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1. Introduction

Igusa defined three invariants for genus 2 curves which can be used to construct curves
for use in cryptography. The Igusa invariants can be computed as special CM values of
Siegel modular functions on the Siegel moduli space of principally polarized abelian sur-
faces. CM points on the moduli space correspond to complex multiplication points where
the abelian surface has extra endomorphisms and the endomorphism ring is an order in
the ring of integers of a quartic CM field, K. Evaluating the Siegel modular functions
at CM points to high precision and recognizing them algebraically is a computationally
intensive task.

In [LY], Lauter and Yang introduced invariants of genus 2 curves defined as special
values of Hilbert modular functions. These were constructed by pulling back Eisenstein
series from the Siegel to the Hilbert moduli space and expressing the Igusa invariants
in terms of these pull-backs. Part of the motivation for introducing invariants on the
Hilbert moduli space was to improve efficiency for the computation. The invariants on
the Hilbert moduli space are more efficient to compute because the CM points have a
simpler description, and the evaluation of the exponential functions is more compact,
depending essentially on two variables rather than three. In addition, when the Hilbert
moduli space is associated to the real quadratic field F' = Q(\/g), the space of Hilbert
modular functions is generated by only two rational functions constructed by Gundlach.
Thus the problem of computing invariants for genus 2 curves is reduced to computing and
recognizing algebraically just two Gundlach invariants, the CM values of the Gundlach
rational functions.

In this paper, we present a further improvement to this approach by expressing all
the functions to be computed in terms of Hilbert theta functions on the Hilbert moduli
space. Igusa invariants for genus 2 curves on the Siegel moduli space can be expressed
either in terms of Eisenstein series or in terms of products of theta functions. Theta series
converge faster so they are preferable for high-precision computation, but Eisenstein se-
ries have a Fourier expansion which is very useful for estimating and controlling precision
of computation (see [BL]). We prove (Theorem 2.2) that the pull-back of Siegel theta
functions are exactly those Hilbert theta functions. So Igusa invariants can be computed
via pullbacks to Hilbert theta functions for any CM field. In addition, we discover a
simple formula for the Eisenstein series of weight 2 in terms of Hilbert theta functions,
which should be of independent interest. Notice that this Eisenstein series is not the
pull-back of any Siegel modular form of level 1.

Hyperelliptic curves can also be constructed from their Rosenhain invariants, whose
CM values give the Weierstrass points for a hyperelliptic model of the curve. The advan-
tages of using Rosenhain invariants instead of Igusa invariants was explored in [CDLY].
The formulas for the Rosenhain invariants in terms of theta functions are much simpler
than for the Igusa invariants and thus they have much smaller height, requiring less pre-
cision to compute and recognize as algebraic numbers. But unfortunately their degree
can be larger, and the ratio of the degrees depends on the splitting of the prime 2 in
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the CM field K. Since Rosenhain invariants have a very simple expression in terms of
theta constants, they can also be pulled back to the Hilbert moduli space for any real
quadratic field.

The paper is organized as follows. The next three sections focus on modular forms
and maps between the moduli spaces. Sections 2 and 3 present formulas for computing
the pull-backs of modular forms from the Siegel to the Hilbert moduli space. In Sec-
tion 2.4 we show how to pull back Siegel theta functions to Hilbert thetas, thus making
it possible to compute pull-backs of Igusa invariants expressed solely in terms of prod-
ucts of theta functions, and this works for the Hilbert moduli space associated to any
real quadratic field. In Section 3, we show how to express Gundlach invariants in terms
of the Hilbert theta series, allowing for more efficient computation. There are only two
Gundlach invariants to be computed, which gives an advantage over computing three
Igusa invariants. Unfortunately, the advantages of the two Gundlach invariants are only
available when the real quadratic subfield of K is F' = Q(,/p) (p = 2,5,13,17), as the
associated Hilbert modular surfaces are projective spaces. Finally, in Section 4, we show
how to pull back the Rosenhain invariants and express them in terms of Hilbert theta
functions.

The last two sections of the paper focus on the application to computing invariants of
genus 2 curves. Section 5 presents a description of the CM points and how to compute
them, including a description of the Galois orbits and the CM points with level struc-
ture which are needed for computing Rosenhain invariants. Section 5.4 addresses the
computational issues which arise when evaluating modular forms at CM points to high
precision; Section 5.5 presents an algorithm for computing minimal polynomials of invari-
ants, and Section 6 gives examples of the CM method to compute minimal polynomials
for the various choices of invariants. Appendix A addresses the issue of the precision of
computation which is important for recognizing the invariants as algebraic numbers.

2. Hilbert and Siegel modular forms
2.1. Siegel modular forms and theta constants

Let Sym,(C) be the set of symmetric 2 x 2-matrices over C. For 7 € Sym,(C) we
denote its imaginary part by 7. Let

Hy = {r = (7, 7) € Symy(C) : I7 >0}
be the Siegel upper half-plane of genus 2. Let I be the 2 x 2 identity matrix and let
Sp2(2) = {9 = (2 5) € GLa@): g ( % 3) o' = (%0 )}

be the symplectic group, which acts on Hy via g7 = (A7 + B)(Ct + D)L,
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For a quadruple m = (my,ma,mg,mg) € Z* which we write as m = (m/,m”) =
((m1,m2), (m3,my)), i.e. m’,m" € Z2, the Siegel theta constant of characteristic m is

defined as
ni= S (500 5)0+ ) (0 E))

nez?

where e(z) = €*™*. The function 6,,,(7) is a Siegel modular form of weight 1 (for the
modular group I'(2)). Note that

Om(7) ==£0,(7) if m=n (mod2).

This means that 6,,(7) is well-defined up to sign when we restrict the characteristic m
to be a representative of (Z/2Z)*. From now on, we only consider m € (Z/2Z)*. In
what follows, the sign ambiguity does not affect our calculation of the Igusa invariants
as only 02, appears in our computations. A quadruple m = (m’,m"”) as above is even
if m’(m”)t =0, i.e., myms + mamy = 0 (mod 2). There are 10 even quadruples m €

(Z/27Z)*. Tt is well-known that 6,,, # 0 if and only if m is even.
2.2. Igusa invariants in terms of Siegel theta constants

Let Cp be the set of even quadruples in (Z/27Z)*. A set {I,m,n} C Cy of three different
even characteristics is called a syzygous triple if the sum [ + m + n is in Cy. There are
60 syzygous triples. A set {k,l,m,n} C Cy of four different even characteristics is called
a Gopel quadruple, if the sum k+1+m+n = (0,0,0,0) (mod 2). Let S be the set of all
Gopel quadruples. In terms of the above theta constants, Igusa [Ig2, p. 848] defines the
following functions:

