38 Chapter 2. Method of Separation of Variables

Only (2.2.12) is satisfied by u = 0 (of the linear conditions) and hence is homoge-
neous. It is not necessary that a boundary condition be u(0,t) = 0 for u = 0 to
satisfy it.

EXERCISES 2.2

2.2.1. Show that any linear combination of linear operators is a linear operator.

2.2.2. (a) Show that L(u) = aa; [Ko(x)gf] is a linear operator.
(b) Show that usually L(u) = 38; [Ko(z,u)g%] is not a linear operator.

2.2.3. Show that %‘f = kg%% + Q(u, z,t) is linear if Q@ = a(z, t)u + B(z,t) and, in
addition, homogeneous if 8(z,t) = 0.

2.2.4. In this exercise we derive superposition principles for nonhomogeneous prob-
lems.

(a) Consider L(u) = f. If u, is a particular solution, L(up) = f, and
if u; and u; are homogeneous solutions, L(u;) = 0, show that u =
Up + C1u) + Cou2 is another particular solution.

(b) If L(u) = fi + f2, where u,; is a particular solution corresponding to
fi, what is a particular solution for f, + f27

2.25 If L is a linear operator, show that L(X"™  c,un) = M | c.L(u,). Use
this result to show that the principle of superposition may be extended to
any finite number of homogeneous solutions.

2.3 Heat Equation with Zero Temperatures
at Finite Ends

2.3.1 Introduction

Partial differential equation (2.1.1) is linear but it is homogeneous only if there are
no sources, Q(z,t) = 0. The boundary conditions (2.1.3) are also linear, and they
too are homogeneous only if 73(¢) = 0 and T,(t) = 0. We thus first propose to
study

| Ou 0%u O<zr<lL
PDE: | 2 = ko | (50 (2.3.1)
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BC: | L) = o (2.3.2)




