éFD LCCt(‘(I: SW]MMM; é( Swir@ 20{0/0(/1’

Zech,«rc 1. S-,/-fff;nj <If, MHM&)

Sﬁrr{naj'; mc“l;.\',a/ Acl",‘m (cauu/

MfX)"\/r. '{amd/{miz"-h“\ 4 a YC/./AV (‘ﬁl;S/

ebgjtj = Conctntration ) Y fivis

AA\IL“V{"“"’ 29 + 4.VO = K V\O _ Vy_ =0 in (L
M ’
(Afg\ Eoun/af} ton A: Tims: n-ve < 0 2 on éam/ﬁr; o1

4/ \ - N re
so T
<;"‘-0M"‘ )(_Vz@\) = Um g‘v" (em"ve)_ Vdm_f V@)
= m{0™ 0 - A AdS — H m(m~) <6 [val)

(N
9. o !




3t<em> = —Km(m) <6M-L’V0/1>

L4

m=90 s +ri\fiaﬂ

mel: 9. <80 = 0 ol snant 40 s oo
|

M= 2 94‘; <6L> - = 2]4_ (lvel7~> G ) non - inCre4sing »

Lt variee Vie = C, = <87 -d6>°

T
9.Cy = —2nIVOl"D Farla
yCﬁn&rfv: C \ ’ \/arfma Con M,s 04010&:

o . Slows durm an . ITO[SD =0

- But ) =0 ify 6= custal:

r

\ In JOme JEAPE

S~
t

Honee fhe s?:l}m is "drive" Yowerds a /omg;mm rhbe

u/Lr <

9(x,t) = <8D=cotat  (Gro, co9= o)

N° ](‘IULC‘ITAKtM‘r ;/‘}’GV\ %’- "\llr\,l ‘l/Ln (-,_ 1 Jw(/ ,,?noy‘"j e

Shy Fhe s;r/’m is  mixed.

B;; Q. Whee 75 4 (x,1) 7 (Y"irriné)

I-f do{.rn‘t 4%00/1‘ in Hf— Var) dnL égu‘fim I




R t Jl Lorrie ‘Ht VA dnh e.;wﬁm 5 pot C/oht( .‘f /J'/l'v(a.,n\VG.

U l\al' K/lﬂ/v\f u/Lm ;}m. S"'r

(‘;!Amd‘:‘lz‘m
Yo ™ J /s,
blob 7
e — —
(AL e
COpm S1#n .
oklch, sa ) Vil i
° Uskriations

,ﬁl_l:S %in'l'g at ‘#\a ansSwer: Sll'iv‘r‘ii InNCALasLS V@

9t<97‘> = —n <1V611>

C/l'\/\_/

' / L
—/-hl..f become; Korggm &2 WAITH

KV]. 'Ko'«/ Mu‘l\ are 'H‘M(»(!« anxh/? /4/']'?/‘ »f/e(;

)70 hecoma Too Im Hn KO0 20 o e e

No ﬁnl /(I'I\+S ﬁm\ More .

AAM;MWI( " S"';Nw 7% y;n‘-em is  drvon 4

stel e

nwd|vel™) —»\\ ;r\oll'p’q/é-\t 4 n

1

Hevxa/, Vo ~ K

mf s ~H¢ Ct\ﬁohc/tPLuﬁnL MiYit; SC(r\ﬂm'o:

’3(99 LQCON" ,,\p{tpc,\pb,\lz 4 K f/ﬁir A Iff‘w?" 'I'ﬂtnnl»\“/

Jt

This is 744 Pletoni

(Hdw Yl'\Oft'? Tz-p/a,% o [o}n_) il ff miXing




F‘;rﬂlrmom e Sm./“t seakn visibl in B cnzentabion /';///

6(7( ’( ‘km'. Size ~s /M, /MuSJ‘M[ A Awnum‘/ /k_/i/‘

")' 372 /L"{w‘)

A/;)jVL ‘H\ﬁl’ 94.(@ ) m/tmw&nt ﬂ W is cruaged  ia

mes t A’ﬁh[f {'«nni ;8 'lL)'LM

Huct. W = 22000 x10° ™7r 4t 300K

Ilo M viom: da'ffnﬁw\ time ~ L = UO"‘)A ~ Y4 3(10‘ §ec

———/

w (ZX\o—s "“Z;)

1300 Bonss

<. l ~ ('l’)f‘

c /Jc: ‘}V{;:J (Cm\/cormf“_ ~ 53 ’(525 I

15 4{%\ luv«j h.

