
can be constructed through the following inductive steps.

Set @1 = {(w1, M)} = {(0,-1)}.
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Assume Q,, = {(u1, h1), (uz, ha), ..., (tm, )} has been constructed, and that it has the
property mentioned above. Call (v, k) € L a growth cell for Q,, if (v,k) ¢ @Q,, but all the

immediate predecessors of (v, k) are in Q,,. Let (w11, Amy1) be an arbitrary growth cell of
Q. and define

Qm+1 = {(Ul, h1>7 (U2, hz), < (Um, hm), (Um+1, hm+1)}-

Continue in this manner.

Let (u,h) = (up,h,) and Q@ = @Q,—1. We show that Y, ) is a mean one exponential
independent of {T'(v, k) : (v,k) € Q}. The waiting times {Y,  : (v, k) € Q} are a function of
the passage times {T'(v,k) : (v,k) € Q}, so we can conclude inductively that Yy, »,, Yu, 1,

.., Y, p, are i.i.d. mean one exponentials for any n.

Set

S(u,h) = max{T(u,h+1),T(u—e;,h), T(u+e;,h+K;):1<i<d}. (9.41)

S(u, h) is a stopping time for the Poisson processes. It is the time at which the jump of &(u)
from h 4 1 to h becomes admissible. The remaining time Y, j till this jump happens is the
first jump time in the restarted Poisson process Ogy,n) 7.

By the strong Markov property, the restarted Poisson processes {0gwnZw @ w € /Al
are again i.i.d. rate one Poisson processes, independent of the o-algebra Hg,n). Thus we
find that the restarted process g, 7, is independent of the past Hg(,n) and of the other
restarted processes {0gqu,nZw : W # u}.

The passage times {T'(v,k) : (v,k) € Q} can be constructed from the information in
Hsun) and {0swnTw : w # u}. This information contains the entire Poisson prosesses 7,
for w # w, and 7,, up to time S(u, h). Any (v, k) that lies on a backward path of predecessors
started from (u, h) must have T'(v, k) < S(u,h). Such a T'(v, k) is measurable with respect
to Hs(u,n). For any other (v,k) € @, T(v, k) can be constructed from the passage times of
the predecessors of (u, h) and the Poisson processes 7,,, w # u.

To summarize, we have shown that Y, ; is the first jump time in the restarted Poisson
process Og,,n) 7, which is independent of {T'(v, k) : (v, k) € @}. In particular, Y, ;, is a mean
one exponential independent of {T'(v, k) : (v,k) € Q}. W

Let II(u, h) be the collection of paths
T= {(07 _1) = (Ula k1)> (U2> k2)> R (Una kn) = (U, h’)} (942)

in L that lead from (0, —1) to (u, h), and each step of which is one of 2d+ 1 admissible steps:
for each 1 < /¢ < n,

(Vet1, kev1) — (v, ko) = (0,—1), (e;,0), or (—e;, —K;) for some 1 <7 <d. (9.43)
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Write (9.40) in the form
T(u,h) =max{T(u,h+1),T(u—e;,h), T(u+e,h+ K;):1<i<d}+ Y,

Iterate this backwards until all paths have reached (0, —1). Then we have the last-passage
representation

T(u,h) = max > Yo (9.44)
" (v,k)em

The term “last-passage” is used because the slowest path determines the passage time
T(u,h), in contrast with first-passage percolation where a passage time is determined by
the fastest path.

Generalize the definitions to paths and passage times between arbitrary cells. For (z,¢) €
L UO.L and (u,h) € L, let II((2, ), (u, h)) be the collection of paths

T = {(U17 k1)7 (Ug, k?g), ey (Un, kn)}

such that all steps are admissible as in (9.43), (v1, k1) — (2, ¢) is also an admissible step, and
(Un, kn) = (u, h). Define the passage time between (z,¢) and (u, h) by

T((z,0),(u,h)) = max Z Yo k- (9.45)

well((2,0),(u,h)) (o kyen

Then we have the superadditivity
T((z,0),(u,h)) >T((2,0),(v,k)) +T((v, k), (u,h)) (9.46)

whenever admissible paths are possible between (z,¢) and (v, k) and between (v, k) and
(u,h). The starting cell (z,¢) was not included in a path 7 in II((2,¢), (u, h)) so that the
cost Y, r would not be counted twice in (9.46), once as the last cell in T'((z,¢), (v,k)) and
again as the first cell in 7'((v, k), (u, h)). The earlier definition (9.44) relates to (9.45) via
T(u,h) =T((0,0), (u, h)).

We finish this section with an estimate for later use.

Lemma 9.12 For (u,h) € L, let M = 2|h| + S°% u;. The definition of L guarantees that
M is a strictly positive integer. Then for s > 1,

P[T(u,h) > Ms] < (2d+ 1) exp(—M - I(s)) (9.47)

where I1(s) = s — 1 —logs is the Cramér rate function for large deviations of mean one
exponential random variables.
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Proof. Estimating in the crudest way,

P[T(u,h) = Ms] < Y P[Sp > Ms]
well(u,h)
where |7r| is the number of cells in path 7 and S}, represents a sum of m i.i.d. mean one
exponential random variables.

We claim that M is an upper bound on the number of cells in a path 7 that satisfies
(9.42) and (9.43). If we let (vg, ko) = (0,0), we can write

|| d d

(,h) =) ((ve ko) = (ve—1, kir)) = a(0, 1) + Y bilei,0) + > ci(—e;, —K;)

/=1 i=1 =1

where a, by,...,bs and ¢y, ..., cq count how many times the 2d 4+ 1 different steps appear in
7. From the coordinate by coordinate equations above,

d d

|| = a+Zbi —i—Zci
i=1 i=1
d

— Q(a—l—zd:c,-Ki) +Zd:(bi—ci)+2q(2—2Ki)—a

i=1 =1

d d
= —2h+zui+ZCi(2_2Ki) —a
i=1 i=1

d
< 2h/+ ) u= M.
=1

For the last inequality we used h <0, ¢; > 0, K; > 1 and a > 0. From this,
P[Sk > Ms] < P[S}, > Ms] < exp(—M - I(s))

by the large deviation bounds in Proposition A.18. The assumption s > 1 is used here. The
bound would be trivial for s = 1, and not true for s < 1 because then the infimum of I(x)
over [s,00) would be 0 and not I(s).

It remains to observe that the total number of paths in II(u, h) cannot exceed (2d + 1)M
because each path has at most M steps, and each step is chosen from the set of 2d + 1
admissible steps. N

9.5 Proofs

We prove the theorems discussed in Section 9.2.
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9.5.1 Proof of Theorem 9.3

To express random variables as functions of the Poisson processes, we write w = (7, : u € Z¢)
for the entire collection of Poisson clocks, and also w, = 7, for the Poisson clock at site w.
The proof of the wedge limit is an application of the subadditive ergodic theorem.

We prove the almost sure convergence

.1 x
lim =, ([na)) = (=) (9.48)
for successively more general points z, all 7 > 0, and simultaneously develop properties of
the limit. The main tool is the subadditive ergodic theorem stated as Theorem A.12 in the
appendix.

First suppose x = z € Z% in (9.48). Keep (z, 7) fixed for the moment. Define

XO,n = gnr(nz)
For positive integers m, define a height process Ut(m) by stipulating that initially
o (1) = Er(m2) + wlu), ue Z, (9.49)

and that the height value o™ (u) attempts jumps at the jump times of Poisson clock
Or Tz Here 04 is a time-shift on the Poisson process that moves the time origin to
point s. In terms of the set of jump times,

0,7, ={t—s:teT,t> s}

So O’,Sm) is a new wedge process, with time origin at m7 and space-height origin at (mz, &, (mz)).

Let us also introduce a space-time shift 6, ,, (u, s) € Z¢x [0, 00), of the Poisson processes.
0, translates the spatial index by u and restarts the clocks at time s, (0, sw)y = 05Ty tp-
The probability measure P on the Poisson processes is stationary and ergodic under these

space-time shifts. In terms of the space-time shift, process at(m) reads Poisson clocks 0,,; m-w.

The process hj(u) = &nrii(mz + u) reads exactly the same clocks as at(m). By the

minimality property of the wedge profile w,

o™ () = Emr(M2) + wu) < Emr(mz + u) = hy(u) for all u € Z°.

By attractivity, the inequality afm) < h} is preserved for all time ¢. In particular for 0 <
m < mn,
T e (0= 1)2) < By (0= 10)2) = (), (9.50)

which is the same as

(m)

o e (0= m)2) = 06" (0) + G (m2) < &ur(n2).
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If we define a space-time increment in the at(m) process by

KXo =0t ((n—m)z) — 5™ (0),

(n—m)T

we get the superadditivity
Xom + Xonn < Xon for 0 < m < n. (9.51)

We check the other conditions of the subadditive ergodic theorem for the variables —X,,, ,,.
Let Xy, = F,(w) represent Xy, = &,-(nz) as a function of the Poisson processes w. Then
Xonn = Foem(0mzmrw). In particular, it follows that the sequence

{X"e’(”JFl)E tn o2 1} = {Ff(gnﬁz,nﬁrw) in > 1}

is stationary and ergodic for a fixed ¢. The distribution of the sequence
{Ximmin 0> 1} ={F,(0pzmrw) :n > 1}

does not depend on m because 0,,, ,-w has the same distribution as w.

Finally, — X, is nonnegative, and bounded above by the total number of jump attempts
of £(nz) up to time nr, which is a Poisson random variable with mean n7. This gives the
moment conditions needed for the Subadditive Ergodic Theorem A.12. We conclude that
for each (z,7) € Z% x [0, 0), there exists a finite deterministic number go(z,7) such that

1
lim —¢&,-(nz) = go(z,7) almost surely. (9.52)

n—oo N,

By the time monotonicity of the process, for s < ¢t and fixed n,
Ens(nz) > Eui(nz) > &us(nz) — Ny (ns, nt]. (9.53)

N,.(ns,nt] = |7, N (ns,nt] | is the number of jump attempts height variable {(nz) experi-
ences during time interval (ns, nt]. N,.(ns, nt] has Poisson(n(t — s)) distribution, and so can
be thought of as a sum of n i.i.d. Poisson(¢ — s) variables. Large deviation estimates such as
those in Proposition A.18 (or in Exercise A.8) and the Borel-Cantelli lemma imply that

1
lim —N,,,(ns,nt] =t —s almost surely.
n—oo M,

Letting n — oo in (9.53) gives

go(2,8) > go(z,t) > go(z,8) — (t — s) for s < t. (9.54)
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The function gy has also the following homogeneity property. For any positive integer m,

go(mz,mt) = lim lénmt([an]) = ]\}1_{13)0 %éNt([Nz])

n—oo M,

= mgo(z,t).
Let ¢ € Q% be a vector with rational coordinates. The homogeneity implies that we can
unambiguously define
1
90(¢,1) = —go(mg, mt) (9.55)

for any positive integer m such that mqg € Z¢. And then homogeneity extends: for any
g € Q¢ t > 0, and positive rational r,

go(rq,rt) =rgo(q,t). (9.56)

Now we argue that the almost sure limit

i &u([ng]) = 90(a. 1) (9.57)

n—oo

holds for any ¢ € Q? and ¢ > 0. Fix m such that mq € Z¢. By limit (9.52) and definition
(9.55), limit (9.57) holds along the subsequence n = ¢m, { — oco. To fill in the remaining
terms, note that by (9.1),

d
|h(u) — h(v)| < Z Kilu; —v;|  for all u,v € Z¢ (9.58)
i=1

for any height profile h € H. Consequently if we write n = ¢m + j for £ = ¢(n) and
0<j<m,

[ ([na]) — go(g,1)]
< |n " n([ng]) — n i (lma)| + |07 Ene(0mg) — 0™ e (Emq)|

+ |n7 ome(0mq) — golq. 1)
d

<n! Z(Ki’m%| + 1) + 17 Nppg (0mit, nt] + |n71€gmt(€mq) — go(q, t)} .
i=1

Letting n — oo gives (9.57).
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The function gy thus far defined on Q? x [0, c0) is Lipschitz continuous also in the space
variable. This follows directly from (9.58). For p,q € Q¢,

90(q.t) = go(p. )| = lim |n~"&u([np]) — n"&ul(ng))|

d
< lim n~! Z Ki| [npi] — [nqi] |
Jm 72 (9.59)

d
= ZKi‘pi - Qi"
i=1

Lipschitz continuity on Q% x [0, 00) allows us to extend gy uniquely to a Lipschitz function
on R? x [0,00). This extension satisfies the homogeneity

go(rz,rt) = rgo(z,t) forall z € R% t >0, and 7 > 0. (9.60)

Define g(x) = go(x, 1). Then the limit in (9.57) has the scaling form go(z,t) = tg(x/t).

The limit in Theorem 9.3 was claimed to hold for all (x,t) € R¢ x [0, 00) outside a single
exceptional event of probability zero. To achieve this, let {2y be the event on which limit
(9.57) holds for all ¢ € Q¢ and rational ¢ > 0. Q§ has probability zero. To show that on the
event )y the limit (9.13) holds for all (z,t), approximate = with a rational point ¢ € Q% and
approximate ¢t with a positive rational 7. Use properties (9.53) and (9.58) of the random
height profiles, and the Lipschitz properties (9.54) and (9.59) of the limiting function. We
leave the details of this last step to the reader.

We have verified the limit (9.13) in Theorem 9.3. It remains to check the properties of
g. Lipschitz continuity has already been developed along the way. To see the concavity of
g, return to the restarted processes defined by (9.49). The subadditivity derived there gives

o\ (nv) — U(()n)(o) + &nt(n2) < Enipns(nz + nv).

The increment o4 (nv) — 0(()")(0) is equal in distribution to &,s(nv). Thus dividing by n and

letting n — oo gives
go(v,8) + go(2,t) < go(v + 2,5+ 1) for v,z € Z¢ and s,t > 0.

This subadditivity of gy extends first to Q¢ x [0, 00) by (9.55), and then to R? x [0, o) via
the extension by Lipschitz continuity. By subadditivity and homogeneity,

ago(z, 1) + (1 —a)go(y, 1) = golax, @)+ go((1 — @)y, (1 — o))
< golaxr + (1 —a)y,1).
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for z,y € RY and « € (0,1). Thus we have concavity for g.
To obtain (9.14) we shall show that, if |z|; > 1, then almost surely

En([nz]) = &([ne)) for all large enough n. (9.61)

This implies (9.14) because then by the definition of the initial height function,

g(z) = lim n~'&([nz]) = lim n™" > " K([na;] A0) =) Ki(w; A0).

Without much additional work we prove a stronger result.
Lemma 9.13 For anyt > 0 and € > 0, there exists a constant C' = C(t,e) > 0 such that
P{&u(u) < &(u) for some u such that |u|, > n(t +¢)} <e "

for all n.

This lemma implies (9.61) because for € = (Jz|; — 1)/3 > 0,

|[nz] v = [[nz] |+ +|[n@d] | = nlza] + -+ nfzd —d
= n(lz|y —d/n) >n(|z)y —e) >n(l+¢)

for large enough n.

Proof. For u € Z4, let T, = inf{t > 0: &(u) < &(u)} be the time of first jump for height
variable £(u). Let S} denote a sum of m i.i.d. exponential mean one random variables. We
show that T, is a stochastically larger than S} with m = |ul;.

