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Abstract

The fact that the solution of a martingale problem for a diffusion process gives a
weak solution of the corresponding It6 equation is well-known since the original work
of Stroock and Varadhan. The result is typically proved by constructing the driving
Brownian motion from the solution of the martingale problem and perhaps an auxiliary
Brownian motion. This constructive approach is much more challenging for more
general Markov processes where one would be required to construct a Poisson random
measure from the sample paths of the solution of the martingale problem. A “soft”
approach to this equivalence is presented here which begins with a joint martingale
problem for the solution of the desired stochastic equation and the driving processes and
applies a Markov mapping theorem to show that any solution of the original martingale
problem corresponds to a solution of the joint martingale problem. These results
coupled with earlier results on the equivalence of forward equations and martingale
problems show that the three standard approaches to specifying Markov processes
(stochastic equations, martingale problems, and forward equations) are, under very
general conditions, equivalent in the sense that existence and/or uniqueness of one
implies existence and/or uniqueness for the other two.
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1 Introduction.

Let X be a solution of an Ito equation

X@:X@+AJM@MW@+AuMm@, (1.1)

where X has values in RY, W is standard, m-dimensional Brownian motion, o is a locally
bounded d x m-matrix-valued function, and b is a locally bounded R%valued function. Let
L be the corresponding differential generator

ZGU Err v 8% :zc)—ierl(:r;) 0

If we define Af = Lf for f € D(A) = C?(R?), the twice continuously differentiable functions
with compact support in R?, then it follows from Ito’s formula and the properties of the Ito
integral that

X)) — FX(0)) - / AF(X(s))ds = / VX)) o(X()dW(s)  (L2)

is a martingale and hence that X is a solution of the martingale problem for A (or more
precisely, the Cga[0, co)-martingale problem for A). That the converse to this observation
is, in a useful sense, true is an important fact observed early in the study of martingale
problems for diffusion processes ( ( )). To state precisely the sense
in which the assertion is true, we say that a process X with sample paths in Cga[0, 00) is a
weak solution of (1.1) if and only if there exists a probability space (€2, , P) and stochastic
processes X and W adapted to a filtration {Fi} such that X has the same distribution as

X, W is an {F,}-Brownian motion, and

X@:X@+Aa@@mW@+Amﬂm@. (1.3)
We then have

Theorem 1.1 X is a solution of the Cral0, 00)-martingale problem for A if and only if X
is a weak solution of (1.1).

Taking expectations in (1.2) we obtain the identity

nf=vof + /t vsAfds, f e D(A), (1.4)
0

which is just the weak form of the forward equation for {14}, the one-dimensional distribu-
tions of X. The converse of the observation that every solution of the martingale problem
gives a solution of the forward equation is also true, and we have the following theorem. (See
the construction in ( ), Theorem 4.9.19, or ( ), Theorem 2.6.)
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Theorem 1.2 If X is a solution of the martingale problem for A, then {v;}, the one-
dimensional distributions of X, is a solution of the forward equation (1.4). If {v} is a
solution of (1.4), then there exists a solution X of the martingale problem for A such that
{w} are the one-dimensional distributions of X.

Note that Theorem 1.1, as stated, applies to solutions of the Cra[0, oo)-martingale prob-
lem, that is, solutions whose sample paths are in Cra[0,00), while Theorem 1.2 does not
have this restriction. In general, we cannot rule out the possibility that a solution of (1.1)
hits infinity in finite time unless we add additional restrictions to the coefficients. One way
around this issue is to allow X to take values in R%®, the one-point compactification of R,
and to allow 74 to be in P(R%). To avoid problems with the definition of the stochastic
integral in (1.1), we can replace (1.1) by the requirement that (1.2) hold for all f € C?(R%),
extending f to R by defining f(A) = 0.

Given an initial distribution vy € P(R9), we say that uniqueness holds for the mar-
tingale problem (or Cga[0, c0)-martingale problem) for (A, 1) if any two solutions of the
martingale problem (resp. Cga[0, c0)-martingale problem) for A with initial distribution g
have the same finite dimensional distributions. Similarly, weak uniqueness holds for (1.2)
(or (1.1)) with initial distribution vq if any two weak solutions of (1.2) (resp. (1.1)) with
initial distribution vy have the same finite dimensional distributions, and uniqueness holds
for the forward equation (1.4) if any two solutions with initial distribution v are the same.

