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We give a formula for the values of automorphic Green functions on the special rational 0-cycles (big CM points)
attached to certain maximal tori in the Shimura varieties associated to rational quadratic spaces of signature (2d, 2).
Our approach depends on the fact that the Green functions in question are constructed as regularized theta lifts of
harmonic weak Maass forms, and it involves the Siegel-Weil formula and the central derivatives of incoherent Eisenstein
series for totally real fields. In the case of a weakly holomorphic form, the formula is an explicit combination of
quantities obtained from the Fourier coefficients of the central derivative of the incoherent Eisenstein series. In the case
of a general harmonic weak Maass form, there is an additional term given by the central derivative of a Rankin-Selberg

type convolution.

1 Introduction

In 1985, Gross and Zagier discovered a beautiful factorization formula for singular moduli [16]. This has inspired
a lot of interesting work, including Dorman’s generalization to odd discriminants [13], Elkies’s examples on
Shimura curves [14] and Lauter’s conjecture on the Igusa j-invariants ([15], [40], [39]), among others. In his
thesis, Schofer [37] proved a much more general factorization formula for the ‘small’ CM values of Borcherds
modular functions on a Shimura variety of orthogonal type via regularized theta liftings. The proof is very
natural and is based on a method introduced in [20]. Two of the authors adapted the same idea to study the
‘small” CM values of automorphic Green functions and discovered a direct link between the CM value and the
central derivative of a certain Rankin-Selberg L-function. This direct link is used to give a different proof of

the well-known Gross-Zagier formula [10]. Here ‘small’ means that the CM cycles are associated to imaginary
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quadratic fields. On the other hand, the two authors also extended Gross and Zagier’s factorization formula,
using a method close to Gross and Zagier’s original idea, to ‘big’ CM values of some Hilbert modular functions
on a Hilbert modular surface. Here ‘big’ means that the CM cycle is associated to a maximal torus of the
reductive group giving the Hilbert modular surface.

A motivating question for this paper is whether this ‘big’” CM value result can also be derived using the
regularized theta lifting method in [37] and [10], which is more natural and simpler. While the small CM cycles
are constructed systematically and associated to rational negative two planes in the quadratic space defining
the Shimura variety, no big CM cycles are constructed this way. In Section 2, we describe a way to construct
big CM cycles in some special Shimura varieties (including Hilbert modular surfaces), and study their Galois
conjugates. Such CM cycles are associated to CM fields of degree 2d + 2. In Sections 3-5, we extend the CM
value result in [10] to this situation. In Section 6, we restrict to the special case of Hilbert modular surfaces and
give a new proof of the main results in [9] and a generalization. Actually, to get the CM cycles in [9] from our
present construction is not straightforward and quite interesting. An arithmetic application is given at the end

of Section 6. We now describe this work in more detail.

Let (V,Qv) be a rational quadratic space of signature (2d,2) for some positive integer d > 1. Let

G = GSpin(V) and let K C G(Q) be a compact open subgroup*. Let D be the associated Hermitian domain of

oriented negative 2-planes in V(R) = V ®q R, and let
Xk = GQ\(Dx GQ)/K) (1.1)

be the complex points of the associated Shimura variety, which has a canonical model over Q. Assume that
there is a totally really number field F' of degree d + 1 and a two-dimensional F-quadratic space (W, Qw) of
signature

sig(W) = ((0,2),(2,0),---,(2,0))

with respect to the d 4 1 embeddings {o;}9_, such that
VZRGSF/Q W, Qv(x) :tl"F/QQw(x).
Then there is an orthogonal direct sum decomposition

V(R) = @ Wa'jv Wa'j =W ®F,0'j R.
J

The negative 2-plane W, gives rise to two points 23 in D. Let T be the preimage of Resp/g SO(W) C SO(V)
in G. Then T is a maximal torus associated to the CM number field E = F(v/—det W), and we obtain a ‘big’

*We write @ =Q®z 7 for the finite adeéles of Q, where 7= llnn Z/nZ.
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CM cycle in Xg:
Z(W, z5) = T(Q\({z3} x T(Q)/Kr),

where K7 = T(Q) N K. The CM cycle Z(W, z5) is defined over F, and the formal sum Z(W) of all its Galois
conjugates is a 0O-cycle in X is defined over Q. We refer to Section 2 for details.

Let L be an even integral lattice in V' such that K preserves L and acts trivially on L'/L, where L’ is
the dual lattice. Let Sy be the space of locally constant functions on V =V @ Q which are L-invariant and
have support in L , and let pr, be the associated ‘Weil representation’ of SLy(Z) on it. For each harmonic weak
Maass form f € Hi_q;,, so that f is valued in Sp, there is a corresponding special divisor Z(f) (determined
by the principal part of f) and an automorphic Green function ®(f) which is constructed in [6] as a regularized
theta lift of f (see Section 3). On the other hand, associated to L, there is also an incoherent ( S)-valued
and normalized) Hilbert Eisenstein series E*(7, s, L, 1) of parallel weight 1 (see Section 4) for the field F. Its
diagonal restriction to Q is a weight d + 1 non-holomorphic modular form with representation pr. Due to the
incoherence, £*(7,0,L,1) = 0. Let £(7, L) be the ‘holomorphic part’ of E*/(72,0, L, 1), where, for 7 € H, we

put 72 = (7,--- ,7) € H¥*!. Finally define the generalized Rankin-Selberg L-function

L(s,&(f), L) = (B*(7%,5,L, 1), £(f))pet (1.2)

to be the Petersson inner product of the pullback of the Eisenstein series and the holomorphic cusp form &£(f)
of weight d + 1, given by the differential operator £(f) = 2iv1*d¥. In Section 5, we prove the following general

formula.

Theorem 1.1. Let the notation be as above. Then

_ deg Z(W. %)

O(Z(W), f) = A0, v r) (CT(f(r), &(r, L)] = L£1(0,£(f), L)) - (1.3)

Here xg/p is the quadratic Hecke character of F' associated to E/F, fT is the holomorphic part of f, and
CT[(f*(r),E(T, L))] is the constant term of

(ff(r),&(n L)y = > fH(r,p)EF L),

nweL’/L

where f*(7,p) is the p-component of f*, and (7, L, 1) is the u-component of E(7, L). O

In the special case that f is weakly holomorphic, i.e., when &(f) =0, ®(f) is the Petersson norm of a
meromorphic modular form ¥(f) on X given by the Borcherds lift of f. In this case, the second summand
on the right hand side of (1.3) vanishes and the first summand gives an explicit formula for the evaluation of
U(f) on the CM cycle Z(W). An important point here is that this result shows that the Fourier coefficients of

the modular forms of parallel weight 1 arising from the central derivatives of incoherent Eisenstein series for
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arbitrary totally real fields F' carry interesting arithmetic information — about the factorization of ¥(Z (W), f)

in the present case, and ultimately about arithmetic intersection numbers.

Note that, in general, the first summand CT[(f"(7),&(, L))] is of arithmetic nature and this theorem
suggests two interesting conjectures about arithmetic intersection numbers and Faltings heights of big CM
cycles, see Conjectures 5.4 and 5.5. In fact, our result can be viewed as a part of the calculation of the height
pairing between the rational 0-cycles defined by big CM points and a certain linear combination of special

divisors, or more precisely, a class in the first arithmetic Chow group, determined by f.

Also note that, in contrast with the situation in [10], the function £(s,&(f), L) is not a standard Rankin-
Selberg integral, since it involves the pullback of a Hilbert modular Eisenstein series. We expect that it is related

to a Langlands L-function for the group G and hope to pursue this idea in a subsequent paper.

To explain the Hilbert modular surface case in [9], let E be a non-biquadratic quartic CM number field
with real quadratic subfield F = Q(v/D) with fundamental discriminant D. Let ¢ be the non-trivial Galois
automorphism of F'. Let

V::{AEMQ(F):a(A):AL}:{A:(%Z;‘(/P)):ueF,a,beQ}

and let

-2 o(u)

L:{A:(}‘Bb‘/ﬁ>:u60F,a,b€Z}.

Here A — A* is the main involution of Ms(F'). The group
G(Q) = GSpin(V)(Q) = {g € GLa(F) : detg € Q™}

acts on V via g.A = gAco(g~!). The Shimura variety X is a Hilbert modular surface, and, for suitable choice
of K, is isomorphic to SLy(Op @& 071)\H2. Now we describe the CM cycle CM(E) in [9], the locus of abelian
surfaces over C with CM by Og, as a formal sum of Z(W)’s. For a principally polarized CM abelian surface
A = (A k,\) of CM type (Og,X), let M = H1(A,Z) with the action of Og induced by x and the symplectic

form A induced by the polarization. Define the lattice
L(A)={j € End(M): jok(a) =k(o(a))oj, a € Op, j* =j}

of special endomorphisms of M with Z-quadratic form Q(j) = j2, where j* is the ‘Rosati’ involution induced
by A. Let V(A)=L(A)® Q. Then one can show that the rank 4 quadratic lattice (L(A), Q) = (L, det) is
independent of the choice of A. On the other hand, let E* be the reflex field of (£, ), and let F* = Q(\/].T?) be

the real quadratic subfield of E*. It turns out ([17], see also Section 6) that V(A) has a natural Ef-vector space
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structure together with an F-valued quadratic form Q& such that
N (r) e j = (r) o j o k(r)

for any r € E, and

tres 0 Q4 () = Q). jeV(A).

Let W(A) = (V(A),Qg) be the resulting 2-dimensional quadratic space over F*. Then the rational torus
associated to W(A) is
Tg(R)={re (R®qE)* : rf € R*}

and its rational points T (Q) act on W(A) via r e j = L k(r) o j o k(7). In Section 6, we will show that the CM

cycle Z(W(A)) is naturally equal to
Z(A) = Z(Tg, A) + Z(Tp, u(A)) + Z(Tg,1(A)) + Z(Te, n(A)).

Here for a principally polarized CM abelian variety B with CM by Op, we write Z(Tg,B) for the C(Tg) =
Te(Q)\Tx(Q)-orbit of B in Xg. We refer to Section 6 for the action of C(Tg) on CM abelian varieties.
Furthermore ¢(A) is the ‘complex conjugation’ of A, and 7 € Aut(C) such that n(X) is another CM type of
E different from X or ¢(X). Theorem 1.1 gives a formula for ®(Z(A), f). Notice that W(A) depends on the
choice of the C(Tg)-orbit of A in general, and that the set CM(E) of principally polarized abelian CM surfaces
is a finite union of Z(A). So the CM value ®(CM(E), f) is related to a few, not just one, Eisenstein series and
L-functions (see Corollary 6.9). When D =1 mod 4 is a prime, however, the formula becomes simple and only

one incoherent Eisenstein series is involved, as in [9] (see Proposition 6.11). We have the following result.

