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1. INTRODUCTION

In 1969, Siegel ([14]) constructed modular forms from arithmetic of
totally real number fields as follows.

Theorem 1.1. (Siegel) Let F be a totally real number field of degree
d, and let Or be the different of F'. Then for every even integer k > 2,

(e(r) = )
9r(r) = Cr(1 = B) + 27 3" 4 (F, K)e(nr)

is a holomorphic elliptic modular form of weight dk for SLo(Z) (except
for the case (d, k) = (1,2)), where

am(F, k) = > > (Na)h

zGB;1’+,trF/@x:m ©OpCaCOR
Here the superscript ‘+' stands for totally positive elements.

Siegel further derived from this a simpler proof of his famous theorem
that (r(1 — k) is rational for all &k > 1.

Siegel’s construction is based on the simple observation that a Hilbert
modular form becomes an elliptic modular form when restricting diag-
onally to the upper half plane. Indeed, Hecke constructed and proved
in 1924 that

(1.1) Ei(r) = Cr(1 = k) +27" Y~ o4y (20p)e(trar)
zedpht
is a Hilbert modular form of weight k for SLy(Op). Here
or-1(b) = Y (Na)*!
bCaCOp
and tra7 = Z;lzl o;(x)7; for the real embeddings o;. It is easy to see
that gk<7—> = Ek(T? e 77-)‘
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In fact, Hecke also give similar construction for odd k together with
some ideal class character as long as there are no obvious cancellations.
The case k = 1 is particularly interesting, where he concentrated on
the real quadratic fields to avoid complication. Indeed, let F' = @(\/5)
and assume that D = d;dy such that di,ds < 0 are fundamental dis-
criminants of imaginary quadratic fields. Let y be the genus character
of F associated to the genus field K = Q(v/dy,v/ds). Then Hecke
proved in the same paper (Hecke’s trick) that

(1.2)
Eiy(m,7,s)= > x(a)(Na)"™
qeCL" (F)
Z US’U/’S
(mT 4+ n)(m/T" +n')|mt + n|?$|m/'T" + n'|?s

0#£(m,n)€a2 /Ot

is a (non-holomorphic) Hilbert modular form of weight 1 for SLy(OF),
and is holomorphic at s = 0. So E; ,(7,7,0) is a holomorphic Hilbert
modular form of weight 1. He further computed the Fourier expansion
of this holomorphic modular form, which is very similar to (1.2). Un-
fortunately, he messed up a sign in the calculation, and it turns out
that £y ,(7,7',0) = 0 identically. It should be mentioned that Gross
and Zagier took advantage of this fact to compute its central derivative
at s = 0 and use it to compute the factorization of the singular moduli
(I6).

Hecke was unfortunate in another sense. If Hecke had used a quartic
totally real field or injected some ramification in his example, he would
have produced honest Hilbert modular forms of weight 1. This is one
of the main purposes of this paper. Indeed, we will prove in Section 3
the following theorem, after local preparation in Section 2.

Theorem 1.2. Let F' be a totally real number field of degree d with
different O, and let K be a totally imaginary quadratic extension of F

with relative discriminant di/p. Let X = Xk /r be the quadratic Hecke
character of I associated to K/F. Let o = (o) € [, 4, Fo with
Viek/F

ord,a, = ord,dp, and let N be a square-free integral ideal of F such
that all its prime factors are inert in K. Then there is a function on
H? x C, denoted by E*(t,s, ®*N), such that

(1) Asa function of s, E*(1, s, ®*) is meromorphic with possibly
finitely many poles and is holomorphic along the unitary line Re s = 0.
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It has a simple functional equation

(1.3)
H(W|v N ) (s, 00 = e(a, N)H(|N|v N T E (7 -5, 0%,
N N
where
(1.4) e(a, N) = (=1)°NMi* TT xolew)e(xo, v0)

vldg/p

™ T el TT @),
vldg/ v|Op,vfdk /P

Here o(N) is the number of prime factors of N, €(xu,¥,) is Tate’s
local root number (1, is to be defined later), and x.,(a) = X, (ww,)° 4 is
independent of the choice of a uniformizer w, when x, is unramaified.

(2)  As a function of T = (11, ,74) € HY, E*(1,5,®) is a
Hilbert (non-holomorphic) modular form of weight 1, level dg/pN', and
character x, where x stands for

X ¢ (Or/dig/eN)* = (Op/dijr)* — {£1}, x(a) = [] xola
vldg/p

(8)  The central value E*(7,0,®*N) % 0 if and only if e(a, N') = 1.
The central value E*(T,0, <I>O"N) s a holomorphic modular form and has
Fourier expansion

E*(7,0, @) = (1+ €(0, N))L(0, xxc/r)
+ 2% (a, ) Z §(at)pr/r(tOpN ™ e(trtr).
te(@n' M)+
Here tr(tT) = >, 0:(t)7; for the real embeddings {o1,--- ,04} of F,
(1.5) d(at) = [T (14 xulant)),
U\dK/F

and

We gave two formulae for ¢(a, N) in Theorem 1.2 on purpose. From
the second formula, it is clear €(a, N') = +1, so the first formula implies

di/r # Op when d = [F : Q] is odd. That is,

Corollary 1.3. Let F be a totally real number field of odd degree, and
let K be a totally imaginary quadratic extension of F. Then K/F is
ramified at some finite prime.
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This fact was also observed recently by Gross and McMullen ([5],
Proposition 3.1). By looking at the sign e(a, NV) in the special case
where K/F is unramified at every finite prime and N’ = Op, one also
obtains the following corollary, which explains Hecke’s misfortune.

Corollary 1.4. Assume that d = [F : Q] is even, and that K/F is
unramified at every finite prime. Then the ‘spherical Fisenstein series’
E*(7,0,®497) = 0 if and only if d = 2 mod 4. Moreover, when d = 2
mod 4, for everyt € 8}1’+, there is no ideal A of K with relative norm
top.

In particular, when 4|d, the spherical Eisenstein series give holomor-
phic Hilbert modular forms of weight one of SLy(Or) Hecke tried to
construct in 1924. Even for degree 2, our construction gives holomor-
phic Hilbert modular forms of weight one with small level and trivial
character (see Theorems 5.1 and 5.3)

Following Siegel ([14]) and restricting the function diagonally to
(1,-+-,7), one obtains

Theorem 1.5. Let the notation be as in Theorem 1.2. with e(a, N') =
1. Then

fan(r) = L(0,x) +2771 Y " am(a, N)e(mr)
m=1
1s a holomorphic elliptic modular form of weight d, level N, and Neben-
typus character X. Here N > 0 is gwen by NZ = dg/pN NZ, and x
is the composition of the embedding (Z/N)* — (Op/dk/pN)* with x,
1.e.,

(L.7) W) = I] vl

U|dK/F
Finally,
(1.8) am(a, N) = > S(at)pr/r(tdpNT).
te (0" N)*
trF/Qt:m

Theorem 1.5 has at least three types of potential applications:

(1) One can use it to compute the L-value L(0, xx/r), or equivalently
the relative class number of K/F.

(2) One can use it to construct a lot of (infinitely many, in fact)
holomorphic modular forms of some fixed weight, level, and quadratic
Nebentypus character.

(3) Since the space of holomorphic modular forms of a fixed weight,
level, and Nebentypus character is finite, the infinitely many modular
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forms constructed in (2) have to have some relations. They should be
reflected on the arithmetic of the chosen number fields.