Note that neither Theorem 1.1 nor Theorem 1.2 assumes uniqueness. Consequently,
existence and uniqueness for the three problems are equivalent.

Corollary 1.3 Let vy € P(R?). The following are equivalent:
a) Uniqueness holds for the martingale problem for (A, vy).
b) Weak uniqueness holds for (1.2) with initial distribution vy.
c¢) Uniqueness holds for (1.4) with initial distribution vy.

The usual proof of Theorem 1.1 involves the construction of W in terms of the given
solution X of the martingale problem. If d = m and o is nonsingular, this construction is
simple. In particular, if we define

then
W(t) = / o1 (X (s))dM (5),

where o~! denotes the inverse of o. If o is singular, the construction involves an auxiliary

Brownian motion independent of X. (See, for example, ( )

Theorems 4.5.1 and 4.5.2, or ( ), Theorem 5.3.3.)
A possible alternative approach is to consider the process Z = (X,Y) = (X, Y (0) + W).

Of course
47 (1) = d( Y(O)X+(t1)4/( ) ) _ < 7(X() ) AW (¢) + ( Wé(t) > it (15)



Note that each weak solution of (1.1) gives a weak solution of (1.5) and each weak solution of
(1.5) gives a weak solution of (1.1). As before, using It6’s formula, it is simple to compute the
generator A corresponding to (1.5) (take the domain to be C?(R4™™)). Furthermore, since
if one knows Z one knows W, it follows immediately that every solution of the martingale
problem for A is a weak solution of the stochastic differential equation. In particular, weak
uniqueness for (1.5) implies uniqueness for the martingale problem for A. Note, however,
that the assertion that every solution of the martingale problem for A is a weak solution
of (1.5) (and hence gives a weak solution of (1.1)) does not immediately imply that every
solution of the martingale problem for A is a weak solution of (1.1) since we must obtain the
driving Brownian motion. In particular, we cannot immediately conclude that uniqueness
for (1.1) implies uniqueness for the martingale problem for A.

In fact, however, an argument along the lines described can be used to show that each
solution of the martingale problem for A is a weak solution of (1.1). For simplicity, assume
d =m = 1. Instead of augmenting the state by Y (0) + W, augment the state by

Y (t) =Y (0) + W(t) mod 2.
We can still recover W from observations of the increments of Y. For example, if we set
= (i o ) 1.6
and .
W (t) :/o (—sin(Y'(s)),cos(Y(s)))d((s), (1.7)
then W is a standard Brownian motion and ( satisfies

_( —sin(Y(?)
d¢(t) = ( cos(Y (1)) )dW(t). (1.8)

The introduction of Y may look strange, but the heart of our argument depends on being
able to compute the conditional distribution of Y (¢) given FX = (X (s): s <t). If Y/(0) is
uniformly distributed on [0, 27] and is independent of W, then the conditional distribution
of Y(t) given F¥ is uniform on [0,27]. In fact, that is the conditional distribution even if
we condition on both X and W.

Let D(A) be the collection of f € CZ(Rx|0,27)) such that f(z,0) = f(z,27—), f,(z,0) =
fy(z,2m—), and f,,(z,0) = f,,(z,27—). Applying Itd’s formula, for f € D(A\), we have

-~ 1 1
Af = 502fmc + Uf:z:y + éfyy +bfs.