Ya(r) =272 37 (Ba())%, do(m) =272 Y (=1 I(6(1)00 (7)80 (7)),

meCy {l,m,n}CCo
syzygous
xo(r) = =27 I 0m(n)?, x12(n)=2"73713" [ (Om(r))™
meCy ceS meCp\c

The sign of each summand in the formula for g is given in its explicit form in [St, p. 68]
and is determined by (—1)*¢:"™") where

s(l,m, Tl) =11 +1lo+my+mo+n1+no+limy +lomg + lymse + lyms — lamy
+ liny — l3ng + ming + lang + maong + myns + mins — lalzmy
—lalyma — l1loms — lalzng — Igminy — limang — lamgng

- l2l4n2 - l4m2n2 — lllgng - l1m1n3 — lgmlng.
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The three absolute Igusa invariants as defined in [Igl] can be written in terms of
4,6, X10 and x12 (see also [LY, Section 2.2]) as

5
) =2-3222 o) = —973.33. W;

6
10 10
j3(7_) — 275 .3. (1/) X12 + 22 3. w X12> (21)
Xio Xio

2.8. Hilbert theta constants

Let F = Q(v/D) be a real quadratic field with fundamental discriminant D > 0, ring
of integers Op, and different 0p = V/DOp. For convenience, we fix the following Z-basis
{e1,ea} of O with e; =1 and

. _|P D=1 (mod4) 22)

2T —1VD D=0 (mod4). .
Let o be the non-trivial Galois automorphism of F' and denote by trp/q(t) = t+o(t) the
standard field trace of t € F over Q. Let H? be the product of two copies of the usual
upper half plane H. For z = (21, 20) € H? and t € F, define tz = t(21, 22) = (tz1,0(t)22).
We define the trace trp,g on H? as the map trr/g(2) = 21 + 20, ie. for t € F, we
have trp,q(tz) = tz1 + o(t)z2. When z = (1,1), one obtains the standard field trace as
tre/o(t) = trp)g(t(l,1)) =t + o(t).
The group SLo(F) acts on H? via vz = v(21, 22) = (y21,0(7)22), where

Z_a,z1+b _[a b
71_021+d77_ c d )

and o(y) is the matrix obtained by applying o to the coefficients of ~. For a fractional
ideal fo of F', let

SLQ(OF@fo)Z {(i Z) ESLQ(F) : a,dEOF,bEfo,CEfol}.

In particular, SLy(Op @ Of) = SLy(OF).
For (a,b) € (OF/20F)?, we define the Hilbert theta constant with characteristic (a,b)
as

st = 3 e (guma((u+5)2)) e (sume((urs) 75)). @)

ueOp
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where e(z) = e?™* as above. The function 6, (z) is a Hilbert modular form of weight 3.
We notice that 6, ,(z) is also only well-defined up to a sign:

ab
Oat2a, 042, (2) =€ (U"F/@ Wlﬁ) Oa.p(2) = £bap(2)-

However, this does not affect the calculations in this paper. One can prove that 6,4 # 0
if and only if trF/Q(j—%) € 27. In this case we call the pair (a,b) even.

2.4. Pull back

In this section, we describe the relation between Siegel theta constants and Hilbert
theta constants. We show that the Siegel theta constants correspond to Hilbert theta
constants via the pull back induced from the following maps. Let

a 0 b O
T R G
0 ofc) 0 o(d)

We define three maps, which are compatible in the sense of Lemma 2.1 and Theorem 2.2
below. For this reason, we use the same notation ¢ for all of them instead of three
different symbols. Let

¢: H? — Hoy, z = (21,22) = R'diag(z1, 22) R,
6: SLa(F) = Spy(Q), ¥ 1 diag(RY, R™Y) 7+ diag((RY) ™1, R), (2.4)
(]5 : (OF/2OF)2 — (2/22)4, (a,b) — (ml,mz,mg,m4),

where

(1, ma)" = R a,0(@))ls (mama)’ = (760 270 (,0(0))"

€2 —e1

We have the following lemma.

Lemma 2.1. Let the notation be as above. Then:

(1) For~ € SLa(F) and z € H?, one has ¢(vz) = ¢(v)p(2);

(2) ¢71(SP2(Z)) = SLa(OF ® 05);

(3) The map ¢ is a bijection from (Op/20F)? to (Z/2Z)* such that (a,b) is even if and
only if ¢(a,b) is even.
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Proof. The proof follows by a direct calculation. For example, for statement (3), if m =
@(a,b), then we have:

(m1,ma) = (a,0(a))(R) ™", (mg,ma)" = (702 *f’(eﬂ)_l(b,a(b))f.

€2 —€1
In particular, ¢ is a bijection. Moreover,

(ma,ma)(ms,ma)" = ab%iag‘(b) =trr/Q (%) :

So m is even if and only if (a,b) is even. O

The lemma shows that the pull-back via ¢ of a Siegel modular form for a con-
gruence subgroup of Sp,(Z) is a Hilbert modular form for a congruence subgroup of
SLy(OF @ 0;1).

Theorem 2.2. Let the notation be as above. Then
¢*9m = i9¢71(m).

Proof. Let z = (z1, 22) € H?. From the definition of 6,,, and the pullback ¢*, we obtain

! "

&0 (2) = EZ: e <% (n+ %)Rt diag(z1, 25) R (n + %)j e ((n + %) (%)7 :

where m’ = (mq,ms3) and m"” = (mg3,my). Let (a,b) = (miey + moes, mso(es) —
myo(e1)) = ¢~ 1(m) as in Lemma 2.1. Then an explicit calculation shows that

/

(n + %/)Rt diag(zl,ZQ)R(n + %)t = trF/Q((u + g)QZ)

and

/

(v ) = trera((a+ 5) 75,

where n = (ny1,n2) and u = nie; + nges € Op. As n runs through all of Z2, u runs
through all of Op and together with the fact that theta constants are well-defined up to
their sign, the theorem follows. O

2.5. A variant

In this subsection, we assume that F' has a (fundamental) unit € > 0 with o(e) < 0.
Such a fundamental unit exists, for example, if D is prime. We will use it for the special
case D = 5 later. In this case, it is more convenient to use the concept of Hilbert modular
forms for SLo(Op) or its congruence subgroups. Let

Please cite this article in press as: K. Lauter et al., Hilbert theta series and invariants of genus 2 curves,
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1 2 1 t
ap(2) = GZO €F.e <2<u + g) z) €Fe (2 (u + ;)b) . erc(tz)=e (trF/Q (\/%z)) .
u€Op

(2.5)

The function 0, , is a Hilbert modular form of weight % for the main congruence subgroup
I'(2) of SL2(OF). Let a = diag(—=, 1), and let

VD
oo : H? — H?, (21,22) = (az1,0(a)22),
¢o: SLa(Ofp) = SLa(Or @ 3;1), v = ayal,
b0 (Op/20F)? = (OF/20F)?, (a,b) — (a,€b).