We don’t address these applications fully in this paper. Instead, we
focus on some interesting examples in Sections 4 and 5. Section 4 deals
with unramified extensions and Section 5 deals with real quadratic
fields and its totally imaginary quadratic extensions, both biquadratic
and non-biquadratic. It turns out that biquadratic and non-biquadratic
fields have slightly different flavors (see for example Corollaries 5.5 and
5.8). We record two simple examples here to give the reader a flavor
and refer to these two sections for other examples. Notice that both
examples are slight variants of Hecke’s original example.

Theorem 1.6. (Theorem 4.1, Corollary 4.7) Let F be a totally real
number field of degree d divisible by 4 and let K be a totally imaginary
quadratic extension of F' unramified at all finite primes. Then

Fiyp(T) = L0, xxer) + 2571 am(K/F)q™

m=1

is a holomorphic modular form of weight d for SLy(Z), where

am(K/F) = > pryr(tor).

t€8;1’+,trF/Qt:m

Moreover,

(1) Ifd=[F:Q|=4, then

1
L0, xr/r) = 30 Z pr/F(OF),
te ot

tI‘F/Qt =1
and the ratio ‘;T((II((//Q is independent of F or K, and is non-zero.
(2) Ifd=[F:Q] =S8, then

4
L(0,xk/F) = —= Z pr/r(tOF),

15 .
te oyt
tI“F/Qt =1
and the ratio % is independent of F' or K, and is non-zero.

Theorem 1.7. (Theorem 5.1) Let N be a square-free positive inte-
ger. Let dy,dy < 0 be two fundamental discriminants of imaginary

quadratic fields, and let F = Q(v/D) with D = didy > 0, and let
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K = Q(V/dy,v/dy). Assume that

19)  (did) =1, and <%> <%

) = —1 for every p|N.

So every prime p|N splits in F' and every prime of F' above N is inert
in K. Let N be an integral ideal of F with odd number of prime factors
in F such that N NZ = NZ . Then

(110) fdl,dmN(T) = L<Oa XK/F) + 2 Z am(dla d27N)6(m7—)

m=1

is a holomorphic (elliptic) modular form of weight 2 for I'o(N) with
trivial Nebentypus character, where

(1.11) U (dy, do, N) = Z PK/F(tN_l).

t=2+mVD e\ |a| <my/D

The case e(a, N') = —1 is even more interesting as first demonstrated
by Gross and Zagier ([6], [7], see also [10] and [17]). In ([3]), Bruinier
and the author will compute the central derivative in one of the special
case (see Theorem 5.7) when €(a, N) = —1, and use it to general-
ize the work of Gross and Zagier on singular moduli ([6]) to a family
of Hilbert modular form (the Borcherds forms on a Hilbert modular
surface) valued a CM 0-cycle associated to a non-biquadratic quartic
field.

Acknowledgement The author thanks David Rohrlich for showing
him a very simple proof of Corollary 1.3, and thanks Dick Gross for
pointing out the reference [5]. He thanks Steve Kudla for his help
and encouragement. This work was finished while the author visited
National Center for Theoretical Science at Taiwan. The author thanks
Jing Yu and the staff at the center for providing him an excellent
working environment. Finally, the author thanks the referee for reading
the manuscript carefully and correcting the typos.

Notation Let I be a totally real number field, and let ¢ = ¥gotry/q
be the additive character of F' used in this paper, where g is the
‘canonical’ additive character of Q4 such that Yr(z) = e(z). Let
K = F(v/A) be a totally imaginary quadratic extension of F, and let
X = (A, )a be the quadratic Hecke character of F' associated to K/F.
Let Op and Ok, be the different of F" and relative different of K/F re-
spectively, and let dp = Np/gOr and di/r = Ng/rOk/r be the discrim-
inant and relative discriminant respectively. Let I(s, x) = ®'I(s, x,) be
the induced representation of SLy(Fy ), consisting of Schwartz functions
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®(g, s) on SLy(Fy) such that
(1.12)

Pam(@s9) =@l 2, 10)= (g 7). mw= (5 )

For a factorizable section ® = [[ &, € I(s, x) which is standard in
the sense that ®,|sr,(0,) is independent of s for v < oo, the Eisenstein
series

(1.13) E(g,5,®)= Y ®(y9,5)
y€B\SL2(F)

is absolutely convergent when Re(s) >> 0 and has a meromorphic
continuation to the whole complex s-plane with finitely many poles and
is holomorphic on the unitary line Re(s) = 0. Moreover, it satisfies a
functional equation

(1.14) E(g,s,®) = E(g,—s,M(s)®),

where
(1.15) M(s)@(g,S)Z/FACI’(W(Z’)Q?S)CZ@ w= ((1) _01)

is an intertwining operator from I(s,x) to I(—s,x), The Eisenstein
series E(g, s, ®) has the Fourier expansion

(1.16) E(g,s,®) = Ey(g.5,®) + Y _ Eilg,s, )
tel'*

where, for t € F™*

(1.17) Ei(g,5,®) = ][ Wenlg, 5, @)
with
(1.18) Wiw(g, s, ®,) = / O, (wn(b)g, s),(—tb)db

v

Here db is the Haar measure on F, with respect to the character 1,.
The constant term

(1.19)  Eo(g,s,P) = P(g,s) + Wo(g,s, @) = P(g,s) + M(s)P(g, s).
We normalize

(1.20) Wio(g, 8, ®) = L(s + 1, x0)Wio(g, 5, @)

and

(1.21) E*(g,s,®) =A(s+1,x)E(g,s,P)
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with

(1.22)

A(s,x) = A2 [] L(s, x0) = A3Tr(s4+1)"L(s,X), A = Nejo(Ordr/r).
Here

s+1 S ].
2 I

for v|oo. Notice that the normalized L-function satisfies
(1.23) A(s,x) = A1 —s,x), A0,x) = L(0,x).

Finally, when @, = ®% is the eigenfunction of SO,(R) of ‘weight’ k for
every v|oo, i.e,

L(s,xv) =Tr(s+1)=mn

—sinf cos®

(I)U(gk978) = eike(I)v(ga 3)7 ko = ( cost/  sin 9) :

(1.24) E*(r,5,®) =[] v, E*(H Gryr 5, ®),

where 7; = u;+iv; and g, = n(u;)m(,/v;) € SLa(Fy;) with g, (i) = 7;.
Here {0y, -+ ,0,} are real embeddings of F.

The proof of Theorem 1.2 is simply to choose a proper section ®V €
I(s, x) with given data and compute the Fourier expansion of E*(t, s, V)
via (1.16)-(1.19). This is a purely local calculation. In Section 2, we
collect and expand results of ([11]) on local Whittaker functions needed
for the proof of Theorem 1.2. They should be of independent interest.

2. LOCAL RESULTS

In this section, we extend the local results of [11] to a general p-adic
local field, which is needed in the proof of Theorem 1.2 and should
be of independent interest. In this section, F' stands for a finite field
extension of @@, with ring of integers Op and a uniformizer w. Let K
be a quadratic extension of F', including F'é® F'. Let x be the quadratic
character of F** associated to K/F and let 1 be an unramified additive
character of F' in the sense

n(Y) == min{n : Y|gne, = 1} =0.
For a € F*, let V,, = K with quadratic form Q,(z) = azZz. This gives

a Weil representation w, = wy, , of G = SLy(F) on S(K), and the
map

Aot S(K) — 1(0,x), Aa(®)(9) = wal(9)9(0),
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is G-equivariant. Here we remark that xy, = (—detV,,)r = xx/r is
independent of the choice of a. Let R(V,) be the image of A\,. Then
we and R(V,,) only depends on o € F*/NK* (up to isomorphism). In
this paper, we denote V' for V,, with & = 1. When K/F is inert, we
fix a choice for V= =V, with o € wO}. When K/F is ramified, we
fix a choice for v € OF such that y(a) = —1. It is well-known that
(2.1)

4 : :
[«LX):EamFVNK*RUQ)::{}%VY) if K/ F split,

R(VtY® R(V™) if K/F non-split.

