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Poisson random measures

S a Polish space and v be a o-finite measure on B(S5).

¢ is a Poisson random measure with mean measure v if

a) & is a random counting measure on S.

b) For each A € S with v(A) < oo, {(A) is Poisson distributed with parameter
v(A).

c) For Ay, Ay, ... € S disjoint, {(A;),&(As), ... are independent.

Lemma 1l If H : S — Sy, Borel measurable, and E(A) = ((HY(A)), then €isa
Poisson random measure on Sy with mean measure U given by U(A) = v(H1(A))
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Moment identities

If € is a Poisson random measure with mean measure v

E[ef f(Z)ﬁ(dZ)] _ ol (T =)y

Y

or letting £ = Z, 02,
B[] o(2:)) = e/t

Similarly,

and
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Conditionally Poisson systems

Let £ be a random counting measure on S and = be a locally finite random measure
on S.

¢ is conditionally Poisson with Cox measure = if, conditioned on =, £ is a Poisson
point process with mean measure =.

Ele s %] = Ele~ Js(1-e7)d=)

for all nonnegative f € M(S).

If £ is conditionally Poisson system on S x [0, 00) with Cox measure = x m where m
is Lebesgue measure, then for f € M(S)

Ele” Jsxp0.x1 fdf] — E[G*Kfs(lfe*f)dE]

and for f > 0,

=(f) = lim 1 fdé = hme/ e “f(x)é(dx x du) a.s.
Sx[0,00)

K=oo K Jsyo,K 0
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Relationship to exchangeability

Lemma 2 Suppose £ is a conditionally Poisson random measure on S x [0, 00) with
Cox measure = x m. If = < oo a.s., then we can write & = Y 2, 0(x,v,) with
Uy <Uy<--- as. and {X;} is exchangeable.

Conditioned on E, {U;} is Poisson with parameter Z(S) and {X;} is #id with distri-
bution Z(S)1=.

O®First ®Prev ®Next ®Go To ®Go Back ®Full Screen ®Close ®Quit 5



Convergence

Lemma 3 If {¢,} is a sequence of conditionally Poisson random measures on S x
[0, 00) with Cozx measures {=, x m}. Then &, = £ if and only if =, = =, = the Cox
measure for .

If &, — & in probability, then =, — = in probability
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A population model

Consider a process with state space E = U,[0,r]".
0<g=<Tland f(u,n) =[], g(u)

For a > 0, and —oo < b < ra, define

n

Af(um) = flun) Y 2a / (glo) = o+ Fluyn) D - bu)‘f]f{f;

In other words, particle levels satisfy
Us(t) = aU?(t) — bU,(t),

and a particle with level z gives birth at rate 2a(r — z) to a particle whose initial level
is uniformly distributed between z and r.

N(t) = #{i : Us(t) < r}

a(n, du) the joint distribution of n iid uniform [0, 7] random variables.
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A calculation

As before, f(n = [ flu,n)a(n,du) = e e =1 [T g(u)du
To calculate fAfu,n a(n, du), observe that

r12a /Org(z) /:(g(v) — 1Ddv = are™* — 2ar™" /Org(z)(r —z)dz
and
rt /Or(az2 —b2)g (2)dz = —r ! /OT(2az —b)(g(2) — 1)dz

:—Qar_l/ g(2)dz + ar 4+ b(e™ —1).
0

/Af(u, n)a(n,du) = ne =D (are_”g —2are™ +ar + b(e 0 — 1))
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Conclusion

Let N be a solution of the martingale problem for

~ ~ ~ ~ ~

Cf(n) = arn(f(n+1) = f(n)) + (ar = b)n(f(n = 1) = f(n)),
that is, N is a branching process with birth rate ar and death rate (ar —b).

Then there exists a solution (U (%), ..., Un)(t), N(t)) of the martingale problem for

A such that N has the same distribution as N.
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The limit as r — o

If n = O(r), then the scaling is correct for the Feller diffusion.

