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Bilingual dictionary

Chemistry Probability
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Van Kampen approximation central limit theorem
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Intensities for continuous-time Markov chains

Assume X is a continuous time Markov chain in £ C Z¢. The Q-matrix,
Q) = {qu}, for the chain gives

and hence

E[f(X(t+A8) = f(X ()| F'] ~ qu X(t)At = Af(X (1) At

Alternative notation: Define 5;(k) = qi 4. Then

= ARk + D) = f(K)
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Martingale problems

~ is made precise by the requirement that
t
FOX(®) ~ FOXO0) — [ AFCX(s))ds
0
be a {FX}-martingale for f in an appropriate domain D(A).

X is called a solution of the martingale problem for A.
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Backward and forward equations

Defining u(z,t) = E[f(X(¢))|X(0) = z], one can derive the backward
equation
Owu(t, z) = Au(t, x)

and setting 14(G) = P{X(t) € G} and v f = [, fdv, the martingale
property gives the forward equation (in weak form)

thzyof+/o vihfds, feD(A).
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The forward /master equation
Taking f = 1y and setting pi(t) = v:({k}),

Pr(t) =Y pea Bk = 1) = pr(t) > Bi(k)

l

giving the usual form of the forward equation (the master equation in
the chemical literature).
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Time change equation

X(t) = X(0) + > IN(t)

where N(t) is the number of jumps of [ at or before time t. N; is a
counting process with intensity (propensity in the chemical literature)

Gi(X (1)), that is,
t
Ny(t) — / Bi(X(s))ds
0
is a martingale. Consequently, we can write
t
Ni(t) = Yi( | A(X(5)ds),
0

where the Y, are independent, unit Poisson processes, and

X() = X(0)+ S ([ X))
l
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Random jump equaton

Alternatively, setting 8(k) = >, Bi(k),
/ B(X

X(0) = X0) + [ FOX(5),Ex0 )N ()
0
where Y is a unit Poisson process, {¢;} are iid uniform [0, 1], and

(k)
B(k)

and

P{F(k,§) =1} =
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Connections to simulation schemes

Simulating the random-jump equation gives Gillespie’s [0, 7] direct
method (the stochastic simulation algorithm SSA).

Simulating the time-change equation gives the next reaction (next
jump) method as defined by Gibson and Bruck [7].

For 0 = 7y(z) < 7 (x) < ---, satisfying 7 (z) = (2™ ), where

T (g) — x(s) s < ()
7 (s) {xm(x)—) 5 > ()

(typically, 7x11(z) = 7 (2) + gr+1(x(7%))), simulation of

X(t) = X(O) +ZZY2 (Zﬁl(X(Tk))(Tk—i—l /\tTk/\t)>

gives Gillespie’s [3] T-leap method

OFirst ®Prev ONext ®Go To ®Go Back OFull Screen ®Close ®Quit 9



Reaction networks

Standard notation for chemical reactions
A+Bhco

is interpreted as “a molecule of A combines with a molecule of B to

give a molecule of C.
A+B=C

means that the reaction can go in either direction, that is, a molecule
of C' can dissociate into a molecule of A and a molecule of B

We consider a network of reactions involving m chemical species, Ay, ..., A,.

m m
/
E VikAi — E VikAi
i=1 i=1

where the v, and v, are nonnegative integers
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Markov chain models

X (t) number of molecules of each species in the system at time t.

v, number of molecules of each chemical species consumed in the kth
reaction.

v, number of molecules of each species created by the kth reaction.

Ak () rate at which the kth reaction occurs. (The propensity/intensity.)

If the kth reaction occurs at time ¢, the new state becomes
X(t)=X({t—)+ vy, — v

The number of times that the kth reaction occurs by time t is given by
the counting process satisfying

Rl =il A (X (5))ds),

where the Y}, are independent unit Poisson processes.
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Equations for the system state

The state of the system satisfies

X(t) = X(0)+ ) Ru(t)(v; —w)

~ X(0)+ Zifk(/o (X ()ds) (W, — m) = (V) — V) R(2)

V' is the matrix with columns given by the v.
v is the matrix with columns given by the vy.

R(t) is the vector with components Ry (t).

Basic assumption: The system is well-mized.
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Rates for the law of mass action

NN _ [ vin! Ti\ _ I, vir! T
)\k (33) - KkN|Vk|*1 ’ (Vzk;) — Nka‘ N|Vk| H ( _ )7

Vit

where |v| = Y. v and N is a scaling parameter usually taken to be
the volume of the system times Avogadro’s number.