Suppose Z = (X,Y) is a solution of the martingale problem for E, and define ¢ by (1.6)
and W by (1.7). Applying Lemma A.1 with fi(z,y) = f(z), fo(z,y) = cos(y), f3(z,y) =
sin(y), g1(2,y) = 1, g2(2,y) = f'(x)o(x) sin(y), and gs(x,y) = —f'(x)o(x) cos(y) implies

M) = F(X(1) — F(X(0) - / AF(X(s))ds
/ F1(X(5))o(X (5)) sin(Y (5))dc (s / F1(X ()0 (X (5)) cos(Y (5))dGa(s)



satisfies (M) =0 so M = 0 and hence

FX(0) = FX(0) + / (X (5))0/(X (3))dW (s) + / Af(X(s)ds.  (19)

It follows that any solution of the martingale problem for A satisfying sup,., | X (s)| < oo
a.s. for each t is a weak solution of (1.1). -

Of course, this last observation does not prove Theorem 1.1. We still have the question
of whether or not every solution of the martingale problem for A corresponds to a solution
of the martingale problem for A. The following result from ( ) provides the tools
needed to answer this question affirmatively. Let (E,r) be a complete, separable metric
space, B(E), the bounded, measurable functions on £, and C'(E), the bounded continuous
functions on E. If E is locally compact, then 6(E) will denote the continuous functions
vanishing at infinity. We say that an operator B C B(E) x B(FE) is separable if there exists
a countable subset {gx} C D(B) such that B is contained in the bounded, pointwise closure
of the linear span of {(gx, Bgx)}. B is a pre-generator if it is dissipative and there are
sequences of functions p, : £ — P(E) and A\, : E — [0, 00) such that for each (f,g) € B

g(z) = lim A(x) / () — F(@))pnl, ). (1.10)

n—oo S

for each x € E. R

For a measurable, Eg-valued process U, F is the completion of o( [; h(U(s))ds : r <
t,h € B(Ey)) vV o(U(0)). Let TV = {t : U(t) is j-ltU-measurable}. (TY has full Lebesgue
measure, and if U is cadlag with no fixed points of discontinuity, then TV = [0, 00). See
Appendix A.2 of ( ).) Let Mg,[0,00) be the space of measurable
functions from [0, 00) to Ey topologized by convergence in Lebesgue measure.

Theorem 1.4 Suppose that B C C(E) x C(E) is separable and a pre-generator and that
D(B) is closed under multiplication and separates points in E. Let (Eg, 1) be a complete,
separable metric space, v : E — FEy be Borel measurable, and o be a transition function
from Ey into E (y € Ey — a(y,-) € P(E) is Borel measurable) satisfying a(y,v (y)) = 1.
Define

C={( / f(2)al- d2), / Bf(2)a(-dz)) : | € D(B)} .

Let po € P(Ey), and define vy = [ oy, -)po(dy). If U is a solution of the martingale problem

for (C, o), then there exists a solution V' of the martingale problem for (B, vy) such that U
has the same distribution on Mg,[0,00) as U =~y oV and

P{V(t) eT|F'} = a(U(t),T), T eB(E),teTV. (1.11)

If U (and hence U) has a modification with sample paths in Dg|0,00), then the modified U
and U have the same distribution on Dg|0,00).

Assume that ¢ and b in (1.1) are continuous. (This assumption can be removed with
the application of more complicated technology. See Section 4.) Let B in the statement of
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Theorem 1 4 be A\ E=Rx[0,2m), Ey =R, y(z,y) = =, and for f € B(R x [0,2m)), define
= 5= fo (x,y)dy. For f € D(A ) a straight forward calculation gives

aAf(z) = Aaf(x),

so A = C. It follows that if X is a solution of the martingale problem for A, then there
exists a solution (X,Y) of the martingale problem for A such that X and X have the
same distribution. Consequently, if X has sample paths in Cg[0,00), then X is a weak
solution for (1.1), and Theorem 1.1 follows. Every solution of the martingale problem for A
will have a modification with sample paths in Dga[0, c0), where R® denotes the one-point
compactification of R, and any solution with sample paths in Dg[0, c0) will, in fact, have
sample paths in Cg|0, 00).

Invoking Theorem 1.4 is obviously a much less straight forward approach to Theorem
1.1 than the usual argument; however, the state augmentation approach extends easily to
much more general settings in which the constructive argument becomes technically very
complicated if not impossible.

