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0. Introduction.

Let S and T be two positive definite integral matrices of rank m and n re-
spectively. It is an ancient but still very challenging problem to determine how
many times S can represent 7', i.e., the number of integral matrices X with
tXSX =T. However, Siegel proved in his celebrated paper ([Sil]) that certain
weighted averages of these numbers over the genus of S can be expressed as the
Euler product of pure local data—confluent hypergeometric functions for p = co
and local densities «,(7,.5) for p < oo (see (1.1) for definition). Siegel himself
extended this result to indefinite forms ([Si2-3]) in early fifties. A. Weil rein-
terpreted Siegel’s results in terms of representation and extended his results to
other classical groups in 1965 ([We]). Roughly speaking, the Siegel-Weil formula
says that the theta integral associated to a vector space (quadratic or Hermit-
ian) is the special value of some Eisenstein series at certain point when both the
theta integral and FEisenstein series (at the point) are both absolutely conver-
gent. Recently, Kudla and Rallis pushed the results to non-convergent regions
([KR1-3]). From the point view of representation theory, the local density can
be viewed as the special value of a local Whittaker function, which is the local
factor of the Fourier coefficients of the Eisenstein series. For a lot of arithmetic
applications, it is very important to have an exact formula for the local densities.
For example, in his work on central derivative of Eisenstein series ([Kul]), Kudla
needed to compare the local density of certain ternary form with intersection
number on some formal group. The explicit formula for local density was also
used in Gross and Keating’s work in the intersection section of modular corre-
spondence (|GK]). However, explicit formulas of local densities are known hard
to obtain and are complicated in general. Siegel himself obtained an explicit
formula for n = 1 or m = n assuming S is unimodular and p # 2. Under the
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same assumption, Kitaoka obtained an explicit local density formula for n = 2
and some reduction formula in general in early eighties ([Kil]). In 1991, Meyer
generalized Kitaoka’s result to cover the case where pS~! is is integral. On the

2 Ig), has been ex-
tensively studied as related to the classical Siegel Eisenstein series and is more
fruitful. Very recently, Katsurada gave a beautiful formula in this case with
both n and p arbitrary ([Ka]). We refer to [Ki2] and [Ka] and its bibliography

for further reference.

other hand, the case where S is hyperbolic, i.e., S = %

The purpose of this work is to give an explicit local density formula for arbi-
trary S and n < 2, with one exception n = 2 = p. In other words, we will settle
the ‘ramified’ case. Our method is quite different from others in this subject.
Instead of using reduction and functional equation to reduce the problem to a
simpler one and then computing the simpler one, we relate the local density
to a (Whittaker) integral and then compute the integral directly. The results
will be used to complete Kudla’s work at ramified places. The local Whittaker
integrals we computed are local factors of the Fourier Coefficients of Siegel Eisen-
stein series on Sp(n) and are of importance in their own right. It should be
mentioned that the functional equation in the general case is very complicated
and is not relating S to itself. The reduction formula is also absent in general
and is only true after a certain stage (see Theorem 3.3). We should mention
that the confluent hyper-geometric functions, the local problem at p = oo, have
been extensively studied by Shimura ([Sh]).

This paper is organized as follows. In section 1, we set up the notations and
sketch the main formula. In section 2, we record formulas for a couple of simple
Gauss type integrals which will be used in sections 3 and 7. In sections 3 (p # 2)
and 4 (p = 2), we obtain a local density formula when 7" is a nonzero number, and
derive some of its consequences, including reduction formula. In section 5, we
prove an integral transformation formula which will translate the local Whittaker
integral problem to a problem on Gauss integral over GL2(Z,). In section 6, we
give a complete solution to the Gauss integral over GL2(Z,). Results in both
sections 5 and 6 should have independent interests. It is also interesting to note
that the Gauss integral just mentioned is related to rational points of certain
elliptic curves over the finite field IF,, in some case (Proposition 6.5). In section
7, we derive the main formula of the paper—an explicit local density formula
for arbitrary S and n = 2 # p. In section 8, we apply the formulas obtained
in sections 3, 4, and 7 to some interesting examples involving quaternions and
obtain some interesting formulas. For example, we reproved a peculiar formula
relating the derivative of the local density polynomial associated to the division
quaternion algebra to the local density associated to the split quaternion algebra,
first discovered by Kudla and Meyer (Me], see theorem 8.10).

This work was inspired by Kudla’s paper ([Kul]). The author thanks him for
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the inspiration and his continuing advice and encouragement. The author also
thanks G. Prasad and D. Zagier for their valuable help during the preparation of
this paper. Finally, the author would like to thank the Max-Planck Institut fiir
Mathematik at Bonn for its hospitality and for providing the excellent working
environment. The main part of this work was done during his stay at the MPI
in the summer of 1997. The author thanks Kitaoka and the referee for their
suggestions and comments.

1. General set-up and sketch of the main formula.

Let S and T be two integral nondegenerated symmetric matrices over Z, of
degree m and n respectively. We assume m > n > 1. Then the local density of
representing 7" by S is defined by Siegel ([Sil]) as follows:

n(n+1)

(L1) 0p(T,8) = lim (p') "5~ AT, S),

where

AT, S) = #{X € My, n(Z,/p") : S|X] =T mod p'}.

To a nondegenerate symmetric matrix S of degree m, we associate a quadratic
space V = Q" of columns of length m with quadratic form ¢(z) = 3(z,z) =
tySx. Let L = Z,' be its standard lattice. Notice that L and S uniquely
determine each other up to Z,-equivalence. Let Sym, (Q,) denote the group of

symmetric matrices of degree n over Q,. Define

(1.2) W(T,S) = / WY ( trbg(x))(— trTh) dz db.
Sym,, (@) JL»

Here the Haar measure dxr and db are product measure of the ‘standard’ Haar

measure on Q, (i.e., meas(Z,) = 1), and 1 (x) = e 2™*=) is the ‘canonical’

character of Q,, where A : Q, — Q,/Z, — Q/Z. The starting point of this

work is the following well-known formula ([Kul, Appendix]):

(1.3) a, (T, S) = W(T, S).

By (1.2) and (1.3), it is obvious that «,(7,S) is only dependent on the Z,-
equivalent classes of S and T'. For an integer r» > 0, set

170 I,
» ssil(0 1),

Then a, (T, S;) is a polynomial of X = p~" and will be denoted in this paper by
a(X,T,S). In particular, «(1,7,5) = a,(T,S). The local density polynomial
a(X,T,S) is closely related to local Whittaker functionals (see for example [Kul,
appendix]). We assume throughout this paper that S is half-integral but p=1S
is not, and set S! = p'S for 0 < I < 1. This assumption on S is not restrictive
since p?S and S correspond to the same quadratic space. The main formulas in
this paper can be summarized roughly as follows:
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Theorem. Let notation and assumption be as above. Then there are explicitly
constructed polynomials R;(X,T,S) such that the following are true.

(1) (Theorems 3.1, 4.1)  Whenn =1, and p is any prime number, one has
a(X, T8N =1+ pX'Ri(X,T,8) + (1 — p~ Hip! X"
In particular,
a(X, T, 8" — pXa(X,T,5)=1-X.
(2) (Theorem 7.1)  When n =2 and p # 2, one has
a(X, T8N =1+ p X'Ry(X,T,S) + p X¥ Ry (X, T, S) + 16 (X, T, S)
where
(X, T,8) =1 —p )X + (1 —p Y X*(1+ Ri(X, T, 9)).

In particular,

ap(X, T, SN — p*X2a(X,T,5) = (1 — X)(1 +p*X + p* X Ry (X)).

It is interesting to notice from theorem that the reduction formula from
a(X, T SY to a(X,T,S) is much easier than that of a(X,T,S) (R, is much
more complicated than R; in general).

When p # 2, we may and will assume throughout this paper that S is Z,-
equivalent to

(1.5) diag(e1p', -+, emp™™) with € € Z and 1 <lp -+ < Ly,
The above assumption on S means [; = 0. For each integer k£ > 0, set
(1.6) Lk 1) ={1<i<m:l;—k<O0isodd }, I[(k,1)=#L(k,1).

Furthermore, we define

1
(1.7) d(k) =k + 5 > (li— k),
l;<k
=1 ey €
(1.8) o) = (=) I (),
p ieL(k) P
Finally, We define
1 if p=1 mod 4,
1.9 0p =
(1.9) P {\/—1 if p=—1 mod 4,
and
110 . 1 if a is even,
(1.10) 7()_{51,(_—0‘) if a is odd.
P

for t = ap® with a € Z;, and a € Z. Here (and throughout this paper) we write
(%) for the Hilbert symbol (a, p)p.
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2. Gauss integrals over GL;.

In this section, we assume p # 2 and compute the following four integrals
needed later.