Theorem 1.2. Let E be a CM quartic field with discriminant D2?D with D=1 mod 4 prime and D=1
mod 4 square free and with real quadratic subfield F' = Q(v/D). Let f € Hy 5, as above. Then

deg(CM(E
a(em(B), £) = CENED (ryi e, )] - 0.600).29)
2A(0, x)
Here Lf = Op: with Ff-quadratic form Q*(r) = f\% r7, and A(s, x) is the complete L-function of the quadratic
D
Hecke character x of F associated to E/F defined in (4.6). O

We expect the factor % to be 1 and prove it in some special cases in Section 6. We also give a

scalar modular form version of this theorem in Section 6.5. In particular, when f is weakly holomorphic, and D
is prime, this theorem recovers the main result in [9], where it was proved using a different method ([9, Theorem

1.4]).

The idea of constructing big CM cycles was communicated to one of the authors (T.Y.) a couple of years
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ago by Eyal Goren in a private conversation. We thank him for sharing his idea. A slightly more general type
of CM point is discussed in [35, Section 5], and our result (Theorem 1.1) can undoubtedly be extended to that
case.

It is interesting to note that the Shimura variety Sh(G,D) attached to G = GSpin(V) is of PEL-type only
for small values of d where accidental isomorphisms occur. In these cases, the moduli theoretic interpretation
of the 0-cycles defined in Section 2 is slightly subtle. Thus, for example, as shown in Section 6, in the Hilbert
modular surface case, the O-cycle associated to abelian surfaces with CM by a non-biquadratic quartic CM field
E/F is a union of the O-cycles constructed in Section 3 for the reflex field E*/F*.

The second author would like to thank the Department of Mathematics at the University Paris-Sud at
Orsay, for their hospitality and stimulating working environment during the month of May 2010. The third
author thanks the AMSS, the Morningside Center of Mathematics at Beijing, and the Mathematical Science
Center at Tsinghua University for providing him excellent working conditions during his summer visits to these

institutes.

2 The Shimura variety and its special points

As in Section 1, let F' be a totally real number field of degree d 4+ 1 over Q with embeddings {o; }?:0 into R.

Let W, (, )w be a quadratic space over F' of dimension 2 with signature

sig(W) = ((0,2),(2,0),...,(2,0)).

Let V = Resp/oW be the underlying rational vector space with bilinear form (z,y)v = trp/g(z,y)w. There is
an orthogonal direct sum

V @R =a;W,, (2.1)

of real quadratic spaces where W, = W ®p, R, and sig(V') = (2d,2). Let G = GSpin(V). Then there is a
homomorphism

Resp/q GSpin(W) — G (2.2)

of algebraic groups over Q which, on real points, gives the homomorphism
Resr/q GSpin(W)(R) = [ [ GSpin(W,,) — GSpin(V ®g R) = G(R), (2.3)
J

associated to the decomposition (2.1).

Lemma 2.1. Let T' be the inverse image in G of the subgroup Resz/q SO(W) of SO(V'). Then T is a maximal

torus of G and is the image of the homomorphism (2.2). O



Special values of Green functions at big CM points 7

Note that there is thus an exact sequence
1 — G, — T — Resp/p SO(W) — 1 (2.4)

of algebraic groups over Q, where G, is the kernel of the homomorphism GSpin(V') — SO(V).

A more explicit description of T can be given as follows. The even part C%(W) = E of the Clifford algebra
of W over F is a CM field of degree 2d + 2 over Q. The odd part of the Clifford algebra C1(W) = W = Euwy is
a one dimensional vector space over E with quadratic form Qw (awo) = aNg,p(a), where a = Qw (wo) € F*

is an element with o¢(a) < 0 and () > 0 for j > 1. Then, on rational points, we have

ResF/Q GSpin(W)(Q) — T(Q) — ReSF/Q SO(W)(Q)

EX N EX/FI _ EX/FX

where EX/F* ~ E', via 3+ (/8 is the kernel of Ng,r, and F' is the kernel of Ng/qg.

Fixing an identification S = Resc/g G, ~ GSpin(Ws,), we obtain a homomorphism hg:S — Gr of
algebraic groups over R corresponding to the inclusion in the first factor in (2.3). Let D be the G(R)-conjugacy
class of hg. Let {eq, fo} be a standard basis of Wy C V ®q R, i.e., (eq, e0) = (fo, fo) = —1 and (e, fo) = 0. Then
it is easy to check that teh map

ghog™ '+ Rgeg +Rygfy

gives a bijection between D and the set of oriented negative 2-planes in V ®g R. We will not distinguish between
the two interpretations of . Note that the choice of orientation determined by {eg, fo} is equivalent to the

choice of an extension of oy to an embedding of F into C, which we also denote by oy.

Let K be a compact open subgroup of G(Q), where F' stands for the finite adeles of a number field F. Let

Xk = Sh(G, hg)k be the canonical model of the Shimura variety over Q with

Xk (C) = GQ\(D x G(Q)/K).

By construction, the homomorphism hq factors through Tk and is fixed by conjugation by T(R), so we have,

for any g € G(Q), a special 0-cycle in X according to [27, Page 325]

Z(T, ho, 9)k (C) = T(Q\ ({ho} x T(Q)/K%) — Xx,  [ho,t] = [ho, tg] (2.5)

where K = T(Q) NgKg~'. Note that K% depends only on the image of g in SO(V)(@). We will usually drop

the subscript K and identify Z(T, hg,g) with its image in Xk, but every point in Z(T, hg, g) is counted with
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multiplicity and wg 1.4 = $(T(Q) N gKg~'). In particular, for a function f on X, we have

WK,T,g

HZ(T,ho,9)) = > f(ho, tg). (2.6)

WK,T.g teT(Q\T(As)/ K.

When g = 1, we will further abbreviate notation and write Z(T', ho) for Z(T', ho, 1).

The 0-cycle Z(T, ho) is defined over oo (FE), the reflex field of (T, hg). We next describe its Galois conjugates
7(Z(T, hy)) for 7 € Aut(C/Q).

For j € {0,...,d}, let W(35) be the unique (up to isomorphism) quadratic space over F such that W (j) ® F,

and W ®p F, are isometric for all finite place v of F', and such that

sig(W(4)) = ((2,0),...,(2,0), (O,'2), (2,0)...,(2,0)). (2.7)

Note that, although the quadratic spaces W = W (0) and W (j) over F are not isomorphic for j # 0, there is
an isomorphism CR (W (j)) ~ C%(W) = E of their even Clifford algebras. Let V' (j) = Resp/oW (j) with bilinear
form (z,y)v(;) = trp/o(x, y)w(). The signature of V(j) is (2d,2) and the quadratic spaces V(j) and V are
isomorphic. We fix an isomorphism

V(i) =V (2.8)

and hereafter identity V(j) with V. Let T'(j) be the preimage of Resp,gSO(W(j)) C SO(V) in G and let
ho(j) : S — Gr be the homomorphism defined, as above, by an identification of S with GSpin(W (j) ®p,, R).
For g € G(Q), the analogue of the construction above yields a special 0-cycle Z(T(5), ho(j),g) on Xg defined

over 0;(E).

We fix an F-linear isometry

i s W()E) = W(E), (2.9)

Noting that there are canonical identifications W (j)(F) = V(5)(Q) and W (F) = V(Q), and using the fixed

identification of V' and V'(j), there is a unique element g; o € O(V)(Q) such that the diagram

WGI(E) > W(F)

I || (2.10)
V@ P V@

Modifying the isometry p; by an element of O(W)(F'), if necessary, we can assume that g; o € SO(V)(Q). For

any element g; € G(Q) with image g;0 in SO(V)(Q), the finite adele points of the tori T'(j) and T are related,
), by

as subgroups of G(
7()(Q) = ¢, T(Q)g; (2.11)
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and hence

j —1
K;(j) = gjKrg; . (2.12)

These relations depend only on the image g; 0 of g;.

The reciprocity laws for the action of Aut(C) on special points of Shimura varieties [29], [30], [27], yields

the following result.

Lemma 2.2. Let the notation be as above and let 7 € Aut(C/Q).

WHWIfr=o0j0 00_1 on oo(E), then there is a preimage g; of g;,0, unique up to an element of Q*, such that
T(Z(T, ho)) = Z(T(§), ho(4), g;)-
(2) If 7 = p is complex conjugation, then
T(Z(T, ho)) = Z(T, hy).
Here hg is the map from S to Gg induced by S — GSpin(Wy,), z — Z. O

We will write

Z(T(5),hiy (7). 95) = Z(T (), hg (7). 93) + Z(T(5), hg (5), 95)-

We will also write 25 (j) € D for the oriented negative two planes in V(R) associated hi(j). Let

d
ZW) =Y Z(T(j), % (1), 95) € Z*(Xk) (2.13)
j=0

Then Z(W) is a 0-cycle defined over Q.

3 Special divisors and automorphic Green functions

In this section, we briefly review the special divisors defined in [19] and their ‘automorphic’ Green functions
defined by the first author and Funke using regularized theta liftings [4], [6]. We prove that these special cycles

do not intersect with the special cycles defined in Section 2.

Let x € V(Q) be a vector of positive norm. We write V,, for the orthogonal complement of z in V' and G,

for the stabilizer of = in G. So G, = GSpin(V,,). The sub-Grassmannian

D, ={z€D; z La} (3.1
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~

defines an analytic divisor of D. For g € G(Q) we consider the natural map

G(Q\D, x Go(Q)/(Go(Q) NgKg™Y) — Xk, (2,91) = (2, 919)- (3.2)

Its image defines a divisor Z(z,g) on Xg, which is rational over Q. For m € Q¢ and ¢ € S(V(Q))¥, if there

is an xo € V(Q) with Q(z9) = m, we define the weighted cycle

Z(m,p) = > (g~ w0) Z (0, 9). (3.3)
9E€GL,(Q\G(Q)/K

~

It is a divisor on X with complex coefficients. Note that, since ¢ has compact support in V(Q) and the orbits

of K on the compact set G(Q) - o Nsupp(y) are open, the sum is finite. If there is no o € V(Q) such that

Q(zo) = m, we set Z(m, ) = 0.

Proposition 3.1. Let the notation be as above. Then Z(m, ) and Z(T(j), hi(j),g;) do not intersect in
Xk. O

Proof. It suffices to show that Z(x,91) N Z(T, hg,g2) is empty for every z € V(Q) with Q(x) >0 and

~

g1, 92 € G(Q). Suppose P = [z, hg1] = [20,tg2] is in the intersection, where zg = Reg + Rfy is the negative two

~

plane associated to hg, z € D, is a negative two-plane in V(R) which is orthogonal to « and h € G,(Q). Then
there are v € G(Q) and k € K such that

(Vooz = 20, Ahgik = tga.