2 Stochastic differential equations for Markov processes.

Typically, a Markov process X in R? has a generator of the form

2

Z ax,axjf (2)+b()-V f(2)+ /R (Flaty)=F@)=15,4)y-Vf(2))n(x, dy)

1\3 I

where B is the ball of radius 1 centered at the origin and 7 satisfies

/1 Ay |n(z, dy) < oo (2.1)

for each z. (See, for example, ( ) ( )-)
The three terms are, respectively, the diffusion term, the drift term, and the jump term.
In particular, n(x,I') gives the “rate” at which jumps satisfying X (s) — X(s—) € I occur.
Note that B; can be replaced by any set C' containing an open neighborhood of the origin
provided that the drift term is replaced by

bete) V) = (o) + [ o1e) - 1o )ite ) ) - 9 1(0)

Suppose that there exist A : R4 x § — [0,1], v: R? x S — R?, and a o-finite measure v
on a measurable space (S, S) such that

n(z.T) = / Az, u)1r(y(z, u))v(du).



This representation is always possible. In fact, there are many such representations. For
example, we can rewrite

n(z,T) = /S/w”’“)1[0’”“7(5’37“|))1F(7(£U,U))u(du)
+/SA(JZ,u)1(1,oo)(|’7(x,u]))lp(fy(x’u))y<du)

= [ MGt + [ el )it
S

S

= /)\(IE,U)]_F(’Y(I’,U))V(CZU)—’—/ Mz, u)1p(y(z, u))v(du),
S1

So

where S7 and Sy are copies of S and A on S; is given by A; and A on S5 is given by Ao.
Noting that 1g,(u) = 15,(y(z,u)), we can replace S by S; U Sy, and assuming

/S A, u)(Ls, ()| (2, )2 + Ls, () v(dus) < oo,

—f(z) +b(z) - Vf(2) (2.2)

+ /S Az, u)(f (2 + (2, u) = f(2) = L (u)y(z, u) - V[ (2))v(du).

We will take D(A) = C?(RY) and assume that for f € D(A), Af € C(R?). Removal
of the continuity assumption will be discussed in Section 4. The assumption that Af is
bounded can also be relaxed, but that issue is not addressed here.

Let £ be a Poisson random measure on [0, 1] X S x [0, 00) with mean measure m X v x m,

and let £(A) = £(A) — m x v x m(A). Let (Sp,Sp) be a measurable space, u a o-finite
measure on (Sp, Sp), W a Gaussian white noise on Sy x [0, 00) satisfying E[W (A, s)W (B, t)] =
s Atp(AN B), and o : R? x Sy — R satisfying [ |o(z,u)]*1(du) < oo and

a(:v):/s o(z,u)o” (x,u)u(du).

Again, there are many possible choices for y and o. The usual form for an Itd equation
corresponds to taking p to be counting measure on a finite set Sp.
Assume that for each compact K C R?

o, w)|* u(du) +/ Mz, w) |y (z, w)|*v(du) (2.3)

sup (]b(x)| +
reK S1

So

—1—/52 Az, w)|y(x,u)| A 1u(du)) < 00.



Then X should satisfy a stochastic differential equation of the form
t
X(t) = X(0)+ / o(X(s),u)W(du x ds) + / b(X(s))ds (2.4)
SoX[O t] 0
+f oas (ool (X (3). (v  du  ds)
[0,1]x .51 x0,t]
+f ooy (011 (X (5=), (e x du  ds),
[0,1]x S2x[0,¢]

for t < 7 = limy o inf{t : [X(t—)] or [X(t)| > k}. Stochastic equations of this form
appeared first in ( ).

An application of Itd’s formula again shows that any solution of (2.4) gives a solution
of the martingale problem for A. We will apply an extension of Theorem 1.4 to show that
every solution of the Dga[0, 0o)-martingale problem for A is a weak solution of (2.4), or more
generally, we can replace (2.4) by the analog of (1.2) and drop the requirement that the
solution have sample paths in Dga[0, 00). (In any case, the solution will have a modification
with sample paths in Dgaa 0, 00).)

As in the introduction, we will need to represent the driving processes W and £ in terms
of processes whose conditional distributions given X are their stationary distributions. To
avoid the danger of measure-theoretic or functional-analytic fauz-pas, we will assume that S
and Sy are complete, separable metric spaces and that v and p are o-finite Borel measures.