Let ¢° = char(Ok), and let ®,, € I(s, x) be the standard sections such
that

Pa(g,0) = Aa(e”).
Actually, @, depends only on the choices of & modulo NOj;. We denote
ot for &; € R(V"). When K/F is non-split, we denote &~ = &, for
the prefixed o above. We remark that ®, (thus ®*) depend on the
choice of 1. In fact, the section &, with respect to S is the same as

&, 5 with respect to 1. Then the following is well-known and is easy
to check.

Proposition 2.1. Assume that K/F is unramified. Let X = |w|® .
(1) One has w*(k)¢® = ¢° for all k € K = SLy(OF). ®F is the
unique eigenfunction of K = SLy(Op) with trivial eigencharacter such
that ®*(1,s) = 1.
(2)  one has

Wi (1,5, ®") = char(Or)(t) Y (x(@)X)",
0<r<ordpt
(3)  One has fort € Op

ordpt +1  if K/F split,
Wr(1,0,&") = ordpt
0 ( ) {w if K/F inert.

In particular, W;(1,0,®%) = 0 if and only if K/F is inert and ordpt
1 odd. In such a case,

1
W;'(1,0,0%) = i(ordpt + 1) log |w| ™!
(4) M*(s)®*(g,s) = L(s,x)®"(g,—s). In particular, W;(1,s, ®1) =

M*(s)®*(1,s) = L(s,x). Here L(s,x) = (1 — x(@)|w@|*)~ is the local
L-function of x.
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Denote
(2.2) Ko(w") ={g = (a 2) € SLy(Of): ¢=0 mod w"}
It is easy to check that
(2.3)

SLy(F) = BKo(=")| JBwKo(=") | J( |J Bn (¢)Ko(=")).

O<ordpc<n
Here n=(c) = (i (1))

Proposition 2.2. Assume that K/F is inert.

(1) One has w™ (k)¢ = ¢° for every k € Ko(w). ®~ is an eigen-
function of Ko(w) with the trivial eigencharacter such that ®~(1) =1
and &~ (w) = —|w]|.

(2)  One has
ordpt
i ~ 1+ ||
Wi(1,s,® ):char(OF)(t)< TTex 2 Z )
1+ || .
—mchar((?p)(t) —+ Wt (]., S, ¢+>,
and
ordpt
We(w, s, ) = —|w|char(w 'O I _X)
(w5, ®7) = —[lchar(@ O (1) | 7+ D (X" ).
n=0

(3)  Fort e OpWi(1,0,07) = —1I=CU" — o ordpt = 0
(-

mod 2. Fort € @w 'Op, Wy(w,0,d") = —1= 12)0rdFt =0 ordpt =0
mod 2. When ordgt > 0 is even, one has
X _ ST w ordpt
W (1,0,07) = oW ,0,87) = (=14 0 g .
() M) = || L eg (),

Proof. We first recall a general fact about Weil representation, which
holds for any quadratic extension K ([9]). That is,

wa (n(b))o(z) = Y (baxz)d(x),
(2.4)
wa(m(a))o(z) = x(a)|ald(za),

wa(w)(z) = 1 (Va)dlx) = 1(Va) / o) (—atrr r(29))duy
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Here
1(Va) = (e(Va)y(¥)*y(det Vi, 1))~

and dyy is the self-dual Haar measure on K with respect to (z,y) —
a(trg pey). v() and y(o, 1)) are Weil’s local indices ([13]). So

(2.5) dypy = |0K/F‘I%<dy
where vol(Og,dy) = 1. Since the matrix of V,, with respect to the
basis {1,VA} is diag(a, —aA), one has

(Vo) ™' = (@, —al)y () (=4, ¥)

= x(a)y(=1,9) (=4, )

(=1, —A)v(A, )
X( ( L.-1)
x(@) (=1, A)y(A,9)
x(a)y(A, )~

a)

S0
(2.6) 7(Va) = x(@)v(A, ).
Recall also that &~ = @, for o € wO5.. It is clear from (2.4) that
wa(n(b))d" = ¢°, b€ Op,
wa(m(a))¢"(2) = x(a)lal¢’(za) = ¢°(2), =€ OF,

wa(w)d"(2) = 7(Va) | ¥(atrzg)day

Ok
= ~v(Va)|w|char(w ' Ok)(2).

Here d,y = |w|dy is the Haar measure on V, self-dual with respect to
the bi-character (x,y) — ¥ (atrzy). So (¢, € wOF)

wa(n(=c)w)d’(2) = v(Va)|w|)(—cazz)char(w ™ Ok)(2)
= ~(V,)|w|char( ' Ok)(2)
= wa(w)¢’(2).
Therefore,
Wa(n_(c))¢0 = Wa(w_l)wa(n(_c)w)gbo = wa(w_lw)¢0 = ¢0-

So wu (k)@ = ¢V for every k € Ky(w), and &~ = ®,, is an eigenfunction
of Ko(w) with trivial eigencharacter. It is clear

(1) =¢"(0) =1, @ (w) =(Va)lml.
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This proves (1). Next, for b ¢ Op, one has

wn(b) = (bol _bl) (611 (1))

and @~ (wn(b)) = x(b~H)|b|~C+*VO(1). Since y is unramified and
X(w) = —1, one has

Wt(l,s,tb_):/o @—(wn(b))¢(—tb)+z/ @ (wn(b))v(~th)db

ns TL t
= & (w)char(OF)( +Z|w| o d)(—ﬁb)db

=7(V. )|w|char<0p)<)
+Z " (char(@w"Op)(t) — |w|char(@" 1 OF)(t)) .

So Wi(1,s,®7) = 0 unless t € Op. When k = ordgt > 0, one has

k
Wi(1,5, @) =y(Va)lw| + (1 = |=]) > (=X)" = |o|(-X)*!
n=1
k
= -1+ 7(Va)lw| + (1 + =] X) ) (=X
n=0

So Wy(1,0,87) = —1+~(Va)|w|+ (14 |w|) 5L, By [10] Proposition
1.4, one has W;(1,0,®7) = 0 if x(¢) # x(a) = —1, i.e., k is even. This
implies

(2.7) V(A ) =1
and v(V,) = —1. So

k

. _ _ 1+ |w n

Wi(l,s5,@7) = L(s+ 1, x)Wi(1,5,&7) = —ﬁ + (=X)
n=0

as claimed. The proof for W} (w, s, ®7) is similar and left to the reader.
This proves (2). (3) follows from (2) easily. To prove (4), notice
that SLy(F) = BKy(w)|J BwKy(w), so the Ky(w)-invariant space
I(s, %)% is two dimensional and has a basis {®*, ®~} by Proposi-
tion 2.1 and (1). So

M(s)®™ = a®t(—s) + D (—s).
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On the other hand, M(0) clearly preserves R(V*). So we have to have
a=0,and M(s)®~ =bd (—s), with

L(s, x)

b= M(s)® (1,s) = Wy(l,s,97) = —|w|m.

