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Overview

Many physical systems have a Hamiltonian formulation in
terms of Lie—Poisson brackets obtained from Lie algebra

extensions.

We classify low-order brackets, thus showing that there are
only a small number of independent normal forms. We make

use of Lie algebra cohomology to achieve this.

We also develop methods for finding the Casimir invariants of

Lie—Poisson brackets. We introduce the concept of coextension.

We look at the stability of equilibria of Lie—Poisson systems,
using the method of dynamical accessibility, which uses the
bracket directly. This is closely related to the energy-Casimir
method.
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Hamiltonian Formulation

A system of equations has a Hamiltonian formulation if it can be

written in the form

éA(Xat) — {gA 7H}

where H is a Hamiltonian functional, and £(x) represents a vector
of field variables (vorticity, temperature, ...).

The Poisson bracket {,} is antisymmetric and satisfies the Jacobi
identity,

{F,{G,H}}+{G,{H,F}}+{H,{F,G}} =0.

This tells us that there exist local canonical coordinates.
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The Lie—Poisson Bracket

We define the Lie—Poisson bracket for one field variable as

B , OF 0G 5
.G = /Qw(x ) [&u(x’,t) T ow(x!, 1) &

The spatial coordinates are x = (x,y), and the inner bracket is the
2-D Jacobian,

da 0b  0b Oa
la,b] = — :

Oxr Oy Ox Oy
The 2-D fluid domain is denoted by ().
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Consider the Hamiltonian

The 2-D Euler Equation

)
Hlw) = L /Q Vo, d%z, k=,

Sw

where ¢ is the streamfunction and w = V?¢ is the vorticity.

Inserting this into the Lie-Poisson bracket, we have

O(x,t) = {w, H} = /Q w(x', 1) [;‘;’((;’?), M((Sf’t) 42z’

_ / w(x 1) [5(x — %), —¢(x',1)] d2a
Q

:/Q(S(X—X’)[w(x’,t),qb(x’,t)] &’z | = [w(x,t), o(x,t)]

which is Euler’s equation for the 2-D ideal fluid.

N
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Lie—Poisson Bracket Extensions

Now, say we wish to describe a physical system consisting of
several field variables. The most general linear combination of

one-field brackets is

OF oG
56r (x,1) " 5€7 (X, 1)

where repeated indices are summed from 0 to n. The 3-tensor IV is

422

(F.G)= [ e |

constant, and determines the structure of the bracket.

We call this type of bracket an extension of the one-field bracket.
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/ Properties of I/ \

In order for the extension to be a good Poisson bracket, it must

satisty

1. Antisymmetry: Since the inner bracket | , | is already

antisymmetric, W must be symmetric in its upper indices:

WM = Wy"H

2. Jacobi identity: assuming the inner bracket | , | satisfies Jacobi,
it is easy to show that W must satisty

WATH W, =W,\"" W, ™

If we look at W as a collection of matrices W(*) then this means

Qhat those matrices commute. /
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Example: Compressible Reduced MHD

The four-field model derived by Hazeltine et al. (1987) for 2-D
compressible reduced MHD (CRMHD) has a Lie-Poisson structure.
The model includes compressibility and finite ion Larmor radius
effects. The field variables are

W vorticity

v parallel velocity
P pressure

(0 magnetic flux

and are functions of (x,y,1).

There is also a constant parameter . that measures

compressibility.
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The equations of motion for CRMHD are
6 =[w, 0] +[¥,J]+2[p,a]
v=[v,¢]+[¢,p]+20. [z, ]
p=Ip,o|+ P, v]
v =1¢,0],

where w = V?¢, ¢ is the electric potential, v/ is the magnetic flux
and J = V29 is the current.