Then ¢y induces a bijection between Hilbert modular forms for subgroups of SLy(OF)
and for the corresponding subgroups of SLy(Op @ d5')). Moreover, one has

$00a,b = 0 -1y (2.6)

Now denote ¢ = ¢ o ¢pg. Then ¢ maps Siegel modular forms for a subgroup I" of Sp,(Z)
to Hilbert modular forms for ¢_!(T"). Moreover, one can check

¢: '(Spa(Z)) = SLa(Op), 6.1 (I'(2)) =T(2),

where we use I'(2) for the main congruence subgroup of index 2 in both the symplectic
and the Hilbert case. One also has

67O = £ (2.7)

'(m)

and
o (m) = (m1ey + maea, e mzo(ez) — e tmyo(er)). (2.8)

Lemma 2.3. Assume that {1,¢} is a Z/2Z-basis of Op/20F, i.e. ¢ =z + y% with y
odd.

(1) If £ =0 (mod 2), then
¢c ' (m) = (m1 + mao (), m3 + mao(e)).
(2) If £ =1 (mod 2), then

ot (m) = (mq + mae, m3z + mye).

Please cite this article in press as: K. Lauter et al., Hilbert theta series and invariants of genus 2 curves,
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Proof. We check the case D = 1 (mod 4) and leave the other case to the reader. We
remark though that when D = 0 (mod 4), one has D = 0 (mod 8) and that z = 1 (mod 2).
Now assume D =1 (mod 4) and recall (2.2). When z = 1 (mod 2), then e = #, and
so ez = o(€), and € lo(ey) = 1, which yields the first part. The second part follows in a
similar way. 0O

3. The Gundlach invariants

In this section, we assume that D = 5. We fix e; = 1 and ey = 1_2\/3 = o(e) with
€= 1+T‘/5 being a fundamental unit of ' = Q(+/5). In this case,

R= (1“@), det R = /5,

1 €

and F has narrow class number one. Let

C1 ={(0,0),(0,0(€)),(0,1),(0,¢€), (o(€),0), (a(e), 1), (1,0), (1,0(e)), (€, 0), (€, €)}
= ¢ (Co)

be the even pairs in (Op/20r)*—the associated theta functions 6, are even theta

functions. By Section 2.3, (a,b) € C; if and only if trF/Q(\E/‘%) =0 (mod 2). Recall also

that a triple of quadruples in C§ is called syzygous if their sum is in Cy. Similarly, we call

a triple in C} syzygous if their sum is in C;. Clearly, the map ¢, preserves the ‘syzygous’
property.

For computing the Eisenstein series g from Section 2.2, the sign of each summand is
determined by s(I, m,n), where {l, m,n} C Cy is a syzygous triple. Using the bijection ¢,
we can express s in terms of a syzygous triple {(a,b), (c,d), (e, f)} C C3 by defining

S(a7 b; c, d; €, f) = 5(¢e(aa b), ¢e(ca d)7 ¢5(€, f))
3.1. The Gundlach invariants

We first recall the Gundlach invariants as defined in [Gu] and [LY]. We refer to [LY]
for a short summary of Hilbert modular forms on SLy(OF). For k > 2, let

Ge(z)=1+ > b()gid (3.1)
t=a+bi5c0Of;

be the normalized Eisenstein series for SLa(OF) of weight k, where

br(t) = ke > N(uF (3.2)
(1)D(2)
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Here

_ (27‘.)%\/5
Tk~ 1)25RCp(k)

is a rational number, (u) denotes the principal ideal uOp, and N(u) = #Op/(1). Then

67 5
%o =~ gaguza (Go ~ )

010 = 271937557577 (412751 - G19 — 5 672293 - G3Gg + 2% - 3-7-4231-G3) (3.3)
are cusp forms of weight 6 and 10 respectively. Let

5 2
_ G and Jy = b6C2 (3.4)

J — 5
> 6o 010

be the two Gundlach invariants defined in [LY]. Then, a theorem of Gundlach [Gu] asserts
that they generate the space of meromorphic functions on the Hilbert modular surface
SL2(Or)\H?. The Igusa invariants are explicit rational functions of J, and J; when
restricting to the Hilbert modular surface (see [LY]). The purpose of this subsection is
to compute Jo and Jy in terms of theta constants. First, [LY, Theorem 4.4] and (2.7)
can be used to obtain the functions G3%, 6 and 619 that occur in the formulas for the
Gundlach invariants in terms of the Hilbert theta constants via the pullback from Siegel
modular forms. This is summarized in the following proposition.

Proposition 3.1. With notation as above, the below formulas hold:

Gy=27 3 (6:0)"

(a,b)eCy
010 = 2712 H ( Z,b)27 (3.5)
(a,b)eCy
05 = 27373 (G — 272 Y (1) el (g o o)), (3.6)
(*)

where the summation (x) runs over all syzygous triples ((a,b), (c,d), (e, f)) € C3.

Proof. The formulas follow from the representations of 14, ¢ and x1¢ given by Igusa
[Tg2, p. 848] (see Section 2.2 and also [LY, Formulas (2.8)]) together with [LY, Theo-
rem 4.4] and (2.7). Note that in the representation of ¢ in [LY, Formulas (2.8)], a factor
of 272 is missing in front of the summation in that formula. O

We remark that G4 = G2 and that we do not obtain the correct sign of Gy via this
approach. The new result of this subsection is an explicit formula for G5 in terms of the

Please cite this article in press as: K. Lauter et al., Hilbert theta series and invariants of genus 2 curves,
J. Number Theory (2015), http://dx.doi.org/10.1016/j.jnt.2015.02.020




YJNTH:5115

K. Lauter et al. / Journal of Number Theory o e o (o e oe) oo 0o—0 o 11

theta constants and a simpler formula for g, in which the sum over the 60 syzygous
triples is replaced by a sum over the 12-th powers of the ten even theta constants.

Proposition 3.2. Let

[ +1 difab=0 (mod 2),
oa;b) = { 1 ifab#0 (mod 2).

Then we have

Ga=2"2 3" d(a,0)(05,)",

(a,b)eCy

0 =27°-371(GS - G),

where

c=2"2 3" S(ab)(65,)"7.

(a,b)eC1

Writing out the formulas for 4 - Go and 4 - G from above explicitly, gives

4G = (B50)" + (00)" + (020) " + (g@ o)+ (05.)"

080" (o) = 020" (o) = (90)
4Gy = (65.0) + (60) % + (9;0)12 + (05000) + (B50)"
+ (96,5)12 + (98’0(6012 _ (9;6)12 _ ( i0(6)>12 _ (9;(6)71)12.

Comparing the two formulas for 65 in Propositions 3.1 and 3.2, and the formula for
the Siegel Eisenstein series g in Section 2.2, one obtains the following corollary.