A converges for every g such that 0 < g <1, g(2) =1, 2 > u,.

f(u) =TI 9(wi)

ZQG/ —1Ddv + f(u )Z(auz2 — bul)g/((sz))

a(y, du) is the distribution of a Poisson process on [0, c0) with intensity y.
flo) = af(v) = [ flwaly,du) = eI 0o oo
and
aAf(y) = e (2ay /O " 0(2) / () = 1)dudz + y /0 " (a2 —bz)g’(z)dz>

= e Y (ayB: — byB,)
= ayf"(y) + byf'(y)
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Particle representation of Feller diffusion

Let {U;(0)} be a conditionally Poisson process on [0, c0) with (conditional) intensity
Y (0). Then, {U;(t)} is conditionally Poisson with intensity Y(¢),

V() = Tim ~ 40 : Us(t) <11,

r—oo 1

and Y is a Feller diffusion with generator C'f(y) = ayf”(y) + by f'(vy)

7 : N(R) — [0, 00) X
y(u) = lim —#{i 1 u; <r}

r—oo I

a(y, du) Poisson process distribution on [0, 0o0) with intensity y. a(y,7 !(y)) = 1.
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Extinction

Assume U;(0) < Uy(0) < ---. Then for all ¢, all levels are above

Ul (O)e‘bt

[ 3001 - )

Ui(t) =

Let 7 = inf{t : Y(t) = 0}
P{r >t} = P{U,(0) < [(1 — e—bt)a/b}—l} _ | — e-wb/l—e)a)

If b < 0, conditioning on nonextinction for all ¢ is equivalent to setting U;(0) = 0.

The generator becomes

Af(w) = f(u) Y 2a / " 9(0) = o+ ) 3 (- by L

7

and
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Branching Markov processes
f(x,u,n) = H:Lzl g(mi,ui), where g: E [07 OO) - <07 1]

As a function of z, g is in the domain D(B) of the generator of a Markov process in
E, g is continuously differentiable in u, and g(x,u) = 1 for u > r.

Af(x,u,n) = f(x,u,n)z Bg(a:z,u, flz,u,n ZQ@ x; / (x;v) — 1)dv

] g(xuul) us

n

=1

Ou, (s, u;)
g(a:ia ul)

Each particle has a location X;(¢) in £ and a level U;(t) in [0, r].

The locations evolve independently as Markov processes with generator B, the levels
satisfy '
Uilt) = a(Xi()UF(t) — b(X:(1))Ui(t)

and particles that reach level r die.

Particles give birth at rates 2a(X;(t))(r — U;(t)); the initial location of a new particle
is the location of the parent at the time of birth; and the initial level is uniformly
distributed on [U;(t), r].
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Generator for X (t) = (Xi(t),..., Xyq)

Setting e~ (@) = =1 ¥ g(z;, 2)dz and f(x n) = e~ Xi=12(#) and calculating as in
the previous example, we have

~ -~

Cf(x,n)ZZBxf(:v,n)JrZ a(w)r(f((z,z:),n+1) = f(z,n))

Z a(w:)r = b)) (f(d(ale:),n — 1) = f(z,n),

where B,, is the generator B applied to J?(x, n) as a function of x;.
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Infinite population limit

Letting » — 0o, Af becomes

Aj’“(:c,u):f(alz,u)Z.:Bg(x“uZ flz,u ZQCL x; /g (xi,v) — 1)dv

g(xw uz w;

+/f(z,u) Z(a(fo)U? — b(xz)uz)w

p g($i7 UZ)
Particle locations evolve as independent Markov processes with generator B.
Levels satisfy ‘

Ui(t) = a(X(1)) U7 (t) — b(Xu(t))Ui(1)
A particle with level U;(t) gives birth to new particles at its location X;(¢) and initial
level in the interval [U;(t) + ¢, U;(t) 4+ d] at rate 2a(X;(t))(d — ¢).