Let 0 = 2(0),2(1),2(2),...,2(m) = u be a non-intersecting nearest-neighbor path from
the origin to v that moves in each coordinate direction in turn, with this property: if u; > 0
then the path is nondecreasing in direction e;, while if u; < 0 then the path is nonincreasing
in direction e;. If u; = 0 then z;(k) = 0 for all 0 < k& < m. Due to the restrictions (9.1) on
admissible profiles, £(z(k + 1)) cannot jump before {(z(k)) has jumped at least once. Define
inductively the following random times.

Let R be the time of the first ring in 7). Then R,y = T} ) is the time of first jump
for £(0).

Let R (1) be the time of the first ring in 7. ;) after time R, ). R.(1)—R.(o) is an exponential
variable with mean one, independent of I, ) by the strong Markov property of the Poisson
processes. R.) < T.q) because {(2(1)) can jump only after £(z(0)) has made its first jump.

Inductively, let . be the time of the first ring in 7.y after time R.(x—1). R —Ra-1)
is an exponential variable with mean one, independent of R.(), ..., R—1)- R.) < To)
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because by induction R.(z—1) < T.—1), and {(z(k)) can jump only after T% ;1) when {(z(k—
1)) took its first jump.
So we find that

m

Toim) > Rogm) = Z(Rz(k) — R.g—1)) + R.(0)-

k=1

The sum has i.i.d. mean one exponential terms. We can now bound

P {&n1(u) < &(u) for some u such that |u|; > n(t +¢)}

< ) P{T,<nat}< > Y P{T.<nt}

w:|u|1 >n(t+e) m>n(t+e) u:lulr=m
< Z Com?P {S,ln < nt} < Z Cym?1 exp{—m[(%)}.
m>n(t+e) m>n(t+e)

Above we first picked a constant Cj so that for all m > 1, Cym?~! is an upper bound on the
number of sites u € Z¢ such that |u|; = m. I(z) = x — 1 — logz is the large deviations rate
function for mean one exponential random variables (Exercise A.9), and we used Proposition
A18. I'(z)=1—x2"t <0for 0 <z <1, so form>n(t+e),

1) > 1) > 0

m

The final upper bound is

Z Com®~" exp{—mI ()} < exp(—Chn)

m>n(t+e)
where the last equality is true for all n, if C' > 0 is small enough. N

We have verified the properties of g and thereby proved Theorem 9.3.

An alternative approach. A proof of Theorem 9.3 could have been based on (9.46) and
the subadditive ergodic theorem, followed by reasoning similar to that used above. This
would give a (0, 0o)-valued, homogeneous, concave function v, defined on the open set

L= {(x,r) € R x (—00,0): 7 < im(@m)}

i=1

such that the limit )
lim —T'([nz], [nr]) = v(x,r) (9.62)

n—oo M,
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holds for all (z,r) € L, outside an exceptional event of probability zero. The finiteness of
the limit v(x,r) follows from Lemma 9.12. The limiting height function ¢ in Theorem 9.3
represents the level curve of 7, defined by

g(x) =sup{r: (z,r) € L,v(x,r) > 1}. (9.63)
This connection follows because
Ent([nx]) < [nr] iff T([nx],[nr]) < nt.

We let the reader work out the details of the connection of the limit (9.62) and the properties
of v with Theorem 9.3.

9.5.2 Proof of Theorem 9.4

The setting is such that the sequence of height processes h} and the Poisson clocks {7} are
defined on a common probability space. The height processes & are defined as functions of
the Poisson processes, as described by (9.9) and (9.10).

Without technicalities, we can summarize the proof of Theorem 9.4 in a few lines. Write
the variational equation (9.12) for the nth process in the form

n i ([na)) = sup {n g (g + € (na] — [ng])} (9.64)

yERA

The terms inside the braces on the right converge, the first one by hypothesis (9.15) to 1o (y),
and the second one by (9.13) to tg((z — y)/t). Assuming we can pass the limit through the
supremum over y, we conclude that

n” iy (Ina]) — sgp{wo(y) +ig((z —y)/1)}.

Now the details. The paragraph following (9.17) claimed that the supremum is attained
in a certain compact set. We begin by checking this.

Lemma 9.14 Let g be the shape function defined by the limit (9.13) in Theorem 9.3. Suppose
Yy satisfies the Lipschitz bounds (9.16). Let (x,t) € R? x (0,00). Then in the Hopf-Lax
formula

U(x,t) = sup {%(y) +tg<x;y>} (9.65)

yeR4

the supremum is attained at some y such that |z — y|; < t.
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Proof. The proof is based on the property

d
g(x) = ZKZ(% A0) for all z € R? such that |z|; > 1,

i=1

derived as part of Theorem 9.3. Let
A={yeR": |z -yl <t}.
It suffices to show that for any y ¢ A there exists y € A such that
o <y>+tg< . y) > %(%tg( ;y). (9.66)
For then the supremum over the entire space is the same as the supremum over A, and by

continuity and compactness, this supremum is attained at some point.
Giveny ¢ A, let I ={1 <i<d:y; >x;}. Then

tg(ﬁg) ~ Y K-

icl
Let 3=1t-|r—7|;' and set § = x4+ B(§ — x). Then |z — 7|; = ¢ and in particular i € A.
Since 0 < f < 1 and z; — y; = B(x; — u;),

< ) B Ki(xi — ) —tg( ;g>+(1_ﬁ)ZKi(@‘_$i)-

i€l i€l
On the other hand, by Lipschitz bounds (9.16),

¢(> 37) ZK Yi — yz —1#0?7) ZK

el
Combining these gives (9.66). N

Fix (z,t). One half of Theorem 9.4 is immediate. Pick a point y at which the supremum
in (9.17) is attained. Then by (9.64),

P {n A ([na]) < ab(x,t) — 6}
< P {n g (ny)) < doly) — £/2}

+ P L el (na] - ) < tg((x —v)/t) —/2} . (9.67)
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The first term after the inequality vanishes as n — oo by hypothesis (9.15). The last term
equals

P {0 6] — [ny)) < t((x — )/1) — /2)

because the random variable fﬂ;y]([nx] — [ny]) has the same distribution as the random
variable &, ([nx] — [ny]) without the superscript. This probability vanishes as n — oo by
(9.13). The difference between n'&,([nx] — [ny]) and n~'&,([n(z — y)]) is controlled by
(9.58) and vanishes as n — oo.
We have shown
lim P {n~'h}([nz]) < (z,t) —e} =0. (9.68)

n—oo

To prove the other direction, we restrict the potential maximizers that need to be con-
sidered in the variational formula. Let the boundary 0B of a rectangle B C Z? be the set of
those sites v € B that have a neighbor outside 5.

Lemma 9.15 Let u € Z? lie in a rectangle B C Z?. Suppose that £ (u —v) = &8(u — v) for
v € 0B. Then
hi(u) = max{ho(v) + & (u — v)}.

veEB

Proof. For v ¢ B, let v' be the projection of v to the boundary of B. In other words, if
B:{al,...,bl} X {ag,...,bg} X X {ad,...,bd}
for two points a = (ay, ..., aq),b = (by,...,bs) € Z¢, then v' = (v}, ..., v)) is defined by
a; if v < Qg
U;Z (5 1faz§v2§bz
We show that v" dominates v in the variational formula (9.12).

ho(v) + & (u = v) < ho(v) + &5 (u —v)

< ho(v') + ZKZ-@Z- — o))t + Z K; ((u; —v;) AO)



Height profiles decrease with time. This gives the first inequality above. Then substitute
in the definition of the initial profile . The second inequality comes from the state space
restrictions: for any height profile h € H,

h(v) < h(v V') < (V') + Z Ki(v; Vv, —vl) = h(v) + ZKi(vi — )"

i=1 =1

Since v} is between u; and v;,

Lastly we use the assumption that & (u — ') has not jumped by time ¢. This shows that all
v ¢ B can be ignored in (9.12). W
Define the cube .
A=]Jlwi—t—1,2;+t+1 CR*
i=1
and set
Y = max {5 (v) + &ny([na] —v)} (9.69)

Lemma 9.16 There exist finite constants Cy,Cy > 0 such that for all n,

P {hy,(Ina]) # Yo} < Coe™ ™.

Proof. By the previous lemma, it suffices to show that for large enough n there exists a
cube B,, C Z? centered at [nz] such that B, C nA and

P{&,([nz] — v) < &([nx] — v) for some v € OB} < Coe 1" (9.70)

When n is large enough, we can pick B,, C nA so that

[[[n(a: —t = 1/2).n(z; + t +1/2)] C B,.

=1

Then for v € 9B, and large enough n,
d
|[na] — vy =Y |[nx] — vi| > dn(t+1/4).
i=1
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The number of sites in dB,, is bounded by Con?! for some constant Cy. Each process &/ is
distributed as process &, so we can apply Lemma 9.13 to each process &’. The probability
in (9.70) is then bounded by Cyn?~te=¢". This bound is at most Che=¢1" for a sufficiently
large Cy < oo and sufficiently small C; > 0. B

Given the £ > 0 in the statement (9.18) we are working to prove, pick § > 0 so that

£
52 Ki <. (9.71)

Partition the cube A into a finite collection of subcubes {D¥ : 1 < k < M} with sidelength
at most 8. Let y* be the lower left corner and 7* the upper right corner of D¥. In other
words, D¥ = [T, [y¥, 7] with ¥ < 9F <yF+dfor 1 <i<dand 1<k < M.

The variation inside a subcube will be controlled by this monotonicity lemma.

Lemma 9.17 For any u,v,w € Z% such that v < w (coordinatewise order),

&' (u—w) <& (u—wv)

Proof. Since u; — w; < u; — v; for each 4, at time zero

d

d
&(w—w) =Y K ((u; —w;) A0) < ZKi((Ui—Ui)AO) =& (u—v).

i=1
Use attractivity to compare the processes hj(u) = &*(u — w) and h}(u) = & (u —v). A

Starting with definition (9.69) of Y,,, use spatial monotonicity of hy and Lemma 9.17 to
write

Yo = 12}%}1{\4 vrélfg)i {h{ () + & ([nx] —v)}

< max {A5(Ini) + €5 (Ina) - ny')

We can finish the proof of Theorem 9.4. First observe from the Hopf-Lax formula (9.17),
the Lipschitz property (9.16), and the choice (9.71) of §,

d
Vo(i*) + tg((x — y*) /1) < vo(y*) + tg((x — y*)/t) + 52 K; < t(z,t) + %

162



By Lemma 9.16,

P {n 'y ([nx]) > (x,t) + ¢}
< P{h([nz]) # Yo} + P{n7'Y, > ¢(z,t) + €}

< GO Y P{n‘lhﬁ([n@“’“])+n‘lf[“([ 2] — [ny)

1<k<M
ok
ot 1052 <)

< Coe @+ 3 P{n R (Ingt]) 2 wo(@) + £/4)

1<k<M

b 30 Pl el — ) 2 00T ) 45}

1<k<M

In the final bound, all terms vanish as n — oo by (9.15) and (9.13), and the number of terms
is fixed. We have shown

lim P {n~'h}([nz]) > ¥(z,t) +e} =0. (9.72)

n—oo

Together with (9.68) this concludes the proof of Theorem 9.4.

9.5.3 Proof of Theorem 9.5

The Lipschitz continuity of the function ¢ on R® x [0, 00) can be seen either from the Hopf-
Lax formula (9.17), or from the properties of the interface process. To take the latter route,
bounds (9.58) on the spatial variation, and the temporal bounds

ho(w) > hy(u) > hy(u) — Ny(s,t] for s <t and u € Z% (9.73)

imply
d
[, t) = (y, $)| < D Kilwi — il + [t = s]. (9.74)

i=1
By Rademacher’s Theorem (Section 3.1 in [15]), v is differentiable Lebesgue almost ev-
erywhere on R? x [0,00). Then by Lemma A.32 the partial differential equation (9.20) is
satisfied at points of differentiability.

To derive properties of the velocity f, we start with an upper bound on the limiting
shape g(z) from Lemma 9.12.
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Lemma 9.18 Let s > 1 be defined by I(s) =log(2d + 1). Then g(0) < —1/(2s).

Proof. Let s; > s and r = 1/(2s1). Then n = 2rns; > 2[rnl]s;. Take (u,h) = (0, —[nr])
in Lemma 9.12 so that M = 2[nr]. Then

P{£.(0) > =[nr]} < P{T(0, =[nr]) > n} < exp {—2[nr] (I(s1) —log(2d + 1))} .

By Borel-Cantelli n71,(0) < —n~![nr] for all large enough n, almost surely. Consequently
g(0) < —r. Let r /1/(2s). 1K

We prove some properties of the concave conjugate of g defined by
fp) = inf {p-2—g(x)} for p=(pr,....pa) € R" (9.75)

Recall that V =[], [0, K, is the set of admissible gradients of macroscopic, deterministic
height functions.

Proposition 9.19 OQutside V', f is identically —oo. On V', f is continuous and concave.
f =0 on the boundary of V, and 0 < f <1 in the interior of V.

Proof. Let p ¢ V. For some i, either p; < 0 or p; > K;. In the former case take x = «e;
n (9.75), in the latter take x = —ae;, and let o oco. This shows f(p) = —o0.
Since g(x) is bounded above by the initial interface,

Ki(z; NO) <p-x

HM&

for all z and any p € V. This gives f(p) > 0 for p € V. To get f = 0 on the boundary of V,
take x = e; in (9.75) if p; =0, and = = —e; if p; = K;. In both cases f(p) < 0 results.
Concavity of f follows from its definition as an infimum of affine functions.
We argue the continuity of f on V. Suppose p/ — p in V. The infimum in (9.75) is
achieved by Lemma 9.14, so we may pick x so that f(p) = p-x — g(x). Then

limsup f(p’) <limsup{p’ -z —g(z)} = p- 2 —g(x) = f(p).

J—0o0 Jj—00

Suppose some sequence p/ — p satisfies f(p’) — f(p) —d for some § > 0. Then p cannot
be on the boundary of V, and neither can p’ for large enough j. Find M on the boundary
of V' such that

pP=ap+(1—a)V
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for some o/ € (0,1). Then p’ — N = o’ (p— M), and by the triangle inequality (for any norm
-| on R%)

lp=N|<lp=p |+ =N|=lp—p[+p=N|
As j — oo, |p— p?’| — 0 while |p — M| is bounded below by the positive distance of p to the
boundary of V. Then necessarily o/ — 1. By the concavity of f,

F(p') = o f(p) + (1 = o) f(N) = o f(p).

From this and o/ — 1 follows liminf; ... f(p’) > f(p). We have shown that f is continuous
on V.
The height variable £(0) advances downward at rate at most 1, hence g(0) > —1. This

gives f(p) < —g(0) < L.

Finally we show f > 0 on the interior of V. It suffices to show the existence of one
point p such that f(p) > 0. Such a point p must lie in the interior of V' because elsewhere
f <0. If p/ is any other interior point we can find a point p” on the boundary of V' so that
P =ap+ (1 —a)p” for some a € (0,1). By concavity

F) = af(p)+ (1 —a)f(p") = af(p) > 0.

For the final argument we use a separation theorem from functional analysis. By the
concavity and continuity of g,

G={(r,r) eR*xR:r < g(z)}

is a convex, open set. The point (0, ¢(0)) lies outside G, so there exists a separating linear
functional on R¥*!. In other words, there exists a pair (y,c) € R? x R such that

y-04+cg(0)>y-x+cr

for all (z,7) € G. (See for example Theorem 3.4 in [32].) Taking z = 0 and r < g(0) shows
that ¢ > 0. Letting r /" g(z) gives

cg(0) >y - x + cg(z)

for all z. Taking x = ae; for a > 1 gives 0 > ¢g(0) > ay; which shows y; < 0. Set p = —cly.