Corollary 3.3. One has
G =37+ G — 2°- G,

To prove Proposition 3.2, we need the following lemma, which is of independent in-
terest.

Lemma 3.4. Let w = ((1) _01 ), and

n(a)=(19),a € 0p, m(B) = (g;ﬂl),ﬁeo;.

Please cite this article in press as: K. Lauter et al., Hilbert theta series and invariants of genus 2 curves,
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(1) One has
ap(m(B)z) = %a,g—lb(Z)
024w2) = Neyg (2) 05.02).

where Np /g (f) = f;zj for z = (21, 22) € C2.
(2) One has

QZ,b(n(Qa)z) =e€p,. <ia2a + %Oza(l — a)) ;b(z),

a(l—a
ol ) = ere (& + 2D 00 ),
. a’e  a(l-— ae) .
a,b( = €Fe (8 ) 9a,b+ae—1(z)7
€ a2 €
an(n( = €Fre <§ + ) abra—e(2)-

Proof. A simple expansion gives
. ab a? 1, 1 ab
05 0(2) =epc (Z) €Fe <§z> ; eF.e <§u z+ §u(az + b)> =epe (Z) O(ez, a, eb),
ueOFp

where 6(z, a,b) is Gundlach’s theta function on Hy = H" x H™ as in [Gu, page 233].
Now the first formula in (1) follows after a substitution v+ /3. Gundlach’s formula
in [Gu, page 234] gives

wb(W2) = ep <%b> Nr/g (%)é 0 (§7be,a)
=Nr/o (E)% O ac (g)

= Nrjo (2) 12

The last step follows from the substitution v — we in the summation of the theta function
definition.
For (2), one has by definition

¢ (n(a)?) ab a’a a?
n(o)z) =ere | — | ere | —= | eFe | =2
a,b F, 4 F, 3 F, 3

1 1 1
. Z €Fe <2u2a) EF,e (2u22 + iu(az +aa + b)> .

ueOp

When o € 20, eRe(%uQa) =1, then the first formula in (2) is clear.
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When o = e~ !, notice that u? +u = 0 or (mod 2). So

1 1 1 2
eF,e (§U2€1 + Euel) =€ (5 t’rF/Q —u\/gu> — 17

a? ab a?
Z,b(n(ﬁ_l)z) = €Fe (g) €F,c (Z) €F,c <§z>

1 1
: Z EFe <§u2z + iu(az +aet +b— 6_1))

ueOp

a? a(l—a)\ .
= €Fe (g) €F.e (T) 9a,b+6_1a75—1(2)'

Similarly, when a = €, a direct calculation verifies for all u € Op

Loy L X
epe| -u —u| =1,
Fe{g® Ty

and thus the third formula in (2) holds.
When a = 1, one checks that

Ll .
ere | zu —ue | =1,
Fel 2 2

and so the fourth formula in (2) holds.
We remark that the third and fourth formulas can also be derived with the help of
n(e) = m(e)n(e )m(e™t) and n(1) = n(—2e Hn(e)n(e~t). O

and

Let
I'(2) ={y€SLy(OF) : y=1 (mod 2)}.
Then I'(2) is clearly generated by m(8), 8 € O and =1 (mod 2), n(«), and n_ (),
a € 20p, where n_(a) = wn(—a)w~!. Let © be the subgroup of SLy(Or) generated
by I'(2), w, and all m(B) with 8 = 1,e*! (the so-called theta group). Then Lemma 3.4
implies

Corollary 3.5.

(1) The function (0§ 4)* is a Hilbert modular form for © of weight 2.
(2) For all (a,b) € (Or/20F)?, (672’17)4 is a Hilbert modular form for T'(2) of weight 2.
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Proof. It suffices to check that (65 ,)*[2y = (65,)" for generators of '(2), and in the case
(a,b) = (0,0), for generators of ©. Here

) =Nes+ o, = (0 4)

C

is the usual weight k slash operator. The verification follows from Lemma 3.4 immedi-
ately. For =1 (mod 2) and 3 € OF,

(05,5)*[2m(B)(2) = N(B)*(65 )  (m(B)z) = (05, 5-1,)" = (05,)".
We leave the other verification to the reader. O

Proof of Proposition 3.2. Corollary 3.5 asserts that (0570)4 is a modular form for © of
weight 2. So the trace

f= Z (95,0)4 |27

v€O\ SL2(OF)
is a modular form for SLy(OF) of weight 2. Notice that

I'(2)\ SL2(Op) = {n(a) : a =0, l,eil}
U{n(aq)wm(B)n(asz) : aj =0, 1et!, g = l,eil}.

For this, one can check that ©\ SL2(Op) has a complete set of representatives as follows:

n(a),n_(a) = (; 8) ca=0,1,e n_(etn(1), and n_(1)n(e). (3.7)

Now, a direct calculation using Lemma 3.4 gives

F= 3 oab)(65,)".

(a,b)eCy

Since SLo(Op) has only one modular form of weight 2 up to scalar multiples, there is a
constant C' such that

Ga=C > 8(ab)(65,)".

(a,b)eCy

Comparing the constant term, one sees that C' = 272. This proves the formula for Gs.
The same computation as above gives the following modular form of weight 6,

g= > (50 % lev= > 8(a,0) (65,)" = 4Gy, (3.8)

"/e@\ SLZ(OF) (a,b)GCl
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which is not a multiple of G3. The classical result of Gundlach [Gu] (see also [LY,

Theorem 4.2]) asserts that dim MGSym(SLQ(OF)) = 2 (space of symmetric modular forms
of weight 2 for SL2(OpF)). So there are constants A and B such that

0 = A-G5+ B Gy.

An explicit comparison of the terms in the formula with those in Proposition 3.1 yields
the constants A = —B =275.3"1. O

4. Rosenhain invariants

In this section, we describe how to use the pull-back map to express the Rosenhain
invariants for genus 2 curves in terms of Hilbert theta functions. For generating genus
2 curves for use in cryptography, there are many different possible combinations of 6
even Siegel theta constants which can be used to construct a Rosenhain model for the

curve C,
C’:y2 =z(z—1)(z— M)(x— X)) (x — A3), (4.1)
with
02 62 02 62 02 92
)\1:_021923, 2:_922923’ 3:_9_219_22‘
14" %6 15 16 14715

Several different choices for the combination of even theta constants have appeared in the
literature, but here we use the following choice which coincides with van Wamelen [vW].
The characteristics (i1, ...,ig) are as follows:

i1 = (0,0,1,0); iz =1(0,0,1,1); iz =(0,1,1,0);
i4 = (17Oa050)7 i5 = (170a05 1)7 iﬁ = (17 17070)

We propose to evaluate these functions by computing the pull-backs of the theta
constants to the Hilbert moduli space. Using the fact that ¢6,, = :I:H;e_1 (m)’ and that
d71(m) = (mier+maez, e Tmzo(es)—e tmyo(er)), we can express the Rosenhain invari-
ants as values of functions of the Hilbert theta constants. For example, using Lemma 2.3

for D = 5, we obtain

€ € 2 € € 2 € € 2
_ (oo _ ([ %.0% 0.0 _ [ 0.
AL = 0 ge , Ao = 7 0 , A3 = TN . (4.2)
(1,0)7(€,0) (1,0(€)) " (€,0) (1,0)7(1,0(¢))
This choice of Rosenhain invariants was used to compute the examples of the Hilbert
Rosenhain polynomials in Section 6.
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5. CM points and the computation of Igusa invariants

Let K be a CM field, i.e. a totally imaginary quadratic extension of F with CM type
® = {01,02}. We assume that o1|F = id and o3|F = 0. Fix an element {, € K with
€0 = —& and (&) = (01(&), 02(&0)) € H2. We denote by F* the set of totally positive
elements in F'.