If x gives the number of molecules of each species present, then ¢ =
N1z gives the concentrations in moles per unit volume.

Then
)\N ~ Nk H ik N)\k )
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First scaling limit
Setting CV(t) = N1 X (¢)

C¥(t) = C¥(0) + 3 NIV / MY (X (5))ds) (v, — 1)

~ CVO0)+ 3 NIV /0 (O ())ds) (] — 1)

The law of large numbers for the Poisson process implies N71Y (Nu) ~
u)

CN(t) = CN(0) + Z/ Kk H CN (s)"* (v, — vp,)ds,
koY i

which in the large volume limit gives the classical deterministic law of
mass action

Ct)=>_ H Ci(t)"* (v, — ) = F(C(t)).

skip
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Central limit theorem /Van Kampen Approximation

VN(C(t) = C(1))
W (0) + VR(Y YN [ AY(Ox(e)as) 0 =)

V()

Q

- [ Feea
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Gaussian limit

Vi converges to the solution of

V(t) = V(O)JrZWk(/O S\k(C(s))ds)(z/,’g—uk)Jr/O VFE(C(s)))V(s)ds
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Diffusion approximation

o) = +ZN Yk/)\k (XN (s))ds) (v}, — )

0

+ /Ot F(CN(s))ds,

Z)\k —I/k

The diffusion approximation is given by the equation

CN(t) = é’N(O)+Z Nl/QWk(/t S\k(C'N(s))ds)(V,;—l/k)—i—/t F(CY(s))ds.
k 0

0

~ CN(O)+ZN‘1/2Wk(/ M (CN (5))ds) (V) — )

where
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Ito6 formulation

The time-change formulation is equivalent to the It6 equation
t
CN(t) = C¥O)+ SN2 [ M@ )0 - v
(2) (0) zk: i (O (8))dWi(s) (v — i)
t
+/ F(C™(s))ds
0
t t
= C’N(O)+ZN_1/2/ U(éN(S))dW(S)+/ F(C(s))ds,
- 0 0

where o(c) is the matrix with columns y/Ar(c)(v}, — ).

See Kurtz [ 1], Ethier and Kurtz [3], Chapter 10, Gardiner [!], Chapter
7, and Van Kampen, [11].

OFirst ®Prev ONext ®Go To ®Go Back @Full Screen ®Close ®Quit 18



General approaches to averaging

Models with two time scales: (X,Y), Y is “fast”
Occupation measure: I'Y (C' x [0,t]) = f(f 1c(Y (s))ds

Replace integrals involving Y by integrals against I'"

| s ynas = [ sy ds

Q

[0,t]
/0 EY F(X(s),y)ns(dy)ds

How do we identify n,?
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Generator approach

Suppose B, f(z,y) = rCf(x,y) + Df(x,y) where C operates on f as a
function of y alone.

(ﬂxvxna»—r/’ (X, (s), y)Y (dy x ds)

EY x[0.4]

[ DI () )T dy x ds)
EY x[0,4]
Assuming (X,,T'Y) = (X,I'Y), dividing by r, we should

/EY o Cf(X(S),y)FY(dy X ds) = / Cf(X(s),y)ns(dy)ds = 0

EY x[0,1]

Suppose that for each , the solution of [, Cf(z,y)u.(dy) =0, f € D.
Then ny(dy) = px(s)(dy)
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Well-mixed reactions

Consider A + B = C. The generator for the Markov chain model is

Spatial model
Ui state (location and configuration) of ith molecule of A

V; state of jth molecule of B

m

Bf(u,v) = Zr@if(u,v)JrirCﬁf(u,v)

i=1 j=1

+ Z plui; vj)(f(Oiu, 050) = f(u,v))

where rC4 is a generator modeling the evolution of a molecule of A and
rCP models the evolution of a molecule of B.
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Independent evolution of molecules

If there was no reaction

rCf(u,v) = ZT(Cfif(u,v) + ZT(Ci_f(u,v)
i=1 j=1

would model the independent evolution of m molecules of A and r
molecules of B.
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Averaging: Markov chain model

Assume that the state spaces E4, Ep for molecules of A and B are
compact and let & = U, , E'{ X E%.

