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Abstract

An infinite system of stochastic differential equations for the locations and weights of a collec-
tion of particles is considered. The particles interact through their weighted empirical measure,
V, and V is shown to be the unique solution of a nonlinear stochastic partial differential equation
(SPDE). Conditions are given under which the weighted empirical measure has an L,-density
with respect to Lebesgue measure. (©) 1999 Elsevier Science B.V. All rights reserved.

MSC: 60H15; 60K35; 35R60; 60G09

Keywords. Stochastic partial differential equations; McKean—Vlasov equations; Particle
representations; Systems of stochastic differential equations; Exchangeability

1. Introduction

We consider a class of nonlinear stochastic partial differential equations of the form

d
au(ex)= 5 32 800 Lagte u(t ot x)]

ij=1

d
— Z Oy, [bi(x, v(t, - v(t,x)] + d(x,v(t,-))v(t,x) | dt

i=1

d
- / BCx v(t, ), uyo(t,x) + Y O lou(x,v(t,),w)] | W(duds),  (1.1)
U i=1
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where W is a space—time Gaussian white noise on U X [0,00). We are interested in
representations of the solution in terms of weighted empirical measures of the form

R
V()= lim ;;‘Ai(r)ém, (12)

where 0, is the Dirac measure at x and the limit exists in the weak™ topology
on ./(R%), the collection of all finite signed Borel measures on R?. We think of
{Xi(¢): t=0,i € N} as a system of particles with locations in RY and time-varying
weights {4,(r): t=0,i € N}.

Suppose {X;,4;,V} is governed by the following equations:

Xi(1) = X,(0) + /0 o(Xi(s), V(5))dBi(s) + /O c(Xi(s), V(s)) ds
+ / A Xi(s), V(s), )W (duds) (1.3)
U x[0,1]
and

A1) = A4,(0) + /0 A)T (Xi(s). V() dBi(s) + /0 A(s)d(Xi(s), V(s)) ds

+/ Ai()PX(s), V(s),u)W (duds), (1.4)
U x[0,1]

where the B; are independent, standard R9-valued Brownian motions and W, indepen-
dent of {B;}, is Gaussian white noise with

E[W (A4, )W (B,1)] = (A N B)t.

For simplicity, assume that u is a Borel measure on a complete, separable metric
space U.

Assume that {(4,(0),X;(0))} is exchangeable (for example, iid) and independent of
{B;} and W. Applying It6’s formula to (1.3) and (1.4), for every ¢ € CZHR?), we
have

A1) = A(0)(X(0)) + /0 A()PC(s)) (Xi(s). V(s)) dB(s)
+ /0 A()P(Xi()) d(Xi(s), V(s)) ds
+ / AP )B(S). V(). )W (duds)
U x[0,1]
+ /0 ALV (5))p(Xi(s)) ds
+ /0 A($)V T PXi(5))a(Xi(s). V(s)) dBi(s)

+ / Ai($)VT G(Xi($))uXi(s), V (), u) W (du ds), (1.5)
U x[0,t]
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where

d d
L(0)p(x) = % D aij(x,0)0,0, $(x) + D bix, v)05, $(x)

ij=1 i=1
with

a(x,v) = a(x,v)a ' (x,v) + / a(x, v, u)o " (x, v, u)p(du)
U
and
b(x,v) = c(x,v) + a(x,v)y(x,v) + / P(x, v, u)a(x, v,u)pu(du).
U

Averaging both sides of (1.5), we will show that V' given by (1.2) satisfies

(6 V(1)) = (. V(0)) + /0 (- V() + LV (s))b. V(s) ds

+ / (BCV($),u)p + o' (-, V(5),u)V, V() W(duds),
U x[0,7]

V¢ € CH(RY), (1.6)

and, hence, is a weak solution of the stochastic partial differential equation (SPDE)
(1.1) where, if it exists, v is the density

V(t,B):/Bv(t,x)dx.

Our goal is to give conditions under which there exists a unique solution of the system
(1.3), (1.4) and as a consequence obtain existence and uniqueness of the SPDE (1.6).

Limits of empirical measure processes for systems of interacting diffusions have
been studied by various authors (see, for example, Chiang et al., 1991; Graham,
1992; Hitsuda and Mitoma, 1986; Kallianpur and Xiong, 1994, 1995; M¢léard, 1996;
Morien, 1996) since the pioneering work by McKean (1967). Typically, the driving
processes in the models are assumed to be independent. The limit is then a determin-
istic, measure-valued function.

Florchinger and Le Gland (1992) consider particle approximations for stochastic
partial differential equations in a setting that, in the notation above, corresponds to
taking y=0=0 and the other coefficients independent of V. Florchinger and Le Gland
were motivated by approximations to the Zakai equation of nonlinear filtering. Del
Moral (1995) specifically studies this example. Kotelenez (1995) introduces a model
of n-particles with the same driving process for each particle and studies the empirical
process as the solution of a SPDE. His model corresponds to taking y=6=d==0,
but the other coefficients are allowed to depend on V. In particular, the weights A; are
constants. Dawson and Vaillancourt (1995) consider a model given as a solution of a
martingale problem that corresponds to taking A4;(¢) = 1 in the current model. Bernard
et al. (1994) consider a system with time-varying weights and a deterministic limit.