Exﬂm»l‘ ﬂ 2 ‘iozr// miXer:

Y (x, t) (;\x -—:\‘4)

\
\rN\
—

/N
1

)
Vv
//‘K? P(rloo(ic !Joint "\';\

AD: 9t6+(l'x.916-:\v;9h6=itvzﬂ ' '

Cm ro/ve_ 'Hl'.s exécH;, (Wt /u Sh-, Mot Mxt +m) éué zéf;f

MM%;ALMJW,& t solatio

7 ‘Hu, ‘[OfM: __j‘t
6(.7(."3} = € f(:)')

=)/

- &f - J}j 7(‘1 = N ‘F ) Bandary canditiov:
04 J J

r T o0.




Sd lu'hw\ is:

Hlna
/

O(x t) ~

Ths is Tk ”J[l’lﬁmat“ Solu tion

J

_, CroJ§ -QC{-I-O'\ s 1

Gﬂqfﬂ:]fn Wi Th

) I

I g
wiTh X

[ NS

/

'S S S A

/

/ ]
/S )

) _
é—_? hs shkwmcluwz 7% 5

7_"}11'5 Sblu'l'fm % ws bt e Vl/hm({'t sket.

In {ad’}

A Gau  compactly —sugportd  initiid
v J ! J (

Condb Fin;

“lolab” 7 filemak”
0 - / - C————
/7) Ceq,'r/\._/ ’ﬂﬂrt
Mt ;,?‘ ~ Qémssian Cra.r.r—f"t'bb\
'I[IA'-\:” ? :AE
l J va €
For ths Cask we £V\afl ﬁc ,&nﬂ;Hi el 7 Ustricbos ",
r'/7 P o Y W I | N 1
. ﬁ '\L 9 i [ i
|IVO & A~ \]K/ y VR MCMA/‘?
! , , |
+3 Mk /(Cxﬁ b f«/l,. 4 n .

vate 4 S{'f%r\.

M!iuth«) A s to‘m blen k be Ho foed




L s set L», i balpme bt Camprission aA Aiffs i

w ’/\ /(;avm NS‘J)
(& 61(”&"7' 7 v/ ]
TN

P Ja)
D(Ammﬂ‘;)‘- Kaw M]xin,? proca/fs

A

’ A [:),ob is Y\Llrrc/{ o — C/Q

e For « uLSLj 0% is ~ Coruf:m{‘/ since K i small

. W'v\ \YZ: re:cLu scloa ﬂ' order j; ol\'ﬁ[wf}m hbu Vi

A B, 0% dieg ab a - indpadib ik

467 ' AT -

T e b
\—\ [ 9"~ % ¢ ~ {h

L\ o A7 ..
i

T t

)
/\/\/\/

'L/'\/‘w . -
\.L.... Ml)(m; lohmt

J‘\\I\N T&0re

?km




E ffective Diffusivity =

rZZC&UZ’f .f; iﬁmlts n Gima'i'ic ﬁ/vecf“im 7& 7

Goal was 1o M\fwtc %‘cx; 4 Vinit 4, Ve

J —rt

LD~ e (7 =2 for sniforn slain)

lSV\t' WI‘U‘» CaAn WL ﬂ)o(a‘u #L ﬁ/{(/ed‘m él-//{ﬂ‘;b“ e[uaf';o'\ é;_

UMLC{H Ve ! ﬂL/[zLU‘w\ eﬁu;t’m

- " f e K
Hvuw=kVe = 0-K Vb
ot ot )
U {{V\Slo\ arsAJS f:-m Vo) 5¢ X = XA <+ \‘{n
A P % 2 X
Assumt 2D = J 5D =0 N
raco,
-:r N , [ r
X, = X, + /,¢%, <x>=0 (Gaussx)
— A=) / u \
0 Ntu
n
) 2+ i LY RN S \L 2 At
<% 2 = &KL = no” = UKL
. A= tCﬂT (/-\/\‘_/.~l
Ln i dimens\'msj \ loy ﬁ%m‘b‘o\
3 1+ i Y ) N 2
<xh+vh (+zv\} ) = V\D(K — 24‘<nT -
B I, = ,0___.