Then for all z,

p-x—g(r) = —g(0),
which gives f(p) > —g(0). So in fact for this p we have f(p) = —g(0) which is strictly
positive by Lemma 9.18.

165



We have checked all the properties. B

Instead of appealing to a separation theorem in the last proof, we could have appealed
to some convex analysis. By Theorem 23.4 in [31], g possesses at least one subgradient p at
x = 0. This means that for all x,

g(z) < g(0) +p-z,

which is exactly what we found above.
Next we prove the symmetry property of the velocity. This completes the proof of
Theorem 9.5.

Proposition 9.20 Let I be a subset of {1,...,d}, and assume p,p € V satisfy
pi=p; fori ¢ I and p; = K; — p; fori € I.

Then f(p) = f(p)-
Proof. Define a bijection S on Z? by

— Wqg, » [
(Su); = { wete
w, ¢l

Define a random initial height function hg as in Example 9.7 for slope p. Define ﬁo by

ho(u) = ho(Su) + > Kjuj.

Jjel

Check that 7L0 € H. Let the process ﬁt obey Poisson clocks {’]N;} where ’ZN; = Tgu.
We claim that N
he(u) = hy(Su) + Y Kju, (9.76)
jEI

for all £ > 0. We have arranged for it to hold at time ¢ = 0. By the percolation argument
mentioned in Section 9.1 it suffices to observe that height variables h,(u) and h,(Su) always
jump together. Their jump attempts are synchronized and happen at the jump times of
7., = Ts,. The claim is then proved by checking that if (9.76) holds, then h(u) is allowed to
jump iff ﬁ(Su) is allowed to jump. In other words, that

h(u) > h(u—e;)+1and h(u) > h(u+e) — K;+1for 1 <i<d
ifft
h(Su) > h(Su —e¢;) + 1 and h(Su) > h(Su+¢€;) — K; + 1 for 1 <i <d.
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We leave these details for the reader.
The initial heights satisfy

n"‘ho([nz]) — p- and  n ' ho([nz]) — -z
For 1y(z) = p - x, the Hopf-Lax formula gives
P(0,1) =supip-y +g(=y)} = —inflp o —g(x)} = =/(p) (9.77)
Similarly for p. Divide by ¢ in (9.76) and let t — oco. Theorem 9.4 gives the limits
—f(p) = lim t~"hy(0) = lim ¢'7(0) = —f ().

9.5.4 Proof of Theorem 9.6

Recall the definition (9.22) of the event B. Let F; be the filtration generated by the initial
profile hg and the Poisson processes up to time ¢.

Lemma 9.21 Assume ho(0) has finite mean. Then the process
¢
0

1s a martingale with respect to the filtration F.

Proof. Integrability of M, is guaranteed because |h;(0)—ho(0)| is stochastically dominated
by a mean ¢ Poisson random variable.

As before, N,(s,t] denotes the number of jump times in Poisson process 7, during time
interval (s,t|. Consider first a small time interval (s, s + §]. The height variable A(0) jumps
downward at some time t € (s,s + ] if t € 7y and h,— € B. If there are no other jumps in
7o U Ty, during (s,s + d], then h,_ € B implies hy, € B. Define the event

A= { Z Nu(s,s+ 9] 22}.
uef{0,te;}
Write first
hs15(0) = hs(0)

= (hs15(0) — hy(0)) - 1{No(s,s + 6] =1, Ni,(s,5+ 6] =0for 1 <i < d}
+ (hsts(0) — hs(0)) - 14

= —1{hs € B} - 1{Ny(s,s + 6] =1, Ny, (s,s+ 6] =0for 1 <i < d}
+ (hors(0) — hs(0)) - 14
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The total number of jumps in the rate 2d + 1 Poisson process 7y U 75, during (s, s + 4] is
an upper bound on |hsy5(0) — hs(0)], and consequently

B[(he3(0) = ha(0)) - 14| 7]
k=2 u€{0,+e;}
o —(2d+1)6 k gk
DI <,€2,d+ D0 (2 4 126,
k=2 :
As
P{No(s,s +06] =1, Neo.(s,s+6] =0 for 1 <i < d|F,} = de D,

the random variable
Ry si5 = E[hs5(0) — hy(0)| F] + de~ 41 {h, € B}

satisfies the inequality |Rs 5] < (2d 4 1)%6°.
Given s < t, let m be a positive integer, 6 = =2 and s; = s+ for i =0,...,m.
m—1
E[h(0) — hy(0)|F,] = E { Z E(hs,,,(0) = hy, (0)|Fy,) fs}
i=0
m—1

m—1
— FE [_e—(2d+1)65 Z 1{h,, € B}‘fs:| +FE [ Z R, 51
i=0

=0
7]

— BE[e=®"95(1{h,, € B} — 1{h,, € B})|F] + E [ > R,

/)

t m—1

= E{_€(2d+1)5/ Z Hhy,,, € B}, ...(5)ds
s =0

The last sum satisfies

m—1
R,
=0

m(2d +1)26* = (2d + 1)*(t — s)*>m ™.

3Si4+l —

Let m " oo, so that simultaneously 0 \, 0. The error terms vanish in the limit. By the
right-continuity of paths,

t m—1

t
/ > 1{hy,, € BH (s, () ds — / 1{h, € B} ds
S =0 S
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almost surely. Thus we obtain

E[ht(()) — hy(0) + /: 1{h, € B} ds

This is the same as the conclusion of the lemma. N

7| =0

Lemma 9.22 Assume E[ho(0)?] < oo, and let M, be the martingale of Lemma 9.21. Then
the process

t
Ly = M? — / 1{h, € B}ds
0
1s a martingale with respect to the filtration F;.

Proof. The square integrability of M; is guaranteed by the hypothesis E[hy(0)?] < oc.
As in the previous proof, we begin by considering a small time increment. Abbreviate

v(s) = 1{hs € B}.

2
B[Ms = MJ|F] = B[(Mors - M) If]
= 5[ (hes) -0 - [a0yar) |
s+4
= B[{huss(0) = 10)'| 7] - {( o0 = m(0) [ () 7
ol </ 1) I

Consider the last three terms. Since 0 < v(r) < 1, the last term is at most 42 in absolute
value. Same is true for the second, since h(0) is nonincreasing with time:

‘FS
s+5:|
< —20F[hgy5(0) — hy(0)| F] = 26E { / y(r) dr
All the contribution comes from the first of the three.
E[(hsrs(0) — hy(0))°|F]
= E[(hsy5(0) — hs(0))” - 1{No(s, 5 + 8] < 1}|F]
+ E[(hers(0) = he(0))* - 1{No(s, s + 0] > 2}| F,]
= —E[(h5+5(0) - hS(O)) ' 1{N0(S’ 5+ 5] < 1}|Fs} (978)
+ E[(heys5(0) — ho(0))* - 1{No(s, s + 6] > 2}| 7). (9.79)

s+0

0< —2F l (hsxs(0) — hy(0)) ~(r) dr

S

fs} < 262

169



In the last equality we simply noted that m? = —m if m = 0 or —1. Term (9.79) is an error
term, bounded as follows:

E[(hsys(0) — hy(0))” - 1{No(s, 5 + 8] > 2}|F,] < i/ﬁ : e_kﬁ < 26%.
The main term (9.78) satisfies
= B[ (hs15(0) = hs(0)) - 1{No(s, s + 6] < 1}| 7]
= —FE[hs+5(0) = hs(0)| F] + E[(hsrs(0) — hg(0)) - 1{No(s, s + 6] > 2}|F]

- E{/SS+67(T) dr

Putting all these estimates together gives

]-"8} + (a term at most 6% in absolute value).

s+0
'E[Mf+5 — M? —/ y(r)dr < 662

7]

Given s < t, let again t — s = md and add up the error terms over the m subintervals of
length 0, to get the estimate

6(t — s)?

t
‘E{Mf—Mf—/ ~(r)dr < 6md? <

7]

Letting m — oo completes the proof. N

Lemma 9.23 Under the assumptions of Lemmas 9.21 and 9.22, t=*M; — 0 almost surely.

Proof. Let t;, = k3/2. First we use Borel-Cantelli to show convergence along the subse-
quence tg. Let € > 0. As before, v(s) = 1{hs; € B}.

ty
P(|My,| > ety) <e*6°E[M} ] = 5—2t;2E{Ltk +/ (s) ds}
0

ty
=2 ?FELy + 8_215,;2/ Ev(s)ds < Ct.*,
0

for a constant C'. Above we used the martingale property of L;, and then
ELy = E[MZ] = E[ho(0)%] < cc.
Since Y _t, ' < oo and this argument works for any ¢ > 0, Borel-Cantelli implies ¢, ' M;, — 0.
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It remains to fill in the ¢-values between the points ¢;. Suppose t, < t < ;1. By the
monotonicity of ¢t — h;(0) and the bounds 0 < 7(s) < 1,

tri1 t
@)+ [ (5)ds = (tras 1) < h0) + [ 9(5)ds = b,
0 0
ti
S htk (0) + / ’Y(S) ds + (tk:—H — tk).
0
The choice t;, = k*? has the properties t;;1/t; — 1 and (tg41 — t)/tr — 0. Hence dividing
by t above and letting ¢ — oo gives the conclusion. N

We complete the proof of Theorem 9.6. For ¢y(z) = p - x, the Hopf-Lax formula gives

¥(0,1) = —f(p) as already seen in (9.77). By Lemma 9.23,

t
t~1he(0) + t_l/ 1{hs; € B}ds — 0 in probability, as t — oo.
0

By Theorem 9.4 and the assumptions made in Theorem 9.6,

t7'he(0) — 9(0,1) = = f(p)

in probability. Consequently
t
tl/ 1{hs € B}ds — f(p)
0

in probability. The random variable ¢~} fot 1{hs € B} ds is bounded uniformly over ¢, so by
dominated convergence we also have

t
t—1/ P{h, € B}ds — f(p).
0
This completes the proof of Theorem 9.6.

9.5.5 Proof of Theorem 9.8

Let u = 9 be the function defined by the Hopf-Lax formula (9.17). Let f be an extension
of f to a continuous function on all of R%. We apply Ishii’s uniqueness result stated as
Theorem A.33 in Section A.12 in the Appendix. It suffices to show that for any continuously
differentiable ¢ on R? x (0,00), inequality (9.25) holds if u — ¢ has a local maximum at
(z0,t0), and inequality (9.26) holds if u — ¢ has a local minimum at (z¢,t), with F = f.
We begin by showing that such a ¢ has V¢(zg,t0) € V, so f(Vé(xo,t0)) = f(Vo(xo,t0)).
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Lemma 9.24 Suppose u — ¢ has either a local mazimum or a local minimum at (zo,ty) €
R? x (0,00). Then
—1 < ¢i(wo,t0) <0 and V(g to) € V.

Proof. We go through the case of a local maximum and leave the other case to the reader.
The assumption is that for some neighborhood B of (zg,t) in R x (0, c0),

u(zo, to) — P(xo, to) > u(z,t) — ¢(x,t)
for (z,t) € B. We use this in the form
u(z,t) — u(zo, to) < oz, t) — d(x0,to)-
Thus for small enough h > 0, by the Lipschitz bounds on the increments of wu,
0 < u(xo+ he;, tg) — u(xo, to) < @(xg + he;, to) — ¢(xo, to)

and
—K;h < u(zg — hei, to) — u(wo, to) < ¢(xo — hei, to) — d(xo, to).

These inequalities imply 0 < ¢, (xo, tg) < K;. For the time increment,
0 < u(wo,to — he;) — u(xo, to) < d(xo,to — hei) — ¢(wo, to)

and
—h < u(xg,to + he;) — u(zo, to) < d(zo,to + he;) — d(zo, o).

These inequalities imply 0 > ¢;(zo,%0) > —1. B

The statement 0 > ¢;(xo,%9) > —1 is not needed. It was included only to make the
lemma complete. In the next two lemmas we check the defining inequalities of the viscosity
solution for w.

Lemma 9.25 Suppose u — ¢ has a local mazimum at (xg,ty). Then

Gi(0,to) + f(Vo(zo, t0)) < 0.
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Proof. For small 0 < h < tg, pick a point z = z(h) € R? such that |z|; < 1 and
u(zo, to) = u(xog — hz,tg — h) + hg(z).

The existence of such z follows from the semigroup property of the Hopf-Lax formula (Lemma
A.31 in Section A.12 in the Appendix) and the fact that in our case the supremum in the
Hopf-Lax formula is always attained by a suitably bounded z (Lemma 9.14). Combining
this with the local maximum,

U(ZEO — hZ,t() — h) + hg(Z) — gb(xo, to) = U(Zﬁo, to) — ¢(I0, tg)
> u(xg — hz,tg — h) — ¢(xg — hz,tg — h)

for small enough h. From this
0 > ¢(xo,to) — P(xg — hz,tg — h) — hg(z).
Define a path 7 : [0,1] — R? x (0, 00) by
r(s) = (w0 — (1 — s)hz,to — (1 — s)h). (9.80)
Then by the presumed continuous differentiablity of ¢,
Yrd
02 [ {aLotrls)) ~ o)y ds = [ alrls) + Volr(s) =~ o(2)} s
> h/ [64r()) + F(Vo(r(s))) } ds.

For the last inequality we used the concave duality (9.19) of f and g. Divide away the factor
h from the front. Let h — 0, and note that r(s) — (xg,tp) for all 0 < s < 1. Use continuity
of the integrand and dominated converge to conclude that

0> ¢y(wo,to) + f(V(wo, to)).

Lemma 9.26 Suppose u — ¢ has a local minimum at (xg,ty). Then

du(xo,to) + f(Vo(zo,t0)) > 0.

173



Proof. To get a contradiction, suppose there exists # > 0 such that

di(zo, to) + f(Vd(zo,t0)) < =38 < 0.
By the concave duality (9.19), it is possible to find z € R? such that

o1(xo, to) + Vo(xo, to) - 2 — g(z) < =20.

By the continuous differentiability, there exists a neighborhood B of (,%p) in R¢ x (0, 00)
such that

bi(x,t) + Vo(x,t) -2 —g(z) < —f

for (z,t) € B.

Define the path r(s) as in (9.80) in the previous proof, and repeat the integration step.
Take h small enough so that r(s) € B, and note that by the semigroup property of the
Hopf-Lax formula,

u(zxo, to) > u(xg — hz,tg — h) + hg(2).

Putting all this together gives

¢(wo,to) — ¢(wo — hz,to — h) = h/ol{ﬁbt(r(s)) +Vo(r(s)) -z} ds
< hg(z) — Bh < u(xo, ty) — u(xg — hz,to — h) — Bh.
Rearranging this gives
u(xo, to) — ¢(wo, to) > u(xg — hz,to — h) — ¢(xg — hz,tg — h) + Bh
for all small enough h > 0. Thus (z¢,?y) cannot be a local minimum. M0

We have shown that u satisfies the properties of a uniformly continuous viscosity solution
of (9.27). By Ishii’s uniqueness theorem A.33, Theorem 9.8 is proved.

