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Abstract

Modeling Shear Flow in
Rayleigh—Bénard

Convection

by
Jean-Luc Thiffeault, M.A.

The University of Texas at Austin, 1995

Supervisor: C. Wendell Horton, Jr.

The Partial Differential Equations (PDE’s) for Rayleigh-Bénard convec-
tion of a fluid between two plates with free boundary conditions are turned into
an infinite system of coupled Ordinary Differential Equations (ODE’s) by ex-
pansion in Fourier modes. Shear flow and variable phase between modes are
allowed. A general method is presented to make finite truncations of this sys-
tem that preserve the invariants of the full PDE’s in the ideal limit. These
truncations also have the property that they have no unbounded solutions and
provide a description of the heat flux that has the correct limiting behaviour in

a steady-state.

A particular truncation (containing 7 modes) is selected and is compared

to a previous model, the 6-ODE model of Howard and Krishnamurti [1]. Nu-
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merical calculations are presented to compare the two truncations and study the

effects of shear flow on heat transport.
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Chapter 1

Introduction

In a horizontal layer of fluid with fixed higher temperature on the bottom boundary
and fixed lower temperature on the top boundary, cellular convective flow occurs for a
certain range of Rayleigh number R and Prandtl number ¢. This state with mass flow is
called Rayleigh—Bénard convection [3, 4]. Such states of Rayleigh-Bénard convection
are ubiquitous in nature, occuring in slightly modified form in the atmosphere, the

ocean, the earth’s mantle, and in the convection zone of the interior of stars [5].

We will be considering a horizontal fluid layer of depth wd (the 7 is for math-
ematical convenience, as we shall see later), with a fixed temperature difference AT
between the top and bottom of the fluid. Horizontally, the velocity and temperature
fields of the fluid are periodic with period A. The horizontal scale of these cells is
comparable with the depth of the layer. A useful parameter to describe the shape of
such cells is the dimensionless aspect ratio, L, being defined as the ratio of the hor-
izontal length of a cell to the depth of the fluid, so that A = 2w Ld (see Figure 1.1).
It was originally believed that flows in a finite container should scale as its trans-
verse dimension (i.e., d in Figure 1.1). However, recent experiments have shown that
thermal convection in a horizontal layer of fluid heated from below can show motions
spanning the largest (horizontal) dimension L of the container [2], known as shear

flows. The experimental setting precluded any externally imposed shear forces. Hence
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Figure 1.1: Geometry of a pair of convection rolls (also known as a convection
cell), showing the coordinate system and the definition of L and d. The dashed
and solid lines indicate that the rolls are counter-rotating.

it must be concluded that these shear flows were driven by a Reynolds stress tensor

with non-vanishing horizontal average.

In tokamak plasmas, it is thought that a shear flow in the edge layer is re-
sponsible for the so-called H-mode, in which confinement is greatly increased over the
normal, or L-mode phase [6]. Convection cells form as a result of the nonlinear develop-
ment of the Rayleigh—Taylor instability in regions of unfavorable magnetic curvature.
Such convection cell turbulence is widely observed in the edge of tokamak plasmas [7].
These vortices can lead to the generation of a shear flow in the same manner as in the
Rayleigh—Bénard case [8, 9], and it is believed that this flow creates a barrier to par-
ticle transport, thereby greatly improving confinement. Recent experiments have also
shown that at higher temperature the appearance of Edge Localized Modes (or ELMs)
is observed. The ELMs correspond to a new confinement mode in which oscillations
occur in the tokamak edge, and which could be partially explained by the oscillatory

shear flow mode that can be destabilized at high enough Rayleigh number.

The method that will be used is known as the Galerkin (or spectral) method [10].



The chosen basis is the standard Fourier one, because of its great simplicity and the
fact that it is especially well-suited to the stress-free boundary conditions (or rather,
it is perhaps more honest to say that the stress-free boundary conditions are used
because they are especially well-suited to the Fourier basis!). The truncations could
help to provide a foundation for turbulence models of L-H transitions such as [11].
One of the major points to be addressed is how to make a truncation have the same
invariants as the full PDE’s in the dissipationless limit, and whether or not this has

any effect on simulations in the strongly dissipative limit.

Chapter 2 is devoted to a presentation of the relevant theory. Section 2.1 is a
brief justification of the Boussinesq equations for thermal convection. The preserved
quantities of the equations of motion in the dissipationless limit are derived in Sec-
tion 2.2. In Chapter 3 we use the Galerkin method to expand the stream function and
temperature field into a complete set of modes. The set of ODE’s obtained by this
method is derived in Section 3.1. Section 3.2 addresses the linear stability of the fluid
at rest. In Section 3.3, the conditions under which a mode truncation preserves the
invariants of the dissipationless PDE’s are obtained. Chapter 4 presents a low-order
model for shear flow generation, which is an expansion of a model presented in [1]. In
Section 4.1 the model is compared with its predecessor, and the advantages are explic-
itly shown. Section 4.2 compares numerical calculations for the two models. Finally,

Chapter 5 is a summary of the arguments of the thesis.



Chapter 2

Preliminaries

In Section 2.1 of this chapter we derive the basic equations that govern Rayleigh—
Bénard convection in the Boussinesq approximation. In Section 2.2 we examine the
ideal limit of these equations: the case where the viscosity and thermal conductivity are
set equal to zero (also called the dissipationless limit). In that regime we demonstrate
the conservation of several important quantities (also known as invariants), such as the

total energy of the system.

2.1 Equations of the Rayleigh—Bénard System

A fluid heated from below and subject to gravity (the Rayleigh-Bénard convection

problem) obeys the set of coupled partial differential equations

0
p(a +V-V) v = —Vp+uvpViv— pgz,
(% +v- V) 0 = kV?0, (2.1)

where p is the density of the fluid, v its velocity, p the pressure, v the kinematic
viscosity, —gZ the acceleration due to gravity, © the temperature, and s the thermal

diffusivity.

The flow is considered slow with respect to the speed of sound waves in the

fluid, so that it is taken as incompressible (V - v = 0). In two dimensions (z—z), the



velocity can then be written in terms of a stream function X as

v =(—0,X,0,X) = VX x§¥. (2.2)
We shall be using only the z and z dimensions in the rest of this work. This two-
dimensionality approximation breaks down at higher Rayleigh number [12].