(2.1) I@):iép¢ax%dx, teQy,

(2.2) I*(t) = . Y(ta®)dz, teQy,

(2.3) J(Bp") = ” Y(Bp°q(x))dz, B €Ly beL,
(2.4) I(t,x) = /Z X(@)¢(tz)dz, te Q.

5
P

Here ¢(z) the quadratic form associated to S as in section 1, and x is a character
of Q. Here the Haar measure on Q, is the restriction of the Haar measure on

Qp.

Lemma 2.1. Lett = ap® € Q) with o € Zy, and a € Z.
(1)  Let y(t) be as in (1.10). Then

1 if a >0,
1) = {pgv(t) if a <O0.
(2)
1—p ! if a > 0,
I =10 = p 16 = § p80,(—5) = p ifa=-1,
0 if a < —2.

In particular, 1(t) = p~*1(p*t) when ord,t < —2.
(3)  Forany B € Z;, one has

/ W(ta?)dz = pP(t6%) char(p'Z,)(b).
B+pZy

Here and throughout this paper, char(X) stands for the characteristic function
of a set X.
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Proof. (1). It is obvious for @ > 0. Assume a < 0. Let k = [=%1] be the
integral part of %‘H Then

Ity= > /+ . b(te?)dz

yEZp/pk

= > ) /Z b(2ap™tryz)da

yELp /p*
=p " ) ¥ty char(p T Z,)(y)
yELp /p*
When a is even, a = —2k and —a — k = k. So the only nonzero term in last

integral is the one with y = 0. Therefore I(t) = p~* = p®2. When a is odd,
a=—-2k+1and —a—k=k—1. So

Ity =p* Y wp™ %)

YELy [p

_ —27riay2
= p k E [ P

yEZ/p
_ —a
= V()

as expected, the final step is a well-known Gauss sum formula. Claim (2) follows
from (1) easily. To prove (3), one first notices that

| wttatyin —p o) [ oo
B+pZy Zy

Write ¢ = ap® with a € Z;, and a € Z. When a > —1,

/ Y(2Btpz )Y (tp°a®)dz =/ de =1
Zp

Zyp

as expected. When a < —1, we have to prove that the integral vanishes. Sub-
stitute x by = + p~2~2, one has

/Z b(2Btpa)(tpa)dx = p(206p™") /Z b(2Btpa)i(tp*a®)da.

Since ¥ (2aBp~1) # 1, one sees that the integral has to be zero.

As for integral (2.3), we may assume that q(z) = > e;pliz? by (1.5). So
Lemma 2.1 implies
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Lemma 2.2. With notation as above, one has

_ -0 €. 1 -
™) = ()50 T (Cpz e tE,
p i€L(k,1) p

In particular, J(Bp~%) =1 when k < 0.

Corollary 2.3. Notation as above.
(1) J(Bp~F) = (B)*=DJ(p~*).
(2)  Ifly, < k then

_ €, 1 i—
J(p k) _ 5gl(k,1) H (_)p2 Zli<kl k‘
i€L(k,1)

Here we have used the fact that 5% = (_71) The following is just an integral
version of a well-known fact on Gauss sums.

Lemma 2.4. Let t = ap® with a € Z;, and a € Z, and let x be a character of
Qy of conductor n =n(x). Then

1—pt ifa>0=n,
I(t,x) = § p*x(—a)G(x) if n = —a,
0 otherwise.

Here
Gix)= > xl@)()

TEZL/p™
s the Gauss sum of x with respect to 1. In particular, one has
1 —Q

I, () =p20p(—7) char(p™'Z;)(t).

3. The case n =1 and p # 2.

In this section, we assume that n = 1 and p # 2. Let the notation be as in
section 1. For t = ap® with o € Z* and a € Z, set

_% if l(a+1,1) is even,
3.1 t) =
(3.1) h(t) (6)2 ifi(a+1,1) is odd.
and
(32) Ry(X,£,8) = (1—p~) Z opp?® Xk 4 Ua+1pd(a+l)f1(t)Xa+l.
0<k<a

1(k,1) is even
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Theorem 3.1. Let the notation be as above and assumea > 0. Then (0 <1<1)

(X, p't, SY) =14+ p'X'Ri(X,t,S) + (1 — p~ Hip' X

Proof. First we assume [ =17 = 0. So «(1,¢,5) = a,(t,5) (recall X =p~"). By
(1.3) and lemma 2.2, one has

ap(t,S) =WI(t,S)

= | J(b)b(—tb)db
Qp

=1+) p - J(Bp~* ) (—aBp®~*)dp

k>0

€; a—
N N D I I | (5)/*¢(_aﬁp ¥
k>0 i€ L(k,1) Zy

I(k,1) even

s o T () [ Eu-amt i

k>0 1€L(k,1) P
1(k,1) odd

Here 0, is the number defined by (1.9). Notice that 02 = (_71) and thus
31(k,1 . : :
{ op ( )HieL(kJ)(;) if I(k,1) is even,
Ve =
31(k,1)+1 o : :
I e p e (2) i 1(k,1) is odd.
So one has by Lemma 2.4

1
apt,S) =1+ Y vkpdw)(char(p’czp)—];char<pk-1zp>><t>

k>0
I(k,1) even

o, _1 _ %
+ > vkpd(k)(g)p 2 char(p"'Z;)(t)
k>0
I(k,1) odd

1
=1+(1--) E vep™™ + vaqr fr(E)pHetY
p 0<k<a
I(k,1) even

=1+ Ryi(1,¢,95).

This proves the case [ = r = 0. Since «a,(pt, pS) = pay,(t,S), the formula is also
true for I = 1 and » = 0. In general, denote L' (k,1) and so on for the data
corresponding to S. instead of S. Then for any k > 0, one has

IL(k+1,1) = I(k,1) mod 2,
v (k+1) = v(k),
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and
d(k+1)=dk)—rk+1—rl

So the associated function f; is independent of r or [. Now applying the formula
just proved to p't and S!, one gets the desired formula in the general case.

When [; = 0, i.e., S is unimodular, and [ = » = 0, Theorem 3.1 recovers
the well-known formula of Siegel on local densities ([Sil]). We remark that the
formula is also true for t = 0, i.e., a = cc.

Corollary 3.2. Let the notation and assumption be as in Theorem 3.1. Then

a(X,pt,pS) — pXa(X,t,5) =1—-X.

Theorem 3.3 (Induction formula). Let the notation be as in Theorem 3.1.
Then for ordyt > 1, +2 41, one has

(X, p?t, S — ap (X, t,8Y) = p* " (ap(X, t, SY) — ap (X, p~2t, SY).
Furthermore, if m is even, one has for ord,t > l,, +1+1
afX,pt, SY) — a(X,t,8") = vp' 7% (a(X,t,S") — a(X,p~'t,SY)).
Here es = [[ € and v = ((—=1)% €5, p),-

Proof. 1t is enough to prove the special case [ = r = 0. The general case follows
when one applies the special case to (p't,SL). Let t = ap® with a > I,,. First
notice that d(k + 1) = d(k) + 1 — % for k > [,,. One has by Theorem 3.1

ozp(th,S) —ap(t,S)

1
=1--) > wep™ +vaps fir(tp*)p™ T — vap fi (8)pTetY
a+1<k<a+2
I(k,1) even

1 _m
= Pd(a+1){(1 - ];) Z Ua-i—l-l—k:pk(l 2)

0<k<1
I(k4+a+1,1) even

a+2)2(1-%)

+—Ua+3j}(ap _’Ua+1ja(apa)}'

Notice that vy, I(k,1), and fi(ap*~!) depend only on the parity of k when
k > l,,. So the expression in the brace does not change when we replace a by
a + 2. Therefore

ap(tp*, §) — ap(tp?, §) = p* ™" (ap(tp*, §) — oy (1, 5))
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when a = ord,t > l,,,. This proves the first induction formula.

Now assume that m is even. Again write ¢t = ap® with a > [,,,. There are
two cases. If l(a + 1,1) is even, so is l(a + 2,1) = m — l(a + 1,1) (thanks to
a+1>1,). So

ap(tp, S) — ayp(t, S)

1 1 1
— (1 - _)Ua+1pd(a+1) - _va+2pd(a+2) + _va+1pd(a+1)
p p p

= va+1pd(“+1)(1 — yp_%).

Here we have used the fact that when m is even

Ua—i—l

(3.3) = Vg t1Vatr2 = V.

Ua+2

Because of (3.3), it is now obvious that

ap(tp®, §) — ap(tp, ) = vp' =% (ay(tp, §) — ap(t, 5))
for a > l,,,. The case where [(a + 1,1) is odd is similar and left to the reader.

