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Uniform mixing

The usual scenario in mixing is that we want to homogenize some initial
distribution of particles or dye.

e
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This will happen naturally via molecular diffusion, but is greatly
accelerated by stirring.

See for instance Welander (1955); reviews by Young (1999); J-LT (2012);
Doering & Nobili (2020).
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Mathematical description Y

The advection-diffusion equation governs the evolution of a passive scalar
concentration 6(x,t):

0 +u-VO=DV?0, V-u=0 inQ
where u(x,t) is a divergence-free velocity field, and D is the diffusivity.

We typically use no-flux boundary conditions
F0]-n:=(ufd—DVEH)-n=0 on 09 (boundary).
The integral [, 0dV is conserved:
d ;
/advz—/v-F[a]dvz— Fl6] - 2dS = 0.
dt Jo Q o0

(Also in the periodic case.)
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Eventually everything is mixed Y

How do we know that the concentration will eventually mix? A few
integration by parts and use of boundary conditions give

d

I 02 dv = —2D/\V9[2dv <0.

The decay of variance (L2 norm) is monotonic: it can never increase. It
can only stop decreasing if 6 is uniform in space (V6 = 0).

This bound underpins the usefulness of variance as a measure of mixing.

It is also useful in rigorous math as an a priori estimate that must be
satisfied if strong solutions exist.

In oceanography, D|V|? is said to measure variance destruction.
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Nonuniform mixing Y

The relaxation to a uniform state requires this uniform state to be a
steady solution of the advection—diffusion equation.

This is not always the case!
Consider again:

0+ V-Fl0)=0, Flf]=u6—DV0, inQ

with
FA]-n=0 on 09Q.

But we make no futher assumptions on u, fow now.
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Uniform steady state Y

If we insert (x,t) = 6y = const. into our equation, we get
OV -u=0 inQ
and for the boundary conditions
Floy] - n=0u-n=0 on Q.

We thus see the necessity of both

S
Il
[a)

V-u=0 and u -

for the existence of a uniform steady state.

If either condition is violated, then the steady state is nonuniform. In fact
it may not be steady at all.
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Example: Particle filter Y

The simplest example of a nonuniform steady state is a filter: w -7 # 0 at
the boundary, since fluid can cross the filter, but the particles cannot.

The equilibrium state is then nonuniform: particles tend to accumulate at
suction regions on the boundary.
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Example: Particle filter (cont'd)

A simple one-dimensional model for a filter has domain 2 = [0, L] and
velocity u = U :

10 + Ud0 — D %0 = 0, O<z<L
with no-flux boundary conditions at 0 and L:
U6 —Do,0=0, x=0,L.

Here V- u =0 but u - @|sq = U # 0. The steady state is

4,0(33) ~ eUx/D.

The flow pushes particles against the boundary at = L (for U > 0),
creating a boundary layer of thickness D/U.
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Example: Surfactants \/

The equation for a surfactant concentration 0(x,t) evaluated at a free
surface is (Aris, 1989; Stone, 1990)

10 + Vs - (us ) = DV20 — 0 (Vs - fag) u - g

The surface velocity us is not generally divergence-free. Surfactants can
collect at ‘downwelling’ regions, in a similar manner to drifters in the
ocean.

See also the geophysical flows that Peter Haynes showed this morning:

these often exhibit divergence because we are not visualizing the 3rd
dimension.
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Example: Microswimmers Y

In a popular model for 2D swimmers, the probability density p(x, ¢, t)
obeys a Fokker—Planck (or Smoluchowski) equation

Op+ (u+Uq) - Vp=DV’p+ Dot 5p
with direction of swimming ¢ = (cos ¢, sin ¢) and rotational diffusion D,q.

The fluid velocity u(x,t) obeys u - n = 0 at boundaries, but the
swimming velocity Uq does not: a particle may keep pushing against a
boundary even after it makes contact. (It is prevented from entering the
wall by the no-flux boundary condition on p.)
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Example: Microswimmers (cont'd)

Hence, the steady solution is not uniform: swimmers tend to accumulate
near boundaries, in a manner similar to the filter example [Lee (2013);
Ezhilan & Saintillan (2015); Chen & J-LT (2021). See also talk by Alexandra Tzella
later this week.].

[Wioland et al. (2016)].
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Example: Evaporation and precipitation Y

Concentration (¢, z) of a passive scalar (e.g., salt) confined to
time-varying domain Q(t) = [0, h(t)]:

00— Dyd20 =0,  z€ (0,h(t)),

oD
8.0 =0, 2=0, /)// Eé

h + Dy .0 =0, z=h(t).

hx

No scalar flux at either the top or bottom.

Models rain and evaporation on the surface of a body of water, with i < 0
corresponding to evaporation, and i > 0 corresponding to rain.