In the Boussinesq approximation, we take p to be constant except in the grav-

itational force term, where
p—p(1—a(® - (6)). (2.3)

The thermal expansion coefficient is denoted here by «, and (©) is the average tem-
perature of the fluid in the conduction state, which is characterized by a temperature

gradient linear in z and independent of z.

After rescaling the variables to dimensionless form, using the following scales:
%7 = d [ = &k N = K [T = ve/gad,  (24)

Egs. (2.1) can be written

FAVEDY 5 4 oT
X, vl = X+ oo .
= +{x, v} oVIX 4o, (2.5)
or s X
o TXT) = VT4 R (2.6)

where X is the stream function, T is the deviation of the temperature from a linear
conduction profile, ¢ = v/k is the Prandtl number, and R is the Rayleigh number,

defined as
gaATd?

RV

R

(2.7)

Here AT is the temperature difference between the top and bottom boundaries, and
7d is the depth of the fluid layer. The Poisson bracket is defined by

_9a b 9b da



Equations (2.5) and (2.6) are sometimes referred to as the Boussinesq equations.

There are two major kinds of boundary conditions one can apply at the top
and bottom boundaries of the layer. The more physical ones (if the boundaries are

actual physical “walls”) are the the no-slip boundary conditions:
X=0,X=9,X=T=0, forz=0ornd. (2.9)

Another set of boundary conditions are the stress-free boundary conditions, where it

is required that the walls produce no tangential stresses on the fluid:
X=VX=0,X=T=0, forz=0or xd. (2.10)

The condition v, = J;X = 0 at the walls says that the fluid does not penetrate the
boundaries. The boundary conditions must be preserved in time, and so using (2.6)

and (2.10) we obtain some more constraints:
9.7 =V?T =0, forz=0ord. (2.11)

We shall be concerned with boundary conditions (2.10) in this thesis, since they are

satisfied naturally by eigenfunctions of the Laplacian operator.

2.2 Conserved Quantities in the Ideal Limit

There are a number of conserved quantities for equations (2.5) and (2.6) in the limit
v — 0, Kk — 0. We cannot use the scaling given by (2.4), since it involves v and k.

Instead, we use

[x,z] = d, [t] = d/gaAT, [X] = VgaATd? [T] = AT, (2.12)

which leads to a new, dissipationless version of (2.5) and (2.6):

AVES oT

2 _
o +{x, v} = o (2.13)
oT X
STy = o (2.14)



We define two symbols to denote spatial averages:

1 ™
—/ Adz,
™Jo

1

2w L

(4)

for vertical and horizontal average respectively. The depth of the fluid layer is 7, and
the system is assumed periodic in the horizontal direction, with length 27w Ld (= 27L

in dimensionless units). The constant L is known as the aspect ratio of the system.

If we multiply (2.13) by X and average over z and z, we get, after some manip-

ulation and use of either set of boundary conditions ((2.9) or (2.10)),

%8t<(vx)2> - <W> (2.16)

Now if we multiply (2.14) by z, average over the domain, and manipulate the expres-

sion, we obtain

O (2T ) = (Ta,X). (2.17)

Subtracting (2.16) and (2.17), we obtain a conservation law:

) B ((Vx2) - <z_T>] = 0. (2.18)

We define some symbols to represent these quantities. K, U, and E are the kinetic,

potential and total energy of the fluid, respectively:

K = %<W> (2.19)
v = - (3T), (2.20)
E = K+U. (2.21)

Then (2.18) expresses the conservation of total energy in the dissipationless case.



Another invariant is T itself averaged over the domain:
o (T)=0. (2.22)
If we also multiply (2.14) by T" and average over the domain, we obtain
1 — [
Z 2\ —
28t<T ) =(To,x), (2.23)
which can be combined with (2.16) or (2.17) to yield one more independent conservation

law.

The factor <T8xX> which appears in the above equations can be written as
(1) = <Tvz >, and it becomes clear that it represents the space-average of the vertical
flow of heat, ¢,. Finally note that <TV2X> is also conserved in the dissipationless
limit.

We shall raise the issue in Section 3.3 as to whether a truncation of the system

still preserves these invariants.



Chapter 3

Modal Expansion

This chapter is devoted to showing how to turn the Partial Differential Equations
(PDE’s) of convection into an infinite sequence of coupled Ordinary Differential Equa-
tions (ODE’s) by expanding the fields into a complete set of normal modes (Section 3.1.
In Section 3.2 we go over a linear stability analysis of the fluid at rest. Section 3.3
addresses in detail the question of whether a truncation (a system where only a finite
number of modes are retained) preserves the invariants derived in Section 2.2 in the

ideal limit.

3.1 Expansion of the System into Normal Modes

To turn the system of partial differential equations (2.5) and (2.6) into ordinary dif-
ferential equations, we use the following normal mode expansions for the X and T

fields:

X(@,2,t) = Y Xypp(t) e'lmztnks) (3.1)

T(w,2,t) = Y Ton(t)elm=trke), (3.2)
m,n
where k = 1/L is the inverse aspect ratio. The two-dimensional domain is

(z,2) € [0,27L] x [0, 7] . (3.3)



The summations are over some sets Ay, Ar of modes (i.e., (m,n) pairs, where both m
and n can be negative or zero). If both of these sets are infinite and contain every
possible (m,n) pairs, then the equality holds in (3.1) and (3.2). Otherwise, the ex-
pansion is a truncation and represents only an approximation to the full system. This
expansion is more general than those used in references [13, 14, 15] in two ways: first,
it allows for a variable phase in the rolls (by allowing the X,,,’s to be complex) and

second, the expansion admits a non-vanishing shear flow part (the X,,o modes).

The complex coefficients in the expansion must satisfy

Xppn = X* T = T%,, ., - (3.4)

—m,—n —m,—n

in order for the fields to be real (the asterisks denote complex conjugation). The

stress-free boundary conditions (2.10) and (2.11) lead to conditions on the X,,, and

Ton:
Xmn = —X;*m_n , Ty = —T;,‘L_n , (3.5)
or equivalently,
Xon = X:nO =0, X:nn = _X:n,—n > Xﬁnn = an,—n )
Ton = T;;mO =0, Trrr,v,n = _T;l,—n ) Trznn = Trin,,—n ) (36)

where the superscripts denote the real part or the imaginary part of X,,,.