~

Here 4 is the image of v in G(Q). Let y = vz € V(Q). Then x L z implies that y L zy, i.e., (co(y),e0) =

(00(y), fo) = 0. This implies that o¢(y) = 0. But o¢(y) is just the projection of y to the first summand of

d
WaoR =W @p,, R.
Jj=0

Since this map is injective on rational points and y = yx # 0, we must have o¢(y) # 0. Thus no such point P

can exist. |

Let L be an even integral lattice in V, i.e., Q(z) = %(m,x) € Z for v € L, and let
L'={yeV:(z,y)€Z, forre L} DL

be its dual. For u € L'/L, we write ¢, = char(u + L) € S(V(Q)) and Z(m, pu) = Z(m, ©u), where L = L ® Z.

Associated to the reductive dual pair (SLg,O(V')) there is a Weil representation w = wy of SLy(A) on the



Special values of Green functions at big CM points 11

Schwartz space S(V(A)), where 1 is the ‘canonical’ unramified additive character of Q\A with ¥ (z) = e(x).

~ ~

Since the subspace S;, = ® Cyp, C S(V(Q)) is preserved by the action of SLy(Z), there is a representation py, of
I' = SLy(Z) on this space defined by the formula

pL(V)y = @(¥)p = w(H)e, (3.4)

where ¥ € SLQ(Z) is the image of . This representation is given explicitly by Borcherds as

pL(T)(¢n) = e(Q(?)) o, (3.5)

e((1 —d)/4)
L S w) = e(—(\u, v ) .
PS)en) == 3 e (36)

1 1 0 1
where T = and S = , see e.g. [1], [20], [4]. Note that, by (3.4), the complex conjugate py, is

0 1 -1 0
just the restriction of w to the subgroup SLs(Z) C SLa(Z).

Recall that a smooth function f : H — Sy, is called a harmonic weak Maass form (of weight k with respect

to I' and py,) if it satisfies:

() fleprv=fforallyel;ie,
Foyr) = (er + ) pr(v) f (7).

(ii) there is a Sp-valued Fourier polynomial

Pir)= > > ) q" e

peL’ /L n<0

such that f(7) — Ps(7) = O(e™%") as v — oo for some € > 0;

(iil) Apf =0, where

0?9 9] 9]
R T i ST S
Bg =~ <6u2 +8v2) ik (3u+lav>

is the usual weight k hyperbolic Laplace operator (see [6]).

The Fourier polynomial Py is called the principal part of f. We denote the vector space of these harmonic weak

Maass forms by Hy ,,. Any weakly holomorphic modular form is a harmonic weak Maass form. The Fourier
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expansion of any f € Hy, ,, gives a unique decomposition f = f* + f~, where

ff= 30 > e (3.72)
wel’ /L neQ
n>>>—oo
@)=Y > e (- kdrlnfv)q" ¢, (3.7b)
peL’/LneQ
n

and, for a > 0, I'(s,a) = foo e~t5~1 dt is the incomplete I'-function. We refer to f* as the holomorphic part and

to f~ as the non-holomorphic part of f.

Recall that there is an antilinear differential operator § = &, : Hy ,, — Sa—k,5,, defined by

.. 0
F(r) = () (7) 1= 20" o= f(7). (3.8)
By [6, Corollary 3.8], one has the exact sequence
(3.9)

¢
Hipp —> S2-kp —> 0.

0—> M,

Let f € Hi_q,5, be a harmonic weak Maass form of weight 1 — d with representation py, for I', and denote

its Fourier expansion as in (3.7). Let S} be the dual space of S;,—the space of linear functionals on Sr, and let

{¢,/} be the dual basis in S} of the basis {¢,} of Sr. Recall that the Siegel theta function

0r(1,2,9) = ZG(T, 2,9,9u) @Z
m

is an SY-valued holomorphic modular form of weight d — 1 for I" and p;, defined as follows (see [10, Section 2]

or [20] for details). For z € D, one has decomposition

VR)=2@ 2", z=x,+,..

Let (v,z), = —(x,,2,) + (x,1,2,1) and define the associated Gaussian by
(3.10)

oo, 2) = €7@,

~

Then, for 7 € H, [z,g] € Xk, and ¢ € S(V(Q)), the theta function is given by

<
(NI
<
<
m
w2
=
[\
~

0(r,2,9,0) =02 "D 3" w(gr)poo(m, 2)p(g '), g = )
2

zeV(Q)
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Here g acts on V' via its image in SO(V).
We consider the regularized theta integral

B0 f) = [ )00 2, dutr) (3.11)

F

~

for z € D and g € G(Q), where F is the standard domain for SLy(Z)\H. The integral is regularized as in [1], [6],

that is, ®(z, ¢, f) is defined as the constant term in the Laurent expansion at s = 0 of the function

Th_I)Il <f(T)30L(T’Zag)> Uisdli(,r)' (312)
o0 \FT

Here Fr = {7 € H; |u] <1/2, |7| > 1, and v < T'} denotes the truncated fundamental domain and the integrand
G002 = S Fu(1)(r 2,9, 0) (3.13)
pneL’/L
is the pairing of f with the Siegel theta function, viewed as a linear functional on the space Sy..
The following theorem summarizes some properties of the function ®(z, g, f) in the setup of the present
paper (see [4], [6]).
Theorem 3.2. The function ®(z, g, f) is smooth on X \Z(f), where

Zh="3 3 ¢t (-mu)Zm,p). (3.14)

pneL’/L m>0

It has a logarithmic singularity along the divisor —2Z(f). The (1,1)-form dd°®(z,g, f) can be continued to a

smooth form on all of Xg. We have the Green current equation

where §z denotes the Dirac current of a divisor Z. Moreover, if A, denotes the invariant Laplace operator on

D, normalized as in [4], we have

A ®(z,9,f) = = -c"(0,0). (3.16)

N

O

In particular, the theorem implies that ®(z,g, f) a Green function for the divisor Z(f) in the sense of
Arakelov geometry in the normalization of [38]. More precisely, by the results of Borcherds [1] and Bruinier
[4], [6], ®(f) = —log||¥(f)||?, for a meromorphic section ¥(f) of the line bundle £2¢" (0:9) where the metrized

line bundle (£,]|| ||) on Xk is defined in [20]. If ¢*(0,0) = 0, then the meromorphic function ¥(f) extends to
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a smooth compactification of X . The line bundle £ also has an extension to such a compactification, but the
metric becomes singular along the divisor at infinity. Thus, if the constant term ¢*(0,0) of f does not vanish,
one actually has to work with the generalization of Arakelov geometry given in [8]. When ¢*(0,0) = 0, ®(z, g, f)
is harmonic, and we refer to it as the automorphic Green function associated with Z(f). Notice also that Z(f)

has coefficients in Q(f), the field generated by the ¢ (—m, ), m > 0.

4 CM values of Siegel theta functions and Eisenstein series

Recall that, for each j, we have fixed an isomorphism V' ~ V(j) = Resp/oW (j) of rational quadratic spaces,
and hence an identification

S(V(Ag)) = SWG)AR)), v vr; (4.1)

of the corresponding Schwartz spaces. For example, if op = Qu@pw € S(W(J)(AFr)), with w running over the
places of I, then the corresponding ¢ € S(V(Aq)) is also factorizable, with local component ¢, = ®y|,¢F,w in
the space

S(ReSF/QW(J)(@U)) = S(@w\vw(])(Fw)) = ®UJ"US(W(J)(F’UJ))

These identifications are compatible with the Weil representations of SLa(Ag) and SLa(A ) for our fixed additive

character ¢ of Ag and the character y)p = ¢ otrp g of Ap, i.e.,

wv,p(9")¢ = ww (i) e (9)PF

where, on the right side, we view ¢’ € SLo(Ag) as an element of SLy(Ap). We write ¢p for ¢ o. Moreover, we
will frequently abuse notation and write ¢ for g and identify S(W(Agr)) with S(V(A)). Note that the Weil
representations wyy ;)4 of SLa(Ap), which are now all realized on S(V(Ag)), via (4.1), do not coincide in
general. The point is that the group SLy(F') in the dual pair (SLy(F'), Resp,oO (W (j))) arises as the commutant
in the ambient symplectic group of the subgroup Resp,qO(W(j)) C O(V), i.e., by a seesaw construction, and
these subgroups do not coincide.

Recall that, for each j, we have fixed an isometry j; : W (j)(F) —= W(F), and an element g; o € SO(V') (@)

so that the diagram (2.10) commutes.

Lemma 4.1. (i) For any ¢ € S(V((@))7 recall that ppo = ¢ is identified with ¢ via S(W(F)) ~ S(V(@))
Then
15 (p) = (w(g5,0)) F g

where g € SO(V)(@) acts on S(V(Q) by (w(g)¢)(z) = p(g~').

(ii) The map u} : S(W(F)) — S(W(j)(F)) intertwines the Weil representations wy,y, and ww (j),pr Of SLy (®))

on these spaces.
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(iii) For ¢’ € SLQ(Q)’ and ¢ € S(V(@)),

Wi ()0 (9w (g5,0)9 = w(gj0) wwyr(9)p-

O

Here in parts (i) and (iii), we are working in the fixed space S(V(Q)) with natural linear action of
g € SO(V)(Q) defined in (i) and the various Weil representation actions of SLy(F'), as described above.

For z € D, the Gaussian ¢ (-, 2) € S(V(R)) is defined by (3.10). The points 23 (j) € D are the fixed points
of T(j)(R), and

@w(vz()i(j)) = ®i9000,W(j)gi’

in

S(V(R)) = S(Resp/o(W(j))(R)) = @:S(W(j)o,),

where W (j)o, = W(j) ®F0, R, and

oo W(3),, () = € TIEDWO,]

is the Gaussian for the definite space W (j),,. Note that Poo, W (5),, 18 SO(W; », )-invariant, and is an eigenfunction
of SO2(R) C SLa(R) with respect to the Weil representation wyy, , of ‘weight’ +1 for i # j and —1 for i = j.
For a K-invariant Schwartz function ¢ € S(V(Q))* and 7 € H, the theta function
1—d 1

0(7’279790) =vz Z wV(g‘r)@oo(x’Z)(p(gi Z‘) (42)
zeV(Q)

is an automorphic function of [z, g] € Xk, where z € D and g € G(Q). By the preceding discussion, the pullback
of this function to Z(T(j), 25 (4), g;) coincides with the pullback of the Hilbert theta function associated to the

quadratic space W (j),

- 1 _
0(7,t, (W(95.0)0)Fs) =0 N(@) 72 > ww(i)(97)Pse,w() (@) ((gj0)e) i (t ), (4.3)

z€W (§)(F)
via the diagonal embedding of H into Ht!. Here 7 € H%*!, with components 7, = u, + iv,, N(v) =1, vr, and

gz € SLy(R)4*! with component g, in the rth slot. This theta function has weight

with —1 in the jth slot.
Let x = xg/r be the quadratic Hecke character of F' associated to E/F, and let I(s,x) = ®,1(s, x») be

the representation of SLy(Ar) induced from the character x | | of the standard Borel subgroup. We write ®
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for the unique eigenfunction of SO2(R) C SLy(F ®,q, R) in I(s, xo,) of weight k with ®% (1,s) = 1. We define
sections in I (8, Xoo) = ®i1(8, Xo,) DY
D5 (5) = @2, (3),

and

®17(s) = @, (5) © (@i, (5)).