4

Next, we assume that K = F(v/A) is ramified over F with ordpA =
Oor 1. Let dg/p = w! Op be the relative discriminant, and 0 = Ox/r =

w};OK be the relative different. Notice that f = 1 when p # 2. There
is not much difference between V*, so we use V, and ®, and so on
with o € Or.

Proposition 2.3. Assume that K/F is ramified, and let the notation
be as above.
b

(1)  For any k = (CCL d> € Ko(w’), one has

wa(k)¢’ = x(d)¢".

Let @, € I(s,x) be the standard section associated to ¢° via the Weil
representation (W, S(Va)), i.€., Po(g,0) = wa(g)p(0). Then @, is the
eigenfunction of Ko(w?’) with character x : Ko(w!) — {£1},k —
x(d) such that

(28) Pa(l) =1, Da(w) = X()Y(A,V)[w]* = X(—a)e(x, ¥)|=]*,
®,(n"(c)) =0 for0 < ordpc < f.
(2)  Its Whittaker function with respect to 1 satisfies
Wi (1, 5,B0) = Ba(w)(1 + x(at) X )char(O) (1),
Wi (w, 3, ®4) = @a(w)*(1+ x(at) X )char(dig) ) (t).
(3)  One has the functional equation
M*(5)®o = Ca(—5)Pa(w).

(4) Fort e Op, Wi(1,0,®,) = 0 if and only if x(at) = —1. In
such a case,

W;'(1,0,®,) = @y (w)(ordpt + f)log|w=| ™ .

(5) Forte d;(}F, Wi (w,0,®,) =0 if and only if x(at) = —1. In
such a case,

Wi (w,0,®q) = x(=1)|w|’ (ordpt + f) log[a| .
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Proof. This is basically Proposition 2.7 of [11] when p # 2. Notice that
Wi(g,s,®) = Wi(g,s,®) in this case. Recall that x has conductor
@/ Op, and Ky(w") is generated by m(a), n(b), and n=(c) = <i (1)>

with a € OF, b € Op, and c € w"Op.
(1) By (2.4), one clearly has wq(n(b))¢? = ¢° and wy(m(a))¢® =
x(a)¢° for b € O and a € OF. Next, n™(c) = w™'n(—c)w. First,

wa)’(z) =1(Va) | d(=atrigrag)dsy = (Vi) || 2 char(97) (x).
Second, for ¢ € w/Op, one has then
wa(n(—e)w)d®(x) = 7(Va)|@| 24 (—acaz)char (97)(x)
= (Vo) || char(971) (2) = wa(w).
So
wa(n™(€))¢° = wa(w M wa(w)e® = ¢.

This proves the first claim of (1) and that ®, is an eigenfunction of
Ko(w?) with character y. Clearly

q)a( )_wa( )¢O( )
and
Do (W) = wa(w)6(0) = 7 (V)| @|? = x(a)Y(A, ¥)|w|?

by the above calculation. When 0 < n = ordrc < f, one has n™(c) =
—wn(—c)w, and thus

Bo(n™(¢)) = x(— L) (wn(—c)w)¢*(0)
EA / wa(n(—chw)¢*()dz

/w —cazz dz/gbo (—atrg/pzy)dy
V 2

— XDV | (—aczz)dz
0

K/F

:|w|_f @Z)( acw I 22)dz.

The norm map z — zZ maps Ok — {0} onto the subset A of Or — {0}
whose characteristic function is given by char(A)(x) = 1+X LX@) char(Op)(z)
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(for z # 0). The kernel of the norm map is K, which is a compact
group. So there is a constant C' > 0 such that

Y(—acw '22)dz = C Y(—acw™ x)l—i_—)((x)dx

OK OF 2
1 » |
=3 Y(—acw ' x)dr + = 5 w( acw ) x(z)dz
OF
=0.

This proves (1).
(2) For b ¢ Op, write

o= () (L 9)

So @, (wn(b)) = x1(b)|b] 1@ (n" (b)) for b ¢ Op, and
W1, s,@.) :/ By (wn (b)) (—tb) db+z/ (b)) (—th)db
Of

n>1 _"O*

= O (w)char(Op)(t) + Y w|"x( ”/ —1(b)¢(—ﬁ)db.

wn

Here we have used the fact that @a(n*(c)) =0if 0 < ordpc < f.
Notice that the Gaussian integral

n - tb n—f gy £
(@) [ O = dar(=" T OR) OX (e, )l
F

where €(x, ) is the Tate’s root number. So

ns —-n - tb i
SlwPex@) ™ [ - Sodb = x(=tex, )l ebas(Or) ()

Ox w
n>f F
with k = ord,t > 0. In summary, we have proved for t € Op
Wi(1, 5, @) = (Vo) | |* (14 x(at)CX* )
with
C = e(x, )v(A,¥) " x(=1).

So Wi(1,0,®,) = 0 if and only if x(at)C' = —1. On the other hand, by
Proposition 1.4(iii) of [10], ex(V,) = —x(?), i.e., x(at) = —1, implies
Wi(1,0,®,) =0. So C =1, i.e,

(2.9) YA, Y) = x(=De(x, ).

Therefore
Wi(L, s, @) = x(@)7(A, ¥)]w]% (1 + x(at) X)),
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The formula for W (w, s, ®,) can be proved similarly. For the purpose
of proving (3), we also need to compute W;(n=(c), s, ®,) when 0 < n =
ordpc < f. Similar calculation gives

(2.10) Win=(c),s,P,) =0
unless ordpt = ordrpc — f. In such a case,

Wi (0)5.00) = @l [ (=t

@2.11) xt=alel [ ol b

Now we are ready to prove (3). It is clear that M (s)®, € I(—s,x)
is an eigenfunction of Ky(w’/) with eigencharacter y since ®, is. So it
suffices to verify (3) for ¢ = 1,w, or n™(¢) with 0 < n = ordpc < f.
Since

M(s)®,(g,s) = Wo(g, s, D),

one sees immediately from (2)
M(s)®4(1,5) = By (w), M(s)Pu(w,s) = Py(w)?

So M(s)®u(g,s) = Po(w)Pu(g, —s) is true for g = 1, w. By (2.10), one
has for 0 < ordpc < f

M(s)@a(n”(c),s) = 0 = @a(w)Pa(n” (), —5).
This proves (3). Claims (4) and (5) follow from (2) directly. O

Finally, we consider the case F' = R, and fix Yr(z) = e(x). (2.1)
still holds. When K = C, i.e., x = sgn is the sign character. Let
¢° = e ™ be the Gaussian, and let ®* be its associated standard
section in (s, ) via the Weil representation wy;. Then ®* = ®z! is
the unique eigenfunction of Kr = SO5(R) of weight £1 defined in the
introduction. The following is [11], Proposition 2.6. The sign difference
is due to the fact that we use w = <(1) _Ol) to define the Whittaker
function while —w is used in [11]. For general ®f, we refer to [12],
Proposition 14.1.

Proposition 2.4. For 7 = u + tw in the upper half plane H, let g, =

n(u)m(y/v), and
Wig(r, 5, ®5) = 02 L(s + 1, )Walgr, 5, )
where L(s,x) = T'r(s+ 1) as in the introduction. Then
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(1)
—2ie(tT) ift >0,
Wig(7,0,®g) = § —i ift =0,
0 if t < 0.

(2) Whent <0, one has
WR(7,0,®) = —ie(tr) 51 (4xt|v),

where
du

Bi(z) = /100 67""”? =—FBi(—z), >0

1s a partial Gamma function.
(3) M*(s)Py = —iL(s, x)Pp(—s). Here M*(s) = L(s+1,x)M(s)
is the normalized intertwining operator from 1(s,x) to I(—s,x).