The paper is organized as follows: In Section 2, we prove that the system (1.2)—(1.4)
has a unique solution. Since the system does not satisfy a global Lipschitz con-
dition, we cannot directly apply the results developed by Kurtz and Protter (1996)
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(cf. Theorem 9.1). Instead, a truncation technique is employed. In Section 3, we prove
existence and uniqueness for (1.6). We achieve this goal by considering a correspond-
ing linear equation first. As a by-product from this linear equation, the existence of the
density v(#,x) is obtained. Uniqueness for the system (1.2)—(1.4) and for the linear
equation implies uniqueness for the SPDE (1.1). In Section 4, we briefly discuss the
relationship of (1.6) to the equations of nonlinear filtering theory.

2. Existence and uniqueness of the solution for the system

In this section, we establish existence and uniqueness for the solution of the system
(1.2)—(1.4). For vi,v, € .4 (R?), the Wasserstein metric is defined by

p(vi,v2) = sup{|(d,v1) — (¢, v2)|: ¢ € B},

where

B1 = {¢: [p(x) — ¢(»)| <lv =yl [p(x)| <1.Vx, y € R}
Note that the metric p determines the topology of weak convergence on .#(R?).
We assume that ¢ : RY x #(R?) — R, ¢ : RYx M(R?) — R?, o : R x .4(R?) x
U—-RY, py:RIX MR — R, d:RIx MR - Rand f: RYx M(R)xU — R
satisfy the following conditions (S1) and (S2):
(S1) There exists a constant K such that for each x € R, v € .Z(R?)

o) 4 e+ [ fateva i)
U

) + )P + /U B v u(du) <K,

- 4t
»,V[,

(S2) For each xj,x; € R? vy,v; € #(R?) and any representation v; = v;" — v;

v, € ﬂ+(Rd)

1

la(x1,v1) — 6(x2, v2)* + |e(x1, v1) — c(x2, v2)|

G vi) = G v + / |ou(axr, vi, ) — ou(x, vo, u)| > pu(dur)
U

+d(xr,vi) — d(x,v2)* + / |BCx1, vi,u) — B(xa, va, )| pu(du)
U

<K (Jx1 = x> + p(vi . v3 ) + p(vy vy ).

Let (X,4, V) be a solution of (1.2)—(1.4). In order to apply the Lipschitz condition,
we identify a canonical decomposition V' (¢)=V"(¢)—V ~(¢). For simplicity of notation,
define

M) = /O YT X(s), V(5)) dB(s) + / BXi(s). V(). ) (duds).

U x[0,¢]
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Then M(t) is a martingale and

t
01 = [ OGO VEP T [ oG V) udn ds
0 Ux[0,1]
<Kt
An application of 1t6’s formula shows that the solution of (1.4) is given by

Ai<r>=Ai<0>exp(M<r)— 300+ [ awo, V(s))ds). @1

Note that if 4;(0) > 0, then A;(¢t) >0 for all £ > 0 and similarly if 4;(0) < 0. Let
A (£)=A4:(t) if A;(¢) > 0 and 4, (¢) =0 otherwise, and let 4; (1) =—A4,(¢) if 4:(t) <0
and A4; () =0 otherwise. Then we define

1< 1 o
+ _ . + — _ . —
v (z)_nlgrgo;zl:/li Odxwn  V (t)—nll)rgo;;Ai ()3x0)- (2.2)
A truncation argument will require the following estimate.

Proposition 2.1. Suppose that Assumption (S1) holds and

EA,(0)? + E|X1(0)]* < oc. (2.3)
If (X,A,V) is a solution of (1.2)—~(1.4), then for every t =0,
E sup (4i(s)* + [Xi(s)|?) < oo. (2.4)
0<s<t

Proof. By Doob’s inequality, we have

E sup |Xi(s)* < 4E|X;(0)]> + 16E / [|o<Xz-(s>, V(s))*ds
0

0<s<t

+4tE / t le(Xi(s), V(s))* ds
0

+16[E/ |o(Xi(s), V(s), u)|* u(du) ds
U x[0,7]

< 4E|X(0) + 32K%t 4 4K*F < oc.
By (2.1), we have

t
A3(t) = AX(0)exp <2M(t> — (M), + / 2d(X(s), V(s))ds) .
0
Since exp(2M(t) — 2(M),) is a martingale, the bounds on (M) and d and Doob’s
inequality imply
E sup Ai(s)? <4e* K E40)2. O

0<s<t

Theorem 2.1. Under Assumptions (S1),(S2) and (2.3), the system has at most one
solution.
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Proof. Let (X,A4,V) and (X, 4, V) be two solutions of (1.2)—(1.4) with the same initial

conditions, and define V*, V', +, and ¥ as in (2.2).

Recall that by the exchangeability, we have the existence of lim,_o(1/n) Y1, Ai(1)%.

Let
rm:inf{ . lim — ZA(t)2>m }

n—oo n

Tp 1s defined similarly. Let #,, = 7,y A T,. Then

ELX:(t A i) — X it Ana)|?
< 12[E/t l6(Xi(s), V(5)) — (X i(s), V(s)* Ly<y, ds
0
+3¢E / | |c(Xi(s), V(s)) = c(Xi(9), V() Ls<y,, ds
0

+12F / |ou(Xi(8), V(s),u) — ou(Xi(5), V(8), ) [* 15 <, pe(due) ds
Ux[0,7]

<3K*(8 + t)[E/Ot(Xi(S) — X+ p(r (). 7 (9))

+p(V (), V (5))*) <y, ds.