Notes

Variational approach

The variational approach to exclusion processes and the related height processes was intro-
duced in articles [35], [34], and [37]. The approach works for admissible height functions
somewhat more complicated than the one described in Section 9.1. For example, one can
take a function ¢ : Z? — Z, such that o(0) = 0, and define the state space H of height
functions by

H={h:Z°—Z:h(v)—h(u) < o(v—u)}.
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This type of example was treated in [30]. It is also possible to permit the height values, or
the exclusion particles, to jump more than one step at a time. Such an example appears in
[38]. Examples where the rates of the Poisson clocks are inhomogeneous in space or random
appear in [30], [37], [42], and [39]. The approach does not seem to work when jumps in both
directions are permitted, or when the rate of jumping is a more general function of the local
configuration.

The pathwise variational property can be formulated as a linear mapping in max—plus
algebra (unpublished work of I. Grigorescu and M. Kang).

In addition to exclusion processes and related height processes, the variational approach
has been successfully used in connection with Hammersley’s process. This process describes
the totally asymmetric evolution of point particles on the real line. Its variational represen-
tation involves the increasing sequences model on planar Poisson points. The idea for this
process appeared in Hammersley’s classic paper [20]. Aldous and Diaconis [1] defined the
process on the infinite line. Properties of this process have been investigated in papers [33],
[36], [40], and [41]. A review of the connection between Hammersley’s process and increasing
sequences appeared in [19], and of the wider mathematical context in [2].

In addition to Evans’s textbook [14], another excellent reference on conservation laws is
25].

Exercise 9.1 Prove the attractivity lemma 9.1.

Exercise 9.2 Multidimensional increment process. Formulate an increment process for the
multidimensional height process h; : Z% — Z for d > 2. For example, one could set n(u,i) =
h(u) — h(u — e;), and define the state as n = (n(u,i) : u € Z%,1 <i < d). What is the state
space? Observe that not all configurations n can represent increments because

(h(u) — h(u—€)) + (h(u — &) — h(u — e; — ¢;))
= (h(u) — h(u —¢;)) + (h(u —€;) — h(u — e; — €;)).

What is the jump rule for the 7, process?
No examples of translation-invariant equilibrium distributions for such increment pro-
cesses are known in more than one dimension.

Exercise 9.3 Riemann solution. Compute the evolution of the simplest shock profile. Take
d=land K =1 Let 0< A< p<1,and

Volw) = {)\x, <0

pxr, x>0.
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Compute 9(z,t) from the Hopf-Lax formula (9.17) with g given by (9.39). Differentiate to
find the macroscopic particle density p(z,t). You will find that the shock travels at speed

N1
A—p

Exercise 9.4 Shock profiles from smooth profiles. With 0 < A < p < 1 as in Exercise 9.3,
let up be an arbitrary smooth function such that ug(x) = Az for z < —1 and ug(x) = px for
x > 1. Let u(x,t) be the solution from the Hopf-Lax formula. Show that after some time
To, u(x,t) = (x,t) where ¢ is the solution calculated in Exercise 9.3.

Exercise 9.5 Rarefaction fan. Repeat Exercise 9.3 with A > p. What you see now is called
a rarefaction fan.
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A Appendix

This section is a collection of material from analysis and probability. Some definitions and
terminology are included as a reminder to the reader. We state some important theorems
whose proof is outside the scope of the text, such as Choquet’s and de Finetti’s theorems.
And we prove some technical lemmas that are used in the text.

A.1 Basic measure theory and probability

The fundamental mathematical object in probability theory is the probability space (Q, F, P),
which models a random experiment or collection of experiments. The sample space € is the
set of all possible outcomes of the experiment, F is a o-algebra of events, and P is a prob-
ability measure on F. A o-algebra is a collection of subsets of the space that satisfies these
axioms:

(1)) € Fand Q € F.

(2) If A e F, then A° € F.

(3) If Aj € Ffor j=1,2,3,... then U, A; € F.
The axioms for the probability measure P are these:

(1) 0<P(A) <1lforall Ae F, P(}) =0 and P(Q2) = 1.

(2) If Aj € Ffor j=1,2,3,..., AN A; =) whenever ¢ # j, and A = U2, A;, then

P(A) = ZP(Aj).

More generally, a measure i is a [0, co]-valued function on a o-algebra that satisfies () = 0
and the countable additivity axiom (2) above.

For any collection A of subsets of a space €2, the o-algebra o(A) generated by A is by
definition the intersection of all the o-algebras that contain A. It is the smallest o-algebra
that contains A.

Let 2 be an arbitrary space, and £ and P collections of subsets of €2. P is a w-system if
it is closed under intersections, in other words if A, B € P, then AN B € P. L is a A-system
if it has the following three properties:

(1) Qe L.

(2) If A\ Be L and AC B then B\ A€ L.

(B)If{A,:1<n<oo} CLand A, / Athen A € L.

Theorem A.1 (Dynkin’s m-\-theorem) If P is a w-system and L is a \-system that contains
P, then L contains the o-algebra o(P) generated by P.
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For a proof, see the Appendix in [11].

Exercise A.1 A collection A of subsets of Q is an algebra if Q € A, A° € A whenever
Ae A, and AUB € A whenever A € A and B € A. Suppose P is a probability measure on
the o-algebra o(A) generated by A. Show that for every B € o(A) and € > 0 there exists
A € A such that P(AAB) < e. The operation A is the symmetric difference defined by
AAB = (AN B)U (B N\ A).

A.2 Metric spaces

A metric on a space Y is a distance function p that has these properties for all x,y,z € Y

(1) 0<p(x,y) <oo,and p(r,y) =0iff v =y
(2)  plzy) =ply,x)  (symmetry)
(3) plz,y) < plz, z) + p(z,v) (triangle inequality).

Convergence of a sequence {x,} to a point x in ¥ means that the distance vanishes in the
limit: z,, — x if p(z,,x) — 0. {z,} is a Cauchy sequence if sup,,~,, p(Tm, x,) — 0 as n — oo.
Completeness of a metric space means that every Cauchy sequence in the space has a limit
in the space. A countable set {yx} is dense in Y if for every x € Y and every € > 0, there
exists a k such that p(x,yx) < €. Y is a separable metric space if it has a countable dense
set. A complete, separable metric space is called a Polish space.

The open ball of radius r centered at z is

B(z,r)={y €Y : p(x,y) <r}.

A set G C Y is open if every point in G has an open ball around it that lies in G. The
collection of open sets is called a topology. A topology is a more fundamental notion than a
metric. A metric is just one of many ways of specifying a topology (in other words, a class
of open sets) on a space.

If two metrics p; and py on Y determine the same open sets, they share many properties.
For example, they have the same convergent sequences, and the same dense sets. Complete-
ness is an important counterexample to this, for it is a property of the metric and not of the
topology. For example, on Y = [1, 00) the metrics py(z,y) = |[x—y| and pa(z,y) = [z7 -y}
have the same open sets, but p; is complete while ps is not.

The Borel o-algebra B(Y) is the smallest o-algebra on Y that contains all the open sets.
Elements of B(Y') are Borel sets, and measures defined on B(Y') are Borel measures.

The Cartesian product Y" =Y X Y x .-+ X Y is a metric space with metric p(x,y) =
> p(xi,y;) defined for vectors x = (z1,...,2,) and y = (y1,...,9,) in Y. Y™ has its
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own Borel og-algebra B(Y™), but also the product o-algebra B(Y)®". Since the projections
x +— x; are continuous, B(Y™) always contains B(Y)®". If Y is separable, then we have
equality B(Y™) = B(Y)®". This fact extends to the countably infinite product space YN of
sequences X = (;)1<i<oo, Mmetrized by

p(x,y) = Z 27" (p(zi, yi) A1)

If Y is compact, then so is YN. This is a consequence of the much more general theorem
of Tychonoff (Section 4.6 in [17]). In metric spaces compactness is equivalent to sequential
compactness, which requires that every sequence has a convergent subsequence. This latter
property can be verified relatively easily for YN. Given a sequence {x"} in YN, each coordi-
nate sequence {z!'} lies in the compact space Y. The familiar diagonal argument constructs
a subsequence {x"#} along which each coordinate sequence converges: z;* — x; as k — o0.
This coordinatewise convergence is equivalent to p(x™,x) — 0.

A.2.1 Weak topology on probability measures

Let M;(Y") the space of Borel probability measures on Y, and C,(Y") the space of bounded
continuous functions on Y. The e-neighborhood of a set A C Y is by definition

A® ={zeY :plx,y) < e for some y € A}.
The Prohorov metric on My(Y') is defined by
r(pu,v) = inf{e > 0: v(F) < u(F©)) + ¢ for every closed set F' C Y}. (A1)

Convergence under the Prohorov metric is the familiar weak convergence of probability mea-
sures:

r(pon, 1) — 0 iff /fdun — /fd,u for all f € Cy(Y).

It is important to know that if Y is a complete separable metric space, then so is M;(Y’), and
if Y is compact, so is M;(Y). The Borel o-algebra B(M;(Y)) on the space of probability
measures is the same as the o-algebra generated by the maps p +— p(A) as A varies over
Borel subsets of Y.

A key fact about the weak topology of probability measures on a Polish space Y is that
aset U C M;(Y) is relatively compact iff it is tight, which means that for every € > 0 there
exists a compact set K C Y such that inf,cp p(K) > 1 —e.
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A.2.2 Skorokhod topology on path space

Let Dy be the space of functions w : [0,00) — Y that are right-continuous and have left
limits everywhere. Right-continuity at ¢ means that w(s) — w(t) as s approaches t from
above. The existence of a left limit at ¢ means that a point w(t—) € Y exists such that
w(s) — w(t—) as s approaches t from below. These properties are required to hold at each
t > 0. Path w has a jump at ¢ if p(w(t),w(t—)) > 0, and then this quantity is the magnitude
of the jump. There cannot be too many large jumps in any bounded interval. Namely, for
any € > 0 and 0 < T < o0,

a path w can have only finitely many jumps A9

of magnitude at least € in time interval [0, 7). (A.2)
The reason is that any accumulation point ¢ of such jumps would fail either right-continuity
or the existence of the left limit.

This is the path space for stochastic processes whose paths are not continuous in time, but
are right-continuous, so for example for continuous-time Markov chains and for interacting
particle systems.

Dy has a metric defined as follows. Assume that the metric on Y satisfies p(z,y) < 1.
This is not a restriction because we can replace the metric p with p(x,y) A 1. Let A be the
collection of strictly increasing, bijective Lipschitz functions A : [0,00) — [0, 00) that satisfy

Als) = A®)

s—t

log

v(A) = sup < 0. (A.3)

s>t>0

For w,{ € Dy, A € A and 0 < u < oo set
s(w, ¢, A u) = sup p (w(t Au), ((A() Au)),

>0

and finally the Skorokhod distance between w and ( is

5w, ) = inf {7()\) v /OOO e s(w, €\, ) du} | (A4)

AEA

Two paths are close in this topology if, on any bounded time interval, they are uniformly
close after a small distortion A of the time axis aligns their large jumps. On the subspace
of continuous functions, convergence in the s-metric is the same as uniform convergence on
compact intervals. Here is a useful characterization of convergence under this metric.

Lemma A.2 Convergence s(wy,,w) — 0 is equivalent to the existence of A\, € A such that
Y(An) — 0 and
sup p(wn(t),w(Aa(t))) — 0 (A.5)

0<t<T
for all 0 < T < 0.
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Condition (A.5) can be equivalently replaced by
sup p(wy(An(t)),w(t)) — 0. (A.6)
0<t<T

The condition y(A,) — 0 implies that the derivative X/, converges to 1 uniformly (), is
a.e. differentiable by Lipschitz continuity), and that A, converges to the identity function
uniformly on compact intervals. Note that A, € A entails A, (0) = 0.

The coordinate mappings w — w(t) are not continuous on Dy but they are Borel measur-
able. If Y is a separable metric space, the Borel g-algebra B(Dy ) is the same as the o-algebra
F generated by the coordinate mappings. If Y is a Polish space, then so is Dy. Exercise
A.2 below implies that the function (w,t) — w(t) is jointly measurable on Dy X [0, c0). This
is useful for example for concluding that integrals of the type f(f g(w(s)) ds are measurable
functions of a path w.

Next we state a compactness criterion for a sequence of probability measures on Dy-. This
comes in terms of the following modulus of continuity. For ( € Dy, d > 0, and 0 < T < oo,

w'(¢,0,T) = gl{ sup{p(¢(s),¢(t)) : s,t € [t;—1,t;) for some i}

where the infimum is over finite partitions 0 =ty < t; < --- < t,_1 < T < t,, that satisfy
ming<;<,(t; — t;i—1) > 6. Note the elementary but important property that

limw'(¢,0,T) =0 for any fixed ( € Dy and 0 < T < oo. (A7)

6—0

To check this, fix N > 0, define 7¥ = 0, and inductively

Tliv = inf{s > 71<];V—1 : P(C(s)»C(Té\il)) > 1/N}-

By right-continuity 7 > 7Y, and by the existence of left limits, 7 " oo as k /" co. Pick

n so that 7V > T, and let
§ < min (7 — 7).
1§k§n(7-k: Ti1)

Then {7 }o<x<n is an admissible partition in the infimum in the definition of w'((,d,T),
and we conclude that w'(¢,0,T) < N~%.
As a byproduct we get the useful fact that

a path ¢ € Dy is bounded in a bounded time interval [0, 7). (A.8)

Boundedness in an abstract metric space means that the path {{(t) : 0 <t < T'} lies inside
a large enough ball. This follows because by the choice of n above,

Oiltlpr(C(O), (1) < Jnax p(¢(0),¢(7)) +1/N.

Here is a compactness criterion.
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Theorem A.3 Let (Y, p) be a complete, separable metric space, and let {Q"} be a sequence
of probability measures on Dy. Then {Q"} is tight iff these two conditions hold.
(i) For every e > 0 and t > 0, there ezists a compact set K C'Y such that

limsup Q"{C : ((t) € K} <e.

n—oo

(ii) For every e >0 and 0 <T < oo there exists a 6 > 0 such that

limsup Q" {C : w'(¢,0,T) > e} <e.

n—oo

Much used references for the weak topology and D-space are [3] and [13]. Lemma A.2 is
part of Proposition 5.2 on p. 119 in [13], and Theorem A.3 is Corollary 7.4 on p. 129 in [13].

Exercise A.2 Suppose Z is a measurable space, and a function f : Zx[0,00) — R has these
properties: x — f(x,t) is measurable for each fixed t, and t — f(x,t) is right-continuous for
each fixed x. Show that f is jointly measurable, by considering

ful, ) = f(2,0) - 1oyt +Zf 2, k27 - 1 ((ory2-n 2 (1)

A.3 Ordering among configurations and measures

Let W be a compact subset of R and S a countable set. A partial order between config-
urations 1,{ € X = W¥ is defined by n > ¢ iff n(z) > ((z) for all z € S. A continuous
function f on X is increasing if f(n) > f(¢) whenever n > (. In terms of such functions we
can define an order among probability measures. For probability measures u, v on X let us

say pu > v if
[tan= [ rav

for all increasing continuous functions f. Ordering between measures turns out to be equiv-
alent to a coupling property.

Theorem A.4 (Strassen’s Theorem) Let p and v be probability measures on X. Then p > v
iff there exists a probability measure QQ on X x X with these properties: Q(A x X) = p(A)
and Q(X x B) = v(B) for all measurable sets A, B C X, and Q{(n,{) :n >} =1.
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The ‘if’ part of the theorem is immediate, but the other direction is not so easy. We
actually do not need the hard part of the theorem if we take as definition of y > v the
existence of the coupling measure ). A proof of the theorem can be found in Section II.2 of
[27].

