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DISCONTINUOUS FRONTS AS EXACT SOLUTIONS TO
PRECIPITATING QUASI-GEOSTROPHIC EQUATIONS\ast 

ALFREDO N. WETZEL\dagger , LESLIE M. SMITH\ddagger , AND SAMUEL N. STECHMANN\S 

Abstract. Atmospheric fronts include cold fronts, warm fronts, and stationary fronts, and
they can be idealized as boundaries between two air masses with different temperatures and other
properties. Simple exact solutions have previously been presented through the Margules relations,
but they are lacking in two aspects: they do not propagate and they do not involve water vapor,
clouds, or precipitation. Here, these two aspects are included by considering the recently derived
precipitating quasi-geostrophic (PQG) equations. The PQG equations are shown to have exact
solutions that are discontinuous fronts with jumps in temperature, winds, and total water. A phase
change of water occurs at the location of the front, and the front propagates at a speed that is
related to the rainfall velocity, jump magnitudes, and front geometry. Exact formulas for the front's
properties are presented, including the classical Margules relations and many additional relations
involving moisture. Estimates of physical parameters are used as an initial assessment of the realism
of the model fronts. Through consideration of alternative representations of atmospheric dynamics,
it is suggested that the phase change of water and the fall velocity of rain are key aspects of the
PQG equations that allow propagating, discontinuous fronts.
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1. Introduction. Cold fronts and warm fronts are familiar from weather maps,
and they are often idealized as boundaries between two distinct air masses with differ-
ent temperatures and other properties. A similar scenario also arises in other contexts.
For example, a shock wave is often idealized as a propagating front with distinct fluid
properties on each side of the front [9]. In this latter context, the Euler equations
provide the partial differential equations (PDEs) with exact discontinuous solutions
for idealized shocks. Aimed toward the former context, the goal of the present paper
is to contribute to the development of PDEs with exact discontinuous solutions that
represent atmospheric fronts, such as warm fronts and cold fronts.

Past progress has a long history but has not yet led to a complete description
of idealized atmospheric fronts. From over one hundred years ago, the seminal work
of Margules [31] describes the structure of discontinuous fronts through relationships
between temperature jumps, velocity jumps, and front geometry (in particular, the
slope of the front). However, two key aspects are lacking. First, Margules' theory
does not describe the front's propagation [31, 39]. Second, the Margules relations do
not involve water vapor, clouds, or precipitation. As it lacks these ``moist"" aspects of
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fronts, Margules' theory could be called a ``dry"" theory of fronts.
The main purpose of the present paper is to describe discontinuous fronts as exact

solutions to PDEs with phase changes of moisture. With precipitation, the PDEs are
able to produce the other aspect lacking from Margules' theory: propagation. In
particular, the fronts propagate at a speed that is related to the rainfall speed and
other properties of the front (such as the front slope and the magnitude of the jump
in water content). While a more detailed study is needed to further scrutinize the
realism of the model fronts' propagation, it is at least noteworthy that precipitation
makes propagation possible.

The PDEs used here are the precipitating quasi-geostrophic (PQG) equations [38].
The PQG equations were recently derived as the asymptotic limit of atmospheric
fluid dynamics under the assumptions of rapid rotation and strong (moist) stratifica-
tion. Beyond the traditional quasi-geostrophic (QG) equations [5, 29, 42], the PQG
equations include water vapor, phase changes, and precipitation. Hence, the PQG
equations could potentially describe the cloud processes that are familiarly associated
with fronts.

Several aspects of fronts are not considered in the present paper. For exam-
ple, we do not consider frontogenesis---i.e., the formation of front-like features from
smooth initial conditions. The dry QG equations indeed do not accurately capture
ageostrophic effects that are significant in front formation. For this reason, the study
of frontogenesis has lead to the development of other, less restrictive, systems of PDEs
such as the semi-geostrophic equations [19, 20]. Furthermore, while surface boundary
effects are often important in some fronts [21], here, for simplicity, we consider infinite
domain solutions with no friction or diffusion. These topics would all be interesting
to study in the future.

For comparison, it is interesting that a different type of front with moisture has
been studied for equations from the different setting of the nonrotating (or weakly
rotating) tropical atmosphere [11, 14, 22, 30, 36, 40]. Called precipitation fronts, the
structure in this setting has winds, temperature, and moisture that are continuous
across the front, with no jumps in these variables, and it is the derivatives of these
variables that jump across the front [3, 11, 14, 22, 30, 36, 40].

The paper is organized as follows. We begin in section 2 by presenting our chosen
simplified atmospheric model for mid-latitude moist dynamics, the PQG equations.
We continue in section 3 by describing the geometric structure of our chosen piecewise
constant ansatz and the matching or ``jump"" conditions that arise at the interface. In
section 4 we discuss the basic algebraic properties of the system of jump conditions
and how, by taking the front geometry as a given, a family of solutions may be
obtained. In section 5 we present the deduced properties of solutions of the system of
jump conditions. In other words, we discuss the expected characteristics of the fronts
given by the system of interface matching conditions. In section 6 we qualitatively
and quantitatively discuss our frontal solutions in the context of physical fronts and
observational data. In section 7 we discuss the possibility of frontal solutions of the
dry QG equations, which have neither water vapor nor phase changes. In section 8
we briefly discuss how our frontal solutions may be affected by our given choice of
cloud microphysics and rain parametrizations. Last, in section 9 we briefly discuss
how the solution is changed if we consider the rainfall speed of the saturated region
to be infinitely large rather than finite.

2. Model description: PQG equations. The PQG equations [38] arise from
the QG limit of the PDEs of a cloud-resolving model. In the spirit of seeking simple
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solutions here, the simplest version of the PQG equations is obtained by choosing
the minimal cloud microphysics of [17]. In this minimal model, the phase transitions
between water constituents occur over fast time scales relative to the dynamical time
scale. The fast microphysics completely eliminate the cloud water constituent of mois-
ture and retain only water vapor qv and rainwater qr mixing ratios. Supersaturation,
water vapor rising above saturation, and the presence of rainwater in unsaturated
regions are not permitted. Therefore, the following simple moisture inequalities hold:
qv < qvs with qr = 0 in unsaturated regions and qv = qvs with qr \geq 0 in saturated
regions. In general, the saturation water vapor qvs depends on both the pressure and
temperature at a given location [37]. For simplicity, however, we consider a prescribed
saturation water vapor profile qvs = qvs(z) that depends on the height only [25]. This
setup allows for a simplified atmospheric model while still preserving key microphysics
[17, 18].

In this model, explicit moisture contributions to the buoyancy vanish at leading
order in the QG limit [38, 43]. For this reason, the buoyancy is connected only to the
temperature and resembles the buoyancy of strictly dry QG dynamics [42, e.g.]; the
buoyancy is given by

(1a) b = g
\theta 

\theta 0
,

where g is the acceleration due to gravity, \theta is the potential temperature, and \theta 0
is the reference potential temperature. The buoyancy (1a) does, however, retain
important phase transition information. To accentuate this fact, one may consider
the unsaturated and saturated buoyancies defined in their respective regions by

(1b) b = buHu + bsHs,

where Hu and Hs is the indicator function for the unsaturated and saturated re-
gions, respectively. The unsaturated and saturated buoyancies may be more easily
understood in terms of the temperature and moisture of each region as

(1c) bu =
g

\theta 0

\biggl( 
\theta e  - 

Lv

cp
qt

\biggr) 
and bs =

g

\theta 0

\biggl( 
\theta e  - 

Lv

cp
qvs

\biggr) 
,

respectively, where \theta e = \theta + Lv

cp
qv is the linearized equivalent potential temperature,

qt = qv + qr is the total water mixing ratio, Lv is the latent heat factor, and cp is the
specific heat.

The equations in (1c) allow for the extension of the buoyancies outside their origi-
nal region of definition. Namely, (1c) presents a natural definition for the unsaturated
buoyancy bu and saturated buoyancy bs into all of space, both the saturated and un-
saturated regions. We proceed in the remainder of this paper with the understanding
that the ``unsaturated"" buoyancy bu and ``saturated"" buoyancy bs are quantities de-
fined by (1c) in both the unsaturated and saturated regions. Therefore, we may freely
choose to describe the thermodynamic state of the system by using either \theta e, qt or bu,
bs. In this paper, we choose to use the buoyancies bu and bs as our thermodynamic
variables in analogy to dry QG theory. Note that while the unsaturated and satu-
rated buoyancies defined in (1a)--(1b) do not include explicit moisture terms, as they
are equal to the temperature \theta in their original regions of definition, their extensions
given in (1c) do indeed contain such terms; see, for example, (6).