5.1. CM points

The construction of CM points on X (fo) = SLa2(OF @ fo)\H? of CM type (O, ®) is
described in [BY, Section 3], which we briefly review here. In general, for a fractional
ideal fo of F, let CM(Ok, ®,fo) be the set of CM points on X (fo) of CM type (Og, P).
The elements of CM(Og, ®,fy) are indexed by equivalence classes [a,r] of pairs (a,r),
where r € F'T is totally positive and a is a fractional ideal of K satisfying

foaK/FClC_l NF = Tfo.

Two pairs (a;,71) and (as, r9) are equivalent if there is a z € K such that a; = za; and

ro =112z, i.e. [a,r] = [za,rzZ] for any z € K*. Given such a pair, one can write
@ 2
a=Opa+ fob, @(E) c H?, (5.1)

with & (a8 — aB) = r. The point z = ®(3) € H? is the CM point associated to [a,7]. It
is convenient to introduce the generalized class group C(K), which is the quotient of

{(a,r) : a fractional ideal of K,7 € F* Ny, ,pa=rOp} (5.2)

by the subgroup of {(2Ok,zz) : z € K*}. Then it is known that C(K) acts on
CM(Ok, ®, o) transitively via

(a,7)[b, s] = [ab,rs].

One also has the following exact sequence

Ok ,u)

15 OFF N p OF 22 C(K) &= cyr) DK 1t (F) - 1,

where C17(F) is the narrow class group of F. In particular, if the fundamental unit
€ > 1 is not totally positive, as is the case when F' = Q(+/5), one has C(K) = Cly(K) =

ker(Ng /). In this case, one also has an isomorphism

CM(Ok, ®,0F) — CM(Of, ®,0%Y),  [a,7] — [a,7VD/e],
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which is compatible with the isomorphism

SLy(Op)\H? = SLy(OF & 0p )\H2, (21, 22) — <%zl,a<%>22) .

We denote by CM(K) the CM points associated to the elements of CM(Op, ®,95")
for all possible CM types, and define the Gundlach class polynomials as in [LY] to be:

P(r)= [[ (- .Jo2)) € Qlal

2ECM(K)

Py(z) = H (x — Ju(2)) € Q[z].

2€CM(K)

In the next subsection, we explain that the class polynomials might not be equal to
the minimal polynomials in general. This is different from the case of classical singular
moduli.

5.2. The reflex field and the Galois orbit of a CM point

For a given CM point [a,7] € CM(Ok, D, fy), its Galois orbit may be a proper subset
and can be described explicitly by the reflex field (K, ®) and the type norm map (|Sh]
and [BY, page 247]). Recall that K C C is generated by all the type norms Ng(z) =
o1(z)oy(z). To define the reflex CM type ®, let M be the composite of K and K, which
is either dihedral over Q of degree 8 or equal to K itself depending on whether K is
non-Galois or cyclic. Extend ® to a CM type of M

Oy ={r € Gal(M/Q) : 7|k € P}.

It can be shown that (I);wl is also the extension of a unique CM type ® of K, the reflex
CM type of ®. Let

Ng : CI(K) — CI(K), b+ 71(b)2(b)Op N Ok-.
This map actually gives a map to C(K), which we still call type norm and denote by N
Ng : CI(K) — C(K), b+ (Ng(b),N(b)). (5.3)

It is convenient at this moment to define the type class group C1(K, ®) as C1(K)/ ker(Ng)
and define the type class field H (f( , <i>) as the associated class field of K. According to
[Sh, page 112], the CM point [a,r] is defined over the type class field H(K,®), and the
action is given, via class field theory, by

[a,7]7% = (aNg(b),N(b)), (5.4)

where o is the Galois element associated to the ideal b. So we have
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Proposition 5.1. Given [a,7] € CM(Of, ®,fo), its Galois orbit over K is the orbit of
[a,7] under the action of CI(K,®) via the type norm map.

One can actually prove that the orbit or equivalently the cycle (formal sum)
Ycecii,d) Czof z= [a,7] is defined over F in general and is defined over Q if K = K
is cyclic over Q. Enge and Thomé describe an algorithm in [ET, Algorithm 2] to compute
the image group Im(Ng : CI(K) — C(K)). Using [ET, Algorithm 2], one can compute
the minimal polynomial of f(z) over K for a fixed CM point z = [a,7] € CM(K, ®) and
a meromorphic Hilbert modular form for SLy(OF @ fo) of weight 0 and coefficients in Q
(and it will actually be defined over F):

)= ] (@-f(Ca)). (5.5)

CEeCI(K,B)

Let f?(x) be the minimal polynomial of f(z) over Q, which is either f*® or the
product of f*® and its conjugate. In particular, when F = Q(v/5), fo, and f = J;
(i = 2,4) are the Gundlach invariants, it is clear by the definition and Proposition 5.1
that

Pi(z) _ _|C(K)|

JZ(2)|Py(z), and deg J @ = TR

In general, when f is an Igusa function j; (i = 1,2,3) on SLy(Of @ 0~1)\H?, one has
that j7(z) is a factor of the Igusa class polynomial of j;(z) (product over all CM points).

Remark 5.2. Since N3z oNg = 2 on CI(K), the image of the type norm in C(K) has
2-power index. In particular, if the absolute discriminant dx = p?q with primes p = ¢ =
1 (mod 4) as considered in [BY], the type norm is surjective and one has J? = J;.

5.8. CM points with level

For Rosenhain invariants, we need CM points with level 2. Let N > 1 be a positive
integer and let

F(N)—{(Z 2) € SLy(Op ®fo): a=d=1 (mod N),bGNfo,CGNfal}

be the main congruence subgroup, and let X (N) = I'(N)\H? be the associated Hilbert
modular surface (which of course depends on fp). In this case, the set of CM points
CM(Ok, ®, 9, N) is indexed by equivalence classes of (a,r, o, 3), where

1) [a,7] € CM(Og, @, fo);
(2) a=Opa+fof and ®(%) € H;
(3) 50(0_45 - Oéé) =r.
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Two such quadruples are equivalent if there are z € K* and v € I'(N) such that

ap = zay, 11 =r122%Z, (ou,B1)" =7(az,B).

