Math 832: Theory of Probability

e Processes, filtrations, and stopping times
e Markov chains

e Stationary processes

e Continuous time stochastic processes

e Martingales

e Poisson and general counting processes
e Convergence in distribution

e Brownian motion

e Continuous time Markov processes

¢ Diffusion approximations

e ¢-irreducibility and Harris recurrence

e Assignments
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1. Processes, filtrations, and stopping times

e Stochastic processes
e Filtrations

e Stopping times
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Stochastic processes

A stochastic process is an indexed family of random variables {X,,a € 7}

e State space: The set £ in which X,, takes values. Usually £ C R? for some d.
Always (for us), a complete , separable metric space (E,r).

e Index set: Usually, discrete time (Z, N = {1,2,3,...}, Ny = {0,1,2,...}) or
continuous time ([0, c0) or (—o0, 0))

e Finite dimensional distributions:
Koy, an (A1 X - x Ay) = P{X,, € A1,...,X,, € A}, A€ B(E), (1.1)
B(E) the Borel subsets of E.

e Kolmogorov extension theorem: If {jin, o, € P(E"),0; € IT,n = 1,2,...}
is consistent, then there exists a probability space (2, F, P) and {X,,a € I}
defined on (Q2, F, P) satisfying (1.1).
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Information structure

Available information is modeled by a sub-c-algebra of F.

Assume that the index set is discrete or continuous time, [0, 00) to be specific.

e Filtration: {F;,t > 0}, F, a sub-o-algebra of F. If s < t, 7, C F,. F; represents
the information available at time ¢.

e Adapted process: {X(t) = X;,t > 0} is {F; }-adapted if X (¢) is F;-measurable
for each t > 0, that is, the state of X at time ¢ is part of the information avail-
able at time ¢.

e Natural filtration for a process X: F;¥ = o(X(s) : s < t). {F;*} is the smallest
filtration for which X is adapted.
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Stopping times

e Stopping time: A random variable 7 with values in the index set (e.g., [0, c0))
or oo is a {F; }-stopping time if {7 <t} € F, foreach t € [0, c0).

e The max and min of two stopping times (or any finite collection) are stopping
times

e If 7 is a stopping time and ¢ > 0, then 7 + cis a stopping time
e In discrete time, {r = n} € F, for all n if and only if {7 < n} € F, for all n.

e In discrete time, hitting times for adapted processes are stopping times: 74 =
min{n : X,, € A}

{TA S n} = ngn{Xk € A}, {TA = OO} = ﬁk{Xk ¢ A}

e In discrete time, a stopped process is adapted: If { X, } is adapted and 7 is a
stopping time, then {X,,,. } is adapted.

{Xopr € A} = (Upen{ X € A} N {r = BN U ({X, € AA N {r > n})
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Information at a stopping time

¢ Information available at a stopping time 7
Fr={AeF:An{r <t} e F, allt}
or in the discrete time case
F.={AeF:An{r=n} € F,, alln}
e 0 < 7implies F, C F;

An{r<t}=An{o <t}n{r <t}

Exercise 1.1 Show that F is a o-algebra.
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Stopping times for discrete time processes
For definitness, let Z = {0, 1,2, ...}, and let { X, } be {F, }-adapted.

Lemma 1.2 If 7 is a {F, }-stopping time, then X,,», is F, measurable.

Proof.
{Xonr €A} N{T =0} ={Xm € A}N{r=n}eF, (1.2)

g

Lemma 1.3 Let F.¥ = o(X}, : k < n) be the natural filtration for X, and let T be a finite

(that is, {T < oo} = Q) {FX }-stopping time. Then FX = o(Xyn, : k > 0).

Proof. (X, : k > 0) C FX, by (1.2). Conversely, for A € F¥,
An{r=n}={(Xo,..., Xn) € B} = {(Xonr,--., Xnrr) € By}

for some B,,. Consequently,

A = Un{(XO/\T7 s aXn/\T) € Bn} € U(XkAT k Z O)
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Families of processes
e Markov processes: E[f(X(t + s))|F:] = E[f(X(t + 5))|X(¢)], all f € B(E), the
bounded, measureable functions on E.
e Martingales: £ = R and E[X (t + s)|F:] = X (?)

e Stationary processes: P{X (s +1t1) € Ay,..., X(s+1,) € A,} does not depend
on s
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2. Markov Chains

e Markov property

e Transition functions

e Strong Markov property

e Tulcea’s theorem

¢ Optimal stopping

e Recurrence and transcience

e Stationary distributions
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Markov property

{X,,n > 0} a sequence of E-valued random variables

Definition 2.1 {X,,} is a Markov chain with respect to a filtration {F,} if {X,} is
{F.}-adapted and

P{Xn+1 € C|fn} = P{Xn+1 € C‘Xn}’ C € B(E),n Z O,
or equivalently

Elf(Xn1)|Fa] = Elf (X)) Xa],  f € B(E),n=0.

Dynkin class theorem
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Generic construction of a Markov chain

Let F': E x R — F be measurable (F~(C) € B(F) x B(R) for each C € B(FE)).

Let
Xk+1 = F(Xk7Zk+1)7

where the {7} are iid and X)) is independent of the {Z;}
Lemma 2.2 { X} is a Markov chain with respect to {F,}, F,, = 0(Xo, Z1, ..., Zy).
Proof. Let 11z be the distribution of Z;, and define
Pfa) = [ F(Pla,2)zld)
Then X}, is Fj-measurable and Zj, is independent of Fj, so

E[f(F(Xk, Zky1))|Fr] = Pf(Xy).
Il

Note that 7, D FX. conditional expectation
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Transition function

P(x,C)=P{F(z,Z) € C} = uz({z : F(x,z2) € C}) is the transition function for the
Markov chain.

P : E x B(E) — |[0,1] is a transition function if P(-,C) is B(E£)-measurable for each
C € B(FE)and P(z, ) € P(E) foreach z € E.

Note that we are considering time homogeneous Markov chains. We could consider
X1 = Fi(Xg, Zi+1)

for a sequence of functions {#},}. The chain would then be time inhomogeneous.
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Finite dimensional distributions

ix, is called the initial distribution of the chain. The initial distribution and the
transition function determine the finite dimensional distributions of the chain

P{Xo S Bo,...,Xn € Bn} = /LXO(dQT())/ P(l‘o,d$1)/ P<$n,1,Bn>
B() Bl anl

More generally

1o (dzo) fo(zo) /

E

P, de) fu(ay) - - / Pltn_v, da) fo(a)

E

E

and

E[f(Xo,...,X,)] = /E - f(xo, .., xn)pix, (dxo) P(zo, dxy) - -+ P(xpy_1, dxy,)
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Example: FIFO queue

Let {(&, nx)} be iid with values in [0, 00)? define

X1 = (X — &)™ + e

X, is the time that the kth customer is in the system for a FIFO queue with service
times {7} and interarrival times {¢;}.

Note that P : C([0,0)) — C([0,00)). Transition operators that satisfy this condi-
tion are said to have the Feller property.
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Strong Markov property

Let 7 be a stopping time with 7 < oo a.s. and consider

Elf(Xr1)|F7].
Let A € F.. Then

/A e = 3 / L fCrap

N Z/AO{T =n} n+1 dP

= HZ:O/Am{T:n} Pf(Xn)dP_/APf(XT)dP

E[f(Xr+1)|~7:‘r] = Pf(XT)
(Note that X, is F.-measurable.)

SO
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Tulcea’s theorem

Theorem 2.3 Fork =1,2,..., let (2, Fi) be a measurable space. Define €2 = €2y x g x
ceand F = Fy x Fo X - - -. Let Py be a probability measure on Fy and for k = 2,3, ..., let
Py Qy x-- - X Qg X F, — [0, 1] be such that for each (wy, ... ,wk—1) € Oy X+ X Qp_q,
Py(wi, ... ,wg_1,-) is a probability measure on Fj, and for each A € Fy, Py(-, A) is a
Fi X -+ X Fp_1-measurable function. Then there is a probability measure P on F such
that for A€ Fy x -+ X Fy

P(AXQk+1X--'):/ / 1A(w1,...,wk)Pk(wl,...,wk_l,dwk)---Pl(dwl)
0 Qp

Corollary 2.4 There exists P, € P(E>) such that for Cy,C4,...,C,, € B(E)
Px(COXC1 X "-XCmXEOO)
= 100(:10)/ P(z, d:vl)/ P(zy,dxs) - - / P(xpm—o,dxy—1)P(xm—1,Ch)
Cq Co Cm-1
For C € B(E™),

P.(C x E™) :/P(x,darl)---/ P(xpm_1,dxy)lo(x,z1, ... X))
E E
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Implications of the Markov property
Note that
Elfi(Xni1) fo(Xni2)|Fal = Elfi(Xni2) E[fo(Xns2) [ Fria]| Fal

[ ( n+1)E[ (Xn+2)|Xn+l]|~7:n]
= P(fiPfy)(X,)

and by induction
P{(Xna Xnt1,- ) € C’fn} = PXn<C)7 (2.1)

for C = Cy x Cy X -+ x Cp, x E*, C}, € B(E). The Dynkin class theorem implies
(2.1) holds for all C' € B(E*).

Strong Markov property: By the same argument,

P{(XT7XT+17 te ) € C’fT} — PXT(C).

®First ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 18



Conditioning on F-

Lemma 2.5 Let 7 be a finite { F,, }-stopping time, and let E[|Z|] < co. Then

E[Z|FT] = ZE[Z|Fn]1{T=n}7

n=0

Proof. Let A € F.. Then

E[14)  E[Z|FJlp=n] = Y Ellanir=n EIZ|F]] = ) Ellangr=n 2] = E[14Z].

n=0 n=0 n=0

g

Lemma 2.6 Let {Y,,} be {F,}-adapted, and let T be a finite {F,}-stopping time. If
E[|Y,]] + E[|Y|] < oo, then

E[Y:|Fo] = E[Yrun| Fallirsny + Yelircny.
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Optimal stopping

Let {X,} be a {F,}-Markov chain, and let S = S({F,,}) denote the collection of
{F.}-stopping times, and let S,, = {7 € S : 7 > n}. The optimal stopping problem
with reward function u(n, x) is to find a stopping time 7, satisfying

Efu(r,, X,)] = V* = sup Efu(, X,)

TES

To ensure the right side is finite, assume that E[sup,, u(n, X,,)] < oo and E[u(0, Xo)] >
—o0. To ensure P{7, = oo} = 0, let u(co, z) = —00.

For more information on optimal stopping see Ferguson
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Optimality equation

Suppose that 71,75 € S, and A = {E[u(r, X,,)|F.] > Elu(r, X,)|F.]}. Then
T=mla+7nls €S, and
Elu(r, X;)|F.] = FElu(n, X.)|Fal]la + Elu(re, X.,)|Fullae (2.2)
= Elu(m, X5)|Fa] V Elu(r2, X,)|F]

Define
V., = esssup Elu(r, X;)|F,]
TESR
= €8s 5sup E[U(T \% (n + 1)7 XTV(n+1))]-{T>n} + u(”a Xn)]-{T:n}|-7:n]

TESH

= ess sué) E[Eu(tV (n+ 1), Xovme)| For1) Loy + u(n, Xp) 1 —ny | 5]
TESY

= ess sup (E[Voi1|Fnllirsny + u(n, Xpn)ly—n
TGSTL

It follows that
Vn = max(u(n, XTL)? E[VN-H |Fn])

Note that (2.2) implies that E[V,] = sup, s, Elu(r, X;)], so V* = E[Vq].

essential supremum
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Optimal stopping rule

Theorem 2.7 Suppose that E[sup,, u(n, X,)] < oo and lim,,_ u(n, X,) = —oo. Then
7, = min{n : u(n, X,,) > V,,} is an optimal stopping rule.

Proof.
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Dynamic programming

Lemma 2.8 Forn < N, let S be the collection of stopping times satisfyingn < 7 < N.
Define v (x) = u(N, z) and

vy = max(u(n, z), Py, (x)).
Then for n < N,
VN = ess sup Elu(t, X;)|Fn] = v (X,)

TeSY

Proof. As above
V.Y = max(u(n, X,,), B[V, | F]),

n

so since Vi = u(N, Xy),
VJ{/.V_I = max(u(N — 1, Xn_1), E[u(N, X§)|Fn_1]) = U%—l(XN—1)7

and the lemma follows by induction. O
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Infinite horizon

Assume E[sup,, u(n, X,)] < oo and lim,, ., u(n, X,,) = —oco a.s. Then

limsup Eu(t A N, X, an)] < Elu(r, X,)]

N—o0
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House-selling problem

Each week you pay c dollars to advertise your house, and each week you advertise,
you get one offer. Suppose the offers { X, } are iid with a known distribution s x
and if you reject an offer, it is gone forever. When should you sell? The problem is

to maximize
E[X,; —cT].

The optimality equation becomes
Vo, = max(X,, — en, E[V,1|F,]) = max(X,,, E[V,1 + en|F,]) — en
Let V* = sup,.s E[X; — c7]. Then V,, = max(X,,,V*) — ¢n, so
V* = Elmax(X;,V*)] — ¢
which gives
V* =V*ux(—o0, V7] —I—/ zpx(dr) — ¢

(V*,00)
or

/ (x = V) ux(dr) = c.
(V*,00)
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Recurrence and transience

Assume F is countable. Let T; = (0 and define

T; = min{n > T;_l : X =y}

y is recurrent if P,{T, < oo} = 1. Otherwise y is transient.

Let Cy = {(wo,21,...) : 7; = y for some i > 0}. Then {T; < oo} = {X € C,} and
similarly

{T? < oo} ={T, < o0, (X71, Xr141,...) € Gy}
By the strong Markov property

= Pz{Tyl < 00} P,(Cy)

and more generally

PATY < 00} = PAT, < oo} P{T, < oo}"~".
Consequently, if P,{T,) < oo} = 1, then P,{T} < oo} = 1, and if P,{T,) < oo} < 1,
then there is a last time that X,, = y. In particular, let N(y) = >, 1;x,-,;. Then

EN()] = > PAN@W) = k} = > PATS < o0} = fiffﬁ = io}'

®First ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 26



Conditions for recurrence

Theorem 2.9 y is recurrent if and only if E,[N (y)] = oc.
Let poy = PAT, < oo}.

Theorem 2.10 If « is recurrent and P,{T, < oo} > 0, then y is recurrent and

PAT} < oo} =1

Proof. P.{T} = oo, some k} > poy(1—pye), 80 pye = 1. P{T,} < o0} =3 7 PATI ' <
T, <Ty}and
PATY ' < T) <T;} = PAT, > T} ' PAT, < T,}.

Let Ay = {X,, = y, some T} < n < Ti*'}. Then P,(A;) = P.{T, < T,}. Conse-
quently, since N(y) > >, 14,, E[N(y)] = oc.

U
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Irreducibility

X is irreducible if p,, > 0 forall z,y € E.

Lemma 2.11 If X is irreducible, then either every state is transient or every state is recur-
rent.
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Conditions for recurrence/transience

i
L

n

MT{ = (f(Xk) - Pf<Xk71)) = f(Xn) - f(Xo) - (Pf(Xk) - f(ch))

k=1 0

is a martingale. Suppose Pf = f. Then f(X,,) is a martingale. If Pf < f, f(X,,) is
a supermartingale.

>
Il

Theorem 2.12 Assume that the chain is irreducible. Suppose f is positive and noncon-
stant and that Pf < f. Then the chain is transient.

Proof. Suppose f(z) # f(y). Since lim,,_. f(X,,) exists, X cannot visit both = and
y infinitely often. O
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Conditions for transcience

Theorem 2.13 Assume that the chain is irreducible. Suppose f is positive, Pf(x) < f(z)
for x ¢ K, and that there exists y € E — K such that f(y) < f(x) forall x € K. Then
the chain is transient.

Proof. Let 7x = min{n > 0: X,, € K}. Then f(X,-.) is a super martingale. Let
Xo =y. Since Ly = lim,, .o f(Xnary) exists and E[Lf] < f(y), Py{Txk < oo} < 1. O

Let f(z) = P{tx < oo}. Then f(z) = 1forz € K and Pf(x) = f(x) forz ¢ K.
Consequently, an irreducible chain is transient if and only if there exist K and
y ¢ K such that f(y) = P,{Tx < oo} < 1.

®First ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 30



Conditions for recurrence

Theorem 2.14 Assume that the chain is irreducible. If Pf(z) < f(x) for x ¢ K, and
{z: f(x) < ¢} is finite for each ¢ > 0, then P,{1x < oo} =1 for all x.

Proof. If v € K, then7x = 0. Fixy ¢ K,and let X, = y. Then Ly = lim,, oo f(Xnrry)
exists. Since E[L¢] < f(y) < oo, we must have P {Tx < oo} = 1. O
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Example

Let E = {0,1,2,...},0 < p, =1—¢q < 1lfori # 1. Let p(i,i + 1) = p; and
p(i,i — 1) = g;, fori > 0, and py; = 1. Then X is irreducible. Consider the equation
Pf(i) = f(i) for i > 0. Then

Flk+1) = fk) = Z (k) — (k- 1)),

Pk
fl+1) = £ =T ) = )
and .
Fl+1) = F@) + (F0) = Fo) ST

Therefore, if

then X is transient.
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Conversely, if

let

Then limy,_., f(k) = oo, and p;y = P,{7p < 0o} = 1 for all ¢ > 0. Since

Poo = Poi1pio = 1,

X is recurrent.
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Positive recurrence

If the chain is irreducible and recurrent, then by the strong Markov property, for
eachy € E, {T;*' —TF k > 1} areiid.
The law of large numbers then implies

k

T
: y _ 1
kh—{go k’ Ey[T ]7

and hence

1 — 1
310050 =

If E,[T,] < oo, then the y is called positive recurrent. Assuming irreducibility, if one
state is positive recurrent, then all states are positive recurrent.

=7(y).
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Stationary distributions

Lemma 2.15 If the chain is irreducible and positive recurrent, then

> m(@)pay = 7(y)

zel

Proof. Let f(z) = 1;,1(x). Then

1 n
Jim = ;(f(X@-) — Pf(Xi)) =0 a.s.,

SO
N
Z ﬂ—(‘r)pxy < nh—{{olo E ZpXifly = 7T(y)
el i=1
Summing over y, we see that equality must hold. O

Dropping the assumption that E is countable, 7 € P(E) satisfying

/E Pla, A)r(dz) = (A)

is called a stationary distribution for the chain.
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Ergodicity for Markov chains

The statement that a Markov chain is ergodic is somewhat ambiguous. At a mini-
mum, it means that the chain has a unique stationary distribution.

