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Abstract

Using a controlled Jackson network as the primary example, stochastic control
problems are formulated as martingale problems and the optimal solutions are char-
acterized as the solutions of infinite dimensional linear programs. Assuming a heavy
traffic scaling, the analogous linear program for a singular control problem is derived,
and the solution of the linear program is shown to give the stochastic model minimizing
the long-run average cost.

1 The model.

We consider a controlled Jackson network with m stations, external arrival rates vy,...,v,,
service rates ui, ..., un, and routing probabilities p;;. We assume that the routing proba-
bilities are fixed but that we can control the arrival and service rates subject, perhaps, to
certain constraints.

We can formulate the model as the solution of a system of stochastic equations:

m
=1

Q) = Q) +Yil [ Vils)ds) + 3 Vit [ Ty Us(s)ds)
- g:l Yii (P /0lt Liqio)>0yUi(s)ds),

where {Y;} and {Y;;} are independent, unit Poisson processes, {V;} are the controlled arrival
rates, and {U;} are the controlled service rates.
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The generator of the model has the form

m

Af(gu,v) = Y vilflg+e) = fla) + iuzmof{qm}(f(q —e) = f9)

i=1 =1

+ i w;pijlig>0y(f(q +e; —e) — f(q)),

2,j=1

where, for i = 1,...,m, e; denotes the vector with ith component 1 and all others 0. Take
the domain of A, D(A), to be the collection of bounded functions on Z{*, Zy = {0, 1,2,...},
and assume that there is a constant such that the controlled rates must satisfy U;, V; < K.
Then, assuming the U; and V; are nonanticipating in an appropriate sense, any solution of
the system of equations has the property that for every f € D(A),

t
FQE) = [ AF(Qs). U(5). V(s))ds (1)
is a martingale with respect to a filtration independent of f.
We require
0<v; <K, 0<y
owu; <1, k=1,... ko (1.2)
and
Zﬁlivi Z 17 [ = 17"'7l07 (13)

where ay;, B;; > 0. We assume that for each i, there exists at least one k such that ay; > 0,
and, hence, u; < 1/ay,. Let P = ((pij))1<i,j<m be the matrix of transition probabilities where
pi; is the probability that a customer of class ¢ moves to class j after completing service.
Pio = 1 — ZT:1 pi; is the probability that the customer leaves the system. We assume that

the system is open so that

(I-P)'= ip’f

exists.

Let 1 be the vector all of whose components are ones. We can write the constraints in
(1.2) and (1.3) as cu < 1 and Sv > 1, where « is the matrix with rows oy = (g1, - - -, Qgm),
k=1,... ko, and § is the matrix with rows 5, = (51, .. ., Bum). Define

Ig={vel0,K]":pBv>1}, TI*={uel0,00)":au<1}

that is, I'g is the collection of admissible external arrival rates and I'* is the collection of
admissible service allocations.

In some examples, it may be more natural to state arrival constraints as equalities rather
than inequalities. For example, the external arrival rate into a queue may be fixed. Ordi-
narily, however, replacing some of the inequalities by equalities will not affect the analysis.

This model includes the Markov version of the model considered by Laws [8]. In his
model, job types have fixed routes, so p;; is 0 or 1, but models with more general routing



probabilities can be reformulated as models with fixed routes. In his model, a finite collection
of servers allocate effort among disjoint collections Ji of job classes, which, in our notation,
gives constraints of the form

that is, for i € Ji, u;/p; is the fraction of the effort of server k that is devoted to job class i.
The model also includes special cases of the Markov, continuous time analog of the model
considered by Martins and Kushner [10]. Some of their examples allow control of the {p;;}.

1.1 Example: Two queues with alternate routing.

(See [10].) Assume that there are two queues that can serve customers at maximum rates
11 and po respectively. There are three arrival streams with rates k1, ko, and k3. All traffic
from the first stream enters queue I, all traffic from the second stream enters queue II, and
the traffic from the third stream can be routed to either queue. The constraints become

U1 2> K1, U2 > Ka, U1+ U2 K+ Kyt K3

and
up < Uo, Uz < 1.

Of course, these inequalities can be normalized to be of the form above by dividing through
by the right side.