For convenience we define p,,, to be the eigenvalues of the operator —V?:
Prmn = m? + k*n? . (3.7)

If we now insert expansions (3.1) and (3.2) into the Boussinesq equations (2.5) and
(2.6), we obtain the following set of ODE’s:

d Ckn
—Xmn = —0PmnXmn — 10 Ton
dt Pmn

10



11

— kY > (mn"— m”n’)M Xonin? Xopt? Ottt o Ot gt m > (3.8)

m/7n/ m!! ’n// pmn

d .
aTmn = —pmnTmn + iRkn Xmn

J— k: Z Z (m/n// —_— m//n/) Xm/n/ Tm//n// m/_;’_m//’m 577//"1‘77/”,77/ . (3.9)

S
The normalization used is that given by (2.4). We are assuming here that if say, Xi;
is in Ay, then so are X; _1,X_1 1, and X_; _;. But these are not independent by (3.6),
so it is possible to turn (3.8) and (3.9) into equations involving sums over only positive

indices:

d

axmn = —0PmnXmn — iok npr_n,}qun

— knppay, Z [z'p Xéo(em,p Pm—p.n Xjm—p|,n + Pmtpn Xmtpn)
p>0

—1 sz(’m —p| Pm—p,0 X|im—p\,0 — (m+p) Pm~+p,0 Xin—l—p,O)]

- kp;z% Z [(pn —mgq) {em,p Prm—p,n—q Xpq Xjm—p|,n—q
P,q>0

*
= Pmtpntq Xpg Xmtpntq

- (pn + mQ) {Hm,p Pm—p,n+q X;k)q X\m—p|,n+q

— Pmtp,n—q quXerp,n—q] ] , (3.10)

d .
ETmn = _pmnTmn +iRkn Xmn

—kny_ [z‘p x;;o(em,p Tim—pln + Trntpn)
p>0

X 1Ty~ 0+ 2) o)

—k Z [(pn —mq) [emvp Xpg T\m—pl,n—q - X;q Tontpintq
p,g>0

— (pn + mgq) [em,p Xpg Tim—pl.nt+q = Xpg Tmﬂm—tz} ] ) (3.11)

where m,n > 0. In (3.10) and (3.11) it is understood that following (3.6) any X|q) |



is to be converted to —X|*a‘ 1b]> (similarly for the T"s), so that all indices are positive.

We have also used the symbol

0, a=hb
Oop =4 1, a>b; (3.12)
-1, a<b.

Equations (3.10) and (3.11) are considerably more opaque than (3.8) and (3.9), but
they have the advantage of making the explicit derivation of the nonlinear terms more

straightforward by not having to worry about the possible signs of m and n.

For n = 0 equations (3.10) and (3.11) simplify to

%xfﬂo = —om?X} -2 km—lpggoqlm [em,p Pm—p,aXpa Xirm—pl.q

— PmpaXpa Xntpgl| - (3.13)
% mo = —m*Thg

— 2km Y qIm [em,pqu T pla = Xpa Tnipg (3.14)

p,q>0
The symbol Im denotes the imaginary part of the square bracket. The real part of X,,9
and T,,0 vanishes by (3.6). Equation (3.13) is the evolution equation for the shear flow

modes (i.e., the modes independent of z).

Since we are interested in the transport properties of the system, we define a

useful dimensionless quantity called the Nusselt number:

Rate of heat transport by convection and conduction
Rate of heat conduction by the fluid at rest

= 14 (T )

- 1+% (0T +2-(-VD)) . (3.15)

Nu(z)

)

Equation (3.15) also defines the convective and conductive heat transport quanti-

ties, ¢S and ¢°4. Note that since the heat transport cannot be less than the purely

12



conductive state, the Nusselt number must satisfy Nu > 1 for a physical state. The

expansions for ¢7" and qu are

V() = -8k Z n (ann T — Xoun Tgn) sinmz sinpz , (3.16)
m,n,p>0
¢d(z) = 2 Z mThocosmz . (3.17)
m>0

3.2 Linear Stability of Fluid at Rest

If we assume that both X and 7" are small (i.e., the fluid is essentially at rest in the

conduction state), then (3.10) and (3.11) reduce to (dropping nonlinear terms)

d . _
Exmn —0 prnXomn — i0knp L T (3.18)
d

Assume that X,,,,, and T,,,, grow exponentially with growth rate ~,,,. Then (3.18) and

(3.19) can be used to get an equation for ,:

(Ymn + 0Pmn) mn + pmn) = oRE* n?p;}, . (3.20)

We are interested in the unstable case, ¥, > 0. This will happen when

R> Lmn (3.21)

We thus define the (m,n) (linear) critical Rayleigh number Re ., as

3 m2 n23 m2 n 2\3

Note that Ry, is independent of the Prandtl number.

If n =0, Rcmo blows up, and so those modes (the shear flow modes) are never
linearly unstable: they must grow nonlinearly if they are to grow at all. The modes

with m = 0 always vanish because of the boundary conditions (2.10).

13



Equation (3.22) has a minimum at L = v/2n/m, where!

27
min Regp = - m?t . (3.23)

The minimum of R, is independent of m, and so all m = 1 modes will be most
unstable at the same value of R. Which one goes unstable first will depend on the

value of L, as shown in Figure 3.1. The point at which the curves R.11 and R¢12 cross

L s -1 2.0266 3.24
=\ 15 =2 (3.24)

where the value of the critical R is

is

27 1

5 =T.8969... . (3.25)

We shall restrict ourselves to the case where the (m = 1,n = 1) mode goes unstable
first, i.e. the case shown in Figure 1.1. This means that when we include X5 and 772,

we should make sure that L is less than the value given by (3.24).

It will prove useful to make use of r, a “relative” Rayleigh number, defined as

R
Rc11

r (3.26)

Then the (1,1) mode goes unstable for r > 1.

3.3 Preservation of Conserved Quantities

As we saw in Section 2.2, there are a number of conserved quantities for the Boussinesq
system in the dissipationless limit. The question now raised is: can a truncation of the

form given by (3.1) and (3.2) still preserve these invariants?