4. The case n=1 and p = 2.

In this section, we consider the case n = 1 and p = 2. By [Ca, Lemma 8.4.1],
a nonsingular symmetric matrix S over Qs is Zs equivalent to
(4.1)

: (0 3 (13
dlag(elzlla T 7€L2ZL) & (69%16;2’”% ( % (2) )) v (@5'\[_169/2’“] < % ]2~ ))

where e, €}, €] € Z3, I, m;, and n; are all integers. The restriction on S

(section 1) means that the smallest integer among all I, m;, and n; is zero.
Write S! = 2!S as before for [ = 0 or 1. Notice that L +2M + 2N = m is the
degree of S. The corresponding lattice has a basis over which the corresponding
quadratic form is given by

L N

M
(4.2) q= Z en2nz? + Z 2™ yi1Yio + Z €27 (25, + zj12j2 + 235).
h=1 i=1 =1
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For each integer k > 0 we denote
L(k,1) ={lp:lp — k <0is odd }, l(k,1) = #L(k,1),
plk) = (~1)=m=

(4.3)
e(k) = H €n
heL(k—1,1)
1
d(k) =k + 5 Yoo —k+1)+ > (mi—k)+ Y (n;—k),
In<k—1 m;<k n;<k

5(k) = { 0 iflh:‘k—l for some h,
1 otherwise .

Furthermore, we define for ¢t = a2® with a € Z3 and a € Z

(4.4)
2 3
X = —— ) 24—z xk
Rl( 7taS) l<];+3 5(k)p(k) (/LE(k))
I(k—1,1) odd
2 d(k)—1,, M k
— —) char(4Z X
b s (g ) 20 e char(aza) (X,
I<k<a+3
1(k—1,1) even
where
2 (2,x)y ifxe€Z3,
(4.5) -1, 5
otherwise.

and p = pg(t) is given by

(4.6) p(t) = 0207 = 37
lh<k—1

Theorem 4.1. With notation as above, one has for a > 0
a(X, 2,8 =1+ 2'X'R (X, t,9) +I1X".
In particular, one has
a(X,2t,25) - 2Xa(X,t,5)=1—-X.

Again, theorem 4.1 is also true for ¢ = 0. We remark that the terms in the
formula with k£ < a are independent of a. From this it is not difficult to derive
a inductive formula for p = 2 similar to Theorem 3.3. However, even when m is
even, one does not have a reduction formula for as(2t,S) — as(t,S) similar to
that of Theorem 3.3 since there is not a good reduction formula for p(t). In
other words, we only have
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Corollary 4.2. Let the notation be as in Theorem 4.1. Then for a > 4 +
maz(l,, m;,n;), one has

as(4t, S) — an(t, §) = 22— (ag(t, ) — ag(it, S)) |

The proof of Theorem 4.1 is similar to that of Theorem 3.1. First we need
two lemmas. The first one is similar to Lemmas 2.1 and 2.4 and the proof is left
to the reader.

Lemma 4.3. (1) For a € Z; and a € Z, one has

Y(a2%x?)dx
Zo
1 ifa>0
=< 0 ifa=—1
25 (2)(2)* L ifa < 1.

(2)  Let x be a character of Q% with conductor n(x). Then for a and a as
above, one has

/ x(@)(a2"z)d

2

: ifn(x) =0&a >0
_ -1 ifn(x) =0&a= -1

2°x(=a)G(x) ifn(x) =—a

0 otherwise.

In particular, one has

2 a 12
/Z;(E)w(oﬂ x)dr = 2\/_(_06)5_%3.

Here 6.,y 15 the usual Kronecker symbol.

Lemma 4.4. Fort = a2% with o € Z5 and a € Z, one has

(4.6) /22 Y(ty1y2)dyr dys = man(1,2%)
>

and

(4.7) g Y(t(23 + 2129 + 23)dz1d2zo
B { 1 ifa>0
|l 29(-1*  ifa<o.



LOCAL DENSITIES

Proof. Only (4.7) needs some verification for a < 0. Set k = [=%tL]. Then
V(t(z120 + 23))d2zo
Ly

- Z 27 p(t(zrz +22)) [ w(a2%TF (21 + 22)22)d 2o
Zo

T €ZL)2F
=27" Z Y(t(z1x + %)) char(—2z + 2797 %Zy)(21).
T EL/2F
So
/ V(25 + 2122 + 23))dz1dzo
73
=2 Z / V(t(2] + 212 + 2%))d2
LL‘EZ/Q’“ —2x4+2—a—kZ,
=2% > Yta®) [ p(—3za2 Fz)p(a27F 2] )dz.
z€Z/2k L2
When a = —2k is even, the last integral is

Y(=3z027%2)dz; = char(2FZs) ().
Za

This proves the even case.

When a = —2k + 1 is odd, the last integral is

1,&(—i’>9€042_kz1)w(g

Za 2

= Y(=3z027%21)dx —/ V(=22 % 2)dz
2Z2 1+2ZQ

= %(1 — (=3za27%)) char(2*71Z,)(x)

= char(2871Z3)(x).

22)dz

Therefore

w(t(zf + 2122 + Z%))d21d22
z3
= 2%4)(302°2%2)

=23y = o0

13
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Proof of Theorem 4.1 Now the proof of Theorem 4.1 becomes a formality.

Just as in the proof of Theorem 3.1, we may assume that [ = r = 0. Assume
a > 0. By Lemma 1.3, one has for ¢t = a2¢

Oég(t, S))
- / [ (b (—th)a

- 1*22'“/ J1(B27F) Jo(B27F) I3 (B2 M) (—aB277F)dp
k=1 Z;
where

H ¢ (en 2 ba?)dx
H ¢ 622 byzlyz2)dyzldyz2

H w €J2n3 j]. —+ Zj1%52 —+ ZJ2~2))de1de2.

By Lemma 4.3, one has

B = 60 (e T T e,

Ip<k—1

By Lemma 4.4, one has
Jg(ﬁQ_k) — ZZvni<k m;—k

and

J3(627%) = p(k)2%rs<e ™k,
Therefore
az(a2?,S)
=1+ Zd ))Qd(k‘) /*(g)l(k_l’”w(_ﬂg(t)ﬁ)dﬁ.

The last 1ntegra1 is alvvays zero for k > a + 3 since uk(t) ¢ Zs in this case.

When I(k—1,1) is odd, the last integral is equal to 272 (% (t)) by Lemma 4.3
and our notation (4.5). When [(k — 1,1) is even, the last 1ntegral is equal to

(t)

[ o0 = o) [ o O pas
= L0y a4z, ) ().

2 8

Now Theorem 4.1 follows easily.
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5. A proposition.

The purpose of this section is to prove a transformation formula needed for the
main calculation in section 7. We fix an element u € Zj such that () = —1. Let
H = Sym,(Q,) N GL2(Q,) be the set of nonsingular symmetric matrices over
Qp, and let GL2(Z,) acts on H via g. X = *gXg. By a well-known theorem ([Ca,
Theorem 8.3.1]), the following is a complete representative set of the GL2(Z,)-

orbits in ‘H

(1 0 (1 0 u pt 0
(5.1) p (0 1)1 P lo o) and 0 ugp

with by < b and b € Z and u; = 1 or u. Recall also that every GLy(Z,)-orbit
is open in H since two quadratic forms over Q,, sufficiently close p-adically are
GL2(Zy)-equivalent ([Ca, chapter §]).

Proposition 5.1. Let f be a locally constant bounded function on Symo(Q))
such that f € L*( Symy(Q,)). Then

d

/ Symg(@wf(x) ’

_ —3b 1 bt d
%p (2(1 —(5H)p™Y /GLQ(zp)f(p w)de

! bt .
o (5 )p™h) /GLz(Zp) [ dmg(lv“>$)dx>

Z p—2b1—b2 / f(tx dz’ag(ulpbl,uzpb)x)dx
GLx(zp)

b1<bs,u;=1 OT u

A

Proof. Since Sym,(Q,) — H is a closed subvariety of codimension 1, one has

/ f@)de = [ f)de
Sym, (Q,) H

(5.2) = Z/ f(x)dz.

Here the sum runs over all GLg(Z,)-orbits O of H. For each matrix diag(ti,%2),
let O(t1,t2) be the GLga(Zp)-orbit of diag(ti,t2), and let O(t1,t2) be the sta-
bilizer of diag(t1,t2) in GL2(Z,). Let dh be the Haar measure on O(ty,t2)
with total measure 1. Since the Haar measure on ‘H is GL2(Z,) invariant, there
is a constant C' = C(t1,t3) such that for every locally constant function ¢ in
GL2(Zp), one has

(5.3) C/ f(ac)dm:/ / f(hx)dhdz.
GL.(z,) O(t1,t2) JO(t1,t2)
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Take ¢ = char(l 4+ p"Ms(Z,)) for sufficiently large integer n. Then the left
hand side of (5.3) is Cp~4", and the right hand side is equal to

meas(O(t1,t2) N (1 +p"Mo(Zy))) - meas(O,,(t1,t2)).