For each j, there is an SLQ(F )-equivariant map

At SWHE) = 110 xp), 0= Xi(0)(9) = ww(5),00 (9)2(0).

By (ii) of Lemma 4.1, these maps for various j’s are related as follows.

Lemma 4.2. For ¢ € S(V(Q)), one has

Aj (15 (or)) = Xolpr)

O

Let ®,(s) € If(s,xy) be the unique standard section with ®,(g,0) = Ao(p) = A;(u}(¢)). For ¢ €

SW(F)) =S(V(Q)) and 7 = (10, . ..,7q) € H¥*! with 7. = u, + v,.,, we define the Hilbert-Eisenstein series
B(7,5,,1) = N(8) "3 E(gr, 5, 0, @ @) (44)

and

E(7,5,0,1(j)) = v; N(0) "2 E(gz, 5, 8L0) © @,,). (4.5)

Here N(0) =1]], v,. Note that, <I><1X(>j)(s) is associated to the Gaussian ¢ w(;), so that E(7,s,¢,1(j)) is
a coherent Eisenstein series of weight 1(j) attached to the function ¢u w ;) ® 1(v) € S(W(j)(Ar)) and
E(7,s,p,1) is an incoherent Eisenstein series of parallel weight 1 (independent of j). The two Eisenstein series

are related as follows by an observation of [20, (2.17)], [10, Lemma 2.3],

Lemma 4.3. Write 5j = %d?j. Then

_25j (EI(F’ 0, 2 1) de) = E(Fa 0, 2 1(])) dﬂ(Tj)~

In this paper, we normalize the Haar measure dh on SO(W (j))(AF) so that

vol(SO(W () (F)\ SO(W (j))(Ar)) = 2,
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and write dh = dhoo dhy where dho =[], dh,, with vol(SO(W (j)s,),dhs,) = 1. For the convenience of the

reader, we first recall [37, Lemma 2.13].

Lemma 4.4. For any function f on

Z(T (), 20(9): 95) = TGH@\({z0(1)} x TGNQ)/EF ),

the weighted sum (2.6) of the values of f over this discrete finite set is given by

. ) 1 .
FZT ) 20(0),00)) = 5 deg (T 20) [ leoli) )
SO(W (1) (F)\ SO(W (5))(F)
Here
deg Z(T, z) = 4
8220 = S0l )
is independent of j. O

Proof. By [37, Lemma 2.13], the formula holds with deg Z(T, zo) replaced by the quantity 2/ vol(ng]kj)). So it
suffices to check vol(ng]'(j)) = vol(Kr) is independent of j. But this is immediate by (2.11) and (2.12). n
Proposition 4.5. With the notation as above,
0(7-7 Z(T(.])a Zo(j)vgj)a 90) =C- E(TAa 07 2 1(.]))
where
1
C= 5 deg(Z(T, zp)).
O

Proof. Since vol(SO(W(j)),,) = 1, one has by Lemma 4.4 that

, , 1
01 Z(T (), 20(7),9) = 5 deg Z(T, o) | 02 . ((g50)0)s )
2 SO(W () (F)\ SO(W (4)) (A r)

where the theta function in the integral is given by (4.3). Now the proposition follows from the Siegel-Weil

formula. ]

For x = xg/F as above, let

s+ 1

Afs,x) = AF(r T (5

)NL(s,x), A= Npjg(drdg)r) (4.6)
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be the complete L-function of x. It is a holomorphic function of s with functional equation

A(37X) = A(l - S,X)7

and

A(LX) = A(O7 X) = L(O’ X) — 2d—6

where 2° = |0} : u(E)Ox| is 1 or 2. Let
E*(T,8,0,1) = A(s + L, x) E(7, 5,0, 1)

be the normalized incoherent Eisenstein series.

Proposition 4.6. Let ¢ = op € S(V(Q)) = S(W(F)). For a totally positive element ¢ € F¥, let a(t, ¢) be the
t-th Fourier coefficient of E*'(7,0, ¢, 1). This coefficient is independent of ¢. The constant term of E*'(7,0, ¢, 1)

has the form

©(0) (A0, x)log N(7) + ao(¢p) ),

for a constant ag(yp) depending only on ¢. Let

E(r0) = p(0)ao() + Y an(e)q"
n€Qso

where

awm@)= S alt)
tGFj: ytrpgt=n
Then, writing 7 for the diagonal image of 7 € H in H?*!,
E*’/(TAv 07 ®, 1) - g(Ta QO) - 30(0) A(Ov X) (d + 1) IOg'U
is of exponential decay as v goes to infinity. Moreover, for n > 0

an(p) = Z an,p(‘P) logp

with @y ,(¢) € Q(¢), the subfield of C generated by the values ¢(z), z € V(Q). O
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Proof. Let C = ®,C, be the incoherent collection of local quadratic F,-spaces with C, = W ®p F,, for all finite

places v and with Cy, is totally positive definite. In particular, C:= Rv<ocCo = W(F) Then
D4,(0) ® P3(0) = A9 ® poo,c)

for ¢ ® poo,c € S(C) = S(W) ® S(Cs0), Where oo ¢ = ®;p4, is the product of the Gaussians for the positive
definite binary quadratic spaces C,,. Thus E(7, s, ¢, 1) is an incoherent Eisenstein series according to [18] and
E*(7,0,¢,1) = 0. By linearity, we may assume that the function ¢ = ®,¢, € S(W(F)) is factorizable. Then,

the Fourier expansion can be written as

E*(F, S, s 1) = ES(F,S,QO,I) + Z E;(’I_",S,QD, 1)

teFx
with
, d
Ei (T,s,0,1) = A2 H Wi (1,8, 0p) HW;W (Ti,s,é}n)
p<oo =0
and

d
E5(7.5,0,1) = 9(0)A(s + L) N(@)F + A3 TT We,(Ls,0) [T Weo, (s 5, 25))-

p<oo i=0
Here, for g’ € SLa(F}),

Wtfp (g/a S, @p) = Lp(s + 1; XU) Wt7p(g/7 S, @p)

and
s+ 2

_1
2 )Ui : Wt,ffz'(gﬂ’saq)(ln)

Wi, (74, 8, <I>(1,) = 77_#1’(

are the normalized local Whittaker functions, which are computed in [24] and [41] in special cases. In particular,

[24, Proposition 2.6] (see also [41, Proposition 1.4]) asserts that!

Wi, (73,0, <I>£1,1) =27(Cy,) e(os(t)T), if o;(t) > 0,
et

Wtﬂjai (Tia 0, (I)(lj'b) =0, if o; (t) < 0.

W;,ai (Ti7 S, (I)clrl) = ’Y(Cm‘) v

(2

Here (C,,) is the local Weil index, an 8-th root of unity. Moreover, in the last case,

Wi (75,0,@5 ) = v(Co,) e(os(t)73) Bu (4o (t) |v:)

TThe extra ‘—’ in the formula is due to the fact that we use w = ((1) *01) here for the local Whittaker function instead of w=! in
[24].
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is of exponential decay when v; goes to infinity. Here

Bi(z) = / Va2 > 0.
1

On the other hand, suppose that everything is unramified at a finite prime p. This means that E/Q is
unramified at primes over p, we identify W), = E, with quadratic form (z,z), = aNg, 5, (z) for a € O}X,p7

and ¢, = char(Og, ). Then, by [41, Proposition 1.1], for ¢ # 0

0 ift ¢ Op,,
’Y(Cprl sz(laSNPp) =qordpt+1 if p split in E/F,t € OF,,
%(1—1—(—1)0“1“) if p inert in E/F,t € Op,.

In general, ¥(Cp,) "W, (1,5,¢,) is a polynomial of N(p)~* with coefficients in Q(¢,) ([25]). For ¢ # 0, let
D(t) = D(t,C) be the ‘Dift’ set of places p of F' (including infinite places) such that C, does not represent ¢, as
defined in [18]. Then D(¢) is a finite set of odd order, and for every p € D(t), the local Whittaker function at v
vanishes at s = 0. So E;”'(7,0, ) = 0 unless D(t) has exactly one element. Assuming this and restricting 7 to

the diagonal 72 = (7,--- ,7) with 7 = u + /—1v € H, there are two subcases.

When D(t) = {o;} for some ¢, the above formulae show that

E:,/(TA> 07 ®, 1) = Wtﬂj;i (Ta 07 (I);L) H Wtfp(la O? @p)
p#oi

is of exponential decay when v = Im(7) — oo.

When D(t) = {p} for some finite prime p, and ¢t € F is totally positive,
E:’/(TAvOa% 1) = a’(tv(p) qtrF/Qta q = 6(7’)

for some a(t, ) € Q(¢) logp, where p is the prime below p. Here we have used the fact that

d

[T v []7Cr) = 1.

p<oco =0

Finally, for the constant term, one has (see e.g., [41, Section 1] or [25])

E§(7,5,0,1) = 9(0)( N(0)% A(s + 1, x) + N(@) FA(L — 5,x) My(s) )
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where M (s) is a product of finitely many polynomials in N(p)~° for finitely many ‘bad’ p, and M, (0) = —1.

Recalling that E(72,0,¢,1) = 0, this gives, for 7 € H,
Eg'(72,0,9,1) = 0(0) (A(L,x)(d + 1) logv + 2A"(1,x) + A(1, x) M (0)) . (4.7)
The constant term of E*/(72,0,¢,1) as a (non-holomorphic) elliptic modular form is

By (r2,0,0, 1)+ > EP(7%,0,0,1),
OgétGF,trp/Q t=0

where the last sum is of exponential decay when v = Im(7) — co. This proves the proposition. ]

5 The main formula

Let L be an even integral lattice in V', and let K C G(Q) be a compact open subgroup which fixes L and acts

trivially on L'/L. We also assume that K satisfies the condition
KNGn(Q) =7%, (5.1)

where G,,, is the kernel of the homomorphism GSpin(V') — SO(V). Let f € Hi_g4 5, be a harmonic weak Maass

form and let ®(z, h, f) be the corresponding ‘automorphic’ Green function for the divisor Z(f) defined in (3.14).

For 7 € H9*! and 7 € H, define SY-valued functions by

E(F s L1)= > EFsenlel,  ErL)= Y. &re)e, (5.2)
nel’/L nel’/L

where E(T, ¢) is defined in Proposition 4.6, and the normalized incoherent Eisenstein series
E*(7,s,L,1) = A(s + 1,x) E(7,s,L,1).
Define the L-function for a cuspidal modular form g = Zu 9uPu € Sd+1,p1
L(s,g,L) = (E*(t2,5,L,1),9)pet := / ZME*(TA, 8,0, 1) v du(T). (5.3)
SL2(Z)\H

It can be viewed as the g-isotypical component of diagonal restriction of the Hilbert-Eisenstein series E(7, s, L, 1).