'Tf we had chosen a normalization where the fluid depth was d, and not 7d, the numerical
factor would be 2771 /4, as in [3], p.36. The normalization we use avoids having a lot of extra 7’s
in the equations.

14
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The expansions for K and U are obtained by inserting equations (3.1) and (3.2)

into (2.21):
K = 2 Z pmn|an|2+ Z Pm0|Xm0|2 ) (3.27)
m,n>0 m>0
(=DP
p>0

First we rewrite (3.27) with the m,n sum running over both positive and negative

values:
1
K=3 > Xl (3.29)
m,mn

then we differentiate it with respect to time:
. 1 . . -
K = 53 pn (Xun Ko + Xonn Ko - (3.30)
m,n

(The dots denote time derivatives.) From (3.10), we see that we will get a term
proportional to
Z Z P! (m'n” - m"n') X:{nn Xmin! Xmttpt + C.CL (331)

m,n o/ +m =m
n,+n”:n

where the sums over the primed and double-primed indices also run over both positive
and negative values. We can symmetrize this in terms of m/,n’ and m”,n”, and let
m — —m (also dropping the complex conjugate term):

Z % (Pt — Prarn ) (0" — " 0") Xy Xonrnr Xowrnrr (3.32)

m+m/+m//:O
n+n/+n//:O

We can rewrite this in a clearer way by defining three vectors:
ki = (myn), ko = (m',n), ks = (m’,n"). (3.33)
Then (3.32) becomes

1
Z 9 (pk3 - pkz)(k2 X k3) Xic; Xiep Xy - (3-34)
ki+ka+k3=0
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We can then completely symmetrize the expression:

> é [(Pkg — Pky) (k2 X k3) + (P — Py ) (k1 X k2)

ki+ko+k3=0

+ (Pr; — Prs) (ks X k1) | Xie, Xiep Xiey - (3.35)
Since ki + ko 4+ kg = 0, the cross products must satisfy

k1><k2 = k3><k1, kQXk3 = k1><k2, ngkl = k2><k3,
(3.36)

and hence (3.35) vanishes identically.

Now we are able to write two manageable expressions for K and U by using (3.8)

and (3.14) (in the units given by (2.12), so that we can set v and & to zero):

K = —4k Y nIm X Tl (3.37)
m,n>0
U = dk 3 (1O m o Ty
p7m7n>0
—4k Y (DI X T (3.38)
pl7m7n>0

The sum of K and U must vanish for E to be conserved. For that to happen, it must
be true that the imaginary parts of the following terms cancel (we divided through

by 4k n X ):

T;:m - Z(_l)p 9p7m \tn—p|,n + Z (_1);0 T;:L-HD’,TL : (339)

p>0 p'>0

The term labeled |1 |in (3.39) can only be canceled by a term of | 2|, since we cannot
have m = m + p’ in . Thus, we require m = |m — p|, which has a solution p = 2m.
Then the terms would cancel, since p would be even and 6, , = 1. Now, assume

that X = T = 0 for m > M, n % 0. Then the sum over p must run from 1 to 2M

17



if it is to cancel | 1| for any value of m and n. So we can rewrite and | 2] as:

2m—1 2M

L+[2] = = > CVhm T pn— > U Ty
p=1 p=2m+1
m—1 2m—1
= |~ (-1) Ij;n—p\n—i_ Z (=1) \jﬂ—le
p=1 p=m+1
2M
D DI Co N (3.40)
p=22m+1

We have dropped the p = m term of the sum since it contains a 7{j, term, which
is identically zero by the boundary conditions. In the second sum (the one running

from p=m+ 1 to p = 2m — 1) we make the substitution p = 2m — s:

m—1 m—1
+ = = <_ Z (_1)p |*;n,—p\,n + Z (_1)8 >';n—s,n)
p=1 s=1
2M

- Z (=17 \A;n—:nlm’

p=2m-+1
M+m

= = > D'Thpins (3.41)
p=2m+1

where in the last step we used the fact that 7, = 0 for m > M,n # 0, and the sums

in the parentheses cancel. If we now let p = s + 2m, we obtain:

M—-—m
+2]== 3 (1) Thien - (3.42)
s=1

Sum over p’ also runs from 1 to 2M, but for p’ > M — m the |m + p/| index

of T":n +plln is greater than M, and so it vanishes. We can finally rewrite (3.39) as:
M—-m M—-m ,
+2]+ 8] = = X DTt D GO T s
s=1 p'=1
= 0. (3.43)

The recipe for conserving F is then as follows: for a given set of modes Ay,
if M denotes the maximum vertical mode number m in the set, add to A7 all modes of

the form Tzim’o, m =1,... M, since that’s where we got sums|2|and | 3| from in (3.39).
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The expansion for <T> is:

(T)= Zy Lo (3.44)
T 204+1 ’
Taking the time derivative and using (3.14) (in the units given by (2.12)),
d /— 4k X X
dt (T)= — D m Xy Im (Z Ot Tt 1—mfn = D T(zzf+1+m>,n) (3.45)
m,n>0 >0 >0

The sums that must cancel are the imaginary parts of (after dividing (3.45) through

by 4m k X /7):

Yo T in— > Tyimn- (3.46)
p>0 odd p’>0 odd

Cancelation of two terms of the sums requires [p—m/| = p’+m, with solution p = p’ + 2m.

Then the terms p’ = 1,3,... M — m are canceled by p =2m+1,... M +m. The terms

p’ > M — m vanish since then the p’ + m index of T

'+m,n

is greater than M. The
terms p > M + m vanish for the same reason. The only terms that remain are the ones
with p =1,3,...2m — 1, and it is easy to verify that these cancel among themselves
(e.g., p =1 with p = 2m — 1, etc.) except for p = m, which vanishes if m is odd or

isn’t present in the sum if m is even.

Then the prescription for conserving <T> is to include in Ap all modes of the
form Tp;4q,0 with ! =0,1,..., M —1. If we include all T},p terms, withm = 1,2,...2M,
then both F and <T> will be conserved by the truncation. This is shown schematically
in Figure 3.2. It can be demonstrated that all other invariants of Section 2.2 are also
conserved. When a given truncation preserves all those invariants in the dissipationless
limits, it will be termed energy-conserving. The proof of the preservation of invariants
given here is a generalization of the one given [14] to include shear flow and variable

phase.
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Figure 3.2: Schematic representation of the modes that must be included in a
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of a mode in the truncation. Given that the modes in Ay are within the dotted
rectangle in (a), then the T,,0 modes in (b) must be included up to |m| = 2M,
where M is the maximum vertical mode number.