We end this section with a useful fact relating the local Weil index
with the local root number.

Corollary 2.5. Let F' be a local field, and let v be a non-trivial additive
character of F'. Let A € F*. Then

V(A Y)e(xa, ¥) = 1.
Here xa = (A, ) is the quadratic character of F* associated to F(v/A).
Proof. First notice that

V(A ap) = xala)y(A, ),  e(xa,av) = xala)e(xa, ).

So the identity does not depends on the choice of 1. Next, if A € F™*,
then v(A,¥) = e(xa,?) = 1. So we can assume A ¢ F*. When
F =R, A <0, and thus

V(A Yr) = i7" = e(sgn, ¢r) .

When F is a p-adic field, we take ¢ to be unramified. If K = F(v/A)
is unramified over F', then one has by (2.7)

YA, Y) =1=€(xa, )"
If K = F(\/Z) is ramified, then one has by (2.9)
(A, 9) = xa(=1)e(xa, ) = e(xa, )

The case of non-archimedean field of positive character is the same.
O
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3. THE MAIN FORMULA

Now we are back to the global situation and let the notation be as
in the introduction. In particular, F' is a totally real number field of
degree d, and K = F (\/Z) is a totally imaginary quadratic extension
of F'. Recall that x = xx/r = (A, )a be the quadratic Hecke character
of F associated to K/F.

For a = () € qu| di)r F¥ with ord,«, = ord,0r and a square-free
integral ideal N of F' prime to dg/p as in Theorem 1.2, we choose a
standard section ® = ®*N =[]\ ®, € I(s, x) as follows.

When v|oo, we choose ®, = &% € I(s,x,) be the unique eigenfunc-
tion of SO2(R) of weight one as in the introduction.

When v|dK/ r, choose ®, = & with respect to the unramified addi-
tive character 90 = a1, as in Section 2.

When v|N, choose ®, = @ with respect to a unramified additive
character 10, say 90 = a 11, for some a, € 9rO; as in Section 2.

When v { Ndg/roo, choose ®, = ®F with respect to a unramified
additive character 2, say ¥9 = a ', for some a, € IrO; as in
Section 2.

We remark that ®, is independent of the choice of ¥? or equivalently
a; ! when v { di/roo. The purpose of this section is to prove

Theorem 3.1. Let the notation be as above. Then the Eisenstein series
E*(1,s,®%N) satisfies all the properties in Theorem 1.2.

Proof. We first make a remark on the Fourier expansion and the local
Whittaker function with respect to v». When t # 0, the ¢t-th Fourier
coefficient of an Eisenstein series E(g, s, ®) is

Ei(g.5.®) = / E(n(b)g, s, ®)d(—th)dyb

F\F,

=TT [ @utwn®ra)on(-)d,.b
= HWf;(gv, s, ®@,).

Here the Haar measure dy, b on F), is chosen to be self-dual with respect
to 1¢,. The Haar measure db on F}, used in Section 2 is chosen to be self-
dual with respect to an unramified additive character, say ¥? = oy '),.

So we have (we set a, = 1 for v|o0) dy,b = ||2db. So

1 0
(31) Wtﬁj(g7v7q)v> = |av‘3Wtﬁz,v(g757q)v)'
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Everything in (1) follows from the general theory of Eisenstein series
except for the function equation, where one has

E(g,s,®) = B(g, —s, M(s)®).

For the rest of the proof, we denote ® = &> By the results in Section
2, and the above remark one has

~iL(s, xo) if v]oo,
1
* L w0 ‘dK F‘quv( )E(Xvawv) if v‘dK F
Mv (S)CDU = |av|3Mv7¢U®U = @U(—S) |w/v\+|wv| L( if N/
1+‘w |1+s S XU) 1 U| )
|0F|2 L(s, Xv) otherwise.

It is easy to see

H dg/rld H Opls =A™z, A= Nr/o(Ordk/F),

vldg/F v|OF
and
leu|+|wv| HIN|v +|N|
1—i-|wy|1+S IN’N’ 2 _HN"
So
: e NLE + N
M( HM e(a, N)A(s, )2(—s) [ | = —
o Wo? + Ny 2
with
(o, N) = (1M (=) J] xol—aw)elnw, ) = =1)°Ni J] xolaw)elno, )
vldg/p vldg/p

being as in the first formula for €(«, ) in Theorem 1.2. Here we used

the fact that
"I =D =]]x(-1=1

vldg/p
So
E*(1,s,®) = E(1,—s, M*(s)®)

=e(a, N)A(1 — s, x)E(7, —s, D) H ‘N‘i i |N|i;
o Vo +IN|v :

= e(a, N)E*(1, —s, D) H |N| + |N|v
% \N\v + \N\u
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This verifies the functional equation. The constant term of E*(7, s, D)
1s

By(r,5,@) = Als+ L) ([T 0)f + M (5)2(g-,s)( [ v

1<i<d 1<i<d
= A=, )( [T v)? +elas M)A, ) (] vi) 72
1<i<d 1<i<d

Here v; = Im(7;). In particular,

Eg(7,0,®) = (14 €(a, N)A0, x) = (1 + e(a, V) L(0, X)-
This verifies (3) for the constant term. Moreover, if e(a, N') = 1, then
Ei(7,0,®) = 2L(0,x) # 0. If e(a, N) = —1, then E*(7,0,®) = 0 by
the functional equation proved in (1). So

E*(1,0,®) =0 < e(a,N) = —
For t € F*, the t-th Fourier coefficient of E*(7,0, ®) is given by
Ei(r,0,0) = Az [[ Wik (m.0.08) [ wirr,0,) [ Wi (1,0,0,)
1<'L<d U|dK/F ’U'de/FOO

=0

unless ¢ >> 0 and t € 8;1, ie,te€ 0;17+, by the results in Section 2.
In such a case, one has by the same results in Section 2.

W* wR(Tz,O @R) = —2ie(o;()Ty),

1
Wtfz’;wv(L 0, (pav) = |A|3XU(_QU)€(Xva @Z)v)(l + Xv(avt))7 if v|dK/F7
and

14+(—1 ordyayt—1 .
LU ey

__1)ordy (ayt) . ..
1+(1)+ if v{ Ndg/poo is inert,

(1+ord,(awt)) if v 1 Ndg poo is split.

ol

Wtﬂ:;)wv (17 0, q)au) - |A|

On the other hand, decomposing a = [], po*4*®, one sees immediately
that

v<00
with
1 if v is ramified in K,
(3.3) pu(a) = W if v is inert in K,

1+ ord,a if v is split in K,
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So
G4 [ Wi L0,8,) = ()W pepan) T 1412.

vidg oo vidg ) poo

@m\»—‘

Therefore, one has
E;(1,0,®) = e(a, N)2%6(at) prcp (05N )

for t € 9. This verifies (3).