Here O, (t1,t2) is the (1 4+ p™Mz(Z,))-orbit of diag(ti,t2). Since

t n T1 X2 . n T1 X2

et (52 )) dinglen e (2 22))

_ t1 +2t1p"x1 tp"wa +tap" w3\ o [ ¥ %

t1p" o +top"x3  lo + 2topTiy * ok )7
one has
meas(0,, (t1,t2)) = p_3”_261_62.
On the other hand,
1

[O(tl, tg) : O(tl,tg) N (1 —l—pnMQ(Zp))] '

meas(O(t1,t2) N (14 p"My(Zy))) =

Applying the lemma below, one has then

(5.4) O(t1,t2) = p 2" 722ty t0)
where
1
Z if b1 < b2,
(5.5) p(ti, ta) = 1
if by = bs.

([ —uius —1
21— (2L 1)
(t; = u;p). Applying (5.3) — (5.5) to (5.2), one proves the proposition.
Lemma 5.2. One has

[O(t1,t2) : O(t1, t2) N (14 p"Ma(Zy))] = u(tr, t2) " 'p".

Proof. Direct computation gives
O(tl,tg) = SO(tl,tQ) X {:i:l}

where

T Io tl 2 tl 2
SO(ty,t2) = 2 X € Ly, —X9 € Ly, x] + —x5 =1
(1 2) {(_%xz m) i D t 2 pr &1 to 2 }

t t
= {(x1,22) € Zg 1 X9 € iZ,p,a‘;% + éq;g =1}
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and
O(t1,t2) N (1 + p"Ma(Zy))
> {(z1,22) € ZIQ, c21 =1 mod p", x5 = 0 mod p" P20 22 4 %x% =1}
When by < be, the map (z1,z2) — x2 is a two-to-one map from SO(ty,ts)

onto p’2~%17,, and a one-to-one correspondence from O(t1,t2) N (14 p"Mz(Z,))
onto p"tP2=017, . This proves the case by < bs.

ty P
then (z1,22) — x1 + axy is an isomorphism between SO(t1,t2) to Z; and maps
O(t1,t2) N (1 +p"My(Zy)) onto 1+ p™Z,. This implies

[SO(t1,t2) : O(t,t2) N (14 p"Ma(Zy))] = [Z5, : 1+ p"Zp) = p"(1 —p~1).

Ifa ¢ Zy, ie., (=2%2) = —1, then K = Q,(«) is a quadratic extension. Let K
be the norm-1 subgroup of K and let

K'(n)={z¢€ K':2=1mod p"}.

When by = by, & = Z—; € Zy. Let a = M—Z—;. IfaeZ: ie., (%) =1,

Then the map (z1,z2) — 21 + axy gives an isomorphism from SO(ty,t2) onto
K and from O(t1,t2) N (1 + p"M2(Z,)) onto K'(n). So in this case, one has

[SO(t1,t2) : O(t1,t2) N (1 + p" Mz (Zp))] = [K' : K (n)] = p" (1 +p 7).

6. Gauss integrals over GL,.

t1 12

For any matrix M =
t3 4

> € M>(Q,), we compute the following Gauss

integral in this section.

(61) I*<t1,t2,t3,t4) == I(M) == w(z til‘?)dﬁldl‘gda?gd.le.
GL2(z,)

Here dx; is the Haar measure on Q, so that meas(Z,) = 1. The integral is a
generalization of the integral (2.2) to GLg, and will be needed in next section.
We will use either of the two notations whenever convenient. The following
lemma is obvious from the definition.

Lemma 6.1. (1)  The value of the integral I*(t1,to,t3,t4) does not change
under any of the following operations: switching t1 with t4, switching to with t3,
or switching the pair (t1,t4) with the pair (t2,t3).

(2)  For any o € Zj;, one has
I(Oé2t1, Of2t2, t3, t4) = I(tl, tz, t3, t4).

In other words, multiplying a column or a row of M by a square does not change
the value of 1(M).
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Lemma 6.2. (1)

I*(tl,tz,tg,t4)

= I*(t) I (t2)T* (t2) I (t3) + T*(02) I (ta) T (t2) T* (t3) + p~ " T (t2)T* (t2) I (p°t2) I (t3)
+p (PP )T (8a) T (b2) T* (b3) — T (82) T () I* (t2) I* (£3)

—p~* char((p™1Z,)*)(t1, Lo, t3, t4) > () tiz?).

T, G]F;;,mlm4::c2:c3

Here F), is the finite field of p elements, I(t) and I*(t) are integrals given by
(2.1) and (2.2).

(2)  For oy € Zyp, one has

4
I'"(oqp™ ', oop™ asp™Haup™ ') = p~* Z ep(—Z(aix?)).
xXe GLy(F,) i=1

2mix X i
Hereep(z)=e 7 ,and X =+ % ).
r3 T4

Proof. By the definition of ¢, one has ¥(zp~!) = e,(—x) for z € Z,. Now (2)
is obvious. To prove (1), first notice that GL3(Z,) C Zf) is the disjoint union of
the subsets (coordinates are in the order (x1,x4, 22, 23))

DLy X Ly X Ly X Ly Loy X DLy X Ly X Ly Lpy X Ly X pLiy X Ly,
and
{(z1, 24,22, 23) € Z;;S X Ly x3 F .CC2_1£C1.%’4 mod p}.

So

I*(t17t27t37t4)

= p TPt ) I (ta) T (t2) " (t3) + p~ ' T* (t1) I (p°ta) I* (t2) I* (t3)

+p T (6) I (ta) I (pt2) I (ts) 4 T* (82) I (ta) I* (t2) I (t3)

— w(tll'% + tgl'% -+ t4$i)d£1dl‘2d4/ w(tg.flﬁg)dxg

2;3 x35m51m1m4 mod P

Since p~tI(p*ty) = I(t4) — I*(t4), it suffices to show that

@U(tll‘? + tgl‘% + t4$i)d$1dl’2d4/ ¢(t3(1)§)dl‘3

Z;?’ m35m51m1w4 mod p

(6.2)
= p~* char((p™1Z,)*) (1, ta, t3, t4) > () tizd).

T; EF;,xl;m:a:ng
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By Lemma 2.1, the left hand side of (6.2) is
p~* char(p™'Zy)(3) . b(tr2]) Y (taa3)(tax )Y (taay *atat)de doody.
Zy

This is zero unless t1,t4 € p~17Z, since it contains a factor I*(¢; +t325 ' 22) resp.
I*(ty 4 tzxy 22?). The same proof as in Lemma 2.1(3) would make the integral
zero unless ty € p~'Z, (under the condition t3 € p~'Z,). On the other hand, if
t1,...,t4 € p_lzp, then the integral equals

plY et ettt [y
(1+pZyp)3

xl,wz,fmelﬁ‘;

=p* > () tix}).

miGF;,w1x4:m2m3
This finishes the proof of Lemma 6.2.

To obtain a more precise formula for I*(t1,t,ts3,t4), write t; = a;p® with
o; € Zy, and a; € Z. We may and will assume that a; < ag,a4, and as < as
without loss of generality in the rest of this section (see Lemma 6.1).

Corollary 6.3. With notation and assumption as above, one has

(1-p A +p™")  ifar >0,

(b1, byt ta) = {I(tl)I(u)I*(tg)I*(tg) if ar < —2.

In particular, if ay,as < —2, then I*(t1,t2,t3,t4) = 0.

Proof. The case a1 > 0 is trivial. If a3 < —2 then I*(¢;) = 0 by Lemma 2.1. So
Lemma 6.2 implies

I*(tl, tQ, tg, t4) = pill(thl)I(tgl)I* (tg)I*(tg) = I(tl)I(t4>I*(t2)I*(t3).

The case a; = —1 is a little bit more complicated and more interesting. We
first assume at least one of a;, say a4 is nonnegative. Then (assuming a4 > 0)

Z w(z tizy)

z €Fy ,z1x4=w2T3

= (D wta)( D v(taxd)( Y v(tsa3))

1 EF* To E]F* xs3 EF;
= p*I* (1) I (ta) I* (t3)

Also notice that I(t4) = 1 and I*(t4) = 1 — p~! in this case. So Lemmas 6.2
and 2.1 imply
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Lemma 6.4. Let the notation be as above. Assume that a; = —1 and aq > 0.
Then

I*(ty, to, ta, ta) = (L— p~ )I*(t1)I(t2)I(ts) + p~ I (t2)I*(t3).
More precisely, one has

I*(t17t27t37t4)

((1—-pY) <3_%(—31)_%> if as, a3 > 0,
pH1—ph) ((Fe2) - 1) if ay=—1,a3 >0,
| () 4 (e
| s (w4 (22) + (=) Fe=as=-1

Finally, it comes to the case where a; = a3 = a3 = a4 = —1. By Lemma 6.2,
it reduces to compute the following Gauss sum

(6.3) S(M) = S(ag, a9, a3,a4) = Z eP(Z o z?)
xe GLy(F,)

where M = (a1 a2> € My(F,), X = <m1 IQ), and ey(z) = e »". One

a3 Q4 Irs T4
has

(6.4) I*(aap™aop™t asp™ aup™) = p 1S (—aq, —an, —as, —ay)

for o;; € Z,. Here we also use o for its image in [F,. When some of a; = 0, the
sum (or the integral) is given by Lemma 6.4. The following lemma was proved
with the help of Don Zagier. I thank him for his help and for allowing me to
publish it here.

a1 Q2

Lemma 6.5. Let M = (
a3 Q4

> with a; € F%.