Chapter 4

The 7-ODE Model

This chapter presents a low-order truncation of the Boussinesq equations, retaining
only seven modes, following the rules and definitions of Chapter 3. In Section 4.1, we
show how the model was derived from its predecessor, the Howard and Krishnamurti 6-
mode truncation [1], and justify the addition of the extra mode. Section 4.2 compares

numerical calculations for the two models.

4.1 Comparison with 6-ODE Model

The simplest truncation that retains interesting physics is the famous Lorenz model [16].

It consists of retaining the 3 modes:
7111 ) Tlll ) T2ZO . (41)

According to the rules given in Section 3.3, it is energy-conserving, and we also have
(T)=0.
Another popular truncation of the Boussinesq equations is the 6-ODE model

given by Howard and Krishnamurti [1, 17]. It includes the 6 modes:
ZiO ) 7141 ) él ) Tlll ) T2Tl ) T2ZO : (42)

The Howard and Krishnamurti truncation is the simplest one that allows for a nonzero
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shear flow (the X!, mode). However, it is not energy-conserving. It has a vanish-

ing <T >, but it lacks the T, mode to be energy-conserving.

We will add this T}, mode to the 6-ODE model to obtain what we will call

the 7-ODE model. The ODE’s for this model are

Xip = —o(1+k%) ql‘*‘”ﬁﬂl“‘ki’i—:z 10 X5,

Xio = —szio — 6k X7 31 )

Xél = —c(d+k)Xy —0 1 _fkgTzrl 1 _]T_3k2 X7 Xig

T = —(1+ k)T + REXT, — 2k XT; Tao — kX1 T3,

Ty = —4T5+4kX), Th;

Ty, = —(4+k)TH — REXS, + kX0 T + 4k Xy Ty

Ty = —16T4 — 8kXy Ty . (4.3)

The expansions for K and U are (in the units given by (2.4)):

K = 201+ k)X]% + Xi0> +2(4 + k)X, %

= —o (T4 +2T}) - (4.4)

It is straightforward to verify that E = K+ U is conserved by (4.3) by first going to the
units given by (2.12) and then explicitly substituting (4.3) in E (with the dissipation
turned off). This is not so with the 6-ODE model. To emphasize this difference,
Figure 4.1-(a) shows the numerical results of integrating the 7-ODE model, while in
Figure 4.1-(b) we see the results for the unmodified 6-ODE model. The energy is
only conserved in the 7-ODE truncation. In fact, the energy is very far from being

conserved by the 6-ODE truncation.

The convective and conductive heat flows for the 7-ODE truncation are ob-
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Figure 4.1: Energy (with v = k = 0) for (a) the 7-ODE model , and (b) the 6-
ODE model of Howard and Krishnamurti (the dashed line is K, the dotted line
is U, and the solid line is E'). The total energy E is not conserved by the 6-ODE
truncation. In these calculations, L = 2 .

23



tained from (3.17):

<7 (z) = 8k (X’il Tfl sin? 2 — X’él 75 sin? QZ) ;

1(2)

4 (Tzio cos 2z + 2T, cos 4z) . (4.5)
If we add these together:

() = @& +qd,
= 4k (X5, Ty = X5, T ) +4 (Tso — kX{y T, ) cos 22
+4 (TAfO + kX, T{l) cosdz |
= (@) —T% COS2Z—%T20 cos4z . (4.6)
If the system reaches a steady state, we expect that the rate of heat transport should
be independent of z, i.e., heat cannot “pile up” anywhere in the layer, since this would

lead to a time dependency and thus violate the assumption of a steady state. We see

this in (4.6), since in a steady state Tzio = T4i0 = 0, we would obtain

and so the Nusselt number is independent of z.

In the 6-ODE case, the expression for the heat flux would be
T (2) = (qz) — Ty cos 2z + 4k Xb, Ty cosdz (4.8)

which is not independent of z in a steady state. Therefore the flow of energy is not
well modeled by the 6-ODE model, even in the dissipative regime. Section A.2 of
Appendix A proves that all energy-conserving truncations give the correct behaviour

of the heat flow for a steady state.

24



Finally, there is another drawback of the 6-ODE model which the 7-ODE model

solves: the boundedness of solutions. To show this, we define a positive definite quan-

tity:
_ R 2\yr 2 2\vi 2 i 2
QR = p {2(14‘]‘5 XTI+ 2(4 + E7)X5,° + X }
+2T0,%2 + 27152 + (Td — R)? + (Tiy — R/2)* . (4.9)

Note that if @) stays bounded from above, then all the mode variables are bounded

from both above and below.

We now take the time derivative of ), making use of (4.3):

d . .
FQ = 2{2RU BN £ 2RA A P + RY?
+2(1+ KT, ” + 24 + F)T5,% + 2(T5 — R)? + 8(Ty - R/2>2}

—4T5? —16Tjy> + 8R? . (4.10)

The 7 terms in the curly brackets are each larger or equal to their counterpart in the
definition of @ in (4.9). Also, the terms proportional to T4,? and Tj,? are strictly

negative or zero. We can thus write
d 2
%Q < -2Q +8R”, (4.11)

Now if @ is growing, then it must saturate before it reaches QQ > 4R?, since after
that equation (4.11) says that Q must decrease. Thus, @ is bounded from above, and

solutions of the 7-ODE model never go to infinity.

In contrast, a similar construction in [1] for the 6-ODE model shows that the
modes remain bounded only if R < Rc91, i.e., if the (2,1) modes become linearly
unstable then they can potentially grow indefinitely. Equation (4.11) shows that this

is not so for the 7-ODE model.
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Boundedness of the solutions is a physically desirable property, since in real
flows one does not observe such singular behaviour. Section A.2 gives a general proof

of the boundedness of energy-conserving truncations.