The PQG equations may be formulated by the system of evolution equations [38]

(2a)
DH\zeta 

Dt
= f

\partial w

\partial z
,
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(2b)
DHbu
Dt

+N2
uw =  - gLv

\theta 0cp
VT

\partial qr
\partial z

,

(2c)
DHbs
Dt

+N2
sw = 0,

where \zeta is the relative vorticity, w is the vertical velocity, bu is the unsaturated
buoyancy, bs is the saturated buoyancy, and qr is the rainwater mixing ratio. All
variables are assumed to be functions of the position \bfitx = (x, y, z) and time t.
The operator DH/Dt denotes the horizontal material derivative and is defined as
DH/Dt := \partial /\partial t + \bfitu H \cdot (\partial /\partial x, \partial /\partial y), where \bfitu H = (u, v) denotes the horizontal ve-
locity vector with u zonal (west-east) and v meridional (south-north) velocities. In
this model, all thermodynamic and moisture variables have been decomposed into
background, denoted by a tilde \~(\cdot ), and anomaly components. For simplicity, the
background components depend only on height, e.g., \~\theta = \~\theta (z). The parameters

(3) N2
u =

g

\theta 0

d\~\theta 

dz
and N2

s =
g

\theta 0

d\~\theta e
dz

=
g

\theta 0

\Biggl( 
d\~\theta 

dz
+
Lv

cp

d\~qvs
dz

\Biggr) 
correspond to the unsaturated and saturated buoyancy frequencies defined from the
vertical gradient of background potential temperature \~\theta and background equivalent
potential temperature \~\theta e, respectively. The moisture background state is chosen to be
unsaturated, with the conditions \~qv = \~qvs, for convenience, and \~qr = 0, for consistency,
where \~qvs denotes the background saturation water vapor [38]. In addition, f denotes
the constant Coriolis parameter and VT is the constant rainfall speed.

The evolution equations (2a)--(2c) are then closed by the relations

(4a) \zeta = \nabla 2
H\psi ,

(4b) f
\partial \psi 

\partial z
= buHu + bsHs,

(4c) \bfitu H =

\biggl( 
 - \partial \psi 
\partial y

,
\partial \psi 

\partial x

\biggr) 
,

(4d)
gLv

\theta 0cp
qr = max(0, bs  - bu),

where \psi is the QG streamfunction, \bfnabla H := (\partial /\partial x, \partial /\partial y) is the horizontal gradient,
\nabla 2

H := \bfnabla H \cdot \bfnabla H = \partial 2/\partial x2 + \partial 2/\partial y2 is the horizontal Laplacian,

(5a) Hu =

\Biggl\{ 
1 for bs  - bu < 0 or qt < qvs (unsaturated),

0 for bs  - bu \geq 0 or qt \geq qvs (saturated)

is, as before, the indicator function for the unsaturated regions, and

(5b) Hs = 1 - Hu

is the indicator function for saturated regions. Note that we may equally use the sign
of bs - bu or qt - qvs to indicate saturated and unsaturated regions. This equivalence,
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though not obvious, arises from the buoyancy equations (1c). For convenience, the
unsaturated and saturated buoyancy (1c) may be rewritten as

(6) bu =
g

\theta 0

\biggl( 
\theta +Hs

Lv

cp
(qvs  - qt)

\biggr) 
and bs =

g

\theta 0

\biggl( 
\theta +Hu

Lv

cp
(qt  - qvs)

\biggr) 
.

For the remainder of the paper, we will use (6) in place of the single equation (4d)
due to the fact that it is more convenient to work with temperature \theta and moisture
qt in a physical context.

Additionally, note that the incompressibility condition

(7) \bfnabla H \cdot \bfitu H = 0

is satisfied directly by the fact that the horizontal velocity \bfitu H arises from a stream-
function as in (4c).

3. Ansatz and jump conditions. In this section, we introduce the jump con-
ditions arising from a piecewise constant ansatz, i.e., constant velocity, temperature,
and moisture in two regions separated by a front interface.

3.1. Geometry of front and ansatz. We consider two atmospheric states
separated by the plane \alpha xx + \alpha yy + \alpha zz  - \sigma t = 0, where \alpha x, \alpha y, \alpha z, and \sigma are
constants. For convenience, we label this plane \scrS and define the vectors \bfitn H :=
(\alpha x, \alpha y), \bfitn 

\bot 
H := ( - \alpha y, \alpha x), and \bfitn := (\alpha x, \alpha y, \alpha z). We consider the plane \scrS to be an

inclined front. So, we will only study nonvertical planes; without loss of generality,
we take the normalization \alpha z = \pm 1. See Figure 1(a) for a sketch of this setup.

We may equally write the plane \scrS in terms of the across-front horizontal coor-
dinate \xi := \^\bfitn H \cdot (x, y) and along-front horizontal coordinate \eta := \^\bfitn \bot 

H \cdot (x, y), where
\^\bfitn H is the unit vector in the direction of \bfitn H . Namely, the plane \scrS is described by

\alpha \xi + \alpha zz  - \sigma t = 0 with a front slope \alpha = | \bfitn H | =
\sqrt{} 
\alpha 2
x + \alpha 2

y; see Figure 1(b). Also,

let V := \^\bfitn H \cdot (u, v) be the across-front, and let U := \^\bfitn \bot 
H \cdot (u, v) be the along-front

velocities.

(a)
x

y

z

nnn = (αx, αy, αz)

nnnH = (αx, αy)

nnn⊥
H = (−αy, αx)

S

(b)
ξ

z

VTqr
qvθs

θu

S

η

(α, 0, αz)

nH

VuUuUs Vs

Fig. 1. Sketch of the front geometry for case \alpha z = 1. The front interface \scrS (thick black
line) divides the domain into unsaturated and saturated (light blue) sides. (a) Three-dimensional
representation of front geometry; the normal vector \bfitn points into the unsaturated direction. (b) Two-
dimensional representation using the across- and along-front coordinates \xi , \eta ; in these coordinates,
(\alpha , 0, \alpha z) is the front-normal vector. (Figure in color online.)

Further, we assume the atmosphere to be unsaturated on one side of the interface
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\scrS and saturated on the other. Specifically, we assume

(8) \alpha xx+ \alpha yy + \alpha zz  - \sigma t

\Biggl\{ 
> 0 (unsaturated),

< 0 (saturated)

so that the indicator functions for the unsaturated and saturated phases are

(9) Hu = H(\bfitn \cdot \bfitx  - \sigma t) and Hs = 1 - H(\bfitn \cdot \bfitx  - \sigma t),

where H is the Heaviside function: H(x) = 1 for x \geq 0 and H(x) = 0 for x <
0. For this reason, the vector \bfitn is orthogonal to the plane \scrS and points into the
unsaturated region: \bfitn \cdot \bfitx = | \bfitn | | \bfitx | cos \theta > 0 in the unsaturated region. Moreover,
since \bfitn \cdot \bfitx  - \sigma t = \bfitn \cdot 

\bigl( 
\bfitx  - \sigma t\bfitn /| \bfitn | 2

\bigr) 
, the quantity \sigma /| \bfitn | is the signed speed of

propagation of the plane in the \bfitn direction. Namely, \sigma > 0 (\sigma < 0) implies the
interface moves into the unsaturated (saturated) region. For realistic fronts, | \alpha x| ,
| \alpha y| \ll | \alpha z| = 1 so that \sigma /| \bfitn | \approx \sigma may be taken to be the front speed. In most
cases it will be useful to understand the movement of the front in terms of the speed
\sigma H = \sigma /\alpha , which corresponds to the front speed experienced on the x-y plane in the
direction \bfitn H . Indeed, it is this horizontal front speed \sigma H which is commonly given
in observations as the ``front speed""---physically relevant values of the slope \alpha make
\sigma H much larger than the orthogonal \sigma , as expected.

Remark 3.1. In this paper, we consider the case where both \~qvs and qvs are con-
stant throughout the domain, that is, the saturation water vapor is taken to be the
same in the unsaturated and saturated regions. We may, however, also allow the
saturation water vapor qvs to be different in the saturated and unsaturated regions
to control the total amount of water in each region. One possible generalization is
to allow the saturation water vapor qvs to be a linear function of the potential tem-
perature \theta . In such a case, only minor modifications are necessary from our current
discussion; we relegate the details of such a setup to section SM1 of the supplementary
materials.