[Part of ongoing work with Albion Lawrence and Raf Ferrari.]
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Example: Evaporation and precipitation (cont’d)

Since time-dependent boundaries are tricky to deal with, we rescale the

variables as
7Z = z/h(t), W(t,Z)=ho(t,hZ)

and obtain the advection-diffusion equation

b+ 0z(Wy) — Doz =0,  Ze(
) =0, Z=0,
Wiy — Doz =0, Z =1

with time-dependent velocity and diffusion:
W(t,Z) = =Zh(t)/h(t),  D(t) = Do/h*(t).

There is an ‘apparent velocity' due to the moving surface. The velocity
does not vanish at the top surface, so u - n # 0.
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Example: Evaporation and precipitation (cont’d)

There is no steady solution to this problem. Rather, for
periodic h(t) = ho + H sin(wt) all solutions converges to a periodic
limit p(z,t).

2 / —
whg/Do =10 wh2 /Dy = 100
1oF ! ! ' ! ! = ‘ ‘ ‘ ‘ ‘ ‘ ‘
LN TN
08f 4
1.0248 08 1
1.0192 E‘ 080
sk ] 1.0136 1.062
1.0080 0.6 4 [rros
N 1.0024 1026
0.9968 b T1.008
04 1 0.9912 04l 1 rroee
0.9856 w0972
0.9800 ‘ 0.954
02f 0.9744 io 936
02| 0918
0.0F, . 1 . h L P |
00 01 02 03 04 05 06 0.0h, . . . . . LA
. 000 001 002 003 004 005 006

e = H/hy = 0.01 '

14 / 34



Relaxation to equilibrium \/

So what's the big deal? After all, it still makes sense to define

concentration variance as
16—y
Q

where ¢ is the ultimate state (not necessarily uniform or steady).

With V- u # 0 and v -7 # 0 on the boundary, the evolution of variance is

d
dt/ 0 —@>dV = /u-V(H—go)de —2D/\V(0—<p)|2dv.
Q Q Q

Note the ‘ boundary term ‘ on the right is not sign-definite. Hence variance
no longer has to decrease monotonically. It can exhibit transient growth.

Of course variance must ultimately decay, which we know from other
considerations. But the above equation does not show that, and suggests

that variance can be poorly-behaved if used as a measure of mixing.
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Relaxation to equilibrium: Example Y

In practice the variance can transiently increase, for instance in our earlier
uniform flow example:

10

— 16 — i3

mixing measure

0 001 002 003 004 005 006 007 008
t

Relaxation is quite fast: v, = D (7/L)% + U?/4D.
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Relaxation to periodic solution: Example Y

We periodically reverse the direction of the flow (‘breathing’).

1

8 0.5

Two different initial conditions converge to the same periodic
solution p(x,t).
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Relaxation to periodic solution: Convergence
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Notice that variance (solid line) shows significant oscillations. Fitting a
decay rate to this, or trying to optimize, is more challenging than it needs
to be.
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Relaxation to aperiodic solution: Example Y

We reverse the direction of the flow at random times.

0 0.05 0.1 0.15 0.2 0.25

Two different initial conditions converge to the same aperiodic
solution p(x,t).
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Relaxation to aperiodic solution: Convergence
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Again nonmonotonic.
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How can we improve this? Y

To summarize so far:

® When either V- u # 0 or u - nn # 0, the ultimate state ¢ is not
uniform.

® The ultimate state can be steady, periodic, or aperiodic, depending on
the time dependence of u(x,t) and D(x,t).

® The mixing rate should be defined as the rate of convergence of any
initial condition to ¢(x,t).

® Alternatively, we can define the mixing rate as the rate of
convergence of any two initial conditions to each other.

® However, the L? norm (variance) is not monotonically decreasing,
which is undesirable.

® Can we improve this by using a different mixing measure?
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Entropy and f-divergence Y

An alternative measure of mixing in the nonuniform case is the
f-divergence (Osterreicher & Vajda, 2003; Liese & Vajda, 2006):

Hg(p1,po] 1=/szf(p1/p2)dv.

Here p1, po > 0 are two normalized probability densities, and f is a convex
function with f(1) =0, f” > 0.

For example we can choose
fu) =ulogu

which gives the Kullback—Leibler divergence or relative entropy.

[Note: opposite sign of physics convention.]

H ¢ measures the ‘distance’ (divergence) between p; and p2. Not in

general symmetric, so not a metric!
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Time-evolution of f-divergence

Take p1 and po to satisfy the same advection-diffusion problem:
Opi = =V - Flpil,  Flpi] = up; = DVp;

with F[p;] - = 0 on 9. After some work:

d
3 Hrlpr,po] = /ngf (p1/p2) |V (p1/p2)|?dV <0

for general no-flux boundary conditions, that is, even if w-n % 0. The
relaxation of f-divergence is thus always monotonic.