Now if ve tebe &

[} PPy
”C/avm( ﬁz ”pa ints ;“’\;i“ )
b7

78 / M"‘-C.
4

2 O(Iv\ﬂt'n
6(7_(_,,'&) = dlnsftﬂ 4«/ ,pm‘nb
'H\b\ 9 SA"’[({:‘:J 9__?_ - I V'L@ if ¢4 ch pamL evslvis
at miéma(z Hu. ﬁcm-/mf 10
'x = x4 E.
of Course, 'Hns requices " conrse - Gﬂhmu itois mlc. Tend [f we

dmt Qﬂrlt ‘l‘o 6(0“/4-

(§Cv54 <0’) o T 4174 /ﬁm scoba

<T\

[/(A)[[MSIV'

ml.l”ll— sng .

lL.s aomr\t{u s a5 B whn The cmcuot o? A oﬁrcl‘.’m

feest 4 )ZCITAK: LI& it m exanf({/ 7%, }anwu' S-iA/é' QOW.

i Vel fuld  (sheer flos)
(Arcfy |
RN (Uit i
Y, RV wlicd o o< t < %
Yy ) I
(1',5/ 'EA_V:(\O'I ugin‘L““kx)) STer 2
ww(rb'g I > fr T Kt < T
Ctn selve 5_c= Y, =1 eX‘CHy;
see 10 % (Th) = X, + UTh sin (%1)

Y (er2)

230




(=/2) = x(%)
ster 22 x(T) = x (%z) l/_x /

\J("c)'; '7(7:/7-}4- L/,)—-S'n\( fiLUL)j—

L\/ritt A5 One MAp A pcr‘iol{ T:

v — /) /
X = X + | sin (“mgj/L/ _ U=z
\ y ' v C
, . 2
vy o= oy =+ ‘T‘$n(irkx//}
J J l—-/
Eﬁ.ﬁj t lt(rﬁh- on A gﬁé.”;m« ho’lb. X.( "' -T"‘r"/hdl' ?6/'
parhu@» Arek —ffmruf'm (comea {m

;'\asn’o'rerr.'é{/{@)

E)Cmn!ojz 1. Ran Maktdel fo:!)J( (xa»\'p& (1)

[ =+4= » T= 0.1

Note Aov vegabe R arbite a: for small T Ao

W\Ap i§ l/MlC'I‘Ne_(c} A SVM,O'(C"IC. lr\hé,rt-l"of

!~ % — Sin /7—1”’1'3 ‘ «1’—7 = S';,./IZW{X
T L) 7 U \ L/
/ls T_’T 0 "HnJ 5”7)0ra>(pmAu 4{ = s'h/’zjéz , 0(7 < Y;n/zl{_”_}‘
/ At CL /7 At L /’
=Y. ==
Ih B /% - 'yx
o~ l[l(»/ M“H §'l7'€{h'£w\chhf Iy / / /n
' ' ‘{’:—Z—(aos/l X — gos/ 2Ry
ZM \ =/ L L 7/




streamline: T}\: sf'fum/im dnan'l 7L?Aa/_/
T 7 exxcHg huguc( T_i.r ﬁnih.

N

\ /// _— 6‘)(4,-\!,& 2 adks 4 bit 7 he)Sx.
J/ N\

TN %= (sinemy) + J2D° X

/ION NN 1

GMJ'TIA VZn/on

Exmn.,pﬁS =1 Nov At %‘my—wéz;;ili
Kf' ‘/(/ — C

HAOT;(

[XAMP'&L/ T1 [_ 1 D '0 : ”rlt“/ﬁldmnll'f.