For s<n,

1 < N N
Jim . Z(Ali+ ($)P(Xi(5)) — A (s)p(Xi(5)))

i=1

p(V¥(s), 7" (s)) = sup
pEB;

1
< mp lim —ZA+(s)|¢(X(s))—¢(X ()

n

1
+ sup lim — Z|A+(S)—A Blredea)]

< lim - ZA+(S)|X(S) Xi()]

L ~
lim — AT (s) — A4,
+nggon;| F(5) = A; ()]

and a similar estimate holds for p(¥ (1), V (t)). Consequently,

p(VH(s), 7 (s)) + p(V (), 7 (5))

12
< (nlggonZA(s)> <hm 7Z|X(s) X(s)|2>

1/2

(2.5)
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1 n
lim — ) |4i(s) — Ai(s
+Monzlj| i(s) = Ai(s)|
i=

n 1/2 n
1 ~ 1 ~
<m (nl'ggo - §i:] X,-<s>X,-(s)|2> + lim — ;:1 |4i(s) — Ai(s)]-

Let
Ft) = EIXi(t A ) — X it A )2

and

i=1

2
1 — -
gm(t) =k [(nlint;loz Z |Ai(t/\’1m) _Ai(t/\ﬂm)|> ] .

By (2.5) and Fatou’s lemma, we have

Fn(t)<3KX8 + 1) /0 (fls) + 202 fn(5) + 2gm(s)) ds.

By (2.1), making use of the fact that |¢* —e”|<(e* V e¥)|x — y|, we have
[4i(t) = Ai(0)|

=(|4:()| v |f1i(t)|)‘/0 (T (X(), V() — 9T (Xi(s), V(5))) dBi(s)
+/ (BCXi(s), V(s),u) — BCXi(s), V(s),u)))W (duds)
U x[0,f]
+/O (d(Xi(5), V() — d(Xi(s), V(s)))ds

[ ~ ~
5 [ L VP = b, P ds
0

1

- —/ (BXi(s), V(s),u)* — BCXi(s), V(s),u))* )u(du) ds| .
2 Juxon

Hence, for t<n,,
1 & ’
(nlggo p le (1) - A,»(t))

1 & ~2
< lim =Y A; (1) VA;(t
lmn;m (1)

/O (1 (Xi(9), V() = 7 (Xi(s), V(5))) dBi(s)

Ll
x Jim - ;
+/ (BEX(5), V($),u) — BXi(s), V(s),u)))W (duds)
U x[0,£]

+ / (dX(s), V(s)) — d(X (s, P (s))) ds
0

109

(2.6)
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[ ~ ~
3 [ GV = b)) ds
0

1 2

<5 | BV~ B, (st ds
U x[0,¢]

n—oo

1 -
< lim p ;(A,»(t)z + 4:(1)?)

2

/0 (1 (Xi(9), V(5)) = 7T (Xi(), V(5))) dBi(s)

R
s m 13

2
+

/U o ](ﬁ(Xi(S), V(s),u) = BXi(s), V(s),u))) W (duds)

+ [ @066 V() — (61, 7)) s
0
1 ' 2 % 7 252
bt [ GO = ). PP ds
0
L[ , 2 BB (s\ P > ’
st [ ([ e v - gt 7o Pun) ds>

2

/0 (T Xi(s), V(5)) = 7T (Xi(s), P (5))) dBi(s)

1 n
<2m?5 lim —
2m5nlinolonz;<

2
+

o (B0 = B, P02, 1) ()
[ = 2P + 07 0.7 GF + o767 ()7 ds
0
1 ! 2 % 74 2
ot [ CRP BV (6) = 10851 )P s
0
1 ! 2 % % 2
#4860 - B, 6L ds)

2

<10m? lim =" (’ /0 IO, V(5)) — 7T (Rils), V() dBi(s)
i=1

n—oo N

2
+

/U o ](ﬁ(Xi(S), V(s),u) = BXi(s), V(s),u)) W (duds)




T.G. Kurtz, J. Xiong/ Stochastic Processes and their Applications 83 (1999) 103—126 111
! 5 ~+
+K* (1 + 21<2)/ (1Xi(s) — Xi()* + p(VF(s), V' (5))
0

Hp(V = (5), 7 (s))?)ds).

By Fatou’s lemma and Doob’s inequality, we have

gn(t) < 10m” lim % > E <4 / t [P(Xi(s), V(5)) = (X i(s), V() 15<p,, ds
n—o0 Py 0
+4 / [BX(s), V (5),u) = BXi(), P (s), ) u(du) Ly, ds - (2.7)
Ux[0,£]

+K21(1 +2K2)/0 (X(s) = Xi()P + p(r*(5), 7 (5))?

Hp(V (), V() Ls<p, ds >

1 n
< 10m? lim - 8K? + K?t(1 + 2K?
m? lim n;( + K(1+2K%))

n—oo

></ E(|Xi(5) = X ()P +p(7 (), 7T ()P +p(V (), 7 () L5z, ds
0

< 10m*(8K? + K2t(1 + 2K?)) / t( Fn(8) + 2m% fu(8) + 2gm(s)) ds.
0

Adding (2.6) and (2.7), for t<T, we have

fm(t)+\f/m(t)<1<(m,T)/0 (fm(8) + gm(s)) ds, (2.8)

where K(m, T') is a constant. By Gronwall’s inequality, we have f,,(¢)+¢,,()=0. Then
for each m and 1 € [0, T], we have X;(t A ) =X :(t Aij) a.s. and A;(t Any ) =A;(t Atj)
a.s. By (1.2), we have V(tAn,,)=V (tAn,) a.s. Hence (X, 4, V)=(X,4,V) for t <, AT.
Taking T, m — oo, (X,4,V) = ()?,/I, 17) for 1 <. By the definition of 1,

1 n
P(”mgt) <P< Sup llm —ZA[(S)ZZ}’”Z)
i=1

0<s< oo N~

N

0<s<t "0 N~

1 S
ﬁ[E sup lim —X:A,-(s)2
i=1

N

1 1 &
— liminf — E sup A(s)?
i e D E sup 4(5)

1
= S sup (41(s)")

0<s<t
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where the last inequality follows by moving the sup inside the sum and applying Fatou’s
lemma, and the last equality follows from the exchangeability. Hence, by Proposition
2.1, P(oo <t)=limy_, oo P{n, <t} =0, ie., oo =0 a.s., and uniqueness follows. [

Finally, we establish the existence of a solution. We will need the following lemma
from Kotelenez and Kurtz (1999).