The Hamiltonian functional is just the total energy,

B 2
H[w,v,p,w]zéfg [|V¢|2+v2+(p ;ﬁex) +\w12] a2z,

N
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The equations for CRMHD can be obtained by inserting this

Hamiltonian into the Lie—Poisson bracket
( oF O0G oF O0G oF 060G
e = | [(sw aw]“([a%]*[wa])
+ 5F 5G + 5_F & _|_¢ 6_F & + 5_F @
P\3w 3p | | op  dw 5w 00 5 dw

SF 6G71 [6F §G ;
_Mqap’a ]*[«w 5pm ¢

Comparing this to our definition of the Lie—Poisson bracket, with

tensor ...

N

the identification | (€%, &, €2, €%) = (w, v, p, ) |, we can read off the

\

)
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/ The W tensor for CRMHD
(1 0 0 0) (0 0

wo_ [0 10 of S
00 1 0 0 0

\0 0 0 1) \0 0

(00 0 0 0) (0 0

wo _ |0 0 0o ——— L

1 0 00 0 0

\0 5. 0 0 \1 0

KhOldS. (Note the lower-triangular structure.)

—66

0
0
0
0

It is easily verified that these commute, so that the Jacobi identity

/
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Since WV is a 3-tensor, we can represent it as a cube:

The vertical axis is the lower index of W)"”, with the origin at the

top rear. The two horizontal axes are the symmetric upper indices.

N /
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Classification of Brackets

How many independent extensions are there?

The answer amounts to finding normal forms for 11/, independent

under coordinate transformations.

Threefold process:
1. Decomposition into a direct sum.
2. Transforming the matrices W™ to lower-triangular form.

3. Finally, the hard part is to use Lie algebra cohomology to
(almost) achieve the classification.

N

13



/

Classification 1: Direct Sum Structure

upper indices of W implies the following structure:

Qan focus on each block independently.

\

A set of commuting matrices, by a coordinate transformation, can
always be put in block-diagonal form. Then, the symmetry of the

Each block corresponds to a degenerate eigenvalue of the W) . We

/
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Classification 2: Lower-triangular Form

We focus on a single block, and thus assume that the W) have

(n + 1)-fold degenerate eigenvalues.

A set of commuting matrices can always be put into

lower-triangular form by a coordinate transformation.

Once we do this, by the symmetry of the upper indices of W it is
easy to show that only the cigenvalue of W) can be nonzero.
Furthermore, if it is nonzero it can be rescaled to unity. We assume

this is the case.

N /
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The most general form of W for an extension is thus

The red cubes form a solvable subalgebra, and are constrained by
the commutation requirement. The blue cubes represent unit

elements.

N

/
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Classification 3: Cohomology

The problem of classifying extensions is reduced to classifying the
solvable (red) part of the extension. This is achieved by the

techniques of Lie algebra cohomology.

Cohomology gives us a class of linear transformations that preserve

the lower-triangular structure of the extensions.

The parts of the extension that can be removed (i.e., made to
vanish) by such transformations are called coboundaries.

What is left are nontrivial cocycles.

(Cohomology does not quite get it all...)

N /
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A common form for the bracket is the semidirect sum (SDS), for

\

Pure Semidirect Sum

which the solvable part of W vanishes:

Note that CRMHD does not have a semidirect sum
structure because of its extra nonzero blocks, pro-

ortional to (. (a cocycle).

\
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The opposite extreme to the pure semidirect sum is the case for

which none of the W () vanish. Then W must have the structure

Leibniz Extension

This is called the Leibniz extension. All the cubes, red and blue,

are equal to unity.

19



Alternate name: Q*Bert extension. . .
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In between these two extreme cases, there are other possible
extensions, including the CRMHD bracket.

Order

Number of extensions

1

2
3
4
5

1

O A~ NN =

N

None of these normal forms contains any free parameter!

(Do not expect this to be true at order 6 and beyond.)

\
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Casimir Invariants

Noncanonical brackets can have Casimir invariants, which are

functionals ' that commute with every other functional:
{F,C} =0, forallF.

Casimirs are conserved quantities for any Hamiltonian.

For Lie—Poisson brackets, in terms of W, the Casimir condition is

oC

pr | 2
i [6&“

fA] =0, v=0,...,n.