Let I'" be the occupation measure

D 0] = [ 16(U7(9). V()i

SO

FUT ), V(1)) — / (rCf (. v) + Df (u, ¥)I" (du x dv x ds)

Ex[0,t]

is a martingale. Then {(I'", X, X})} is relatively compact, and assum-
ing all functions are continuous, any limit point (I', X4, Xp) of I'" as
r — oo satisfies

/ Cf(u,v)I'(du, dv,ds) = 0.
Ex[0,t]

cf. Kurtz [12]
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Averaged generator

If f depends only on the numbers of molecules the martingale becomes

f(XA(t),XB(t))—/ > plus,v) (f(Xals)=1, Xp(s)—1)—f(Xa(s), Xp(s))) (du, dv, ds)

Ex[0,t] i

If C4 and C? have unique stationary distributions ju4, g, then for

flu,v) =T[L, 9(w) H?:1 h(uy),
/f(uav)F(du,d’U,t) = /t<g,uA>XA(s’<h, p) " ds
0
and setting k = [ p(ug, vo)pa(dug)pup(dvy),

f(Xa(t), Xp(t) — /0 £Xa(s)Xp(s)f(Xals) =1, Xp(s) —1) = f(Xals), Xp(s)))ds

is a martingale.
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Averaging: Michaelis-Menten kinetics

Consider the reaction system A+ F = AEF —~ B+ E

modeled as a continuous time Markov chain satisfying

Xa(t) = Xa(0) — Yl(/o k1 Xa(s)Xp(s)ds —|—Y2(/0 ko X ap(s)ds)
Xg(t) = Xg(0) — Yl(/o k1 Xa(s)Xp(s)ds —|—Y2(/O ko X ap(s)ds)
—I—Y;))(/Ot k3Xap(s)ds

Xp(t) = Y},(/O k3 Xap(s)ds

Note that M = X4p(t) + Xg(t) is constant, and define

/M1XE
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Theorem 1 (Darden [1, ?]) Assume that N — oo, M/N — 0, Mk —
Y, Mko/N — v9, Mks/N — 73, and X4(0)/N — x4(0), and

Then (N71X 4, Vi) converges to (z4(t),ve(t)) satisfying
ralt) = aa0) = [ mea()ipds+ [ 1= ip(o)ds (0
0 = = [ maa@ieds + [ (a1 = in(s))ds

and hence vg(s) = #ﬁm and
-I'A(t) — ,71733714(15)

Yo + 3 + 1za(s)
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Quasi-steady state

Assume M is constant 71 = M#1, ks = 72N/M, rg = 43N/M. Then

FXBE) = SO0 ~ [ XA X)X (s) = 1) = T (X))
= [ N+ = X)X ls) + 1) = F(Xe )i

Since N-LX4(s) — 2 4(s), we must have

Zns (rn (IR (k1) F(R) + Gt 3) (M —R) (k1) — F(R)) = 0

so 7, is binomial(M, ps), where

Yo + V3
Yo + 73 + K124(S)

Ds =
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A model of intracellular viral infection

Srivastava, You, Summers, and Yin [13], Haseltine and Rawlings [9],
Ball, Kurtz, Popovic, and Rampala [10]

Three time-varying species, the viral template, the viral genome, and
the viral structural protein (indexed, 1, 2, 3 respectively).

The model involves six reactions,

T+stuf = T74+¢G
G =
T+stuf = 748
T fog
s Mo
G+S oy
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Stochastic system

Xi(t) = X1(0) + Vi /O s Xa(s)ds) — Yl /0 B (5)ds)

Xa(t) = Xs(0) + Yl /O X (s)ds) — Vi /O s Xo(5)ds)
(| s Xa(5) Xs(5)ds)

Xo(t) = X(0) + Y /0 s Xa(s)ds) — Vi /0 ks X (5)ds)

—Yf(/o kGXQ(S)Xg(S)dS)
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Figure 1: Simulation (Haseltine and Rawlings 2002)
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Scaling parameters

N  scaling parameter

Each Xj; is scaled according to its abundance in the system.

For N = 1000, X; = O(N?), X5 = O(N?/?), and X3 = O(N) and we
take 7, = X1, Zy = XoN=2/3 and Z5 = XN L.