Next some properties of the order relation.

Lemma A.5 Suppose > v and for all x € S,

[ nta) ) = [ ) vian).

Then = v.
In particular, this conclusion follows from having both > v and v > p.

Proof. Let @ be the coupling measure. Then for all z, Q{n(x) > {(x)} =1 but

[0te) = @) Qan.ac) = [ nte) i)~ [ ¢ty vide) =o.

It follows that n(z) = ((z) @Q-almost surely. Since S is countable, then Q{n = (} =1 and
equality of the marginal distributions p and v follows.
To verify the last statement of the lemma, just observe that © > v and v > u together

imply that [ n(z) u(dn) = [n(z)v(dn). B

Lemma A.6 Suppose {u,} is a monotone sequence of probability measures on X. Then the
weak limat p, — | exists.

Proof. By compactness of X, it suffices to show that any two weak limit points of the
sequence {1, } agree. So let ' and p” be two limit points. Fix a finite set {x1, 2, ..., 2} C
S of sites, and let

Fo(up,ug, ..o yum) = po{n(zy) <wug,n(ze) <ug,...,n(@m) < tp}

be the multivariate distribution functions of the marginal distributions of the u,’s on the
n(z1),n(z2), . ..,n(x,) coordinates. The function

f) = —1{n(x1) <up,n(ze) <z, () < U}

is increasing, so by the monotonicity assumption the limits

F(uy,ug,y ..., Uy) = lim F,(ug, ug, ..., Uy)

n—oo
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exist. For all but countably many vectors (uy, ug, ..., Up),
pn(z) = ui} = p{n(e2) = uo} = - = p{n(wn) = un}
= 1"{n(a1) = wi} = p'{n(az) = ue} = = p"{n(rm) = un} = 0.

It is a basic property of weak convergence v; — v of probablity measures that v;(A) — v(A)
for any Borel set A whose boundary 0 A satisfies v(0A) = 0. Hence for all vectors that satisfy
the above condition,

pn(ar) < upyn(es) < gy (@) < unb = Flug, s, ... )
= /J“”{T](xl) S Uy, 77@2) S U,y . .. an(xm) S um}

Since such vectors are dense, we have shown that p' and p” have identical marginal distri-
butions on any finite set of coordinates. Consequently p/ = p”. 1

Recall the definition of the Bernoulli measures v, from (4.15).

Lemma A.7 Let ji be a probability measure on X = {0,1}°. Suppose there exists a number
po € [0,1] such that v, < p for p < po and vy > p for X > pg. Then p = v,,.

Proof. For any finite set A C S, f(n) = 1{n =1 on A} is an increasing function. Thus
for p < po < A,

Pl =v,{n=1on A} < pu{n=1o0n A} <wvy{n=1o0n A} =\
Letting p /" po and A\ po gives u{n =1 on A} = pgAl. It is an exercise to verify that the
measure on sets of this type determines the entire measure on X. W

A.4 Translation invariance and ergodicity

The basic formulation of the pointwise ergodic theorem (Birkhoff’s ergodic theorem) is the
following. Let (£2,’H, P) be a probability space, and T" : Q — ) a measure-preserving
transformation. In other words, 7' is a measurable map on 2, and P(T'A) = P(A) for all
A € 'H. Let Jr be the g-algebra of T-invariant events:

Jr={AcH T A=A}

Tk =ToTo---oT denotes k-fold composition of T with itself.
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Theorem A.8 (Ergodic Theorem) Let f € L*(P). Then
1 n—1
lim = foT"=E[f|Jr]
k=0

P-almost surely and in L'(P).

If T is invertible with a measurable inverse, then the limits for 7" and 7~! are the same:
1 n—1 1 n—1
lim = foT ™" =E[f|Jr—]=E[f|Jr]=lim > foT" (A.9)
k=0 k=0

The reason is that Jr = Jr-1, as can be checked directly from the definition.

The setting where we apply these notions is that of spatial translations or shifts. Let
W be a Polish space, d > 1 an integer, and X = WZ* the product space of configurations
or functions n : Z¢ — W. X is a Polish space under the product metric, and B(X) is its
Borel g-algebra, also the product o-algebra generated by coordinate mappings. Translations
are invertible, continuous maps 6, defined on X by 0,n(y) = n(z +y) for all z,y € Z¢ and
n € X. They form a group © = {0, : x € Z¢}. A probability measure 1 on X is translation
invariant if p(0;1A) = u(A) for all x € Z¢ and A € B(X). We write S for the space of
translation invariant probability measures on X. It is a closed subset of the space M of
probability measures on X in the weak topology. If X is compact, then so are M; and S.

Let Jo be the sub-o-algebra of translation invariant events:

Jo={A€B(X):0;'A= Afor all x € Z¢}.

A measure p € S is ergodic if p(A) € {0,1} for all A € Jo. These definitions also apply to
the coordinate process {n(x) : x € Z?} defined on the probability space (X, B(X),u). The
process {n(x)} is stationary if the underlying measure is translation invariant, and ergodic
if the measure is ergodic.
Let Ay = [—k,k]? N Z? be the cube with (2k + 1)? sites, centered at the origin. The
multiparameter ergodic theorem states that for any u € S and f € L'(u),
1

l}LIgO ) x%\:k fobl,=FE"f|Jo]| both p-almost surely and in L'(u). (A.10)

If u is ergodic, the limit is the constant | fdu. A proof of this can be found in Chapter 14
of [18].

One can use the ergodic theorem to show that two translation invariant probability
measures coincide iff they agree on Jg. From this one deduces that a translation invariant
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probability measure is ergodic iff it is an extreme point of S. A measure u € S is an extreme
point if it cannot be written nontrivially as a convex combination of other elements of S.
S. denotes the set of extreme points of S, or equivalently, the set of ergodic probability
measures.

Next some basic facts used in the text.

Lemma A.9 Suppose U and V' are Polish spaces, Y = Uzd, Z = Vzd, W is an 1.1.d. product
measure on 'Y and v is an ergodic measure on Z. Let W =U x V. Then i = p® v is an
ergodic measure on X =Y X Z = w2z,

Proof. The (-section B¢ of a measurable set B C X is by definition
B*={neY:(n¢) eB} for(eZ.
Check that translations operate as follows:
(0,7 B)¢ = 0,7(B").

Let A be a translation invariant event on X. We need to show ji(A) = 0 or 1. Let ¢ = fi(A).
By Fubini’s theorem,

/Z H(AS) w(dC) = c.

By the translation invariance of p and A,
u(A%) = (071 [A%C]) = p([6; 1 AL) = p(AS).

Thus the function ¢ — u(A°) is invariant, and so by the ergodicity of v, u(AS) = c for
v-almost every (.

Given ¢ > 0, pick an event B C X such that i(AAB) < ¢ and B depends on only finitely
many coordinates (Exercise A.1). So for some finite set A C Z¢ and Borel set BC WA,

B ={(n.¢): (n,(n) € B}

where ny = (n(z) : @ € A) denotes the configuration restricted to A, and similarly for (4.
Fix x € Z% so that (A+x)NA = ). Then B and 0, B depend on disjoint sets of coordinates.
First observe that

A(A) ~ B(BN6;'B)| = [((ANG;A) — i(BN6;'B)|

! A
< B([ANG;PAJAIBNGB]) < MAAB) + (0, AN B) < 2z (A.11)
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For the steps above, the reader needs to check that in general for a measure p and any events,
p(G) — p(H)| < p(GAH)

and also that
(G1NGo)A(Hy N Hy) C (G1AH,) U (G AH,).

Next, by the product form and translation invariance of u,
H(E N B) = [ (B 010 B (d0) = [ (B 00, () w(dC)
— [ BB vid),
We already observed that p(A%) = u(A%%), so

(B u(B¢) = pu(A)?| = |pu(B)pu(B*<) — p(AS)p(A%9))]
[(BS) — (A | u(B%) + |pu(B*) — p(A%<)|pu(A°)

<
< W(ASABS) + (A AB™) = W([AAB)) + p([AAB)™).

For the last equality, the reader needs to check another property of the symmetric difference
operation A. By integrating over the above inequality, we get

‘ﬂ(BﬂG;lB) — /M(AC)ZV(dC)‘
_ ‘ [ <) 00y~ [ v
< [ BB~ u( A v1dc)

/ [L([AABE) + p([AABI*)] v(d)
— 24(AAB) < 2.

IN

Combine (A.11) with above to get

)~ [ a2 o) < e

This says |c — ¢?| < 4e, and since € > 0 was arbitrary, c=0or 1. N

Products of ergodic measures are not always ergodic. Here is an example.
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Exercise A.3 On X = {—1,1}%, define the configuration ¢ = ({(z) : * € Z) by ((z) =
(—=1)". Let p = 5(8¢ + dp,¢c). Show that p is ergodic but @ p is not.

Lemma A.10 Let p be a translation invariant probability measure on X = W2 Let g be
a measurable function from X into a Polish space U. Let Y = Uz Define a measurable
map G from X intoY by G(n)(z) = g(0.n), and a measure v on'Y by v = poG~t. Then v
1s translation invariant. If p is also ergodic, then so is v.

Proof. Check that G commutes with translations: 6,0G = Gof,. Then both conclusions
follow. First translation invariance of v:

v(0,'A) = p(GT10.1A) = p(0, G A) = u(GTHA) = v(A).

Then ergodicity: suppose A is an invariant event on Y. Then so is G714 on X, and if u is
ergodic, v(A) = p(G7'A) € {0,1}. N

This lemma is perhaps clearer in stochastic process terms. Define a U-valued process
{Y,} by Y, = g(6.n). Then {Y,} inherits stationarity (and ergodicity) from {n(x)}.

Lemma A.11 Suppose P is a translation invariant probability measure on X = {0,1}%
such that the all zero configuration n = 0 has zero P-probability. Let

Y =inf{z >1:n(x) =1}
be the position of the next value 1 to the right of the origin. Then E[n(0)Y] = 1.

Proof. A computation:

o0

ER(0)Y] = ; EP[n(0) =1, n(i) =0 (0 < i < k), n(k) = 1]
_ ::ip[nm) (i) =0 (0 < i < k), n(k) = 1]
_ f;kip[n(o) — 1, (i) =0(0<i<k), (k) =1]
_ igjp[m—j):l,n(i):w—j<z'<k—j>,n<k:—j>= |
= S Pl =1 ) =0 (- <i <0, w0 =1
- ;D:[}ogrzome m <0< n, n(m) =n(n) = 1]
= 1.
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The last equality comes from the assumption that there is a value 1 somewhere with proba-
bility 1. For then

1= lim Pln(z) =1 for some x < m| = lim P[n(x) =1 for some = > n]
by the convergence of probability along monotone sequences of events. But by stationarity
the probabilities above are equal for different n (and different m), hence in particular

Pln(z) =1 for some z < —1] = P[n(x) = 1 for some x > 0] = 1. |

Weak convergence preserves invariance under continuous mappings. For example, the
spatial shift v +— v o6 of a probability measure is weakly continuous. Consequently a weak
limit of translation invariant probability measures is itself translation invariant. But ergodic
measures do not form a weakly closed subset of probability measures, and consequently a
weak limit of ergodic processes may fail to be ergodic. Here is an example.

Exercise A.4 For 0 < a < 1, let P, be the distribution on {0, 1}% of the stationary Markov
chain with transition matrix
l—a «
a l—al

Show the weak convergence P, — P, as a — 0, and that here ergodic measures converge to
a nonergodic one.

The next theorem is Liggett’s version of Kingman’s subadditive ergodic theorem. A proof
can be found in Section 6.6 of [11].

Theorem A.12 Suppose a stochastic process { X, : 0 < m < n} satisfies these properties.
(a) X07m + Xm,n Z X07n.
(b) For each fized ¢, the process {Xn&(n_i_]_)é :n > 1} is stationary and ergodic.
(¢c) The distribution of the sequence { Xy, m+i : k > 1} is the same for all values of m.
(d) EXafl < o0, and v = inf, n ' EX,, > —oc0.
Then

1
lim —Xo, =7 almost surely and in L'.
n—oo N

Exercise A.5 Use a truncation argument to show that a process X, ,, that satisfies X, ,, >
0, Xo.n > Xo.m+Xmn, and assumptions (b) and (c) of Theorem A.12 satisfies lim,, o, n™* X ,,
v = sup,, n ' EX,,, without any moment assumptions, even if v = cc.

189



A.5 Integral representations

Some functional analytic terminology used in this section does not appear anywhere else in
the lectures. The reader who is not familiar with this area can simply accept Corollary A.14.

For any convex set K in a vector space, a point x € K is an extreme point if x cannot be
expressed as a convex combination of points from K in a nontrivial fashion. In other words,
x = Pz’ + (1 —F)z” for some 0 < B <1 and 2/,2" € K forces 2’ = 2" = x. We write K, for
the set of extreme points of K.

Theorem A.13 (Choquet’s Theorem) Suppose K is a metrizable compact convex subset of a
locally convex topological vector space X, and xo € K. Then there exists a Borel probability
measure v on K, that represents xq in the following sense: for every continuous linear
functional ¢ on X,

plao) = [ o) 2(do) (A12)

In the setting described in the theorem K, is a Gs-set (a countable intersection of open
sets), so in particular a Borel set. Thus it is not problematic to integrate over the set K.. A
short proof of Theorem A.13 can be found in [28]. Reading the proof requires knowledge of
the Hahn-Banach Theorem and the Rietz Representation Theorem.

The following corollary of Choquet’s theorem is used in several places in the text. Let
Y be a metric space, and M;(Y') the space of probability measures on Y, endowed with its
weak topology.

Corollary A.14 Let K be a compact convex subset of M1(Y), and K. the set of extreme
points of IC. Then u € KC iff there exists a probability measure I' on K. such that

u:/ vI(dv). (A.13)

Remark. Interpret (A.13) in the sense that

/fdu = / {/fdu} ['(dv) for bounded Borel functions f on Y. (A.14)

Proof. Let M be the vector space of finite signed Borel measures on Y, topologized by
the weak topology defined by C,(Y), the space of bounded continuous functions on Y. This
space is a locally convex topological vector space, and C,(Y") is the dual space M*. This
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topology on M (Y") is metrizable because it is the familiar weak topology, hence K satisfies
the hypotheses of Choquet’s theorem.

Conclusion (A.12) from Choquet’s theorem gives (A.14) for f € C,(Y). By taking
bounded limits, we obtain (A.14) for f = 14 for closed sets A. An application of the
m-A-theorem A.l extends this to f = 1,4 for all Borel sets A. A final round of bounded
pointwise limits gives (A.14) as it stands.

Suppose p satisfies (A.14). If u ¢ KC, by the separation theorem (for example, Theorem
3.4 in [32]) there would have to exist f € Cy(Y) such that

[ sz [ rar

Note that if Y is compact to begin with, then M;(Y) is compact also, and in Corollary
A.14 it suffices to assume that K is closed.

A particular case of this theorem is the ergodic decomposition of translation invariant
measures. In this situation we also have uniqueness of the representation, which we use in
the text. Recall the setting of Section A.4 where X = Wzd, and assume W is compact. S
is the space of translation invariant probability measures on X. S, is the subset of ergodic

This contradicts (A.14). N

measures, which is also the set of extreme points of S.