— 4 WM‘ur(. l\/l/{#\ A-, c/;c/th

-6

— vepest for Dzlo
— OlongL Y‘auL\ F YCﬂlﬂ\s -/\or- )[‘ldmnf wf/{#\ ( ;

) s/or<
Examph 5. T=th #=1 D=10" mip L Seryr. *4

P,ot <)C'L§ vs ibm’”m N, .\/\/\‘ r/;: V//’
e VARV
jter , \ 'C/
H{’na #l Ccncmt 4 L= | / /=3 \ L= 25
lflflfecf'n’t d'f[unv.f‘ mefue ”./, \
2ate [ WL LIL At /A’rfl fc«& r y \/ern \
MJLLLMMLM/ “ d Al ‘W"’/ bl
mo‘/ S‘é»& Mof'oo'\s dn/{ Am +’M C:';:: ""‘V'")' P;r&fl"« r:GCL
(bt not to fone I} i
> Useful for Foebaltnc Kig~ 0068 > D =)o

Mo\l 'H\dl', ﬂt "Craﬂ“sl\f’u @ CViﬂLnt n 'HL pl#lrr\ 'S m,’ Cnﬁtg/ll(




Biomixing Dilute theory Simulations Squirmers References
00000 000 00000 0000000000

Lecture 2: Stirring by swimming organisms

Jean-Luc Thiffeault

Department of Mathematics
University of Wisconsin — Madison

Summer Program in Geophysical Fluid Dynamics, Woods Hole
23 June 2010



Biomixing
©0000

Biomixing

A controversial proposition:

There are many regions of the ocean that are relatively
quiescent, especially in the depths (1 hairdryer/ km?);

Yet mixing occurs: nutrients eventually get dredged up to the
surface somehow;

What if organisms swimming through the ocean made a
significant contribution to this?

There could be a local impact, especially with respect to
feeding and schooling;

Also relevant in suspensions of microorganisms (Viscous
Stokes regime).

N

N
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Bioturbation

The earliest case studied of
animals ‘stirring’ their en-
vironment is the subject of
Darwin’s last book.

This was suggested by his
uncle and future father-in-
law Josiah Wedgwood I,
son of the famous potter.

“l was thus led to conclude that
all the vegetable mould over the
whole country has passed many
times through, and will again pass
many times through, the intestinal

canals of worms.”

X!e Number—Price 3o Cents.
NQ g2 e-Humboldt Library.,, sy, 1

Pubiishad semi.

Subsoription prie, $3.00 « year. Entered ai the New
len Post Gffice as Second-tiass Maif Jlatk!'

THE FORMATION

VEGETABLE MOULD

THROUGH THE ACTION OF BARTH WORMS, WITH OBSERVA-
TIONS ON THEIR HABITS.

BY

CHARLES DARWIN, LLD, FRS.

THE CELEBRATED

PIAHOS%SOHMER*PIANOS

ABB AT PRESERT THE MOBT mrm

AND PREFERRED BY THE LEADING ARTISTS.
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Munk's Idea

Though it had been mentioned earlier, the first to seriously
consider the role of ocean biomixing was Walter Munk (1966):

Abyssal recipes
WaLter H. Munk*
(Received 31 January 1966)

Abstract—Vertical distributions in the interior Pacific (exciuding the top and bottom kilometer)
are not inconsistent with a simple model involving a constant upward vertical velosity w~1-2cmday-t
and eddy diffusivity » ~ 13 em?sec™l. Thus temperature and salinity can be fitted by exponential-
like solutions to [« - d*/d2* — w- d{d=] T, S = 0, with «/w ~ 1 km the appropriate " scale height."”
For Carbon 14 a decay term must be included, [ ]34C = wMC; a fitting of the solution to the ob-
served MC distribution yields x/w? s 200 years for the appropriate ** scale time,” and permits w and

“... I have attempted, without much success, to interpret [the
eddy diffusivity] from a variety of viewpoints: from mixing along
the ocean boundaries, from thermodynamic and biological
processes, and from internal tides.”
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Basic claims

idea lay dormant for almost 40 years; then

Huntley & Zhou (2004) analyzed the swimming of 100 (!)
species, ranging from bacteria to blue whales. Turbulent
energy production is ~ 107> W kg ! for 11 representative
species.

Total is comparable to energy dissipation by major storms.

Another estimate comes from the solar energy captured:
63 TeraW, something like 1% of which ends up as mechanical
energy (Dewar et al., 2006).