Remark 5.1. The Eisenstein series E(7,s, L, 1) depends on the F-quadratic form on L ® Q = W, not just on

the Q-quadratic form on L ® Q = V. When we need to emphasize this dependence on the F-quadratic form, we
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will write L(W) rather than L and
E*(7,5, L(W),1) = E*(7,s,L,1), &(r,L(W)) =&(7,L), L(s,9,L(W)) = L(s,g,L)

We also caution that L(W) might not be an Op-lattice, i.e., it might not be Op-invariant. O

Since the Eisenstein series has an analytic continuation and is incoherent, the L-series L(s, g, L) has an
analytic continuation and is zero at the central point s = 0. Now we are ready to state and prove the main

formula. Here, if ", a,q¢" is a power series in ¢, we write

CT[Zanq"] =qg

for the constant term.

Theorem 5.2. For a harmonic weak Maass form f € Hy_q;, with components f = f* + f~ as in (3.7) and

with other notation as above,
Q(Z(W), f) = C(W,K) ( CT [{f"(7),E(r, LW))) ] = L(0,&(f), L(W)) ),

where £(f) is the image of f under the anti-holomorphic operator & : Hi_q 5, — Sa+1,p,, cf. (3.8), and

deg(Z(T, 2))

C(W,K) = A0.X)

Proof. The proof basically follows the same argument as in [10, Theorem 4.8]. We write L in place of L(W).

First, by Lemma 4.3 and Proposition 4.5, we have

S(Z(TG), 200), 95). f) = /f ). 00(r, Z(TG), 200), 7)) dia()
- /F P L) B0, L.1(5)) du(r)

- _20/:g<f(7), (B (72,0, L, 1) dr)).
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Here C' is the constant in Proposition 4.5. So, summing on j, and recalling the definition (2.13) of Z(W), we

have

reg

(I)<Z(W>7f) =-4C (f(T),Z}(E”(TA,O,L,]_) dT))

=—4C | (f(r),0(E'(r*,0,L,1)dr))
f

_ —40/;egd(<f(7),E/(7A,o7L,1)d7>)+4C/:g<8_f(7),E/(TA70,L71)dT>

= —Col1 + Cola,
where Cy = 4CA(0,x)~! = C(W, K), and

Ilz/ d((f(r), E*'(t%,0,L,1)dr)),

I, = /reg<5f(7),E*”(7A,07L, 1)dr).

Recall that

0 (r) = - &) dr.

Thus

(0f(r), E*'(2,0,L, 1) dr) = —((f), E*'(2,0, L, 1)) v** dp(7)
is actually integrable over the fundamental domain F, and hence

b=~ [ @55, 0,11) v () = ~£0,6(0). 1)
F

By the same argument as in [20, Proposition 2.5], [37, Proposition 2.19], or [10, Lemma 4.6], there is a (unique)

constant Ag such that

T—o0

I = lim (/f d((f(T),E*»’(TA,o,L,1)d7>)—AologT> = lim (1,(T) ~ Ao logT).

By Stokes’ theorem, one has

L(T) = /@ U@ B0 L) i
TiT—‘,—l

:—/ (f(r), E*'(%,0,L,1)) du

T

1T+1
_ / (), BV (2,0, L,1)) du + O(e—T)
T
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for some € > 0 since f~ is of exponential decay and E*’ is of moderate growth. Proposition 4.6 asserts that

E*'(7%,0,L) = £(r,L) + A(0,x) (d+ 1) log(v) + Y > a(m,p,v)q"
uEL’ /L meQ

such that a(m, u,v) ¢™ is of exponential decay as v — oo. Thus,

~L(T) = CT[(f*(7), E(r, L) + A0, ) (d+ log T+ D > " (m,pa(n,u,T).
neL’/L m+n=0

The last sum goes to zero when T — co. So we can take Ay = (d + 1) A(0, x), and
Iy == CT[(f"(r),&(r, L))]

as claimed. |

Remark 5.3. There is a sign error in front of £'(£(f),U,0) in [10, Theorem 4.7] and throughout that paper
caused by this error. The +£/(£(f),U,0) in that theorem should be —L'(£(f), U, 0). Accidently, in the proof of
[10, Theorem 7.7], there is another sign error relating the Faltings’ height and the Neron-Tate height. Two wrong
signs give the correct formula in [10, Theorem 7.7], which somehow prevented the authors from discovering the

sign error earlier. O

As in [10], this theorem raises two interesting conjectures. We very briefly describe them and refer to
[10, Section 5] for details. Assume that there is a regular scheme Xy — SpecZ, projective and flat over Z,
whose associated complex variety is a smooth compactification X of Xg. Let Z(m, ) and Z(W) be suitable
extensions to Xk of the cycles Z(m, u) and Z (W), respectively. Such extensions can be found in low dimensional
cases using a moduli interpretation of Xx. For an f € Hi_, ;,, the function ®(f) is a Green function for the

divisor Z(f). Set Z(f) =3, > 50 ¢ (=m, u)Z(m, ). Then the pair

s 1
defines an arithmetic divisor in CH (Xk)c. Theorem 5.2 provides a formula for the quantity

(Z(1), 200w = 5 2(Z(V), ), (5.9

and inspires the following ‘equivalent’ conjectures.

Conjecture 5.4. Let p € L'/L, and let m € Q(u) + Z be positive. Then Z(m, ) and Z(W) intersect properly,
and the arithmetic intersection number (Z(m, p), Z(W)) in is equal to —5C(W, K) times the (m, p)-th Fourier
coefficient of (7, L). O
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Conjecture 5.5. For any f € Hi_q,5,, one has
N 1
(Z(f), ZW)) par = 5 C(W, K) (¢7(0,0)5(0,0) = £'(0,(f), L) - (5.5)
Here k(0,0) is the constant term of E(7, L) O

6 Hilbert modular surfaces

In general, the Shimura varieties attached to orthogonal groups of signature (n,2) are of Hodge but not PEL
type, so our special cycles do not have a simple description in terms of moduli of abelian varieties. However, in
the case of signature (2,2), such an interpretation is always possible, cf. [23]. In this section, we consider the
case of Hilbert modular surfaces and explain how our earlier construction of 0-cycles can be given a modular
interpretation. The most efficient way to do this is based on the machinery set up in [17], where the quadratic
space of signature (2, 2) arises as a space of special endomorphisms and the quartic CM points are linked to the

cycles of section 2 by a reflex field construction.

6.1 RM abelian surfaces

Let F = Q(\/ﬁ) be a real quadratic field with fundamental discriminant D, ring of integers O, and different
8 = 0p = V/DOp. We fix an embedding of F' into R with v/D > 0 and write o for the other real embedding and

for the nontrivial Galois automorphism of F/Q.

We begin with some algebra. Let M be a free Z-module of rank 4 with a perfect alternating pairing A :
M x M — Z. For an element j € End(M), let j* be the adjoint of j with respect to A, i.e., A(jz,y) = A(z, j*y).
Let k : Op — End(M) be an action of Op on M such that k(a)* = x(a). Such a triple (M, k, A) is unique up to
isomorphism and is called a principally polarized RM module in [17]. Note that there is a unique Op-bilinear
alternating pairing A : M x M — 9~' such that A(z,y) = trp/g(A(z,y)). Define the lattice L(M) of special

endomorphisms of (M, k, A) by
L(M)={jeEnd(M):jox(a)=r(c(a))oyj, j =31},

and let V(M) = L(M) ®z Q. There is a Z-valued quadratic form Q on L(M) defined by j2 = Q(j) 1.

o o o
As a standard principally polarized RM module (M, e A), we take Mg = F2, (column vectors),

o

M={z 'z cOpa0'}
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o
and A(z,y) = 21y2 — T2y1, where 'z = (21, 22) and 'y = (y1,92). Then

o a b
Endo,. (M) = { ta, d€Op, c€07 ', bed }.
c d

Let I' = Endo, (]\04) N SLy(F). Let G be the algebraic group over Q defined by

G(R) ={ g € GL2(F ®qg R) : det(g) € R* },
and note that I' C G(Q) is an arithmetic subgroup. There is a natural homomorphism G — GSp(]\o/[ Qs g\) whose
image is precisely the Op-linear similitudes, and the restriction of the similitude scale to G is given by the
determinant. Let Z be the center of G and note that the map r — 7 - 15 gives an isomorphism of R* with a
subgroup of Z(R) of index 2.

o

Define jo € L(M) by jo(*(z1,22)) = *(o(x1),0(x2)). Then there is an isomorphism

a b\/ﬁ ~ o
ta € O, b,cEZ} — L(M), T — T o jo.
¢/vV'D o(a)

o

Under this isomorphism, the quadratic form @ on L(M) is given by Q(z o jo) = det(x) = Np/g(a) — be, and, in
particular, has signature (2,2). Note that the natural action of G(Q) on V := V(M) by conjugation preserves
the quadratic form @, and this provides an identification G -~ GSpin(V, Q). For any principally polarized

RM module (M, k, \), we can choose an isomorphism
(5 (MmN > (Mk )
with the standard module. Any two such isomorphisms differ by an element of I'.

Let

o
D ={heGR):n?= -1, \(hz,y) is symmetric and positive definite }

be the space of admissible complex structures on 1\04 R = J\O4 ®z R. Such an h determines a homomorphism
h:S — Gg given on real points by C* — G(R), h(a + ib) = a + hd, where we identify R* with a subgroup
of Z(R), as above. Let D be the space of oriented negative 2-planes in V(R), where V = V(J\O4 ). As explained
in [17, section 3.4], there is an isomorphism D — D+ C D of D with one of the two components of D given by

sending h € D to
zh)={jeV(R):joh=—hoj}.
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The orientation of z(h) is given by the action of h(C*) on it by conjugation. If an oriented negative 2-plane

o
z € DT is given, we write h, for the corresponding complex structure on Mp.

Recall that a principally polarized RM abelian surface over a connected scheme S is a collection (A, k4, Aa)
consisting of an abelian scheme A over S together with an action k4 : O — End(A) and a principal polarization
Aa: A — AY such that ka(a)* = ka(a) for all a € O, where * denotes the Rosati involution associated to A 4.
Moreover, the Kottwitz condition is imposed, i.e., for a € Op, the characteristic polynomial of the endomorphism
of Lie(A) determined by k4(a) is required to coincide with the polynomial (T — a)(T — o(a)). Let M be the
moduli stack over Spec(Z) of principally polarized RM surfaces — cf [17, section 3.1] for more details.