Theorem A.15 (Ergodic decomposition) For p € S there is a unique probability measure I’

on S, such that
= / AT ().
Se

Proof. W is compact by assumption, hence so is X, hence so is the space M of proba-
bility measures on X, and hence so is §. The existence of I' follows from Corollary A.14.

Let Ay, = [k, k] N Z¢ be the cube with (2k + 1)? sites, centered at the origin. For any
bounded measurable function f on X, define

1
_ lim ——— E f(6,n) if this limit exists
d )
fln) = F== Gk DT

0 otherwise.

(A.15)

Let us abbreviate v(f) = [ f dv for the integral. For an ergodic measure A\, \{f = A(f)} = 1.
Pick bounded measurable functions f1, fa, ..., f,» on X and Borel subsets Ay, As, ..., A, of
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R. Then
M{fleAlaf2€A27"'7fm€Am}
:/ MA €A, fa€ Ay, fm € A} T(dN)

e

2/3 {HlAi(/\Oci))} [(dA)

=T{A:A(f1) € A1, A(f2) € Ag, ..., N(fm) € A}

As the functions f; and the sets A; vary, the class of sets
{Ae My A(fi) € AL AM(f2) € Agy o, AM(fin) € A}

form a m-system that generates the Borel o-algebra on the space M;. The above computation
shows that the I'-measures of these sets are determined by pu, and so I' itself is uniquely
determined. N

A.6 Exchangeable measures and de Finetti’s theorem

Suppose S is an arbitrary countable set. A probability measure p on X = {0,1}° is ez-
changeable if the occupation variables n(z) can be permuted without affecting the joint
distributions under p. In other words, for any two sets {x1,...,z,} and {y1,...,y,} of n
sites, and any choice of numbers k1, ..., k, € {0,1},
pfn s () = kyn(a2) = ko, om(zn) = kn}
= p{n :n(yr) = k1n(y2) = k2, .o n(yn) = kn}-

Exercise A.6 Show that p is exchangeable iff for all finite sets A C S, u{n=1on A}
depends only on the size |A| of A.

In general, de Finetti’s theorem says that when the index set S is infinite, exchangeable
measures are mixtures of i.i.d. measures. In the special case of X = {0,1}°, i.i.d. measures
are precisely the Bernoulli measures v,, indexed by the density p € [0, 1], defined by (4.15).
So de Finetti’s theorem specializes to this statement:

Theorem A.16 (de Finetti) A probability measure p on X is exchangeable iff there exists
a probability measure v on [0, 1] such that

= / v, ¥(dp).
0.1]

A martingale proof of De Finetti’s theorem can be found in Chapter 4 of [11].
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A.7 Large deviations

Suppose {X;} are independent and identically distributed real valued random variables, and
Sp = X1+ -+ X,,. Assume that the logarithmic moment generating function

A(t) = log E[e™¥]
is finite in some neighborhood of the origin. This guarantees that X; has all moments. Let

I(x) = sup{at — A(t)} (A.16)
teR
be the convex conjugate of A. I is [0, co]-valued, and under the finiteness assumption on A,
I(z) =0iff z = FX,. For x < EX; the supremum in (A.16) can be restricted to ¢t < 0, and
I is strictly decreasing to the left of EX;. Conversely, for z > EX; the supremum in (A.16)
can be restricted to ¢ > 0, and [ is strictly increasing to the right of £X;. I is called the
Cramér rate function for large deviations, a term explained by the next theorem.

Theorem A.17 (Cramér’s Theorem) Let H be a Borel subset of R, with interior H° and
closure H. Then

1
— inf I(z) < liminf—logP{n~'S, € H}

xeH®° n—oo N
1
< limsup—log P {n~'S, € H} < — inf I(z).
n—oo 1 xeH

The bounds in the theorem give the rate of exponential decay of the probability that
n=1S, deviates from its limit £X;. Proofs of Cramér’s theorem can be found in all books
on large deviations, such as [8] and [9].

When the set H in question is an interval, the upper large deviation bound is valid
already for finite n.

Proposition A.18 Suppose H is an interval such that P[X, € H| > 0. Then for all n,

P{n_lsn = H} < exp{— inﬁ[(x)}.

zeH

Proof. Let Sy =0 41 Xi so that Son = Sp. Then by convexity and independence,

P{(m+n)"'Spmed} > P{m'Sy,n€H and n 'Sy pin € H}
P{m'S,eH} P{n 'S, e H}.
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Thus the sequence
a, = log P {n_lSn € H}

has the superadditivity property
Qm4n Z A, + Qp,.

The hypothesis P[X; € H| > 0 implies that a, > —oo for all n. Then by Exercise A.7,

lim llogP {n_lSn € H} = SUp%logP {n_lSn € H} ,
n>1

n—oo N,

and the conclusion follows from Cramér’s theorem. 1

Exercise A.7 Suppose a, is a [—00, 00)-valued sequence such that a1, > a,, + a, for all
m,n, and a, > —oco for large enough n. Show that

regardless of whether the supremum is finite or infinite. Show by example that the conclusion
may fail if a,, = —oo for arbitrarily large n.

Exercise A.8 Prove directly the conclusion of Proposition A.18 by an application of Cheby-
chev’s inequality. For example, if FX; < a < b, then for t > 0,

P{n7'S, € [a,b]} < P{e > "} < e ™ E[e""] = exp {—nlta — A(t)]}.
Choose t > 0 to minimize the last expression.
Exercise A.9 Derive some basic Cramér rate functions.
(a) For Bernoulli variables with P(X; = 1) = pand P(X; =0) =¢=1—p, I(z) =
xlogx 4+ (1 —x)log(l —x) —xlogp — (1 — z)logq for 0 < x < 1.

(b) For the rate o exponential distribution /(z) = ax — 1 — log ax.
(¢c) For the mean \ Poisson distribution I(x) = zlog(z/\) —x + \.

A.8 Laplace and Fourier transforms

For a measurable function u on [0, 00), its Laplace transform is defined by

p(N) = /0 h e Mu(t)dt for A > 0.
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Lemma A.19 A bounded measurable function u on [0,00) is determined by its Laplace
transform up to Lebesque-null sets. In particular, a bounded right-continuous function on
[0, 00) is uniquely determined by its Laplace transform.

Proof. For a bounded u, all derivatives of ¢ exist and are given by

PPN = (=1)* /OOO e Mtku(t) dt.

Then for integers n > 0 and real x > 0,

S V) = TS et e d

0<k<nzx 0<k<nzx
_ / P[Y, < nalu(t) dt
0

where Y,,; is a Poisson(nt) distributed random variable. By the weak law of large numbers,
P[Y,: < nz| — 14<, as n — oo for t # x, in other words for almost every t. Letting n — oo

above gives
1 xT
lim ) H(—l)knkqﬁ(k)(n): /0 u(t) dt.

n—o00
0<k<nx

Thus these integrals are determined by the Laplace transform. If

/Ozu(t) dt = /Oxv(t) dt

for all x, then u = v Lebesgue almost everywhere. And if u and v are right-continuous, they
agree everywhere. [N

The Fourier coefficients of a finite measure u on T¢ = (—, 7]¢ are defined by

ap = / e~ @ 11 (dh) for x € Z4. (A.17)
Td
A sequence {a, },cz¢ of complex numbers is positive definite if
> apyw,aw, >0 (A.18)
x7y
for every finite collection wy, ..., w, of complex numbers.

Theorem A.20 (Herglotz” Theorem) Let {a},cza be a sequence of complex numbers. They
are the Fourier coefficients of a finite nonnegative measure on T iff the sequence is positive

definite.
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The necessity of positive definiteness follows from substituting (A.17) into (A.18) and
noting that the sum in (A.18) becomes [ |Z e~ Hzt) ‘2 p(dt).
To show sufficiency, we start by checking that a positive definite sequence is bounded.

Lemma A.21 For any positive definite sequence {ay}, ag > 0, a_, = a5, and |a,| < ap.

Proof. Fix z, and in (A.18) set w, = w, wy = 1, and all other w’s zero. Then
ao(|w]* + 1) + a,w + a,w > 0.

w = 0 gives oy > 0. Taking w > 0 forces a,, + a_, real, and taking w = if for § > 0 forces
i, — ia_, real. This implies a_, = @,. And if ap = 0, taking w = —a gives 0 > —2|a,|?,
so ag = 0 implies that the sequence is identically zero.

In case ag > 0, setting w = a, /g gives |a, > <a2. 1

We can dispose of the trivial case immediately: if ay = 0, take the measure identically
zero. From now on, assume ag > 0. We claim that for 0 < r < 1, the function

s) = Zaxr‘xlle’<x’s>
xX

defined for s = (s, .. sd) is the density of a bounded nonnegative measure on T¢. To show
fr(s) >0, set w, = 7"“”'1 “z5) for x > 0, and w, = 0 otherwise. Take a limit in (A.18) to a
sum over all x,y, justified for 0 < r < 1.

0< Z O, |x\1+|y\1 i(z—y,s) Zaz i(z,s) Z 7,22?:1%*2?:121' — (Z,r,2|y|1> fT(S).

z,y>0 z>0Vz y>0
Next,
(2m)~ fr( Je~ds = agrlh
shows that
pr(ds) = (2m)ag" f(s)ds
is a probability measure on T?, with Fourier coefficients (ay/ag)r*. Let u be any weak
limit of . as r " 1 along some subsequence. Such a limit exists along some subsequence by

the compactness of T¢. Then the measure aou has Fourier coefficients {a, }. This completes
the proof of Theorem A.20. This proof is from Feller’s Volume II [16].
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A.9 Sampling an ergodic random field with an irreducible random
walk

Suppose g is a translation invariant, ergodic probability measure on the space {0, 1}Zd. Let

p = u{n : n(x) = 1}, independent of = by the translation invariance assumption.

Let p(z,y) = p(0,y — =) be a random walk transition on Z¢, and let X; be the corre-
sponding continuous time random walk with transition probabilities

E

The next proposition shows that the ergodic average p of {n(z)} is produced by the average
of the values n(X;) sampled by the random walk.

7ttn

Y)-

Proposition A.22 Assume that all bounded harmonic functions for p(x,y) are constant.
Then for every x € Z¢, we have the following limit in L*(u):

lim / |E*[n(X4)] — oI p(dn) = 0.

t—o0

In particular, the conclusion is valid if p(x,y) is irreducible in the sense of definition (1.26).

Proof. For z € Z%, ¢t >0, and n € {0, 1}%°, set

ge(z,m) = E* (X)) =Y pil, y)n(y)

Let
= Zp((), )@ 9 =(0y,...,60;) € RY,

be the characteristic function of the jump distribution of X;. Then
preitXed)  _ Zpt()y ilatu.0) _ i) Ze thp")Oy iy,0)

X —tin
S 0" _ itwoy —t1-0(0)

n!

n=0

The next to last equality above followed from the fact that the iterated transition probability
p™(0,y) is the distribution of a sum of n i.i.d. steps each with characteristic function ¢.
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The covariance
a(z) = p{n(0) = Ly(x) = 1} - p*
is a positive definite sequence, so by Herglotz’s theorem there exists a bounded measure ~
on T¢ = [—m, m)¢ such that

a(r) = /6_i<$’0)’}/<d9).

In the next computation, let Y; be an independent copy of X;, and write E®?) for expectation
over the pair process (X, Y;).

/ gu(, )95 (v, m)uld) = / B In(X)] - B [(X)u(dn)
= pl) / n(X)n(Ya)u(dn) = E@2a(Y, - X,)] + p?

_ Eew) / i X) (4p) 4 / Braladl . Ere X0 (df) +

- /6—5(1—¢(a)) . e_t(1_¢(9))7(d6) + 02

Now apply this calculation to the three terms inside the second integral below, and note that
the p? terms all cancel.

/Igt z,m) — gs(z,n)[*u(dn) = /{gt z,n)? = 2g:(z,m)gs(z,n) + gs(x, 1)} p(dn)

/ 2018 _eft<1—¢(e>>|2,y(d9).

The integrand in the last integral above is bounded, vanishes for 6 such that ¢(6) = 1, and
converges to zero as s,t — oo for other 6. (Note that |¢(#)| < 1.) We conclude that for each
fixed z, g;(z,-) is Cauchy in L?(u) as t — oo. Thus there exists an L?(u) limit

g(w,n) = lim g,(z,n).
The Chapman-Kolmogorov equations for the random walk imply that

gr(@,m) =D pi(,9)gs(y, )

Yy

for each s,¢ > 0. Consequently

= i@ y)gly.n)
Y L2 ()

< lg(a,n) = gore(, Ml 2 + D 2@, 9) lgs (W m) = 9w )2

Y
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which vanishes as s — oo. This can be repeated for the countably many states x € Z¢
and a countable dense set of times t. We conclude that for p-almost every n, g(-,n) is a
harmonic function of the random walk, and so by the assumption, for u-almost all n and all

x, g(z,n) = g(0,7).
By the translation property of the random walk transition and after a change in the
summation index,

g(x,n) = D pex,y)n(y) = pe0,y — 2)n(y)
= Y 0, w)n(w + x) = 6i(0,6,m).

Passing to the t — oo limit gives g(z,n) = ¢(0,6,n) p-almost surely. Combining with the
previous paragraph, we get

9(0,m) = ¢(0,0,n) for p-almost every 7.

Ergodicity implies that ¢(0,7n) is p-a.s. equal to its mean, and so almost surely

0.0 = [ g0, mutdn) = Y [ 0. 0)n(an) = p

We have proved that g,(x,n) — p in L*(u). B

Corollary A.23 Let (Xi(t),..., Xn(t)) be a vector of independent random walks of the kind
considered in Proposition A.22, and x = (x1,...,x,) € S™. Then

1im/|Ex[77(X1(t))n(X2(t)) o n(Xa())] = p"f p(dn) = 0.

t—o00

Proof. Since the random walks are independent and have identical transitions, the integral

/1 |

[T E=“ X @) = p"| p(dn).

equals

Proceed by induction on n to show that this vanishes. The case n = 1 is Proposition A.22.
The basic step is this: Suppose fi(n) and g;(n) are L?(u) functions such that f; — b and
gr — ¢ in L*(p) with constant limits, and ||g| 1o, is bounded uniformly in ¢. Then by the
triangle inequality
1 fege = bellrzy = |(fe = b)ge + b(ge — )|l 22
< 11fi = bllz2go gl =0 + 1ol gt = ell 2o
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which vanishes as t — co. 1

The proof of Proposition A.22 is from Section 2.2 in [26].

A.10 The vague topology of Radon measures

A [0, oo]-valued measure u on the Borel sets of R? is a Radon measure if u(B) < oo for all
bounded Borel sets. The abstract definition of Radon measures on locally compact Hausdorff
spaces sometimes requires some regularity of u (see for example Chapter 7 in [17]). On R4
such properties are automatically satisfied, so we ignore the point. The space of Radon
measures on R? is denoted by M. We go through the basic properties of the vague topology
of M here, assuming that the reader is familiar with the usual weak topology of probability
measures on Polish spaces.
Vague convergence i, — p of Radon measures is defined by requiring that

/Rdfduw/mfdu

for all compactly supported, continuous functions f. The space of such functions is denoted
by C.(R%).

Vague convergence can be defined by a metric that we next construct. First choose an
increasing sequence {K, : £ > 1} of compact sets such that K, lies in the interior of Ky,
R? = |J Ky, and for every compact set H C R there is some ¢ such that H C K.

