
















%
% Example program f o r i n v a r i a n t d i s t r i b u t i o n and Lyapunov exponen t o f
% l o g i s t i c map
%
% Jean−Luc T h i f f e a u l t ( jean luc@math . w i s c . edu )
%

Npts = 20000; Nit = 50; nbins = 50; r = 4;

x = rand(1,Npts); % random i n i t i a l p o i n t s
f = @(r,x) r.*x.*(1-x); % l o g i s t i c map

figure (1)

% the i n i t i a l p o i n t s are un i f o rm l y d i s t r i b u t e d on t h e i n t e r v a l [ 0 , 1 ]
subplot (2,1,1)

[P,xb] = hist(x,nbins ); P = P./trapz(xb,P);

bar(xb ,P,1)

title(’initial distribution ’)

% now i t e r a t e t h e map on t h e i n i t i a l p o i n t s
for i = 1:Nit , x = f(r,x); end

% the f i n a l p o i n t s obey t h e i n v a r i a n t d i s t r i b u t i o n
subplot (2,1,2)

[P,xb] = hist(x,nbins ); P = P./trapz(xb,P);

bar(xb ,P,1)

title(sprintf(’distribution after %d iterations ’,Nit))

if r == 4

hold on

xi = linspace (0 ,1 ,300); xi = xi(2:end -1);

plot(xi ,1/pi*(xi.*(1-xi)).^-.5,’r’,’LineWidth ’ ,2) % an a l y t i c answer f o r r=4
hold off

end

figure (2)

% two t r a j e c t o r i e s v e ry c l o s e t o each o t h e r i n i t i a l l y
delta = 1e-10; x1 = [.1]; x2 = [x1 + delta ];

% i t e r a t e t h e map on bo t h t r a j e c t o r i e s
for i = 1:Nit , x1 = [x1 f(r,x1(end ))]; x2 = [x2 f(r,x2(end ))]; end
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% p l o t t h e s e p a r a t i o n
semilogy (0:Nit ,abs(x1-x2))

hold on

semilogy (0:Nit ,delta *2.^(0: Nit),’r’) % compare t o 2ˆn s e p a r a t i o n r a t e
hold off

axis ([0 Nit delta 10])

xlabel(’n’)

ylabel(’distance between trajectories ’)

figure (3)

Nit = 2000; Nplot = 1000; r = linspace (0 ,4 ,400); x = .1* ones(size(r));

% i t e r a t e t h e map on t h e same i n i t i a l c ond i t i on , bu t d i f f e r e n t r
for i = 1:Nit , x = [x; f(r,x(end ,:))]; end

clf , hold on

% p l o t t h e l a s t Np lo t i t e r a t e s f o r each r
for i = 1: Nplot

plot(r,x(Nit -i-1,:),’.’,’MarkerSize ’ ,2)

end

hold off

xlabel(’r’)

title(’bifurcation diagram for logistic map’)
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Figure 1: Invariant distribution for the logistic map with r = 4.
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Figure 2: Separation of nearby trajectories for the logistic map with r = 4. The red
line is 2n.

3



Figure 3: Bifurcation diagram for the logistic map. For each r, the map is iterated
2000 times starting from x = 0.1, and the next 1000 iterates are plotted.
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