(1)  Whendet M =0, i.e, M = (5021 5022) with some (3 € Fy, one has
—f —Q1 Qg —OQplg, g
S(M) =-p*((—) + 1— :
(M) =—p~(( ) )+ ( ) )L —( . p)

(2)  Whendet M #0, let A = 5222, and let

a1

Ey:yP=z(z—1)(z -\
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be the corresponding elliptic curve over F,,. Let
ap(A) = ap(Ex) = #EA(Fp) —p— 1.

be the trace of the Frobenious on Ex. Then

S(M) = (%W — (X M)pa,(A) +p
det M —Q9 —Q3 (o7
s, (A ((;) ()4 (T2 4 (;)) .

Here 6, is the number defined by (1.9), i.e., it is 1 or i depending on whether
p=1mod4 or p=—1 mod 4.

Proof. By the classical Gauss sum formula, one has

S(M) = Z eP(Zaiwg)— Z 610(2041'3312)

XeMa(Fyp) det X=0
= Loy S (S aed)
p det X=0
Since det X = 0 means that either X = (;a ;i)b) with a,b,p € F, or X =
<2 2) with X = 0 being counted p + 1 times, one has
Z ep(Zaix ZZQP a1 + azp?) Zep o + aygp?)b?)
det X=0

+ Zep (azc? + aud?) —
c,d

Applying the classical Gauss sum formula to the second term, one obtains

S(M) = <H“’>p T p— p(280y

(6.5) - Z Z ep((ar + azp?) Z ep((ag + agp?)b?)

b

Notice that
(6.6)
D if (m198) = 1&pu==4,/—%

>_ep((01 + asp®)a®) = 2 ’ -
a \/ﬁép(m%) otherwise.
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Case 1 When det M = 0, _aog‘l = —.2. In this case, the roots p = &, />

as
and p =+ ;—af are the same if they exist in F,. Let 5 = Z—?, then one has by
(6.6)

D epl(ar + asp®)a®) Y ep((o + aap®)h?)

b

_ Zp(—_l)<a1 +Cl€3,u2)(062 +044,LL2) +(1+ (__ﬁ)>p2

" b b b b
_ 2 _
= O‘;"‘?)p?%)%uﬂ{»ﬁ
= (CU (- 1= () 4 (1 (R
— (@ (D) + (F292 - (F22) w4 (L
Plugging this into (6.5), one proves (1).
Case 2 When det M # 0, the roots u = (/=% and p = +,/=%2 are

different if they exist in ). So

S enl(en +as®)a) Y epl(az + aae®))

b

_ Zp(__l)(al +043M2)(042 +oz4u2)

u p p p
FH (T ep(an = 2 0)
b
A (P Y el - =)
T30y :c—f—alozgl x+a2all z
= (= D o e I+ ()

z€lF,
a1 —asg.., det M oy det M

+ () + (o= )p\/235p+((_7)+(p))( o IPVPOp.
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So
D epl(ar + asp®)a®) Y ep((on + aap®)h?)

3oy (z 4+ araz ) (z 4+ azay )
=(—, P> ( . )

—oi300 x(x + ozlagl)(:v + ozgogl)
) > ) )

+ pv/Poy(

+

det M (5] —Q —Q3 g

() + (—) + (—) + ()

p p p p p

Given a polynomial f(z) € F,[z], let C% be the affine curve defined by y? =

f(z). Since, for a fixed = € F, the equation y* = f(z) has 1 + (%) solutions
in [F,,, one has

f(z a

(6.7 > )~ ey, -p
z€lF, p

It is easy to see from this that

22 +azx+b p—1 ifa?—4b=0,
(6.5) Z<—>={

P -1 if a® — 4b # 0.

z€lF,

In particular, one has (det M # 0)

—1 —1
Z((m + ajas ) (x4 gy ))

p

= 1.

x

Next, let Ej; be the elliptic curve defined by
By oy =x(z+ araz ) (z 4+ asagt).

Notice that Ey; has one extra point (infinity) to its affine points. So (6.7) gives

et e taz)) gy

- p
So
SO3 ep(on + as®)a®) 3 ep(an + aa)?)
noa b
— (B (CB M pa, (Ew)
T /(UM (O (02 4 (98 4 ()

p b p p p
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Plugging this into (6.5) and comparing the result with the desired formula in
(2) leads us to verify

(6.9) ap(Enr) = (

Notice that the map =z — —alaglx and y — (—Oqag_l)zy gives a bijection
between E'(F,) and Ep(F,), where

E': —ajaz'y? = a(z —1)(z — \)

is the quadratic twist of E\ by —ajag Land )\ = 0‘20‘3 . So (6.9) follows from the
general fact that

(6.10) ap(E%) = <§>ap<E>

for any elliptic curve E over F,, and any quadratic twist E¢ with d € Fy.

Corollary 6.6. (1) For «;,3 € Zj,, one has

I*(a1p™ aop™ ' anBp~ ", anfBp™t)
—2 -3 —Q1(2 —QpQ2, _4q
= ()4 1— (—=2)p~ ).
(( ) )+ ( ) N —=( ) )
(2) Fora; € Z;; with a1ay # asag, one has
I*(arp™ oop™tasp™ ' aup™)
= Loy (1,00
-3 a1y — (axg —Qq &%) ag —Qy
—p~°/Do ( +(—)+(—)+(— )
VPop( p )(p)(p)(p)(p)

7. The case n =2 # p.

Let the notation be as in section 1 and assume p # 2. We further set

1+ (—1)ik1)

(7.1) 6% (k) = 5 :

if i(a+1,1) is even,
if I(a+1,1) is odd,
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and

_Ilo if i(a+1,1) is odd,
7.3 ‘) =
(7.3) fa(ap®) (52) if {(a +1,1) is even.
Finally, set
) . 5+(k) if a — k is even,
(7.4) 9( >_{ (&)~ (k) if a — k is odd.

p

We remark that all those terms are independent of [ or r. To make the compli-
cated formula manageable and to give it some structure, we group the terms of
the formula into 2 groups (R; and Rs) and 12 polynomials I; ;. The definitions
depend on whether a = b or not. The case a = b is much easier and can be
served as a check when one gets tired of the long calculation.

When a = b, we define I; ; = I, ;(X, T, S) as follows :

La=(1=p?) Y w(k)st(k)pFri®xF,
0<k<a

Lo =0"(1+a)v(l+a)((
Iz=14=0,

—Q1 Q2

) . p—l)pa—i—d(a—i—l)Xa—l—l,

La=0-p2) Y wlk)o(ks)d™ (ky)d (ky)ph ko) yhath:

0<ka<ki<a
- Y axk

0<k<2a

Ls=v(a+1)§ (a+ 1)((‘@1(12) Y Z 6-1—(k)v(k>pa+d(a+1)+d(k)Xa+1_|_k;,
p 0<k<a

]2,6 = _((_(1/10[2)54-(1 + CL) + 5—(1 4 a)>pa—1+2d(1+a)X2a+2
g = Z (5F (k) + p 16— (k))ph+2d® x 2k

0<k<a

I3 =14 =1I>5=137=0.

Here

(7.5) Co=01=-p) > wvlky)o(ky)ph Fatdl),
0<ko<ki<a
ki+ko=k

I(ki,1) even
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When a < b, we define
La=1-p2) Y wv(k)st(k)p" ik Xk

0<k<a
ar, 1 o —2 a+14d(a+1 a+1

L2=v(a+1 (——(5 a+1)—p (5+a+1) ++(+)X+,

2 =vlat ) (520 @t ) - @)y

La=01-pY Y w(k)gk)p s H4® x*,

a+1<k<b+1
b .
Ls=v(b+ 1)pa+g+l+d(b+1)Xb+1 ) { fié(lazp ) . ?f a # b mod 2,
(7)f2(042p ) ifa=bmod 2,
and
La=0-p2) Y wlk)o(ks)d™ (ky)d (kg)ph Fatkntd(he) yhath:
0<k2<ki<a
— j{: C%)(k,
0<k<2a
a1 1 _ _9
Lpg=|(—)—=0 (a+1)—p (5+a—|—1)
2,2 (( » )\/ﬁ ( ) ( )
ST v(a+ 1)u(k)dT (k)prtitdlarrdh) yatish
0<k<a
Ly=(1-p") S ulka)u(ka)5T (ke)g(ky)p Ak k) xhthe,
0<kz<a+1<k1<b

We also define
La= Y v(b+1)(k)st(k)p=s HabrD+dk) xbrith

0<k<a
f1(azp®) if a £ b mod 2,
‘ (%)fz(&zpb) if a = b mod 2,

a+k
Ins =v(a+1)fi(cip®) Z v(k)g(k)p = tdlattd(k) yatith
a+1<k<b+1

Ipg = v(a+1)v(b+1)fr(anp")p™ s FeF DT+ yatbz
f1(o2p?) if a £ b mod 2,
' (%)fz(oézpb) if a = b mod 2,

and
Iz =06 (a+ 1)prt2dath x2at2

Lg = Z (6% (k) + p~ 16— (k))pk+2d®) x 2k,
0<k<a

Now we are ready to state the main formula.
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Theorem 7.1. Set X =p~". Then
(7.6) a(X,T', 8") = Ro(X) + p" X' R (X) + p* X* Ry(X) + 15'(X),

where R;(X) = R;(X,T,S) are given by

4 8
Ry=1, Ri=> Ny Ro=(01-p ")) Li+p 'Ly,
i=1

i=1
and

BHX) =1 —-p "X+ (1—p PP X (1 + Ri(X)).