Lemma 2.1. For n = 1,2,..., let X" = (X{,...,Xy ) be exchangeable families
of Dg[0, 00)-valued random variables such that N, = oo and X" = X in Dg[0,00)°.
Define E, = (1/N,) X0 0xr € P(Dgl0,00)), E = limy—oo(1/m) 0 0x, Zu(t) =
(UN) S Sxney € P(E), and Z(t) = limy_.oo(1/m) 30" Sxr, and set Dz =
{t : E[E{x : x(t) # x(t—)}] > 0}. Then the following hold:
(a) For ty,...,t; & Ds,
(El'l;Zn(tl )s e ,Zn(tl)) = (E>Z(t1 )5 e sZ(t[))

(b) If X" = X in Dg=[0,00), then (X,,Z,) = (X,Z) in Dgoo xp(5)[0,00). If
X" — X in probability in Dg~[0,00), then (X,,Z,) — (X,Z) in Dgoox k&)
[0,00) in probability.

Theorem 2.2. Under Assumptions (S1), (S2) and (2.3), the system has a solution.

Proof. Define B!(t)=B;([nt]/n), Dn(¢t)=([nt]/n), and W"(Bx[0,t])=W (B x[0, [nt]/n]),
VB € B(U). Consider the discrete time, Euler-type approximation (X”,4") obtained by
replacing B; by B!, dt by dD,(¢), and W by W" in (1.3) and defining

A7(t) = Ai(0)exp {/0 Y (X (s—), V"(s—))dB](s)
—|—/ P (s—), V" (s—),u)W"(du x ds)
Ux[0,1]

+ [ e e p v},
0
where
D) =) = 3l = 5 [ pesv

Note that the exchangeability of {(X;(0),4;(0))} gives the existence of V"(¢) = V"(0)
for 0<t < 1/n and the exchangeability of {(X'(1/n),A?(1/n))}. The exchangeability
of {(X/'(¢),A47(¢))} and the existence of V"(¢) then follows recursively.

Let

C1 = sup |e(x,v)|

and

szsup(|a(x,v)a(x,U)T|+ /U |ot(x, v, 1)) * p(dur)).
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Then

E[JX/(t + h)— X/

2
F< (cl EEREL) +Cw)

with a similar estimate holding for log|A”|. By Theorem 3.8.6 and Remark 3.8.7 of
Ethier and Kurtz (1986), for each i {(X/",A4")} is relatively compact for convergence
in distribution in Dpay k[0, 00). But relative compactness of {(X/",47)} in Dgiyg[0,00)
implies relative compactness of {(X”,4")} in Dgiyr[0,00)> (see, for example, Ethier
and Kurtz, 1986, Proposition 3.2.4).

Taking a subsequence if necessary, we assume that (X”",4") = (X,4). By the
continuity of B; and W and the boundedness of the coefficients in (1.3) and (1.4),
(X;,A4;) will be continuous for each i, and it follows that the convergence is, in fact,
in Dge gy [0,00). Define

1 & 1 ¢
7" =1 — n n 7=l — g (1))
()= lim E 1 OCX (). A} 1)) i E 1 O, A1)
i= i=

Then by Lemma 2.1, Z" = Z, or more precisely, (X",4",2") = (X,A4,2).
For simplicity, assume that 4,(0)>0 for all i. If, for « > 0, we define V] by

(o, V)= (a Na)p(x)Z"(t,dx x da),

Rd-+1

and observe that
: l = n n
V() = Vil = Jim — % (Ai(t) = o A 4}(2)
i=1

m

1
< lim —)° (supA;?(s) — oA supA;?(s)> .
m—oo m P, s<T s<T

By the same argument as in the proof of Proposition 2.1, {sup,.;4}(¢)} is bounded
in Ly and hence uniformly integrable, so

Esup [|[V"(¢) — VI(t)||<E <supA1(t) —aA supAl(t)> . (2.9)
(<T <T t<T

Since the right-hand side of (2.9) goes to zero as o — oo, it follows that (X”,4", V")
is relatively compact, and as in Kurtz and Protter (1996, Proposition 7.4), any limit
point will be a distributional solution of (1.3)—(1.4). But as in Yamada and Watanabe
(1971), distributional existence and pathwise uniqueness imply strong existence. [J

In the classical setting, the limiting empirical process is deterministic and character-
ized by a McKean—Vlasov equation. Here and, for example, in earlier work by Dawson
and Vaillancourt, the limiting equation (1.6) is still stochastic.