If a principally polarized RM abelian surface (A, x,A) over C is given, (H1(A,Z),k,\) is a principally
polarized RM module with admissible complex structure determined by the isomorphism H;(A,Z) @ R = Lie(A).
If we choose an isomorphism (*) of (Hy(A,Z), k, \) with (]\04, i, g\), this complex structure determines a point of
D ~ D™T. The action of I removes the ambiguity involved in the choice of (*). Conversely, for z € Dt there is a
principally polarized RM surface A, over C determined by the data (]\04 R, J\04 , K, g\, h.). The action of an element
v €I on ]\OJ yields an Op-linear isomorphism of A, and A,(.). In this way, we obtain a uniformization of the

space of RM abelian surfaces over C. Indeed, the map z +— A, induces an isomorphism of orbifolds
[[\D] ~ [[\D"] = M(C).
The image of a point z € D* is counted with multiplicity |I'.|~!. Finally, if we let
K = Auto, (M  Z) N G(Q),
and let G(R)™ be the stabilizer of DT in G(R), we have I' = G(Q) N G(R)T K, and, by strong approximation,
Xk (C) = [G@Q\(D x GQ)/K)] = [[\DT] = M(C),

where X (C) is the orbifold of complex points of the Shimura variety Xy arising from V as in section 2.

6.2 Non-biquadratic CM points

Next we turn to the quartic CM points, again beginning with some algebra. Let E be a non-biquadratic
quartic CM field with real subfield F' and denote the non-trivial Galois automorphism of E/F by a+— a.
Again following [17], we consider principally polarized CM modules (M, kg, \) where M and A are as before and
kg : O — End(M) is an Og-action with kg(a)* = kg(a). In particular, M is a projective Og-module of rank
1, and (M, kg |op, ) is a principally polarized RM module. Let V(M) be the space of special endomorphisms of

(M, kg |op, \). We now recall the definition of the reflex action on V(M) introduced in [17, section 2]|. Consider
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the Q-algebra
R=FEQ®iqro F,

and define automorphisms 7 and p by 7(a ® b) = b® a and p(a ® b) = b ® a. Then E* = R™=!, the subalgebra
fixed by 7, is again a non-biquadratic CM field with ‘real’ subfield F* = R™=1,"=1 Let a s al = p*(a) denote
the ‘complex conjugation’ E¥. (The quotation marks are due to the fact that E* is not identified with a subfield
of C.) Note that E* is spanned by elements of the form a = a® b+ b® a, for a and b € E, and that there is a
norm map N*¥: E — E* a+ a ® a. A key observation from [17] is that the action £z of O on M determines
an action of E* on V(M) given by

aej=(a@b+boa)ej=rp(a)o]orp®)+rpd)ojors(a).

Moreover, if (, ) is the bilinear form on V(M) associated to @, then (« e j1, j2) = (j1, af @ j2), where af = p?(«)
is the ‘complex conjugation’ on E*. It follows that there is a unique hermitian form ( , )g: on the 1-dimensional
E* vector space V(M) such that (z,y) = trg: g(2,y) g:. Similarly, we can view V(M) as a 2-dimensional vector
space over F# with a unique F*-quadratic form Q?w such that Q(z) = trp: /g Qg\/[(:v) We will write (W (M), Q?VI)
for this space, although it depends, of course, on the principally polarized CM module (M, kg, \). Notice that
Qg/ﬂ depends on the CM module (M, kg, ) although @ does not.

It is easily checked, cf. [17, Section 2], that the four CM types of the field E are in bijection with the four

complex embeddings of the field E¥, via the map ¥ — ¢y, given by
os(a@) =ds(a®@b+b®a) = 711(a)m2(b) + 71(b)T2(a), Y={r,m}

where the 7;, 1 <i < 4, are the complex embeddings of £. A CM type ¥ of E determines an isomorphism
ix,: Br = F ®g R — C? and hence, if a principally polarized CM module (M, ki, \) is given, 3 determines a

complex structure hy on My, via the action of the diagonally embedded C in C2, i.e,
hy = kg 0is ' (4,1). (6.1)

Moreover, for a given principally polarized CM module (M, kg, A), there exists a unique CM type ¥ of E such
that the form A(hyz,y) is symmetric and positive definite, [17, Section 2.3], in which case, (M, kg, A) is said to

be of type X. The following result is [17, Proposition 2.3.5].

Lemma 6.1. Suppose that (M, kg, A) is of type X. Let ooy, be the restriction of ¢5 to F* and let ooJEr be the
other real embedding of F*. Then the signature of the binary quadratic space (W (M), Qg\/[) over F*is (0,2) at

ooy, and (2,0) at oo O

For a fixed CM type ¥ = {71, 72} of E, let Ox be the ring of integers in Ex, = ¢x(E*"). For a connected
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Os-scheme S, a principally polarized CM abelian surface over S is a collection (A, k4, A4) consisting of an
abelian scheme A over S with an action k4 : O — End(A) of Op and a principal polarization A4 such that, for
b€ Og, ka(b)* = ka(b). In addition, the X-Kottwitz condition is imposed, i.e., the characteristic polynomial of
the endomorphism of Lie(A) determined by 4 (b) coincides with the the image of (T — 71(b))(T — 72(b)) € Ox[T]
in Og[T]. We let CM% be the moduli stack over Spec(Os:) of CM abelian surfaces of type X — cf. [17, Section

3.3] for more details.

It will be useful to consider the action of an ideal class group on the CM points. Let C'(E) be the generalized
ideal class group of E whose elements are equivalence classes [a, £] of pairs (a, §), where a is a fractional ideal of E
and & € [’ is such that Ng/pa = £ Op. Pairs (a1,£1) and (az,&2) are equivalent if there is an element o € E*
such that a; = aay and & = Ng/p(a) 2. Let Cy(E) be the subgroup of classes [a,£] for which & is totally
positive. For a pair ¢ = (a, ) with £ totally positive and a principally polarized CM abelian surface (A4, k4, Aa)
define (B, kp,Ap) = ce (A, k4, 4) as follows. Let B = a ®0,, A be given by the Serre construction, [33], and let
kp(r) =r ® 14 be the natural action. Let f € Hom(B, A) ®z Q be the natural Og-linear quasi-isogeny defined

by f(a® x) = ka(a)x, and define the polarization A\g by
Ap=fYolaoforp(E™h).

As explained in [17, Section 3, pp. 29-30], (B, kB, Ap) is again a principally polarized CM abelian surface, and

this construction defines an action of such pairs on the stack CM%.

Now suppose that (A,k4,A4) is in CMZE(C). The associated CM modules (M (A),ka,Aa) and
(M(B),kp, ), where M(A) = H1(A,Z) and M(B) = H1(A,Z), are related by M(B) = a ®o, M(A) and the

polarization form A on M (B) is given by
Apla®@z,b®@y) = M(ra(E " ab)z, y). (6.2)
In particular, there is a natural E-linear isomorphism
f« : M(B)g =a®0, M(A)g — M(A)g, a®x— ka(a)r. (6.3)

If we identify M (B)g and M (A)g via f, and if ¢t € E* is such that a = tOp, then the lattice M (B) is identified
with the lattice x4 (t)M(A). The isomorphism f, also induces an E*-linear isomorphism of the spaces of special

endomorphisms

V(M(B)) == V(M(A)),  jr ra(€ ) feojofit. (6.4)

which gives an isometry of the F*-quadratic spaces (W (M (B)), Qg\/[(B)) and (W(M(A)), Np/g(&) Qg\/[(A)). Note
that there is an isometry of rational quadratic spaces (V(M(A)), Np/g(§) Q) ~ (V(M(A)),Q), but this map is
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not F*-linear, in general. The principally polarized CM modules (M (A), k4, 4) and (M (B), kg, Ag) have the
same CM type.

In fact, the action of pairs ¢ = (a,&) on CM modules is well defined with no positivity restriction on £, where
the CM type X is changed according to the signature of . For example, the pair (O, —1) carries (M, kg, A),

of type X, to (M, kg, —\), of type 3. The results of [17, Sections 2 and 3] imply the following.

Proposition 6.2. Fix a principally polarized abelian surface A = (A, k4, a) over C of type X.

(i) There is an isomorphism of orbifolds
ENC: ()] = CME(C),  crrcoA,
where p(F) is the group of roots of unity in E, and this group acts trivially on Cy(E).
(ii) Suppose that ¢ = (a,§) is a pair representing a class [a,¢] € C(F). Choose t € E* such that a = tOp,

and let gen;(c) = £ 'ttt e 6;/NE/F(6§) be the genus invariant of c. For a principally polarized CM module
M = (M, K, ) of type X, let M/ = (M’', k', \') = c e M. Then there is an isometry

(W(M"), Q%) = (W(M), Npjg(gen, (c) ™t - Q4)

of quadratic spaces over F'# carrying E(M') to E(M) Here gen(c) € 5; is any representative for gen(c).

O
Remark 6.3. By [17, (2.4.3)], if
Gen(E/F) = F% /Ng/r(EL) x OF /N p(0%),
and it xg,p is the quadratic character of FJ x F* associated to E/F, then
C(E) &5 Gen(E/F) £4 {£1} — 1,
is exact. O

Slightly smaller orbits will also be of interest. Let Tr and Sg: be algebraic tori over QQ, where, for any

Q-algebra R,
Tg(R)={te(E®gR)*:tt€ R }, and  Sp(R)={tec (E*@qR)* :tt=1}.
Note that Sg: = Respr /o SO(W (M)) C SO(V(M)), while, the action of Tg(Q) on V(M) defined by

1
toj:t—t_nE(t)ojonE(ﬂ
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lifts to an embedding T C GSpin(V (M)) compatible with the exact sequence, [17, Lemma 1.4.1],
1—Gp — T 25 S — 1, vp(t) = ——=. (6.5)
Let K = T(Q) N 6; Then there is an injective homomorphism, [17, (2.4.1)],
C(Tp) = Te(Q\Tp(Q)/Kr — C(E), [~ [t], t:=(t0p,f),

where tOp is the fractional ideal generated by ¢ and & € QX is the unique element such that ttZ = ¢Z.

For a fixed principally polarized CM abelian surface A = (A, k4, Aa) over C of type X, as above, we obtain

a variant of Proposition 6.2. There is an isomorphism of orbifolds

[Te(Q\(Te(Q)/K7)] = [W(E)\C(Tg)] = Z(C(Tk),A) C CME(C), (6.6)

~

where Z(C(Tg), A) is the subgroupoid whose objects are the t @ A for t € Tg(Q).

Finally, there is an action of the group Aut(C/Es) on CMZ%E(C) described by the theory of complex
multiplication, [34], [36], [26], [28]. We adopt (some of) the notation of Milne. Let Ex; be the reflex field of (E, X)
and let Ny : BX — E* be the reflex norm map. If € Aut(C/Ex) and s € E is such that 7 | pav= artpg (s),
let ¢ = Nx(s) € T5(Q) be the image of s. The basic theory of CM, [28, Theorem 3.13], asserts that, for a
principally polarized CM abelian surface A = (A, k4, 4) over C of type 3, the action of n coincides with the

action of t = (tOp, &) up to isomorphism, i.e.,
n(A) ~teA.