To verify (2), let v = (CCL 2) € T'o(dg/r), let v, be its image in

SLy(F,). For v = oj|oo, write v; = () and ¢; = o;(c) and so on.
Write g, = ;g ke, then
w0 _ &7+ d;
|¢j75 + dj|

Also note that Imy;7; = We also write the action of SLo(Fy)

|CJ'TJ'U‘{“7lj|2 ’
on I(s,x) as
r(9)®(g1) = ®(g19)-

The proof of (2) is a standard shifting technique between finite and
infinite primes. Indeed,

E* ’}/T S, @ Hlm’ij] QE* Hg’YJTJ’S (I)
:H CjTj+d‘ E* H/ngTj?S’@)

_HCJT]+d UJ QE* HgTJaST H’y

<00

The last identity is due to the trivial but important fact that f(vg) =
f(g) for any automorphic form f, v € SLy(F), and g € SLy(Fy). Now,
the results in Section 2 imply

o, if v unramified,
Xo(d)®, if v ramified.
Therefore
E*(yr.5,9) = [ [(em + d) () 2 E (] [ 9.5.0) ][ xe(@)
J J v ramified

= X(f}/) H(CjTj + dj)E*<Tv S, (I))

J
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This verifies (2). Finally, we verify the second formula for e(a, N). It
is well-known ([15] that

€(Xo, ¥y) = {

i if v|oo,
Xo(@@,)"®) if y is unramified at v < oo.

d

So i% = Hv‘oo €(Xv, ¥y). Since the global root number of y is

1=]]e0w ),

(2

a simple calculation gives then

el N) = (=)™ ] xlew) T  xw(@r)
vldi/ v|Op,vfdk /P

4

Elementary Proofs of Corollary 1.3: Since this corollary is so
simple, we give two other simple proofs here. First, if K/F, i.e., x is
unramified at every finite prime, then the global root number y is

1=[]e0w ) =79 xo(@n)"™) = +i

v V<00
as in the final part of the proof of the theorem. This is impossible
and so K/F is ramified at some finite prime. The second proof is even
simpler and is generously shown to me by David Rohrlich. Indeed,

1= x(-1) = [Txe(-1) = =" T wl=1) = = [T xel-1).
v V<00 V<00

So there is some finite prime v such that x,(—1) = —1, which implies
that K/F is ramified at v. Notice that the above argument actually
proved a slightly stronger result: If K/F is a quadratic extension of
number fields unramified at every finite prime, then the number of real
primes of F' which become complex in K is even.

We end this section with a simple fact complement to Corollary 1.3.

Proposition 3.2. Let d > 0 be an even integer. Then there is a totally
real number field F' of degree d together with a totally imaginary qua-
dratic extension K such that K/F is unramified at every finite prime.

Proof. Let p be a prime number such that p =1 mod d. Then Q*((,) =
Q(¢ + ¢, 1) is a cyclic totally real number field of degree p%l, which is

divisible by g. So it has a unique totally real subfield F} of degree g.
Let d; < 0 and dy < 0 are two fundamental discriminants of imaginary
quadratic fields such that p,d; and do are pairwise relatively prime.

Then F' = Fi(\/dids) is a totally real number field of degree d, and
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K = Fy(\/dy,/dy) is a totally imaginary quadratic extension of F un-
ramified at every finite prime of F. Incidently, I’ is abelian over Q
with Galois group Z/2 x Z/(d/2). O

4. UNRAMIFIED CASES

In this section, we assume that K/F is unramified at every finite
prime and take A" = Op. So N =1 in Theorem 1.5. Theorem 1.5 and
Corollary 1.4 give

Theorem 4.1. Let F' be a totally real number field of degree d with 4|d,
and let K be a totally imaginary quadratic extension of F' unramified

at every finite prime. Let Xk r be the quadratic Hecke character of F
associated to K/F. Then

Fryp(T) = L0, xier) + 2571 am(K/F)q™

is a holomorphic modular form of weight d for SLy(Z). Here q = e(7),

and
an(K/F)= " > pr(tdp).
te oyt
tre/ot =m

Theorem 4.1 can be used to compute L(0, xx,r) and thus the relative
class number hg /hp. Indeed, they are related by (see for example [16])

(@.1) L0.) =
. X WK[O;( . ,uK(’)}] hF
Here hx and hp are ideal class numbers of K and F' respectively, and

Lx is the group of roots of unity in K and Wy = #pug.
Let

(4.2) En(r)=1- 2k > ora(n)g”

be the classical Fisenstein series of weight k, where By is the Bernoulli

numbers, and
or(n) = Z m”.

mln
Let
(4.3) Afr)=qJ@ =g =) q"r(n)

be the cusp form of weight 12 for SLy(Z). Siegel proved in [14] page 90
the following proposition.
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Proposition 4.2. Let
[2] ifd=2 mod 12,

12

B {1+ (4] ifd#2 mod 12,

be the dimension of the space My(SLo(Z)) of holomorphic modular form
of weight d for SLy(Z). Write

E12r—d+2 o n
AT — E Cdnqg -
n>-—r

Then cqo # 0. Moreover, if f(T) = >, 5o anq" be a holomorphic mod-
ular form of weight d for SLy(Z), then

E Cd,—mm = 0.

0<m<r

We refer to [1] and [2] for generalization of this proposition. Com-
bining this proposition with Theorem 4.1, one obtains

Corollary 4.3. Let the notation and assumption be as in Theorem 4.1.
Then

Cd,OL(()aXK/F) + Z Cd,—mm(K/F) =0,

1<m<r

where cq, and v are as in Proposition 4.2.

Example 4.4. Let Dy, Ds,--- , D, > 0 are fundamental discriminants
of real quadratic fields such that (D;,D;) = 1for 1 <i < j < r.
Assume D; = dydy such that d; and dy are fundamental discriminants
of imaginary quadratic fields. Let F' = Q(v/Dy, -+ ,+/D,) be a totally
real number field of degree 27, and let K = F(\/dy,/d3). Then K is
a totally imaginary quadratic extension of F' which is unramified at
every finite prime of F. So, for r > 2,

fd1,d2,D2,-" Dy (T) = fK/F(T)
is a holomorphic modular form of weight 2" for SLy(7Z).

Ezxample 4.5. Let d be an even positive integer, and F be a totally real
number field of degree d/2 with discriminant dp,. Let D = dydy > 0 be
a fundamental discriminant prime to dg, such that d; and ds are funda-
mental discriminants of imaginary quadratic fields. Then F' = Fl(\/E)
is a totally real number field of degree d, and K = F\(y/dy, Vds) is a
totally imaginary quadratic extension of F' unramified at every finite
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prime. If 4|d, then we obtain a holomorphic modular form of weight d
for SLy(Z) given by

fFl,dl,d2( ) L(O XK/F +2 Zam K/F

On the other hand, if d = 2 mod 4, then for every t € 9, =
(v DOp,)~t, the ideal tdp is a not a norm from K.

Conjecture 4.6. Let 4|d and let Fy be a totally real number field of

degree g as in Example 4.5. The the formula forms fr 4,.4,(T), as dy

and dy vary subject to the conditions in Example 4.5, generate the space
of My(SL2(Z)) of holomorphic modular forms of weight d for SLy(Z).

The small degree cases are in particular interesting. For example,
since My (SLo(Z)) and Mg(SLy(Z)) are both one dimensional, we obtain
immediately from Theorem 4.1

Corollary 4.7. Let the notation and assumption be as in Theorem 4.1.
(1) Ifd=[F:Q] =4, then
Jr/r(T) = L(0, xk/p) Ea(T),
and .
L(0,xk/F) = 30 Z pr/p(t0p).

teat
trF/Qt =1

(2) Ifd=1[F:Q|] =28, then
fryr(T) = L(0, Xr/F) Es(7),

and 1
L(0,xk/F) = I Z pr/r(t0F).
te ot
tre/Qt = 1
(3)  In both cases, the ratio a(’(”](;(/f)) is independent of F' or K.

