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The maximal Radon transform is defined for x € R? by setting

MZf(x) = sup |[MTf(x)],
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where

MFf(x) = fx=P(y))dy,

IBzI B,
B, ={yeRl:|y| <t} and

is a polynomial mapping, i.e. P;(y) is a real-valued polynomial on Rk,

» Itis very well known that for every p > 1 there is a C, > 0 such that

[MEZFllr ey < Collf

L’ (]R" )

for any f € 17(RY).
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almost everywhere on R.

The discrete counterpart of M, can be defined as supyy |[Myf(x)|, where

Myf(x) fo—n
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Convergence for a dense class

N—1
Anf(x) = N ;f(T”x)
» I={fel?:f(Tx) =f(x)}. If f € T then
ANf :f,

p-almost everywhere.
> B={g(Tx) — g(x) : g € [PNL®}. If f € Bthen

N
AN )] = | D ) — (17| = LT — g0
0

» 7 @ Bis dense in L.
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For any complex-valued functions (a, : ¢ > 0) and r > 1 the variational
seminorm is

J—1 1/r
Vi(a,:t>0)=  sup <Z|a,/+, - a,/.|’> .

n<n<...<ty —
>0 J=0

Observe that
> V.(a,: t>0) < oo implies (a, : t > 0) is a Cauchy sequence.

» Moreover, we have

supla,| < Vi(a,: 1> 0) + |ay,|
>0

where 1 is an arbitrary element of (0, c0).
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where P : R — R? is a polynomial mapping.
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Theorem (Jones, Seeger and Wright)
Foreveryp € (1,00) and r € (2,00) there is C, > 0 such that for all
fer(rY)

r

Moreover, the constant C, is independent of coefficients of the polynomial
mapping P.



Bourgain’s ergodic theorem

In the mid 1980’s Bourgain extended Birkhoff’s ergodic theorem and
showed that for every f € (X, u) with p > 1 there is a function
f* € LP(X, p) such that

i Anf(x) = f*(x)
p-almost everywhere on X for the averages
|
AN () = 5 D A7)

n=1

defined along any integer-valued polynomial P.



Pointwise convergence

Although, for Birkhoff’s averaging operator, it was not very difficult to find a
dense class of functions (say on L*(X, 11)) for which pointwise convergence
holds, for Bourgain’s averaging operator
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along the polynomials P of degree > 1, it is a hard problem. Even for
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Pointwise convergence

Although, for Birkhoff’s averaging operator, it was not very difficult to find a
dense class of functions (say on L*(X, 11)) for which pointwise convergence
holds, for Bourgain’s averaging operator

N
1 n
AF ) =+ S FTP)

n=1
along the polynomials P of degree > 1, it is a hard problem. Even for
P(n) = n?,since (n+1)> —n> =2n+ 1.
For overcoming the lack of dense class, Bourgain showed

» [7 boundedness of the maximal function,

» Given a lacunary sequence (N; : j € N), for each J > 0 there is C > 0
such that

2\ 1/2 .
2) sl

(311 sup  akr —abs]

j=0 NEIN; N1

for some ¢ < 1/2.
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Given a lacunary sequence (N, : j € N), the oscillation seminorm for a
sequence (an (x):ne€ N) of complex-valued functions is defined by

/ N 1/2
0,(an(x) :n € N) = (Z sup |an(x) —aNj(x)| ) .

=1 N;<n<Njt1
Bourgain’s oscillation inequality
There are constants C > 0 and ¢ < 1/2 such that forall / € N

|0s(Axf : N e N)| . < CIf]|-

For any r > 2 by Holder’s inequality we have
Oj(an(x) ine N) < Jl/z_l/'Vr(an(x) ine N).
where
J—1 1/r
Vi(an(x) :neN) = sup (Z|akf+l (x) — ak,(x)|r) .
0

o<k <...<kj —
KEN =
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Bourgain’s strategy

» In the discrete settings Bourgain used the circle method of Hardy and
Littlewood to provide #?(Z) estimates. The method arising from
analytic number theory which allows us to obtain the asymptotic
formula for the number of solutions in the Waring problem

n’f+...+n§:N.

» Bourgain’s method was a breakthrough shedding new light on various
discrete analogues in harmonic analysis, but his #”(Z) theory does not
fall into the Littlewood—Paley paradigm.

