
Lecture 12: Generalized Lyapunov exponents

Recall from last time, for a linear renewing flow:

2〈log‖`′‖〉 = log a+
1

π

∫ π

0

log(1 + α cosψ) dψ. (1)

with

a = cosh2 ζ + (Γ2 + Ω2) sinh2 ζ, α2 = 1− (Γ2 cosh 2ζ − Ω2)−2, 0 ≤ α < 1. (2)

More generally, consider the growth rate of ‖`‖q, which is obtained by computing

〈‖`′‖q〉 =
1

π

∫ π

0

(a+ b sin 2θ + c cos 2θ)q/2 dθ . (3)

Using the same method as before,

〈‖`′‖q〉 = aq/2
1

π

∫ π

0

(1 + α cosψ)q/2 dψ. (4)

The integral can be evaluated in terms of a hypergeometric function,

〈‖`′‖q〉 = aq/2 (1− α)q/2 2F1

(
1
2 ,−

q
2 ; 1;− 2α

1−α

)
. (5)

We then define generalized Lyapunov exponents as

`(q) :=
1

τ
log〈‖`′‖q〉 =

1

τ
log

((
1−α
1+α

)q/4
2F1

(
1
2 ,−

q
2 ; 1;− 2α

1−α

))
. (6)

This is plotted in Fig. 1: observe that `(0) = `(−2) = 0, the curve has a minimum at q = −1, and
it is symmetric about that value. These features all follow from the incompressibility of the flow,
as we’ll explain below.

For large q > 0, we can use the saddle point method to carry out the integral (4):

〈‖`′‖q〉 = aq/2
1

π

∫ π

0

exp( 1
2q log(1 + α cosψ)) dψ

' aq/2 1

π

∫ ∞
0

exp( 1
2q log(1 + α− 1

2αψ
2)) dψ

= aq/2 (1 + α)q/2
1

π

∫ ∞
0

exp
(
− 1

4q
α

1+α ψ
2
)

dψ

= (a(1 + α))q/2
√

1 + α

παq
,
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Figure 1: Generalized Lyapunov exponents `(q) from (6) for γ = 1, ω = 0, τ = 1. The inset shows
the large-|q| asymptotes 1

4τ |q| log((1 + α)/(1− α)).



so that
`(q) = 1

2τ q log(a(1 + α))− 1
2τ log q + 1

2τ log
(
1+α
πα

)
+ O

(
q−1
)
, q � 1. (7)

We can do the same for q < 0, |q| � 1; the saddle point is then at the minimum ψ = π, and we
find the leading order form `(q) ∼ 1

4τ |q| log((1 + α)/(1− α)), which is shown in an inset to Fig. 1.
The ‘true’ Lyapunov exponent is λ = ` ′(0):

`′(0) =
1

τ

〈‖`′‖q log‖`′‖〉
〈‖`′‖q〉

∣∣∣∣
q=0

=
1

τ
〈log‖`′‖〉. (8)
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Figure 2: A comparison of resampled Monte–Carlo (J. Vanneste, Estimating generalized Lyapunov
exponents for products of random matrices, Phys. Rev. E, 81 (2010), p. 036701) and direct Monte–
Carlo for the linear renewing flow, with τ = 1, γ = 1, ω = 0, K = 100, and N = 100. The
resampled MC is far better than plain MC, especially for negative q. See Fig. 3 for the Matlab code
used to generate this figure.



% Resampled Monte-Carlo to compute the generalized Lyapunov exponents l(q)

% See J. Vanneste, Phys. Rev. E 81, 036701 (2010).

K = 100; N = 100; gamma = 1; omega = 0; q = -20:20;

zeta = sqrt(gamma^2-omega^2);

Gamma = gamma/zeta; Omega = omega/zeta;

cz = cosh(zeta); sz = sinh(zeta);

rng(’default’);

ev = zeros(K,2); ev(:,1) = 1; % initial vectors [1 0]

evh = zeros(size(ev)); normevh = zeros(1,K); beta = zeros(1,N);

ell = []; ell0 = []; ellth = []; A = zeros(K,2,2);

for iq = 1:length(q)

for n = 1:N

% random matrix

th2 = 2*pi*rand(1,K); ct = cos(th2); st = sin(th2);

A(:,1,1) = cz + Gamma*ct*sz; A(:,1,2) = (Gamma*st - Omega)*sz;

A(:,2,1) = (Gamma*st + Omega)*sz; A(:,2,2) = cz - Gamma*ct*sz;

% multiply matrix ev by matrix A (vectorized over realisations K)

evh(:,1) = A(:,1,1).*ev(:,1) + A(:,1,2).*ev(:,2);

evh(:,2) = A(:,2,1).*ev(:,1) + A(:,2,2).*ev(:,2);

% make unit vector evh

normevh = sqrt(evh(:,1).^2 + evh(:,2).^2);

evh(:,1) = evh(:,1)./normevh; evh(:,2) = evh(:,2)./normevh;

% save q^th power of the norm

alpha = normevh.^q(iq);

% resampling

gamma = cumsum(alpha); beta(n) = gamma(K);

eps = beta(n)*rand(1,K);

for k = 1:K

ii = find(gamma-eps(k) >= 0);

ev(k,:) = evh(ii(1),:);

end

end

% l(q) without resampling

ell0 = [ell0 log(mean(alpha))];

% l(q) with resampling

ell = [ell mean(log(beta))-log(K)];

% the analytic expression for l(q)

aa = sqrt(1 - (Gamma^2*cosh(2*zeta) - Omega^2)^-2);

ellth = [ellth log(((1-aa)/(1+aa))^(q(iq)/4)*...

hypergeom([.5 -q(iq)/2],1,-2*aa/(1-aa)))];

end

plot(q,ell0,’go’,’LineWidth’,2), hold on

plot(q,ell,’-’,’LineWidth’,2)

plot(q,ellth,’r--’,’LineWidth’,2)

legend(’MC’,’resampled MC’,’exact’,’Location’,’North’)

xlabel(’$q$’,’Interpreter’,’LaTeX’,’FontSize’,22)

ylabel(’$\ell(q)$’,’Interpreter’,’LaTeX’,’FontSize’,22)

set(gca,’FontSize’,18,’FontName’,’Times’)

hold off

print -dpdf resampled_mc.pdf

Figure 3: The Matlab code resampled mc.m.






