Corollary 7.2. Let the notation be as in Theorem 7.1. Then
ap(X, T, SN — pPX2a(X,T,S) = (1 — X)(1 +p*X + p* X R (X)).
Moreover, if a(1,T,S) = ap(T,Sy) =0, then
o (1, T, 8Y) = p*d/(1,T,8) — (1 4+ p* + p*R1(1)).
Here o is the derivative of a(X, T, S') with respect to X.

Remark 7.3. When S is unimodular, one can verify (by tedious calculation) that
our formula for X =1 and [ = 0 coincide with those of Kitaoka’s ([Ki, Theorem

2]).
The rest of this section is devoted to the proof of Theorem 7.1. It is quite
technical and can be skipped. We first do an easy reduction.

Lemma 7.4. If Theorem 7.1 is true for I =r =0 (all S and T ), then it is true
in general.

Proof. (sketch) Assume that Theorem 7.1 is true for l = 7 = 0. Since o, (1", S1)
= p3a, (T, S), it is also true for [ = 1 and r = 0. In general, denote L!(k,1) and
so on for the data corresponding to S’ instead of S. Then for any k > 0, one
has

IL(k+1,1) = I(k,1) mod 2,
5 (k+1) = 6% (k),
vy (k +1) = v(k),

and
d'.(k+1)=d(k) —rk +1—7l.
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So the associated functions f; and g (to T' and S.) are independent of [ or 7.
Now applying the formula just proved to 7' = T' and S = S!, one finds

4
ap(Th, S =14+ p X' 1+ (1 —p )p¥ X 212 LA X e,
1=1

where If,j are almost the same as I; ; except for that the summation is over
| < k+1<a+]l for example, instead of 0 < k < a. Notice that d(0) = 0,
v(0)=1,and 0 <[ < 1. So

I=01-p?% Y  okpti®x*
0<k+i<a-+l
I(k,1) even

=(1-p%) Y k)Xt

—l<k<a
I(k,1) even

= l(l —p72) + Il.
For the same reason, one has I{’i =1, fori# 1, and

L j+1; ifl1<j<4,
Iy =14 I if5<j<7,
[+ 1y, if j =8.

Combining the formulae, one finds that theorem 7.1 is true in general.

Lemma 7.5. Let J(p~*) be defined by (2.3). Then

(7.7) op(T,8) = p I ¥ R(k) + > p™ ™ J(p~*)J(p™")R(k1, k2).
kEZ k1>ko
Here
1 * a— a— — —
R(k) = 2(1—(_—1)p_1)I (—arp®*, —arp™™*, —anp”F, —agp” ")
p
-1 1(k,1)
+ ( ) I*(_a/lpa_kv _alupa_kv _a2pb_k7 _042Upb_k)a

2(1+ (5 )p™1)
and

1 ﬁl 1 ﬁg )
R(k1, ko) = 1 Z (_)l(k al)(_)l(k 1)
B1,62=1 0T u p b

ok PR — i Bop? ).

I* (—ay S1p®F, —ay Bop™ ™2, —a Bip
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Proof. By 1.3 and Proposition 5.1, one has

1 k- 1 —k Kk
ap(T,S)ZZp3k< ———K@p " p )+ ————K(p ", up ))
2P\ a1 — (Zhp ) 20+ (Zp )
1 _ _
"‘Z Z p2k1+k2K(ﬁ1p k17ﬁ2p k2)7
ko<kq
Bi=1 O u
Where
Kt = [ I aT' gl t)g)dg
GL2(z,)
and

= [ vgua( n)o(E5) G

A substitution of <z) by g (;) gives

B lr t1 0 (z,z) (x,y) T
J(tl,w)—/@wﬂw (5 o) (G G Yyay
_ / Y(trq(x))e(taq(y)) de dy
(zy)?

= J(t1)J ().

In particular, J(t1,t2) does not depend on g. Direct calculation gives

(= trT tg diag(t1,t2)g)dg
/GLQ(ZP)

= I*(—a1p®ty, —o1p*ta, —asp’ty, —aop’ts).

Finally, J(8p~ %) = (%)l(k’l)J(p_k) by Corollary 2.3. Now putting pieces to-
gether, one proves the lemma.

Lemma 7.6. Let the notation be as above.

(1)  One has

) 1
J(p~F)? = pru<nll k)(7)’(k’”-
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(2)  One has
(=)D R(E)
(L=p~ ) (OF (k) +p~'o (k) ifk<a,
B p 1 (1 —p H5 (k) if k=14 a&a < b,
") (=me2)5 (k) + 67 (k) ifk =1+ aka=b,
0 ifk>1+a.

Proof. Claim (1) follows from Lemma 2.2 directly. When k& < a, one has by
Corollary 6.3

I*(—ayp®™ ", —Barp™™*, —agp’™" —asBp" ) = (1 —p™H)2(1 +p7 ).
So

1 (_1)l(k:,1)
201 (™Y 20+ (5Hp™h)

Notice that
-1

(7.8) ( ’

YD) (26 (k) + y<‘71>6-<k>> — 26T (k) + g (k)

for any numbers x and y. So
—1

5 Y EDR(E) = (1—p ) (0T (k) +p~ 0~ (k).

(

When £k =14 a and a < b, one has b — k > 0. In this case, Corollary 6.4
implies

I*(—anp™™*, =Banp®™*, —aop”™*, —Basp”")
—1 1y =B -6, 1
=p (1—-p — )l -(—)p "}
( ) ) 1= ( ) )}
Now simple calculation (using (7.8)) gives the desired formula for this case. The
case where k = 1+ a and a = b follows similarly from Corollary 6.6 and Lemma

6.1

Finally, when £k > 1 + a, one has a — k < —2. So Corollary 6.3 implies
R(k) = 0.
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Next come to the second sum in (7.7). First we renormalize the factors
involved. Set for an integer k

0(k) = { 1 if I(k, 1) is even,

dp if I(k, 1) is odd.

Here 0, is defined by (1.9). The following trivial observation will be frequently
used in the computations below.

(7.9) O(k) ™" (267" (k) + y8,0™ (k) = 267 (k) +y5~ (k)
where x and y are any complex numbers and k is any integer. Denote
(7.10) R*(k1, ko) = (0(k1)0(k2)) "  R(ky, k2)

and
T (K1, k2) = 0(k1)0(k2)J (p~")J (p~"2).

Then
(7.11) T*(ky, ia) = gy vy p? ot (R0 iy (1= ko)
where vy, is defined by (1.8), and
(7.12) T (K1, ko) R (K1, ko) = J(p~")J (p*2) R(k1, ks).

The following lemma follows directly from Corollary 6.3.
Lemma 7.7. (1) Ifky <k <a, then

R*(ky ko) = (1= p~ ") (1 +p~ )8 (k1)0™ (k2).

(2) Ifky>140borkys>14a, then R*(ky, k) =0.
Lemma 7.8. (1) Whenk; =14 a > ko and a <b, one has

R (R, ko) = (1 — p~)5* () ((%)%ﬂkl) - ;aﬂkn) .

(')  When ki =1+ a> ko and a = b, one has

—Q10

1

R (ki ka) = p (1= p) (( OB

) 5T (k)07 (k2).
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(2) When14+b>ky >1+a> ky, one has
R (ki ko) = (L= p~")%p 7 6+ (ka)g (k)

(3) When1+b>k >1+a=ks, one has
R (ki ko) = (L=p )™= fulcrp™)g (k)

(4) Whenki =1+b>1+a > ko, one has

a—b—1

R*(k1, ko) =(1—p Yp 2 6" (ko)
f1(o2p®) if a —b is odd,
. { (%)fQ(OQPb) if a — b is even.