Corollary 4.8. (1) Let F = Q(v/D1,v/Ds) be a bi-quadratic to-
tally real quartic field, and assume Dy = dydy such that dy and ds
are fundamental discriminants of imaginary quadratic fields. Let K =

(Vdy,\/da,/Ds) be a totally imaginary quadratic extension of F. Then
am(K/F)
L(0, xx/F)

is independent of the choice of dyi,ds, or Ds.
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(2) Let F = Fi(vVD) and K = F\(\/dyi,/dy) be as in Evample
4.5, where Dy = dids, and F is a totally real quartic field of degree 4
with (dg,, D) = 1. Then

aK/F(m)
L(07 XK/F)

1s independent of the choice of di,dy or Fi.
Similarly, we have

Corollary 4.9. Let the notation and assumption be as in Theorem 4.1
with d = [F : Q] = 12. Then

fr/p(T) = aFrao(T) + DA(T)

with
(4.4)
2
a(K/F)=Ca+b, ayK/F)=(1+2")Ca—24b, C = %.

Finally,
L(0, XK/F) = a.

Ezample 4.10. Let F; = Q(«) be a totally real cubic field, and let Dy =
didy > 0 and D, are two fundamental discriminants of real quadratic
fields such that (D;, Dy) = 1 and that d; and dy are fundamental dis-
criminants of imaginary quadratic fields. Then F' = Q(«, v/ D1, v/Ds) is
a totally real number field of degree 12, and K = Q(a, \/dy, \/da, v/D>)
is a totally imaginary quadratic extension of F', and so

fa,dhdz,Dz (T) = L<0> XK/F) + 211 Z CLm(K/F)qm

m>1

is a holomorphic modular form of weight 12 for SLy(Z). A natural
question is when two such forms are proportional (say fixing a, Dy, ds,
and varying d)?

Example 4.11. Let dy,dy be two fundamental discriminants of imag-
inary quadratic fields such that 13,d;, and dy are pairwise relatively
prime. Let D = didy. Then F = Q((i3 + (3, VD) is a totally real
number field (in fact, Galois over Q with Galois group Z/6 x Z/2), and
K = Q(¢i3 + (3t Vdy, Vdy) is a totally imaginary quadratic extension
of F' unramified at every finite prime. So fx/r(7) is a holomorphic
modular form of weight 12.
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5. REAL QUADRATIC FIELDS

In this section, we use Theorem 1.5 to give three different ways to
construct modular forms of weight 2 via CM quartic fields. Biquadratic
fields give modular forms of level N with the trivial character. Non-
biquadratic fields give modular forms of level N with the Dirichlet char-
acter (). The first construction is very close in essence to the one
constructed by Hecke and is given in Theorem 1.7, which we restate

here for the convenience of the reader.

Theorem 5.1. Let N be a square-free positive integer. Let dy,dy < 0
be two fundamental discriminants of imaginary quadratic fields, and let
F = Q(vVD) with D = dydy > 0, and let K = Q(\/dy,\/d3). Assume
that

dy do
(51) (dl, dg) 1, and ( D ) ( D
So every prime p|N splits in F' and every prime of F' above N is inert
in K. Let N be an integral ideal of F with odd number of prime factors

in F such that NNZ = NZ . Then

) = —1 for every p|N.

(5.2) fay a0 n (1) = L(0, XK/F) + 2 Z am(dy, dg, N)e(mT)

m=1

is a holomorphic (elliptic) modular form of weight 2 for T'o(N) with the
trivial Nebentypus character, where

(5.3) am(dy, da, N) = > pr/r(EN).
t:@EJ\HaKm\/ﬁ

Proof. Since K/F' is unramified at every finite prime, o in Theorem
1.5 does not appear, we denote o = 1 in such a case. So

e(1L,N) = 2(=1)°W) = (=1)°W)+t — 1
by assumption. Notice that dp = v/ DOp, and thus

bv' D
(54)  te (0pN)" & VDt = # e N with |a| < bV/D.
Now the proposition follows immediately from Theorem 1.5. U

Notice that if N' = N;d for some rational positive integer d then it
is clear from the theorem
fd17d2,-/\[ = fd1,d2,./\/'1(d7-)

is an old form, while f4, 4, ., is a modular form of weight two for I'g(Ny)
with N;Z = N N Z. Recall that when N is a prime number, there is
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exactly one (up to scalar) Eisenstein series of weight 2 for I'g(N), given

by

(5.5) Bon(r) = 2L S(Y aygn

24
n>1 djn,N{d
Recall also that dim Ms(I'g(N)) =1 for N = 2,3,5,7,13. So we have

Corollary 5.2. Let N = 2,3,5,7, or 13, and let di and dy be as in
Theorem 5.1. Then

24[/(07 XK/F)

E
N _1 2,N(T),

fdl,dQ,N(T) =
and
N -1

L0, Xk/r) = o1 Z pr/p(AN ).

t=2t¥YD N Ja|<vD

We mention that f4, 4, v is independent of N” when N is prime. Next
we consider the case where N is a square-free and N = 3 mod 4 so that
Q(v/—N) has discriminant —N. The following theorem gives another
way to construct modular forms of weight 2 for I'y(N) by biquadratic
CM fields.

Theorem 5.3. Let K = Q(v/D,/—N) be a bi-quadratic CM field with
mazimal totally real subfield F. Assume that D > 0 and —N < 0 are
fundamental discriminants of quadratic fields such that (2D, N) = 1.
Let 8= () € [1, vy OF, such that

X(8) = HXv(ﬁv) =—-1L

v|N
Then
fopn(T) = L(0,Xx/) + 2 am(D, B, N)e(mr)
m=1

is a holomorphic modular form of weight 2 for T'y(N) with the trivial
Nebentypus character, where

am(D, B, N) = > 3(8t)prc/(tOF).

t:MEOFJaKm\/D
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Proof. In Theorem 1.5, we choose a = VD = (vVDp,) € [Lx 05,
and N = Op. Recall again dp = v DOp. Then
e(a,N) = HX”U(O‘U) H Xv(\/ﬁ)

v|N v|[vVDOF

- HXU(BU) H Xv(\/B)

v|N v|ND

— () [[x.(VD)

v|oo
= —x(8)-

Using (5.4), Theorem 1.5 gives in this case the modular form of weight
2, level N, and character y

Jan(T) = L(0, x) + 2 Z am(a, Ne(mr)
with
(0, N) = > S(at) prc/ (tOF)

tedn T trp gt=m

D R )
t=24mYD cOp |a|<mv/D

=an(D,B,N).

So fpgn is a modular form of weight 2, level N, and character x,
where

X (Z/N) — {£1} %) = [ [ xol(a).

v|N

We need to prove y = 1. This follows from the following lemma. [

Lemma 5.4. Let a be a rational integer prime to N, and let p|N be a
rational prime number. Then

[1x(a) =1
vlp

Proof. There are two cases. If p = pp’ is split in F. Then F, = Fy =
Qp, and thus xp(a) = xp(a). SO xp(a)xy(a) = 1. If p is inert in
F. Since p is odd, Og/p is the quadratic extension of Z/p, and every
element a € (Z/p)* is a square in Op/p, and so y,(a) =1 again. [
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Analogue of Corollary 5.2 holds here for N = 3,7. Another inter-
esting example is N = 11, where M5(I'y(11)) has dimension 2 and is
generated by

5
(5.6) E2,11(7'):E+q+3q2+4q3+7q4+6q5+....

and the cusp form
fe = ((T)n(117)? = ¢—2¢°*—¢*+2¢* +¢°+2¢°—2¢" —2¢" —2¢""+-¢* +- - - |
which is associated to the elliptic curve
E=Xo(11): y* —y = 2> — 2* — 10z — 20.
Here are some examples coming from Corollary 5.2 and Theorem 5.3.

