Irrational Square Root

Prove there is no rational number whose square is 12.
Assume that there exists a rational number z such that z2 = 12. Slnce & is rational, it can be
written m/n, where ged(m,n) = 1. X
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Thus m must have a prime factor of 3, m = 3k for some integer k. .
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Ths n must have a prime factor 3, so gcd(m,n) >3. This is a contradiction. Therefore, there is
no rational number whose square is 12. fa

Field Multiplication Properties (Prop 1.15)

(a) If z # 0 and zy = zz then y = 2.
Assume z # 0 and zy = z2, the axioms (M on p.5) give
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(b) If £ # 0 and 2y = = then y = 1.
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By (a) y=1.
(c)Ifz#0and 2y =1 theny = 1/z. , ,
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By (a) y=1/z.
(d) If £ #0 then 1/(1/z) = z.
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Let z = 1/%, since z # 0, then 2 # 0. Also, let y = 1 By ()
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"Let-A bé a nonempty set of real numbers which is bounded below. Let —ilbe tirle,i se;’t»;'d“‘f all
numbers —z, where € A. Prove that N

inf A = —sup(—A)
Let-\\{pf A = a. Then by definition,
‘ | VyeAy>a
Now, take the negative of both sides of the inequality.
Vv €Ay < —a
VY € A, < —a

Thus —a is an upper bound of —A. Let BER,B< —a,then —8>a =infA. Therefore, there

exists some v € A s.t. v < ,B This means —y > 8. Since —7 € —A, then B is not an upper
bound of —A.

Therefore, —a is the supremum of —A, and

infAd=a=—(-q)
= —sup(—A4)

Fix b> 1.

(a) If m,n,p,q are integers, n > 0,¢ > 0, and r = m/n = p/q, prove that
Fm)Hn = (7)1
First, 'l prove some needed properties of exponentials.
Let z,y be integers and y > 0.
Y — (bz)y

This is trivially true by the definition of integer exponentiation.

(Y) Yy —p
is trivially true by definition of b1/% = y st y® =0 (Thm 1.21).




Also, for roots let a,b,n € Zt where n = ab. Let 2,y € Rs.t. y = z}/™. This is also written
y" =z.

7= yn — yab
= ()’ ,
'xl/b — ya

(xl/b)l/a =y = :I:ﬁ

| Without loss of generality, also y = Ta6 = (zt/)1/b,
| Let r = z/y, such that ged(z,y) = 1. Let d = ged(m,n) and f = ged(p,q). Thus, m = dz,n =

dy,p=fz,q9=fy.
Then, we simplify (5™)Y/™,

(6™ =

Similarly, simplifying (b7)/9,

Therefore,

(5my1/n = ()49
(b) Prove that 5"° = b"b® if r and s are rational.

Since r, s are rational, they can be written r = m/n and s = p/q where m,n,p,q € Z and
n>0,qg>0

1
= (b™pP™)ne by multiplicative commutativity

= bn b by corollary to Thm 1.21
= bEpT = bTb°

(c) If z is real, define B(z) to be the set of all numbers b, where ¢ is rational and ¢ < z. Prove
that
b =supB(r) -

when 7 is rational.
Ifr,seQand s<r,

S — b = b — br+(s—s)
—p — bs—l—(r—s)
= b5 _ bS8
= b (1 - b




Since b> 1 and r — s > 0, then ¥"~% > 1 and b° > 0. Thus,
b(1-b) <0

Therefore b is an upper bound of the set B(r).
Now, consider s > 7. ,
B — b = bs—l—(r—r) _y
=T T
— b’l" (bS—’I" _ 1)

Since b > 1 and s — > 0, then 4*~" > 1 and " > 0. Thus,
(T —-1)>0

Therefore there is no s > r in the set B(r).
This means that we have proven
b" = sup B(r)

(d) Prove that 5*¥ = b*bY for all real z and y.

¥* 1V = sup B(z + y)

This means it is the supremum of the set of all numbers &%, where ¢ is rational and r + s <z +y.
Since every rational ¢, where t < z -+ y can be written as the sum of two rationals r, s where
r+s=tand r < z and s < y, then the set B(zx + y) is equivalent to the set {b7b° : (r,s) €

B(z) x B(y)}- ,
Therefore, since b > 1 and all 5° > 0, then sup B(z + y) = sup B(z) sup B(y), and

B — BB

Induction Practice
Prove that 13 4+ 23 + ... +n® = (1 4+ 2 + ... + n)? for all positive integers n.
(Base Case) It can easily be shown that 13 = 1% = 1.

(Inductive Case) Assume that for some n € Z,13 +23 + ... + nd =142+ ..+n)% Take
n 4+ 1, then

B2+ 034+ n+1)P=0+24 .. +n)?+(n+1)°

= <ﬁ(n—2+i)>2 +(n+1)°
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N 4

=(14+24..+n+(n+1)?

Therefore, by induction, 1¥34+28+ . 4+nd= 1+2+..+ n)2 for all positive integers n.