1.2 Example: Two queues with reassignable server.

(See 1,4, 12].) Assume that there are two queues with arrival rates k1 and x5 and two servers.
The first server can only serve customers in the first queue and serves these customers at rate
1. The second server can serve customers in the second queue at rate ps and/or customers
in the first queue at rate pus. More precisely, if the second server allocates a fraction 6 of
its effort to the second queue and the remaining fraction (1 — @) to the first queue, then it
serves customers in the second queue at rate fus and customers in the first queue at rate
(1 — O)puz. The constraints then become

V1 > K, Vg > Ko

and u " ’
up S+ pg, up S pp, — 4 — <41
2 T 0 M3

Again, the inequalities can be normalized by dividing through by the right side.

1.3 Example: Two types of work and two servers.

Assume that there are two types of work that arrive in the system at rates k1 and ko. There
are two servers. The first server can process Type 1 work at rate pu; and Type 2 work at rate



p2. The second server can process Type 1 work at rate pug and Type 2 work at rate puy. The
work can by allocated to the servers in any manner. The system has four customer classes
and the corresponding constraints are

vy + U3 > Ky, Vg + Vg > Ko
U U U U
L4 2<r 2aTtan,
M1 2 M3 Ha

2 Conditions for stability.

Let A\;(v) be the total arrival rate at node j assuming that the external arrival rates are
given by the vector v. Then

)‘j (’U) = -+ Z )\i('l})pij, (24)
that is
Av) = (I — PT) 1,

where P denotes the transpose of the matrix P = ((pi;))1<ij<m- Assume that there exists
v € I'g such that

Zaki)\i(v) <1, k=1,... k.

Then there is an allocation of effort that stabilizes the system. For example, select u; > \;(v)
satisfying
Zakiuigl, k':l,...,ko.

Recall that if we fix the arrival rates and the service allocations at v and u, then the stationary
expectations become

2.1 Linear program for long-run average costs.

Let ¢(q,u,v) be a nonnegative, lower semicontinuous function. The long-run average cost
problem is to select U and V' to minimize

J(U,V) = limsup E E / " e(Q(s), U(s), V(s))ds} |

t—o0

Note that for bounded f, the fact that (1.1) is a martingale implies

lim E E / CAF(Q(s), U(s),V(s))ds} — 0.

Define e
u(C x D)= E [t /0 To(Q() In(U(s), V(s))ds} .



If finiteness of J(U, V') implies tightness of {yu,}, for example, if ¢(q,u,v) = >, ¢; (recall
that I'* and I'g are compact), then any limit point u satisfies

/ Af(q,u,v)u(dg x du x dv) =0, f € D(A), (2.5)
ZGtxT'*xT'g

and

/ c(q,u,v)p(dg x du x dv) < J(U, V).
ZgtxT'*xT'g

Consequently, we formulate the following linear programming problem: Minimize
/ c(q, u,v)p(dg X du X dv) (2.6)
zg*xIexT'g

subject to (2.5).

The relationship between controlled Markov processes and linear programming was recog-
nized by Manne [9] in the context of finite Markov chains and developed by Stockbridge [11]
for general Markov processes.

Theorem 2.1 Suppose that for each K > 0,

{p: / c(q,u,v)pu(dg x du x dv) < ¢, u satisfies (2.5)} (2.7)
ExXF

is compact and is nonempty for ¢ sufficiently large. Then there exists a solution of the linear
programming problem.

It is not immediately obvious that the solution of the linear programming problem cor-
responds to the optimal solution of the stochastic control problem. The next result, which
is a consequence of more general theorems in [6] or [2], ensures that it does.

Theorem 2.2 Let u € P(Z] x I'* x I'g) satisfy (2.5), and suppose pu(dg x du x dv) =
to(dq)n(q, du x dv). Then there exists a stationary solution of the controlled martingale
problem for A such that U(s) = Jra un(Q(s), du x I'g), V(s) = [, vn(Q(s), I'* X dv), and

BL[ hQ(s), U(s), V(s))] = [ hla,u, v)u(dg x du x dv)
for every bounded, measurable h. In particular, the long-run average cost is given by (2.6).
Remark 2.3 The general results in [11, 2, 6] require the use of relazed controls. Relazed
controls are not needed here because the control enters the generator linearly.
3 Heavy traffic limit.