Other possibilities (P" f(z) = E,[f(X,)]):

e There exists m € P(FE) such that for each f € C(E) and each = € F,
1 .
lim — Y P’ d
Jim - Z /(@ / fdn.
e There exists 7 € P(E) such that for each z € E,

lim sup ]—ZP’ z,A) —m(A)| =0.

n—00 Ach(E)

e There exists 7 € P(E) such that for each initial distribution

hm — / fdr, as., feC(E) (orfe€ B(E))

n—o0 n
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Stronger conditions

e There exists 7 € P(E) such that for each z € E,

n—oo

lim P”f(:z;):/Efdﬂ, feC(E) (orfe B(E)).

e (Uniform ergodicity) There exists 7 € P(E) such that
lim sup sup |P"(z,A) —m(A)|=0.

n—00 3cF AcB(E)

e (Geometric ergodicity) There exists 7 € P(£), 0 < p < 1,and M > 0 such that

sup | P"(x, A) — (A)| < M(x)o™
AeB(E)
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Total variation norm

For a finite signed measure v on B(E),

[v]lrv = sup [v(A)].
AeB(E)

Then || — v||rv defines a metric on P(E).

Lemma 2.16 Let pi,v € P(E). Then

le—vloy ==  sup | / fdu— / fv|

2 teB(B)0<f<1
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Reversibility

Let 1 be a o-finite measure. A chain is reversible with respect to p if

/E fPgdp = /E gPfdpu.

In other words, P is a self-adjoint operator on L?(1).

If P is reversible with respect to y, then 1 is a stationary measure for P in the sense

that
/Pgduzfgdu, g€ L'(p).
E FE

If 4 € P(E), then 1 is a stationary distribution.
Suppose P has a density with respect to 3, 3 o-finite, that is,
P(z,dy) = p(z,y)3(dy).

Then any stationary measure is absolutely continuous with respect to 3. If in addi-
tion, P is reversible with respect to ;(dy) = m(y)5(dy), then detailed balance holds:

m(z)p(z,y) = m(y)p(y, v).
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Example

Let £ = {0, 1,2,.. .}, and Po1 = 1 and Piie1 = Pi = 1 — Dii—1 = 1-— qi, fori > 0. Then
letting 3 be counting measure detailed balance requires

mEpPr = Mi4+14k+1-

Consequently, we can take m = 1 and

k
Pi—

qi7

k> 1,

my —
=1

and the chain is reversible with respect to p{i} = m;. The birth and death process
is postive recurrent if and only if

i H Piz1 < 00.
ko= i

7

11:=1
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Markov chain Monte Carlo

Markov chain Monte Carlo exploits the fact that

tim 37 (%) = [ fin

under appropriate conditions on the Markov chain and stationary distribution 7.

Given 7, find P such that [, Pfdr = [, fdr. To estimate [, fdr, simulate {X;}
and compute

1 n
Opnf = ml;“ f(X5).

For b (the “burn in”) sufficiently large, ©,,, f should be an approximately unbiased
estimator of [, fdn.

®First ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 41



Metropolis-Hastings algorithm

m(dy) = 7(y)B(dy)
Q(x,dy) = q(x,y)B(dy)

Define

=

(y)qly,z) 1 vl W )
ey r@ea gy @@ ) ATly)aly, x),
)

where a(z,y) = 1 if n(z)q(z,y) = 0. Given X, define {X,,} recursively as follows:

Let {¢,} beiid uniform [0, 1]. Generate Y,,;; so that P{Y, ;; € A|FXY¢} = Q(X,,, A)

and set
X _ Yn—i—l fn—l—l < a(Xn7 Yn-i-l)
e Xn gn-i—l > a<Xn7 Yn+1)

a(z,y) =1A

Lemma 2.17 {X,,} is a Markov chain that is reversible with respect to .
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Proof of Lemma 2.17

Pi(z) = [E 4@, y) (f@alz.y) + @)1 — alz,9)8(dy)

- [EL((f(y)_f(x))(w(x)q(x,y))A(W(y)q(y,w))ﬁ(dy)Jrf(w)

(@)
"
| s@Pi@(a)s(d
[ [ ot (r(@)ale,9)) A (=(y)a(y, 2))3(dy) B(dx)
/ (@) £ (@) () B(d)
-5 [ [t ~ f@)(r(@)ale,y) A (r(y)aly, 2)B(de)5(dy)

+ [ o) f@m()ptin)
Reversibility follows by the symmetry in f and g.
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Gibbs sampler

E =54 B(dz), o-finite on S

W(d.T) :7T($17 B 7Id)ﬁ(dx1) T ﬁ(dmd)
0,(x|z) replaces the Ith component of z € S% by z € S.

_ Js J(Ou(x]2))m(6,(x]2))B(d2)
Jsm(Ou(x]2))B(dz)

Fif(x)

Check that [, P, fdr = [, fdnr.

Deterministic scan Gibbs sampler: P = P, P --- P,

Random scan Gibbs sampler: P = % Zle P,
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Coupling

Lemma 2.18 Let P(z,I") be a transition function on E and let v,,(I') be a transition
function from E x Eto E. Let e : E x E — [0,1] be B(E) x B(E)-measurable and satisfy

P(z,T)ANP(y,I') > e(z,y)vgy(D), I'e B(E)

Let { X} and {Y}} be independent Markov chains with transition function P. If

o0

E EXk,Yk oo a.s.,
k=0

then there exists a probability space on which is defined a Markov chain {(Xy, Y3)} such

that { X} has the same distribution as { X}, {Yi.} has the same distribution as {Y;}, and
there exists a random variable k < oo a.s. such that k > « implies X}, = Y.

®First ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 45



Proof of Lemma 2.18
Proof. Assume, without loss of generality, that e(z, z) = 1, and define
P(z,y, Ty xTy) = e(z,y)ve, (D1 NTy)

_'_(P(xvrl) — E($’y)yiy(rl))(P(y’F2) - e(x,y)uxy(l“g))
1- 6([L‘,y>

)

where the second term on the right is 0 if ¢(x,y) = 1. Note that if {(X;, Yz)} is a
Markov chain with transition function P(z,y,T'), then {X,} and {Y};} are Markov
chains with transition function P. Intuitively, at the kth transition a coin is flipped
which is heads with probability e(X 1, Vi 1). If heads comes up, then X, =Y
and both have conditional distribution vg, . If tails comes up, X} and Y, are
conditionally independent with conditional distribution

(P(x, 1) — e(z,y)vey (T1))(P(y, T'2) — (@, y)vay(T2))
(1 —e(z,y))? ’

C(z,y, T x Ty) =

where z = X;_; and Y= Yi 1.
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To see that X and Y eventually couple, construct a Markov chain (f( Y, X, Y') such
that each component is a Markov chain with transition function P, X is indepen-
dent of Y, (X,Y) has the transition function given above, and (Xj, Yz) = (X, Yz)
until the coin comes up heads. The desired one-step transition function is

A

P(z,y, o'y, T1 x Ty x T3 x Ty) = wvy(T'y NTo)(P(x,T3)P(y,T4)
_(1 - E(SC,y))C(SL',y, F3 X F4))
+(1 —e(z,y)C(z,y,(T1NT3) x (TyNTy))

ifr=2a2"and y = ¢/, and

P(x,y, o'y, T1 x Ty x I's x T'y) = P(x,y,T1 x Ty)P(2/,T3)P(y',Ty)

otherwise. Under this transition function, if Xy = Xpand Y, =Yy, then X, = X,
and Y}, = Y}, until the first time that X, = Y}. Let K = min{k : X; = Y} }. Then

Pis > k) < BI[J1-€(%0 V)] < B[J0-e(X, Vi) < Blesp{~ Y2 (X, Y] — 0

as k — oco. Here the second inequality follows from the fact that, for each i > 0,
either (X;,Y;) = (X;,Y;) or e(X;, ;) = 1. O
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3. Stationary processes

e Stationary sequences

e Measure preserving transformation
e Ergodic theorem

e Ergodicity for Markov chains

e Mean ergodic theorem

e Subadditive ergodic theorem
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Stationary sequences

{X,} is stationary if P{X,,+, € Ao,..., Xmintk € Ai} does not depend on n for
any choice of Ay, ..., A, € B(E).

Examples:

e iid sequence

e Markov chain with transition function P(z,C) and stationary distribution =
and Xy ~ 7.

e X,11 =X, +cmod 1and X, uniform [0, 1].

e X, ;1 =2X, mod 1 and X, uniform [0, 1]
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Useful facts

Theorem 3.1 If { X,k > 0} is stationary, then there exists a sequence {Y, —o0o < k <
oo} such that P{(Y,,...,Y,im) € C} = P{(Xo,..., X;n) € C}, —co <n <oo,m >0,
C e B(S™).

Theorem 3.2 If { X,k > 0} is a stationary sequence and g : S — S is measurable,
then Zy, = g(Xj, X1, - . .) is stationary.

If {Yi, —00 < k < oo} is stationary and g : S — S, then Z,, = g Y1, Y, Y1 .. )
is stationary.
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Example
Let {&x} be iid real-valued with E[¢;] = 0 and Var(§,) < oo. Suppose Y o, a; < 00

and .
Ly = Z @ &p—1
1=0

If a; = p' with |p| < 1, then Z; ., = pZ;, + &.41. (In this case, second moments aren’t
needed.)
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Measure-preserving transformations

¢ : Q — Qis measureable iff p~!(A) € F forall A € F.
A measurable transformation is measure preserving iff P(o'(A4)) = P(A) for all
AcF.

Lemma 3.3 If ¢ is measure perserving, Z a random variable and X,(w) = Z o ¢"(w),
then {X,,} is a stationary sequence.
Proof.

P{X, €A} = Plw:Zoy"(w)e A}
= Plw:pw)€{@:Zop" Y 0) € A}} = P{X,_, € A}
U

Conversely, Q = E* F = B(E), P the joint distribution of a stationary sequence
{X,}. (We can identify X,, with the mapping X, (zo, z1,...) = z.) ¢(z0,21,...) =
(.Tl, Xo, .. ) Then

P(A) = P{(Xo,X;...) € A} = P{(X}, Xs,...) € A} = P(¢"}(A))

®First ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 52



Invariant sets (or almost surely invariant sets)

LetZ = {A: P(AA ¢ *(A)) = 0}. 7 is the collection of (almost surely) invariant
sets.

Lemma 3.4 7 is a o-algebra. X is ZT-measurable iff X o o = X a.s.
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Ergodicity
¢ is ergodic if and only if A € 7 implies P(A) = 0 or 1.

Lemma 3.5 If {Y}} is ergodic, then Zy, = g(. .., Yk—1, Yk, Yit1 .. .) is ergodic.
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A maximal inequality

Lemma 3.6 Let {X,,} be stationary and define S), = Zf;ol X;
Mk = max{O, Sl, ce ,Sk}.
Then E[XO]-{Mk>O}] 2 0.

Proof. If] < k, then XO + 0V maxi<i<g Zé:l Xz > Sj+1, SO

l

Xo >S50 — 0V max X;
0= Dj+1 g i
1=

Consequently,

l
E[Xﬁl{Mk>0}] Z / (max Sl — 0V max XZ)dP
{M;,

<I< 1<I<k
~oy 1<k <I<k

l
{Mk>0}

1<I<k 4
=1
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Shift invariant sets
C € B(E®™) is shift invariant if (z¢, z1,...) € C implies (21, xs,...) € C.

Lemma 3.7 If A € o({X,.}) is invariant, then there exists a shift invariant C' such that
P(A A {(Xo,Xl, .- ) S C}) = 0.

Proof. If A € o({X,}), there exists C' € B(E™) such that A = {(X,,...) € C}.
Define C' = N, Upsn { : (T, Tima1,-..) € C}. Then C is shift invariant and
P(AA{(X,,...)€C})=0. O

Lemma 3.8 Let Zy = {{(Xo,...) € C} : C shift invariant}. Then
E[Xo|To] = E[X|To]
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Ergodic theorem

Theorem 3.9 Let {X,,} be stationary and E|[|X,|] < cc. Then

1 n
lim — E X, = E[X1]Zy] a.s.andin L'.
n—oo 1
k=1

Proof. wlog assume E[X;|Zo] = 0. Define X = limsup 1S5, and for ¢ > 0, set
D ={X > €} € Zy. Define X = (X,, — ¢)1p. Let
1

kS,*;>O}:D

M;:maX{O,ST,,S;} Fn:{Mn*>0} F:UFn:{Sup
k
Consequently,

0< /ngdp = /D(XO — €)dP = /DE[XO|ZO]dP —eP(D)

Uniform integrability implies the convergence is in L'. O
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Conditions for ergodicity
Lemma 3.10 {X,,} is ergodic if and only if

R
JLI&EZf(Xkan+1a ooy Xipm) = Elf (Xo, ..., Xin)]
=1

for all bounded, measurable f on E™ and all m. (All bounded countinuous functions will
also work.)

Proof. Necessity is immediate since Zy C Z,. Let G C B(E*) be the collection of
C € B(E>) such that

1 n
lim - Z 1c(Xg,...) = P{(Xo,...) €C} a.s.
k=1

Then G is a Dynkin class. (E* € G, A,B € Gand A C B implies B — A € G,
Cy Cc Cy C--- € Gimplies UC, € G)

C=B; XByx---xB,xSxS8---¢€g. O
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Ergodicity for Markov chains

Lemma 3.11 If { X,,} is a stationary Markov chain. Then {X,,} is ergodic if and only if
o 1g
nh_{{)lo o Z f(Xk) = E[f(X0)] a.s.
k=1
for all bounded measurable f.

Proof. By the law of large numbers for martingales,

n

Tim =SS Xu) = [ (K02 P(Xed) =0,

k=1

and the conditions of the previous lemma follow by induction. O

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 59



Ergodicity and uniqueness of stationary distribution

Theorem 3.12 If P(z, C) has a unique stationary distribution m, then for Xo ~ 7, {X,,}
is ergodic.

Proof. Suppose that

n

S|

f(Xx) = Z a.s.
k

=1
Note that E[Z|Fy| = E[Z|Xo] = h(X)y), but then E[Z|F;] = h(X;). Consequently,
Ph(Xy) = h(X,) and

E[(hM(X1) — h(X0))?] = E[h*(X1)] + E[h*(X0)] — 2E[h(X1)h(Xo)] = 0.
But by induction
E[Zu:n] = h<Xn) = h(X0)7
so Z = h(Xj). Let
E[1c(Xo)h(Xo)]

™) = = Elh(x0)
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Then

Elg(X)h(Xo)] _ Elg(X)h(X1)] _ Elg(Xo)h(Xo)] _ / gdro,

Erylg(X1)] = Eh(Xo)] —  ER(X1)] Eh(Xo)]

so m is a stationary distribution for P(z,C) and hence must equal 7. But that
implies h (and hence 7) is constant a.s. 7. 0
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Irreducibility implies uniqueness

Theorem 3.13 If E is countable and {X,,} is an irreducible Markov chain, then there is
at most one stationary distribution.

Proof. If {X,,} is stationary and A € B(E), then

hIIl Z 1A 1A<X0)|Io]

n—oo 1

and hence
{Xn €A 10} D) {E[].A(XO)|I0] > 0}

Since {X,, = x i.0.} has probability 0 or 1, if there is a stationary distribution, then
every state is recurrent. Consequently, the strong Markov property implies that
the distribution of

does not depend on the distribution of X, and since E[Z4] = 7(A), there is only
one stationary distribution. O

®First ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 62



The collection of stationary distributions

Note that the collection of stationary distributions II is convex.

Two measures 1 and v are mutually singular if there exists a measurable set A such
that ;(A) = 0 and v(A°) = 0.

Theorem 3.14 If m, and m, are stationary distributions with 7, # o, then there exist two
mutually singular stationary distributions.

Proof. Let m = m + 3m,. Then 7 is a stationary distribution. Let f € B(FE) satisfy
[ fdm # [ fdm. Let X™ be a Markov chain with initial distribution 7, and X™ be
a Markov chain with initial distribution 7,. Let £ be independent of X™ and X™
and P{¢ =1} =1 — P{¢{ =0} = 1. Define

Xy e=
w-{3 0

Then X7 is a Markov chain with initial distribution 7. Let

n—1
H(Xo) = lim > 1)
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Then [ hdm = [ fdm # [ fdrs = [ hdms, so his not constant a.s. w. Let
0<n{h>p}<1.

Define
E[1r(Xo0)1n(x0)>83] E[1r(Xo0)1n(x0)<s3]
P{h(Xo) > B} P{h(Xo) < B}

Then 7, is a stationary distribution as in the proof of Theorem 3.12, and 7; and 7
are mutually singular. O

#(T) = #o(T) = (3.1)
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Extremal stationary distributions

A stationary distribution 7 is extremal if and only if it cannot be represented as
m=am + (1 —a)m for0 < a < 1and 7, m € IL.

Corollary 3.15 If 7 is an extremal stationary distribution, then X7 is ergodic.

Proof. With reference to the proof of the previous theorem, if

BXT) = lim =3 F(XT)

is not constant, then defining 7, and 72 as in (3.1) and o = P{h(X,) > (3},

T =am + (1 — a)7,.
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Mixing
If p : 2 — Qis an ergodic measure preserving transformation, then

! Y P(ANg™B) = E[lA% Y 1p0¢*] > P(A)P(B), VA, BEF. (32)
n
k=1 k=1

Note that this condition is sufficient for ergodicity also.

¢ is called mixing if the stronger condition

lim P(ANy™"B) = P(A)P(B), VA, BeF (3.3)

n—oo

holds.

The collection of B (A) for which (3.2) holds is a Dynkin class and similarly for
(3.3).
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Applications

Theorem 3.16 {X,,} stationary in R%. S, = >"}'_| X}, R, = number of distinct values
in{S1,...,5}. Let C ={x 21 #0,21 +x2#0,...}. Then

Ry
lim — = E[lc(Xl,XQ, .. )|Io]

n—oo M
Proof. First, R, > >/, 1c(X, Xg1,...), SO
Rn
liminf — Z E[lc(Xl,Xg, o )|Zo]

={z:21#0,. +xl7é0}
n—I

Rn < [+ Z 1Cl (Xk7 s 7Xk+l—1)

k=1
SO R
limsup — < E[l¢, (X1, X, .. .)|Zo).
n
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Recurrence

Note that C° = {z : 3F  z; = Osomek > 1}, n 'R, — 0 as. implies that for
=" Xi, P{S, =0, some k > 1} = 1, but then P{>""""* X, =0, some k >
1}—1 soP{Sk—Olo}—l

Ford =1,
Theorem 3.17 If E[X|Zo) = 0 a.s., then P{S; = 0i.0.} = 1.

Proof. Since lim,,_.., n~ 'S, = 0 a.s., implies,

lim n~ IE&X|S]€| =0,

n—oo

lim,_.. n 'R, = 0. O
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Entropy

E finite, {X,,} stationary and ergodic, p(z,...,z,) = P{Xo = z¢,..., X, = 2}
p(xnlxn—h s ,IE()) = P<Xn = xn|Xn—1 = Tn-1,--- 7X0 = 'TO)

Assume that { X, } is stationary for n € Z, and define F,, = o(X,,, X;,—1,...). Let

p($|anla an2, .- ) = E[]-{anx}|fnfl] = nlg})@p(xlxnfla R anm)-

Then p(X,,| X;,—1, X,—2, . . .) is stationary and

n—1

H=—lim — Zlogp X Xeo1, Xpea, o)

exists.
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Shannon-McMillan-Breiman theorem

Theorem 3.18
n—1
o1
H = — lim ~logp(Xo,..., X, 1) = — lim — Zlogp X Xe1, ., Xo)
n—oo M
Proof. Let .
H° = ——Zlogp X Xe1, ..., Xo)
and )
1«
Hy === log p(X|Xp-1, Xpa,...).
n k=0
Then
(X Xk—1, ..., Xo)
H, - H’ = log — 0
Z P( Xk Xi—1, Xi—2,...)
at least in probability. O
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Mean ergodic theorem

If we replace almost sure and L'-convergence by L?-convergence in the statement
of the ergodic theorem, there is a much simpler proof. Define TX = X o p, X €
L*(P)andlet Hr = {X € [*(P) : TX = X as.}.