2.1 Representation of IV by stationary processes.

Let 1, @2, ... be a complete, orthonormal basis for Ly(u). Then W is completely determined
by

W (s t) :/ (W)W (du x ds), i=1,2,....
SoX[Ot]

In particular, if H is an {F;}-adapted process with sample paths in Dy, (,)[0,00), then

©
|G Widuxds) = 30 [ (H(s=))dW (o)
S()X[O,t] i=1 0
In turn, if we define Y;(t) = Y;(0) + W (¢, t) mod 27 and

Ci(t):(cos t+f—cos (s) ) ( Jy sin(; dW(%,))7

sin(Y;(t)) —|—f 5 sin(Y;(s) ds fo Cos Y( ))dW (@3, S)
then )
Wigot) = [ (=sin(Yi(s), cos(¥i ) i) (2.
and hence,

H(s,u)W (du x ds) —sin(Y;(s)), cos(Y;(s)))d(;(s).
[, H Z/ (Yi(s)), cos(Vi())dCls)
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Note that if ¥;(0) is uniformly distributed on [0, 27) and independent of W, then Y; is a
stationary process and for each ¢, the Y;(¢) are independent and independent of o (W (¢p;, s) :
s < t,7 =1,2,...). Identifying 27 with 0, [0,27) is compact and Y = {Y;} is a Markov
process with compact state space [0, 27)>

2.2 Representation of ¢ by stationary processes.

Let {D;} C B(S) be a partition of S satisfying v(D;) < oo, and define &(C} x Cy x [0,t]) =
£(Cy1 x Con D; x [0,¢t]). Then the &; are independent Poisson random measures, and setting
N;(t) = £([0,1) x D; x [0,t]), & can be written as

Ni(t)—-1

5 Z 5(‘/1 kUik)>

where {V;x,U;x,i > 1,k > 0} are independent, V; is uniform-[0, 1], and U, is D;-valued

with distribution
g= L2
v(D;)
Define
Zi(t) = (Vinw: Uinviw)-
Then Z; is a Markov process with stationary distribution ¢ x ;, where ¢ is the uniform
distribution on [0, 1], and Z;(¢) is independent of o(&(- x [0, s]), s < t).
Since, with probability one, V; i # Vi x4+1, IV; can be recovered from Z;, and since

/[OJ]XSXM H(v,u, s—)&(dv x du x ds) = ;/;H%(s—), s—)dN;(s),

¢ can be recovered from {Z;}.

2.3 Equivalence to martingale problem

To simplify notation, we will replace Ly x(w(v)y(2,u) by v(x,u). There is no loss of
generality since S is arbitrary and we can replace [0, 1] x S by S. Under the new notation, &
is a Poisson random measure on S x [0, 00) with mean measure v x m. We will also assume
that v is nonatomic so it is still the case that, with probability one, N; can be recovered
from observations of Z;.

Let Dy C C?([0,27)) be the collection of functions satisfying f(0) = f(2r—), f'(0) =
f'(2r—), and f"(0) = f"(27—), and let D; = C(D;). Define

( {fO Hflz Yi Hsz Zz fOECQ(Rd) flzG’Do,leE'D}

and for f € D(g), derive Af by applying Ito’s formula to

) H Fu(Yi(t)) H Foi(Zi(t))



Define L, by
92

l\DIH
[]=
£
b

f(@) +b(x) -V f(x),

L

=

S,
Il
—_

and L, by
Y

Note that L, would be the generator for X if v were zero and L, is the generator for
Y = {Y;}. The quadratic covariation of X; and Y} is

[XZ-,Y;C]:/O cir(X(s))ds,

where ¢ (z) = |,

s, i@, u)pr(u)p(du), so define Ly, by

zyf x y Zczk a aykf x, y)

For uw € S and z € [[, D;, let p(z,u) be the element of [ [, D; obtained by replacing z; by u
provided u € D;. Define

Jif<$7ya Z) = /D (f(iL‘ + 7(1'7 Zi)vya p(Z, ’LL)) - f<x>ya Z)
—1g, (u)y(z,u) - V. f(z,vy, z))u(du)
= [ (e zaplem) = a2 vid