(5) Whenky =14+b>1+a=ky, one has

a—b—1

R*(kl, k’g) = (1 —pil)p 2 fl(Chpa)
fi(ozp®) if a — b is odd,
' { (%)fQ(O@pb) if a — b is even.

Proof. The proof is case by case verification using results in section 6. To save
space, we write

I(B1, B2) = I (—a B1ip® ™1 —aqagp® %2, —ap B1pP 1, —agBap®F2).

When k1 =14+a > ks and a < b,onehasa—ky =—1,a— ko > 0,b—k1 >0,
and b — ko > 0. So Lemma 2.1 and Corollary 6.4 imply

04151) 1

I8, B2) = (1= 50,22 %—]%).

Since () = —1, one has then

Ribk) =7 3 <%>“’“’”(%Y(’”’”I(ﬁl,@)
B;=1 Or u

(1= p )5 (k) ((“1 ! !

o) (k) - Fé*(k:l)) .

Applying (7.9), one proves (1).
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When k1 = 1+a > ky and a = b, one has b — k; = a — k; = —1, and
a—ky =b—ko > 0. So Lemma 2.1 and Corollary 6.4 imply

I(Br,B2) = (L —p DI*(—a1fip” NI (—azfip™ ') +p ' (1 —p )I*(—azfip™ )

—p (1 —p () _p

Here we have used §2 = (_?1) Plugging this into R*(k1, k2) and applying (7.9),
one obtains (1').

When1+b>k; >14a>ky,onehasa—k1 <—-2,a— ko >0,b—k; >0,
and b — ko > 0. So Lemma 2.1 and Corollary 6.3 imply

I(B1,B2) = (L — p~ 12T (= Brp® ™)
a—ky { 1 if a — kq is even,

= 1— —1y2 2
(L=p)p 517(&1;)51) if a — k; is odd.

Plugging this into R*(k1, k2) and applying (7.9), one obtains (2).
When 1+b>ky >1+a=ky,onehasa—k1 < —-2,a—kyo=—-1,b—k; >0,
and b — ko > 0. So Lemma 2.1 and Corollary 6.3 imply

I(B1,32) = (1 — p~ I (=1 Bip* ") I*(—a1 Bop™!)

_ a—ky 04152 1 1
=(1—p p = (8 — -
( ) (0 ) )\/]3 p)
1 if a — ky is even,

' { 0p(22L) if a — ky is odd.

Plugging this into R*(k1, k2) and applying (7.9), one obtains (3).

When 1+b=%ky >1+a > ky,onehasa—k; < —-2,b—ky =—-1,a— ks >0,
and b — ko > 0. So Lemma 2.1 and Corollary 6.3 imply

I1(B1,B2) = (1 — p~ D I(—a1 S1p™ ") (—azfip™)

R B (Y e N

p P P
1 if a — k; is even
'{5,)(“11;5’1) if @ — k; is odd
(1—ph) ”{ (57 b if a+ b is odd,
=(1—-p )p - 1 . .
(%){( b )\/%—)—5]9(%)%} if @ — b is even.

Here we have used 52 = (’?1) Plugging this into R*(k1, k2) and applying (7.9),
one obtains (4).
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Finally, when 1 +b =k; > 1+ a = kg, one has a — k1 < -2, b— k1 = —1,
a—ky=—1,and b — ko > 0. So Lemma 2.1 and Corollary 6.3 imply

I(Br, B2) = I(=a1 1p® " )" (—aofip™ )" (—a1 fap™)
(M) - )

:p - = - =
N/ Y
5(@2_&)L_1 if a 4+ b is odd
P\p P p
{(%){(22)\%5%(%)%} if a — b is even.

Plugging this into R*(k1, k2) and applying (7.9), one obtains (5).

Proof of Theorem 7.1 Now the proof of Theorem 7.1 becomes tedious
but easy calculation. We may assume [ = r = 0 by Lemma 7.4. We verify the
case a = b and omit the more complicated case a # b for the benefit of the
reader. By Lemma 7.6, one has

S ph (R 2R()

DY —ph) Y PR (T (k) + p e (K))

E<0 0<k<a
—p OO (G (1 a) 407 (1 4 a)
=(1—-p N1 =p )+ (1 —p g+ Iz

By Lemma 7.2 and (7.11) — (7.12), one has

> PRI I (07 Rk, ko)

k1>ko

PO D P DN D D DD

ko<k1<0 ko<0<ki<a k2<0, k1=a+1 0<ko<ki<a 0<ke<a<ki=a+1

where every sum is on vy, vy, p*1 T¥FIFTAE) R (k) ky). By Lemma 7.7, one has

Z Uk1 Vkq Uk2pk1+d(k1)+d(k2)R* (kh k2)

ko<k1<0

=(1-p P+ph) Y phth
ko<k1<0

=p ' (1-p H1+p HA-p~*)~h.

Notice that

ptA-p HA+p HI-p ) T+ (1 -p H1-p ) =1
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By Lemmas 7.7, one has

Z Uk2pk'1+d(kl)+d(k2)R*(k17 k2)

ko<0<ki<a

= Y e p sk (L-p ) A+ D PP
0<k1§a k2<0

=111

Similar calculation using Lemmas 7.8(1") and 7.7 gives

Z Vgy Vg1 THEDTAR) R () Jog) = T 5
k2<0, k1=a+1

Z Uiy Vi, pEITAEDTAR) B (o) o) = (1 — p~ ) Ip4
0<ka<ki<a

and
Z gy Uy p TR HAR2) R () o) = (1 —p Moo

0<ke<a<ki=a+1

Putting everything together and applying Lemma 7.5, one obtains
ap(T,8)=14+Tin+TLio+ (1 —p NIan+ T2+ Ioe + I2g) +p ' Iap.
This verifies (7.6) in the special case (I =7 =0, a = b).

8. Examples.

In this section, we compute some interesting examples involving quaternion
algebras. It turns out that the local densities related to split and ramified
quaternion algebras are closely related to each other. Some results of this section
will be used by Kudla and Rapoport to prove the main local identity in [Kul]
for p|D(B) ([Kul, Theorem 14.10]). Let B be a quaternion algebra over Q,.
Fix a k € Zy, and let V = {z € B : trz = 0} with the quadratic form
q(x) = —kN(x), where N is the reduced norm. We will use upper script ‘s’
or ‘ra’ indicates whether it is split or ramified. Let Op be a maximal order of
B. When B = B™  let L™ = V™ N Op. When B = B®, we identify B with
M>5(Q,) in such a way that Op = M3(Z,). Let 3 be a fixed unit in Z, such that
(8) = —1. We define

p

b

Li=venin@) = (¢ ) <@,

b

s __ a .
(81) Ll - {(pC —CL> . a,b,C,E Zp}a
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and

s pa b _
(8.2) L= {(ﬁb+pc —pa) ca,bc, € Zy}.

The lattice L3 consists of matrices in L§ whose reduction modulo p are in the
image of F,2 = F,(8) in M»(F,). Both L{ and L5 come naturally as the en-
domorphism rings of special Cartier Opgr« modules over the algebraically closed
field F,, ([Ke, Section 2]). when p # 2, the corresponding matrices are

S = K diag(1,1,—1),
(8.3) S7 = k diag(1, p, ),
S5 =n diag(ﬁ ),
S™ = k diag(s, )

When p = 2, the corresponding integral quadratic forms (see section 4) are

g5 = k(2T +y1y2),
(8.4) g5 = k(27 + 2y192),
g5 = K(3x7 — 3u3 + 4a3),
q" = k(37 + 2(2] + 2122 + 23)

We are interested in computing the polynomial (X, T", S) for 0 <1 < 1 and
S being of the four matrices given by (8.3) and in their relations. We assume
n=dim T < 2 and p # 2 when n = 2. By Corollaries 3.2 and 7.2 and Theorem
4.1, one only needs to study the case [ = 0.

Theorem 8.1. (1) One has
Ri(X,T,S§) = p'Ri(X,T, S5),

and .
Ri(X7 T, Sra) = (_p)lRi(Xv T, SS),
for1 <i<2.
(2) When a > 1, one has
Ri(X,T,S5) = p*Ry(X,T, S5,

and

Ro(X,T,S3) = p*Ra(X, T, 55) + (p — p°) X*.
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Proof. We assume p # 2 and leave the case p = 2 to the reader. A trivial but
crucial observation is that [(k, 1,5) is even if and only if k is even, independent
of the choice among the four examples. Here we write [(k, 1,S) for [(k,1) (see
(1.6) for definition) to indicate its dependence on S, We will do the same for
other notations. So the functions 6 (k), f;(k), and g(k) is the same for all the
four examples. Direct calculation also gives

1 if k is even and S = 57,
-1 if kis even and S = S™?,
(8.5) v(k,5) = (%) if k is odd and S = 57,
—(%) if £ is odd and S = S"*,
with one exception: v(1,55) = —(%)- Finally, one has by calculation
1k if =53,
—1k4+1 ifS=5%o0rSm,
(8.6) ak,8)={ | :

it $=.55and k=1,
—lk+2 if S=85and k> 1.