We assume the form

C[f]z/QC(g(x))d%. (f;g gg)

N /
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Assuming the derivation property for | , | and independence of the

brackets [«f“ NG }, we can rewrite the Casimir condition as

v v
W)\ C,J:W,g Cj/\, )\,J,V:U,...,n,

where C , = 0C/0&".

The key to solving this equation is to take advantage of the
lower-triangular structure of the W and write

gy,u C,,ua — Wayuc,un + 5Va C,Ona
where now the greek indices run from 1 to n — 1, and
g = W, M

is an n — 1 by n — 1 symmetric matrix.

N /
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If g is nonsingular, with inverse g, the solution is
C,TU — Aga C,Mn _|_ gTO‘ Caon ) (*)

with

—~—

Al =g, W,

TV

where A is the coextension. It satisfies the same properties as W,
but with opposite indices:

Ar, = AP

oT )

Ay Ay =Aw) Ay -

These conditions are necessary to be able to integrate (*).

(Singular g quite a bit trickier. . .)

N




The n + 1 independent solutions to the differential equation are

vie0 1 ny _ (i)v g LTEHD
CH(E" €)= D DI (i +1)!

i>0

fiy<€n>7

where f is arbitrary, f; is the ¢th derivative of f, and

O)v .__ v

DOV .— ¢V
(Vv . pv

D7'17'2 T ATsz )

(2)v . Ap1 v

D7'17'27'3 T ATsz A,u17'3 ?
Dy — AW A2 L AMGED g
TIT2..-T(i4+1) T1T2 “ U173 H(i—2)Ti “ T 1) T(i+1) °

The properties of the coextension imply that the D are

symmetric in all their lower indices.
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CRMHD Casimirs

For CRMHD (n = 3), the Casimirs are

0 = /Q ( f“@)—épvf()’(w)) e, O = /Q p (1) d2a,

01: 1 d2 03: 3 d2 .
/Qvf(w) r, /Qf@m :

4 arbitrary functions f°—f3 of €3 = 1.

C? forces the magnetic flux ¢/ to be tied to the fluid elements, but
not so for v and p. (This would be the case for a pure semidirect

sum.)

Note that would be hard to derive C from the equations of
motion, without the bracket.

N /
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Stability

Now that we have developed all this theory for Lie—Poisson
brackets, let’s put it to use. We determine sufficient conditions for

the stability of general systems.

Two methods:
e [nergy-Casimir: emphasizes invariants.

e Dynamical Accessibility: uses the bracket directly. Slightly

more general. This is our preferred method.

For simplicity, we will contrast CRMHD with the pure semidirect

SuIn.

N /
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The Energy-Casimir Method

Requiring that a solution & be a constrained minimum of the

Hamiltonian,

0(H + C)[&e] = 0F|[&] =0,

gives an equilibrium solution. The solutions &, is then said to be
formally stable if §2F[&,] is definite. This is related to §W energy
principles, which extremize the potential energy.

Does not capture equilibria where the bracket is singular.

N

/
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A slightly more general method for establishing formal stability

Dynamical Accessibility

uses dynamically accessible variations (DAV), defined as

0aa ={G .6} +21{G, {G,¢&}},

with G given in terms of the generating functions x,, by

g::/gﬂ X A2z
Q

DAV are variations that are constrained to remain on the
symplectic leaves of the system. They preserve the Casimirs to

second order. Stationary solutions of the Hamiltonian,

5Hda [Se] — 07

Kcapture all possible equilibria of the equations of motion.

/
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Energy of DAVs

The energy associated with the variations is

6°H oH
o T [ ZETD il 2
[5€da 550 5€T 5€da W 5€da [Xﬂ? 5€y ] ]d L

52 Hyalée] = 1 /

Q

In order to determine conditions for stability, we need to write
62Hg, in terms of the §¢3, only (no explicit X,, dependence). In

principle, this can always be done.

Positive-definiteness of §%Hy,[&] is a sufficient condition for formal
stability:.