[ (a9 2) - fo) - L@ o) - Vaf(e,p.2)

Then, at least formally, by 1t6’s formula,

is a martingale for

Af(zy.2) = Laf(n,y,2)+ Lyf (2,9, 2) + Layf(z,y,2) + ZJf Y.z

= Hfh Yi Hle 2)Afo(x) + Ly f(2,y, 2) + Lay f (2, y, 2)

+Z/ @+ 420,90 p(220) = @+ 7). 9,2) ().
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Unfortunately, in general, ). J; may not converge. Consequently, the extension needs to
be done one step at a time, so define Z" = (Z3, ..., Z,) and observe that the generator for
(X,Y,Z") is

A\nf(xvy7z) = fo(l‘,y72’> + Lyf(l’,y,Z) + nyf(J:»y:Z) + Z Jlf({L‘,y,Z)

=1

= Hflz yz Hsz Zz Afo +Lyf(17 Yy, )+nyf(17’y7z)
+Z / P+, 20,9, (5, 0)) = o+ (), ,2) ) w(du),

where we take D(A,) = {f € D(A) : my < n}. Note that as long as Af, € B(R?),
A.f € B(R?* x [0,2m)* x [Ti~; D:).

Instead of requiring (X, Y, Z) to be a solution of the martingale problem for 121\, for each
n, we require (X,Y, Z™) to be a solution of the martingale problem for A,.

Lemma 2.1 If for each n, (X,Y,Z"™) is a solution of the martingale problem for En with
sample paths in Dgaa (o 2y~ x[17, D,[0,00), W is given by (2.5), and § is given by

/S [0,4] g(w)(du x ds) = Z/o 9(Zi(s—))dN(s),

then (X, W, &) satisfies (2.4) for 0 <t < To.

Remark 2.2 Any process (X,Y, Z) such that for eachn, (X,Y, Z") is solution of the martin-
gale problem for A, will have a modification with sample paths in Dgaa o 2x) 1, D; [0, 00)
and the modification will satisfy (2.6) for all f € C*(R?), taking f(A) = 0.

Proof. As in the verification of (1.9) Lemma A.1 can again be used to show that (X, W, ¢)
satisfies

FX() = FX(0) + / AF(X(s))ds + / V(X(8)To (X (s), )W (du x ds)  (2.6)
+ / (F(X(5—) +7(X(s), w)) — F(X(5—))E(du x ds),
Sx[0,t]
f € C?(RY), t >0, and it follows that X satisfies (2.4) for 0 <t < 7. O

Theorem 2.3 Let A be given by (2.2), and assume that (2.3) is satisfied and that for f €
C3(R?), Af € B(R?). Then any solution of the Dga[0,00)-martingale problem for A is a
weak solution of (2.4). More generally, any solution of the martingale problem for A has a
modification with sample paths in Dgaal0,00) and is a weak solution of (2./) on the time
interval [0, Too) -
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Remark 2.4 We need to relax the requirement in Theorem 1./ that R(B) C C(E). This
extension is discussed in Section /.

Proof. Let 8, € P(]0,27)>) be the product of uniform distributions on [0,27) and 87 €
[T, Bi. For z € RY, ay,(z,-) = 6, x B, x B2 € P(R? x [0,27)® x [[\_; Di). (7 is just the
projection onto R%.) Computing anA, f, observe that o, L, f = Lo, f, that oy, L, f = 0 since
By is the stationary distribution for L,, and that o, L., f = 0 since fOZW Oy, f(z,y, z)dyr, = 0.
To see that «,,J;f = J;a,, f, note that

/Dz- /Di flz+y(z, 2:),y, p(z,u))v(du)v(dz) = /Di /Di Flx +~(z,0), y, 2)v(du)v(dz).