This is essentially an H-theorem from statistical physics. In those
applications the boundary conditions are often not at the forefront, since
quantities such as momentum vanish at infinity. In the fluid-dynamical
context it is precisely the no-flux boundary conditions that give this
monotonic evolution of H.
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Choice of f(u)

The convex function f is so far arbitrary:

Hylp1, po] —/Qm f(p1/p2)dV.

There are many good choices, with different trade-offs.

Relative entropy: f(u) = ulogu:
Hygu[p1, po] 1—/171 log(p1/p2) dV.
Q

Chi-square divergence: f(u) = (1 — )%

. 2
Hy[p1,p2] :z/ MdV.
Q D2

Almost like concentration variance, but not quite!
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Choice of f(u) (cont'd)

Jensen—Shannon divergence:
f(u) = gulogu — 5(1 +u)log[5(1 + u)]

Hjs(p1,p2) = 3{HkL(p1,p12) + Hxr(p2, p12)}

= /Q{pl log(p1/p12) + p2log(p2/p12)} dV
where p12 %(Pl + p2). /Hjg is a metric, and it is bounded:

Hjs(p1,p2) < 3(log2) [|p1 — p2|l1 < log2.

Total variation distance: f(u) = (1 — ul:

Hrv[p1,p2] = /\p1 po| dV < 1.

This is just the L' norm! (with a factor of 2)
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L! norm

The L' norm (f(u) = |1 — ul)

/!pl—m\dV:/\@\dV, 0 :=p1—po
Q Q

is an f-divergence, unlike L2

However, the time-evolution from earlier requires f’ and f”, which are not
defined at 0.

We can derive a formula customized for L!:

d/|0|dV:—2/ DwdS:—2/ F[§]-dS <0
dt Jo =0y VO {6=0}

where the integral on the right is taken over the zero level set of 6(-, ).

This suggests that L! is a more reliable measure of mixing than variance

for nonuniform mixing. (Same flavor as area coordinates [Nakamura (1996)].)
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Relaxation of f-divergence: Periodic example

Return to the earlier periodic flow example: the dashed red line is the
f-divergence Hjg. Notice how nice and monotonic it is compared to

variance (solid).
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Relaxation of f-divergence: Aperiodic example

Also true in the aperiodic case:

10? w
— o1 — P23
""""" [lp1 — pa H%
........ - = = Hs(p1,p2)
10° e o)
; Sl
z
5
= 102
o S
R e
- N A
104 F
o
~< ]
10 ‘ ‘ ‘ ‘
0 0.05 0.1 0.15 0.2 0.25

28 / 34



Generalization to number density Y

For the f-divergence, we require the passive scalar p to be a normalized
probability distribution.

We can generalize the formalism to a number density n(x,t):
om+V - F(n)=Q(x,t;n), x € Q.
The number of particles
N(t) = /Q n(a, 1) dV

can change in time:

N:/QQdV.
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Sources and sinks W

We can't take the source-sink () to be general, since we need to maintain
n(x,t) > 0. A common, sensible form is

Q(z,t;n) = S(x,t) — K(x,t)n, S>>0, K>0.

With this choice of source-sink, we make the obvious generalization

Hf[nl,nﬂ—/ﬂngf(nl/ng)dv

which is no longer strictly-speaking an f-divergence. We make the further
trivial restriction that f > 0.
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Time evolution W

We find after a similar process as earlier:

Hylni,no) = /Dn2f (n1/n2) |V (n1/ng)|* dV
= [ (Knafon ra) + Syl /r))av <0 ()

where
gr(u) = (u—1)f"(u) = f(u) >0,  gf(1)=0. (**)

The inequality in (*) follows from the positivity of n;, the strict convexity
of f (f” > 0), the nonnegativity of f, K, S, and the inequality in (*¥*).

The right-hand side of (*) vanishes if and only if n; = no.
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Conclusions W

® Mixing is usually regarded as the relaxation to a uniform state.

® The concentration variance (L? norm) is often taken as a convenient
measure, since it relaxes monotonically to a uniform state.

® However, in some cases the ultimate state is not uniform.
® For example: suction boundary conditions, or divergent flows.

® In those nonuniform cases variance is less reliable as a mixing
measure, since it can exhibit oscillations: it is not constrained to
decay monotonically.

® Better measures of mixing in the nonuniform case are the entropy-like
quantities called f-divergences, including the L' norm.

® Since we usually don't know the ultimate state ¢(x, ), it is preferable
to look for convergence of two different initial conditions [see
atmospheric tracers in Haynes & Shuckburgh (2000)].

® See J-LT (2021). Physical Review Fluids, 6 (9), 090501.
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