For each /¢, choose a sequence ¢y, € C.(R?) of functions that are supported on Ky,
and uniformly dense among the C.(R%)-functions supported on K,. This can be done for
example as follows. Let

dist(z, K7,,)
g(l‘) = : c *

dist(Ky, K7 4)
This defines a C.(R%) function 0 < g < 1 that is identically 1 on K, and supported on K, ;.

The distance function used above is defined on any metric space (X, r) as follows: between
a point x and a set A,

(A.19)

dist(z, A) = inf{r(z,y) : y € A},
and between two sets A and B,
dist(A, B) = inf{r(x,y) : x € A,y € B}.

For the collection {¢g, : m > 1} we take all products gp where p ranges over real polynomials
on R? with rational coefficients. This creates a countable set. We check that the functions
gp are dense among K -supported C,(R%)-functions. For a given f € C,(R?) supported on
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Ky, by the Stone-Weierstrass Approximation Theorem (Corollary 4.50 in [17]) there exists a
polynomial p with rational coefficients such that

sup |f(z) —p(z)| <e.

$€K@+1

Since g(z) = 1 on K, we get

|f(x) —g(x)p(x)| = |f(x) —p(x)] <e for x € K.
On Ky \ Ky, f(z) =0and 0 < g(x) <1, so

|[f(x) = g(@)p(x)| = lg(2)p(z)| < [p(x)] = |f(z) = p(z)] <& forz e K \ K.

Finally on Kj ; both f and gp vanish. These steps show that | f — gp|lcc < e. We have
shown that the class of gp is dense among K,-supported C.(R%)-functions.

Note also that the sequence { ¢y, } includes the function g itself (the case p = 1), so some
Gom satisties ¢y, > 1k, .

Once this has been done for each ¢, let {¢; : j > 1} be a relabeling of the entire collection
{bo.m : £,m > 1}. Define the metric dyy on M by

dwi(j1, ) :in(l/\’/@-du—/gbjdyD. (A.20)

The open sets in M determined by the metric dy; form the vague topology of M.
If necessary, the functions ¢; in the metric can be assumed infinitely differentiable. Simply
replace the cutoff function ¢ of (A.19) by a suitable convolution

1y *9(z) = /H@/J@ —y)dy.

Take H to be a set such that K, € H C Ky, dist(K,, H¢) > 0 and dist(H, Kj ) > ¢
for some 6 > 0. Let ¢ be an infinitely differentiable nonnegative function supported on
the d-ball B(0, ) centered at the origin, with integral [ ¢ (z)dz = 1. Then the convolution
14 * 1 is supported on Ky 1, identically one on K, and infinitely differentiable.

It is clear that vague convergence p, — p implies dyg(pin, ) — 0. Let us show that

dm(pin, ) — 0 implies [ fdp, — [ fdu for an arbitrary f € C.(R9).

Lemma A.24 Let p € M, f € C.(RY) and € > 0. Then there are finite constants C =
C(p, f,e) and h = h(u, f,e) such that

‘/fd,u—/fdu‘ <e+Cdm(p,v)
for all v € M such that dy(p,v) < 27"
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Proof. Fix £ such that f is supported on K,. Then fix m such that ¢,, > 1k, ,. Given
e >0, let

5= (14 S 6mdn)

and pick ¢; supported on Ky so that ||¢p; — fl|lec < 0. By the triangle inequality

‘/fdﬂ—/fdu‘§/|f—¢j|du+)/¢jdu_/¢jdy‘
+/\¢j—f\dy
< Su(Kor) + ’/d)j du—/cbj du‘ + 0 (K1)

§5/¢mdu+‘/¢jdu—/¢jdV’+5/qﬁmdu
g25/¢mdu+‘/@du—/@-du‘+5‘/¢mdu—/¢mdu‘.

Let h = j +m. Then if dy(p, v) < 27", the last line above is bounded by
e+ (27 428 dm(p, v).
This completes the proof of the Lemma. N

This lemma shows that dag(ftn, ) — 0 implies [ f du, — [ fdp. Thereby we have shown
that convergence under the metric dy; is the same as the earlier defined vague convergence.

For separate use we retain one point from the proof of the lemma. Given f € C.(R?),
we found ¢,, such that |f| <||f|le * ¢m, and then

[ fan] <150 { [ omitvs | [ omidn= [ ona] }

In particular, given f € C.(R%), there exists an m = m(f) with this property: for any
i, v € M such that dy(p, v) <27™,

| / Fu| < [l -{ / G+ g () . (A.21)

In the remainder of this section we treat two points: (i) a compactness criterion for M,
and (ii) the completeness and separability of dyg, in other words that (M, dy) is a Polish
space. A set is precompact, also called relatively compact, if its closure is compact.
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Proposition A.25 Let U C M. U s precompact iff

sup u(K) < oo for all compact K C R (A.22)
pnel

Proof. Assume first that the closure U is compact. Given a compact set K C R
pick f € C.(R%) such that f > 1. The function g — [ fdp is continuous on M, and
consequently bounded on U. Then

sup u(K) < sup/fdu < 0.
wevu wel

For the converse part, suppose U has the boundedness property (A.22). We first show
that an arbitrary sequence in U has a convergent subsequence, although the limit does not
have to lie in U since U is not assumed closed. Let {u,} be a sequence in U. For each
¢, the sequence {u,(K,)} is bounded by assumption. Use a diagonal argument to pick a
subsequence, again denoted by {u,}, along which

pin(Ke) —— ¢

n—oo

for a finite number ¢,, for each ¢. The sequence ¢, is nondecreasing. If ¢, = 0 for all ¢, the
subsequence p,, converges to the identically zero measure.

Otherwise there exists an index ¢ such that ¢, > 0 for £ > ¢. By dropping finitely many
terms from the subsequence p,,, we may assume p,(K,) > 0 for all n and ¢ > ‘.

Let first £ = ¢. Define a probability measure 7, on K, by

_ . Nn(B N Ké)
Pen(B) = fn (Kp)

The weak topology of probability measures on a compact set is compact. Consequently there
exists a subsequence {1y, } and a probability measure 7, on K, such that

/hdﬁg’nk k—>/hdﬂg

for all continuous functions h on K,. Define a Borel measure v, on R¢ by

for Borel sets B C K.

vi(A) = cip(ANK,)  for Borel A C R%.

Then for any f € C,(R?) supported on K,

/fdunk = ln, (Ko) | fdvgp, — fdv, = /fdl/z-
—00 K,

Ky
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Starting with the subsequence p,, thus constructed for ¢, repeat the step for £+ 1, and
so on, inductively for all £ > ¢. Then a diagonal argument gives a single subsequence {py, }
and a collection of Borel measures {v, : £ > ¢} on R? such that

/ e / Fdv, (A.23)

for any f € C.(R?) supported on K,. The measures {v,} are consistent in the sense that if
f € C.(RY) is supported on Ky, then for all £ > (g,

[ tavi= i [ g, = [ £,

Then we can uniquely define a measure p € M by setting, for f € C.(R%),

[ an= [ rav

for any ¢ such that f is supported on K,. The vague convergence p,, — p is already
contained in the limits established above.

We have shown that any sequence in U has a subsequence that converges vaguely to some
measure in M.

In a metric space, a set A is compact iff it is sequentially compact, which means that
every sequence in A has a subsequence that converges to a limit in A. Given a sequence {, }
in U, pick a sequence {y,} in U such that dy(pin, ¢t),) < n~!. By the above argument, there
is a convergent subsequence fi,, — p. The limit p of a sequence in U lies in the closure U.
Since di(finy, 1) < daa(pth, - p1) + 1y ', also piy, — p. We have shown that U is sequentially
compact. N

Proposition A.26 (M, dn) is a complete separable metric space.

Proof. We leave it to the reader to check that a countable dense set in M is given by

measures
m
i=1
where m < 00, by, ..., b, are positive rationals, and z!, ..., 2™ are points in R? with rational
coordinates.

To show completeness, let {u,} be a Cauchy sequence in the dy metric. Then { [ ¢; du, }
is a Cauchy sequence for each ¢;. For any compact set K, 1x is dominated by some ¢; by the
original choice of the functions {¢;}. Consequently the sequence {yu,(K)} is bounded. By
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Proposition A.25 the set {u,} is precompact, and so there is a dy-convergent subsequence
fn, — . Then by the Cauchy property the full sequence p,, converges to p. This establishes
the completeness of the metric dy;. N

A.11 Heat equation

We derive here existence and uniqueness theorems for the linear partial differential equations
that arise in the hydrodynamic limits of symmetric processes.

Let I' = (7;,j)1<ij<a be a real symmetric matrix with nonnegative eigenvalues. Define a
differential operator A by

Av=")" %ijUsa, (A.24)

1<i,j<d

Given a bounded measurable function vy on R, consider the initial value problem

v, =1Av in R x (0,T), wv(z,0)=uwv(x) for v € R (A.25)

2

We say a bounded measurable function v on R? x [0, 00) is a weak solution of (A.25) if

" o(x)v(x,t) de — " o(z)vo(x) do — %/0 /Rd Ap(x)v(x,s)drds =0 (A.26)

for all compactly supported, infinitely differentiable test functions ¢. Let C>°(R¢) denote
the space of such functions.

We can find a weak solution in terms of a multidimensional Gaussian distribution. Let
us represent elements of R? as column vectors and let a prime denote transposition. An
R%-valued random vector X = [Xj, ..., Xy) has the A/(0,T) distribution if its characteristic
function is given by

Eet0X) — exp{—1(6,10)} for § € R“.
Here

d
0.X)=) 6:X;=0X
=1

is the Euclidean inner product on R%. An N(0,T') random vector can be manufactured from
independent standard normal random variables, see Exercise A.10.

Theorem A.27 Suppose vy is a bounded measurable function on R¢ and let X have N'(0,T)
distribution. Then
v(z,t) = Bug(z — t1/2X) (A.27)

is a weak solution of (A.25) in the sense (A.26).
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Proof. Noting that
[ Adla)etas)de =3 E [l = 5X)0s0 (o) do
Rd T Rd
1’"7

—N B / 00(2) a0, ( + 572X da
%,J

Rd

— /Rd UO(I){Z Yi.j Eﬁbwz% (z + 81/2X)} du

7:7j

and by doing a simple reorganization in the first integral of (A.26), we see that the require-
ment is to show

t
/ dx vo(x){E(b(a: + tl/QX) — o(z) — %/ Z%JE@%%(Q: + sl/zX) ds} =0.
R4 0
7‘7]
In other words, we need to check that
t
B¢z +t'2X) — ¢(x) — & / > %ijEeq,(x+ 57 X)ds =0
0 57

for ¢ € C*(R?), z € R% and ¢t > 0. We leave this to the reader. See Exercise A.11.

The weak solution found here may or may not be differentiable, depending on vy. See
Exercise A.12.

We turn to the uniqueness theorem. For this we assume I' nonsingular. Then the N (0,T")
distribution has a density on R? (Exercise A.10). The function v(z,t) = Evg(z + t'/2X) is

given by

v(z,0) = vo(x) (A.28)
and for t > 0
v(z,t) = (2rt)~Y?(det T')~1/2 /Rd vo(y) exp{—2(z —y, T (z —y))} dy (A.29)

We generalize the type of solution from a function to a measure-valued path. Suppose
a : [0,00) — M is a vaguely continuous path in the space M of Radon measures on R
Write a(t, dz) for the measure on R? that is the value of « at time ¢, and

o(t.0) = | olw)olt.ds)
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for the intergral. Let us say that such a path « is a weak solution of (A.25) if the initial
condition

a(0,dx) = vo(x)dx (A.30)
is satisfied, and

o(t.0) = [ olapla) do =} /0 (s, Ad) ds = 0 (A.31)

for all ¢ € C°(RY).

Here is the uniqueness theorem for weak solutions that we need for the hydrodynamic
limit of symmetric exclusion. We make a boundedness assumption on the measures «(t) in
terms of open Euclidean balls B(x,r) of radius r centered at x in R%. This assumption is
stronger than needed but easily satisfied in our application.

Theorem A.28 Suppose vy is a bounded measurable function on R%. Suppose o is a vaguely
continuous M-valued path that satisfies (A.30) and (A.31) for all test functions ¢ € C°(R?).
Assume that for some constants 0 < C,ry < 00,

alt, B(x,r)) < Cr? (A.32)

for all v > ro, x € RY, and t > 0. Define v(x,t) by (A.28) and (A.29). Then a(t,dz) =
v(z, t)dx for all t > 0.

This theorem will be proved after several steps. We begin with a textbook result for the
heat equation. For 0 < T' < oo, let CZ(R? x (0,T]) denote the class of functions u defined
for (z,t) € R? x (0,T] such that the partial derivatives u, Uy, and g, ., (1 < 4,5 < d)
exist and are continuous on R? x (0,7), and can be extended continuously to R4 x (0, T7.
For z = (z1,...,24) € R?, |z| denotes the Euclidean norm |z| = (2} + - + xﬁ)lﬂ, The
Laplacian is the operator Au = Uy, 4y + Uggwy + *++ + Upyzy-

Let ug be a given bounded continuous function on R%. Consider the initial value problem
for the heat equation

u=3Au in R?x(0,7), (A.33)
u(z,0) = uo(z) for =z € R (A.34)

The relevant distribution is now the standard d-dimensional Gaussian, so we define a function
u on RY x [0, 00) by u(z,0) = ug(x), and

u(z,t) = (27Tt)_d/2/ e 2T W yo(y)dy  for (z,t) € R x (0, 00). (A.35)

R
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Theorem A.29 The function u defined above is continuous on RY x [0,00), infinitely dif-
ferentiable on R x (0,00), and satisfies u; = %Au on R4 x (0, 00).

Let 0 < T < oo. There is no other solution u of (A.33)~(A.34) of class C*(R? x (0,T7),
continuous on R x [0,T], and satisfying the bound

lu(z, )| < CeP*F for (z,t) € R? x [0, T]

for some finite constants B, C.

This theorem is a combination of Theorems 1 and 7 of Section 2.3 in [14]. The uniqueness
part is proved there via the maximum principle.

Next we extend Theorem A.29 to the operator A defined in (A.24), so consider the initial
value problem (A.25). From now on we assume that the matrix I' is nonsingular. Since we
already assumed I' has nonnegative eigenvalues, it is equivalent to require strictly positive
eigenvalues. Yet another equivalent statement is that there exists a constant § > 0 such that

Z Vi jTiT; > 9|5U|2

2
for all z € RY. Equation (A.25) is then called uniformly parabolic.

Theorem A.30 Suppose vy is a bounded continuous function on RY. Then the function v
defined in (A.28)~(A.29) is continuous on R x [0, 00), infinitely differentiable on R%x (0, 00),
and satisfies v, = 3 Av on R% x (0, 00).

Let 0 < T < oo. There is no other solution v of (A.25) of class C?(R4 x (0,T)),
continuous on R x [0, T], and satisfying the bound

lv(z, )] < CePP for (x,t) € R? x [0, (A.36)

for some finite constants B, C'.

Proof. That v has the continuity and smoothness claimed, and satisfies v; = %Av on
R? x (0,00), can be verified from the definition (A.29). These properties come also from a
direct relation of (A.29) to the heat semigroup (A.35), which will give us the uniqueness.