To obtain simple, exact solutions, we assume that on each side of the plane \scrS the
velocity, temperature, and moisture variables are constant. Namely,

(10a) u = usHs + uuHu, v = vsHs + vuHu, \theta = \theta sHs + \theta uHu

for constants ui, vi, and \theta i, and the moisture is given by

(10b) qt  - qvs = qrHs + (qv  - qvs)Hu

for constant rainwater qr and water vapor difference qv  - qvs. Here, the subscripts
u and s denote unsaturated and saturated sides, respectively. The streamfunction,
defined implicitly by (4b)--(4c), must then be given by

(10c) \psi =

\biggl( 
vsx - usy +

g

f\theta 0
\theta sz + \tau s(t)

\biggr) 
Hs +

\biggl( 
vux - uuy +

g

f\theta 0
\theta uz + \tau u(t)

\biggr) 
Hu,

where \tau u and \tau s denote single variable functions. Importantly, since we consider the
velocity and temperature to be no worse than discontinuous across the interface \scrS ,
(4b)--(4c) require the streamfunction (10c) to be continuous across the front. This
in turn indicates that all variables in the PQG system, except for \zeta and w, are
discontinuous, at worst. That is, for the ansatz (10a)--(10b), the relative vorticity \zeta 
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defined by (4a) and vertical velocity w given in (2b)--(2c) are identically zero on either
side of the interface and have the forms

(10d) \zeta = Z\delta (\bfitn \cdot \bfitx  - \sigma t) and w =W\delta (\bfitn \cdot \bfitx  - \sigma t)

for constants Z and W , where \delta denotes the Dirac delta function/distribution. Con-
ditions relating the constants Z and W to the velocity, temperature, and moisture
are presently derived in section 3.2.

Last, it is worth mentioning that the vertical velocity w is assumed to be small
in relation to the horizontal velocity scaling under the QG approximation. The fact
that here w is singular appears to go against this scaling assumption. Also, the rapid
change in temperature over small length scales (in fact, discontinuous) appears to
go against the larger synoptic length scales assumed under the QG approximation.
Such a scenario is somewhat analogous to discontinuous shocks of the inviscid Euler
equations, where the shock solutions arise despite the scaling assumptions of relatively
large length scales in inviscid Euler (on which scales the viscosity and diffusion of the
Navier--Stokes equations are neglected). Nonetheless, we proceed in the interest of
obtaining discontinuous temperature, velocity, and moisture weak solutions from the
PQG system to possibly model fronts.

3.2. Front jump conditions. In this section, we write ``jump"" conditions of
the PQG system (2a)--(2c) with relations (4a)--(4c) and (6) for the ansatz (10a)--(10d).
This system of jump equations may then be solved to obtain discontinuous solutions
to the PQG system. The jump conditions themselves may be obtained either by using
integral formulations of the PQG equations or formally by differentiating functions
across the interface; see Appendices A--B for the integral approach.

Here, and for the rest of the paper, we adopt the notation

(11) [[\varphi ]] := \varphi s  - \varphi u and \varphi := (\varphi s + \varphi u)/2

to denote the difference and average of the quantity \varphi between the saturated and un-
saturated sides, respectively. Since all variables are assumed to be constant through-
out the saturated and unsaturated regions, the meaning of the value of a given variable
in the saturated/unsaturated region should be clear.

For our chosen ansatz, the evolution of relative vorticity (2a) gives the condition

(12a) Z
\bigl( 
\sigma  - \alpha V

\bigr) 
=  - \alpha zfW.

Equation (12a) may be obtained by substituting (10d) of the ansatz into (2a) and
differentiating formally across the interface. Note that (12a) is not a jump condition,
but rather a relation between coefficients of derivatives of delta functions. Moreover,
\alpha V = \alpha xu+ \alpha yv, where V is the across-front mean horizontal velocity.

The evolution of unsaturated and saturated buoyancy (2b)--(2c) gives

(12b) [[Bu]]
\bigl( 
\sigma  - \alpha V

\bigr) 
+W = \alpha z

VT
N2

u

[[Qr]],

(12c) [[Bs]]
\bigl( 
\sigma  - \alpha V

\bigr) 
+W = 0,

where Bs := bs/N
2
s , Bu := bu/N

2
u , and Qr := gLv

\theta 0cp
qr. Equations (12b)--(12c) may be

obtained by substituting (10b)--(10d) of the ansatz into evolution equations (2b)--(2c).
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The relation between vorticity and streamfunction, (4a), may be written in terms
of the along-front horizontal velocity U to give

(12d) Z =  - \alpha [[U ]],

where \alpha [[U ]] = \alpha x[[v]] - \alpha y[[u]]. As before, (12d) may be obtained upon substituting
(10a)--(10d) of the ansatz into relation (4a).

The geostrophic-hydrostatic balances (4b)--(4c) demand continuity of the stream-
function, i.e., [[\psi ]] = 0 across the front interface \scrS , if we are to have merely discon-
tinuous velocities and temperatures. This gives rise to conditions relating the front
geometry to the velocity and temperature:

(12e) \alpha = \alpha zf
[[U ]]

[[\Theta ]]
and 0 = [[V ]],

where \Theta := g\theta /\theta 0. Conditions (12e) arise from demanding the streamfunction ansatz
(10c) satisfy [[\psi ]] = 0 at every point of the interface \alpha xx + \alpha yy + \alpha zz  - \sigma t = 0; by
linear independence each constant coefficient must match, which, upon rearrangement,
leads to (12e). Note that conditions (12e) are indeed the well-known Margules front
slope formulas for an interface of discontinuity [31]. Also, the condition [[V ]] = 0
(continuous horizontal velocity normal to front) is essentially a manifestation of the
zero horizontal divergence condition (7) that arises from the fact that the system is
horizontally incompressible. Moreover, since the jump of across-front velocity V is
identically zero, this implies that the average value satisfies V = Vs = Vu.

Last, the buoyancy relations (6) give

(12f) [[Bu]] =
1

N2
u

([[\Theta ]] - [[Qr]])

and

(12g) [[Bs]] =
1

N2
s

([[\Theta ]] + [[Qv  - Qvs]]) ,

where Qv  - Qvs := gLv

\theta 0cp
(qv  - qvs) and, recall, Qr := gLv

\theta 0cp
qr. Again, (12f)--(12g) may

be obtained by substituting (10a)--(10b) of the ansatz into (6). Notice that by the
definition of both the jump symbol [[\cdot ]] and the water mixing ratios, we have

(13) [[Qr]] = (Qr)s and [[Qv  - Qvs]] = (Qvs  - Qv)u

since the rainwater is identically zero in unsaturated regions, and the water vapor is
at saturation in saturated regions. Here, (Qr)s is the rainwater mixing ratio in the
saturated side only and (Qvs  - Qv)u is the water vapor in the unsaturated side only.

Therefore, the system (12a)--(12g) of equations comprises the jump conditions for
PQG arising from the ansatz (10c)--(10d). In other words, piecewise constant frontal
solutions of the PQG system with a phase change must satisfy (12a)--(12g).

4. Families of admissible solutions. The jump conditions (12a)--(12g) con-
stitute a nonlinear system of equations for the jump variables and front geometry. If,
however, the front slope (\alpha , \alpha z), horizontal front speed \sigma H , and mean velocity V are
known, the system may be concisely written as a homogeneous linear system of the
unknown jump variables constrained by the moisture. This system of jump conditions
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is underdetermined, so certain quantities may be freely chosen. Namely, we may write
the front system as

(14a) AsF \bfitc = 0,

where
(14b)

AsF =

\left[            

sF f \alpha z

\alpha 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0
0 1 sF 0 0 0  - VT \alpha z

\alpha 0 0
0 1 0 sF 0 0 0 0 0
0 0 0 0 f \alpha z

\alpha 0 0 0  - 1
0 0 0 0 0 1 0 0 0
0 0 1 0 0 0 1 0  - 1

N2
u

0 0 0 1 0 0 0  - 1  - 1
N2

s

\right]            
, \bfitc =

\left[              

\alpha  - 1Z
\alpha  - 1W
[[Bu]]
[[Bs]]
[[U ]]
[[V ]]

1
N2

u
[[Qr]]

1
N2

s
[[Qv  - Qvs]]

[[\Theta ]]

\right]              
,

and the relative front speed sF is given by

(14c) sF = \sigma H  - V .

So, the matrix AsF in (14b) is constructed out of five parameters: the relative front
speed sF , a front slope parameter f\alpha z/\alpha , a rainfall velocity parameter VT\alpha z/\alpha , and
the buoyancy frequencies Nu, Ns. In addition, we have the moisture constraints

(14d) [[Qr]] \geq 0 and [[Qv  - Qvs]] \geq 0.

The first constraint in (14d) enforces the condition that rainwater may never be
negative, while the second constraint enforces the condition that water vapor may
never rise above saturation level. Therefore, admissible jump solutions of the PQG
system will satisfy the linear front system (14a) with constraints (14d).