EY|Zy] = P;Y as., where PrY is the projection, in the Hilbert space sense, of YV’
onto Hr.

Hf ={X -TX : X € L*(P)},s0 Z € L*(P) can be writtenas Z = X —TX +Y
where Y = P;Z € Hz. Consequently,

n—1
ZZO(pk =X-T"X+nY a.s.
k=0

It follows immediately that

n—1
E(ln™" ) Zo¢" — Pz’ — 0.
k=0
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Maximal ergodic theorem

For Z € L'(P), define

1 n
7% = sup — ZoF
npn,;| ©"|

Theorem 3.19 There exists A > 0 such that for each Z € L'(P),

P{Z*>a} < éEHZH.

Proof. Let A, = n~'>"}_| |Z o ¢*| The maximal inequality implies

E[(‘Z| - a)l{maxlgkgn(Ak—a)>0}] >0

SO
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Almost sure convergence
If X and Y are bounded by constants and Y is in Hz, thenfor Z = X - TX + Y,

n—1

1
— g Zoypt =0 as.
n

k=0

But Z of this form is dense in L?(P) and hence in L'(P), and the maximal ergodic
theorem implies almost sure convergence for all Z € L'(P).
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Multiparameter ergodic theorem

Theorem 3.20 Suppose that the joint distribution of { X,y j+n,t,J € Z} does not depend
on m and n, and suppose E[| X |] < oco. Define

:
,_.
,_.

1 m—
Ay = — X,
m

3
<.
Il
=
<.
Il
o

Then there exists X such that
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Subadditive ergodic theorem

Theorem 3.21 Suppose {X,,,,0 < m < n} satisfies
1) XO,m + Xm,n 2 XO,n
ii) Foreach k = 1,2, ..., { Xy 1)k, n > 1} is stationary.
ii1) The joint distribution of { X, m+r, k > 1} does not depend on m.

iv) E[X{,] < oo, and there exists o > —oo such the E[Xq,] > yon.
Then
a) lim, ., n'E[Xy,] = inf,, m ' E[X,,] = 7.

b) X =lim, . n ' Xy, exists a.s. and in L'.

c) If all the stationary sequences in (ii) are ergodic, then X = v a.s.
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Examples

Maximum: Let {Y;} be stationary with E[|Y;|] < oo, and define

Range: {Y,,} stationary in R%. S,, = >"}'_| Y}, X,,,, = number of distinct values in
{Sm+1, -y St (R = Xo )

Longest common subsequences: {(.X;, Y;)} stationary.

Lypnp=max{K:3Im<ig <ipg < - <ig<nm<j1 <jo<-<jg<nX, =Y}
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Random permutations

Let ¥, be the collection of all permutations of (1,2, ...,n),andlet Z" = (Z},...,Z")
be a uniform draw from this set

For example, if {{;,1 < i < n} are iid uniform, then we can let Z}} be the index [
such that & = ey the kth order statistic.

Let
Ly =max{K :i <iy <-- <ig<n,Z) <---<Z}
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Poisson construction

Let 7 be a Poisson random measure on [0, c0) X [0, c0) with mean Lebesgue mean
measure.

Let 7(n) = inf{t : n([0,t] x [0,t]) > n+ 1}

Order the points (X},Y}") in the square so that X" < X7 < --- < XJ'. Then
& = 7(n)~'Y;" are iid uniform [0, 1].

Consequently, L, is the length of the longest (in the sense of number of points
connected) increasing path in the square [0, 7(n)) x [0, 7(n)).

Let R, , be the length of the longest (in the same sense) increasing path in the square
[8, t) X [8, t) Then RO,s + Rs,t < R(),t.
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4. Continuous time stochastic processes

e Measurability for stochastic processes

e Stopping times

e A process observed at a stopping time

e Right continuous processes are progressive

e Approximation of a stopping time by discrete stopping times

e Right-continuous filtrations
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Measurability for stochastic processes

A stochastic process is an indexed family of random variables, but if the index set is
[0, 00), then we may want to know more about X (¢,w) than that it is a measurable
function of w for each ¢. For example, for a R-valued process X, when are

/ X(s,w)ds and X (r(w),w)

random variables?

X is measurable if (t,w) € [0,00) X Q@ — X (t,w) € Eis B([0,00)) x F-measurable.

Lemma 4.1 If X is measurable and f; | X (s,w)|ds < oo, then f: X (s,w)ds is a random
variable.

If, in addition, T is a nonnegative random variable, then X (7(w),w) is a random variable.
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Proof. The first part is a standard result for measurable functions on a product
space. Verify the result for X (s,w) = 14(s)1p(w), A € B[0,00), B € F and apply
the Dynkin class theorem to extend the result to 1, C' € B[0,00) x F.

If 7 is a nonnegative random variable, then w € 2 — (7(w),w) € [0, 00) x ) is mea-
surable. Consequently, X (7(w),w) is the composition of two measurble functions.
0
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Measurability continued

A stochastic process X is {F;}-adapted if for all ¢ > 0, X (t) is F;-measurable.

If X is measurable and adapted, the restriction of X to [0,¢] x Q is B[0,t] x F-
measurable, but it may not be BJ0, t| x F;-measurable.
X is progressive if for eacht > 0, (s,w) € [0,t] x Q@ — X(s,w) € Eis B[0,t] x F;-
measurable.
Let

W ={AeB[0,00) x F: AN|0,t] x Q € B[0,t] x F;,t > 0}.
Then W is a o-algebra and X is progressive if and only if (s,w) — X(s,w) is W-
measurable.

Since pointwise limits of measurable functions are measurable, pointwise limits of
progressive processes are progressive.
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Stopping times

Let {#:} be a filtration. 7 is a F;-stopping time if and only if {r < t} € F; for each
t>0.

If 7 is a stopping time, 7, = {A € F: An{r <t} € F,t > 0}.

If 7, and 7 are stopping times with 7, < 75, then 7, C F.,.

If 7, and 7 are stopping times then 7, and 7 A 73 are F,-measurable.
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A process observed at a stopping time

If X is measurable and 7 is a stopping time, then X (7(w), w) is a random variable.
Lemma 4.2 If 7 is a stopping time and X is progressive, then X (1) is F.-measurable.

Proof. w € Q — (7(w) A t,w) € [0,t] x (2 is measurable as a mapping from (2, )
to ([0,¢] x Q, B[0,t] x F;). Consequently, w — X (7(w) A t,w) is F;-measurable, and

{X(r)e A}n{r <t} ={X(tAt) e A}n{r <t} e F.
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Right continuous processes

Most of the processes you know are either continous (e.g., Brownian motion) or
right continuous (e.g., Poisson process).

Lemma 4.3 If X is right continuous and adapted, then X is progressive.

Proof. If X is adapted, then

[ns] +1 E+1

(5,w) €[0,8] x 2 = YVa(s,w) = X (- Atw) =) X( — A t,w) s i) (5)
k

is B[0, t] x F;-measurable. By the right continuity of X, Y, (s,w) — X (s,w) on [0, t] x
Fi, 80 (s,w) € [0,t] x Q — X(s,w) is [0, t] x Fi-measurable and X is progressive. [J
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More on stopping times

Lemma 4.4 Let 7 be a nonnegative random variable. If {7 < t} € F;, t > 0, then there
exists a sequence of stopping times 1, > T such that lim,,_.., 7, = 7.

Proof. Define

1 k+1
Tn:k;; on ;— . (4.1)
Then 7, > 7 on {7 < oo}, and
2"t 2"
U
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Example: Optional sampling theorem

For a discrete time {F, }-martingale {),}, the optional sampling theorem states
that if 7, and 7» are stopping times, then

E[Mn/\7'2|f71] - Mn/\Tl/\Tg‘

Suppose M is a right-continuous {F;}-martingale. For ¢t > 0, let ¢, = [27;'5# The
restriction of M to {2%, k=0,1,2,...} gives a discrete-time martingale, so defining
Tin asin (4.1),
E[M(tn A T2,n)|f7'1,n] = M<tn NTip N T2,n)

and

E[M((t, A Ton)|Fr | = E[M(ty A Tin A Top)| Frl.
By the right continuity of M and the fact that {M (t,A72,,), M (t, AT1n AToy),n > 1}
is uniformly integrable (why?),

EM({t A7) Fr|=EMEANT AR)|Fr]=MEANT AT).
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Right continuous filtrations

If 7, = Fiy = Nyt Fs, t > 0, the filtration is right continuous.

If {F;} is right continuous, then 7 is a stopping time if and only if {7 < t} € F,
t>0.

If {F;} is right continuous and {7,,} are stopping times, then inf, 7, is a stopping
time, since
{infr, <t} =U,{m, <t}
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Example: First entrance time of an open set

Let X be a right-continuous, {F, }-adapted process, and let O C E be open. Define

T=inf{t >0: X(t) € O} Tn:min{Qﬁn:X(;l)GO}.
Then 7, is an {F;}-stopping time and 7 = inf, 7,,. Consequently, 7 is an {F;, }-
stopping time but may not be an {F, }-stopping time.
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Projections from product spaces

For A C R?, define m A = {z : I(z,y) € A}. If A € B(R?), then 7; A need not be in
B(R).

Iy = {A € B(R?) : mA € B(R)} is not a Dynkin class.

I'y is closed under countable unions but not intersections or complements.
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Projections onto complete probability spaces

Theorem 4.5 Let (2, F, P) be a complete probability space, and let S be a locally compact,
separable metric space. Suppose A € B(S) x F. Then mqA € F.

Proof. See Theorem T32 of Dellacherie (1972). 0
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Debut theorem

A filtration {F;} is complete if F;, contains all subsets of sets of probability zero.

Theorem 4.6 Let (2, F, P) be a complete probability space, and let {F;} be a complete,
right-continuous filtration. If A is progressive, then 7(w) = inf{t : (t,w) € A} isa
{F:}-stopping time.

Proof. By the right-continuity of {F;}, we only need to verify that {7 < ¢t} € F.
But since (2, F, P) is a complete probability space and

{w:7T(w) <t} =7ma(AN[0,t) x ),
by Theorem 4.5, {T < t} € F. O
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Further notions of measurability
If X is right continuous and adapted, then X is progressive.

Consequently, O = o(X : X right continuous and adapted) C B[0,00) x F is a
sub-o-algebra of W. O is the o-algebra of optional sets.

Similarly, P = o(X : X continuous and adapted) C 5[0, c0) x F is the o-algebra of
predictable sets.

Clearly, P C O CW.
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5. Martingales

e Definitions

e Optional sampling theorem

e Doob’s inequalities

e Upcrossing inequality

e Martingale convergence theorem

e Martingales and finance
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Definitions

Let X be a {F;}-adapted process.

X is a submartingale if

EX(t+s)|F] > X(t), ts>0.

X is a supermartingale if

EX(t+s)|F] < X(), ts>0.

X is a martingale if
E[X(t+s)|F]=X(t), ts>0.
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Applications of Jensen’s inequality

If p is convex, Y is a martingale, and E[|¢(Y (¢))|] < oo, t > 0, then X (¢) = p(Y (1))
is a submartingale.

If ¢ is convex and nondecreasing, Y is a submartingale, and E[|¢(Y (1))|]] < oo,
t > 0, then X (t) = ¢(Y (¢)) is a submartingale. In particular, if Y is a submartingale,
then X (¢) = Y (t) V cis a submartingale.
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Optional sampling theorem

Lemma 5.1 Let X be a right-continuous submartingale, 7, a stopping time assuming
values in a countable set t, < ty < - -- and 1, a stopping time assuming values in the finite
setty < -+ < ty,. Then

BIX(n)[Fn] 2 X(n A )

Proof. Recall that
7—2 |F7'1 ZE 7—2 |‘E 1{7’1 t}

Then for i > m, E[X(1)|F:,] = X(72), and

E[X(TQNEm—l] = E[1{7'2=tm}X(tm) + 1{T2§tm_1}X(7—2 A tm_l)lﬂm—l]
1{T2=tm}X<tm*1) + 1{7'2Stm_1}X(T2 A tmfl)
X(TQ A tmfl),

v

so by induction on m,
EX(n)|F] 2 X (12 A i)

and the lemma follows. OJ
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Theorem 5.2 Let X be a right-continuous submartingale, and T and T be stopping times.
Then
E[X(m AN)|Fr] 2 X (i ATa A L) (5.1)

Proof. Taking 7y ,, and 7 ,, as in the optional sampling theorem example, and using
the fact that X (¢) V cis a submartingale,
E[X(Tg,n N t) V C|f-,—1’n] Z X(Tl,n N 7—2,n AN t) V c.

Since E[X (t)Vc|Fr, nt] = X(Ton At)Ve 2> ¢, {X(T2nat) V c} is uniformly integrable,
passing to the limit gives (5.1). O
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Doob’s inequalities

Theorem 5.3 Let X be a right-continuous submartingale. Then for each ¢ > 0and T' > 0,
P{sup X(t) > ¢} < ¢ 'E[X™(T)],
t<T

P{inf X(t) < —c} < ¢ Y(E[XT(T)] - E[X(0)])

t<T
and for a > 1,

Blsup X+ (0] < )QEW(T)%

t<T a—1

Proof. Let 7 = inf{t : X(¢) > c}. Then
{sup X (t) > ¢} C {7 < T} C {sup X(t) > ¢},
t<T <T
and
cP{r <T} < E[X*(r AT)] < E[X"(T)],
or more precisely,

cP{sup X" (t) > ¢} < E[ X (T)1{r<ry].

t<T
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Setting Z = sup,.; X" (t), for nondecreasing, absolutely continuous ¢ with ¢(0) =
Oand ¢(z) = [; ¢'(z)z " dz,

6
Elp(ZAB)] = / o (2)P{Z > x)d

5]
< / o (2)e BIXH (T) L zomy)da
— EX*(T)(Z A B

If p(z) = 2% ¥(z) = 2452°7", and the result follows by Holder’s inequality. g
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Upcrossing inequality

Fora < b,lety, = inf{t: X(¢) < a}, and for k = o, o =1inf{t > 7 : X(t) > b}
)

) <
and 741 = inf{t > oy : X(t) < a}.
U(a,b,T) = max{k : o, < T}.

If X is a submartingale,

oo

0 < E[Z<X(Tk+1 A T) - X(Uk A T))]
k=1
U(a,b,T)
= B[ Y (X(ea AT) = X(op AT))]
(;(a,b,T)
= E[- Z (X(opx ANT) = X (1 ANT))]

) +EX (tv@pm+1 ANT) —a— (X(01 AT) — a)]
E[=(b—a)U(a,b,T) + (X(T) — a)*]

IA
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Martingale convergence theorem

Theorem 5.4 Let X be a right-continuous submartingale. Then lim,_,,_ X (s) exists a.s.

If sup E[XT(t)] < oo, then lim;_., X (t) exists a.s.
Reverse martingale convergence theorem

Theorem 5.5 Suppose the submartingale is defined for —oo < t < oo and inf; E[X (t)] >
—o00. Then lim,_,_, X (t) exists a.s.
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Model of a market

Consider financial activity over a time interval [0,7] modeled by a probability
space (92, F, P).

Assume that there is a “fair casino” or market which is complete in the sense that at
time 0, for each event A € F, a price Q(A) > 0 is fixed for a bet or a contract that
pays one dollar at time 7' if and only if A occurs.

Assume that the market is frictionless in that an investor can either buy or sell the
contract at the same price and that it is liquid in that there is always a buyer or
seller available. Also assume that Q(€2) < oc.

An investor can construct a portfolio by buying or selling a variety of contracts
(possibly countably many) in arbitrary multiples.
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No arbitrage condition

If a; is the “quantity” of a contract for A; (a; < 0 corresponds to selling the contract),
then the payoff at time 7" is
Z a; 1 A;-

Require ) . |a;|Q(A;) < oo (only a finite amount of money changes hands) so that
the initial cost of the portfolio is (unambiguously)

Z%‘Q(Ai)-

)

The market has no arbitrage if no combination (buying and selling) of countably
many policies with a net cost of zero results in a positive profit at no risk.

That is, if Z |CLZ|Q(AZ) < 00,
Za,Q(Ai) =0, and ZailAi >0 a.s.,

then

Za’ilAi =0 a.s.

%
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Consequences of the no arbitrage condition

Lemma 5.6 Assume that there is no arbitrage. If P(A) = 0, then Q(A) = 0. IfQ(A) =0,

then P(A) = 0.
Proof. Suppose P(A) = 0 and Q(A) > 0. Buy one unit of Q2 and sell Q(2)/Q(A)
units of A. 0(9)

Payoff =1 — %h =1 as.

which contradicts the no arbitrage assumption.

Now suppose Q(A) = 0. Buy one unit of A. The cost of the portfolio is Q(A) = 0
and the payoff is 14 > 0. So by the no arbitrage assumption, 14 = 0 a.s., that is,
P(A) =0. O
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Price monotonicity

Lemma 5.7 If there is no arbitrage and A C B, then Q(A) < Q(B), with strict inequality
if P(A) < P(B).

Proof. Suppose P(B) > 0 (otherwise Q(A) = Q(B) = 0) and Q(B) < Q(A). Buy
one unit of B and sell Q(B)/Q(A) units of A.

_ Q(B) _
Cost =Q(B) — MQ(A) =0
_ooeB). QB
Payoff—lB Q(A)lA—lB_A+(1 Q(A))lAZO,
Payoff = 0 a.s. implies Q(B) = Q(A) and P(B — A) = 0. O
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() must be a measure

Theorem 5.8 If there is no arbitrage, () must be a measure on F.

Proof. Ay, A, ... disjoint and A = U2, A;. Assume P(4;) > 0 for some i. (Other-
wise, Q(A) = Q(4;) =0.)
Let p = ) . Q(A;), and buy one unit of A and sell Q(A)/p units of A, for each i.

Cost = Q(A) — @ > Q) =0

Payoff =1, — @ D s =(1- @m.
If Q(A) < p, then Q(A) = p.
If Q(A) > p, sell one unit of A and buy Q(A)/p units of A;. O

Theorem 5.9 If there is no arbitrage, ) << P and P << Q. (P and () are equivalent
measures.)

Proof. The result follows from Lemma 5.6. O
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Pricing general payoffs

If X and Y are random variables satisfying X < Y a.s., then no arbitrage should
mean

Q(X) < Q(Y).
It follows that for any @)-integrable X, the price of X is

Q) = [ xaa.
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Assets that can be traded at intermediate times

{F:} represents the information available at time t.

B(t) is the price at time t of a bond that is worth $1 at time T (e.g. B(t) = e "(17%),
that is, at any time 0 < ¢ < T, B(t) is the price of a contract that pays exactly $1 at
time 7.