4.2 Numerical Results

We now turn to solving the 7-ODE system (4.3) (and its 6-ODE counterpart) numer-
ically. The integration scheme used is the fourth order Runge-Kutta method with

adaptive step size [18]. The absolute accuracy was typically of order 1078,

Figure 4.2—(a) is a plot of a typical transition to shear flow in the 7-ODE
model, for parameter values r = 3.4 (corresponding to R = 34.3), 0 = 1, k = 1.2 (so
that L = 1/k = 0.83333...). This case shows a strong shear flow mode. One can see
from the figure that the system first goes on the Lorenz fixed manifold (approximately
from ¢t = 3 to t = 14), but at that value of the Rayleigh number that fixed point is
unstable, so the system bifurcates to the other, stable fixed point, with a non-zero

shear flow.

To see how the energy transfers to the shear flow modes, we define the quanti-

ties W and F' by writing

W = 2 Z pmn|xmn|2 s

m,n>0

F o= > pmoXmol® (4.12)
m>0

so that F' represents the kinetic energy contained in the shear flow modes, and W is
the energy contained in the remaining (non-shear) modes. For the 7-ODE and 6-ODE
models, we have

W = 21 +E)X;%+2(4 + k%) x4, 2

and
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Figure 4.2: (a) Transition to shear flow in 7-ODE model, with ¢ = 1, r = 3.4, and
k = 1.2. The solid line is the X}, mode, the long-dashed line is the X}, mode, and
the dashed line is the X}, shear low mode (whose negative was plotted for relative
size comparison). The vertical dotted lines show at what times the snapshots
of Figure 4.3 were taken. (b) W (the non-shear flow part of the kinetic energy,
solid line), F' (the shear flow part of the kinetic energy, short-dashed line), U
(the potential energy, dotted line), and E, (the total energy, long-dashed line)
for the same transition as in (a).
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F = X% (4.13)

Figure 4.2—(b) is a plot of the relevant energies for the same transition as
in 4.2—(a). The shear flow mode pumps energy from both the potential and kinetic
parts (U and W), and leads to a decrease in the magnitude of the total energy. Fig-
ure 4.3 shows contour plots of the stream function at different times throughout the
transition, showing clearly the tilting of the convection cells. This effect is observed
experimentally [2], and the general appearance of the flow resembles simulations of the

full Boussinesq equations [19].

We now study the dependence on r of the Nusselt number for several values
of the Prandtl number o. We shall keep k fixed at 1.2 because the shear flow effect is

strong at that number, and to better compare our results with those of [1].

4.2.1 Case l: 0 =10

Figure 4.4 shows a plot of the Nusselt number measured at the top of the layer (z = 7)
versus the reduced Rayleigh number r. Initially (until about r ~ 8.5) the system is
on the Lorenz fixed manifold:

L1
V2 1+ k?

VR—Rc11,
1 1+K?

T, = +— VR —Re11 ,
11 \/5 L 11

, 1
T3 = §[R_Rc11] ) (4.14)

A —
Xll -

from which we find for the Nusselt number at z = 7 (using ¢4 in (4.5)):

Nu=3-

% . (4.15)

Note that this is independent of the Prandtl number. After that point the shear

mode becomes unstable and saturates on a new fixed point, accompanied by a sudden
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Figure 4.4: Plot of the Nusselt number Nu vs r for the 7 ODE model. The
points marked by black dots denote a steady state, the triangles a periodic or
quasi-periodic state, and the asterisks a chaotic state. These last two symbols
represent the average value of Nu, and the dashed lines show the rms amplitude
of oscillations. For this graph, £ = 1.2, o = 10.
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Figure 4.5: Plot of the Nusselt number Nu vs r for the 6-ODE model. The
points marked by black dots denote a steady state, the triangles a periodic or
quasi-periodic state, and the asterisks a chaotic state. These last two symbols
represent the average value of Nu, and the dashed lines show the rms amplitude
of oscillations. For this graph, £ = 1.2, ¢ = 10.
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of 5.05, corresponding to the experimental results for o = 7 in [2].



increase of the Nusselt number. This goes rather against conventional wisdom, as it is
thought that shear flow should inhibit transport. This is also contrary to the 6-ODE

model, for which a Nu vs r plot for the same parameter values is shown in Figure 4.5.

At r >~ 11 the 7-ODE model enters a time dependent state, which is initially
quasi-periodic but quickly becomes chaotic. The associated decrease in transport might
be due to a loss of coherence between the modes due to the time dependence. After
that drop, Nu increases steadily. At r ~ 25 it ceases to be chaotic and becomes

quasi-periodic again, but the steady rise of Nu is uninterrupted.

In the 6-ODE model, after a period of decreased transport, Nu suddenly shoots
up very rapidly. This is no doubt due to the improper saturation of the X%, and T4
modes, which leads to the growth of the T4, mode. But the 6-ODE model was never
intended to be used in that regime, since this is past the point of linear instability of

these modes.

Figure 4.6 shows a Nu x r versus r plot for both the 7-ODE (solid line) and 6-
ODE (dashed line) models. The linear r-dependence of Nu x r seen in that figure is
predicted by the Lorenz model for low r (by 4.15, Nu = 3r — 2 on the Lorenz fixed
manifold). But for larger r, when the system becomes oscillatory, it is surprising to
see the linear relation hold for the average value of Nu x r. This has been observed
experimentally [2, 20]. The dotted line in Figure 4.6 is the experimental result for low r
of [2] and has a slope of 5.05. The agreement is very good with the 7-ODE model.
However, it cannot be concluded that this is anything more than coincidence, since
the experiments were done with no-slip boundary conditions, and so the agreement is

suspiciously good.

It is seen that the two models behave the same at low r, but quite differently
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for larger r, with the 7-ODE model being less chaotic and having a smaller rate of heat

transport.

4.2.2 Case 2: c0=1

Figure 4.7 shows an analog of Figure 4.4 for the case 0 = 1. After staying at the steady
cellular convection fixed point until r ~ 2.27, both the 7-ODE and the 6-ODE models
(see Figure 4.8 for the 6-ODE results) undergo a transition to stationary shear flow.
The onset of shear flow is now accompanied by a decrease in the Nusselt number for
both models, though this decrease is less marked in the 7-ODE model. The 7-ODE
model then goes into a quasi-periodic state with a steady rise in Nu, until r ~ 15.5
where it becomes chaotic. It reverts back to quasi-periodicity at r ~ 28. The steady

rise in Nu and quasi-periodicity continues until at least r = 50.