As a real symmetric matrix, I' can be diagonalized as I' = HAH’ where

M O - 0
0 X -+ 0
0 0 - Mg
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is the diagonal matrix of eigenvalues, and the columns of H = [hy, hs, . .., h,] are an orthonor-
mal set of eigenvectors of I'. H is an orthogonal matrix, which means that H'H = HH' = I.
Since the eigenvalues of I' are assumed strictly positive, the matrices

A2 0 -0 AP0 -0
1/2 —1/2
e | 00N T B L
. : - 1:2 : : - —:1 2
0 0o ... )\d/ 0 0 - A /

are nonsingular and inverses of each other. From
F_l _ HA—IH/ _ HA—I/QA—1/2H/ _ (A—I/QH/)I(A—l/QH/)
the quadratic form can be re-expressed as
(=) Tz —y) = (¢ —y)(APH)APH) (@ —y) = [NV H (@ —y) 2.

Thereby the definition of v(z,t) can be rewritten as

o(z,1) = (27t)~/2(det T)~1/2 / voly) exp{ — LA 2H (x — )P} dy.
Rd

After a linear change of variable in the integral,

v(x,t) = (27Tt)_d/2/ vo( HAY %) exp{—%m_l/gﬂ'a: —y*} dy. (A.37)
Rd
Set u(z,t) = v(HAY2x,t). Then (A.37) becomes a special case of (A.35) with ug(z) =

vo(HAY?1).

By Theorem A.29, u is continuous on R% x [0, 00), infinitely differentiable on R? x (0, 0o),
and satisfies u; = %Au. Since v(z,t) = u(A~Y2H'z,t), v has the regularity properties of u,
and the chain rule shows v; = %Av.

Let © be an arbitrary solution of (A.25) of class CZ(R x (0,7]) N C(R? x [0,7T]) and
exponentially bounded as in (A.36). Define u(x,t) = 0(HAY?z,t). Then

u(x,0) = 0(HAY?2,0) = vo(HAY?z) = ug(z).

Differentiation shows that u; = %Aﬂ. The uniqueness part of Theorem A.29 implies that
u = u, from which follows v = v.

Note that we used several times in the proof the nonsingularity of the matrix HAY?2,
which is a consequence of the assumption A; > 0. N

Proof of Theorem A.28. To apply Theorem A.30 we need some regularity for the solution,
which we get from convolution with a smooth approximate identity. Let f € C®(R?) be
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nonnegative, symmetric [meaning f(x) = f(—=z)|, supported on the unit ball B(0,1), and
have integral [ fdz = 1. Fore > 0, let f(x) = e7¢f(x/e). If we think of f¢ as a probability
distribution on R?, f¢ converges weakly to a point mass at the origin as ¢ — 0.

Define

v t) = [fFra®@) = [ @ —y)altdy).

First we argue that v* € C2(R® x (0,7]) N C(R? x [0,T1]) for any T
Suppose for the moment g is any compactly supported, continuous function on R%, and
set

gle.t) = [o=a0)@) = | gla=palt.dy). (A3%)

Fix (z,t) and consider a nearby point (y, s).

19(z,t) = g(y, 8)| < |g(w,t) — g(x,s)| + [g(x, ) — g(y, 5)]|

<‘/ z — 2)a(t,dz) — /(x—z)a(s,dz) —I—/|g(£—z)—g(y—z)|a(s,dz).

The last line above tends to zero as (y,s) — (x,t), for the following reasons. By the
assumption of continuity of ¢ — «(t) and the definition of vague convergence,

/g(w —2)a(s,dz) — g(x — z) a(t, dz).
Suppose y € B(z,1). There is a fixed ball B(0,r) such that both z — ¢g(x — 2) and
2+ g(y—2z) are supported on B(0,r) for all y € B(x,1). By assumption, a(s, B(0,r)) < Cr?
for all s (increase r if necessary for this). Since g is uniformly continuous, we get

lim sup sup/\g r—2)— gy — 2)|a(s,dz) <lim sup |g(z) — g(w)| - Or® = 0.
6—0 yEB(z,8) $>0 6—0 |z—w|<o

This shows g continuous on R? x [0, 00).
By the smoothness assumption on f and the bound on «(t), spatial derivatives of v® can
be taken inside the integral. For example,

oy (030 = [ (F)ews, (2 = ) )

By taking g = (f®)s;.; in (A.38), the continuity of g is the same as the continuity of v5,
This gives the continuity in (z,t) of all spatial partial derivatives of v°.

"Ly "
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To get the continuity of the time derivative v; we use the equation. Replace the test
function ¢ in (A.31) by f© % ¢, and change the order of integration. Note that A(f x ¢) =
f¢x Agp. This gives

/¢ xtdm—/qﬁ dex——/ds/dxAng z,8) =

Integrate by parts in the last term to get

/¢ mtdx—/gb x()dx—-/dm()/OtdsAm(x,s):o.

Since this is true for arbitrary compactly supported smooth ¢, it follows that

v¥(x,t) —v°(z,0) — /0 ds Av*(z,s) =0 (A.39)

for Lebesgue almost every x. By continuity, this is true for all x.

A (s, 5) = / Af(z — y) als, dy)

is continuous in s by the vague continuity of «(s). Differentiating (A.39) gives vf(x,t) =
Ave(z,t), and we see that v° has a continuous time derivative. We have shown that v® €
C2(R? x (0,00)). The continuity of v* down to the ¢ = 0 boundary was already part of the
continuity argument above.

The equation v (x,t) = %Av8 (x,t) was derived as part of the previous paragraph. Bound-
edness of v® follows from the assumption on a(t):

[0 (2, )] < [1£¥]loc alt, B(z,€)) < Ce™||fllo- (A.40)
Thus Theorem A.30 applies to v°. Abbreviate
@ (2) = (2mt) "% (det ) 1/ exp{—Qlt]A_lmH’z]Q}.

By the definition of v* and the initial condition on o

/fs —2) a(0,dz) /fE — 2)v(2) dz.

By the uniqueness part of Theorem A.30 v* must be given by formula (A.29) with initial
function v*(y,0). Use this and symmetry f(y — z) = f(z — y) to write

vi(z, t) = /va(y,O)qt(x—y) dy = /dzvo(Z)/dyfa(y—Z)Qt(x—y)
:/dzvo(Z)/dny(z—y)qt(l’—y)-
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This already implies that v°(x,t) — v(x,t) as € — 0 because by standard results for approx-
imate identities (Theorem 8.14(a) in [17]), for a fixed (z,t)

[fe * gy (T — )} (2) — @(r—2) in Ll(Rd).

Our goal is to derive the equality

[ s@att.dn) = [ ooy

by showing that both sides are limits of [ ¢(z)v°(z,t)dx as e — 0. Hence we need to
integrate over the difference v°(x,t) — v(z,t) multiplied by a test function ¢(x). The crude
bound (A.40) is useless as ¢ — 0, so we derive a bound for the difference v*(z,t) — v(z,t).

Consider ¢t > 0 fixed for the remainder of the proof. In the next calculation, use the
boundedness of vy and [ dy f*(z —y) = 1, do a change of variable y = z — cw in the inner
dy-integral, note that f is supported on B(0,1) and again [ f(w)dw = 1, and finally one
more change of variable.

calt t)|

A
\/dzv( [avsG= vt - [ du@at -2

< ol - [ a2
~ el - [

< |lvollso - / su(p ’qt T —z+ew) —qt(x—z)‘
weB(0,1)

dy f*( — >(qt<x—y>—qt<x—z>>'

dw f(w (qt(x—z—i-&w) —qt(x—z))‘

< Jlvollos / s [afe + <)~ ()
we

< Ce. (A.41)

The last inequality follows for example by applying the mean value theorem to the integrand
(Exercise A.13).
From above we get the uniform estimate

sup [v°(x,t) — v(z,t)] < Ce. (A.42)

z€R4

For ¢ € C>°(RY), this implies

/¢ :ctdx—>/¢ as e — 0.
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Note that the integrals are actually restricted to a fixed compact set that supports ¢, and
so (A.42) is sufficient for the convergence. On the other hand,

[otwrewais = [ ateay) [ do e pot@) — [ attdnotw

We used the convergence f€ *x ¢ — ¢ that happens uniformly and supported by a fixed
compact set (Theorem 8.14(b) in [17]). Comparing these two limits for all test functions
implies that a(t,dz) = v(x,t)dz. 1

Exercise A.10 Multivariate Gaussian distributions. Let I' be a real symmetric nonnegative
definite matrix. Let A = diag[\, ..., A\s] be the diagonal matrix of eigenvalues of I', and
I' = HAH' an orthogonal diagonalization of I'. Let Zi,...,Z; be i.i.d. standard normal
random variables, in other words £Z; = 0 and E[Z?] = 1. Set Y; = \;Z;. In particular if
A; = 0 then Y; is identically zero. Check that Y = [Y1,...,Yy]" has N (0, A)-distribution.
Define X by the matrix product X = HY. Then X has N (0, T')-distribution.

If T is nonsingular, X has density

f(z) = (2m)"¥%(det )1/ exp{—1(z,T"2)}.

Exercise* A.11 Completion of the proof of Theorem A.27. Check that for X ~ N(0,T)
and ¢ € C°(RY),

E¢(z + t'?X) — ¢(z) — % /t Z Vi Ebe,e; (0 + sY2X)ds =0 (A.43)
0 T

for all (z,t) € R% x [0, 00).
Here is one approach. First check (A.43) by explicit computation for ¢’(z) = exp{i(0, z)}.
Then consider the Fourier transform

J© = [ fwemv9dy= | Ju)e~ () dy

of a function f in Schwartz space S. (We follow here the conventions of Folland [17]). By
the case of ¢’,

Ef(x+12X) = / ) EG2 (a4 12X dy
s s oo [ St o310

213



The last line above can be transformed into
t
flx) + %/ Z,Yi,jE[(f)xi@j (z+ s2X)| ds
0 7

and this shows that (A.43) holds for f if f € S. It remains only to note that this covers all
of C>°(R%) because the Fourier transform is an isomorphism on S [17, Corollary 8.28].

1 a
b= [a a2] ’
Use Theorem A.27 to solve the initial value problem (A.25) on R? x [0, c0) with initial data
vo(y1,y2) = g(y1 — a 'yy) for a given bounded function g on R. [Answer: v((xy,22),t) =

g(z1 — a~'wy).] Check that if g € C*(R), then the solution is classical, in other words the

derivatives vy and vy, ., exist and satisfy v; = %Av.

Exercise A.12 Let a > 0, and

Exercise® A.13 Completion of the proof of inequality (A.41). Show that

/ sup |qi(z +ew) — qu(2)| dz < Ce

weB(0,1)

for a constant C' that depends on ¢ and the matrix I but not on . To simplify the integral,
start with a change of variable that converts the kernel ¢,(z) into a standard normal density.

A.12 Hamilton-Jacobi equations

We discuss here a first-order partial differential equation of the type
U + f(VU) = O, U|t:0 = U, <A44)

where a real-valued initial function ug on R? is given, and the solution u(z,t) on R% x [0, 00)
is sought. u; = Ou/0t is the time derivative of u, and Vu = (uy,,...,u,,) is the gradient
with respect to spatial variables. Equation (A.44) is of Hamilton-Jacobi type. To understand
its solutions one is forced to consider weak solutions u for which the derivatives do not exist
at every point. This type of equation appeared as the hydrodynamic limit for the interface
model studied in Chapter 9. Here we prove results that are not particular to the case in
Chapter 9 but are needed there.
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We assume that the function f is [—o00, c0)-valued, upper semicontinuous, and concave
on R%. Upper semicontinuity means that the sets {f > s} are closed for all real s, or
equivalently

limsup f(p) < f(N) for all A € R%.

p—A

Concavity means that
flsp+ (1 —=35)A) >sf(p) + (1 —s)f(N) for all p, A € R and 0 < s < 1.
The concave conjugate f* of f is defined by
fa)= o p—f(p)}  forae R
Then f* is again concave and upper semicontinuous, and f is its own double dual:

flp)= mf {z-p—f*(z)}  forpeR"

Let ug be a real-valued function on R?, and define

(e, t) = sup {uo(y) St (‘” — y) } (A.45)

yeRd t
for (x,t) € R? x (0,00). For t = 0 set u(x,0) = uo(z).

Lemma A.31 For all0 < s <t and x € RY,

u(z,t) = sup {u(y, s)+ (t—s)f* (l’ - y) } (A.46)

yeRA t—s

Proof. Let [ be the quantity on the right-hand side (A.46). By (A.45) concavity,

O C e o N )

< sup {uo(z) L tf ("" - Z) } = u(a, b).

Let ¢ < u(z,t). Pick y so that




Let

Then

g > u(z,s)+(t—s)f*(:§:j>2“0(?/)+5f*(zgy)+(t_s)f*(£§:j)

Let ¢ / u(x,t). 1
Lemma A.32 Assume that for each x the supremum in (A.45) is attained at some y. Sup-
pose u is differentiable at (x,t) € R x (0,00). Then

ug(z,t) + f(Vu(z,t)) = 0.

Proof. For z € R% and § > 0,

w@+0z,t+9) = Sup{U(y,t)Jr(Sf*(%)}
Yy
> ulx,t) +0f%(2).

From this
S Hu(r + 62, +0) —u(z, t)} > f*(2),

and then after § \, 0 by the differentiability assumption,
ur(z,t) + z - Vu(z,t) — f*(2) > 0.
Since this was valid for all z,
u(z,t) + f(Vu(x, b)) = iz, t) + irz}f{z -Vu(z,t) — f*(2)} > 0.

To get the opposite inequality, choose y so that u(x,t) = ug(y) + tf*((x — y)/t). For
0 >0, let

t—90 ) r—y
= _6- '
;Y= ¢

z =
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Then

and

u(z,t) —u(z,t —68) < {Uo(y) +tf*($;y>} - {“O(y> + <t_5>f*(§:g>}

Consequently

wlat) + = Vale,t) = lmd {ule ) (et -0} < f*(x 7 y) |

And finally by concave duality,
w(z,t) + f(Vu(z,t) = w(z,t)+ inf {w-Vu(z,t) - f*(w)}

weRd

< wlx,t) + Q Vu(z,t) — f*<“’ - y) <0.
The lemma is proved. N

The correct notion of weak solution for Hamilton-Jacobi equations is the viscosity so-
lution, developed in references in [5] and [4]. Suppose now the function f in the equation
(A.44) is continuous and real-valued on all of R?. Concavity is not relevant for this definition.

A continuous function u(z,t) on R x [0, 00) that satisfies the initial condition u(x,0) =
uo(z) is a viscosity solution of (A.44) if the following holds for all continuously differentiable
functions ¢ on R? x (0, c0):

if u — ¢ has a local maximum at (xg,tg), then

G0, t0) + f(V(zo,t0)) <O,

and if u — ¢ has a local minimum at (xg, o), then

du(0,t0) + f(Ve(wo,t0)) > 0.

We refer to Chapter 10 in Evans [14] for a general discussion of viscosity solutions of
Hamilton-Jacobi equations. From our point of view, a small drawback in Evans’s treatment
is that only bounded viscosity solutions are considered. The height functions in Chapter 9
for which we need this theory are typically unbounded. Partly for this reason we prove the
viscosity solution property for our case in Section 9.5.5. Another reason for giving this proof
is that our Hamiltonian (or velocity) f also fails the assumptions used in [14].

The following uniqueness theorem of Ishii [21] for unbounded viscosity solutions applies
to our situation in Chapter 9.
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Theorem A.33 Assume the Hamiltonian f in (A.44) is a continuous function on RY. Sup-

pose u and v are uniformly continuous functions on R?x [0, T] and both are viscosity solutions
of (A.44). Then u = v.
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