Note that B(0) = Q(2)
Define Q(A) = Q(A)/B(0).
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Martingale properties of tradeable assets

Let X (¢) be the price at time ¢ of another tradeable asset.

For any stopping time 7 < T, we can buy one unit of the asset at time 0, sell the
asset at time 7 and use the money received (X (7)) to buy X (7)/B(7) units of the
bond. Since the payoff for this strategy is X (7)/B(7), we must have

- i [0

Lemma 5.10 If E[Z(7)] = E[Z(0)] for all bounded stopping times T, then Z is a martin-
gale.

Corollary 5.11 If X is the price of a tradeable asset, then X /B is a martingale on (0, F, Q).
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6. Poisson and general counting processes

e Poisson process

e Martingale properties of the Poisson process

e Strong Markov property for the Poisson process

o General counting processes

o Intensities

e Counting processes as time changes of Poisson processes
e Martingale characterizations of a counting process

e Multivariate counting processes
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Poisson process

A Poisson process is a model for a series for random observations occurring in
time. For example, the process could model the arrivals of customers in a bank,
the arrivals of telephone calls at a switch, or the counts registered by radiation
detection equipment.

| X X X X X x| x X
| |t

Let N(t) denote the number of observations by time ¢. In the figure above, N(t) =
6. Note that fort < s, N(s)— N(t) is the number of observations in the time interval
(t, s]. We make the following assumptions about the model.

1) Observations occur one at a time.

2) Numbers of observations in disjoint time intervals are independent random
variables, i.e., if tg < t; < -+ < t,,,, then N(t;) — N(tx_1), k = 1,...,m are
independent random variables.

3) The distribution of N (¢ + a) — N(t) does not depend on t.
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Characterization of a Poisson process

Theorem 6.1 Under assumptions 1), 2), and 3), there is a constant X > 0 such that, for
t <s, N(s) — N(t) is Poisson distributed with parameter \(s — t), that is,

PNGs) = Nt = b = LD e

Proof. Let N, (t) be the number of time intervals (£, 21| k = 0, ..., [nt] that contain

n’ n

at least one observation. Then N, () is binomially distributed with parameters n
and p,, = P{N(2) > 0}. Then

P{N,(1) =0} = (1= pa)" < P{N(1) = 0} < (1= p,)"""

and np, — A = —log P{N(1) = 0}, and the rest follows by standard Poisson
approximation of the binomial. O
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Interarrival times

Let S; be the time of the kth observation. Then

P{Sy <t} =P{N(t) > k}=1-—

Differentiating to obtain the probability density function gives
LA e >0

= (k ! -

fsi(®) { 0 t<0

Theorem 6.2 Let T} = Syandfork > 1,1 = Spy—Sk_1. Then Ty, T, . . . are independent
and exponentially distributed with parameter \.
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Martingale properties of the Poisson process

Theorem 6.3 (Watanabe) If N is a Poisson process with parameter A, then N(t) — At is a
martingale. Conversely, if N is a counting process and N (t) — At is a martingale, then N
is a Poisson process.

Proof.
E[ O(N (t+r)— ‘th]
n—1
=1+ Z E[(e?Wlsir)=Nlsk) _ 1 — (¢ — 1)(N(sp41) — N(sp))e?Ne)=N®D)| £;]

k=0
n—1

+ D Asuat — si) (e — 1) E[e PN en =N 7]
k=0

The first term converges to zero by the dominated convergence theorem, so we
have

E[ O(N(t+r)— |f~t] _ 1_'_)\( )/O E[ew( (t+s)— |f~t]

and E[e®(NHn)-N®)| F] = M-t (See Exercise 5.) O
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Strong Markov property

A Poisson process N is compatible with a filtration {F;}, if N is {F;}-adapted and
N(t+-) — N(t) is independent of F; for every ¢t > 0.

Lemma 6.4 Let N be a Poisson process with parameter X\ > 0 that is compatible with
{F:}, and let T be a { F;}-stopping time such that T < oo a.s. Define N,(t) = N(T +t) —
N (7). Then N is a Poisson process that is independent of F, and compatible with {F,}.
Proof. Let M (t) = N(t) — At. By the optional sampling theorem,

EM((t+t+7r)ANT)|Frpe) = M((T+1) NT),
SO

EIN(r+t+7r)AT) = N({(t+t) AT)|Frpe = M+t +7) AT = (T + 1) AT).
By the monotone convergence theorem
EIN(T+t+71)— N(T+t)|Frss] = Ar

which gives the lemma. O
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General counting processes

N is a counting process if N (0) = 0, N is right continuous, and N is constant except
for jumps of +1.

N is determined by its jump times 0 < 0y < 0y < ---. If N is adapted to F;, then
the oy, are F;-stopping times.
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Intensity for a counting process

If N is a Poisson process with parameter A and N is compatible with {F,}, then
P{N(t+ At) > N()|F} =1 — e =~ \AL.

For a general counting process N, at least intuitively, a nonnegative, { ; }-adapted
stochastic process A(-) is an {F; }-intensity for N if

t+At
P{N(t+ At) > N()|F} ~ E| / \s)ds|F] ~ A(H)At.
t
Let 0, be the nth jump time of N.
Definition 6.5 ) is an {F, }-intensity for N if and only if for eachn = 1,2, .. ..
tAon
N(tA o) — / A(s)ds
0

is a {F; }-martingale.
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Modeling with intensities

Let Z be a stochastic process (cadlag, F-valued for simplicity) that models “exter-
nal noise.” Let D°[0, c0) denote the space of counting paths (zero at time zero and
constant except for jumps of +1).

Condition 6.6
A :[0,00) x Dg[0,00) x D0, 00) — [0, 00)

is measurable and satisfies \(t, z,v) = A(t, 2, v"), where 2'(s) = z(s A t) (X is nonantic-
ipating), and

t
/ A(s, z,v)ds < 0o
0

forall z € Dg|0,00) and v € D[0, c0).

Let Y be a unit Poisson process that is {F;}-compatible and assume that Z(s) is
Fo-measurable for every s > 0. (In particular, Z is independent of Y.) Consider

N () = Y /0 A5, 7. N)ds). ©6.1)
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Solution of the stochastic equation

Theorem 6.7 There exists a unique solution of (6.1) up tolim,,_, 0, 7(t) = f(f A(s, Z, N)ds
is a {F, }-stopping time, and for eachn = 1,2, ...,

tAon
N(tAoy) —/ (s, Z,N)ds
0

is a {Frq) }-martingale.
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Proof. Existence and uniqueness follows by solving from one jump to the next. Let
Y"(u) =Y (r Au) and let

t
N"(t) = Y’"(/ (s, Z,N")ds).
0
Then N (t) = N(t),if 7(t) = fot (s, Z, N)ds < r. Consequently,
t
{r(t) <r} = {/ A, Z,N")ds <r} e F,
0

asis {7(t A 0,) < r}. By the optional sampling theorem
EM(r((t+v) Nop) NT)|Frp) = M(((t+v) Noyp)) AT(E)AT) = M(T(tANoyp) AT).

We can let 7' — oo by the monotone convergence argument used in the proof of
the strong Markov property for Poisson processes. O
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Martingale problems for counting processes

Definition 6.8 Let Z be a cadlag, E-valued stochastic process, and let \ satisfy Condition
6.6. A counting process N is a solution of the martingale problem for (\, Z) if

tAon
N(tNoyp) —/ (s, Z,N)ds
0

is a martingale with respect to the filtration

Fi=0(N(s),Z(r):s<t,r>0)

Theorem 6.9 If N is a solution of the martingale problem for (\, Z), then N has the same
distribution as the solution of the stochastic equation (6.1).
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Proof. Suppose ) is an intensity for a counting process N and [~ A(s)ds = oo a.s.
Let v(u) satisfy

v(u) = inf{t : /0 A(s)ds > u}.

Then, since vy(u + v) > y(u),
Y(u+v)Aon AT Y(u)Aon AT
E[N(v(quv)/\an/\T)—/ A(s)ds| Fyw)] = N('y(u)/\an/\T)—/ A(s)ds.
0 0

The monotone convergence argument lets us send 7" and n to infinity. We then
have
EIN((u+0)) = (u+0)|Fyw] = N(y(u) = u,
so Y (u) = N(vy(u)) is a Poisson process. But v(7(t)) = t, so (6.1) is satisfied.
If [°A(s)ds < oo with positive probability, then let Y* be a unit Poisson process

that is independent of F; for all t > 0 and consider N¢(¢) = N(t) + Y*(et). N has
intensity A\(¢) + ¢, and Y, obtained as above, converges to

) Ny () w < (o)
Y(u) = { N(oo) + Y*(u—1(c0))  u>7(c0)

(except at points of discontinuity). O
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Multivariate counting processes

Dg[0, 00): The collection of d-dimensional counting paths

Condition 6.10 ), : [0, 00) x DJ[0,00) x Dg[0,00) — [0, 00), measurable and nonan-
ticipating with

t
/ Z)\k(s, z,v)ds < 00, v € DY[0,00),2z € Dg|0,00).
0 &

Z cadlag, E-valued and independent of independent Poisson processes Y1, ..., Y.
t
Nult) = Vel [ s, 2. N)ds), 62
0
where N = (Ny,...,Ny). Existence and uniqueness holds (including for d = o0)
and

tAon
Ni(t A oy) —/ (s, Z, N)ds
0

is a martingale for o, = inf{t : ), Ni(t) > n}, but what is the correct filtration?
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Multiparameter optional sampling theorem

7 is a directed set with partial ordering ¢t < s. If ¢, ¢, € Z, there exists t3 € Z such
that t1 <3 and to < ts.

{Fi,t € T}, s < timplies F, C F;.
A stochastic process X (t) indexed by Z is a martingale if and only if for s <,

E[X()|F] = X(s).

An 7 valued random variable is a stopping time if and only if {T <t} € F, t € T.
F.={AeF: An{r <t} e R teT}

Lemma 6.11 Let X be a martingale and let 7, and T, be stopping times assuming count-
ably many values and satisfying 7, < 7 a.s. If there exists a sequence {T,,} C T such
that lim,, ... P{m < T,,} = 1, limy, oo E[| X (Tn)|1iry<1, 3] = 0, and E[| X (12)|] < oo,
then

EX ()| Fr] = X(n)

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ® Quit



Proof. Define
m_ | T on{r, <T,}
Ti = T, on{r, <T,}°
Then 7" is a stopping time, since
<ty = (<0 {m<T)UEE <60 {n < T)
= (Users<ts<rn i = s} U {1, <t} 0 {n < T}°

Let I' C Z be countable and satisfy P{m; € I'} = 1and {7,,} C I'. For A € F,,,

/ X(dP = ) / X(s)dP
An{r{"=t} An{rr=t}n{ry*=s}

sel,s<Tp,

/ X(T,)dP
sel,s<Tp, An{rr=t}n{r]*=s}

- / X(T,)dP
An{r"=t}

_ / X(t)dp = / X (r™)dP
An{r{"=t} An{r"=t}
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Multiple time change

I=100,0),uel, F,=0cYa(s):sp <ug,k=1,...,d). Then
Mk(u) = Yk(uk) — U

is a {F,, }-martingale. For
t
Nk(t) = Yk(/ )\k(S, Z, N)ds),
0

define 74 (t) = f(f Me(s, Z,N)ds and 7(t) = (71(t),...,74(t)). Then 7(t) is a {F,}-
stopping time.

Lemma 6.12 Let G, = F.(. If o is a {G}-stopping time, then 7(o) is a {F, }-stopping
time.
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Approximation by discrete stopping times

Lemma 6.13 If 7 is a {F, }-stopping time, then 7™ defined by

2" 41
R

is a {F, }-stopping time.

Proof.
[ug.2"]

(7™ < u} = np{r™ < wed = N2 + 1 < [up2"]} = N < 5

}

Note that 7\") decreases to 7.

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 128



Martingale problems for multivariate counting processes

Let o, = inf{t: ), Ni(t) > n}.

Theorem 6.14 Let Condition 6.10 hold. For n = 1,2, ..., there exists a unique solution
of (6.2) up to o, T(t) = fot (s, Z, N)ds defines a {F, }-stopping time, and

tAop
Ni(t N oy) —/ (s, Z, N)ds
0
is a {F; ) }-martingale.
Definition 6.15 Let Z be a cadlag, E-valued stochastic process, and let X\ = (A1, ..., A\q)
satisfy Condition 6.10. A multivariate counting process N is a solution of the martingale
problem for (), Z) if for each k,
tAop
Ni(t A oy) —/ (s, Z, N)ds
0

is a martingale with respect to the filtration

G =0(N(s),Z(r):s<t,r>0)
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Existence and uniqueness for the martingale problem

Theorem 6.16 Let Z be a cadlag, E-valued stochastic process, and let A = (\1,..., \g)
satisfy Condition 6.10. Then there exists a unique solution of the martingale problem for
(A, Z).
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Continuous time Markov chains

Let X be a Markov chain with values in Z?. Let N;(¢) be the number of jumps with
X(s) — X(s—) =l up to time ¢. Then

X(t) = X(0) + > IN(t).

Define (k) = @i+, Qkr+i is the usual intensity for a transition from % to k + [.
Then

X(0) = X(0)+ Sl [ A
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7. Convergence in distribution

e Prohorov metric

e Weak convergence

e Skorohod representation theorem
¢ Continuous mapping theorem

e Prohorov theorem

e Skorohod topology
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Prohorov metric
(S, d) a metric space
p(p,v) = inf{e>0: u(F) <v(F)+e¢F e B(S)}
inf{e >0: u(F) <v(F)+eFeC(S)}
The equality follows from the fact that F' = F*.
If p(ptn, ) — 0, then B
limsup i, (F) < p(NF) = p(F)

n—oo

which is equivalent to
liminf 41,,(G) > p(G), all open G.

It follows that

$(A%) < Timin g, (A) < lim sup 1 (4) < u(A)

If Px, = p, and Px = p, then for f bounded, continuous and nonnegative

1Kl II£1]
mem=A PU@H>%®=A P{f(X,) > 2}dz.

Since {z : f(x) > z}isopenand {z : f(z) > 2z} is closed, E[f(X,)] — E[f(X)].
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Weak convergence and convergence in the Prohorov met-
ric

Lemma 7.1 If E[f(X,)] — E[f(X)] for all bounded continous f, then p(fi,, ) — 0.

Proof. Let {x;} be dense in S. For ¢ > 0, select N such that u(UY | B.(z;)) > 1 — .
ForI C {1,...,N}, let

f1(z) = (1 = d(z, Uier Be(x:)) /€) V 0.

Let n satisfy
somax Efi(Xn)] = Blfi(X)]] < e
For F closed, let
Foe=U{B(x;):i < N,B(x;)NF # 0} C F*.
Then

p(F) < p(Foe) + e < Blfi(X)] + € < E[f1(Xn)] + 26 < pn(F°) + 2¢,

s0 p(p, pn) < 2e. O
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Skorohod representation

Theorem 7.2 Let (S, d) be complete and separable. If ji,,, pn € P(S) and p,, = p, then
there exists a probability space (2, F, P) and random variables X,,, X such that px, = p,
and px = pand X, — X a.s.

More precisely, there exist H : P(S) x [0, 1] — S such that if £ is uniform [0, 1], then
P{H(u,&) € T'} = pu(I') for all u € P(S) and p,, = pimplies H (u,, &) — H(p, &) as.

See Blackwell and Dubins (1983).
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Continuous mapping theorem

Theorem 7.3 Suppose {X,,} is a sequence of S-valued random variables and X,, = X.
Let F': S — Sand Cp = {z € S : F is continuous at z}. Suppose that

Then F(X,,) = F(X).
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Donsker invariance principle

&1, &, ... 1id E[{] =0, Var(f) =02 < 00

[nt]

X, (1) = %Zgi

If {¢2,1 < i < n} are uniformly integrable, then
i y g

n 1 n
P{max[&| > Ve} <3 P{I&] > Vine} < — > ElEf gz vaq] — 0
B i=1 i=1

Let X,, be the linear interpolation of X,,, so X, has values in C 0, 00)
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Empirical distribution function

Let &1, &, ... be iid with distribution function F'. Define
1 n
Faft) =~ 1wn(&)
i=1

Then F,, — F uniformly in ¢. Define
B,/ (t) = Vn(Fu(t) — F(t))
and let B, (t) denote the uniform [0,1] case. B! has the same distribution as B,,(F(-)).

(Bp(t1), ..., Bu(tn)) = (B(t1), ..., B(tn)) where (B(t1), . .., B(t,,)) is jointly Gaussian
with mean zero and covariance given by

BIBu(t) Ba(s)] = El(1(6) = D(10.0(€) = )] = t A5 — 13
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Wright-Fisher
Let {Y};} be a Markov chain with state space {% :0<Ek<N}
[ N _
Pl = i =) = ()l —a™

Note that E[Y;1|Y:] = E[Yii1|Fi] = Vi, and

3

E[(Yeem = Y2’ = Y El(Yipivs — Yii)?] =

=0 i

Xn(t) = Ying

3

- YY)

I§
=)

Xy is a martingale as is
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Topological proof of convergence

e Prove relative compactness of { ., }

e Prove that there is at most one limit point.

Claim: The three examples are relatively compact (tight).

The limits for the first two are characterized by their finite dimensional distribu-
tions.

The limit for the third is characterized by its martingale properties.

To carry out a topological proof of convergence, we need to characterize compact
subsets of P(S).
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A metric for convergence in probability

For X, Y, S-valued random variables, let
Y(X,Y) =1inf{e > 0: P{d(X,Y) > e} < €}.
Claim: v is a metric on the space of S-valued random variable on (22, F, P).

lim,,_,o (X, X) if and only if X,, — X in probability.

Note: Almost sure convergence is not metrizable.
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Probabilistic interpretation of p

Lemma 7.4 Let p(p,v) < €. Then there exist random variables X and Y such that jx =

wand py = v and
P{d(X,Y) > €} <e

Specifically,
p(p,v) = nf{y(X,Y) : px = p, py = v}
Remark 7.5 Note that the converse is straight forward since

P{X € F} < P{Y € F} + P{d(X,Y) > ¢}.
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Completeness and separability

Lemma 7.6 (P(S), p) is complete iff (S, d) is complete. (P(S), p) is separable iff (S, d) is
separable.

Proof. Suppose p(in, ftm) — 0. There exists a subsequence such that p(y, , fin, ., )
27% and hence joint distributions px, x,,, with px, = p,, and P{d(Xy, Xi+1)
27%} < 27%. By Tulcea’s theorem, { X}.} on a single probability space. Then

<
>

P{sup d(X,, X,,) > 27"V} < 2701,

m>n
and the completeness of S implies X,, converges a.s.

If S is separable and {x;} is dense in S, then {_,_, pxds, : > pr = 1, ps rational }
is dense in P(S). O
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Total boundedness

K is totally bounded if and only if for each € > 0, there exist =1, o, ..., z, such that

Lemma 7.7 A set K is compact if and only if it is complete and totally bounded.