A particle dies when its level hits co.
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The measure-valued limit

For p € My (E), let ap, dx x du) be the distribution of a P01sson random measure
on E x [0,00) with mean measure p x m. Then setting h(y) = [;°(1 v))dv

:/f(x,u)oz(p, da x du) :eXp{—/Eh(y)M(dy)}
and

aAf(p) = eXp{—/h( p(dy) } // By(y, v)dvu(dy)

of / 2a(y)gly, = / (9(y,v) — 1)dvdzp(dy)
w [ [ @ = b)0.ato. vdon(ay)
= el [ hwuldn)} [ (~BhG)+ ah(w)? - b)h(o) uldy
It follows that the Cox measure (or more precisely, the £ marginal of the Cox measure)

corresponding to the particle process at time ¢, call it Z(¢), is a solution of the
martingale problem for A = {(af, «Af) : f € D}.
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Branching processes in random environments

a and b functions of another stochastic process &, say an irreducible finite Markov
chain with generator Q.

) = folD) o) = £o) TTLy ).
At ) = QA + £l ) S 2000) [ (9(0) — Do

(L) Y (a0 — V) L

i=1 g(uz)

which projects to

-~

Crflln) = rQf(Ln) +arn(F(ln+1) = f(n))
+(ra(l) = VTbO)n(F(ln—1) = F(I,n)),

where f(l,n) = fo(l)e=*a™. The process corresponding to C, is a branching process
in a random environment determined by &.
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Scaling limit
Writing the process corresponding to A, as

(f("”t)7X1(t)> T 7XNr(t)7 Ul(t)7 cees UNr(t))
the process corresponding to C,. is (&(rt), N,.(t)).

Note that the levels satisfy
Ui(t) = a(§(rt)UF () — Vrb(E(rt))Ui(t).

Let 7 be the stationary distribution for @) and assume that ), 7(1)b(l) = 0. Then

ZW(t) = /r / (rs)
converges to a Brownian motion Z with variance parameter

Z Z )i (ho(l) — ho(k))* = =2 ) " w(D)ho(1)b(1) = 2,
]
where hg(l) is a solutlon of Qho(l) = b(l). In the limit, the levels will satisfy
dU;(t) = (@U;(t)? + eU;(t))dt + V2eU; (t)dW (t), (1)

where @ =Y _ w(l)a(l).

Note that the limiting levels are all driven by the same Brownian motion.
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Limiting generator

Zn g'(u:)

hl(l7u7 TL) - hO(l)fl(uvn) Uj )
i1 g(u;)

Passing to the limit as r — oo, A,.(f1 + ﬁ) converges to

Afi(u,l)

= ) 3 20 / —1>dv+f1<>2<>fg'((“’>
)

—ho(1)b( Z <z:ujuZ ])) i u;g' (u; +'U g" (u; ))

=1 \i#j
An additional perturbation hy gives A.(f; + = h1 + hg) converging to

Afi(u)
= fi(u a h v) — 1)av U Euz—glwi)
= h0 307 [ (o) = v+ 10 S mf

% Ui

+cfi(u Z (Z ujuz ])) + 29 (uj) il u2g”(uj)> .

z;é] z g(uj)
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Limiting diffusion

Let

> - / 1 * i
5g=/0 (1—9(Z))dz=/0 2g'(2)dz —5/0 g (2)dz.
We have

aAf(y) = e ¥ (26y /000 g(2) /:O(g(v) — 1)dvdz + y/ooo(dz2 +¢2)¢'(2)dz
-l-EyQ(/OOo 2g'(2)dz)? + ¢y /OOO zzg”(z)dz>
= e i((ay +ey)B; - eyB,)
= Cfly),

where N N N
Cfy) = (ay +ey’) f"(y) +eyf (v),

which identifies the diffusion limit for r—'N,..
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Exit measures

Let B be the generator of a diffusion and D a bounded domain with all points in 90D
regular.
g(xi; U’Z)

Afta) = Jea) Y o)
) S toe2aw) [ (gt o) e

O, 9(4, ;)

+f(z,u) Z Lp (i) (alws)ui — bla)u;) 9(xi, u;)

For simplicity assume inf, a(z) > 0, b <0, then 7 =inf{t : >, 1p(X;(t) > 0} < oo.
Define £ = 37, 0(x,().v:(r)) and

the exit measure.
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Nonlinear PDE

Assume {(X;(0),U;(0))} is a Poisson random measure with mean measure 0, x m.
Then for h > 0, bounded and continuous,

u(x) = —log E[e~"%b)]
solves the differential equation
Bu = au® — bu

uw=~h on 0D.