Here note that t -t =& - xeye(n) € Q* = QX x 7>, where ¢ is as above and Xeye : Aut(C) — ZX is as in [28].

~ ~

Thus the Aut(C/Esy;) orbits coincide with the orbits of the subgroup Nx(Egy) of Tg(Q).

Next suppose that n € Aut(C) does not restrict to the identity on FEy. Then there is an element
fs(n) € EX/E*, the Tate cocycle, [28, section 4], such that n(A) € CM'L*(C) has the following description.
Let t € E* be an element of the coset fx(n), and note that ¢ - t = xcye(n) - €, where £ € F*, [28, Proposition 4.6

(b)]. Here Xcyc is the cyclotomic character

Xeye @ Aut(C) — Gal(Q/Q) — 7%,

Let a =tOF be the fractional ideal generated by ¢ and note that Ng,pa = £{OF, so that ¢ = (a,§) is a

pair defining a class in C(E). Note that gen;(c) = Xcyc(n). Then, by the extension of CM theory due to Tate,
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Langlands and Deligne, cf. [28, Theorem 4.1],
M(n(A)) ~ceM(A), (6.7)

where M (n(A)) is the principally polarized CM module of n(A). In particular, this module, which determines the
isomorphism class of 7(A), has type nX. For example, let ¢ € Aut(C) be complex conjugation. Then fs (i) =1,
[28, Proposition 4.8 (c)], and Xeyc(t) = —1. Thus M (:(A)) ~ (M(A), £(A), —A4); this module has type ¥, and
the corresponding complex structure on M (A)g is —h 4. Moreover, note that, by (ii) of Proposition 6.2, there is

an isomorphism
(W (M(1n(A))), Qhriiay) — (W(M(A)), Q4 a)); (6.8)

~

carrying f(n(A)) to L(A), since gen(c) = Xcyc(n) implies that Np/g(gen;(c)) € (ZX)2 is the square of a unit.

6.3 The forgetful morphism
There is a forgetful morphism

j% :CM%E — M/Ox (6.9)

given by restricting the Og action to an action of O, i.e., sending (A, k4, Aa) to (A, k4 |0y, Aa). Here M/Ox
denotes the base change of M to Spec(Oy). We now describe the induced map of orbifolds CM%(C) — M(C)

and its relation to the special 0-cycles of section 2. Fix A = (A, k4, \a), as before, and choose an isomorphism

o

(6) 1 (M(A), 54 Jog. Aa) —> (M, 5% N).

of the associated RM module with the standard one. This induces an isomorphism of V(M (A)) with V and of

GSpin(V (M (A))) with GSpin(V). Moreover, for the F¥-quadratic space (W (M (A)), QL(A)), we have

Respejo(W(M(A) =V, trpe (@i ) = @,

and the signature is given by Proposition 6.1. The torus Tg in GSpin(V (M (A))) and the extension (6.5) is
identified with the torus T in GSpin(V') of Lemma 2.1 and the extension (2.4) associated to W = W (M (A)).
Having fixed the isomorphism (*), let za = z(ha) € DT be the oriented negative 2-plane associated to ha € D.

Let h be the associated homomorphism of S into Gg.

Proposition 6.4. (i) Under the forgetful morphism,

[(ENC(TE)] —  Z(C(Tp),A) — M(C)
I L L ()
[T(@\({ba} x T(Q)/K1)] =—  Z(T;hs) — [G@\Dx G(Q)/K]
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where Z(T,h,) is the cycle defined in section 2.
(ii) Let ¢(A) be the transform of A under complex conjugation ¢ € Aut(C). Let h,, be the complex structure

corresponding to Za € D™, the 2-plane za but with the opposite orientation. Then

[W(E)\C(TE)] = Z(C(Tg),u(A) — M(C)
I i LU (k)
[T(Q\({ha} x T(Q)/Kr)] == Z(T,hy) —  [G(Q)\D x G(Q)/K]

Finally, let ¥’ be a CM type for E distinct from ¥ and X, and take n € Aut(C) such that X' = nX. Let
B =7n(A). Fixing an isomorphism (***) of (M (B), kg |0y, AB) with (]\04, /%,g\), we obtain a point hg € D, an
isomorphism V(B) — V = V(]\OJ) of rational quadratic spaces, and an embedding ig : Tg — G. Let ¢ = (tOg, &)
be the pair determined by 7, as described above, and fix the isomorphism (6.7) of M(B) and c e M(A). By
(6.8), we then obtain an isometry ¢ : /W(M(B)) = W(M(A)) of F'-quadratic spaces carrying L(M(B)) to

L(M(A)). Combining these, we determine a unique element go € SO(V)(Q) such that the diagram
~ g_l ~
v > V@

~

WM(B)) > W(M(A))

commutes. Let T’ be the torus ig(Tg) in G. Note that, for s € Tg(Q), iB(s) = goia(s) gy "', and that

o~

L(B) = gy 'L(A).

~

Proposition 6.5. With the notation just introduced, for any element ¢ € G(Q) with image go in SO(V)(@),

[W(E)\C(TE)] —  Z(C(Tg),B) — M(C)
I L L ()
[T'(Q\({g} x T'(Q)/Kr)] == Z(I",hg,g9) — [G(Q)\Dx G(Q)/K].
Here note that the uniformization (**) depends on the choice of base point A. O

Corollary 6.6. The morphism (6.9) induces an isomorphism of orbifolds

Z<C(TE)aA) U Z(C(TE)?L(A)) U Z(C<TE)777(A)) U Z(C(TE)7”7(A>) - Z(T7hi) U Z(T/7h1f(A)7g)-
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The 0-cycle on the right here was denoted by Z(W) in section 2, where W = W (M (A)). To lighten notation,
we will now write Z(A) for this cycle. Similarly, we will write L(A) for L(M(A)) for the lattice of special
endomorphisms of M(A).

Remark 6.7. A key point here is that the 0-cycle jg : CMg(C) — M(C) associated to the non-biquadratic
CM field E/F via moduli coincides with a union of O-cycles associated to the binary quadratic spaces for the

non-biquadratic CM fields E*/F* via the Shimura variety construction of Section 2. O

Remark 6.8. Let A = (A, 74, A1) € CM%(C) where 7(a) = ra(a). Note that the underlying RM modules
(M(A), k4 |op,Aa) and (M(A), K4 |0p,Aa) coincide? and that, by (6.1), the complex structures ha and hz
also coincide. Thus, the images of Z(C(Tg),A) and Z(C(Tg),A) in M(C) coincide, and both are identified

with Z(T,h, ) under the uniformization isomorphism (**). O
Combining Theorem 5.2 with Corollary 6.6, we obtain the following result.

Corollary 6.9. Let f € Hyp,, and let £ be a non-biquadratic CM quartic field with real subfield F' and a CM

type 2. Let

(i) For A € CM%(C),

O(Z(A), f) = c(B) (CT[(f, £(r, L(A)))] = L(0,£(f), L(A))) -

(ii) Thus
J*@(f)(CME(C)) = c(E) > (CT[(fT, E(m L(A)))] = L£/(0,6(f), L(A))) -
A€C(Tg)\ CM®(E)(C)
where CM>(E)(C) is the set of isomorphism classes of objects in CM%(C). O

Note that Theorem 5.2 gives (i) here but with the constant

in place of ¢(F), where xx is the quadratic Hecke character of Fy associated to Ex/Fs. By the proof of [42,
Proposition 3.3], one has A(s, x) = A(s, xx), so ¢1(E) = ¢(E).

6.4 Integral Structure

Let E = F(v/A) be again a quartic CM number field with real quadratic subfield F. Let ¥ be a CM type of E

and let E. be its reflex field.

fAnd we use the same isomorphism (*) for both.
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Hypothesis 6.10. From now on, we assume that D =1 mod 4 is prime and dg = D2D with D =1 mod 4
squarefree. In this case, we can find A with F = F(v/A) such that

a+b/D
2

A:

is primitive in the sense that a and b are relatively prime rational integers (see [9, (4.20)] and [9, Lemma 4.4]). O

For convenience, we will identify Ex, = ¢x(E*) with E* and its real quadratic subfield Fy, = ¢x(F*) =
Q(\/B) with F'#. We use the abbreviations W (A) = W(M(A)), L(A) = L(M(A)), and so on. Finally, we write
CM*(E) for CM%(C).

We consider the F¥-quadratic space

W=Ef QYz) =-— (6.10)

2z
VD
with the even integral lattice L! = Op:. The main purpose of this subsection is to prove

Proposition 6.11. Let the notation and assumption be as above. Then for any A € CME(E), there is an
F®_quadratic isomorphism

oa : (W(A),QY) = (W, Q%)

such that ¢a(L(A)) is in the same genus as Lf. In particular L(A) is an Ops-module and all (L(A), QE&) are in

the same genus. O

Proof. We divide the proof in to several steps.
Step 1: Preparation. To prove Proposition 6.11, we need a concrete model of A € CM* (E). Let 2 be a

fractional ideal of E' and ¢ € E such that

£=—¢& B8 = (01().02(6) € H?,  (€Ip/rNp/p A )NF = 05" (6.11)

Here Og/p is the relative different of E/F. Then there is an CM abelian surface A = A(2,§) € CM*(E)
associated to it, given as follows. First, A = A ®z R/2 with Og-multiplication on the left as the Og-action

k, second the following symplectic form
A= AXA—=Z, (2,9) — trgolTy)

gives rise to a Riemmann form on A and thus a polarization X\, which is principal. Conversely, every principally

polarized CM abelian surface A € CM*(FE) can be constructed this way (see for example [9, Section 3]). Let
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A = A2, €) € CM*(E). By [9, Lemma 3.2] or direct checking, one can choose o and 3 such that

A=0pa+07'3, ¢@B—af)=1. (6.12)
Then we put
t 1 x
fi=fap A —="(Or®0 "), za+yBr ;
Y
and define
K= Kap:0p — Endo, "(Op ©071) C My(F),
by
T x
(ra,r3) = (o, B) K(r)
Yy Yy

Then f, g gives an isomorphism between the principally polarized RM modules M (A) and (]\O/[ R, f\) Recall

that we can and will identity L(]\O4), and thus L(A), with

a /D
L= ca€0p,bcely,

¢/vVD o(a)

o

and V(M), and thus V(A), with V = L ®z Q. Notice that W(A) = V(A) as vector spaces over Q.