Expressing the rate constants in terms of N = 1000

ky 1 1
ko 0.025 2.5N2/3
ks 1000 N

ky 0.25 25

ks 2 2

ke 7.5 % 1076 TEN /3
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Normalized system

With the scaled rate constants, we have
t '
ZY(t) = ZY(0) + Yb(/ 2.575 (s)ds) — Yd(/ 2577 (s)ds)
0 0

Z¥(t) = Z3(0) + N2, / 20 (s)ds) — N / 252} ()ds)

—N_2/3Yf(/t 7523 ()23 (s5)ds)

Z¥ () = Z3(0) + N 1Y / t NZ¥(s)ds) — N7'Y,( / t 2N 73 (s)ds)

Ny /O 7575 ()2 (5)ds),
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Limiting system

With the scaled rate constants, we have
t t
Zi(t) = Z1(0) + Y},(/ 2.575(s)ds) — Yd(/ 2571 (s)ds)
0 0
Zy(t) = Z2(0)
t t
Zot) = Z5(0) + / Zy(s)ds — / 274(s)ds
0 0

O®First ®Prev ONext ®Go To ®Go Back @Full Screen ®Close ®Quit 33



Fast time scale
When 7V = inf{t : ZV(t) > €} < oo, define VN (t) = Zi(N + N?/3t).
On the event 7V < oo,
t t
V() = 206+ ([ 25N s - Vi | 280V (s)ds)
0

0
[eN*P] | mzssyrng [
VvZN(t) — N + N 2/3Y'a ( 0 NQ/S‘/lN(S)dS)

t
— N3y /O 2.5N?BPVN (s)ds)
t
— Ny (N3 /0 75V (5)ViN (s)ds)
t t
VN0 = 2+ NV NP ) = N 2V (s

0

t
—N'YH( /O T5NBVN(s)VN (s)ds)

O®First ®Prev ONext ®Go To ®Go Back @Full Screen ®Close ®Quit 34



Averaging
As N — oo, dividing the equations for V{¥ and Vi by N 2/3 shows that
t t
/ V¥ (s)ds — 10/ V¥ (s)ds — 0
N ¥
/ V¥ (s)ds — 5/ V¥ (s)ds — 0.
0

0

The assertion for ViV and the fact that VJV is asymptotically regular
imply

t t
/ V¥ (s)V5Y (s)ds — 5/ Vi¥(s)%ds — 0.
0 0

It follows that Vi converges to the solution of (2).
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Law of large numbers

Theorem 2 Conditioning on V¥ < oo, for each § >0 and t > 0,

hm P{sup |Vi¥(s) — Va(s)| > 6} =0,

N—o0 0<s<t

where Vo is the solution of

Vo(t) =€ + /t 7.5V5(s)ds) — /t3.75V2(s)2ds. (2)
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Appendix

Proof.(of Theorem 1 By the law of large numbers, N™'Y;(Nu) —u — 0 uniformly in « on bounded intervals.
In fact, by the functional central limit theorem, sup,, <, V' N|N7'Y;(Nu)—ul is stochastically bounded. (For

every € > 0, there exists K¢ such that P{sup,.,, VNIN7Y;(Nu) —u| > K.} <e)
Let Xa(t) = N"'X4(t). Dividing both equations by N, it follows that

Xalt) = Xa(0) - / XA (Vi (s) + a(t — Vi(6) + ealt)

0 = = [ AV + (2 + )0 = Vi) + en(t)

where the error terms €4 and eg are uniformly small on bounded time intervals. Since Vg is Lipschitz, at
least along a subsequence, Vg converges to a Lipschitz function vg. An application of Gronwall’s inequality
then gives convergence of X4 to x4 satisfying (1). O
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Software

StochKit
Petzold group, UC Santa Barbara
http://www.engineering.ucsb.edu/%7Ecse/

Hy3S Hybrid Stochastic Simulation for Supercomputers
Kaznessis Group, University of Minnesota
http://hysss.sourceforge.net/

StochSim
Computational Cell Biology Group, Cambridge
http://info.anat.cam.ac.uk/groups/comp-cell/StochSim.html

Stochastirator
Molecular Sciences Institute, Berkeley
http://opnsrcbio.molsci.org/stochastirator/stoch-main.html

oFirst ePrev eNext eGo To ®Go Back eFull Screen eClose eQuit 40


http://www.engineering.ucsb.edu/%7Ecse/
http://hysss.sourceforge.net/
http://info.anat.cam.ac.uk/groups/comp-cell/StochSim.html
http://opnsrcbio.molsci.org/stochastirator/stoch-main.html

Abstract

Attempts to model chemical reactions within biological cells has led to renewed interest in stochastic models
for these systems. The classical stochastic models for chemical reaction networks will be reviewed, and
multiscale methods for model reduction will be described. New models motivated by the particular nature
of biochemical processes will also be discussed.
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