The 8\times 9 matrix AsF may be row reduced to echelon form as

(15) AsF \sim 

\left[                

1 0 0 0 0 0 0 0 \alpha 
f\alpha z

0 1 0 0 0 0 0 0  - sF \alpha 2

f2\alpha 2
z

0 0 1 0 0 0 1 0  - 1
N2

u

0 0 0 1 0 0 0  - 1  - 1
N2

s

0 0 0 0 1 0 0 0  - \alpha 
f\alpha z

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 sF + VT
\alpha z

\alpha 0  - sF
\Bigl( 

\alpha 2

f2\alpha 2
z
+ 1

N2
u

\Bigr) 
0 0 0 0 0 0 0 sF sF

\Bigl( 
\alpha 2

f2\alpha 2
z
+ 1

N2
s

\Bigr) 

\right]                
.

In the row reduced form (15), we may immediately recognize that the rank of
the matrix AsF of front system (14a) depends on whether the relative front speed
satisfies sF = 0 or sF +VT\alpha z/\alpha = 0. First, note that condition sF = 0 corresponds to
a horizontal front speed of \sigma H = V or, equally, a front speed \sigma = \alpha V . The case sF = 0,
therefore, represents a front moving by purely horizontal advection. Projected onto
the horizontal plane, the front is seen to move exactly at the horizontal flow velocity
normal to the front. For this reason, from here onward we call the horizontal front
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speed \sigma H = V the kinematic front speed. Second, the condition sF =  - VT\alpha z/\alpha 
corresponds to a front moving at speed \sigma H = V  - VT\alpha z/\alpha or \sigma = \alpha V  - \alpha zVT . This
case represents a shift induced by the rainfall speed on the kinematic front speed.
Since \alpha z = \pm 1, this shift may be positive or negative.

In what follows, we only consider the case when the matrix AsF allows for one
degree of freedom, relative front speed sF \not = 0 and sF \not =  - VT\alpha z/\alpha , and relegate
degenerate cases leading to additional degrees of freedom, sF = 0 or sF =  - VT\alpha z/\alpha ,
to sections SM2 and SM3 of the supplementary materials. These degenerate cases
may be considered less physically relevant since they require the moisture variables
to have a trivial jump across the front, i.e., either [[Qv  - Qvs]] = 0 or [[Qr]] = 0 for
nonzero rainfall speed.

5. Properties of fronts. In this section, we state key properties of the solutions
that arise from the front system (14a) with moisture positivity constraints (14d). We
begin by supposing that the front is moving at a velocity different from either the
kinematic front speed V or the speed V  - VT\alpha z/\alpha , i.e., sF \not = 0, - VT\alpha z/\alpha . Under
these assumptions, the row reduced matrix (15) allows us to arrive at the general
properties for the front system (14a), as described in the propositions that follow.
These solutions and properties may then be interpreted in the Cartesian or absolute
framework with our discussion in Remark 5.4. We finish the section with a few
illustrative examples of eastward and westward moving fronts in sections 5.1--5.2.

Proposition 5.1 (free variables). The matrix AsF of front geometry coefficients
has rank 8. In other words, one free variable is allowed among the unknowns of \bfitc in
equation (14b).

Proof. The proof follows immediately from row reduced (15) in the case sF \not =
0, - VT\alpha z/\alpha .

Now, using the fact that \alpha z = \pm 1, the last two rows of matrix (15) give rise to
the equations

(16a)
\Bigl( 
sF + VT

\alpha z

\alpha 

\Bigr) f2

N2
u

[[Qr]] - sF

\biggl( 
\alpha 2 +

f2

N2
u

\biggr) 
[[\Theta ]] = 0

and

(16b)
f2

N2
s

[[Qv  - Qvs]] +

\biggl( 
\alpha 2 +

f2

N2
s

\biggr) 
[[\Theta ]] = 0,

relating the moisture, temperature, and front geometry. In passing, we note that
both (16a) and (16b) are obtained upon combining the evolution of relative vortic-
ity (12a), the definition of relative vorticity (12d), and the Margules slope formula
(12e). In addition, (16a) requires the evolution of unsaturated buoyancy (12b) and
the definition of unsaturated buoyancy (12f), while (16b) requires the evolution of
saturated buoyancy (12c) and the definition of saturated buoyancy (12g). Most of
the properties that follow arise from (16a)--(16b).

Proposition 5.2 (conditions for nontrivial solution). The front system (14a)
has a nontrivial solution if and only if the moisture jumps and the rainfall speed are
strictly positive: [[Qr]] > 0, [[Qv  - Qvs]] > 0, and VT > 0.

Remark 5.1. A trivial solution \bfitc = 0 implies that both sides of the front interface
are identical, i.e., no ``jump"" takes place across the front.



PRECIPITATING QUASI-GEOSTROPHIC FRONTS 1351

Proof. Suppose that the system has a nontrivial solution. Then, from (16a) and
(16b) we see that allowing the moisture to satisfy either [[Qr]] = 0 or [[Qv  - Qvs]] = 0
forces the temperature jump to satisfy [[\Theta ]] = 0. Upon inspection of (15), the fact
that [[\Theta ]] = 0, sF \not = 0, and sF \not =  - VT\alpha z/\alpha would give rise to a trivial solution.
Therefore, both moisture jumps are nonzero, and by (14d) we find that [[Qr]] > 0
and [[Qv  - Qvs]] > 0. Now, suppose VT = 0. Since [[Qr]] > 0 and [[Qv  - Qvs]] > 0
for nontrivial solutions, then (16a) and (16b) require [[\Theta ]] to be both positive and
negative, which is a contradiction. That is, rainfall speed VT = 0, in the case sF \not = 0,
would force the front system (14a) to have the trivial solution. Therefore, the rainfall
speed cannot be zero, and VT > 0.

Conversely, suppose that [[Qr]] > 0, [[Qv  - Qvs]] > 0, and VT > 0. Then, the
system has a nontrivial solution \bfitc since some of its entries are nonzero.

As a consequence of (16b), the temperature jump [[\Theta ]] that arises as a solution
to our front system must satisfy the following simple bounds.

Proposition 5.3 (bounds on the temperature). For any nontrivial solution of
the front system (14a), the temperature differences [[\Theta ]] satisfy

(17)  - \gamma \alpha [[Qv  - Qvs]] < [[\Theta ]] < 0 or  - \gamma \alpha 
Lv

cp
[[qv  - qvs]] + \theta u < \theta s < \theta u,

where \gamma \alpha = min\{ 1, f2

N2
s
\alpha  - 2\} .

Proof. By Proposition 5.2, any nontrivial solution satisfies [[Qv  - Qvs]] > 0.
Then, (16b) requires that [[\Theta ]] < 0. Thus, we use the fact that \alpha 2[[\Theta ]] < 0 and
f2

N2
s
[[\Theta ]] < 0 on (16b) to find that  - f2

N2
s
[[Qv  - Qvs]]  - f2

N2
s
[[\Theta ]] < 0 and  - f2

N2
s
[[Qv  - 

Qvs]]  - \alpha 2[[\Theta ]] < 0, respectively. Combining these two inequalities gives  - [[\Theta ]] <

min
\bigl\{ 
[[Qv  - Qvs]],

f2

N2
s
\alpha  - 2[[Qv  - Qvs]]

\bigr\} 
. Since [[Qv  - Qvs]] > 0, the result follows.

The bound in (17) relates the temperature difference to the latent heat release
since it allows for the temperature difference to be large only when there is a large
enough moisture difference in the unsaturated region, that is, if the unsaturated side
is far away from saturation, then the system allows for a large temperature jump
across the front. Conversely, requiring a large temperature jump forces the water
vapor jump to be large.

Importantly, (17) also shows that the potential temperature in the saturated
region must be lower than that of the unsaturated region: \theta s < \theta u. Namely, the
saturated region must always be colder than the unsaturated region.

Choosing any jump in temperature that violates (17) will lead to the jump system
being unsolvable; as an exception, [[\Theta ]] = 0 leads to the trivial solution. This may
seem counterintuitive since we may rightfully choose [[\Theta ]] to be a free variable, as
shown in Proposition 5.1. However, even if we wish to have the jump in temperature
be our free variable, unless (17) is satisfied the moisture positivity constraints (14d)
will be violated.

We may similarly find bounds for the along-front velocity across the front.

Proposition 5.4 (bounds on the horizontal velocity). For any nontrivial solu-
tion of the front system (14a), the along-front horizontal velocity [[U ]] satisfies

(18) 0 <  - \alpha zf [[U ]] < \alpha \gamma \alpha [[Qv  - Qvs]] and [[U ]]2 <  - \alpha 
2

f2
\gamma \alpha [[Qv  - Qvs]] [[\Theta ]],

where, recall, \alpha [[U ]] = ( - \alpha y, \alpha x) \cdot [[(u, v)]].
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Proof. The left inequality follows immediately from the Margules relations (12e)
and Proposition 5.3. The right inequality is obtained by recasting the left inequality
using the Margules relations (12e).