The associated CM point in X (N) is 7 = @(%), which we also denote by 7 = [a,7, a, (].
We can use it to define the class polynomial of the Rosenhain invariants. The natural
forgetful map gives a surjective projection from CM(Ok, ®,fy, N). Each CM point is
defined over a class field of K, given in [Ya3] using idelés. In particular, the following

type class group of level N

- { all fractional ideals of K prime to N}
Cl(K,®,N) =
(B2 ) = T3 (0) = 1O, it = N(®), 5 =1 (mod M)

acts on CM(Ok, @, o, N) as follows:
[a,7, 0, B]7e7" = [aNg(b), r N(b), o1, f1]
where a and [ satisfy
aNg(b) = Orpar +fof1, a1 =a (mod N), By =pN(b) (modN).

Each orbit is defined over F, and we can use the orbit of a CM point to define the
minimal polynomials of its Rosenhain invariants as we did with Gundlach invariants.

5.4. Computing the CM values of 04, numerically

Let 2 = z4 = (21,22) be a CM point in SLy(Or @ 95")\H?, and write y; = 3(2).
Consider for a positive number M > 0 the elliptic region

En o ui(yn +y2) + 2urus(eays + o(e2)yz) + uj(eays + o(ea)’ya) <4M.  (5.6)

It has area Area(FEyr) = %. Let 0,,(2, M) be the partial theta function which

sums only over points in the elliptic region Ej;:

Oop(z, M) = Z e (; trr/Q (u + 3)22) e (; trr/Q (u + g) > .

u=niei1+nse2€0p
(2n14a1,2ne4az)€EE N

Sl=

The partial theta value (for a fixed z) approximates 0,;(z), with an error term
Err, (2, M) satisfying:

|Erra’b(z,M)\ < Z e—%(urf(y1-&-yz)+2uluz(ezy1-&-<7(ez)yz)+u§(egyl-&-a(ez)Zw))7

u=nie1+nge2€O0p
(u1,u2)¢En
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where (u1,us) = (2n1 + a1,2n9 + az). The area of the ellipse is approximated by the
number of lattice points in the interior

Area(Ey) ~ #{(u1,u2) € Z* N E;},

SO

d 4
%(Area(Et))e*”tdt =™ (5.7)

Errg (2, M)| < e

In Appendix A, we explain the details and present an algorithm for determining a choice
of M which assures that the theta values 6, (2, M) are accurate to a given precision s.

5.5. Algorithm

Input: A primitive quartic CM field K with real quadratic subfield F'.
Output: Class polynomials for Gundlach, Rosenhain, or Igusa invariants.
Step 1: Find all the CM points [a, 7], and write

a=O0ra+0p'8, &aB—ab) =r,

with Zlar] = (I)(%) € H2.

Step 2: Compute 0,5(2[q,r]) ~ 0a,b(2[a,r), M) with chosen accuracy parameter M as
in Section 5.4 for all even pairs (a,b) € (O /2)2.

Step 3: Use Proposition 3.1, Egs. (4.2), or the definition of Igusa invariants in terms
of theta functions (Section 2.2) and 6,,(#(2[a,r])) = 0p-1(m)(2a,,, M) to compute ap-
proximations to either Gundlach, Rosenhain, or Igusa invariants.

Step 4: Form approximations to the class polynomials for the invariants by repeating
steps 1-3 for all CM points and multiplying out the polynomial.

Step 5: Clear the denominators by multiplying the polynomial by either the Bruinier—
Yang formula [BY,Yal,Ya2] or the Lauter—Viray [LV] formula. If the precision and the
bound M were set high enough in the computation, then the result will be recognizable
polynomials with integer coefficients.

Remark 5.3. When F' has a fundamental unit e > 0 with o(e) < 0, we can use 0 ;, and
the CM points z, in SLy(Op)\H? in the above algorithm.

Remark 5.4. When the Hilbert modular surface SLy(Op @ 95" )\H? (or SLo(Or)\H?) is
rational, e.g. when D = 5,8,13,17, C(SL2(Op)\H?) = C(J1, J2) for two Hilbert rational
functions J; and Ja, we can write J; and Js as rational functions of 0, 5 explicitly. Just
as in the case of D = 5 for the Gundlach invariants, we recognize CM values J; and J
as algebraic numbers and then express the pull-backs of the Igusa invariants, ¢*(j;), as
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explicit rational functions of J; and Jy. When D = 12, one can do the same but one
needs to replace SLy(OFp) by SLa(Op @ 071) as there is no unit € > 0 with o(e) < 0.

6. Examples

In this section, we give concrete numerical examples illustrating the algorithm from
the previous section. The results are polynomials which have as their roots either the
Gundlach or the Hilbert Rosenhain invariants, obtained from a given quartic CM field K
as the input.

6.1. Gundlach and Rosenhain invariants for K Galois of class number 2

We fix the quartic CM field K given by f = X* + 10X? + 20, which means that
K = Q(a) for a = iy/5 —+/5 and disc(K) = 128000 = 2053,

Example 6.1 (K = Q(a), a = i\/5 — /5, Galois, class number h = 2). Approximations
to the CM points in the Hilbert space are:

z1 = [1.66250775110981371441, 2.68999404785582930784],
zo = [0.83125387555490685718i, 1.34499702392791465393].

Approximations to the Gundlach invariants (truncated here for space reasons):

Ja(z1) = 47239 200 000.000000000,
Ja(z1) = 243000.00000000000000,
Ja(22) = 1606 611.5702479338843,
Ja(z2) = 1859.5041322314049587.

The guess N = 121 = 112 for the denominator was obtained from the denominator
bound for 61y from the Brunier—Yang formula.
Polynomials Po(X) = N(X —J3(21)) (X —=J2(22)), Pa(X) = N(X =J4(21)) (X = Js(22)):

Py = 121X2 — 5716 137600 000X + 9 183 300 480 000 000 000
= 121(X — 47239200 000)(X — 194400 000,/121)

P, = 121X2 — 29628000X + 54 675000 000
— 121(X — 243000)(X — 225000/121)

Coefficients of Ps:
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9183 300 480 000 000 000 = 216 . 315 . 510
—5716 137600000 = 210 .3% .55 . 7351

121 = 112
Coeflicients of Py:

54675000000 = 26 .37 .58
—29628000 = 2° - 32 .5%.823

121 = 112

Next, we show the minimal polynomials for the Hilbert Rosenhain invariants for the
same example as above for comparison.