_<h’ZE> e f—y

e

Taking expectations,
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Homogenization

Bu(z) = a(z,z/e)u(x)* — bz, z/e)u(z)
u = hondD

a(x,y), b(z,y) periodic in y, and

Particle generator:
g(‘r’h uz)

Af(z,u) = f(z,u) Z

i

1D(xz)
+f(z,u) ZQG(%‘;%/E) /%g(g(:ri,v) — D)dvlp(z;)

O, 9(4, ;)

g(xi,ui) 1p(:)

+f(wu) Y (alw, wife)ul = bla, xi/e)u;)

%
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Effective coefficients

Let a(z) = [ a(z,y)m.(dy), b(z) = [ b(z,y)m.(dy), where 7, is determined by

/Eg(w,y)m(dy) =0, geRY

where

~

1 ?g
By(z,y) = 5 > Cjk(l“)m(’y)-
_ J

OFirst ®Prev ®Next ®Go To ®Go Back ®Full Screen

®(Close ®Quit

24



Conditioning on non-extinction

Let a be constant and b = 0. and let U,(0) be the minimum of the initial levels.

U.(0)
Uet) = 1= alU, (0}t

Let 7 be the time of extinction, Then {r > T} = {U.(0) < -}. Conditioning on
{r > T} and letting T — oo is equivalent to conditioning on the initial Poisson
process having a level at zero. The resulting generator becomes

Af(x,u) = f(x,u) Z Bg(x@,ul flz,u ZQ&/ g(xi,v) — 1)dv (2)

o(r )
+f(z,u)2a /Org(g(xo,v) — 1)dv

au iy 7

2" gl )
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Generator for measure-valued process

The generator for the measure-valued process is given by setting

ao f(p /f x,u)ap(p, de X du) |N‘ / z,0)u(dz) exp{—{(h, 1)},

and

20AS(1) = (~Bh() + ah(u). 1) / (2, 0)u(d=) exp{—(h, 1)}
ﬁ [E (By(2,0) — 2ag(z, 0)h(=))u(dz) exp{— (h, )}
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Markov mappings

Theorem 4 A C C(E) x C(E) a pre-generator with bp-separable graph.
D(A) closed under multiplication and separating.
v : E — Ey, Borel measurable.
a a transition function from Ey into E satisfying
aly,y ' (y) =1
Define
C={([ fG)atdo), [ Afz)at.d2) 1 € DAY
Let pio € P(Eo), vo = [ a(y, ) uo(dy).

Ifl7 is a solution of the MGP for (C, uy), then there exists a solution Z of the MGP
for (A, vp) such thatY =~y o Z andY have the same distribution on Mpg,[0, c0).

E[f(Zt)|F ] = /f(Z)a(Y(t),dZ)

(at least for almost every t).
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Uniqueness

Corollary 5 If uniqueness holds for the MGP for (A,vy), then uniqueness holds for

the Mg, [0, 00)-MGP for (C, o). If Y has sample paths in Dg,[0,00), then uniqueness
holds for the Dg,[0, 00)-martingale problem for (C, ug).
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Abstract

Poisson representations of measure-valued processes

Measure-valued diffusions and measure-valued solutions of stochastic partial differ-
ential equations can be represented in terms of the Cox measures of particle systems
that are conditionally Poisson at each time t. The representations are useful for
characterizing the processes, establishing limit theorems, and analyzing the behav-
ior of the measure-valued processes. Examples will be given and some of the useful
methodology will be described.
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