The classical McKean—Vlasov limit (no W and no weights) is sometimes described
by the equation

t

X(t)=X(0) + /0 a(X(s), Z(s)) dB(s) + /O c(X(s), Z(s)) ds,
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where Z(¢) is required to be the distribution of X(#). The analogous formulation in
our setting is to consider the system
t

X(t)=X(0) +/ a(X(s),V(s))dB(s) +/ c(X(s), V(s))ds
0 0
—|—/ (X (s), V(s),u)W(duds) (2.10)
U x[0,1]

and

A(t)=A4(0) + /0 A(s)y (X (s), V(s))dB(s) + /o A(s)d(X(s), V(s))ds

+/ A(s)BX(s), V(s),u)W(duds), (2.11)
Ux[0,]
where, as we will see below, V' (¢) is the random measure determined by

(. V(1)) = BASX (1) | 7]), (2.12)

{ZF"} being the filtration generated by W. (Similar representations have been used by
other authors. See, for example, Sowers, 1995.) We require (X,4) to be compatible
with (B, W) in the sense that for each time #>0, the increments of B and W after

time ¢ are independent of Z 4% Note that this independence implies
(9, V(1)) = EA)PX (@) W). (2.13)

As a characterization of V/, this system is essentially equivalent to the particle system.

Theorem 2.3. Let (X,A4,V,B, W) satisfy (2.10)~(2.12). Then there exists a solution

({)(1}7 {Ai}’ {Bi}’ I}» W)
of (1.2)—(1.4) such that (X1,4,, V,B\, W) has the same distribution as (X,A,V,B,W).
Conversely, if there exists a pathwise unique solution ({X;},{4;},{B:},V.W)
of (1.2)~(1.4), then (X1,4,,V,B1, W) is a solution of (2.10)—(2.12).

Proof. Since we are not assuming uniqueness, (X,4) may not be uniquely deter-
mined by (X(0),4(0),B, W); however, if we let (X,4,V,B,W) be a particular solu-
tion of (2.10)—(2.12), then (X,A4) will have a regular conditional distribution given
(X(0),4(0),B, W). In particular, there will exist a transition function g(x¢,ag, b, w,I")
such that P{(X,4) € I'|X(0),A4(0),B, W}=q(X(0),A4(0),B,W,I'), I' € B(Dgayr[0,00)).
Since every probability measure on a complete, separable metric space can be induced
by a mapping from the probability space given by Lebesgue measure on [0, 1], it fol-
lows that there will be a mapping F such that if U is uniformly distributed on the
interval [0, 1] and (X (0),/1(0),3 W) is independent of U and has the same distribution
as (X(0),4(0),B, W), then (X,4)=F(X(0),4(0),B,W,U) and (X(0),4(0), B, W) have
the same joint distribution as (X,4) and (X(0),4(0),B, W). Defining ¥ by

(¢, V(1)) = BADSX (1) F ), (2.15)

white noise, {B;} be independent standard Brownian motions, {(X;(0),4,;(0))} be iid
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with the same distribution as (X(0),4(0)), and {U;} be independent uniform-[0, 1]
random variables. Define

(Xi,4;) = F(X;(0),4,(0), B;, W, Uy).
Note that V' determined by

(6, V(1)) = B4 X)) | 7)),
does not depend on i and that ({X;},{4;},V,{B;}, W) satisfies (1.3) and (1.4). It
remains only to show that V' satisfies (1.2).
Note that {(X;,4;)} is exchangeable so that

N | —
(6. V(1)) = lim —> " A()$Xi(1)) = E(A1()$(X1(1)].F)
i=1

exists. The second equality holds by the ergodic theorem, and .# is the invariant
g-algebra for the stationary sequence {(X;(0),4,(0),B;, U;, W)}. But the independence
of {(X;(0),4,(0),B;,U;)} implies .# is contained in the completion of the c-algebra
generated by . Consequently,

(. V(1)) = E(A ()X ()W) = EA1 (DX (1)) | 71,
where the second equality follows by (2.13), and hence ¥ (t) = V(1).

To obtain the converse, note that pathwise uniqueness implies that the invariant
g-algebra for {(X;,4;,B;, W)} is contained in the completion of ¢(#'). Pathwise unique-
ness also implies that the solution {(X;,4;)} is compatible with the {B;} and W, so
we have

(. V(1)) = EL()L(0) | W) = EL ()X ()| 7). O

3. A nonlinear SPDE

In this section, we establish the existence and uniqueness for the solution to the
SPDE (1.6). Our approach is motivated by the second author’s uniqueness proof of
a nonlinear PDE for the empirical measure (on a conuclear space) of a system of
interacting neurons (cf. Xiong, 1999).

We summarize the techniques used in this section. First, by applying It6’s formula,
it is shown that V" is a solution to (1.6). To prove uniqueness for the solution to (1.6),
we assume the existence of another solution V| and freeze the nonlinear arguments in
(1.6) by V' (cf. (3.13) and (3.1)) to obtain a linear SPDE. Similar to the argument in
Xiong (1999), the uniqueness for the solution to (1.6) is implied by that of the linear
SPDE (3.13) and that of the system (1.2)—(1.4) proved in the previous section (cf. the
proof of Theorem 3.5 for this argument).

We actually only prove uniqueness among solutions U such that for each ¢>=0,
U(t) is absolutely continuous with respect to Lebesgue measure and has a density in
L*(R?). (We also prove existence of such a solution for all U(0) with this property.)
The necessary estimates are obtained by first smoothing the solutions with a Gaussian
kernel. As a by product, the estimates (cf. Theorem 3.2) give the existence of a density
v(t,x) for the solution to (1.6) under the assumption that 7(0) has a density in L>(R?).
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Theorem 3.1. Let V be the weighted empirical measure for the particle system given
by Theorems 2.1 and 2.2. Then V is a solution of (1.6).

