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The Hamiltonian Perspective

1. Unified approach to various systems.

2. Studying stability.

3. Methods for taking advantage of

symmetries.
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Canonical Variables

Hamilton’s equations:

q̇α =
∂H

∂pα
, ṗα = −

∂H

∂qα
, α = 1, . . . N.

Poisson bracket:

[f , g] ≡
∂f

∂qα
∂g

∂pα
−
∂f

∂pα

∂g

∂qα

q̇α = [qα , H] , ṗα = [pα , H] .

Phase space volume is conserved:

∂q̇α

∂qα
+
∂ṗα

∂pα
=

∂2H

∂qα∂pα
−

∂2H

∂pα∂qα
≡ 0.
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Form 2N–tuplets:

zi = (qα, pα), i = 1, . . .2N.

[f , g] =
∂f

∂zi
J ijc

∂g

∂zj

żi =
[
zi , H

]
= J ijc

∂H

∂zj

Jc =




0N IN

−IN 0N




Jc is called the cosymplectic form.
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Noncanonical Coordinates

Generalization:

[f , g] =
∂f

∂zi
J ij(z)

∂g

∂zj
, i = 1, . . .M.

Want energy to be conserved:

Ḣ =
∂H

∂zi
żi =

∂H

∂zi
J ij(z)

∂H

∂zj

Hence, we require J ij (and so [f , g])

to be antisymmetric.

Is this enough for the system

to be “Hamiltonian”?
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J(z) is the Poisson-Bracket of a Hamiltonian

system if there exists a coordinate transforma-

tion which brings J ij to the cosymplectic form,

Jc.

Darboux’s Theorem

Conditions on J for this transformation to exist

are:

• det J 6= 0.

• Antisymmetry: [f , g] = − [g , f ].

• Jacobi identity:

[f , [g , h]] + [g , [h , f ]] + [h , [f , g]] = 0.
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More general theorem:

If det J = 0, can always find a transformation

to bring J to the form

J̄ =




0N IN
−IN 0N

0M−2N




where the rank of J is 2N .

M − 2N independent null eigenvectors:

J ij
∂C(α)

∂zj
= 0.

The C(α)’s are called Casimir Invariants.

Casimirs are conserved:

Ċ(α) =
∂C(α)

∂zi
J ij

∂H

∂zj
= 0,

regardless of H.
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Free Rigid Body

˙̀1 = `2`3

(
1

I3
−

1

I2

)
,

˙̀2 = `3`1

(
1

I1
−

1

I3

)
,

˙̀3 = `1`2

(
1

I2
−

1

I1

)
.

Hamiltonian : H =
1

2

3∑

i=1

`2i
Ii
.

Bracket : [f , g] = −εijk`k
∂f

∂`i

∂g

∂`j
.

Casimir : C =
1

2

3∑

i=1

`2i .
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The Continuous Case

Sums → Integrals

For 2–D Euler: v = (−∂yψ, ∂xψ), ω = ∇2ψ,

∂ω

∂t
+ (v · ∇)ω = 0.

Hamiltonian : H[ω] =
1

2

∫

D
v2 d2r

Bracket : {F [ω] , G[ω]} =
∫

D
ω

[
δF

δω
,
δG

δω

]
d2r.

with [A , B] ≡
∂A

∂x

∂B

∂y
−
∂A

∂y

∂B

∂x
.
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Now suppose we have two fields: (ω, T ),

Could build a bracket of the form:

{F [ω , T ], G[ω, T ]} =

〈
ω,

[
δF

δω
,
δG

δω

]〉
+

〈
T,

[
δF

δT
,
δG

δT

]〉
,

→ Direct Product

More interesting choice is the Semidirect Prod-

uct:

{F [ω , T ], G[ω, T ]} =

〈
ω,

[
δF

δω
,
δG

δω

]〉

+

〈
T,

([
δF

δω
,
δG

δT

]
+

[
δF

δT
,
δG

δω

])〉
,
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If we consider the Hamiltonian:

H =
∫ (

1

2
v2 − yT

)
d2r,

we get the equations of motion:

∂ω

∂t
+ [ψ , ω] =

∂T

∂x
,

∂T

∂t
+ [ψ , T ] = 0.

If we let T = T̃ − y, we see that what we ob-

tained is a dissipationless version of the Boussi-

nesq equations for Rayleigh–Bénard convec-

tion:

∂ω

∂t
+ [ψ , ω] =

∂T̃

∂x
+ µ∇2ω,

∂T

∂t
+
[
ψ , T̃

]
=
∂ψ

∂x
+ κ∇2T̃ .

11



In Fourier space, this bracket looks like:

{F , G} =
∑

k,l

∂F

∂ωk

Jωω
kl

∂G

∂ωl

+
∑

k,l

∂F

∂ωk

JωT̃
kl

∂G

∂T̃
−
∑

k,l

∂F

∂T̃k

J T̃ ω
kl

∂G

∂ωl

with

Jωω
kl

= ωk+l(l × k) · ẑ,

JωT̃
kl

= T̃k+l(l × k) · ẑ − i(−1)ky+lyδkx,−lx = −J T̃ ω
lk
,

and Hamiltonian

H =
1

2

∑

k

|ωk|
2

k2
+
∑

ky

i
(−1)ky

ky
T̃0,ky.
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Other systems that admit a noncanonical rep-

resentation:

• The Korteweg–deVries equation,

∂tu+ u∂xu+ ∂3
xu = 0.

• 3–D ideal fluid.

• Compressible Reduced

Magnetohydrodynamics.
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Reduction

Casimirs reduce the dimension of the phase

space accessible to the system.

• Free rigid body: (θ, φ, ψ, θ̇, φ̇, ψ̇) → (`1, `2, `3).

• Lagrangian variables → Euler variables. Hamil-

tonian independent of “identity” of fluid

particles.
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Summary

• Many problems, especially in fluid dynam-

ics, admit a noncanonical representation.

• Reduction is a method for taking advan-

tage of symmetries. Reduces size of phase

space.

• Do all noncanonical representations in Na-

ture come from a reduction?
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