Kunze et al. (2006) find that turbulence levels during the day
in an inlet were 2 to 3 orders of magnitude greater than at
night, due to swimming krill.
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In situ experiments
Katija & Dabiri (2009) looked at jellyfish:

[movie 1] (Palau’s Jellyfish Lake.)
6/26
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Displacement by a moving body

86 Mr, J. Clerk-Maxwell on. [Mar. 10,

,,,,,,,,,,,,,, Fro. 2.
I Paths of particles of the fluid when o oylinder moves through it.

Fie. L.
TInid flowing prst o Ased exlinder,

Maxwell (1869); Darwin (1953); Eames et al. (1994); Eames & Bush (1999)
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Cylinders and spheres: Displacements

06 0.12
- 105 ol
0.4 © 10.08
| X 0.06
0.2 0.04
0.1 0.02
o2 0 02 04 06 08 1 1.2 0 02 0 0.2 0.4 0.6 0.8 1 1.2 0
/L /L
A3 (a, b) a (cylinder) A3 (a, b) a° (sphere)
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Displacement for cylinders

References

Small a: A ~ —loga
Large a: A ~ a3

(Darwin, 1953)

log A

fol A?%(a)da ~ 2.31
[7° A%(a)da ~ .06

= 97% dominated by “head-on” collisions (similar for spheres)
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Numerical simulation

Validate theory using simple simple simulations;

Large periodic box;

N swimmers (cylinders of radius 1), initially at random
positions, swimming in random direction with constant speed
U-=1;

Target particle initially at origin advected by the swimmers;
Since dilute, superimpose velocities;

Integrate for some time, compute |x(t)|?, repeat for a large

number N, of realizations, and average.

10 /26
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A ‘gas’ of swimmers

L2 1
¢ e N AN
i \Ix s - 7 0.5
Le * N - T o e, start
- 0
— e \( - -
r L
L JN ¢ 2N =05
‘
> 0 A oy - s = -1
«
°oas -15
" \. - .
. ! N, LN [N . ¢ end
. vy )
AN = b b
- J N 25
A L=y -
= 0 L2 3 -3 -2 -1 0
xr xr

[movie 2] N = 100 cylinders, box size = 1000
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How well does the dilute theory work?

—~-n=10"" A
2()07—A—n=5><10_4 L g
+n=10_4 /,’
- - -theory R
Q2 F /, -
% 150
<
[}
PN
7 100} ]
50 1
0 20 40 60 80 100
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Cloud of particles

t=10 t=630 t=1255

t=1880 t=2505 t=3125

[movie 3] (30 cylinders)
13/26
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Cloud dispersion proceeds by steps

12

101 N =30 |
n =7.5e-04

0 1000 2000 3000 4000 5000
t

14 /26
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Squirmers

Considerable literature on transport due to microorganisms: Wu &
Libchaber (2000); Hernandez-Ortiz et al. (2006); Saintillian & Shelley (2007);
Underhill et al. (2008); Ishikawa (2009); Leptos et al. (2009)

Lighthill (1952), Blake (1971), and more recently Ishikawa et al.
(2006) have considered squirmers:

e Sphere in Stokes flow;

e Steady velocity
specified at surface,
to mimic cilia;

e Steady swimming
condition imposed

(no net force on
f|u|d) (Drescher et al., 2009)  (Ishikawa et al., 2006)

Squirmers References

15/26
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Typical squirmer

3D axisymmetric streamfunction for a
typical squirmer, in cylindrical coordi-
nates (p, z):

1 303 1
1.2 2
= — 5 A 1
1/J 5P 2r3 '( 4r3 (r2 >

where r = /p?2 + 22, U = 1, radius of

squirmer = 1.

Note that § = 0 is the sphere in potential
flow.

We will use 3 = 5 for most of the re-
mainder.

16 /26
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Particle motion for squirmer

A particle near the squirmer’s swimming
axis initially (blue) moves towards the
squirmer.

After the squirmer has passed the particle
follows in the squirmer’s wake.

(The squirmer moves from bottom to
top.)