Taking these observations together, we have anﬁn f=Aa,f.
We apply Theorem 4.1. See Section 4. Note that D(A,,) is closed under multiplication.
The separability condition follows from the separability of D(A ) under the norm

11l = N1+ IV £l + 10211

The pre-generator condition for B and B, defined in Section 4 follows from existence of
solutions of the martingale problem for BY f = B, f(-,v). (See the discussion in Section 2
of ( ).) Consequently, taking C' = A and B = A, in Theorem 4.1, any solution
X of the martmgale problem for A Corresponds to a solution (X,Y,Z") of the martingale
problem for A,. But note also, that BrAnsrf = A, B,f for f € D(A n+1) Consequently, any
solution the martingale problem for A, extends to a solution of the martingale problem for
gnﬂ. By induction, we obtain the process (X, Y, Z) so the first part of the theorem follows
by Lemma 2.1.

If X is a solution of the martingale problem for A, then by ( ),
Corollary 4.3.7, X has a modification with sample paths in Dgaa[0,00). For nonnegative
k € B(RY), let

~(t) = inf{s : /OS kHX (r))dr > t}.

Then X (t) = X (y(t)) is a solution of the martingale problem for KA. If x(z) = 1 for |z| < k
and k(z) = 0 for || > k + 1, then for 7, = inf{t : | X (¢t—)| or |X(¢)| > k}, X(¢) = X (¢t) for
t < 7 and X has sample paths in Dga[0,00). It follows that X is a weak solution of (2.4)
with o replaced by /ko, b replaced by kb and X replaced by xA, and hence X is a weak

solution of the original equation (2.4) for t € [0, 7). Since T, = limy_,o 7%, the theorem
follows. O

Corollary 2.5 Uniqueness holds for the Dgal0, 00)-martingale problem for (A,vy) if and
only if weak uniqueness holds for (2.4) with initial distribution vy.

3 Conditions for uniqueness.

In ( ) as well as in later presentations (for example, ( ) and
( )), Lo-estimates are used to prove uniqueness for (2.4). ( )
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points out the possibility and desirability of using Lj-estimates. (In fact, for equations
controlling jump rates with factors like 1jg x(x(#),u(v), Li-estimates are essential.)
( ) develop methods that allow a mixing of Ly, L, and other estimates.

Theorem 3.1 Suppose there exists a constant M such that

|b(2)] + s IU(CL’,U)!Qu(dUH/S (@, w) Az, u)v(du) (3.1)

—l—/S Az, w)|y(z,uw)|v(du) < M,

and
\/ [ttty wputd) < Ml (32)
be) — byl < Mo —y] (33)
[ ) = )N ) A N () < My (3.4)
[ ) = Al ) = sl < Mz -y (3.5)
[ M@l = sl < M-y (3.6)
[ W) = Mgl lvid) < Mla =l (37)

Then there ezists a unique solution of (2.4).
Proof. Suppose X and Y are solutions of (2.4). Then
X(t) (3.8)

t
= X(0)+ / o(X(s),u)W(du x ds) +/ b(X(s))ds
So><[0,t] 0
+/ Lio 0 (s),u)AA(Y (8),0)] (V) V(X (5—), u)g(dv X du x ds)
[0,00) x S1 x[0,¢]

+ / LAY (5—) ) AMX (5 ), A(X (5-),)] (©)
[0,00) x.S1 x[0,t]

V(X (s—),u)é(dv X du x ds)

+/ Lo a(x (s—)u)] (V)Y (X (5—=), u)é(dv x du x ds),
[0,00) xS x[0,t]

and similarly with the roles of X and Y interchanged. Then (3.2) and (3.3) give the necessary
Lipschitz conditions for the coefficient functions in the first two integrals on the right, (3.4)
gives an Lo-Lipschitz condition for the third integral term, and (3.5), (3.6), and (3.7) give
L;-Lipschitz conditions for the fourth and fifth integral terms on the right. Theorem 7.1 of

( ) gives uniqueness, and Corollary 7.7 of that paper gives existence.
O
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Corollary 3.2 Suppose that there exists a function M(r) defined for r > 0, such that (3.1)
through (3.7) hold with M replaced by M(|x| V |y|). Then there exists a stopping time
Too and a process X (t) defined for t € [0,7) such that (2.]) is satisfied on [0,7) and
Too = im0 inf{t : [X ()] or | X (t=)| > k}. If (X,7) also has this property, then T = 7o
and X(t) = X (1), t < Too.