Now the case T' is a number is obvious by theorem 3.1. When n = 2, , one can
now see easily by inspection that

Ii,j (X7 T7 Sf) = pZI’L,j (X7 T> Sg)a

and .
I'ivj (X7 T, STG) = (—p)Z[Z-J- (X7 T, Sg)a

for all 4 and j. This proves the first claim.

One has to be a little bit careful about I; ;(X, S3) since v(k, S5) and d(k, S3)
behave abnormally at £ = 1. However, when a > 1, all the terms involving
k =1 is zero except in I g. So the formulae I;;(X, T, S3) = p*I;;(X, T, S§) are
true for all (7, 7) except (2,8). On the other hand,

Ls(X,85) =p 'p’X* + Z (6T (k) +p~ 6 (k))p*X>F
1<k<a
=pX?—p’X?+p* D (5T (k) +p o (k)X
0<k<a
=pX? - p’ X% + pths(X,S5).

This proves the second claim.
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Corollary 8.2. Fort € Z,, one has
a(X,t,5™) + a(X,t,57) = 2,

a(X,t,8™) = —pa(X,t,S5) + 1+ p,

and
a(X,t,57) =p a(X,t,55) +1—p'

for 0 << 2.
Direct calculation using theorems 3.1 and 4.1 gives

Proposition 8.3. Let t = ap® with o € Z;, and a € Z>¢.
(1)  When a is odd, one has
a—1

2
at

(X, t,85) =1+ (1—p )Y 27hxk _p= " ixetl,
k=1

(2)  When p # 2 and a is even, one has
: akK
a(X,t,85) =1+ 1 —p ")) 27FX 4 (= )p I X
b
k=1

(3) When p=2 and a is even, one has

a—1
2

_1 a a
a(X,t,85) =1+(1—p ) Y 27 F X4 (—)27 82X 455 (a—k)27ETIX T,
aK
k=1

where () = 1 according to ax = +1 mod 4.

1 if t =0 mod 8,
dg(x) =< —1 if x =4 mod 8,

0 otherwise .

From now on, we assume p # 2 and n = 2, i.e., T' is a two-by-two nonsingular
symmetric matrix over Z,. We may assume 7' = diag(ap®, agp®) with a <b.
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Corollary 8.4. One has

Oé(X, T; Sra) = pza(X7 T7 55) + 1 _p2 - (p+p2)R1(X7 Sg)a
a(X,T,S]) =a(X,T,5) + 2pR1 (X, S5),

and

a(X,T,S5) = p°a(X,T,S™) + (1 +p) (1 —p)(1 + pX?) + p*Ri (X, S)) -

So the four functions a(X,T,S) for S = S? or S™ are all closely related,
which is a somehow surprising outcome of this calculation. Thus it is sufficient
to compute R;(X,S§).

Theorem 8.5. For T = diag(a1p®, aap®), let vg = (ko /p), and

(522) if b=0 mod 2,
V1 = P

(=2)  fb=1 mod 2.

(1) Ifa=0 mod 2, then

Ri(X,S5)=(1—-p?) > p"X*4pi(l-pluX) Y (woX)",

0<k< e a<k<b
and
Ro(X,S5)
_ (1 _p—l)p—Z Z pch2k + (1 _p—2X2) Z pk(voX)a+b—2k
0<k< g 0<k<3
+p2TlXx? Z (voX)F —p2—2X? Z (vo X )",
a<lk<b a<k<b

(2) Ifa=1 mod?2, then

Ri(X,85) =-1+(1-p'x?) Y prx% 4op's XM,
0<k<et

and

Ro(X,S5) = (1—p Hp X2 Z X2k vlp“T—leﬂ
ngsagl

+ (1 —p_2X2) Z 'UlkaCH_b_zk.
o<k 25t
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Proof. It follows from Theorem 7.1 by elementary but tedious calculation and
is left to the reader. Another way to check it is to first compute R;(X,S§) by
definition, which is easy. Then applying the result and Kitaoka’s formula as
reformulated by Kudla (see Proposition 8.6 below) to Theorem 7.1, one can get
a formula for Ro(X,S§).

The following two propositions follow from theorems 7.1 and 8.5 easily.

Proposition 8.6. (Kitaoka, see [Kul, Prop. 8.1]) (1)  When a = 0 mod 2,
one has

a(X,T,55)

1—p2x2) > (X 4 (0o X)) 4 pT Y (g X)R

0<k<g a<k<b

(2)  When a =1 mod 2, one has

a(X,T,S5)

_ k 2k a+b—2k

a—1
0<k<%5=

Proposition 8.7. (1)  When a =0 mod 2, one has

a(X, T, Sra) _ Z pk(XZk: - (UoX)a+b+2_2k)

0<k<2

_ Z pk+1(X2k: . (UOX)aerJerQk:)
0<k< g

+(X2=1)pstt > (v X)R.

a<k<b
(2) When a =1 mod 2, one has

(],/(X, T, Sra) — Z pk (X2k . ,UlXa—Fb—l-Q—Qk)
0<k<eft
_ Z pk+1(X2k . UlXa+b+2—2k)_

0<k<oit

For T = diag(a;p?, asp®), we also denote al( X, ayp®, aop®, S) for a(X, T, S).
Then we have the following two induction formulas which follow from Proposi-
tions 8.6 and 8.7 directly.
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Proposition 8.8. (Induction formula I) Set v =v, = ((—1)%kay/p).

(1) If B = B? is split, then

O{(X, alpaa a2pb+17 53) - UXO,/(X, a/lpav 042pb7 53)
(1—-vX)(1-p2X?) <20§k<%ka2k> +p2X* ifa=0 mod 2,
(1—vX)(l—p_2X2)20§k<%ka2k if a =1 mod 2.

(2) If B= B"™ is ramified over Q,, then

Oé(X, alpaa a2pb+17 Sra) - UXO[(X, alpa7 a2pb7 Sra)

(1—-vX) (ZOSkS% prXE - 20<k<s pkHX%)
= +(X2 - 1)patixe if a =0 mod 2,

(1-vX) (Zogkg%l prXP — ZO<I¢<“T+1 pk+1X2k> if a =1 mod 2.
(3)  The difference a(X,a1p®, aop®*1, 8) — vXa(X, a1p?, azp®, S) is inde-
pendent of b in all the four examples.

Proposition 8.9. (Induction formula II)
(1)  When B = B® is split, one has

Oé(X, alpaa a2pb+2, 55) - X2Oé(X, alpa, a2pb7 58)

(1-p2X2)
(1-X?) >o<k<s PEX?k 1 p3 X1+ v9X)  ifa=0 mod 2,
|l a-Xx2) Zogk<gka2k if a=1 mod 2.

(2) When B = B"™ is ramified, one has

Oé(X, alpaa anb—}—Q’ Sra) - XQOé(X, alpa7 a2pb7 S’l“a)

1-x?)

- { Zo%kaZk;_Z(;%pk:—f—lXQk:_p%-i-lXa(l_'_voX) ifa=0 mod2,
- atl atl

>0’ p’“XQ’“—ZOQ prHix2k if a =1 mod 2.

For T = diag(ap®, azp®). we define following Kudla ([Kul, section 8])

vy if a=0mod 2,

v1  ifa =1 mod 2,

(5.7) ) = {
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where vy and v; are given in Theorem 8.5. Kudla has shown that p,(T) = —1
if and only if (1,7, 55) = 0, while p,(T) = 1 if and only if (1,7, 5;*) = 0.
It is natural and interesting to study the derivatives o/(1,T,S5) when p,(T) =
—1, and o/(1,7,5™) when u,(T) = 1([Ka, section 8|, and [Me, IV.3]). By
Propositions 8.8 and 8.9, they also have interesting induction relations. The
following peculiar relation was first observed by Kudla and Meyer ([Me, p. 57]).
Since there is a minor mistake in the original statement, we restate it here with
a simple proof. We don’t know if there is a conceptional explanation.

Theorem 8.10. (Kudla and Meyer) Let T = diag(a1p®, cop®). When pu,(T) =
1, one has

2p3

o/ (LTS5 = ~(p+ Dla+b+2) +

1Oz(l,T, S5)-

Proof. Taking derivative at X = 1 on both sides of the formulas in Proposition
8.7, one has when p,(T) =1

o (L,T,S")+ (p+1)(a+b+2)
421%11)’@ if a =1mod 2& v, =1,
= 421%pk+2p%+1 ifa=b=0mod 2& vy = —1,
A E pb 4 2p3ti(b—a+1) ifa=0mod2&uvy = 1.

Comparing this with [Kul, Corollary 8.4] (see also Proposition 8.6), one obtains
the theorem.
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