Thus, the along-front component of the velocity difference must point in the direc-
tion of the vector \alpha zf(\alpha y, - \alpha x, 0) orthogonal to \bfitn and be bounded by the water vapor
jump of the unsaturated side. In addition, temperature and water vapor differences
bound the magnitude of the along-front velocity jump; recall that the across-front
velocity jump satisfies [[V ]] = 0.

Proposition 5.5 (front speed). For any nontrivial solution of the front system
(14a), the horizontal front speed must satisfy

(19) \sigma H = V  - VT
\alpha z

\alpha 

\biggl( 
1

1 + C\alpha [[qv  - qvs]]/[[qr]]

\biggr) 
,

where C\alpha = (\alpha 2N2
u + f2)/(\alpha 2N2

s + f2).

Proof. We may recast (16a) as an equation for the horizontal front speed \sigma H =
\sigma /\alpha using the relative front speed sF = \sigma H  - V . Now, we arrive at (19) with the aid
of (16b) and the fact that [[Qr]] \not = 0 by Proposition 5.2.

Note then that the horizontal front speed \sigma H is not merely equal to the kinematic
front speed V , but also depends on the rainfall speed VT \geq 0, the slope parameter
\alpha z = \pm 1, and the moisture jump [[qv - qvs]]/[[qr]] \geq 0. In particular, we may conclude
the following:

\bullet If [[qv  - qvs]]/[[qr]] \downarrow 0, then \sigma H \downarrow V  - VT\alpha z/\alpha .
\bullet If [[qr]]/[[qv  - qvs]] \downarrow 0, then \sigma H \uparrow V .

So, allowing [[qv - qvs]] = 0 or [[qr]] = 0 leads to the degenerate cases \sigma H = V  - VT\alpha z/\alpha 
or \sigma H = V , respectively.

In addition, (16a) imposes a bound on the relative front speed sF and, conse-
quently, the horizontal front speed \sigma H .

Proposition 5.6 (bounds on the front speed). The horizontal front speed sat-
isfies the bound

(20) V  - VT
\alpha z

\alpha 
< \sigma H < V or V < \sigma H < V  - VT

\alpha z

\alpha 
.

Since VT /\alpha \geq 0, the sign of \alpha z determines which of the two inequalities (20) is
realized.

Proof. By Propositions 5.2--5.3, [[\Theta ]] < 0 and [[Qr]] > 0 for nontrivial solutions.
Then, (16a) implies the bound \alpha zVT /(\alpha sF )+1 < 0. In other words, the relative front
speed satisfies

(21)  - VT
\alpha 

< \alpha zsF < 0.

The sign of the relative front speed sF is then dependent on the value of the chosen
slope constant \alpha z = \pm 1. Now, (21) is also a bound on the horizontal front speed
since sF = \sigma H  - V . Namely, the front speed is either bounded above or below by the
kinematic front speed or the kinematic front speed plus the correction  - VT\alpha z/\alpha .

Moreover, note that the upper and lower limits of the bound (21), the values
sF = 0, - VT\alpha z/\alpha , are exactly the degenerate cases that we found in section 4, as
discussed in more detail in sections SM2 and SM3 of the supplementary materials, to
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determine the rank of matrix AsF of the front system. Values of the relative front
speed sF outside the closure of (21) do not lead to solutions as they violate the
moisture positivity constraints (14d).

Remark 5.2. We note, in passing, that (20) are reminiscent of Lax's entropy or
stability condition for discontinuous solutions of hyperbolic systems of conservation
laws [28]. Indeed, \alpha V is the speed normal to the front at which water vapor is advected
in the unsaturated region, while \alpha V  - \alpha zVT is the speed normal to the front at which
rainwater is advected in the saturated region; recall that the projection between front
speed and horizontal front speed is \sigma H = \sigma /\alpha . This may seem to suggest a natural
way to decide which inequality in (20) is to be chosen. For moist fronts, however, it
is possible for solutions to violate Lax's entropy condition and still be weak solutions
of the system of equations [14, 40, e.g.]. So, for moist fronts of systems that are not
conservation laws, Lax's entropy condition may not be a suitable selection criterion.

Similarly, we may obtain two simple bounds on the vertical velocity and relative
vorticity.

Proposition 5.7 (bounds on the vertical velocity). The vertical velocity must
satisfy

(22) sFW < 0 and \alpha zW > 0.

Proof. From the vertical velocity equation of (15) we obtain the following equation
for W :

(23) f2W = sF\alpha 
2[[\Theta ]].

Equation (23) is derived from the evolution of relative vorticity (12a), the definition of
relative vorticity (12d), and the Margules slope formula (12e). Now, by Proposition 5.3
we know [[\Theta ]] < 0 and (21) gives \alpha zsF < 0. Combining these facts with (23) gives
the results.

Thus, the sign of the coefficient W of the vertical velocity is the opposite of the
sign for the relative front speed sF and the same sign as the slope parameter \alpha z = \pm 1.

Proposition 5.8 (bounds on the relative vorticity). The relative vorticity sat-
isfies the inequalities

(24) sF fZ < 0 and \alpha zfZ > 0.

Proof. Similarly, we may see from the relative vorticity entry of (15) that

(25) fZ =  - \alpha z\alpha 
2[[\Theta ]],

which arises from the definition of relative vorticity (12d) and the Margules slope
formula (12e). Again, since [[\Theta ]] < 0 and \alpha zsF < 0, the inequalities follow.

We finish this part by making two quick remarks.

Remark 5.3. Though a potential vorticity (PV) variable is not necessary to con-
struct the front solutions discussed in this paper, we note a few brief considerations
regarding PV. First, the PQG equations do not have a unique PV variable. Indeed,
the PQG system allows for numerous versions of PV constructed from differing com-
binations of the unsaturated and saturated buoyancy; we refer the reader interested
in different forms of PV to [38]. It is not a priori clear which form of PV should



1354 A. N. WETZEL, L. M. SMITH, AND S. N. STECHMANN

be chosen or may be useful to study frontal solutions. Second, for our piecewise
constant velocity and temperature ansatz (10a)--(10b), a PV variable, much like the
relative vorticity \zeta , will be identically zero on both sides of the front interface. At
the front interface, the PV may be singular. For example, the PV constructed from
the unsaturated buoyancy has the form \scrP u\delta , where \scrP u := Z - \alpha zf [[Bu]] is a constant
which may be nonzero due to the rainfall speed. Last, the potential vorticity defined
from the saturated buoyancy is identically zero throughout the domain and therefore
continuous. Namely, this form of PV, for this ansatz, has the form \scrP s\delta at the front
interface, where \scrP s := Z  - \alpha zf [[Bs]]. Using (12d), (12e), and (12g), we may write
this constant as

(26) \scrP s =  - \alpha zf

\biggl( 
1

N2
s

[[Qv  - Qvs]] +

\biggl( 
\alpha 2 +

f2

N2
s

\biggr) 
[[\Theta ]]

f2

\biggr) 
,

which, because of (16b), implies \scrP s = 0. Similarly, a PV defined from the equivalent
potential temperature will also be identically zero throughout the domain due to the
fact that for our ansatz [[\Theta e]] = [[Bs]].

Remark 5.4. In our discussion so far we have worked within the front-relative
framework (\xi , \eta , z) to derive the front solutions and discuss their properties. Though
the front-relative framework is a convenient coordinate system for our front solu-
tions, one must be careful in interpreting the solutions in terms of cardinal directions
(west-east and south-north) indicated by Cartesian coordinates x and y. An im-
portant instance of this is the front's propagation direction: the sign of horizontal
front propagation velocity, \sigma H , is defined in terms of front-relative coordinates, where
the normal vector \bfitn was defined, by convention, to point from the saturated region
into the unsaturated region (recall Figure 1). As a result, \sigma H > 0 always indicates
a cold front (interface moving into unsaturated region), \sigma H < 0 always indicates a
warm front (interface moving into saturated region), and \sigma H = 0 always indicates a
stationary front (static interface); recall that the inequality \theta s < \theta u in (17) for the
temperature implies that the unsaturated region is warmer than the saturated region.
This discussion should be kept in mind for what follows below in considering some
example fronts. In particular, when calculating values of \sigma H based on the formula in
(19), one must remember that the sign of \sigma H indicates whether it is a cold or warm
front, not whether the propagation is eastward or westward.