Proof. It is easy to see that
2

Esup| -3 [ AT G0N0V () B )
i=1

t<T

<4—Z / Ai(s) [V p(Xi())a(Xi(s), V (5))[ ds

—||V¢\|2 K*TE sup 41(s)* — 0.

s<T

By (1.5), it is then easy to prove that V' is a solution of (1.6). [J
Now we fix an .#(R?)-valued process V' and consider the linear equation

(6. U(0)) = (6. U(O) + / (s + Lo, U(s)) ds

+ / (Buoi)d + 21 o)V, U(s)) W (duds), 3.1
U x[0,1]
where

1 d d
=5 D @is(0)0 0y () + Y b ()0 p(),

ij=1 i=1

1 2
ays(x) = alj }(x) + alja(x),

alj)(x) = Za,k(x V(s))aj(x, V(s)),

a@)(x) = / 246, V($), 1), (x, V(). ) ()

and

bis(x) = bi(x, V(s)),  ds(x)=d(x,V(s)),

os(x,u) = olx, V(s),u), Bs(x,u) = B(x, V(s),u).

Let Hy=L*(R?) be the Hilbert space with the usual Z?-norm ||-|| and inner product
(,+) given by ||@|[3= [ |#(x)|* dx and (¢, )= [n. ¢(x)(x)dx. To obtain good esti-
mates and to derive uniqueness for the solution to (3.1), we transform an .#(R?)-valued
process to a Hy-valued process. A similar idea was employed by Kotelenez (1995).

For any v € .#(R%) and J > 0, let

(T = [ Gots =y (32)
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where G, is the heat kernel given by Gj(x) = (2n8)~“?exp(—|x|?/25). We use
the same notation for the Brownian motion semigroup on Cy(RY), ie., T,d(x) =
Jra Gi(x = »)P(¥)dy, Yo € Co(R?).

The following facts can be verified easily.
Lemma 3.1. (i) If ¢ € Hy = L*(RY) and 6 > 0, then ||Ts¢||o <||®||o-

(ii) If v € M(RY) and & > 0, then Tsv € H.

(iii) If v € M (RY) and 5 > 0, then ||Tas|v|||o <||Ts5|v|||o, where |v| is the total

variation measure of v.

Let Zs(s) = T5U(s) where U is an .#(R?)-valued solution to (3.1). To obtain an

estimate for the Hy-norm of the process Z;, we adapt Kotelenez’s arguments to the

present setup. Replacing ¢ by T5¢ in (3.1) and using the fact that differentiation and
Ts commute, we have

(Z5(1), p)o = (T5, U(2))

— (T3, U(O)) + /0 (Ts.d,U(s) ds

d d
1 t t
5D / (a1503,05, Tsp, U(s)) ds + Y / (bi.s0x, Ts, U(s)) ds
0 —1 /0

ij=1

d
+ /Ux[O,t] <Z o s(+s )0y, Ts P + Bs(-,u) T5h, U(s)> W (duds)

i=1

— (Z5(0). o + /0 (T5(d,U(s)), do ds

1
T3 ZA<axiaX/T5(aij,sU(S)),¢>()dS

ij=1

d t
- /0 (00 Ta(bisU(s)), $)o ds

d
+ /U o ]<—Z Ox, Ts(ais (-, ) U () + Ts(Bs () U(s)), ¢> W (du ds).
x10,¢ .

i=1
By Ito’s formula, we have

:<Z«s(0),¢>é+/0 2(Zs(s), )o(T5(dsU(s)), p)ods
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d t
£y /0 (Z5(5). $)0 (02, To(ag U(s)). $)o ds

ij=1
d t

_Z/O 2<Z§(S), ¢>0<axiT5(bi,SU(s))7 ¢>0 ds
i=1

+ /U o 270

x < > 00 To(ois(u)U(s)) + n(ﬁs(~,u)U(s)>,¢> W (duds)
s 0

i=1

<.
U x[0,1]

Summing over ¢ in a complete, orthonormal basis of H; and taking expectations,
we have

2
w(du)ds.

d
<— 3 0 T ) U($)) + Ta(Bol ) U(s)). ¢>
0

i=1

E||Zs(1)][5

=||1Z5(0)|[5 + [E/O 2(Z5(s), Ts(dsU(s)))o ds

d t
3k /0 (Z6(5). 20 To(@ LU (s)))o ds

ij=1

d t
+) E /O (Z5(5), 0x,0x, Ts(a 1 U (5)))o ds

ij=1

d
_ Z [E/ 2(Z5(s), 0x, Ts(b; sU(s)))o ds
i=1

0
d
> 00 To(ei5( 1)U (s))

+E /
uxpa |55
Y /
Ux[0,] \

i=

2

w(du)ds
0

d
Ox, T5(0ti,s (-, u)U(s)), Ta(ﬁs(',u)U(S))> u(du)ds
1

0

+E / IT5(B. (o) U (s)| Bra( ) ds. (33)
Ux[0,1]

We will show that the integral terms on the right-hand side of (3.3) are bounded by a
constant times the integral of ||T5(|U(s)|)]]o-
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Lemma 3.2. Let (H, #,n) be a measure space and H = L,(n). (We are interested in
the cases H a singleton and H = U with n=u.) Let f;: R? — H, i = 1,2 satisfy

1fi(0) = fi»)l[ <Klx — yl, Vx,y € R,

I fi)lln<K, VxeR,

g,0x,g € Hy, i=1,...,d, and let { € M(RY). Then there exist constants K, and K,
depending on [ and f, but not on { such that

[1{g. £10.9)0ll1 < 3K lgl5, (3.4)
5Ol < [ Ts( £ 1O Do < KN T5(1DI o (3:5)
11105 T5(0) = 85 To(F1O1lol o < K1 [ T25(| £ o (3.6)
(T5(f20). 04, Ts(f10)) ] <Kl To(|Zfo- (3.7)

Proof. To prove (3.4), first assume that f| and g are continuously differentiable with
compact support. Then integrating by parts we have

1
(0. 11Catg =5 [ Ay ==3 [ @i fiwndx

and hence

2 1 2
| osicandgnPian<g [ 1] @ s

The general result follows by approximation.
Writing

irscroli = [ [ ][ 6= nno.
<[] ] st =»6atx = )

></ |f1(y,u) f1(F,w)[n(du)[C](dy)|L|(d7) dx
H
(3.5) follows.