The 6-ODE model has a similar behaviour, the main difference being a steeper
rate of increase of Nu, which continues until at least » ~ 50 (not shown). Figure 4.9
shows the Nu X r versus r plot for the two model. It is not immediately obvious that
the 7-ODE model has any inherent advantages over the 6-ODE model from these plots,

in the absence of direct numerical solutions of the full PDE’s for the parameter values.

4.2.3 Case 3: 0 =0.1

Figure 4.10 shows a Nu vs r plot for the 7-ODE mode, for he case 0 = 0.1. The
steady convection fixed point becomes unstable at r ~ 1.02, and the steady shear-flow
fixed point becomes unstable shortly after, at » ~ 1.11. The system then stays in a
chaotic state until 7 £ 2. During that stage the Nusselt number is constant (these
features are too small to be seen on Figure 4.10). After that point the system becomes

quasi-periodic and Nu increases rapidly, with a bifurcation at r ~ 17 and another
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Figure 4.7: Plot of the Nusselt number Nu vs r for the 7 ODE model. The
points marked by black dots denote a steady state, the triangles a periodic or
quasi-periodic state, and the asterisks a chaotic state. These last two symbols
represent the average value of Nu, and the dashed lines show the rms amplitude
of oscillations. For this graph, £ = 1.2, o0 = 1.
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Figure 4.8: Plot of the Nusselt number Nu vs r for the 6-ODE model.
points marked by black dots denote a steady state, the triangles a periodic or
quasi-periodic state, and the asterisks a chaotic state. These last two symbols
represent the average value of Nu, and the dashed lines show the rms amplitude

of oscillations. For this graph, £ = 1.2, o0 = 1.
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Figure 4.9: Plot of Nu x r vs r for the 6-ODE (dashed line) and the 7-ODE (solid
line) models. For this graph, k = 1.2, 0 = 1.
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at r ~ 27.

The 6-ODE model results (shown in Figure 4.11) is seen to have one less
bifurcation (only one at r ~ 13.5) and to rise slightly less steeply than the 7-ODE
model (as seen in Figure 4.12). Note that for both models the quasi-periodic, steady
rise continues until at least » = 90 (not shown). The oscillations of the 6-ODE model
are significantly larger than for the 7-ODE model (by a factor of about 3). Again, for
this case it is not immediately obvious that the 7-ODE model has any advantages over

the 6-ODE model.
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Figure 4.10: Plot of the Nusselt number Nu vs r for the 7 ODE model. The
points marked by black dots denote a steady state, the triangles a periodic or
quasi-periodic state, and the asterisks a chaotic state. These last two symbols
represent the average value of Nu, and the dashed lines show the rms amplitude
of oscillations. Here, k = 1.2, 0 = 0.1.
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Figure 4.11: Plot of the Nusselt number Nu vs r for the 6-ODE model. The
points marked by black dots denote a steady state, the triangles a periodic or
quasi-periodic state, and the asterisks a chaotic state. These last two symbols
represent the average value of Nu, and the dashed lines show the rms amplitude
of oscillations. Here, k = 1.2, 0 = 0.1.
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Figure 4.12: Plot of Nu x r vs r for the 6-ODE (dashed line) and the 7-ODE
(solid line) models. Here, k = 1.2, 0 = 0.1.
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Chapter 5

Conclusions

In this thesis we have developed a general method for generating energy-conserving
Galerkin approximations of the PDE’s of Rayleigh—Bénard convection. They are more
general than [13, 14, 15] because they allow for shear flows (modes independent of the
horizontal dimension x) and variable phase of the rolls (breaking point symmetry with
respect to the center of the rolls). This was used in some other work by this author
(following a suggestion of P. J. Morrison) for a low-order model of chaotic particle
transport, in a manner similar to [1] for shear flow and [19, 21, 22] for rolls with

time-dependent phase.

There are essentially three arguments for using energy-conserving Galerkin ap-

proximations:

The first is simply that they are energy-conserving. Their important property
is that the cascade of energy through the inertial range to the dissipation scale is
modeled without extraneous terms in the energy equations [14]. This makes them more
closely related to the full equations, and so one expects that these approximations are
inherently “better”. An argument against this is that in the dissipative regime the
system is far from ideal, and so in deciding which modes to include in the truncation
it is more important to select terms that approximate the attracting manifold well,

and the question of whether energy is conserved by the truncation or not might be of
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secondary importance [23].

The second property is the proper description of the heat flow in the steady-
state limit, even with dissipation. This is important for essentially the same reasons
as the previous argument, except that this argument doesn’t suffer from the criticism
of being a valid property only in the ideal limit. In Section A.2 of Appendix A it is
shown that all energy-conserving truncations have this correct behaviour of the heat

flow in a steady-state.

The third argument is the boundedness of solutions. In Section A.1 the bound-
edness of solutions for general energy-conserving Galerkin approximations is shown.
This point is a strong one, since the infinite solutions are definitely unphysical, and

the truncation is then closer to the full solution in a least this respect.

The numerical results for the comparison of the two models are conclusive only
in the higher Prandtl number case (¢ = 10) where the 6-ODE solution grows too
fast compared to experimental result (if it is to be trusted that numerical results for
different boundary conditions can be trusted). For the other values of the Prandtl
number the two models behave differently, but in the absence of numerical solutions of
the full equations it cannot be concluded that one is better than the other. The most
noticeable difference is that the oscillations for the 7-ODE model tend to be smaller,
especially at low Prandtl number. It has thus at least been established that the addition
of the extra mode affects the solution significantly, and in particular for ¢ = 10 the

two models disagree about the way that shear flow affects heat transport.
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Appendix A

Proofs for the General Case

In this Appendix we present the general case of the proofs given specifically for the 7-
ODE model in Section 4.1. Section A.1 gives the proof of boundedness, and Section A.2
shows that the total heat flow is independent of z for a steady-state. Both these

properties hold if the truncation is energy-conserving.