There are two approaches to defining what is meant by a heavy traffic limit for the controlled
system. One, which we will refer to as the perturbed rate model, is to fix nominal external
arrival rates v; and then to require that the controlled external arrival and service rates be
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small perturbations of the nominal external arrival and total arrival rates. In terms of a
scaling parameter n, we write

1 1
(% Yi — %U?, U; = )\Z(’}/) + ﬁug, (38)
where . .
(u®,0%) € F" = {(u°,0°) : A(y) + —=u® € T*, v — —=2" € T'4}. (3.9)

Vi Vi

The magnitudes of v° and u° are constrained by penalizing the deviations from v and A(7y).
For example, take the running cost to be

1 ™ m
c(q,u,v) = NG > ai+ D (vl + Judl).
=1 =1

This approach is essentially the same as that taken in [10, 3].

The second approach, which we will refer to as the constrained rate model, is to assume
that the constraints asymptotically determine unique nominal arrival rates. (See, for exam-
ple, [8, 5, 4, 1, 12].) To formulate a version of this approach, we keep the p;; and oy, fixed
and let the 3 vary with a normalizing parameter n. We assume that 3} decreases to a limit
B such that there is a unique v € I's satisfying A(y) € I'*. Uniqueness implies that for
1=1,...,m, we must have

o (I =P e >0, (3.10)
(koA (7)=1}
and
v =0 or Z G > 0. (3.11)
(1:6i7=1}

In addition, assume that for some b > 0,

jﬁm (3.12)

B < B < (1+
(in particular, 8; = 0 if and only if 87 = 0) and

lim V(B — Bu) = By (3.13)
3.1 Asymptotic stability.

If we fix v and «° in (3.8), then the stationary expectation satisfies

i Mo
VT () + e = My — Zme®) 4 A (00)

vn

where A(v%) = (I—PT)~10. Consequently, for the perturbed rate model, we have asymptotic
stability if we can select (u®,v") € F™ so that u® + A(vY) > 0.
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Next, consider the constrained rate model. By the assumptions on 3%, 8% > 0. If 5% > 0,
then there exists a sequence " € I'gn such that 7" — 7 and

ZO[]“)\Z(’Y”) < 1, k= 17 .. .,ko,

for each n. More generally, suppose that there exists ¢ > 0 and v* € [0, 00)™ such that
o < Fy+e(By—-1), v <ey, (3.14)
and that there exists € > 0 such that
aA(v*) > eaA(7). (3.15)

Without loss of generality, we can assume $%* < c1. Note that if 8% > 0, then the existence
of v* satisfying (3.14) and (3.15) is immediate. (Take v* = ey, for € > 0 sufficiently small.)
By (3.13), there exists p, < 1 satisfying p, — 1 and

V(8" = B) = puf.

For n > ¢?, define

o By L
Then
I = (B = (1 )y = )+ (L >m—7:v
Pn - Pn Pn
> ﬁﬁo((l + ;) - ﬁv ) — %ﬁo’yT +(1 + - — 70)57 + 761
2

= %Wf+@+c—%ﬁm+3%1

> (1- 7@)% + \p/n_cl

> 1

)

so v" € I'gn. We have
n _ c P c P\,
M) = (= PO+ Sy = ooy = (14 ) - Loae),
and by (3.15), for n sufficiently large,

%m( ) < 5’%@@*).

It follows that c

ar(y") <1 - TOU\( )+ n/\(v) <1,



that is, the nth system is stable. In particular, we can take the service allocation to be of
the form

571
"= A" —1 3.16
u" = A(Y") + N (3.16)
where .
o= mkin{pnak “A(vY) — ﬁak “A(Y)}— 6= mkin ag - A(v7).
Furthermore,

lim /n(A(y) = A(v")) = Av").

n—oo
Consequently, defining
Q" (nt)
v
if we fix the external arrival rates as 7, and the allocation policy as in (3.16), then the
stationary means of Z™ satisfy

Zn(t) =

Bz} =2+ - 252 (3.17)

3.2 Limiting linear program.

We derive the limiting linear program for the perturbed rate model. The constrained rate
model is more delicate and is a subject for future research.