2

f-3.—23 M1, = 5(6E2,11 — fg) =1+ 2¢+8¢*> +10¢® + 16¢* + - - - |,
2
J-3.-31M01, = 5(6E2,11 —fe)=1+4+2q¢+ 8q2 + 10q3 + 16q4 +oe

5
fos—arny, = 4E3 11 = 3 +4(q+3¢° +4¢> +7¢* ),
fizpan = 24E5 11 = 10+ 24(q + 3¢* + 4¢> + 7¢* - - ),

8
firgn = 5(3E2,11 +2fp) =2+8(qg+ > +2¢° +5¢* +---),

8
fopr = Z(3Esn +2fp) =2+ 8(q +¢" +2¢° +5¢" +---),

48
fs s = E( o11 — fB) =4+48( + @ + ¢+ ).

It might be worthwhile to study when two such modular forms are
proportional. Notice that § does not matter in above formulae for
D =13 or 17, as 11 is inert in F = Q(v/D) in these cases, and there is
basically one choice for 3. When D = 5, 11 splits in F' = Q(+/5) into
two primes v and v’. There are two choices of 3 in this case. In the
formula, we choose v so that y,(v5) = 1, 3, = —V/5, and By = V/5.
Notice that 6(0t) + d(—Ft) = 4 and thus

Fspatfs-par =2L(0, xx/r) +8 Z( Z px/r(tOF))q"

m=1 teatnSeop Ja|<my/5

is a modular form independent of 5. In general, similar consideration
gives



CM NUMBER FIELDS AND MODULAR FORMS 31

Corollary 5.5. Let N = 3 mod 4 be a prime number and let F' =
QWD) and K = Q(v/D,v/=N) be as in Theorem 5.3. Then

fo—n = L(0,Xx/F) + 4 _ an(D,—N)q"

m=1

is a holomorphic modular form for T'o(N) of weight 2, where

am(D,—N) = Z PK/F(tOF>‘
t=2+mYD e Op |a|<my/D

Finally, we come to the non-biquadratic case. We first prove a an
easy lemma.

Lemma 5.6. Let F = Q(v/D) be a real quadratic field, and let K =
F(\/Z) be a totally imaginary quadratic extension of F which is not
biquadratic, i.e., F = Q(VAAY) is also a real quadratic field. Assume
that K/ F is unramified at every prime above 2, and that A is primitive
in the sense that A does not have rational prime factors. Then

(1)  dx/pNZ = Npjodr/r = dpZ, where dg is the discriminant of
F.

(2)  The character X : (Z/dz)* = (Op/dk/r)* — {£1} defined in
Theorem 1.5 is the quadratic Dirichlet character associated to F Q.

Proof. By a theorem of Hilbert ([4], Theorem 17.20), one has
dx/F = H p.
ordy a=odd

where p runs through odd prime ideals of F. Since A is primitive,
p = Np/gp is a rational prime split or ramified in /. This implies

Npjodygp = dxyp N7Z = H D,
ordpA:Odd

and AA' = a2Np/@dK/p. But A and A’ are square modulo 4 and odd,
SO
AN =a®>=1 mod 4.
So Npjgdrg/r =1 mod 4 is square-free and
This proves (1). (2) follows from the fact
(Z/dg)" = (OF/dk/F)"

(since every prime factor of dj is split or ramified in F' and (1)) and
(1.7). O
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Now assume N = 1 mod 4 be square free and let ey = (5) be
the quadratic Dirichlet character. Let F' and K be as in Lemma 5.6
such that F = Q(v/N). Take a = (a,) € [, F such that ord,e, =
ord,v/D, and N' = Op. Then

e N)= ] 0D [] xe(-o)

’U|\/50F,1}1’dK/F 7)|d}(/F

Here x = xk/p. Set a = VD3 with 3 = (,) € HvldK/F O, then
e N)= ][ x(D) [] x(VDs)

v|Dytdg /e vldg/p
= H Xv(\/ﬁ) H Xo(Bo) = — H Xo(Bo)-
vldpdg/p vldg /@ vldg/p

The lemma above implies Op/dg/p = Z/N. So if we take 3, = M for
every v|dg/p and some fixed rational integer M prime to N, then

5.7 =TI won=C.

v|dK/F

So Theorem 1.5 gives

Theorem 5.7. Let N = 1 mod 4 be a square-free positive integer.
Let F = Q(vV/D) be a real quadratic field and let K = F(VA) be a CM
quartic field such that F = Q(vAA') = Q(v/'N). Assume that K/F is

unramified at every prime above 2 and that A is primitive. Let M be

a rational integer prime to N with (%) = —1. Then
frpa(T) = L0, Xk/F) + 2 Z am(K/F, M)e(mT)
m>1

1s a holomorphic modular form of weight 2, level N, and Nebentypus
character (). Here

t=24mYD cOp |a|<my/D

The case when N is prime is in particular simple. In this case, there
is a unique prime vy of F' above N which is ramified in K/F, and
S(Mt) = 14 xuo(Mt) =1 — x4 (t) = 0 or 2. Moreover, if §(Mt) = 0,
i.e., Xu(t) =1, then (for t > 0 > t')

IT xw®=xu® ][ x()=-1.

vidg ) poo v]oo
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This implies y,(t) = —1 for some inert prime v of F' (in K), and so
pv(tOF) = 0. Therefore pg/p(tOr) = 0 when 6(Mt) = 0. So we obtain

Corollary 5.8. Let the notation be as in Theorem 5.7. Assume further
that N is a prime number. Then

fK/F = L(()? XK/F) + 4 Z am(K/F)e<mT)
m>1
1s a holomorphic modular form of weight 2, level N, and Nebentypus
character (). Here

am(K/F) = > p/r(tOF).

t=2t1YD cOp |a|<mv/D

Recall a classical result of Hecke which says that dim M(N, (5)) =1
for N = 5,13,17. Recall also that for a primitive Dirichlet character e
of conductor N such that ¢(—1) = 1, the Eisenstein series

1 [e.¢]
(58)  Eae(r) = 5L(-1,0) + Zlol,e(m)qm, g =e(r)
is a modular form of weight 2, level N with Nebentypus character e.

Here
o1(m) = Z e(d)d.

0<d|m

Corollary 5.9. Let the notation and assumption be as in Corollary
5.8. Then for N =5,13,17, one has

QL(O,XK/F)
fyp(T) = L(—1, (%)) EQv(ﬁ)(T)‘
Conjecture 5.10. Similar to Conjecture 4.6, we think the following
should be true.

(1) When N > 0 is square free, the modular forms fa, 4, nv con-
structed in Theorem 5.1, as dy, dy, and N change, generate the space
My(To(N)) of holomorphic modular forms of weight 2, level N with
trivial Nebentypus character.

(2) When N = 3 mod 4 is square-free, the modular forms fpgsn
constructed in Theorem 5.3, as D and (3 change, generate the space
Ms(Lo(N)).

(3) When N =1 mod 4 is square-free, the modular forms fr/pm
constructed in Theorem 5.7, as K, F', and M change, generate the
space My(N, (%)) of holomorphic modular forms of weight 2, level N
with Nebentypus character ().

These conjectures can easily be verified when N is small.
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