» Is it possible to build up an appropriate Littlewood—Paley theory in the
discrete setup which would allow us to deal with #”(Z) boundedness of
discrete operators of Radon type?
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Let P = (Py,...,Pq) : Z¥ — Z% be a polynomial mapping. Define Radon
averages
MU =N > fla=Pk)).

yE[1,N]FNNK

Theorem (M., E.M. Stein and B. Trojan)

For everyp € (1,00) and r € (2,00) there is C, > 0 such that for all
fer(z?)
,

L Ifllo

Moreover, the constant C, is independent of coefficients of the polynomial
mapping P.

v, 0as N em)]l, <G,



Variational estimates for truncated Radon transform
Suppose that K € C'(R* \ {0}) is a Calderén—Zygmund kernel obeying
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Variational estimates for truncated Radon transform
Suppose that K € C'(R* \ {0}) is a Calderén—Zygmund kernel obeying
I IKG)] + [y VK ()] < 1

for all y € R\ {0} and a cancellation condition

/ K(y)dy =0
A<

for all A\ < \,. Define truncated Radon transform

V()= Y. flx=PO)K()
yeBy\{0}
where By = {x € R¥ : x| < N} N Z~
Theorem (M., E.M. Stein and B. Trojan)

For every 1 < p < oo andr > 2 there is C, > 0 such that for all f € {7 (Zd)
op.

Vo (185 N M), < G5l

o

Moreover, the constant C, is independent of coefficients of the polynomial
mapping P.
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Ionescu and Wainger result

Our result immediately implies the following.

Theorem (Ionescu and Wainger)
Let p € (1,00), then for every f € P (Zd), the discrete Radon transform

TPfx) = Y flx—PO)KE),
yeZN {0}

is bounded on P (Zd).

Some of the ideas of Ionescu and Wainger turned out to be very useful in our
construction of the square function.
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r > max{p,p’}.

» Not long afterwards Zorin-Kranich obtained r-variational estimates for
all » > 2 and p > 1 satisfying
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where D denotes the degree of the polynomial P.

» Their proofs were based on variational estimates of famous Bourgain’s
logarithmic lemma provided by Nazarov, Oberlin and Thiele. That was
the critical building block in their arguments.

» Although, logarithmic lemma gives very nice ¢>(Z) theory in
Bourgain’s maximal theorem, it is very inefficient in ¢’ (Z) theory. The
reason, loosely speaking, is that it produces a polynomial growth of
norm for p # 2.



Discrete Littlewood—Paley theory

We propose completely different approach to attack r-variations. Instead of
Bourgain’s logarithmic lemma we established a discrete counterpart of the
Littlewood—Paley theory by introducing the following family of projections
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where 17 a smooth cut-off function and
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where the denominators g € P, have appropriate limitation in terms of their
prime power factorization.
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We propose completely different approach to attack r-variations. Instead of
Bourgain’s logarithmic lemma we established a discrete counterpart of the
Littlewood—Paley theory by introducing the following family of projections

Ans(€) = > (26— a/q)) = n(2" T (& —a/q)))n(2“ (& — a/q)),

a/qe,

where 17 a smooth cut-off function and
U ={a/q€T: (a,q) =1andq € P},

where the denominators g € P, have appropriate limitation in terms of their
prime power factorization.

» We were able to show that for each p > 1 there is a constant C > 0
such that

[(Z 17 )

n€Z

N 1/2
)", < Cronts + )l
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Do we need number theory?
Assume that P(x) = x? and d > 2 and observe that M} f(x) = Ky * f(x),

where
|
=N Z Op (k) (x)
k=1
Then
1 o ’
—K — 2mitk
my(€) = Kn(€) = & ;e (cem).
If £ = a/qand (a,q) = 1 then we see that my(a/q) behaves like a complete

Gaussian sum
27wié d
a/q E e 7Tl r

This suggests that the asymptotics for my should be concentrated in some
neighbourhoods of Diophantine approximations of £ with small
denominators. Indeed, if |£ — a/q| < ‘small in terms of N” with small ¢ in
terms of N then

1 - 7r1ard ! mi(€—2)(Nx)?
my (&) ~ <qz ’ )(/0 e q)(N)dx)

r=1



Thank You!
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