Adding and subtracting partial derivatives where convenient, the generator for Z" can
be written

A"f(z,uo,vo)
m 1, 1 1

ﬁ@') — f(z) - %@'f(z))

+ g(&(v) + \}ﬁug)pion(f(z — \}ﬁez‘) — f(2) + \}ﬁazf(z))

+ 2 ) - jﬁu?pijnmz " jﬁ@j —e)) — f(2) - jﬁ@ﬂz) —af(2)))
— i v?@zf

—iu;?(aif(z) - ipijajﬂz))

- S0 + jﬁu?ﬂ{zl:@pmn(f(z - %) 1)

- S + T mapn(F+ (e = ) = £()
= Li f(z,u’,0°) 4 (Ju°] + [0°) Bof (z,u®/ ([u®] + [0°]),°/([u°] + [0°]))
+ ;www +u)) om0y Cin f (),
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where [u°] = 37, [u?] and
Bof(z,u,v) = —(v+ (I = P")u) - Vf(2)

and

Cinf(2) = —pov/ml(f(= — jﬁ zpm e+ e =) = £2).

Note that we have used the fact that \(y) = (I — PT)~ 4.
We take D(A") to be C*(RY"), the twice continuously differentiable functions on RJ' =
[0,00)™. Assuming that we can control the magnitude of u® and v°, L f(z,u° v°) — Lof(2)

and C; , f(z) — C;f(2), where

LOf Z az]a 0 f( )
1<z ,J<m
with
=7 + A(7)ipio + Z Y)ipji + AV)ipij), @iy = =A()ipij — My(psis © F# J,
J#i
and

Cif(z) =0,f(2) — ipij(‘?jf(z)

j=1
Let the running cost function be

c(z,u,0%) = (= + [0F] + uf)).

=1

Noting that F™ defined in (3.9) is an increasing sequence of sets, we define F' to be the
closure of U,, F™.

For each n, the optimal long-run average cost is given by the solution of the linear
programming problem, minimize

/ c(z,u”, 0 pu(dz x du’ x dv°)
[0,00)™ x F'n
among u € P([0,00)™ x F™) satisfying
/[ Anf(z,u®, ) u(dz x du® x dv®) =0, f & D(A,). (3.18)
0,00)™ X F'™
Let p™ be the minimizing probability measure. Define

po(dz) = p" dsz”)
pi(dz) =

\

) + u?)[{zizo},u"(dz x du® x dv°)

0

TL

vy(dzx H) = In(

0 0py,,n 0 0
w |+ |v dz X du’ X dv”),
Fn |u0| |UO| |u0| |U0|)<| | | |):U' ( )
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A

where pf' is a measure on D; = {z € [0,00)™ : 2; = 0} and v is a measure on [0, 00)™ X F™
Fr = {(u/(Ju] + |v]),v/(Ju| + |v])) : (u,v) € F"}. Since the optimal cost

Y

/ c(z,u’, )" (dz x u® x v° / Zzluo (dz) + v3([0, 00)™ x F™)
[0,00)™ x '™ [0,00)™

is bounded in n, it follows that {u{} is relatively compact in the weak topology and {v{}
and {ul'}, i = 1,...,m are relatively compact in the vague topology. If (uo, Vo, i1, - - -, fim)
is a limit point of (ufy, vy, uf, ..., u™), for each f € C?([0,00)™),

/[o,oo)m Lof(2)po(dz) + /[0, - Bof(z,u,v)rp(dz x du x dv) + Z/o Cif (2)ps(dz) = 0,

[0,00)™
and
lim inf 0o c(z,u®, V) " (dz x du® x dv°) >/ Zzzuo dz) 4+ 15([0,00)™ x F).
n—0oo 0,00)™ X F'™ 0,00)™ i=1

(3.19)
Consequently, the left side of (3.19) is bounded below by the solution of the linear program-
ming problem, minimize

/[0 | S zugto(dz) + ([0, 00)™ x F)
00)™ =1

subject to

/[0 o Lf(2)po(dz) + Bof(z,u,v)vp(dz x du x dv) + Z/ Cif (2)ps(dz) = 0.

[0,00)
(3.20)

[0,00)™ %X F
The following theorem is a special case of results in [7].

Theorem 3.1 Suppose po, Vo, and fi,. ..,y satisfy (3.20). Then there exist (Z, Ao, A\;)
such that

/ Lf(Z(s))ds — / Bof(z,u,v)Ao(dz X du x dv x ds)
[0,00)™ X F'x[0,t]

-y / Cuf (2)As(dz x ds)
i—1 DiX[O,t]
is a martingale for each f € C?, and Z and the increments of Ao, . .., A, are stationary with

Elf(2@)) = [ fano
E[Ao(G x Hx [0,4])] = (G x H)t
EIN(G < 0.0)] = ju(G)t
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