Proof. The corollary follows by a standard localization argument. 0J

4 Equations with measurable coefficients.

Let E and F be complete, separable metric spaces, and let B ¢ C(E) x C(E x F). Then
Theorem 1.4 can be extended to generators of the form

Bf(r) = /F Bf(z, 0)n(x, dv), (4.1)

where 7 is a transition function from E to F, that is, z € E — n(z,-) € P(F) is measurable.
Note that B € C(FE) x B(E) but that B may not have range in C'(E). (The boundedness
assumption can also be relaxed with the addition of moment conditions.) Theorem 1.4
extends to operators of this form.

Theorem 4.1 Suppose that B given by (4.1) is separable, that for each v € F, B'f =
Bf(-,v) is a pre-generator, and that D(B) is closed under multiplication and separates points
in E. Let (Eo, 1) be a complete, separable metric space, v : E — Ey be Borel measurable,
and « be a transition function from Ey into E (y € Ey — a(y,-) € P(E) is Borel measurable)

satisfying a(y,v 1 (y)) = 1. Define
C={([ fG)atd2). [ Bilald2): e DB

Let po € P(Ey), and define v = [ a(y, ) po(dy). If(? is a solution of the martingale problem
for (C, uo), then there exists a solution V' of the martingale problem for (B, vy) such that U
has the same distribution on Mg,[0,00) as U =~y oV and

P{V(t) eT|FV} = a(U(t),T), T €B(E),teT. (4.2)

If U (and hence U) has a modification with sample paths in Dg[0,00), then the modified U
and U have the same distribution on Dg[0, 00).

Proof. See Corollary 3.5, Theorem 2.7, and Theorem 2.9d of ( ). O

To apply this result in the proof of Theorem 2.3, we must show that A\n can be written
in the form (4.1). Suppose that for each compact K C R¢,

ig}g(la(ﬂ?)Hlb(ﬂf)H g [y (z, w)[*v(du) + s [y (2, w)| A v (du) < oo.
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Let F; be the space of d x d nonnegative definite matrices with the usual matrix norm,
F, =R? and Fj the space of R?valued functions on S such that

) |y () [Pv(du) + j ()] A 1v(du)) < cc.

We can define a metric on F3 by

da(m1,72) = \/ s 71(w) = Y2 (w)Pv(du) + [ [m(u) = ()] Alv(du).

Sa

Then F = I} x Iy x Fy is a complete, separable metric space, and for v = (v!,v% v3) € F,

fz) + v? - V() (4.3)

is the generator of a Levy process in R?. Let

N, ) = Oaa)b()(z)-
Then
Af@) = [ B (o (o, dv).

Similarly, we can define B,, to include Y and Z" so that

~

Anf(xaya Z) = /an<x7yazav)n<xa d’l})

A Appendix.

Lemma A.1 Let A C B(F) x B(E), and let X be a cadlag solution of the martingale
problem for A. For each f € D(A), define

M(t) = F(X(1)) — / AF(X(s))ds.

Suppose D(A) is an algebra and that foX is cadlag for each f € D(A). Let f1,..., fm € D(A)
and g1, ..., 9m € B(E). Then

Z / Gi( X (s=))dM, (5)

15 a square integrable martingale with Meyer process

= > /gz (X()(ASif;(X ()= i X () AS; (X () = f3(X (5)) Afi(X (5)) ) ds.

1<e,5<m
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Proof. The lemma follows by standard properties of stochastic integrals and the fact that

(My,, My,)e = /0 (Af1f2(X(s)) = [i(X () AL2(X () = f2(X(5)) ASL(X(s)))ds.

This identity can be obtained by applying It6’s formula to fi(X(t))f2(X(t)) and the fact
that [fi o X, fo o X|; = [My,, My,]; to obtain

[My, Mp]e = fi(X())f2(X(1) = [1(X(0)) f2(X(0)) —/ Afifa(X(s))ds
/ fl dez / f2 del( )
+/0 (Af1f2(X(s)) = [1(X(5))Af2(X(5)) — f2(X(5))AS1(X(s)))ds .

Since the first five terms on the right give a martingale and the last term is predictable, the
last term must be (My,, My, );. O
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