Proof. Total boundedness follows from compactness by the definition of compact-
ness. Total boundedness and completeness imply sequential compactness which
in turn implies compactness. U

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ® Quit

144



Prohorov’s theorem

Theorem 7.8 {1} C P(95) is relatively compact in the topology generated by the Pro-
horov metric if and only if for each € > 0, there exists a compact K. C S such that

inf po(K) > 1 — €. [tightness]

Proof. Suppose {u,} is tight. Let x4, ..., satisfty K, C U ,B.(z;) and 2y € S.
Select m > nfe,and let I, = {v : v = > (%6, }. Let By = B.(z1) and E; =
B (z;) N (Ué;llBE(:vj))c. Define

n

v, = Z [mu;‘:n(/ (le _|_ Z m,ua

=1 =1
Then
[mpua(E;)] 9
ol F) < g (U ol < —_ - <y, (F= 2
fa(F) < pro(Upng20E) + € FOEE#@ S+ e Vo(F™) + 2¢

and p(pa, va) < 2e. Consequently, {1, } is totally bounded. O
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Arzela-Ascoli Theorem
The following is a special case of the Arzela-Ascoli theorem.

Lemma 7.9 K C Ca|0, 1] is relatively compact if and only if sup,.x |2(0)| < oo and
lims o Supjs_y <4 [2(s) — z(t)| = 0.

Proof. The proof can be found in http://www.math.byu.edu/~klkuttle/
lecturenotes641l.pdf [l

Corollary 7.10 Let ¢, ny, 0, > 0 and ny, o, — 0. Then
Ke (o) =12 € C[0,1] : [2(0)| < ¢, sup |z(s) —z(t)] < mp, b =1,2,...}

[s—t| <&k

is compact.
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Tightness for S = C|0, 1]

Theorem 7.11 {X,} is relatively compact in distribution if and only if for each e, > 0,
there exist ¢,d > 0 such that

sup P{{X(0)] = ¢} < ¢

and
sup P{ sup |X,(s) — X.(t)| > n} <e

|s—t|<8
Proof. Let 7, > 0, n, — 0. For € > 0, select ¢, > 0 so that sup, P{|X(0)| > ¢} < ¢€/2
and J;, > 0 so that

sup P{ sup |X.(s) — Xa(t)] >} < o~ (k+1)¢.

o [s—t|<k N N

Then P{Xa ¢ KC,{(%,(SIC)}} S €. O
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Kolmogrov criterion

Theorem 7.12 Let { X, } be process in Cga[0, 1]. Suppose that there exist C' > 0, 3 > 0,
and 6 > 1 such that

sup sup E[|X.(t) — Xz(s)|° A 1] < C8°.

o lt—s<o

Then {X,} is relatively compact in distribution.
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Chaining argument

Suppose § < 2~V and |t — 5| < 4. Lett,, = 27™[2™¢] and s,, = 27™[2"s]. Then
|tm+1 - tm| § 27(m+1)’ "Sm—&—l - Sm’ S 27(m+1)’ |$n - tn| S 27”/ llInm—>oo tm = t/
lim,, o0 Sm = 8, and for z € C[0, 1],

() = 2(s)] < la(t) = 2(s2)| + D (|2 (tmsr) = 2(tm)| + |2(5ms1) = 2(5m)])-

Define 7%, = S5 o [Xa(27™(k + 1)) — Xa(27™k)]7 A 1.
Then for § < 2~ ”+1),
sup [ Xo(t) — Xa(s)| A1 <2 Z S
t—sl<s

Consequently,

o0 ) 1/8
E[ sup [Xa(t) — Xa(s)|A1] < QE[Z(W'Q)UB] < 20/P (Z 2—m(0—1)) ‘

jt—s|<6

m=n m=n

As § — 0, we can let n — oo and the right side goes to zero.
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Donsker’s invariance principle

&1, &, ... 1id E[{] =0, Var(f) =02 < 00

[nt]

X, (1) = %Zgi

Let
nt — [nt]

N i+

Assuing t > s, Let v = E[¢%]. Then, assuming [nt] > [ns]

X, (t) = X, (t) +

E[(Xa(t) = Xa(s))']

_ % ((nt — [nt])* + [nt] — [ns] — 1+ (jns] + 1 — ns)*)
+172;272 <((nt — [nt])? + ([ns] + 1 — ns)?)([nt] — [ns] — 1)

+([ns] + 1 —ns)*(nt — [nt])? + 27 ([nt] — [ns] — 1)([nt] — [ns] — 2))
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Conditions for convergence in C|0, 1]

Lemma 7.13 If X,, = X, then (X, (t1),..., Xn(tn)) = (X(t1),..., X(tn)), 0 < t; <
- <ty < 1. If u, po € P(C|0, 1)) have the same finite dimensional distributions, then

H1 = M.

Proof. 7, : x € C0,1] — x(¢) is continuous, so the first part follows. The second
follows from the fact that B(C[0,1]) = o(m,0 < ¢t < 1) (Br(y) = Niconpoly :
|m(x) — me(y)| < 7} pn = pe ono(m, 0 <t < 1) by the Dynkin-class theorem. O

Theorem 7.14 Suppose {X,,} is relatively compact in distribution in C|0, 1] and
(Xn(t1), .., Xo(tm)) = (X(t1), ..., X(tn)), 0<t; <---<tn<L

Then X has a continuous version and X,, = X.
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Poisson approximation

Suppose that for each n, {{}'} is a Bernoulli sequence with np,, — A, and define

[nt]

Xalt) = &

“Clearly” X,, = X where X is a Poisson process with parameter ), but in what
sense. Assuming the Skorhod representation theorem applies, sup,.r | X (t) — X, ()|
does not converge to zero.
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Skorohod topology on D0, co)

(E,r) complete, separable metric space
Dg0,00) space of cadlag, E-valued functions

x, — x € Dg|0,00) in the Skorohod (.J;) topology if and only if there exist strictly
increasing \,, mapping [0, c0) onto [0, o) such that for each 7" > 0,

lim sup(|A,(t) — t| + r(z, o \u(t), z(t))) = 0.

n—=00 ¢<T

The Skorohod topology is metrizable so that Dg[0,00) is a complete, separable
metric space.

Note that 1,1 .y — 1j1,0) in Dg[0,00), but (1,1 ), 1(1,00)) does not converge in
Dg20, 00). (It does converge in Dg|[0, 00) x Dg[0, 00).
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Conditions for tightness
Sg(T)  collection of discrete {F;'}-stopping times  ¢(z,y) = 1 Ar(z,y)

Theorem 7.15 Suppose that for t € 71y, a dense subset of [0, 00), {X,,(t)} is tight. Then
the following are equivalent.
a) {X,} is tight in Dgl0, c0).
b) (Kurtz) For T > 0, there exist 3 > 0 and random variables ~, (5, T') such that for
0<t<T,0<u<yand)<v<tAJ
Elq”(Xa(t + u), Xu(1)) A " (Xa(t), Xa(t = 0)|F] < Bl (6, 7)1 7]
(l;in(l] lim sup E[vy,(6,7)] = 0,

and o
lim lim sup E[¢”°(X,,(6), X,,(0))] = 0. (7.1)

6—0 pooo

c) (Aldous) Condition (7.1) holds, and for each T' > 0, there exists (3 > 0 such that
C,(6,T) = sup supE]sup qﬁ(Xn(T +u), Xp(7)) A qﬁ(Xn(T), Xn(T —v))]

TESH(T) u<s  v<6AT

satisfies lims_,o lim sup,, ., C(0,7) = 0.
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Example

M,Na, ... iid, E[n;] =0, 0% = E[n?] < o

|
Xn(t) = % - Up
Then . . )
B¢+ ) - X ()77 = P e 5y Ly
for u < 6.
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Uniqueness of limit

Theorem 7.16 If {X,,} is tight in Dg|0, c0) and
(Xn(t1)7 s 7Xn(tk)) = (X(t1)7 s 7X(tk))
forty, ...ty € 1y, Ty dense in [0, 00), then X,, = X.

For the example, this condition follows from the central limit theorem.
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Some continuous functions
Fy: 2 € Dgpl0,00) — y € Dg[0,00), y(t) = sup,, 7(x(s).2(s—))
Fy:x € Dgl0,00) — y € Dg[0,00), y(t) = sup,<; z(s)

Gy 1 x € Dg[0,00) — R, Gy(x) = sup,, z(s) is not continuous. (Exercise: Identify
the continuity set for G;.)

Iff:F— Fis continuous, then
Hf:x € Dgl0,00) =y € Dg[0,00), y(t) = f(z(t)) is continuous, but
Gy 2 € Dgl0,00) — y € E, y(t) = f(z(t)) is not continuous.
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Compact uniform topology

dy(z,y) = /000 e tsup 1 Ar(z(s),y(s)) dt

s<t
defines a metric on D0, 00), but Dg0, 00) is not separable under d,,.
However:
Lemma 7.17 Suppose x,, — x in the Skorohod topology. Then Fy(x,) — 0 if and only if
x is continuous, and if x is continuous, d,,(x,,x) — 0. In particular, Cg[0, 00) is closed

in the Skorohod topology, and the restriction of the Skorohod topology to Cg|0, c0) is the
compact uniform topology.
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Other conditions
Let {X,} be processes with sample paths in Dg[0, c0).

The compact containment condition holds if and only if for each 7', ¢ > 0, there exists
a compactset K. C

inf P{X,(t) € K.r} >1—e
Let C C C(E) be linear and separate points.

Theorem 7.18 {X,} is relatively compact in Dg|0,00) if and only if the compact con-
tainment condition holds and for each f € C, {f o X, } is relatively compact in Dg|0, c0).

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 159



8. Brownian motion

e Construction by Donsker invariance

e Markov property

e Transition density and heat semigroup
e Strong Markov property

e Sample path properties

e Lévy characterization

e Martingale central limit theorem
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Construction by Donsker invariance

&,&, .. iid E[¢] =0, Var(§) =1

[nt]

X, (1) = %Zgi

Then X,, = W, standard Browian motion.

W is continuous

W has independent increments

EW(t)] =0, Var(W(t)=t, Cov(W(t),W(s))=tAs

W is a martingale.
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Markov property

X(t) = X(0) + W(t), X(0) independent of .

T(t)f(x) = E[f(x +W(t / fly

Blf(X(t+s))|F] = BIA(X(t) + W(t +5) — ())IEX]Z T(s)f(X (1))
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Transition density

The transity density is
I _wo?

pt,x,y) = o 20

which satisfies the Chapman-Kolmogorov equation

Dt + 5,2, y) = / Dt 2, 2)p(s, 2, y)d=
R

Note that
] 1

=T(t) f(z) = 3722

" T(t)f(x)
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Right continuous filtration
E[f(X(t+5))| 73] = lim E[f(X (t+5))| 73] = lim T(s—h) f(X(t+h)) = T(s)f(X (1))

Lemma 8.1 If Z is bounded and measurable with respect to o(X (0), W (s),s > 0), then
E(Z|F}) = E[Z|F]] as.

Proof. Consider

Hfz t)|Fii]

and apply the Dynkin-class theorem. O

Corollary 8.2 Let F;* be the completion of F;*. Then F* = F;}.

Proof. If C' € F}}, then E[1¢|F;*] = 1¢ a.s. Consequently, setting
={E[1c|F ] =1}  P(C°AC)=0
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Strong Markov Property

Prove first for discrete stopping times

E[f(X (T +1))|F] =T () f(X(7)

Every stopping time is the limit of a decreasing sequence of discrete stopping times

If v > 0 is F,-measurable, then
EIf(X (1 +)|F] = T(v)f(X(7)
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Reflection principle

P{sup W (s) > ¢} =2P{W (t) > ¢}

s<t
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Samplepath properties
Finite, nonzero quadratic variation

hmz H—l (tz))Q =1t.

Brownian paths are nowhere differentiable (Theorem 1.8)
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Law of the Iterated Logarithm

t
lim sup W—() =

tooo \/2tloglogt
W (t) = tW(1/t) is Brownian motion. Var(W (t)) = t*1 = t Therefore

lim sup W) i W<t)

= lim sup =1
-0 +/2t"1loglog 1/t t—0  /2tloglog 1/t

Consequently, R
lim sup (t+h) = W(H)

=1
h—0  /2hloglogl/h
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The tail of the normal distribution

Lemma 8.3

Proof. Differentiate
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Modulus of continuity

Theorem 8.4 Let h(t) = \/2tlog1/t. Then
[W(t) = W(ts)]

Pl o R
Proof.
P{max(W(k27") = W((k = 1)27) < (1= 0)h(2™)} = (1= D) < e
for N 1 2 1 - |
I = /(15%/@ \/_2_7T€—z Pdr > C%e—(l—é) log2" %2_(1_5) .

so 2"] > 2™ for n sufficiently large and Borel-Cantelli implies
P{lim sup iriaQ%((W(kZ_") —W((k—=1)2"")/h(2™") > 1} =1.

n—oo

F0r5>0ande>%§—1

(W (i +k)27") —W(i2™)]
P > (1
{0<k§2m{%2§2n_2n5 h(k2-) > (1+e¢)}
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<> 2(1 - O((1+€)/2log(2"/k)))
<0 o i 1og<2n/k>>€

< C’ gn(1+8)9—2n(1— —8)(14€)?
n

—2(1+4€)? log(27 /k))

and the right side is a term in a convergent series. Consequently, for almost every
w, there exists N (w) such thatn > N(w)and 0 < k < 2" 0 < i < 2" — 2™ implies

(W((i+k)27") =W (i2™")[ < (1 +€e)h(k27")
If [t; — ty] < 2-W@)+1(1-9)
(W (ty) — W(ty)| < [W([2V@t]27 V) — W ([2V@)g,)2~ V)|

S W) W ) Y W) - (2 2 )
n>N(w) n=N(w)
; W (1) = W (t2)] < h(2Y1] = 24t
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Quadratic variation for continuous martingales

Lemma 8.5 Let M be a (local) square integrable martingale. Then

(M]y= lim Y (M(tia At) = M(t; At))

max ‘ti+1 —t; |—>0

exists in probability and M? — [M] is a local martingale.

Remark 8.6 Any local martingale with bounded jumps in a local square integrable mar-
tingale.

Proof. Assume that M is a square integrable martingale (otherwise, consider the
stopped martingale). Let 7. = inf{t : |M(¢)| > ¢}, and replace M be M (- A 7.).
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Suppose {s;} is a refinement of {¢;}. Then

Z(t) = Y (Mt At) = M(t; A)* =D (M(sja At) — M(s; A1)
= D2 ) (M(spe1 At) — M(si A ) (M (sj51) — M(s)))

7 j<k€1—‘¢

Each term in the sum is a martingale, so Z is a martingale. Let v(s) = max{t; : t; <
s}. Then

—22 (5101 A ) = M(s A (M(s;) — M((s131)))-

Note thatif s; > 7, then the jth term is zero, and if s; < 7., the jth term is bounded

by
4C|M(Sj+1 VAN t) — M(Sj A t)‘

In particular,
E[Z(t)’] < 16> E[M(t)?].

Then, if max |ti+1 — i

— 4

E[Z(t A B5)?] < EE[M(t)?)].
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For ¢, — 0, there exist §,, — 0 such that 3, = f;, ., — oo and hence if max |t} , —
) <6,

STM(E, AEABL) — M(E A LA B)? = [M],

i
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Lévy characterization

Theorem 8.7 Let M be a continuous local martingale with [M], = t. Then M is a stan-
dard Brownian motion

Proof. For each ¢ > 0, E[M(t A 7.)?] = E[t A 7], and by Fatou, E[M (¢)?] < cc. Then
M(tA7:)? < sup,c, M(s)?, so by Doob’s inequality and the dominated convergence
theorem E[M (¢t A 7.)?] — E[M(t)?] = t. It follows that

S (Mt M) — M(t A1) St

7

E[eiG(M(t—H")—M(t)) |~7:;5]

n—1
=1+ Z E[(ew(M(s’““)_M(s’“) —1—i0(M(sg41) — M(sk))
k=0
1 .
450 (M (s1) = M(s))?) 01003 )
n—1
1 ; _

_592 Z<8k+1 - Sk)E[ele(M(sk) M(t))‘}—t]

k=0

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ® Quit

175



The first term converges to zero by the dominated convergence theorem, so we
have

. 1 T )
E[eze(M(t+r)—M(t))|}—t] -1 592/ E[ezG(M(t+s)—M(t))|E]ds
0

and E[e?M@+)-M®)| 7] = e~ O
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Limits of martingales are martingales

Lemma 8.8 Suppose that for n = 1,2, ..., M, is a cadlag martingale, M, = M and for
eacht > 0, {M,(t)} is uniformly integrable. Then M is a martingale.

Proof. There exists a countable set D such that if (¢,...,%,) € [0,00) — D, then

(M(t1), ..., Mu(tm)) = (M(t1),..., M(ty)).
If f; € C(R), then {M,(t,,) [ 1, fi(M,(t;))} is uniformly integrable and converges in
distribution to M (t,,) [[, fi(M(¢;)). It follows that for 0 < t; < to < -+ < tpyq,
ti¢ D,
OZJI_{{.IOE[(Mn( m+1 Hfz n 1 [(M< m+l Hfz 7, ]

By the right continuity of M, the right side is zero for all ¢;, and hence M isa { FM}-
martingale. O
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Martingale central limit theorem

Theorem 8.9 Let {M,,} be a sequence of martingales. Suppose that
lim E[sup |M,(s) — M,(s—)|] =0
n—oo SSt
and
[M,]; — c(t) (8.1)
foreach t > 0, where c(t) is continuous and deterministic. Then M,, = M = W o c.
Remark 8.10 If
lim E[|[M,]: —c(t)|]] =0, vVt >0, (8.2)

then by the continuity of ¢, the conditions hold. If (8.1) holds and lim,,_.., E[[M,];] = c(t)
foreacht > 0, then (8.2) holds by the dominated convergence theorem.

Proof.(Assuming (8.2).) For 0 <u <4, s <t,
E[(My,(s4u) = My (s))?|FS] = El[Mp]su — [M]s| FY] < Elsup([M,] s — [Mo]s) |72,

s<t

so by the tightness criterion, {M,,} is relatively compact. O
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Example 8.11 If M, = W o, then
P{sup M,,(s) <z} — P{supW(c(s)) <z} = P{sup W(u) < z}.

s<t s<t u<c(t)
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Corollary 8.12 (Donsker’s invariance principle.) Let &, be iid with mean zero and vari-

ance o2, Let
[nt]

M,(t) = % > &

Then M, is a martingale for every n, and M, = oW.

Proof.Since M,, is a finite variation process, we have

(My]i = ) (AMy(s))”

where the limit holds by the law of large numbers. Note that the convergence is in
Ly, and M, = W (c?%). O
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Corollary 8.13 (CLT for renewal processes.) Let &, be iid, positive and have mean p and
variance o*. Let

k
N(t) = max{k : Z{Z < t}.

Then
N(nt) —nt/p

vn

to?

Zn(t) = = W( e

).

Proof. The renewal theorem states that

N(t 1
XY@ Ly
t p
and
Ny Lo
2 5.