2
< /[Rd </W Gs(x — )’)|f1(J/)|H|C|(dy)> dx
Noting that

|1/ 10, )0 Ts(O)(x) = 0, T5(f 100 |ea

2
1
n(du) < 3 K2|lg].

2
dx n(du)

- H/W(fl(xd — 17202 Gl

/ Klx — ‘Ga(x — »IC|(dy)



120 T.G. Kurtz, J. Xiong/ Stochastic Processes and their Applications 83 (1999) 103-126

x — y|?

<K
w0

P
exp (— i 45y| ) 272 Gas(x — p)[LI(dy)

<2PPRT(1L])(x).

Taking the Hy-norm of both sides gives (3.6) with K;=292+2K . (Note that ||||4||y]|o=

(1170l 1ss-)
By (3.4) and (3.6),

(T5(f20). 05 Ts(f10)) ot
<UT5(/20), 1106 Ts(O) o] + [(T5(/20), 0 To(S10) = 105 Ts(O) o]
<UT5(/20), 0 SATS(O) mywa| + |20 Ts(Os S1T5(0) e
{0 Ts(f20) = 205 T5(O), 1T O e | + Kl Ts(S 2Ol T25(1 D o
<K Ts(£20ollw | T5(Olo + K T5(1EDIG + KK Ts(EDIIG + KK NIT5(1LDI G

<K;3||T5(|CDI]G

where the next to the last inequality follows by Lemma 3.1(iii) and the previous
inequalities. [J

Lemma 3.3. For i =1,....d, let o; : RY — H = Ly(y) satisfy ||a(x)||n<K and
|Joi(x) — (V)| <K|x — y|. Define ay(x) = [, o(x,u)o;(x,u)n(du). Then for { €
M(R)

d

Z<TOC a aV,Tt)(ale) o+
U

ij=1

O, T (0ti(+, u)C) ﬂ(du)<K4|\T5(|C|)||o- (3.8)

Proof. Note that
d

> (T5L, 04,0, To(a0))o

ij=1

v o [ 6ot =) [ 00,6 = i)

i,j=1

S / (@) / a0, [ Gatx = 1)Goler —2)dx

i,j=1

i i Y =
-y [t [ s (S0 - ) G - yyayte)

i,j=1

(l yz)(Z ) li:'
—Z/ ) [ (B2 )

X Gas(z — »)3(ai(z) + ay(»)),
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where the last equality follows from the symmetry in y, z. Similarly,

| :

n(du)
0

d
> 0 Ts(ou(u))
i=1

/ ) S T, 008 Toay Do

i,j=1

=—Z/n(du>/ tiay) [ ey (BRI ) G - )

i,j=1

1
X E(O‘i(.% M)O(j(Z, u) + O(,‘(Z, M)ij(y, u))

Hence

LHS of (38)—2/ (dy)/ {(dz )(W— lzé)Gza(z—y)

i,j=1

1
<5 [ @00 = a0 ~ sz
H

T
/mdy)/ |C|(dz)(|z452 25)exp<_z 45y|>

x2Y2Gys(z — y)K?|z — y|?

ljl

DS [ 16 [ 1" Gustz = 3)

i,j=1
= 29282 K2 | Tos (D)3
<2PH PR | T5(10)I2,

v/4

where the second inequality follows by bounding (v? + v)e~%*. The lemma follows

with Ky = 297H4q?K?. [
The estimates in Lemmas 3.2 and 3.3 give the following.
Theorem 3.2. If U is an ./4(R%)-valued solution of (3.1) and Zs = TsU, then
B4 <O + e [ ET(UODIos (39)
where K¢ is a constant.
Proof. The second and last terms of (3.3) are bounded by a constant times

|| T5(JU(s)])|3 by (3.5). The bound for the third term follows from Lemma 3.3. (Take
H to be a singleton.) The bound for the sum of the fourth and sixth terms also follows
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from Lemma 3.3. (Take H=L,(u).) The bound for the fifth and seventh terms follows
by (3.7). O

Corollary 3.1. If U is an M (R?)-valued solution of (3.1) and U(0) € H,, then
U(t) € Hy a.s. and E||U(1)||3 < oo, Vt=0.

Proof. It follows from (3.9) that

t
EZi0) 1< 12,0001 + Ko | ElZ4(o)3 s

By Gronwall’s inequality, we have
E[1Z5(0)|I5 <11Z5(0)][5e™"

Let {¢;} be a complete, orthonormal system of Hy such that ¢; € Cb(Rd). Then, by

Fatou’s lemma,

E|D (¢, U®)

—F [Z lim (¢, U(1))?
j J

Hence U(t) € Hy and E||U(?)|3 < 00. [

< lim inf E[|Zy(0)|[§ < U (0)][5e*"

These estimates give uniqueness of .#_(R?)-valued solutions with U(0) € Hj.

Theorem 3.3. Suppose that U(0) € Hy, U(0)=0. Then (3.1) has at most one
M (RY)-valued solution.