Step 2: Define an isomorphism

p:W(A)=V =5 E (A)

1 _—
—ﬁ(al(a)m(ﬂ))flw(az(a),Uz(ﬁ))» o

2z

We prove that ¢ is an isomorphism of quadratic spaces over F'*# between (W (A), QB\)) and (E*, f\/fi()) To
DN(2

verify the claim, let
Vi=1{A . AT b uw\ .
L= {A € My(F): o(A) = A'} = {(a(@ ) CabeQ uc F} (6.13)
with the quadratic form @Qq(A) = D det A, and let

o1V -V, A —Aw, (6.14)

¢2: Vi — B, A (01(a),01(8))Aloa(a), 02(8))". (6.15)
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Then ¢ = ¢o0¢1. It is easy to check that ¢ is a Q-isomorphism between (V,det) and (Vi, Ddet). On
the other hand, ¢o is basically the map in [9, (4.11)], and is a Q-isomorphism between (Vi,Ddet) and

zZZ

(Eu,—trFu/Q \/BN(Ql))' So ¢ is a Q-quadratic space isomorphism. Next, For r# = Nx(r) € Ef with r € EX,

one has

(01(), 01(8))K(r) Ao (i(r)" Jw(o2(ar), 02(8))"
(01 (ra), o1(rB)) Awo (i(r)")' (o2(ar), 02(3))"
(01(ra), o1(rB)) Aw(oz(ra), 02(rB))"

= 01(r)o2(r)¢(A) = r*o(A).

2z

So ¢ is Ef-linear. So ¢ is an F¥-quadratic space isomorphism between (W(A),QﬁA) and (E*, —m), as

claimed.

Step 3: Let

1
L0y = eV aGBZ,bEZQ\E@_l
be a lattice in (V7, D det). Then, by [9, Proposition 4.7], one has

A(L(A)) = ¢a¢p1(L)
= ¢o(L°(95 "))

= Ng ().
Here Ny (20) is the type norm of 2 defined as
N5 (2) = 01 ()2 (A)Op N E

for any Galois extension M of Q containing both E and E*. Thus, ¢(L(A)) is actually a fractional ideal in E¥,

and in particular an Ops-lattice, and we have

2z

VDN®)

¢ (L(A), Q%) = (Ng(21), — ). (6.16)

Step 4: We prove that for every A = A(2(,¢) € CM* (E), one has for every finite prime p of F*

1 2z
N(2)

(N5 (), — ) = (Lh, Q). (6.17)

S
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Notice that ([9, Corollary 4.5])

NE”/Q 8Eu/Fu — D7 NEﬁ/Fﬁ (NE(Q{)) - N(QL)OFu (618)

In particular, E*/F* is ramified at exactly one prime ® of F* and this prime D is above D. For each prime ideal

p # D of F*, there is a generator o of (Nx(2)); such that aa = N(2A). So r — r/a gives

1 2z

((Ng 2),, — ) 2 (Ops p, ——=22) = (L}, Q).

1
VD
For p = ©, one has similarly,

2z 1

(Ne®), ——=——) = (OEﬁ,z); *Cﬁ

VD N()

2Z)

; ; x :
for some some ¢ € Op;  with

N®) = caq, o€ Ng(@)p.

Notice that (W(A),Q?A) =~ (EF, —\/IBNZ(’;)) and (W* Q%) are global Fi-vector spaces, which are isomorphic
at every prime p # ® by the above argument. So they have to be isomorphic at ® too, which implies that
c€E NE% JFL, (Op: o), and one has again (6.17) for the prime p = ®. Finally, W(A) and W are clearly isomorphic

at all infinite places of F* by (6.16). So there is an Aps isomorphism of A ps-quadratic spaces
O (W(A)L QL) = (WE Q)

such that ¢’A(IA/(A)) = L*. By the Hasse principle, one proves the proposition. u

Remark 6.12. Once one knows, say by the explicit calculations above, that L(A) is actually an Og:-module,
one can prove without explicit computation that the genus of (L(A), Q&) does not depend on the choice of
A € CM*(E). The basic idea is the following fact ([17, Lemma 2.4.4]). When B = c @ A with ¢ = (a,¢) € C*(E),

there is a ﬁ'”—isometry

¢: (W(B), Q%) = (W(A),Nr/q(z) Q%)

which sends L(B) onto L(A). Here z; = £~ 'tt € O corresponds to the finite genus gen(c) of c and t € EX
with tOp = a. One uses again the fact that E?/F? ramifies at only one prime ® (see last step of the proof
of Proposition 6.11) to show Np/q(zy) € Np: /Fﬁ(één)- This proves the claim. Note, however, that the explicit
calculation gives more information. Most importantly, it gives a concrete model for L(A), with which one can
explicitly compute the Fisenstein series and thus the right hand side of the main formula in Corollary 6.9. We

will use the explicit model to compare our formula with the main result of [9] in the next subsection.
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Let

E*(F s, I51) = > EY 78,04 1) 0u (6.19)
neLY /LY

be the incoherent Eisenstein series associated to L¥, and let £(, L*) be the holomorphic part of E*/(74,0, L¥)
with 7 € H. Note that

LY /LF ~ 8, 1y /Ops ~ 2/ DL.

Proof of Theorem 1.2: Now Theorem 1.2 is a direct consequence of Corollary 6.9 and Proposition 6.11.

6.5 Scalar modular forms

In this subsection, we again assume that dg = D2?D with D=1 mod 4 prime and D=1 mod4 square-free.
We translate Theorem 1.2 into the usual language of scalar modular forms and finally compare it with [9,
Theorem 1.4] in the special case considered there. Let H be the upper half plane. For (21, z2) € H?, let

-1

1 Z1%Z9 % 1
w(z1,22) = B e V(C),

VD 2 1 VD

and let U(z1,22) be the oriented negative 2-plane in V(R) whose complexification U(z1, 22)(C) is spanned by
w(z1,22) and w(z1, 22) and whose orientation is give by w(z1, z2) A w(21, z2). This gives an identification of H?

with DF, equivariant for the action of SLy(Op) ~ T'. Under the resulting identification
X = Xg(C) ~ SLy(Op)\H?,
the Hirzebruch-Zagier divisor T;, defined in [9] is related to the special divisor Z(m, ) via

L 2z.0 if D|n,
T,=-4 " (6.20)

Z(5,m)+ Z(%,—p) i Din.

Here, in the second case, i € L*//L* is determined by the condition that Q(u) = % mod 1. Let k be an even

integer, and let Ay , be the space of real analytic modular forms of weight k with representation p, where p = pr,

or pr. Let Af(D,(£)) be the space of real analytic modular forms fi.(7) = 3, a(n,v)q" of weight k for the

group I'g(D) with character (£) such that a(n,v) = 0 whenever (£) = —1. Here we use f. to denote a scalar
valued modular form to distinguish it from vector valued modular forms in this paper. Then the following lemma

is proved in [5].
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Lemma 6.13. There is an isomorphism of vector spaces Ay, — A; (D, (2)),

F=3 fupur fie=D"7 fo|Wp.

nweL’/L

The inverse map is given by

1 k-1 _
Jse f= §D 2 Z (fSC|WD|’7) p(’)’) 19007
v€Lo(D)\ SL2(Z)

where Wp = (2 7') denotes the Fricke involution. Moreover, if fi(7) =3, a(n,v)q™, then f has the Fourier

expansion
1 ~ n
I S S T
neL'/L nez
n=DQ(n) (D)
where a(n,v) = a(n,v) if n 20 mod D, and a(n,v) = 2a(n,v) if n =0 mod D. O

In particular, the constant term of f,. agrees with the constant term of f in the yg-component. The
isomorphisms of Lemma 6.13 take harmonic weak Maass forms to harmonic weak Maass forms, (weakly)

holomorphic modular forms to (weakly) holomorphic modular forms, and cusp forms to cusp forms.

Let

Ei(1,8) = —= E*(%,5,60,1)[Wp (6.21)

sl-

be the scalar image of E* (72,5, L% 1), and let £.(7) be the holomorphic part of

7 d
f(T) = £E:C(T,S)|S:O,

Then f(7) is the function defined in [9, (7.2)]. By [9, Theorem 7.2], we have the following lemma, which reveals

the nature of the coefficients in the g-expansion of (7).

Lemma 6.14. Let the notation be as above. Then

Eaclm) = =20 (0,x) =4 D bmg™

mEZLxo

with
[— Z B,.
S
Inl<m/D
Here

By = (ordy(t) + 1) - p(tdgs s 17 ") - log N(1)
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if there is a unique prime ideal [ of F* with y(t) = —1, and otherwise B; = 0. Here Y is the quadratic Hecke

character of F* associated to Ef/F*¥. Finally

p(a) = |{QL C OEﬁ : NE”/FﬁQL = a}l

Now let fo. = fi + fo € Hi (D, (2)) be a harmonic weak Maass form with holomorphic part

3C

fi@ = > ctn)gr,

n>—oo

and let
2¢t(n) if Din,

ct(n) if Dfn.

Let f € Hy,, be the associated vector valued harmonic weak Maass form. We define a divisor on X and a

Green function associated to fs. by

T(fo) = > & (—n)Tn, (6.22)

n>0

®(2, fsc) = (2, f). (6.23)
Then one sees that T'(fs.) = Z(f) by (6.20). We also define the Rankin-Selberg L-series
Lie(s,8(fse)) = (BT, 5), € (fse))pet- (6.24)
A straightforward calculation gives

Lemma 6.15. (1)
£(5,6(1), 1) = 5D(D + DLucls € fuc)-

CT[(f, &(r, L#))] = =2¢T(0)A'(0,x) = 2 ) &"(—n)bn.

n>0

Combining this with Theorem 1.2, we obtain:
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Corollary 6.16. Let F = Q(v/D) with D =1 mod 4 prime, and let E be a CM non-biquadratic field with

absolute discriminant dp = D?D where D = 1 mod 4 is square free. If fo. € Hy (D, (2)), then

B(OM(E), fu) = ~2¢(B) | 3 & (mpt + e 020, + 2Lz 0,610

n>0

Now we assume that f.. =Y. ct(n)¢" € Hi (D,(£)) is weakly holomorphic, i.e., £(fs.) =0, and that
¢t (n) € Z for n < 0. Then there is a (up to a constant of modulus 1 unique) memomorphic Hilbert modular

form W(z, fs.) of weight ¢™(0) with a Borcherds product expansion whose divisor is given by

div(¥) = T'(fse),
see [5, Theorem 9]. Morever, by construction it satisfies

—log ||¥(z, fSC)H%’et = ®(2, fuc),

where
_ +
19 (215 22, foc)[Bee = W (21, 22, foo) P (dme 7 y1y0) O
is the Petersson metric (normalized in a way which is convenient for our purposes), and v = —I"(1) is Euler’s
constant.

Corollary 6.17. Let the notation be as in Corollary 6.16 and assume that fs. is weakly homomorphic. Then

log [|U(CM(E), fuc)llpet = ¢/ (E) Y & (=n)by + ¢ (E)ct (0)A'(0, x).

n>0

When D is also prime, we have ¢(E) = 1. Then this corollary coincides with [9, Theorem 1.4], since the
CM points in this paper are counted with multiplicity %, and our CM cycle is twice the CM cycle there as a

set with multiplicities.
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