Let S, = Zle &, M(k) = Sy, — pk and Fy, = o{&,...,&}. Then M is a {Fy}-
martingale and N (t)+11is a { F; }-stopping time. By the optional sampling theorem
M(N(t) + 1) is a martingale with respect to the filtration {Fy )41}
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Note that
M,(t) = —M(N(nt)+1)/(uv/n)
N(nt) +1 _ SN(nt)-H —nt _ nt

NG i/ i/
N(nt)—nt/,u_’_i 1

NG A u—\/ﬁ(SN(”t)“ —nt) .

So asymptotically Z, behaves like M,,, which is a martingale for each n.

1 N(nt)+1

L, to?
M= 3 la-ul? 2
[ ]t M2n - | | ,U/3
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Corollary 8.14 Let N(t) be a Poisson process with parameter \ and

Define X,,(t) = X\(/’;if). Then X, = J=W.

Proof. Note that

(-)N® = 1 2/t(—1)N(S_)dN(s) =1—2M(t) — 2) /t(—l)N(S)ds,

where

is a martingale. Thus

X(nt) _1- (=N M(nt)

NG W Wk
[M,); = N(nt)/(n\?) —

X,(t) =

>
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Multidimensional case

Theorem 8.15 (Multidimensional Martingale CLT). Let { M, } be a sequence of R%-valued

martingales. Suppose
lim Efsup |M,(s) — M,(s—)|] =0

n—oo s<t

and ' ‘
[My, Ml — cij(t)

forall t > 0 where, C' = ((c;;)) is deterministic and continuous. Then M, = M, where
M is Gaussian with independent increments and E[M (t)M (t)'] = C(t).

Remark 8.16 Note that C(t) — C(s) is nonnegative definite for t > s > 0. If C'is differ-
entiable, then the derivative will also be nonnegative definite and will have a nonnegative
definite square root. Suppose C(t) = o(t)* where o is symmetric. Then M can be written
as

M(zf):/O o(s)dW (s)

where W is d-dimensional standard Brownian motion.
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9. Continuous-time Markov processes

e Markov processes corresponding to an operator semigroup
e Markov processes: Martingale problems

e Markov processes: Stability and stationary distributions
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Markov processes: Semigroups
{T'(t) : B(E) — B(E),t > 0} is an operator semigroup if T'(t)T'(s)f =T(t + s) f
X is a Markov process with operator semigroup {7'(¢)} if and only if
E[f(X(t+))F 1 =T(s)f(X(#)), ts>0,f€B(E).
T(s+7n)f(X(#) = Ef(X(t+s+7)|F]

= E[E[f(X(t+ s+ )| FF]

= B[T(r)f(X(t+9)|F]

= T()T(r)f(X(®)

Lemma 9.1 If X is a Markov processe corresponding to {T'(t)}, then the finite dimen-
sional distributions of X are determined by {T'(t)} and the distribution of X (0).

Proof.For 0 < t; <t,,

Elfi(X(t))fo(X(t2)] = Elfi(X ()T (t2 —t1) fo( X (t1))]
= E[T(t:1)[fiT(t2 — 1) f2)(X(0))]
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Semigroup generators

f is in the domain of the strong generator of the semigroup if there exists g € B(F)

such that
TWf-f
t

lim ||g — | =0.

t—0+
Then Af = g.

f is in the domain of the weak generator A, if sup, ||t (T(t)f — f)|| < oo, and there
exists g € B(F) such that

lim T(t)f(:ct) — /(@) =g(x)=Af(x), z€kFE.

t—0+

See Dynkin (1965).
The full generator A is

t

A={(f.9) € BE) x BE): T(t)f = f + / T(s)gds
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Martingale properties

Lemma 9.2 If X is a progressive Markov process corresponding to {T(t)} and (f, g) € 4,
then

is a martingale.
Proof.
E[M;(t +r) = M) F] = T(r) f(X(#) = F(X(1)) = /t T(s — 1)g(X (1)ds = 0

g
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Dynkin’s identity

A

Change of notation: Simply write Af for g,if (f,g) € A.

The optional sampling theorem implies
BLACK (A )] = BLACXO)) + B[ A7(X(s)ds]

Assume D is open and X is right continuous. Let 7p = inf{t : X(¢) ¢ D}. Write £,
for expectations under the condition that X (0) = «.

Suppose f is bounded and continuous, A f=0,and 7p < oo a.s. Then

f(@) = E.[f(X(mp))]-

If f is bounded and continuous, Af(z) = —1,z € D,and f(y) = 0,y ¢ D, then

f(x) = Ey[rp]
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Exit distributions in one dimension

For a one-dimensional diffusion process

1

Lf(z) = ga(z)["(z) + b(x) f'().

Find f such that Lf(z) = 0 (i.e., solve the linear first order differential equation for
f'). Then f(X(t)) is a local martingale.

Fix a < b, and define 7 = inf{¢ : X(¢) ¢ (a,b)}. If sup,.,; | f(z)| < o0, then
E[f(X(EAT)] = [(z).

Moreover, if 7 < 0o a.s.

Hence
Fa)Pe(X(7) = a) + f(b) Po(X(7) = b) = f(x),
and therefore the probability of exiting the interval at the right endpoint is given

by
_ f(@) = f(a) ©.1)
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Exit time

To find conditions under which P,(7 < co) = 1, or more precisely, under which
E,[t] < oo, solve Lg(z) = —1. Then

9(X (@) — 9((X(0)) = ¢,

is a local martingale and C' = sup,_,; |9(z)| < o0,

Eofg(X(ENAT))] = g(x) + Euft A 7]

and 2C > E[t A 7], 50 2C > E|r], which implies 7 < oo a.s. By (9.1),

E.[7]
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Strongly continuous contraction semigroup

Semigroups associated with Markov processes are contraction semigroups, i.e.,
17O < AL f e B(E).

Let Ly = {f € B(E) : limy_o4 | T(t)f — f|| = 0. Then

e D(A) is dense in Ly.
o [IAf=ASIF=AAL FeD(A), A>0.
e RIA—A) =1Ly VA >0.
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The resolvent

Lemma 9.3 For A > 0and h € L,
A—A)"h = / e~ MT(t)hdt
0
Proof. Let f = [ e T (¢)hdt. Then
T f-f) = r—l(/ e MT(t + r)hdt — / e MT(t)hdt)
0 0

= e / e MT(t)hdt — / e MT(t)hdt)
r 0
— A —h
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Hille-Yosida theorem

Theorem 9.4 The closure of A is the generator of a strongly continuous contraction semi-
group on Ly if and only if

e D(A) is dense in Ly.

o [IAf=AfII=AlFN, feD(A),A>0.

e R(A— A)isdensein L.
Proof. Necessity is discussed above. Assuming A is closed (otherwise, replace A
by its closure), the conditions imply R(A — A) = L, and the semigroup is obtained
by
T f = lim (I — 2 A)

n

n—0o0

(One must show that the right side is Cauchy.)
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Probabilistic interpretation of the limit

If T'(t) is given by a transition function, then

(T = -4y () = BLf(X ()]

n
where A is a unit exponential independent of X, and
[nt]

(1= 2 A) () = BIXC S A))

n
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The resolvent for the full generator

Lemma 9.5 Suppose T'(t) : B(E) — B(E) is given by a transition function, T(t) f(x) =
[ f(y)P(t,x,dy). For h € B(E), define

f(z) = /0 N e MT(t)h(x)dL.

Then (f,\f —h) € A.

/OtT(S)()\f—h)ds = )\/0 /OOO _)\uTS—i_u)hdUdS—/otT(s)hds

S t
= A / As / e T (u)hduds — / T(s)hds
0

= = *AUT hd _ =X\ hd
e /t e U /0 e (u)hdu
= T f-f

Proof.
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A convergence lemma

Lemma 9.6 Let E be compact and suppose { f.} C C(E) separates points. If {x,} satis-
fies lim,, o fr(xn) exists for every f, then lim,, ., x., exists.

Proof. If z and 2’ are limit points of {z,,}, we must have f;(x) = fi(2’) for all k.
But then = = 2/, since { fi.} separates points. O
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Feller processes

Lemma 9.7 Assume E is compact, T(t) : C(E) — C(E), and lim;_o T'(t) f(x) = f(x),
x € E, f € C(E). If X is a Markov process corresponding to {T'(t)}, then X has a
modification with cadlag sample paths.

Proof. For h € C(E), f = R\h = [;° e MT(t)hdt € C(E), so setting g = \f — h,

FX()) — F(X(0)) - / 9(X (5))ds

is a martingale. By the upcrossing inequality, there exists a set {1y C Q with
P(Qf) = 1 such that for w € Qy, limy 1, seq f(X(s,w)) exists for each t > 0 and
lims ¢ seq f(X(s,w)) exists for each ¢ > 0.

Suppose {h;,k > 1} C C(F) is dense. Then {R\h; : A € QN (0,00),k > 1}
separates points in E. U
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Markov processes: Martingale problems
E state space (a complete, separable metric space)

A generator (a linear operator with domain and range in B(E)
pn e P(E)

X is a solution of the martingale problem for (A, ;1) if and only if 4 = PX(0)~" and
there exists a filtration {F;} such that
- [

is an {F;}-martingale for each f € D(A)
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Examples of generators
Standard Brownian motion (£ = R%)

Af = SAF D(A) = C2(RY)

Poisson process (£ = {0,1,2...}, D(A) = B(E))
Af(R) = A(f(k+1) = f(K))

Pure jump process (£ arbitrary)

Diffusion (F = R¢, D(A) = C%*(R?))

Af(x) = %Z () 81‘18% )+ Zb

/L’J

9.2)
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Conditions for the martingale property

Lemma 9.8 For (f,g) € A, hy,...,hy € C(E), and t; <ty < -+ <ty let

m

(V) = (Y, (£, 9), Ak {1 = (PO (tmin) = F(V ()~ / g (s)as) T (v (1),

i=1

Then Y is a solution of the martingale problem for A if and only if E[n(Y)] = 0 for all
such .

The assertion that Y is a solution of the martingale problem for A is an assertion
about the finite dimensional distributions of Y.
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Uniqueness and the Markov property

Theorem 9.9 Ifany two solutions of the martingale problem for A satisfying PX,(0)~* =
PX,(0)~ ! also satisfy PX,(t)~! = PXy(t)"! forall t > 0, then the f.d.d. of a solution X
are uniquely determined by PX (0)~!

If X is a solution of the MGP for A and Y, (¢) = X (a+1), then Y, is a solution of the
MGP for A.
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Markov property

Theorem 9.10 Suppose the conclusion of Theorem 9.9 holds. If X is a solution of the
martingale problem for A with respect to a filtration {F;}, then X is Markov with respect
to {ft}

Proof. Assuming that P(F) > 0, let F' € F, and define

1pE[1p| X (r)]]
P(F)

E1pE[1p|F]
P(F) -

P(B) = py(B) = £l

Define Y (¢t) = X(r +t). Then

niro ery - ool APReoenBl by ery

Check the E'[n(Y)] = E™[n(Y)] = 0 for all n(Y') as in Lemma 9.8. Therefore
E[rE[f(X(r+t))|F]] = P(F)E[f(Y (1)) = P(F)E™[f(Y(t))] = E1pE[f(X(r+t))| X (r
U
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Cadlag versions

Lemma 9.11 Suppose E is compact and A C C(E) x B(E). If D(A) is separating, then
any solution of the martingale problem for A has a cadlag modification.
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Quasi-left continuity

X is quasi-left continuous if and only if for each sequence of stopping times 7, <
79 < ---such that 7 = lim,,_.. 7, < o0 a.s.,

lim X(7,) = X(7) a.s.

n—oo

Lemma 9.12 Let A C C(E) x B(E), and suppose that D(A) is separating. Let X be a
cadlag solution of the martingale problems for A. Then X is quasi-left continuous

Proof. For (f,g) € A4,

lim f(X(r Af) = lim E[f(X(X(T/\t))—/TA (X (s))ds| ]

n—00 n—0o0
n /At

= E[f(X(rA)| Vo Fr] -
See Exercise 10. O
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Continuity of diffusion process

Lemma 9.13 Suppose E = R? and

0 2
Zam Tola ax] F@)+ 2 h()gg fe), DA) = CRY,

If X is a solution of the martingale problem for A, then X has a modification that is cadlag
in R4 U {oo}. If X is cadlag, then X is continuous.

Proof. The existence of a cadlag modification follows by Lemma 9.11. To show
continuity, it is enough to show that for f € C°(R?), f o X is continuous. To show
f o X is continuous, it is enough to show

lim > (f(X(tia At) = F(X(: A1) =0.

max |t;+1—t;|—0

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 206



;From the martingale properties,
B X0+ ) — F(X(0)]
= [ B[aroae) - AP
6P (XE)APX(S)) — AP (XD AFCX(s)]ds
Check that
APY(@) ~ 4F(@) AP (@) + 67 (0)AF ) — 4 (@) Af(a) = 0
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Markov processes: Stability and stationary distributions

e Extension of martingale properties
e Moment estimates

e Stationary distributions
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Extension of martingale properties

Lemma 9.14 Suppose X is a solution of the martingale problem for A, {(fn,9.)} C A4,
inf, n fn(2) > —00, sup,, gn(z) < 00, fu(x) — f(2), gu(v) — g(x), v € E. Then

is a supermartingale.
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Extension for diffusion processes

Let L be the differential operator that defines A in (9.2) for f € C?(R?).
Lemma 9.15 Suppose f € C*(R?), inf, f(x) > —oo and sup, Lf(z) < co. Then
t
FOX0) = FXO0) = [ LIX())ds
is a supermartingale

Proof. For each r, there exist f, € C?(RY) such that f(x) = f.(x) for |z| < r.
Consequently, defining 7, = inf{t : [ X (¢)| > r},

FX(E A7) — FX(0)) — / " LF(X(s))ds

is a martingale. Letting r — oo, the lemma follows by Fatou’s lemma. (We as-
sumed here that 7. — oo for r — o0.) O
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Moment estimates

Lemma 9.16 Suppose A is given by (9.2) and

Zau )+ 22 - b(z) < Ky + K|z

If X is a solution of the martingale problem for A, and E[| X (0)|?] < oo, then E[| X (t)[*] <
oo forall t > 0.

Proof. Taking f(z) = |z|>, Lf =, ai(z) 4+ 2z - b(x), and

E[|IX(t A7) = +E[/ "

< B[|X(0)]*] + /0(K1 + KyEB[| X (s A7) [P)ds

so B[| X (t A 7.2 < (B[|X(0)|?] + Kyt)ek2t, O
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Lemma 9.17 If X is a solution of the martingale problem for A, f € D(A), and ~ :
0, 00) — R continuously differentiable, then

t

v(t)f(X(t))—/ (Y () F(X(s)) +~(s)Af(X(s)))ds

0

is a martingale

Proof.

Ely(t+r)f(X(E+7)) =) f(X(0)|F]
= B> y(tin) F(X (Bi1)) = 7(8) F(X (2))[F]

tit1

=E[) W(tm)/t_ Af(X(8))ds + ((tira) — () (X (8:))|F]
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Lemma 9.18 Suppose A is given by (9.2) and

g(x) = ay(z) + 22 -b(z) < K1 — Kolaf’, Ky, Ky > 0.

If X is a solution of the martingale problem for A, and E[| X (0)[?] < oo, then sup, E[| X (t)|*] <
Q.

Proof. .
Z(t) = | X (t)]2e™?! —/ Kef*ds
0

is a supermartingale, so

K

E[|IX(t)]"]e™" < E[IX(0)]"] + e

(e — 1)
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Stationary distributions

pu € P(E) is a stationary distribution for A is there is a solution of the martingale
problem for (A, y) that is a stationary process.

Lemma 9.19 If 11 is a stationary distribution for A, then
/EAfd,u =0, feD(A).
Proof. If X is a stationary solution, then
0 = E[f(X(#) - f(X(0)) - /Ot Af(X(s))ds]

= (o) — (o) — / (Af, s
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Stationary distributions for semigroups

Lemma 9.20 If A is the generator for a semigroup on L C B(E), p € P(E), and
(Af, ) =0, then (T(t) f, ) = (f, ), f € L.

Proof. If f € D(A), thenT'(t)f € D(A) and AT (t)f = T(t)Af. Consequently,
TOF0) = L)+ [ AT s = (),

Since D(A) is dense in L, the identity extends to all f € L. O

Note: The assertion that A generates the semigroup requires verification of the
range condition in the Hille-Yosdia theorem.
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Conditions on the generator

A C B(FE) x B(FE) is a pre-generator if A is dissipative (if A is linear, ||\f — Af|| >
M fll, A > 0, f € D(A)) and there are sequences of functions i, : E — P(E) and
An : E — [0,00) such that for each (f,g) € A

g(z) = lim Ay(a)( /E () = F (@) pau (2, dy)

foreach z € E.
A is bp-separable if there exists a countable subset {g;} C D(A) NC(E) such that the
graph of A is contained in the bounded, pointwise closure of {(gx, Agx)}.
i) A: D(A) Cc C(E) — C(E),1 € D(A),and Al = 0.
ii) There exist ¢ € C(E), ¢ > 1, and constants ay, f € D(A), such that
Af@)] < apla),  we B

iii) Defining Ay = {(f,v *Af): f € D(A)}, Ayisbp-separable and a pre-generator.

iv) D(A) is closed under multiplication and separates points.
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Echeverria’s theorem

Theorem 9.21 Suppose that A satisfies the condtions above. Let 11 € P(E) satisfy

/E¢du<oo

/ Afdu =0, feD(A).
E

Then there exists a stationary solution of the martingale problem for (A, ).

and
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Example: Diffusion processes

Let d = 1. Integrating by parts, we have
/Oo p(z) (%G(I)f”(x) + b(x)f’(x)> dr
: . / fa (2 7 ((@)p(z)) b(ﬂ?)p(w)) da.

= gp(@)al
The first term is zero, and integrating by parts again

2
/ IS (2dx< (2)p(x ))—b(w)p(ﬂﬁ)) da

s0 solve
d (1d

7 (3 @) - @) =0

[\ J/

this is a constant:
let the constant be 0
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Applying the integrating factor exp(— [ 2b(z)/a(z)dz) to get a perfect differential,

we have ] d
z 2b(z) z 2b(z)
e i R (a(x)p(z)) — b(z)e o Wdz])(x> =0
2 dx
z 2b(z)
&(:L‘)e_ lo a(z) dzp(x) =
p(z) = O g

a(x)

Assume a(x) > 0 for all x. The condition for the existence of a stationary distribu-

tion is -
z Zb(z)d
—efo o) Pdr < 00.
a(x)

—0o0
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Example: Spatial birth and death processes
Letv € Mf(S)

Af(n) = / (F(n+3,) — F(m)widy) + / (f(n—8:) — £(m))n(da)

for
feDA) = {e . inf h(z) > 0}.