[movie 4]

17 /26
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Squirmer displacements

20
115
110
5
0
05 0 0.5 1 L5
b/L
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Squirmers: Transport

19/26
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Squirmers: Trajectories

~— e

b/A=0 b/A = 0.5 b/A =1
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Far field: Displacements

7 8
of 7
5,

6
4t
5l 5
2t 14
I 13

O,

12

_1—

) 11

3 ) 0 2 PR

b/A

References
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Far field: transport

22/26
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Finite Reynolds number: Displacements

4 . . ; 10
9
3,
8
2r 7
. 6
0
s ! 5
o0
3
= ol 4
13
—1t
12
2 1
. o
-0.5 0 0.5 1 1.5
b/)\
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Finite Reynolds number: Transport

10°

0
10 1 1
102 10™* 10°

References
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Optimal control vs steepest descent
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Steepest descent of H~!: any flow
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Sources and sinks: CO in the atmosphere

Red corresponds to high levels of CO (450 parts per billion) and blue to low
levels (50 ppb). Note the immense clouds due to grassland and forest fires in
Africa and South America. (Photo NASA/NCAR/CSA.)
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Matlab code: Minimize norm with fmincon

function [psi,Effq] = velopt(psiO,src,kappa,q,L,scalefac)

% Problem parameters for Matlab’s optimizer fmincon.

psi0 = psiO(:); problem.x0 = psiO(2:end);

problem.objective = @(x) normHq2(x,src,kappa,q,L,scalefac);

problem.nonlcon = @(x) nonlcon(x,src,kappa,q,L,scalefac);

problem.solver = ’fmincon’;

problem.options = optimset(’Display’,’iter’,’TolFun’,1e-10,...
’GradObj’,’on’,’GradConstr’,’on’, ...
’algorithm’,’interior-point’);

[psi,Hq2] = fmincon(problem);

% Mixing efficiency: call normHq2 with no flow to get pure-conduction solution.
Effq = sqrt(normHq2(zeros(size(psi)),src,kappa,q,L,scalefac) / Hq2);

psi = reshape([0;psil,size(src)); % Convert psi back into a square grid
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Matlab code: Right-hand side

function [varargout] = normHq2(psi,src,kappa,q,L,scalefac)
N = size(src,1); src = src(:);

% 2D Differentiation matrices and negative-Laplacian
[Dx,Dy,Dxx,Dyy] = Diffmat2(N,L); mlap = -(Dxx+Dyy);

function

if q "= 0 && q "= -1, error(’This code only supports q = 0 or -1.’); end

psi = [0;psil; ux = Dy*psi; uy = -Dx*psi;
ugradop = diag(sparse(ux))*Dx + diag(sparse(uy))*Dy;

if q ==

Aop2 = (-ugradop + kappa*mlap);
elseif q -1

Aop2 = mlap*(-ugradop + kappa*mlap) ;
end

Aopl = (ugradop + kappa*mlap)*Aop2;

% Solve for chi, dropping corner point to fix normalisation.
chi = [0; Aop1(2:end,2:end) \ src(2:end)];

theta = Aop2*chi;

% The squared H"q norm of theta.
varargout{1} = L"2#sum(theta."2)/N"2 * scalefac;

if nargout > 1
% Gradient of squared-norm Hq2.
gradHq2 = 2*((Dx*theta).*(Dy*chi) - (Dy*theta).*(Dx*chi));
varargout{2} = gradHq2(2:end) / N"2 * scalefac;

end
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Matlab code: Constraints

function [c,ceq,gc,gceq]l = nonlcon(psi,src,kappa,q,L,scalefac)
psi = [0;psil; N = size(src,1);
c=1[1; gc=101;

[Dx,Dy,Dxx,Dyy] = Diffmat2(N,L); % 2D Differentiation matrices
U2 = L 2x(sum((Dx*psi)."2 + (Dy*psi)."2)/N"2);
ceq(1) = (U2-1) * scalefac;

if nargout > 2
% Gradient of constraints
mlappsi = -(Dxx+Dyy)*psi;

gceq(:,1) = 2*mlappsi(2:end) / N"2 * scalefac;
end
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Optimal stirring flow

Left: Optimal stirring velocity field (streamlines) for the source sin xsin y,
for Pe = 10. Right: Dependence on Péclet number of the optimal mixing

efficiency €g. For small Pe the optimal streamfunction — (\@w)_l COS X COS Y.
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