A.1 Boundedness of Solutions

To show that the solutions to the system of ODE’s (3.10) and (3.11) remain bounded

for all times, we consider the kinetic energy K defined previously:

K =2 Z Pmn ’an‘2 + Z Pmo ‘Xm0‘2 ) (Al)

m,n>0 m>0

and a quantity which we will call V:

V=2 [Tl +Z( 2R) . (A.2)

m,n>0 m>0

Recall that p,,, = m? + k?n?. We then construct a generalization of Q from Section 4.1

for an arbitrary number of modes:

Q = EK—I—V
= 2_ Z pmn’an‘ +_ meO‘XmO‘
o m,n>0 m>0
2R
22 3 X (- 20 (A3)
m,n>0 m>0
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If any mode goes to infinity, ¢ will go to infinity. It includes all of the modes, and
it is non-negative. Hence, ) being bounded from above is a necessary and sufficient

condition for the boundedness of all solutions.

Using (3.10) to take the time derivative of K, we have already seen in Section 3.3

that the triplet terms of the form X, X,/ Xmn cancel each other, and we are left

with
T = 4 S P2 Xl =2 20 1 Xomol?
% = —40 pmn‘ mn’ - UZPmo‘ mO‘
m,n>0 m>0
—dko Y nImXp, Ty, (A.4)
m,n>0

Now we take the time derivative of V' using (3.11). The triplet terms of the form
Xonn Lot T can be shown to cancel in a manner analogous to the X, Xy X

triplets in Section 3.3, and we have

d . 2R "
a = —4 Z Pmn |Tmn| -2 Z m2TZ ( t —) —4kR Z qIm Xp, T,
m,n>0 m>0 m p,q>0
+8kR Y qIm (Xpg Y O T 0 = Xpg D Toripg (A.5)

p,qg>0 m>0 m’>0

The symbol 60,,, was defined to be the sign of m —n, and vanishes if m =n. We

concentrate on the two sums in the square bracket (factoring out a X,,):

Apq = Z Om.p Ij;n—p\ q Z m +pq (A.6)

m>0 m’>0
We separate the first sum into two parts, allowing us to eliminate the 6, ,’s:

M+p

Apg = Z \tn—ivlﬂ+ Z ﬂtn—p|q Z U (A.7)

m=p-+1

and relabel:

M
Z Z -y T (A.8)

v=p+1
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The we combine the first and third sums, adding the r = p term that’s missing:

=Ty, — Z Z ) (A.9)

Equation (A.5) thus simplifies to:

d . 2R
al = 4 Z Pmn |Tmn| -2 Z szl < L >
dt m,n>0 m>0 m
+4kR Y qIm Xy Ty, . (A.10)
p,g>0

Using (A.4) and (A.10) in (A.3), we find

— = —K+V
dtQ o +
= —4R Z pgrm |an|2 —2R Z Pgno |Xm0|2
m,n>0 m>0
A TP —2 S m?Tig (Tig — 25) . (a)
mn mn m
m,n>0 m>0
The last summand can be rewritten:
- , 2R - - 4R
—2m*Tyg ( mo E) = —m?Ty? —m? (Tfn02 m TrZrLO)

2
= —m?T! 2 —m? (Ti —ﬁ> +4R%  (A.12)

m0 m0 m

so that (A.11) becomes:

d
EQ = —4R Z P%m |an|2 —2R Z Pgno |Xm0|2
m,n>0 m>0
. 2R\?
-4 Z pmn‘TmnF_ Zm2( yln(]__>
m,n>0 m>0 m
— Y mPTh* + AMyR?, (A.13)
m>0

where My is the number of T;,o modes included in the truncation. Comparing the first

four terms of (A.13) with their counterpart in (A.3), we find can write:

%Q < —min{1,20}Q — > m?T},? + 4MoR?, (A.14)

m>0
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and since m?T} ;2 > 0,

%Q < —min{1,20}Q + 4MyR>. (A.15)
Thus, for
4 Mo R?
min{1, 20}’ (A.16)

() must decrease. Hence @ is bounded from above, and so all the modes must be

bounded from above and below.

In the dissipationless limit (v = k = 0), after changing to units (2.12), we
would obtain

d

so that the system is also bounded in the dissipationless limit since the initial conditions

must be finite.

A.2 Heat Flow

The expansions for the z-averaged convective and conductive vertical heat flows ¢v

and E are given in Section 3.1:

<V (z) = -8k Z q Z Im X, Tpy,, sinmz sinpz | (A.18)
p,g>0 m>0
¢d(z) = 2 Z m T ocosmz . (A.19)
m>0

Using (3.14), we can rewrite (A.19) as

@i(z) = -2 Z —m0 cosmz — 4k Z q Z Omp Im Xpg TP,y o COSTZ
m>0 p,g>0 m>0
+ 4k Z q Z Im Xpg Ty g COST 2 . (A.20)
p,¢>0 m/>0

If we concentrate on the sums over m and m’ in (A.20), we can write

M+p M—p
J— * * /
By, = E Om,p Tp—p|,g COSMZ — E T spgcosm'z . (A.21)
m=1 m/=1
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We have limited the upper bound of the sums to the cases where the z index of the T’s
is less than or equal to M, since beyond that the modes vanish (since ¢ > 0). Now we

separate the first sum into two parts, one with m < p, the other with m > p:

p—1 M—p
B Z T]m -pl, qCOS mz + Z ﬂm —pl, qCOS mz — Z m +quOS m/Z . (A22)
m=p+1

We relabel the sums such that r = p —m, s =m — p, and v =m/ + p:

M
ZT* cos( —rz—l—ZT cos(p + 8)z Z Tygcos(p—v)z, (A.23)
s=1 v=p+1

then we combine the r and v sums, adding the X;, T}, term necessary to complete it:

By, = XpgTp, — ZT* cos( —rz+ZT* cos(p + s)z

Xpg Tpy — Z (cos(p —r)z — cos(p +1)2)

= XpgTp, —2 Z T, sinmzsinpz . (A.24)

In the last step we changed the dummy index r back to an m. We can insert (A.24)

back into (A.20), and we get

@z) = -2y - 4k " qImX,, T,
m>0 m p,q>0
+ 8k Z Z Im X, Ty, sinmz sin pz
pq>0 m>0
= -2 Z (@) — (=) - (A.25)
m>0

So that finally we can write
_ L T 0
T(2) = ¢1(2) + ¢ (2) = (@) —2 ) —“cosmz, (A.26)
m>0 m
which shows that the total z-averaged vertical heat flux g, is independent of z if the

system is in a steady state, since then Tfno = 0.
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