5.1. Example: Unsaturated region overlaying saturated region. In this
section we provide an example to highlight how the previously derived properties may
be used to understand frontal solutions. In this example, we consider a frontal plane
with its unsaturated region overlaying the saturated region. In terms of our front ge-
ometry, this case corresponds to the slope value \alpha z = 1 or an upward pointing \bfitn . For
specificity and physical motivation---though not required for the general understand-
ing of the front solutions---we restrict the orientation of the frontal plane to include
eastward and westward moving fronts only, those having a slope value of \alpha y = 0; see
Figure 2. Moreover, we suppose momentarily that there is no across-front wind, i.e.,
V = 0; we discuss the effect of nonzero across-front wind in section 6.

First, from (17), as discussed in Proposition 5.3, the unsaturated region must be
warmer than the saturated region. From the fact that \alpha z = 1, this implies that for
these example fronts the warm region overlays the cold region.

Second, by (19) or (21), the front speed must be strictly negative, or, in other
words, the front must be moving in the direction opposite the vector \bfitn . Physically,
this corresponds to a warm front since the movement of the front interface causes the
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Fig. 2. Sketch of the example front in Cartesian coordinates for \alpha z = 1, for the case of zero
across-front wind. Since the across-front velocity satisfies V = 0, one finds that only warm fronts
are produced; interface movement shown by large gray arrow. (a) Unsaturated region on the eastern
side. (b) Unsaturated region on western side.

unsaturated/warm side to move into the saturated/cold side. Importantly, the case of
the unsaturated region overlaying the saturated region will only produce warm fronts
regardless of the horizontal Cartesian orientation of the front, provided we continue
to assume V = 0. Otherwise, if we allow V \not = 0, then any type of front---cold, warm,
or stationary---is possible, as discussed below in section 6.

Third, for this example, the along-front velocity U is in the direction of the south-
north velocity v. Specifically, U = sign\{ \alpha x\} v. From (18), we find that a negative front
slope (unsaturated/warm side is eastward) implies f [[v]] < 0, and a positive front slope
(saturated/cold side is eastward) implies f [[v]] > 0. These two inequalities may be
concisely interpreted as follows: the along-front velocity on the western side of the
front must have a stronger equatorward component than the eastern side or, equally,
the eastern side must have a stronger poleward component than the western side.

Last, (22) and (24) show that for \alpha z = 1 the vertical velocity constant W and
relative vorticity constant fZ must be strictly positive. As may be expected, the
sign of the relative vorticity is hemisphere dependent. In a physical context, this
shows that at the front interface, admissible fronts require positive relative vorticity
in the northern hemisphere and negative relative vorticity in the southern hemisphere.
These observations on the potential vorticity and velocity shear are consistent with
standard derivations using this geometry [2, 32, 42, e.g.].

5.2. Example: Saturated region overlaying unsaturated region. Con-
sider now the same setup as section 5.1 except with \alpha z =  - 1. In this case, the vector
\bfitn points downward, and the saturated region overlays the unsaturated region; see
Figure 3. The following differences arise from this change in \alpha z.

From (17), we find that the cold region must overlay the warm region. By (19)
or (21), the front must move in the direction of the vector \bfitn . This corresponds to a
cold front since the movement of the front interface causes the saturated/cold side to
move into the unsaturated/warm side. As before, only one type of front is produced
provided that we continue to assume V = 0: cold fronts, in this case. The discussion
of the along-front velocity U remains unchanged from section 5.1. Last, (22) and (24)
show that for \alpha z =  - 1, the vertical velocity constantW and relative vorticity constant
fZ are strictly negative. Therefore, at the front interface, the vertical velocity can
be interpreted to be downward and the relative vorticity is negative (positive) in the
northern (southern) hemisphere.
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Fig. 3. Sketch of the example front in Cartesian coordinates for \alpha z =  - 1, for the case of zero
across-front wind. Since the across-front velocity satisfies V = 0, only cold fronts are produced;
again, interface movement shown by large gray arrow. (a) Unsaturated region on the western side.
(b) Unsaturated region on eastern side.

6. Assessing the realism of the PQG fronts. As shown in section 5, many
admissible solutions are possible for the system of jump conditions (14a). Here we at-
tempt to further understand these solutions' properties by considering their physical
relevance. In particular, we consider the applicability of our solutions to cold, warm,
and stationary fronts. As discussed broadly in section 5, and emphasized in the exam-
ples of sections 5.1--5.2, the orientation of the frontal plane relative to the unsaturated
and saturated regions characterizes the solutions. Namely, if \alpha z = 1, by the geometry
of the ansatz, the unsaturated/warm region lies above the saturated/cold region, and
vice versa if \alpha z =  - 1. Here we only discuss the case \alpha z = 1; we briefly discuss the
case \alpha z =  - 1 in section SM4 of the supplementary materials.

6.1. Effect of mean wind on front propagation and front type. We begin
by discussing the propagation of the PQG front solutions for \alpha z = 1; recall that
the across-front velocity V may be chosen freely. In (20)--(21) we showed that the
horizontal front speed is bounded by the kinematic front speed and rainfall speed. We
may write this in terms of the horizontal front speed \sigma H as follows:

(27) V  - VT
\alpha 

\leq \sigma H \leq V .

Again, the front speed is interpreted in the front-relative coordinate frame; see Re-
mark 5.4. Allowing VT = 0 requires the front to move at the kinematic front speed V
(pure horizontal advection). Indeed, \sigma H is only equal to either the left- or right-hand
term of the inequality in the degenerate cases discussed in sections SM2 and SM3
of the supplementary materials. The horizontal front speed may, however, be made
arbitrarily close to the left- and right-hand values of (27) by the choice of moisture
jump ratio. From (19) we see the following:

\bullet If [[qr]]/[[qv  - qvs]] \approx 0, then the rainfall term in (19) is negligible and the
horizontal front speed \sigma H is closest to the kinematic front speed V .

\bullet If [[qv  - qvs]]/[[qr]] \approx 0, then the rainfall term in (19) is maximized and the
horizontal front speed \sigma H is closest to the value of V  - VT /\alpha .

Whether the solution represents a warm, cold, or stationary front is determined
directly from the values of the horizontal front speed. From inequality (27), for a
front in which the unsaturated region overlays the saturated region, it follows that:

\bullet If V \leq 0, then only warm fronts may develop.
\bullet If 0 < V < VT /\alpha , then the solution may be a cold, warm, or stationary front.
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\bullet If V \geq VT /\alpha , then only cold fronts may develop.
Figure 4 presents a graphical summary of possible front types.

(a)
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Warm

xy

V ≤ 0

(b)
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Vs Vu

Cold
Warm
Stat.

xy

0 < V < VT /α

(c)

z
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Vs Vu

Cold

VT /α ≤ V

xy

Fig. 4. Values of across-front mean wind V determining warm, cold, and stationary fronts.
The large gray arrow on the front interface indicates the direction that the front moves; in case (b)
any direction of movement if possible. (a, b) warm front are possible if \alpha V < VT , (b, c) cold front
are possible if 0 < \alpha V , and (b) stationary fronts are possible if 0 < \alpha V < VT .

Interestingly, these results and the discussion in the examples of sections 5.1--5.2
give us two counterintuitive notions. First, since the rainfall term in the front speed
(19) can only be negative, the rainfall may only contribute to the formation of warm
fronts or the slowing down of cold fronts, that is, the presence of rainwater decreases
the front speed of a cold front, with larger values of the rainwater jump decreasing
the front speed further. Second, a zero across-front velocity (V = 0) will not lead
to a stationary front unless the rainfall speed term is identically zero, either because
VT = 0 or [[qr]] \rightarrow 0. We refer the reader interested in further discussion of this setup
to section SM5 of the supplementary materials.

6.2. Realistic jump values. Wemay roughly estimate some key jump variables
for fronts by examining northern hemisphere observational data. Our primary interest
here is to ascertain plausible overall jump values for the variables in this model. Since
our model is highly idealized, we only require rough estimates.

From [1] we obtain the following generic estimates for the horizontal front speed
\sigma H , front slope \alpha , and temperature difference [[\theta ]]. For cold fronts, the horizontal
front speed may fall within the range of \sigma H \approx 15--25 knots \approx 7.7--12.9 m/s and
the front slope may be estimated to be \alpha \approx 1/50. Similarly, for a warm front, the
horizontal front speed may be estimated to be \sigma H \approx 10 knots \approx 5.1 m/s and the front
slope \alpha = 1/300. The temperature difference across a front can be roughly estimated
to be on the order of [[\theta ]] =  - 10 K. This drop in temperature of about 10 or 15
K is consistent with observations of two cold fronts included in [2, Figs. 2.6--2.7].
Moreover, these two cold fronts are observed to have horizontal front speeds of about
15--20 m/s. For estimates of the across-front and along-front velocities, we may turn
to [32] or to [26, Fig. 6.10]. For cold and warm fronts we estimate across-front wind
velocity to be on the order of | V | \approx 20 m/s and the along-front velocity difference
[[U ]] \approx  - 35 m/s. Last, we use the mid-latitude values of g \approx 10 m/s - 2, \theta 0 = 300
K, d\~\theta /dz \approx 3 K km - 1, and d\~\theta e/dz \approx 1 K km - 1 on (3) to estimate the unsaturated
buoyancy frequency as N2

u \approx 10 - 4 s - 2 and the saturated buoyancy frequency as
N2

s \approx 1/3\times 10 - 4 s - 2.