Proof. Let U;(¢) and U,(t) be two .4, (RY)-valued solutions with the same initial
value U(0). By Corollary 3.1, Ui(t), Ux(¢t) € Hy a.s. Let U(t) = U,(¢) — Ux(t). Then
U(t) € Hy and
t
|7 U< | EITUGDGds
0
As before, taking 6 — 0, we have
t t
EUIf<ks [ IO =K [ ElUGids
0 0
and by Gronwall’s inequality, we have U(¢) =0. [J

By exactly the same argument we have the following theorem.

Theorem 3.4. Suppose that U(0) € Hy. Then (3.1) has at most one Hy-valued
solution.

Proof. Let U;(¢) and U,(t) be two Hy-valued solutions with the same initial value
U(0). Let U(t) = U,(t) — Ua(¢). Then U(t) € Hy and

t
BT U()|B <Ke / |75 U] 3 ds.
0
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Taking 6 — 0, we have

t t
FlUli<Ks [ BV =Ko [ EUefas
By Gronwall’s inequality, we have U(¢) =0. [
Finally, we consider the uniqueness of the solution of the nonlinear SPDE (1.6).

Theorem 3.5. Suppose that V(0) € Hy, then there exists a unique Hy-valued solution

of (1.6).

Proof. Let V' be the solution of (1.6) given by Theorem 3.1. Then by Corollary 3.1,
Y+ and V'~ (and hence V') have values in Hy.
Let V1(¢) be another Hy-valued solution of (1.6). Consider the system

t

X(1) = X,(0) + / o(Xi(s). V1(5)) dBi(s) + / C(Xi(s), Vi(s)) ds
0 0
+/ oA(Xi(s), Vi(s),u) W (duds) (3.10)
Ux[0,1]
and
A1) = 4,(0) + / As) (X5, Vi(s)) dBi(s) + / As)d(Xi(s). Vi(s)) ds
0 0
—|—/ Ai(s)B(Xi(s), Vi(s),u)W (duds). (3.11)
Ux[0,1]
Let Vzi(t) be given by
VEW = lim S 45w, (3.12)
i=1
As in Theorem 3.1, V," and V¥, are solutions of
(6. U(0)) = (6. U©) + /O (Vi) + LV (5)), U(s)) ds
+/ (PG V() u)d + otT(-, V1(8), )V, U(s))W(duds). (3.13)
Ux[0,1]

By Corollary 3.1, V," and ¥, (and hence V,=V," —V, ) are Hy-valued. In particular,
V, is an Hy-valued solution of (3.13). Since V; is also an Hy-valued solution of (3.13),
it follows from Theorem 3.4 that V, = ;. Hence, V| corresponds to a solution of the
system (1.2)—(1.4). By the uniqueness of the solution of this system we see that
Vt)y=r(t). O
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4. Relationship to filtering equations

Consider a filtering model with a signal given by

t

X(t):X(O)—i—/0 o*(X(s))dB(s)—F/0 b(X(s))ds

and the observations given as a set indexed process

Y(4,t)= /0 /Ah(X(s),u)u(du) + W(4,1).

Intuitively, think of Y as representing observations of spatially distributed information.
The corresponding Zakai equation, in weak form, is

(. V(1)) = (. V(0)) + /0 (L, V(s)) ds + / (Bh(u), V(5)) Y (duds),

x[0,1]

where

1
Lp(x) =5 D aij(x)0 0 $(x) + Y bix)05 d(x)
ij i
with a(x) = o(x)a(x)". The Kushner—Stratonovich equation is

(¢, (1)) = (), m(0)) + / (L, n(s)) ds
0
_/U o ](<¢h(.,u), () (h(- ), ()Y — (, 7(s)) (h(-, u)n(s))?)u(du) ds

+ / (10, 7(s)) — (o 7(s)) (h(-, 1), 7(s)) ¥ (du ),
U x[0,1]

and V and 7 are related by

_ (.Y ()
<¢’ 7Z> - <¢’ 1) .

Following the standard reference measure approach to filtering, we can think of Y as
being Gaussian white noise defined on the Girsanov-transformed probability space, and
with that interpretation, both equations are of the form (1.6).

In particular, for the Zakai equation, we have

d=0,
Plx,v,u) = h(x,u),
=0,
=0,

and the system is

Xi(1) = X,(0) + /0 o(Xi(s))dBi(s) + /O b(Xi(s)) ds

Ai(t) = 4:(0) +/ Ai()h(Xi(s),u) Y (du ds).

U x[0,1]
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For the Kushner—Stratonovich equation,
a05.7) = = [ (7)) = (0.
Px, mu) = h(x,u) — (h(-,u), ),
a=0,
7 =0,
and the system becomes

Y1) = Xi(0) + / o(Xi(s),dB,(s) + / b(Xi(s)) s,
0 0
A1) = 4,(0) /0 /U A (1), 1)) (X)) — (- 0), () () s

+ / Ai(s)(h(Xi(s),u) = (h(-,u), n(s)))Y (duds)
Ux[0,1]
with
1
n() = lim — gAi(r)ém-
Define
N R
P(1)= lim Z;Ai(t).
Then

P(I)ZP(O)—/O(1 —P(S))/U<h(-,u),7f(S)>2ﬂ(du)dS

—|—/ (1 = P(s))(h(- u), n(s)) Y (duds),
U x[0,7]

so it follows that if P(0) =1, then P(¢) =1, +=0, and =(¢) must be a probability
measure.

Note that the representation for the Zakai equation is just Monte Carlo integration
of the Kallianpur—Striebel formula which was studied in Del Moral (1995). These
representations are also closely related to the branching particle methods considered in
Crisan and Lyons (1997) and Crisan et al. (1998).
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