Example 6.2 (K = Q(a), a = i\/5 — /5, Galois, class number h = 2). Approximations
to the CM points on the Hilbert space are:

z1 = [1.0274862967460155935¢, 4.35250179896564302224),

zo = [0.51374314837300779674i,2.17625089948282151113].

Approximations to the Rosenhain invariants (truncated here for space reasons):

A1(z1) = 0.59656940396484372528,
A2(z1) = 0.60458979726548646316,
A3(z1) = 27.793195626142313749,

A1 (22) = 0.071476336699009695572,
Ao (z2) = 0.10591819044764272223,
As(22) = 0.89132121471838656590.

The Rosenhain invariants generate the quartic field Q[x]/(r(x)), where
r(z) = 2* — 722 — 5622 + 32 + 16.

The minimal polynomials are as follows:
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Ai(z1) 2t — 7223 — 5622 + 322 + 16
Ai(22) 1 1621 — 43223 — 199622 — 15482 + 121
Xo(z1) : 2* — 442 — 4422 + 162 + 16
Aa(22) @ 162% 4 49623 — 60422 — 1084z + 121
A3(21) + 2t — 2823 + 422 + 48z + 16
A3(2z9) 1 162 4 3223 — 869622 — 87122 + 14641

As is clear in this example compared with the previous one, the coefficients of the
minimal polynomials of the Rosenhain invariants are typically much smaller than the
coefficients of the Igusa class polynomials or the Gundlach class polynomials. This is
due to the simpler expression for the Rosenhain invariants in terms of squares of theta
constants. Rosenhain invariants have another advantage because they directly yield the
equation of the hyperelliptic curve via the Rosenhain model given in Eq. (4.1). However,
the disadvantage is that the degree can be larger.

6.2. Gundlach invariants for K Galois of class number 8

The next example computes Gundlach invariants for the quartic, Galois CM field K
given by f = X*+660X2+87120,i.c. K = Q(a) with a = i1/330 — 66/5 and disc(K) =
10579 705 602 048 000 = 216 - 36 . 53 . 116,

Example 6.3 (K = Q(a), a = im7 Galois, class number h = 8). Approxi-
mations to the CM points in the Hilbert space:
z1 = [1.3090169943749474241 4 5.46340373825572518414,
0.19098300562505257590 + 3.37656920450527231641]
29 = [—0.50000000000000000000 + 3.95335608385448957384,
—0.50000000000000000000 + 0.933260775052018352991]
z3 = [1.3090169943749474241 4 1.82113457941857506144,
0.19098300562505257590 + 1.12552306816842410541]
z4 = [—0.50000000000000000000 + 1.31778536128482985791,
—0.50000000000000000000 + 0.311086925017339451001]
z5 = [1.8090169943749474241 4 2.29365310522983391394,
0.69098300562505257590 + 0.731170279978669461941)
z¢ = [—0.76699731667763983040 + 0.972476092027243601064,
—0.94352899911183380381 + 0.998404239804042865761]
z7 = [1.8090169943749474241 + 0.764551035076611304634,
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0.69098300562505257590 + 0.243723426659556487311]
zg = [—1.6969011955335404324 + 0.717167151829977531423,
—1.7787085605640205432 + 0.62738582842164290444].

Approximations to the Gundlach invariants (truncated here for space reasons):

Jo(z1) = 3741094 620 714 837 179 200,

770.75072469388249267,
18868 649.413927712699,
Ja(zg) = —14138.890758245058324.

J4 z7

Jo (28

(21)
Ju(z1) = —60 818023 693.106665287,
Ja(z2) = 3840284 490.5108996511,
J4(z2) = —53614.371981364370580,
Ja(z3) = 10440 592.275997173850,
Ji(z3) = —2441.5717406031621394,
Ja(z4) = —64.619455463275423537,
Jy4(z4) = 4.1454380620345353330,
Ja(z5) = 2847784.6311053302354,
J4(z5) = 1460.2034387263077259,
Ja(z6) = —4 489 730.4902199749666,
J4(zg) = —7085.6743379368902792,
Ja(z7) = 550783.66717596136111,

(27)

(28)

(28)

The guess N = 32 - 114292 . 612 . 2112 - 2412 - 2712 for the denominator was obtained
from the denominator bound for 61y from the Brunier—Yang formula.

Polynomials P(X) = N[}_,(X — Ja(2)), Pa(X) = N[To_, (X — Ja(z)):
P>, = 8700896 126 036 551 483 736 041x8
— 32550875692 547 568 160 555 206 013 385 025 122 918 400 000X *
+ 125923 144169110910076 831 696 022 908 759 633 958 010 880 000 000 000X°
— 3532308132779 706 667 907 638 602 077 212 120 324 453 171 200 000 000 000 000 000X °
+ 18896 258 614 901 229917 530949 381 166 658 369 177 393 928 601 600 000 000 000 000 000 000Xx*
+ 78004 698 176 565486 371972347 519 396 339 488 310 620 585 984 000 000 000 000 000 000 000 000 000x°

— 362973284011 776 064 323 611 004 432 898 872 351 089 794 511 536 128 000 000 000 000 000 000 000 000 000 000 X
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+ 173397 068230935077 888 446 778 469 037 987 168 639 138 382 689 075 200 000 000 000 000 000 000 000 000 000 000 000X

+ 11206 339807 172 688 624 297 071 398 862 547 803 665 367 574 773 760 000 000 000 000 000 000 000 000 000 000 000 000 000
P, = 8700896 126 036 551 483 736 041X ® + 529 171 959 706 861 316 033 186 870 106 048 000X "

+ 39711888130 001 408 728 642 075 379 641 344 000 000X °

+ 661069949 180 561 165 913 677 507 650 977 792 000 000 000X °

+ 2807 886 486 943 137 234 407 534 221 470 990 336 000 000 000 000X *

— 2135600 046 844 317 696 167 810 940 870 328 320 000 000 000 000 000 X >

— 10474190 593 591 978 993 574 208 657 728 471 040 000 000 000 000 000 000X >

+ 7853812718487 216446 731436 819 900 006 400 000 000 000 000 000 000 000X

— 32377347499 758 980 266 585 847 601 561 600 000 000 000 000 000 000 000 000
Coeflicients of Ps:

20 = 9120, 332 540 . 998

coq = 2109378 .5%%. 293 .43 . 25457 - 150 299 407

o =2%.324.5%0.7.13.18301 - 37409 - 17892 560 538 877

o3 =2".320.527.631 - 7872388760268 210432 109

co.q =201-317.5%0.7.31.36691 - 22260193 - 3754 364 752483 871

o5 =2%.312.517.11. 71773 . 5827 - 22674619277 - 1 552 094 288 543
cop = 2%0-3%.510. 112 . 478 346 246 265 109 - 31 623 349 465 543 859 047
cor =2'6.3%.55.113 . 13739874 320 642 969 - 107 296 829 609 021 837

