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MATH 521: ASSIGNMENT 3

F L.u-'h‘,a.-_'m'a‘.nq:.__q..'-u--'-..-l'_'m..x... T e

i : W

| d

.:. 3
— _ B o

2.7 CLOSURES OF UNIONS

Let A, As, Az, ... be subsets of a metric space.

a. If B, = |J_, A;, then B, =J_, A forn e N.
Let B, = [Ji_; 4. Let C, = i, A: = B, UL, A}, where A! indicates the set of limit
points of A;. .

Proof. (C) Since C, the union of & finite number of closed sets, Theorem 2.24 implies that
Cy is also closed. Since B, C C, and C,, closed, by theorem 2.27, B, C Ch. 1

Proof. (2) Take € Cy. If  in some Ay, then obviously z € B, — z € B,,.

The only other case is that z is a limit point of some A. i.e. z € A. Then, every neigh-
borhood around x contains some other point in Ag. Since A, C By, then every neighborhood
around z contains some other point in B,. Thus, z is a limit point of B, and z € B,.

Therefore, B, © U?_l A; and B, D U:=1 ol ppi Bl U;LI fi\i O

b. If B=JZ, A then B 2 U2, A

Proof. Let B = JZ, Ai. Take z € | J22, A;. If z in some A, then obviously z € B. Which
- implies z € B.

The only other case is that z is a limit point of some Ag. ie. z € A;. Then, every neigh-
borhood around z contains some other point in Ag. Since Ay C B, then evVery nuighﬂnrhond
around x contains some other point in B. Thus, z is a limit point of B and € B.

Therefore, B 2 |, Ai. N

Ezample. Show that this inclusion can be proper.
Take A; = {1/i}. Then (as shown in class), B = {1/i : i € N} U {0}. This is a proper

super set of |2, A = {1/i:{ € N}.
2.9 INTERIOR POINTS
Let E° denote the set of interior points of set £. Use metric d(z, y).
a. E° is always open.

Proof. Let p € E°. Since p is an interior point of F, there exists a neighborhood N,.(p) C E.
Take ¢ € N,(p). Since d(p,q) < r, there exists a neighborhood of radius * = r — d(p, q) such
that Ny(g) € Ny(p) € E. This means jffligs that every point g € N,(p) is an interior point
of E. Thus, N;(p) C E°. Therefore, every point p € E° is an interior point of E°. Thus, E°

is open. O
b. E is open <= E = E°.
Proof. <= By part a, E® is open. Thus, if E = E°, then E is open. O

Proof. = If E is open, then all of its points are interior points. Then, E°, the set of all
interior points of E, equals F. 0
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