6.3. Connections with observed fronts. The approximate values of the pre-
vious section may be used to determine whether the PQG front solutions are consistent
with sensible physical values. To accomplish this, we choose the temperature jump
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to be the free variable of the jump system (see Proposition 5.1), with all other jump
variables determined if the front geometry, front speed, and rainfall speed are known.

First, let us consider a cold front. Using the typical value of \alpha = 1/50 for a cold

front slope, we may estimate
\bigl( \alpha 2N2

u+f2

\alpha 2N2
s+f2

\bigr) 
\approx 2.1. For these values, (16b) predicts the

water vapor jump to be [[qv  - qvs]] \approx 9.3 g/kg. Therefore, from the front speed (19),
the horizontal front speed \sigma H may be estimated to satisfy

(28) \sigma H \approx V  - VT /\alpha 

1 + 19.5/[[qr]]

for rainwater measured in g/kg.
We take a value of V \approx 20 m/s for the across-front velocity since (28) will only

produce cold fronts if the velocity is positive (moving into warm region). Now, ob-
served horizontal front speeds have values of \sigma H \approx 8--20 m/s, which suggests that
the rainfall term in (28) should not contribute more than a 12 m/s decrease to the
across-front velocity V \approx 20 m/s. Using a value of VT = 1 m/s, this implies that we
approximately require 0 < [[qr]] < 6.3 g/kg for a cold front to have horizontal front
speeds greater than 8 m/s. These values fall well within acceptable physical ranges
of the moisture for the mid-latitude atmosphere.

Next, we consider a warm front. Using the typical value of \alpha = 1/300 for a

warm front slope, we may estimate
\bigl( \alpha 2N2

u+f2

\alpha 2N2
s+f2

\bigr) 
\approx 1.1. The water vapor jump can be

similarly estimated using (16b) to be [[qv  - qvs]] \approx 4.1 g/kg. Therefore, as before, we
may estimate the horizontal front speed from (19) as

(29) \sigma H \approx V  - VT /\alpha 

1 + 4.5/[[qr]]

for rainwater jump measured in g/kg. Note that due to the smallness of the front slope
\alpha , it is unlikely that the upper bound V  - VT /\alpha is physically reached unless suitably
small values of rainfall VT are considered, e.g., VT < 0.1 m/s. In addition, it is worth
noting that such small values of rainfall speed may be required to recover realistic
warm front solutions due to the fact that QG dynamics do not accurately capture
certain front features. In particular, other small Rossby number approximations may
be more suited for front dynamics, such as the semi-geostrophic equations [19], and
may allow for more physically realistic fronts in this instance.

We again estimate the front-normal velocity as | V | \approx 20 m/s. Here, however, the
direction of the front-normal velocity is allowed to be either positive (into unsatu-
rated/warm region) or negative (into saturated/cold region). Since \sigma H < 0 for warm
fronts, if the front-normal velocity is negative we require the contribution from the
rainfall term in (29) to be small, perhaps negligible. This condition arises from the
fact that the rainfall term, being strictly negative, directly adds to the front speed if
\sigma H < 0. So, front speeds larger than those of observed fronts are expected from this
model unless the across-front velocity is smaller than our current estimate of 20 m/s
and the rainfall speed VT is suitably small. For a value of VT = 0.1 m/s, we esti-
mate that a rainwater jump of [[qr]] < 0.9 g/kg is required to obtain a rainfall term
contribution smaller than 5 m/s. If the front-normal velocity is, however, positive or
moving into the warm region, the contribution from the rainfall term counteracts the
kinematic speed term. Namely, supposing V \approx 20 m/s, then to give rise to a horizon-
tal front speed of \sigma H <  - 5 m/s a rainfall term of 25 m/s or greater is required. Such
a rainfall term would be possible if [[qr]] > 0.4 g/kg. So, if the across-front velocity is
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positive (moving into a warm region), the expected front speeds and rainwater jumps
fall well within expected physical values.

7. On the possibility of discontinuous fronts with no phase change. Is
it possible to have discontinuous fronts when no phase change takes place across the
interface? Namely, is it possible for the dry QG equations to have discontinuous
fronts? The analysis necessary to answer this question is similar to the case with
phase changes described in this paper, so we relegate the details to section SM6 of
the supplementary materials and summarize the results.

In brief, fronts are only possible if they propagate at the speed of the background
wind and the potential vorticity is singular (a Dirac delta). Moreover, the vertical ve-
locity must be identically zero and, thus, these fronts merely constitute the advection
of the discontinuous solutions by the geostrophic wind. This result is consistent with
the basic setup where a stationary front is obtained if the across-front velocity is zero
and no phase change occurs [31, 35, e.g.]. Moreover, this indicates the role of rainfall
velocity VT in contributing to the front's propagation (shown above in (19), e.g.),
which suggests that such discontinuous fronts would not be seen in dry QG dynamics
under typical circumstances where the potential vorticity does not take extremely
large values.

We note that the discussion in the preceding section considers only weak solutions
arising from discontinuous initial conditions in an infinite domain. Therefore, certain
piecewise constant solutions are allowed in the special cases discussed above. For
smooth initial conditions, the dry QG equations have regularity properties similar
to the Euler equations and, therefore, would only give rise to smooth solutions for a
smooth initial condition [29, e.g.]. In fact, for smooth initial conditions, discontinuities
may develop only near the horizontal boundaries of the domain, but not in finite time
[20, e.g.]. Thus, the piecewise solutions considered here are fundamentally different
from those arising from smooth initial conditions considered in previous frontogenesis
studies.

8. On the possibility of discontinuous fronts with other representations
of clouds and rainfall. In this section, we briefly discuss the effect that other
moisture parametrizations may have on the jump conditions derived in this paper. We
consider two cases: (1) the addition of convective adjustment terms and (2) additional
moisture constituents arising from different microphysics choices.

Convective parameterization terms in the PQG system (2a)--(2c) would take the
form, generally speaking, of additional source/sink terms in buoyancy equations (2b)--
(2c). These source/sink terms would typically be dependent only on the thermody-
namic and moisture variables \theta , qt, qvs or bu, bs. Crucially, for common parametriza-
tions [14, 27, 33, 40, e.g.], these thermodynamic source/sink terms do not include
derivatives of the thermodynamic and moisture variables. For example, in an ideal-
ized version of convective adjustment, an additional heat source and moisture sink are
included and are proportional to (qt - q\ast )H(qt - q\ast ) [14] or (qt - q\ast )H(T - T\ast ) [34], where
q\ast = q\ast (z), and T\ast = T\ast (z) is a threshold for the initiation of convection. Given our
simple ansatz (10c)--(10d), where thermodynamic and moisture variables are piece-
wise constant with a jump discontinuity at the front interface, these source/sink terms
are discontinuous at worst, and cannot be balanced by the more singular advection
term. In other words, regardless of the actual form of these additional source terms,
their lack of derivatives of the piecewise constant ansatz functions \theta , qt, etc., means
that no delta function-like terms arise from them. Therefore, though these additional
source/sink terms may force the vertical velocity to be nonzero in the domain, they
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leave the interface jump conditions unaffected by their presence, that is, the inclusion
of convective adjustment terms does not alter the jump conditions derived in this
paper and does not modify the subsequent analysis.

Inclusion of additional moisture constituents, such as cloud water qc or ice qi [15,
41, e.g.], should not significantly alter most of the existing jump conditions directly.
However, these additional moisture constituents may change the buoyancy equations
(6) and include new jump conditions relating these constituents to temperature and
moisture. Moreover, each new moisture constituent is accompanied by an additional
evolution equation which, in turn, would lead to an additional jump condition. These
additional constraints may indeed change the nature of the front solutions allowed by
the system.

9. Jump conditions in large rainfall speed limit. A variation of the PQG
equations can be derived by alternatively assuming that the fall velocity of rain, VT ,
is relatively large [38]. Given that such a scaling scenario is also reasonable for typical
atmospheric parameter values, this is worthwhile to explore. Since the analysis in
this case is similar to the analysis shown above for moderate VT values, the details
are relegated to section SM7 of the supplementary materials. In essence, the key
difference concerns the front speed of the system. Namely, a warm front (\sigma H < 0) or
cold front (\sigma H > 0) may potentially have a front speed of any magnitude contingent
on the moisture jump ratio [[qr]]/[[qv  - qvs]].