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 220



The stationary distribution
Let £ be a Poisson random measure with mean measure v. Then

L ¢ = 6. a)élaa)] = B | he.a)vido)] 9.9
Consequently,

E| / (f(€ — 62) — F(€))(de)] = E| / F(E)v(d)] - B| / F(E + 6.)w(da)

SO

/ Af(n)p(dn) = 0.
N(S)

where 1Y is the distribution of the Poisson random measure with mean measure v.
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Moment lemma for Poisson random measures

Let £ be a Poisson random measure on E with nonatomic mean measure v. Let
{E}} be a sequence of partitions of £ with maxdiam(E}}) — 0, and let 2} € E}.
Then for bounded, continuous, h : N (E) x E — Rand F € B(E) with v(F) < oo,

Bl [ hle = 5.)6(dn)) = lim S E[(E ~ Sagor, sDS(EL 1 F)
k

= lim Z B[ = Eppar, 73 )V (B N F))
k

- /F E[h(¢, )]w(dx)
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Existence of stationary distributions: Feller case

Lemma 9.22 Suppose {1'(t)} is a Feller semigroup corresponding to a Markov process X.
Let v, = PX'(t), and define
1 t
Mt = g /0 l/st
If {pu} is tight, then any limit point is a stationary measure for {T'(t)}.

Proof. Suppose 1, converges weakly to ji... Then for f € C(E),
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Existence of stationary distributions: Generators
Lemma 9.23 Suppose A C C(E) x C(FE) and A satisfies the conditions of Theorem 9.21.
Suppose f, g satisfy the conditions of Lemma 9.14 and that K, = {z : g(x) > —a} is
compact for each a > 0. Then there exists a stationary distribution
Proof. Assume that E[f(X(0))] < co. Then
t
EIf(X@®)] < E[f(X(0)] + E[/O 9(X(s))ds]

and letting C; = sup, g(z) and C; = inf, f(x),

Bl | (X)) = GE [ 1, (X(s)ds] < (B[ (~9)(X(s))as
’ “ < BIIX0)] -
and
iy < PUEOI=C: &
so {u;} is tight. Since t =1 ((f, ) — (f, w)) — (Af, 11;) = 0,and Af € C(E), any limit
point of {s;} will satisfy (Af, o) = 0. O
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Example
Let Af(x) = 3> a;(2)0;0;f(x) + 3, bi(x)0; f(x), and let f(x) = |z[>. Then

Z a;(z) + 2b(x

s0 if limy oo D aii(2) + 2b(z) - @ = —oo and the a;; and b; are continuous, there
exists a stationary distribution.
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Birth and death processes: Stationary distribution

Want
Z 1 Af(k) =0, f with finite support.
k

For f =4y,
Tt 1ik+1 + Th—1 -1 — Te(Ag + ) = 0,

which is implied by 71, = m,_1Ap—1, k = 1,2,. ... Consequently,

k1
Ai

i—o Hit1

T = To
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Example: Spatial birth and death processes

Letv € Mf(S)
Af(n) = /Sﬁ(y,n)(f(n +0y) — f(n)v(dy) + /35(90777)(f(ﬁ = 0:) — f(n))n(dz)

where 3 and ¢ are continuous. Let f(n) = ¢, Then

ot = e ([ e = vstmnwtan) — [0 e rstnntas) ).

Suppose
/S By, mv(dy) < B(ln))
/S 5, mn(dz) > 5(n))
If i
1 50)

Zk:gguﬂ)@O’

then there is a unique stationary distribution for A.
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MCMC for spatial point processes
Consider the class of spatial point processes specified through a density (Radon-

Nikodym derivative) with respect to a Poisson point process with mean measure
v, that is, the distribution of the point process is given by

e 10 (dy), 9.4)

v dn) =
K H( n) Zont

where H (n) is referred to as the energy function, Z,, i is a normalizing constant, and
o is the law of a Poisson process with mean measure v.

Assuming 7, y exists, u, g is a probability measure on S = {n € N(S); H(n) < oo}.

H is hereditary in the sense of Ripley (1977), if H(n) < oo and 77 C n implies H (1) <
0.
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Conditions to be a stationary distribution

Suppose that §(z,n) > 0if H(n+ ¢ ) < oo and that 3 and 0 satisfy
B, m)e™ ) = 8(w,n + 5;)e 0T, (9.5)

This equation is a detailed balance condition which ensures that births from 7 to n+4d,
match deaths from 7 + ¢, to n and that the process is time-reversible with (9.4) as
its stationary distribution. Since

Af(n) = / (1 + 6,) MO (£ 1 5,) — F(m))w(dy)
" / 5w, m)(F(n— 5.) — F(m))m(da),

the Poisson identity implies

[ Arutan = 5 [ Are"uan) <o

(9.5) holds for any pair of birth and death rates such that

plz.m)
S e = exp{—H(n+6,) + H(n)}.
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Pairwise interaction point processes

Take 6(x,n) = 1, that is, whenever a point is added to the configuration, it lives an
exponential length of time independently of the configuration of the process.

Hy(n) = > plwi, )

= 5l [ owwmtaomas) [ ooy
Then f3(z,n) = exp{— [ p(z,y)n(dy)} and

Af(n) = / e L@ (1 4 5,) — F(n))da + / (F(n— 6.) — Fn)n(de).
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10. Diffusion approximations

e Convergence of generators

e Limits of martingales should be martingales
e Tightness based on generator estimates

e Diffusion approximations

e Heavy traffic limits for queueing models
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Convergence of generators

{A,.} a sequence of generators for Markov processes with state space E.

Convergence condition: For each (f,g) € A C C(E) x C(E), there exist (f,,, g,) €
A,,n=1,2,..., such that sup, (|| f»| + ||gn||) < cc and

fn—f, gn— g uniformly on compact subsets of £
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Limits of martingales should be martingales

Lemma 10.1 Assume that the Convergence Condition holds. Suppose {(X,,, Z,,)} is rela-
tively compact in Dgy [0, 00) and X, is a solution of the martingale problem for A,, with

respect to the filtration {F,"7"}. If (X, Z) is a limit point of {(X,, Z,)}, then X is a
solution of the martingale problem for A with respect to {F;"%}.

Proof. Suppose (X,,, Z,) = (X, Z). LetTy = {t : P{(X(t),Z(t)) # (X(t—), Z(t—))} >
0}. (T is countable.) Then for {t;} C 15, h; € C(E x E'), and (f,., 9,) — (f,g) asin
the convergence condition,

(P X (b)) = Fal X (tn)) — / " (X (3)ds) [T halXalt:), Zu(t:)
converges in distribution to
(f(X(Emia)) = F(X(Em)) — /t (X ()ds) [[rx ), z (1))

which by the martingale properties of X, and the boundedness of {(f,, g,)} must
have expectation zero. O
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Tightness based on generator estimates

Suppose D(A) is closed under multiplication. Then for f € D(A) and 73 = inf{s >
0: X, (s) # K},
B[(f(Xa(t +u)) = f(Xa(1))*| 7]
= E[f*(Xa(t + ) = P(Xa(O)FF] = 2/ (X () B (Xt + ) = F(Xn(8))|F]]
< 2sup |*(a) ~ fo(a)| + Csup | F(z) = fy(o)] + CELperen| 77

B / (3(Xa(5)) + Clon(Xo())ds| 771

Consequently, if the convergence condition holds and there exists a sequence of
compact sets K, such that

lim limsup P{rg, < T} =0,

m—=00 np—oo

{X,} is relatively compact.
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Diffusion approximations

Forn = 1,2,..., let {Y;", k > 0} be a Markov chain in R¢ with transition function
pn(x, dy). Suppose

lim n / (4 — 2)pn(z, dy) = b(z), lim n / (v — 2y — ) piu(, dy) = a(2)

n—oo n—oo

uniformly on compact K C R¢, and

lim supn/ |z — y|* n (2, dy) = 0.

n—oo

Let
Xou(t) =Ygy

[nt]

FOGEN = Xal0) = D (i) FO) = FOG0)=F 0D [ AT (X))
is a martingale, and for f € C5(R?)

lim A, f(z) = %Zaw )80, f (x +Zb
2%
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Heavy traffic limits for queueing models

Queueing model with Poisson arrivals and exponential service times:
Bf(k) = A f(k+1) = f(k) + pulpsoy (f(k = 1) = f(K))
Suppose /n(u, — A,) — cand A\, — . Define X,,(t) = Qb and

f Y
Anf(@) = A =) = ) + Loy (o = =) = £(2)
— V(A — ) f' () + %(An + ) f" () + O(%)
1
—?”L,un]_{xzo}(f(l' - ﬁ) - f(aj))

If f'(0) = \
lim A, f(2) = A" (2) = e (2) = 21(amay 70)
Let fu(z) = f(z) + J=h(x). Then

lim A, f.(z) = \f"(x) — cf'(x) — él{wzo}fﬁ(o) + A0y 7'(0).

n—oo 2
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Quality control schemes

Y7, Ys, ... process measurements in R?

a target mean, thatis, we want E[Y;] = a

CUSUM (cumulative sum) procedures

Page: Ford=1, K~ <a < KT,
Sl =max(0, S + Yy — KT)
Spe1 =min(0, S} + Vi — K7)

Crosier: Two-sided procedure

ko
|Sk + Y1 — al

Ski1 = (Sk + Yy — a) x 0V (1

If the Y}, are independent, then the recursions give Markov chains.
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Figure 1: Triglyceride data
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Scaling limit (think CLT)

Assume a = 0, E[Y}] = %, and replace K" by % Define X, (t) = =51, so

1 Kt
X,f(t —+ n_l) — maX(O, X:I(t) + %Y[nt]Jrl — T)

Anf(@) = n(ELFOV o+ =6+ £ = 2] - f(a)

c— Kt ,
NG NIVnf'(x)
c— K"

1
+§E[((— nx) V(£ + NG

— Bl(—var-© ﬁ+>vfmf'<x>+<c—f<+>f’<x>

1 c— K+
FYEI(-Vn) v (€ + <

Q

E[(—v/nz) Vv (¢ +

)" (@)

N1 (@)
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Estimates
For simplicity, assume Y = §; + \/Lﬁ for iid & with E[¢;] = 0 and Var(&) < oo.
More generally, one could assume that {|Y;"|?} are uniformly integrable.
Lemma 10.2 If F[¢?] < oo, then
lim EP{|¢|>c} =0 lim cE[¢]1g¢>e] = 0.

If, in addition, E[¢] = 0, then lim._,o cE[(—c) V {] = 0.

Proof. Note that
Bl 1geze] > cB[lE]1geza] > EP{IE] > ¢}
If E[¢] =0, then
CE[(—c) V& = —PP{¢ < —c} + cE[1lesg) = —PP{E < —c} — cE[¢1e<_ ]
O

Note that if F[¢] = 0 and F[£?] < oo, then for z > 0,
lim VRE[EV (—v/i2)] = lim (~nzP{¢ < —y/iizh = VAElELee ] = 0
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Boundary condition

If f(0) = 0. Then

Cc

_ gt
Bl(—viin) v (€ + 2 )WVaf () < Bl(~Vii) v (€ +
which converges to zero if \/nx — oo. If \/nx — u, then

El(—v/iz) v (€ + _\/?))]\/ﬁf’(:v) . Bl(~u) v s (0).

Nl

Claim: If f/(0) = 0, then
sup | E[(—v/nx) v (§ +
and for \/ne, — o

sup |E[(—vnz) V (€ + — \/—

c— KT
vn

NIVnf'(z)] < oo

))]\/_f( )| = 0.

Need to show \
E/O Lixpi(s)senyds] = 0.
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Scaling the two-sided procedure

Recall
K

ot Yen —al
Again, assume a = 0, Y41 = &1 + \/Lﬁ, and replace K by \% Then

Sk+1 = (Sk + Yii — CL) x 0V (1

1

K
X, (t+nY) = (X,(t) + —=Y], x0V|1-—
( )= (Xalt) Vn i) ( n| X, (t) + \/Lﬁy[nmﬂ)

and

Af(@) = (Bl + =€+ )0 = (7 Kl + =€+ 517 A1) = f(@)

Vi Vi
/ iU‘l‘Lnf"‘% 1 / ]‘ "
> of (@) = Bl U A (ke e ZDI ) + 5 EIE) )
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11. ¢-irreducibility and Harris recurrence

e Uniqueness of stationary distributions

e Ergodicity under uniqueness assumption

e Example: Spatial birth and death processes

e Standard assumptions for Markov processes (Borel right processes)
e Generator conditions

e ¢-irreducibility

e Equivalent condition
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Renewal conditions

Lemma 11.1 Suppose A C B(E) x B(E), and X is strong Markov solution of the mar-
tingale problem for A. Let z € E, and let 7 = inf{t : X(t) = z} and 1,1, = inf{t > 7 :
X(t) = z}. Suppose 7y < 0o a.s. and E[1y11 — 1] < oo. Then there is a stationary distri-
bution for A. If 1 < oo a.s. for all initial distributions, then the stationary distribution is
unique.

Proof. We have
1 Tn E[f,rk-‘—l dS
lim / f(X(s))ds = /fd,u

n—oo T, — T1 E[Tk+1 — T

If X corresponds to a semigroup {7'(¢)}, then

// fduds—E[—/ F(X(s))ds] —>/fdu
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Birth and death processes: Recurrence

For \p, >0,k=0,1,..., 40 =0,and p, > 0,k = 1,2, ..., consider
Af(k) = Ne(f(B+1) — f(k) +pu(f(k = 1) = f(k)) =0, k=>1

and

If f(k) — oo, then process hits zero with probability one. If the limit is finite, the
process is transient.
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Example: Spatial birth and death processes

Letv € Mf(S)

Af(n) = /Sﬁ(y, m(f(n+6,) — f(n)v(dy) + /55(%’, m(f(n —dz) — f(n))n(dz)

where 3 and 4 are continuous. Suppose
Bly.m) < A 0(,m) 2 pup
Then for f(n) = f(|n|) from above
E[f(12({ + s) Amo)l) = F(1Z(t Amo)DIF] <0
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Markov processes: Transition functions
E a complete, separable metric space and Fy, € B(E). (This assumption is essen-
tially equivalent to the assumption that Ej is a Lusin space.)
Definition 11.2 P(¢, z,I") is a time-homogeneous, Markov transition function on Ej,

if

a) For each I' € B(Ey), (t,z) € [0,00) X Ey — P(t,z,T") is B([0,00)) x B(Ep)-
measurable.

b) For each (¢,x) € [0,00) X Ey, P(t,z,-) € P(FEy).
¢) (The Chapman-Kolmogorov Equation) For all t,s > 0, x € Ey, and I' € B(E)),

P(t+s,2I) = / P(t,y,T)P(s,z,dy).

Eo
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Markov processes: The semigroup

Define

/f P(t,z,dy), [ € B(Ep),t>0,

and note that {7'(¢)} defines a semigroup of operators on B(E)), thatis, T'(t+s)f =
T(t)T(s)f,s,t > 0. We will refer to {T'(¢)} as a transition semigroup.

Definition 11.3 X is a Markov process with transition semigroup {7'(¢)} if and only
if there exists a filtration {F;} such that X is adapted to {F;} and

E[f(X(t+s))|F]=T(s)f(X(t)) a.s. Vt,s>0,f € B(Ey). (11.1)

X is strong Markov if for each {F; }-stopping time T,
E[f(X(t+s))|F | =T(s)f(X(7)) a.s. Vt,s>0,f € B(Fy).
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Markov processes: Basic conditions

For each i € P(Ey), let X, be a Markov process with respect to a filtration {F}'}
with semigroup {7'(t)} and P{X,(0) € C} = u(C), C € B(Ey). (i is the initial
distribution for X,,.) If u = 0,, we write X,.

We assume the following basic conditions on X, and {F/'}.
Condition 11.4

a) X, is right continuous.
b) X, is strong Markov with respect to the filtration {F}'}.

c) {F!'} is complete and right continuous.
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o-algebra on the right continuous functions

Let R, [0, 00) denote the collection of right-continuous, Ej-valued functions. Let
Sk, be the o-algebra generated by the evaluation functions ¢t — z(t).

] DEO[O; OO) S SEO

e Fory € R [0,00) {z : supoc,; 7((s), y(s)) < €} € Sk,

e For each closed F' C Ey, {z : z(s) € F,s <t} € Sg,.

P{X,eC}= | P{X,eC}lu(dz), CeSg

Ey
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Sg,-measurability

Lemma 11.5 Let -
d(w,y)=/ e supr(a(s), y(s))dt
0

s<t

Then Sg, is the o-algebra generated by Bs(y), y € R, [0, 00).

Proof. Let . - s
B ns ns
Biw) = {o: [ e tsuprla(", y(" ) < 5).
0 s<t n n
Then B} (y) € o(s — x(s) : s = %, k=0,1,...) C Sg, and B;s(y) = N, B (y). ]
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Markov processes: Sufficient conditions

Lemma 11.6 Let Ey be compact, and let A C C(Ey) x B(Ey). Suppose that for each
p € P(Ey) there exists a unique solution X,, of the martingale problems for (A, ). Then
X, has a modification satisfying Condition 11.4.
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p-irreducibility
For B € B(Ey),lettg = inf{t : X(t) € B},and let ¢ € P(Ey). {T(t)}is ¢-irreducible
if p(B) > 0 implies P,{7p5 < oo} > 0 for all z € E,.
Lemma 11.7 Suppose {T'(t)} is ¢-irreducible, and define
B)=FE oo_'51 X(t))dt] = E, C>O_tl X(t))dt|p(dx). 11.2
6(B) =Bl | s = [ B[ et @i, 12

If(B) > 0, then P,{[,° e "15(X(t))dt > 0} > 0 for every x € E.

Proof. LetI' = {z : P,{[; e "15(X(t))dt > ¢} > 6}. There existe > O and § > 0
such that ¢(I') > 0. There exists compact KX C I' such that ¢(K) > 0. Therefore, for
every x € Ey, P.{Tx < oo} > 0.
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Note that - .
/ e (X (1))dt > e / e (X (7 + 0))dt.
0 0

By the strong Markov property,
P Ak < oo,/ e "1p(X (1K +t))dt > €}
0

= By [Lpseoy P | / e Lp(X (1))t > ¢}
0
> 0P {m < o0}

and P{ [;~ e "1p(X(t))dt > ee"™ } > 6P, {7x < 00} O
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Equivalent notions of irreducibility

Let ¢ € P(Ep). Suppose that 1)(B) > 0 implies P,{ [;" e *15(X (s))ds > 0} > 0 for
every . Then {T'(¢)} is t-irreducible.

Lemma 11.8 If {T'(t)} is ¢-irreducible and ¢o-irreducible and 1)y and 1, are defined as
in (11.2), then 1y and 1)y are equivalent (mutually absolutely continuous) measures.

Proof. If 1 (B) > 0, then [ E,[ [, e "15(X (t))dt]¢2(dx) = 1hs(B) > 0. O
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Ergodicity and ¢-irreducibility

Lemma 11.9 Suppose w is the unique stationary distribution for {T'(t)}, and {T(t)} is
¢-irreducible. If m(B) > 0, then gb ({z : Py, e "1p(X(t)dt = 0} = 1}) = 0, and
hence, m(B) > 0 implies 1)(B) >

Proof. Suppose not. Let K C {z : P.{ ;" e "15(X(t))dt = 0} = 1} be compact.
Then

| 1aaeds < (11.3)
0
But uniqueness of the stationary distribution implies X is ergodic and 7(B) > 0

implies the integral on the left of (11.3) is infinite a.s. — 7. Consequently, P {7x <
oo} = 0, and hence ¢(K) = 0. O
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Equivalence of stationary distribution

Theorem 11.10 Suppose {T'(t)} is ¢-irreducible and 1 is defined as above. If  is a sta-
tionary distribution for {T'(t)}, then m and 1) are equivalent measures and 7 is the unique
stationary distribution.

