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Chapter 7. Higher Dimensional PDEs

are eigenvalue problems. In general, for a partial differential equation in NV variables
that completely separates. there will be N ordinary differential equations, N — 1 of
which are one-dimensional eigenvalue problems (to determine the N — 1 separation
constants). We have already shown this for N = 3 (this section) and N = 2.

EXERCISES 7.3

7.3.1.

7.3.2.

Consider the heat equation in a two-dimensional rectangular region 0 < r <

LOo<y<H,
6_u—k aﬁ.}.@
ot~ T \9z2 ' 8y?

subject to the initial condition

u(z, y,O) = f(z,y).

Solve the initial value problem and analyze the temperature as t — oo if
the boundary conditions are

*(a) u(0,y,t) =0, u(L,y,t)=0, u(z,0,t)=0, u(z,Hit)=0
(b) g%(o’yvt)_—-os g—:(Lvy»t)=0) %%(Ia07t)=0» %(Z)Hvt)=0
*(c) $%(0,y,t) =0, %(L, ¥,t) =0, u(z,0,t)=0, u(z,H,t)=0
(d) u(0,y,t)=0, Z*(L,yt)=0, 5%(z,0,t)=0, %(z,H,t)=0
() u(0,y,¢)=0, wu(L,y,t)=0, wu(z,0,t)=0,
g%(:c, H,t) + hu(z,H,t) =0, (h>0)

Consider the heat equation in a three-dimensional box-shaped region,
O0<zr<L, O<y<H 0<z<W,

ou_, (P, Pu, P
ot ~ \0z2  0y? ' 922
subject to the initial condition

u(z,y,2,0) = f(z,y,2).

Solve the initial value problem and analyze the temperature as t — oo if
the boundary conditions are

(a) U(O, ¥,2,t) =0, %(z) 0,z,t) =0, g_:(z)ya 0,t) =0,
u(L,y, 2,t) =0, Su(z. H,2,t) =0, u(z,y, W,t) =0
*(b) 84(0,y,2,t) =0, e (z,0,2,t) = 0, %(z,9,0,t) =0,

Su(L,y,z2,t) =0, 8t (z, H,2,t) =0, ou(z,y, W,t) =0
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7.3.3

7.3.4.

7.3.5.

7.3.6.

Solve

o Mozt
on a rectangle (0 < z < L,0 < y < H) subject to

_ u0ut) = 0 (@01 = 0
u(z,y,0) = f(z,y) u(L,y,t) 0 %(z,H,t)

I
e

Consider the wave equation for a vibrating rectangular membrane (0 < z <
L 0<y<H)

Fu_ ,(Fu, O

otz 0z2 = Oy?

subject to the initial conditions
u(z,y,0) =0 and %(x, ¥,0) = f(z,y).
Solve the initial value problem if
(@) u(0,3.8)=0, u(L,yt)=0 5(z,0,¢)=0, §i(z,H,t)=0
*(b) 82(0,y,t)=0, 82(L,y,t)=0, 5%(z.0,t)=0, %$(z,H,t)=0

Consider

2 2
32“—6-’(6“ a“)—ka“ with k > 0.

oz - \axrtaz) "
(a) Give a brief physical interpretation of this equation.

(b) Suppose that u(z,y,t) = f(z)g(y)h(t). What ordinary differential
equations are satisfied by f, g, and h?

Consider Laplace’s equation

8%u % 0%

2, U Ou Ou
Vu_63:2+6y2+622

=0
in a right cylinder whose base is arbitrarily shaped (see Fig. 7.3.3). The top
is 2 = H and the bottom is z = 0. Assume that

0
f(z,y)

Zu(z,y,0)
u(z,y, H)

and u = 0 on the “lateral” sides.

(a) Separate the z-variable in general.

*(b) Solve for u(z,y, z) if the region is a rectangular box, 0 < z < L,0 <
y<W,0<z<H.
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e Figure 7.3.3

7.3.7. If possible, solve Laplace’s equation

2 0w 0w Ou
Vu—a_'*’.+8_y§+57

in a rectangular-shaped region, 0 < z < L,0 < y < W,0 < z < H, subject
to the boundary conditions

=0,

(a) 8%(0,y,2) =0, u(z,0,z) = 0, u(z,y,0) = f(z,y)

g{(L, y,z) =0, u(z,W,2z) =0, u(z,y,H) =
(b) u(0,y,2z) =0, u(z,0,z) =0, u(z,y,0) =0,

u(L,y,2z) =0, u(z, W, z) = f(z, 2), u(z,y,H) =0

*(c) £%(0,y,2) =0, g—:(:c,o,z)=0, 8 (z,y,0) =0
8(Ly2)=fy2), §,W2) =0, ez, v, H) =

*(d) 2(0,y,2)=0, %‘5(':,0,2):0, 84 (z,,0) =0
WLy, 2)=g2),  L(eWz) =0, 8 (z,y, H) =

Appendix to 7.3: Outline of Alternative Method to Separate
Variables

An alternative (and equivalent) method to separate variables for

8%u u  S%u

% = (8 7 + 6y2) (7.3.33)
is to assume product solutions of the form

u(z,y,t) = f(z)g(y)h(t). (7.3.34)

By substituting (7.3.34) into (7.3.33) and dividing by c?f(z)g(y)h(t), we obtain

i; _1ef 1dg (7.3.35)

11
2hd fdx?  gdy?