)

cog = 114292 .612.2112 - 2412 - 2712

)

Coefficients of Py:

cap = 25%.3%.5%0.29%.89.211 - 1559 - 251431

caq = 2%0-37.5%8.283 . 923284368270 711 347

a0 =2%.35.519.7.1056061 - 362022885 111720449

244 .35 .516.19.23%.73. 152531 - 29253882917 683
cpq=2%.3.5"2.7.43.127-12907 - 482413 - 69 446 456 336 729
ca5=2%-3%.5%.11-17-53-73-193 - 797 - 1871 - 1794 212 865 865 807
ca6=2"-32.55.117 .53 671918858429 137008 360 873 343
car=2%-3-5%.113- 49253 - 26291 379817 - 1 599 084 712 499

cag = 11%-297.61% . 211% - 2417 . 2712
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Appendix A. Precision of computation

This section addresses the question of how to compute Hilbert theta constants ac-
curately to a certain precision. In order to determine the number of terms needed to
compute theta functions to a certain precision, we roughly follow the method detailed
in Weng [We, Section 4] for computing Siegel theta functions precisely.

Throughout this section, we fix a CM point z = (21, 22) € H? that lies in the funda-
mental domain. In particular, for z; = 1 +iy; and 2z, = x5 + iy2 we have the condition

y1 <y < €lyr. (A.1)

We fix notation as follows. For n = (n1,n2) € Z? and (a,b) = ¢_*(my, ma, mz, my4),
let By = % (n1m3 + nomy + %(m1m3 + WL27”I’L4))7 E = ((?11 + m1/2)2 + (ng + m2/2)2)7
and Eo = (2(ny +m1/2)(ne + my/2) + (ng +mz/2)?). Then we can write

Oap(2) = Z e(Eo + Eyp1 + Ezp2),

nez?

where p; = (ez1 — 0(€)22)/V/5 and ps = (22 — 21)/V/5. The absolute value of a term
e(Eo + E1p1 + Esp2) only depends on the imaginary part of Ey + Ejp1 + E2ps which is
equal to the imaginary part of Fyp; + E2ps. We have

Im(E;py + Eops) = E - (%yl - %m) +E,- (yQ\;gyl) .

Setting w; = %yl — i\/%)yg and wy = %, writing out F; and Fs and setting u; =

ny +my/2, us = Nz + mo/2, we obtain
Im(Eypy + Eaps) = wiud + (w1 + wa)u3 + 2wauius.
Lemma A.1. Let wy,wy be as above. Then from (A.1) it follows
0<wy <wi < (14¢€)y:.

In particular, for w = wa/wy, @t holds 0 < w < 1.

< 3+V5
> 73

Proof. The condition on y; and ys in (A.1) implies 0 < ws y1 = (1 +€)y; and
0 <y <wy < (14 €)y;. The lemma follows with € > 1, o(e) < 0, y; > 0, y2 > 0 from a
direct comparison of wy and wy. O

We rewrite the imaginary part above as

Im(Eip1 + Bzpz) = wi(uf + (1 + w)uj + 2wuyus).
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We are interested in determining the set
Mc(z) = {n = (n1,n2) € Z* | Im(E1p1 + Faps) < C}

for a given positive constant C, i.e. we need to find solutions (ui,u2) = (n1 +m1/2,n2 +

ma/2), (n1,n2) € Z? to the inequality u? + (1 + w)u + 2wujuy < % or equivalently

C
(u1 +wuz)? + (1 +w —whud < —.
w1
From Lemma A.1, we see that (1 +w — w?) > 0 and that all solutions to the inequality
lie within the ellipse given by the equation

wi (14w — w?)

. ul = 1. (A.2)

w
El(ul + wug)? +

In order to have any solutions at all, we need C' > w; (1 + w — w?)u3 and thus

lua| < #
wy (1 +w — w?)

For any ue in that range, we can now solve for u; and obtain the bounds

—wug — \/C/wl —(1+w—w?)ul <u; < —wup + \/C/wl —(1+w—w?)u3.
This leads to the following lemma.

Lemma A.2. The set Mc(z) is the set of all n = (n1,n2) € Z? that fulfill the following
two conditions:

mao C mo C
_m2 _ < M2 A3

2 wy(1+w—w?) "= + wy(1+w—w?) (A.3)
—m—w(n +%)— g—(1+w—w2)(n +%)2<n

2 2T wy 2y =

mi mo C mo

< = — | — w2 —)2, A4

<-3 w(n2+2)+\/w1 (1+w w)(n2+2) (A4)

We can now find all elements in M¢(z) by running through all possibilities for no
according to the first range, and then depending on the value of ny find all corresponding
values for nq.

For a given precision of s bits, we now wish to determine a constant C' > 0 such that

> e(Bo+ Eipy+ Eapa)| <270 (A.5)
n€Z*\Mc (z)
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This assures that an approximation to the theta function computed by summing over
all elements in the set M (z) for such a constant C' will be accurate to a precision of s

bits.
We have

Z e(Eo + Eyp1 + Ezp2)| < Z le(Eo + Evp1 + E2p2)|

n€Z?\Mc(z) n€Z?\Mc(z)
= Z exp(—2nIm(E1p1 + Eap2))
neZ?\ Me(2)
(oo}
< 3 (k) exp(—2k),
k=[C]

where
p(k) = #{n = (n1,n2) € Z* | k < Im(E1p1 + Baps) <k + 1} = [My41(2) \ My(2)].
We estimate | My (z)| by the area of the ellipse given by (A.2),
| My (2)] = 7k /(w1 V/1 + w — w?).
Since My (z) € Mg+1(z), we can approximate u(k) by |Mi11(2)| — | Mk (2)],

w(k) = /(w14 w—w?).

Therefore, we assume

k) exp(—2k —ork
k—ZLCJ p(k) exp(—2mk) ~ meLCJ exp(—2rk).

As in [We], we use the fact that the sum on the right hand side is bounded by the integral
[ -2 L (=27(C - 1))
mx)dr = 5 exp(=2m .

As an upper bound for the absolute value in (A.5) we thus take

1
B = exp(—27(C —1)).
e i xp(—2m( )

If we ensure B < 27°, then (A.5) is satisfied. We have B < 27 if and only if
1 —logy(wn V14w — w?)
27 log, (€) '
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Using the bounds on w and w;, we obtain B < 27° if

C>1+s—3/2—log2(w1) 1 3 s — log,(wr)
27 log,(€) 47 log,(e) 27 log,(€)

The larger w; is, the smaller we may choose the bound C and the smaller is the number
of terms that are needed to achieve precision s bits.

Appendix B. Supplementary material

Supplementary material related to this article can be found online at http://dx.doi.
org/10.1016/j.jnt.2015.02.020.
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