Proof. If ¢)(B) > 0, then

(B) = / Bl /0 et (X (1) di] () > 0.

Consequently, ¢ << 7.

If there were more than one stationary distribution, there would be two mutually
singular stationary distributions. (See Lemma 3.14.) But if m1(B) = m(B°) = 0,
then ¢(B) V ¢(B°) > 0 implies a contradiction.

By Lemma 11.9 n(B) > 0 implies ¢(B) > 0so 7 << 1. O
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Harris recurrence

Definition 11.11 {7'(¢)} is Harris recurrent, if there exists ¢ € P(E,) such that
¥(B) > 0 implies

Px{/ooo 15(X(8)dt =00} =1, Vz € Ey.
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Equivalent definition

Theorem 11.12 {T'(t)} is Harris recurrent if and only if there exists ¢ € P(Ey) such that
¢(B) > 0 implies P,{Tp < 0o} =1 forall x € E,.

Proof. If {T'(t)} is Harris recurrent then ¢ = ¢ has the desired property. Con-
versely, if ¢(B) > 0 implies P,{75 < 0o} = 1 for all z € E,, then ) defined by (11.2)
satisfies the condition in the definition of Harris recurrence.

In particular, as in the proof of Lemma 11.7, there exist €, > 0, compact K C Ej
with ¢(K) > 0, and ¢, > 0 such that

Pm{/oto 15(X(s))ds > €} >0, z€ K.

For u € P(Ey), define
o =inf{t >0: X,(¢t) € K}, 71 =inf{t >7, +1t: X,(t) € K}

Then 7, < oo as., for every n, and by the right continuity of X, and the com-
pactness of K, X,(7,) € K as. Consequently, by the strong Markov property,
P{f;ﬁto 15(X,(s))ds > €| Fy,} > 0. It follows that [ 15(X,(s))ds > € infinitely
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often, so .
/ 15(X,(s))ds =00 a.s. (11.4)
0
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Example: Workload process

Poisson arrivals at rate one. Single server, FIFO (first in first out) queue.

VIO =V +3 6~ [ Tvesads
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Diffusions
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Relationship between discrete and continuous time

Let
Ri(z, B) = /0 () 1p()dt = B /0 15 (X (1)),

Then R, is a transition function on Ej. The corresponding discrete-time Markov
chain can be obtained by

k
Vi=X0)_ A,
=1

where {A,;} are iid unit exponential random variables, independent of X. Clearly,
if 7 is a stationary distribution for {7'(¢)} it is a stationary distribution for R;.

Lemma 11.13 If 7 is a stationary distribution for Ry, then 7 is a stationary distribution

Jor {T(t)}.

Proof. Let A be the full generator for {T'(¢)}. Then R,f = (I — A)~'f. Setting
g=I—-A)"f,(I-A)g=f. But

/gd’ﬂ'Z/ledT(:/fdﬂ',
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so [ Agdr = 0. Consequently, 7 is a stationary distribution for {7'(¢)}. O
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“Petite” sets

With reference to Lemma 2.18.

C € B(Ey) is petite if there is a probability measure v € P(E)) and € > 0 such that

Ri(z,") >ev, ze€C.
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Conventions and caveats

State spaces are always complete, separable metric spaces (sometimes called Polish
spaces), usually denoted (E, ).

All probability spaces are complete.

All identities involving conditional expectations (or conditional probabilities) only
hold almost surely (even when I don’t say so).

If the filtration {F;} involved is obvious, I will say adapted, rather than {F;}-
adapted, stopping time, rather than {#; }-stopping time, etc.

All processes are cadlag (right continuous with left limits at each ¢ > 0), unless
otherwise noted.

A process is real-valued if that is the only way the formula makes sense.

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 267



Assignments

Durrett Problems 5.1.6 and 5.1.8 due 1/26/06
Durrett Problems 5.3.4 and 5.4.1 due 2/07/06
Durrett Problem 6.3.4

Exercises 1 and 2 due 2/21/06

Exercises 3 and 4 due 2/28/06

Exercises 5 through 8

Exercise 9 and Durrett Problems 7.2.2 and 7.51

N o e L=
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Exercises

1. Let E be the space of permutations of the positive integers. Letpr, > 0,k = 1,2,...and ) pr = 1.
Let {&, } be iid with P{{, = k} = pi and let X be an E-valued random variable independent of {&, }.
Let {X,} be the Markov chain in which if {,41 = k, X, 11 is obtained from X,, by moving & to the
beginning of the permutation and leaving the order of the other elements unchanged. Write

X, = (Xp, X2, X3,
(a) Forn > 0, whatis P{X} = k|Xo}, P{X} =k, X2 =1|Xo}?
(b) Find a stationary distribution for this Markov chain and show that it is unique.

2. Let {&,} beiid with P{¢, = 2%} =pr>0,fork=1,2,....LetE=[0,1) and X;,41 = Xpn+E&n+1 mod 1.
Show that this Markov chain has a unique stationary distribution.

3. Let X be {F;}-progressive. Suppose that E[X(7)] = E[X(0)] for every {F;}-stopping time 7. Show
that X is a {F; }-martingale.

4. Let0 =19 < 71 < --- be stopping times satisfying limy ..o 7» = 0o, and for k =0, 1,2,..., let & € Frp.
Define

X() = &Ly mn(®).
k=0

Show that X is adapted.
Example: Let X be a cadlag adapted process and let ¢ > 0. Define 7§ = 0 and for k =0, 1,2,...,

Tepr = inf{t > 75 [ X () — X(70)| V[ X (t—) = X(7%)| = €}
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Note that the 75 are stopping times, by Problem 1. Define

oo
X = 3 X () Lig g, ) (-
k=0

Then X € is a piecewise constant, adapted process satisfying

sup | X () — X <e

5. Show that E[f(X)|D] = E[f(X)] for all bounded continuous fucntions (all bounded measurable func-
tions) if and only if X is independent of D.

6. Let N be a Poisson process with parameter ), and let X, X», ... be a sequence of Bernoulli trials with
parameter p. Assume that the X}, are independent of N, and define

N(t)

M) =" X

(a) Whatis P{M(t) = k|N(t) = n}?

(b) What is the distribution of M (t)?

(c) Fort < s, calculate the probability that P{N(t) =1, N(s) = 1}.

(d) Give an event in terms of S1 and S> that is equivalent to the event {N(t) = 1, N(s) = 1}, and use
the calculation in the previous part to calculate the joint density function for S; and S.

(e) For k > 1, find the conditional density of S; given that N(¢) = k. (Hint: First calculate P{S; <
s,N(t) =k} fors <t.)
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7. Verify tightness (relative compactness) for the renormalized empirical distribuiton B,.

10.

. Functional convergence and the continuous mapping theorem enable one to obtain convergence for

many interesting quantities; however, the continuity properties of the quantities of interest need to be
checked.

(@) Show that F': 2 € C[0, 1] — supy<,<; z(s) € R is continuous.

(b) Let7. : & € C[0,00) — inf{t : 2(t) > ¢} € [0,00] and Let 7 : x € C[0,00) — inf{t : z(t) > ¢} €

[0, 00]. Describe the points of continuity for 7. and 7.

. Consider the Markov chain with transition matrix

e, Y]
[g 10427 ljaJ

Derive the maximum likelihood estimators for a and « and apply the martingale central limit theorem
to show asymptotic normality.

Let X and Y S-valued random variables defined on (2, F, P), and let G C F be a sub-c-algebra.
Suppose that M C C(9) is separating and

E[f(X)|G] = f(Y) a.s.

for every f € M. Show that X =Y a.s.
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Glossary
Complete. We say that a metric space (E,r) is complete if every Cauchy sequence
in it converges.

Conditional expectation. Let D C F and F|[|X|] < co. Then E[X|D] is the, essen-
tially unique, D-measurable random variable satisfying

/XdP:/E[X|D]dP, VD € D.
D D

Consistent. Assume we have an arbitrary state space (£, B) and an index set /.
For each nonempty subset J C I we denote by E” the product set [[,_; E, and we
define B’ to be the product-c-algebra ®;c ;8. Obviously, if J C H C I then there is
a projection map

p? D

If for every two such subsets J and H we have
Py = pﬁl(P )
then the family (Pj)g.;cy is called consistent.

Closure of an operator. Let L be a Banach space and A C L x L. The closure A
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of A is the collection of (f,g) € L x L such that there exist (f,,g,) € A satisfying
lim, . fn, = fand lim,_ g, = g. If A = A, then A is closed.

Separable. A metric space (E, ) is called separable if it contains a countable dense
subset; that is, a set with a countable number of elements whose closure is the
entire space. Standard example: R, whose countable dense subset is Q.

Separating set A collection of function M C C(S) is separating is y, v € M;(S) and
[ gdv = [ gdu, g € M, implies that pn = v.

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 273



12. Technical lemmas

e Caratheodary extension theorem

e Dynkin class theorem

e Essential supremum

e Martingale convergence theorem

e Kronecker’s lemma

e Law of large numbers for martingales
e Geometric rates

e Uniform integrability

e Dominated convergence theorem

e Metric spaces
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Caratheodary extension theorem

Theorem 12.1 Let M be a set, and let A be an algebra of subsets of M. If  is a o-finite
measure on A, then there exists a unique extension of i to a measure on o(A).
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Dynkin class theorem
A collection D of subsets of 2 is a Dynkin class if 2 € D, A, B € Dand A C B imply
B—-AeD,and {A,} C Dwith A; C A, C --- imply U, A, € D.

Theorem 12.2 Let S be a collection of subsets of Q2 such that A, B € S implies ANB € S.
If D is a Dynkin class with S C D, then o(S) C D.
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Essential Supremum

Let {Z,,a € T} be a collection of random variables. Note that if Z is uncountable,
SUP,c7 Zo May not be a random variable; however, we have the following;:

Lemma 12.3 There exists a random variable Z such that P{Z, < Z} =1 foreach o € T
and there exist oy, k = 1,2, ... such that Z = sup,, Z,,..

Proof. Without loss of generality, we can assume 0 < Z, < 1. (Otherwise, replace
Zo by 1ro77) Let C = sup{E[Za, V- -V Zu, ], 01, .., € T,m = 1,2,...}. Then
there exist (af,...,al, ) such that

mn

C = lim E[Zy V-V Zoy .

n—oo

Define Z = sup{Zsr,1 < i < my,n = 1,2,...}, and note that C = E[Z] and
C = E[ZV Z,)] for each a € Z. Consequently, P{Z, < Z} = 1. O

®Fijrst ®Prev ®Next ® Go To ® Go Back ®Full Screen ®Close ®Quit 277



Martingale convergence theorem

Theorem 12.4 Suppose {X,,} is a submartingale and sup,, E[| X,,|] < oo. Then lim,,_,~, X,
exists a.s.
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Kronecker’s lemma

Lemma 12.5 Let {A,} and {Y,} be sequences of mndom variables where Ay > 0 and
Apir > Ay, n = 0,1,2,.... Define R, =% ,_, A (Yk — Yj—1). and suppose that
lim,, . A, = oo and that lim,,_.. R,, exists a.s. Then, hm,HOO =0 as

Proof.

AR, = Z(AkRk_Ak—le 1 ZRk 1(Ap — A +2Ak (R, — Ry—1)

=1 =1 =1
n n 1
= Y, = Yo+ > Re1(Ap — Ai) +ZA (Vi — Yio1) (Ag, — A1)
k=1 p=1 k-1
and
Y, Y, 1 — 1 — 1
- % 4R, - Ry 1(Ax — Ap1) — — (Y — Y1) (Ag — A1)
An An An 1 n Ak—l
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Law of large numbers for martingales

Lemma 12.6 Suppose {A,,} is as in Lemma 12.5 and is adapted to {F,}, and suppose
{M,} is a {F, }-martingale such that for each { F,, }-stopping time 7, E[(M;—M;_1)*1{;co0y] <
oo. If

= 1
E e (M}, — Mj,_1)* < o0 a.s.,
k=1 ""k-1

then lim,,_.oc %> = 0 as.

Proof. Without loss of generality, we can assume that A,, > 1. Let
1
Te = mln{n . Z K(Mk — Mk—1)2 Z C}-
— A

Then

[e.o]

1
k=1 Af

(A]\4k/\7'C - A]w'(lffl)/\rc)2 S c+ (M‘rc - MTC—1)21{TC<OO}'

It follows that RS = >, ﬁ(]\/[k/wc — M-1)s,) converges a.s. and hence, by

Lemma 12.5, that lim,, MZ—:LTC =0. O
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Geometric convergence

Lemma 12.7 Let {M,,} be a martingale with | M, —M,| < ca.s. for each n and M, = 0.
Then for each € > 0, there exist C' and n such that

1
P{—=|M,| > €} < Ce™
n
Proof. Let ¢(x) = e™® + e” and p(x) = ¢* — 1 — x. Then, setting X, = M), — M,

Elp(aM,)] = 2+ZE (aMy) — @(aMy_1)]

= 2+ Z E[exp{aMk,l}go(an) + exp{—CLMkfl}QO(—an)]

< 2+Z<pac olaMy_1)],

and hence
E[p(aM,)] < 2em#@0),
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Consequently,

Elp(aM,)]

< genlelac)—ac)
¢lane)  —

1
P{sup —|My| > €} <
k<n N

Then 7 = sup,(ae — p(ac)) > 0, and the lemma follows. O
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Uniform integrability

Lemma 12.8 If X is integrable, then for € > 0 there exists a K > 0 such that

/ IX|dP < e
{IX|>K}

Proof. limg .. | X|1{x|>k} = 0a.s. O

Lemma 12.9 If X is integrable, then for e > 0 there exists a 6 > 0 such that P(F) < ¢
implies [, |X|dP < e.

Proof.Let F,, = {|X| > n}. Then nP(F,) < E[|X|1r] — 0. Select n so that
E[|X|1F,] <¢/2,and let § = 5-. Then P(F) < ¢ implies

/ 1X|dP < |X|dP+/ IX|dP < < +nd =e
F Fp FenF 2
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Theorem 12.10 Let {X,} be a collection of integrable random variables. The following
are equivalent:

a) sup E[| X,|] < oo and for € > 0 there exists 6 > 0 such that P(F) < § implies
sup, [p | XaldP <e.

b) limg .o sup, E[| Xa|1(x, > k)] = 0.
c) limg o sup, El|Xo| — | Xa| AK] =0

d) There exists a convex function p with lim,| % = oo such that sup, E[¢o(|X.|)] <
Q.
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Proof. a) implies b) follows by

P{|Xa| > K} < EHXaH

b) implies d): Select Nj such that

Z ksup Elyx, >nyXall <
k=1

Define ¢(0) = 0 and
g0,< ):k’ Nk<x<Nk+1.

Recall that E[p(|X])] = [;° ¢/ (z) P{|X]| > x}dz, so

Ni41 o
(1 Xal)] Zk / P{|Xq| > a}de <Y ksup E[1x, sn, 1 Xal].
k=1 ¢

d) implies b): E[1{x,>x}|Xall < E[w(lf/o}p]

b) implies a): [}, |Xa|dP < P(F)K + E[1{x. >k} Xal]-
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To see that (b) is equivalent to (c), observe that

K
Bl Xa| = [Xa| A K] < EllXa|Lgxa>r3] < 2B[[Xo| = [ Xa| A ]
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Uniformly integrable families

e For X integrable, I' = {E[X|D] : D C F}
e For X, Xs,... integrable and identically distributed

Xi+-+ X,

e

n=12...}

e For Y > (Ointegrable, I' = {X : |[X| < Y}.
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Uniform integrability and L' convergence

Theorem 12.11 X, — X in L' iff X,, — X in probability and {X,} is uniformly
integrable.

Proof. If X,, — X in L', then
lim E[|X,|—|X,| A K] = E[|X] - |X|A K]

and Part (c) of Theorem 12.10 follows from the fact that

lim B[|X| — [X| A K] = lim E[|X,| — | X,| A K] =0.
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Measurable functions

Let (M;, M;) be measurable spaces.
[ My — M, is measurableif f~'(A) = {zx € M, : f(x) € A} € M, foreach A € M,.

Lemma 12.12 If f : My — My and g : My — M are measurable, then go f : My — M3
is measurable.
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Dominated convergence theorem

Theorem 12.13 Let X,, — X and Y,  — Y in probability. Suppose that |X,,| <Y, a.s.
and E[Y,|D] — E[Y|D] in probability. Then

FE[X,|D] — E[X|D] in probability
Proof. A sequence converges in probability iff every subsequence has a further

subsequence that converges a.s., so we may as well assume almost sure conver-
gence. Let D, . = {sup,,, £[Y,|D] < c}. Then

E[Y,1p,, .|[D] = E[Y,|D]1p, . = E[Y|D1p, . = E[Y1p,,

Dl.

Consequently, E[Y,1p,,.] = E[Y1p,, .],s0Y,1p, . — Y1p, _in L, by the ordinary
dominated convergence theorem. It follows that X, 1p,,. — X1p, _ in L; and

hence
B[Xa|D]1p,,,. = F[X,1p,,.[D] 2 E[X1p,|D] = BX|D]1p,.
Since m and c are arbitrary, the lemma follows. O
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Metric spaces

d: S xS —[0,00)is ametricon S if and only if d(x,y) = d(y,z), d(x,y) = 0 if and
only if z = y, and d(z,y) < d(z, z) + d(z,y).

If d is a metric then d A 1 is a metric.

Examples
o R™  d(z,y) =z -y

e C[0,1] d(z,y) = SUPg<t<1 |lz(t) — y(1)]
e C[0,00) d(xz,y) = fooo e sup,o, 1A |2(s) — y(s)| dt
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Sequential compactness

K C S is sequentially compact if every sequence {z, } C K has a convergent subse-
quence with limit in K.

Lemma 12.14 If (S, d) is a metric space, then K C S is compact if and only if K is
sequentially compact.

Proof. Suppose K is compact. Let {z,,} C K. If z is not a limit point of {x,}, then
there exists ¢, > 0 such max{n : z,, € B, (v)} < oo. If {x,} has no limit points,
then {B., (z),z € K} is an open cover of K. The existence of a finite subcover
contradicts the definition of ¢,

If K is sequentially compact, and {U,} is an open cover of K. Let z; € K and
€1 > 3sup,sup{r : B.(z;) C U,} and define recursively, =41 € K N (Uj_; B, (1))
and e, > %supa sup{r : B,(zx+1) C U,}. (If x4 does not exist, then there is a
finite subcover in {U,}.) By sequential compactness, {z;} has a limit point « and
x ¢ B, (xx) for any k. But setting ¢ = 3 sup, sup{r : B,(z) C Un}, & > € — d(x,xy,),
soif d(x,xy) < €/2,x € B, (x). O
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Completeness

A metric space (S, d) is complete if and only if every Cauchy sequence has a limit.
Completeness depends on the metric, not the topology: For example

i _ Y |
L+ |z 14|y

r(z,y) = |

is a metric giving the usual topology on the real line, but R is not complete under
this metric.
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