Math 635 Introduction to Stochastic Calculus, Spring 2014
Homework 5

Due 3 PM on Friday, April 4.

Generalities. Throughout these exercises B, = {B; : t € R, } is stan-
dard Brownian motion.

1. Let f € L'[0,T] and B; standard Brownian motion on some probability
space (2, F, P). Define

Yf(w):/o f(s)Bs(w) ds.

(a) Identify the distribution of the random variable Y; with the help
of Ito’s formula. Hint. Apply integration by parts to fOT F(s)dBs where
F(t) = f(f f(s)ds. Note that F(t)B; = fot F(t)dBs. Use Prop. 7.6 from
p. 101.

(b) For two functions f, g € L'[0, T}, identify the joint distribution of the

vector ij] .

g

2. Let 0,p € R, Xy = ut + By and
t
Yi= / X X)=30%0=9) g
0

Show that the process Y; satisfies the equation

t t
Yt:/(1+5uY;)ds+5/ Y, dB,.
0 0

3. Fix 0 < T < oco. Show that for almost every w,
t

e_’\t/ e dB,(w)
0

Hint. There are probably several ways of doing this. One way is to rewrite
the integral suitably and then just use continuity of Brownian motion.
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