N /
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An equilibrium (we, {£#}) of the equations of motion for an SDS

Equilibrium Solutions of Semidirect Sum

satisfies
= [6H/6¢" ,we | + Y [6H/SEY ] =0
r=1

65:[5}[/5507&5}:07 :LL:la"'7n7

where we have labeled the Oth variable by w. We can satisfy the
f = (0 equations by letting

condition gives a differential equation for w.

N

\

for (so far) arbitrary functions u(x), ®(u), and =#(u). The we, =0

/
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CRMHD Equilibria

An equilibrium of the CRMHD equations satisfies

the = U (u),
de = D(u),
ve = (k1 (u) + (k2(u) + 22) ' (u)) / (1 — [®'(w)|*/5e) .
pe = (k1 (u) @' (u) + e (k2(u) +22)) / (1 = |2"(w)[*/Be) .
we @' (u) = Jo = ka(u) + ve Ky (u) + pe k5 (w) + e pe ve ' (u),
with primes defined by f'(u) = (d¥®(u)/du)~t df (u)/du, and u(x),
U(u), ®(u), and the k;(u) arbitrary functions.

This is very different from the SDS case. In particular, the cocycle
allows the equilibrium “advected” quantities v, and p. to depend

4 )

\explicitly on x. /
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DAVs for Semidirect Sum

The dynamically accessible variations for an SDS are

5wda: :w, 0]+Z[£V7XV]7
v=1

55531::5“7 0]7 ,LL:1,...,TL.

are tied to the fluid elements.

N

Notice how all the 6¢/, depend only on y: the allowed variations

/

33



-~

DAVs for CRMHD

The dynamically accessible variations for CRMHD are given by

0wda = [w,Xxo |+ [v,x1]+ [P, x2] + ¥, x3],
0vaa = [V, x0] — Be ¥, x2];

0pda = [P, X0 ] — Fe ¥, x1];

0taa = [V, X0 |-

The DAV for w is the same as for a semidirect sum.

However, the “advected” quantities v, p, and v now have
independent variations, which can be specified by x2, x1, and Yo,

respectively.

N
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CRMHD Stability

D' (u)] < 1

N

The terms that involve gradients in the perturbation energy are

52 H — /Q (196600 — V(®'(u) 61baa)
(1= |0 @))| Votaa* + -+ ) da.

These terms must be positive, so we require

o (Ve <[Vibel),

a necessary condition for formal stability.
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[

where

N

which can be written

1

_6e_1 (I)/

_66_1 (I)/

B

\ _kll _66_1pe (I)N _ké _6e_1 Ve (I)N

O(x,y) = —kz(u) — ve ky (u) — pe k3 (u)
+ we B (1) — o™ peve B (u) + D' (u) V2P (u).

_kll T 66_1]96 (I)” \

—kb — 66_1 Ve @

O(z,y) )

For positive-definiteness of this quadratic form, we require the

principal minors of this matrix to be positive.

\

The remaining terms are a quadratic form in 0vg,, 0pda, and 014a,

/
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H1 = 1|>07

1 —0e " @' (u) 1 ( \¢’(U)|2>
= — gt (1= 220 S,
M _Be_l (I),(’LL) ﬁe_l 6 ﬁe g

The positive-definiteness of 1o, combined with condition
|’ (u)| < 1, implies

@' (u)]? < min(1, 5)

which is part of a sufficient condition for stability. Thus the cocycle
modifies the stability directly: it always makes the stability

condition worse, because 3. > 0.

Finally, if we require that the determinant of the matrix be
positive, we have a sufficient condition for formal stability.

/
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Conclusions

Classified Lie—Poisson bracket extensions, and found that for
low orders there are very few independent brackets, with no

free parameters.

Developed techniques for finding Casimir invariants of

Lie-Poisson brackets (coextension).

Can use brackets or Casimirs to obtain general criteria for

stability of Lie—Poisson systems.

Equilibrium solutions for semidirect sum involve advected

quantities that are tied to the fluid elements. Cocycles lead to

richer equilibria (Destabilizing for CRMHD).
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