10. Conclusions. Discontinuous fronts were shown to be exact solutions to the
PQG equations. The basic setup of the front solutions is an idealization of cold fronts
and warm fronts, with jumps in temperature, winds, and total water at a planar
frontal boundary. The front is also a phase interface, where one side of the front has
rainfall and the other side does not.

Interestingly, some of the front solutions appear to violate Lax's entropy con-
ditions. Consequently, one might question whether those fronts will be realizable.
However, some fronts from other types of moist atmospheric dynamics have been
shown to violate Lax's entropy conditions yet still be realizable [14, 22, 30, 40], which
leaves open the possibility of a similar scenario for the PQG fronts of the present
paper.

The allowable front solutions can be found from the jump conditions, which were
derived here and shown to have the form of a nonlinear algebraic system of equations
and inequality constraints. Families of solutions are possible, and they can be param-
eterized by a subset of the front properties. If the front slope and propagation speed
are treated as known quantities, then the jump conditions have the simpler form of
a linear system of equations and inequality constraints. The linear system can be
solved in a straightforward way and was used here to find front solutions and analyze
their properties.

Some natural questions to ask are as follows: Can discontinuous fronts be found as
solutions to equations that are even simpler than the PQG equations? What are the
key aspects of the PQG equations that allow discontinuous front solutions? To probe
these questions, we also explored the possibility of discontinuous fronts with other
PDEs for atmospheric dynamics. Two cases were considered: the dry QG equations
and a different set of moist QG equations. In the first case, for the dry QG equations,
we show that discontinuous fronts are essentially not possible; they are only possible
if an additional singularity is introduced beyond what is typical for the dry QG
equations, such as a potential vorticity that is singular (a Dirac delta function) at the
front. In the second case, for moist QG equations with a convective parameterization
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in the form of convective adjustment, the convective parameterization would have no
effect on discontinuous fronts. Based on the results of these studies, we conclude that
the PQG equations include two key features for allowing discontinuous front solutions:
rainfall velocity VT (which could be allowed to be finite or infinitely large) and phase
changes of water.

Many aspects of fronts in nature were not considered here. For instance, the front
shape was assumed to be planar and not allowed to have curvature, and boundaries
and dissipation mechanisms were neglected. Such assumptions may be crude, but
they allow an idealized setup in which it is possible to find exact solutions. Further-
more, quasi-geostrophic dynamics were assumed, and hence ageostrophic aspects of
fronts were not considered; it would be interesting to consider ageostrophic aspects of
fronts by utilizing, e.g., semi-geostrophic dynamics [19] instead of quasi-geostrophic
dynamics. Finally, the formation of fronts (frontogenesis) from smooth initial condi-
tions and the stability of the fronts were not considered here but would be interesting
topics for further study in the future. (We are currently pursuing numerical simula-
tions of the PQG equations to gain some intuition for more complex behavior of the
dynamics.) Other related equations have garnered interest for studies of frontogen-
esis and/or regularity of solutions, such as the dry quasi-geostrophic equations [29],
semi-geostrophic equations [10, 12, 13, 19, 20], and surface quasi-geostrophic (SQG)
equations [4, 6, 7, 8, 16, 23, 24]; the PQG equations fit into this family of equations and
add further interesting features to the dynamics owing to rainfall and phase changes
of water.

Appendix A. Integral formulation of the PQG equations. Define \scrR =
\BbbR 3 \times [0,\infty ), and let \scrR s, \scrR u be the subsets of \scrR in the unsaturated and saturated re-
gions, respectively. Note \partial \scrR s\cap \partial \scrR u denotes the interface \scrS , in space-time coordinates,
with normal vector \bfitm = (\bfitn , - \sigma ) = (\alpha x, \alpha y, \alpha z, - \sigma ) pointing into the unsaturated re-
gion. Let the test functions \varphi = \varphi (\bfitx , t) be defined on a proper subset of \scrR where they
have continuous derivatives and are identically zero at the boundary of this proper
subset.

To obtain weak solutions of the system (2a)--(2c) with (4a)--(4d), we integrate
each equation multiplied by a test function over the domain \scrR . Derivatives are then
moved onto the test functions by means of integration by parts using the fact that
the test functions are suitably smooth. This provides us with integral equations that
are equivalent to those of our differential system, except these allow more singular
solutions; see, for example, [44, section 2.7]. Then, (2a) becomes

(30a)

\int \int 
\scrR 
\zeta 
DH\varphi 

Dt
dV dt = f

\int \int 
\scrR 
w
\partial \varphi 

\partial z
dV dt.

Equation (2b) becomes

(30b)

\int \int 
\scrR 
bu
DH\varphi 

Dt
dV dt - N2

u

\int \int 
\scrR 
w\varphi dV dt =  - gLv

\theta 0cp
VT

\int \int 
\scrR 
qr
\partial \varphi 

\partial z
dV dt.

Note that the sign of the w term flips since no integration by parts takes place there.
Equation (2c) becomes

(30c)

\int \int 
\scrR 
bu
DH\varphi 

Dt
dV dt - N2

u

\int \int 
\scrR 
w\varphi dV dt = 0.

Equation (4a) becomes

(30d)

\int \int 
\scrR 
\zeta \varphi dV dt =  - 

\int \int 
\scrR 
\bfnabla H\psi \cdot \bfnabla H\varphi dV dt.
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Equations (4b)--(4c) may be written together as

(30e)  - 
\int \int 

\scrR 
\psi \bfnabla \varphi dV dt =

\int \int 
\scrR 

\biggl( 
v, - u, g

f\theta 0
\theta 

\biggr) 
\varphi dV dt.

Last, (4d) simply becomes

(30f)
gLv

\theta 0cp

\int \int 
\scrR 
qr\varphi dV dt =

\int \int 
\scrR s

(bs  - bu)\varphi dV dt,

where \scrR s denotes the saturated region of \scrR .

Appendix B. Derivation of jump conditions from integral equations.
Here we present how jump conditions are obtained from the integral equations (30a)--
(30f). Note, however, that no jump condition arises from (30f) since the moisture
and temperature variables are merely discontinuous. Therefore, we consider jump
conditions arising from the remaining (30a)--(30e) only.

B.1. Streamfunction jump condition. We begin by examining (30e) of the
streamfunction. Reversing integration by parts of (30e) on \scrR u, assuming \psi , u, v, \theta 
discontinuous at the interface \scrS , gives

(31)  - 
\int \int 

\scrR u

\psi \bfnabla \varphi dV dt =

\int 
\partial \scrR u

\psi \varphi 
\bfitn 

| \bfitm | dS +

\int \int 
\scrR u

\bfnabla \psi \varphi dV dt;

the boundary terms remain since the test function \varphi does not necessarily vanish
everywhere on \partial \scrR u. A similar argument applies on \scrR s with the modification that \bfitn 
and \bfitm (normal to the interface) are outward, not inward. So,

(32)

\biggl( \int \int 
\scrR u

+

\int \int 
\scrR s

\biggr) 
\bfnabla \psi \varphi dV dt+

\int 
\scrS 
[[\psi ]]\varphi 

\bfitn 

| \bfitm | dS =

\int \int 
\scrR 
(v, - u,\Theta )\varphi dV dt,

where [[\cdot ]] is defined in (11) and \Theta = g
f\theta 0

\theta . Since (32) must hold for all \varphi and (30e)
is satisfied identically in each region, we conclude that

(33) [[\psi ]] = 0 on \scrS ,

that is, the streamfunction must be continuous across the interface. Note that the
result (33) does not arise from the assumption that the velocity and temperature are
constant, but from merely assuming that the velocity and temperature have a jump
discontinuity.

Now, if the velocity and temperature are constant on each side of the interface,
the streamfunction \psi must be linear in each region as in (10c). Using the differential
form of (30e), condition (33) can be written as

(34) [[v]]x - [[u]]y +
g

f\theta 0
[[\theta ]]z + [[\tau ]](t) = 0 on \alpha xx+ \alpha yy + \alpha zz  - \sigma t = 0.

By linear independence we conclude that

(35) \alpha x = \alpha z
f\theta 0
g

[[v]]

[[\theta ]]
, \alpha y =  - \alpha z

f\theta 0
g

[[u]]

[[\theta ]]
, and \alpha z = \pm 1.

Moreover, the functions \tau i(t) must be linear functions of time t.
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B.2. Relative vorticity jump condition. Manipulating (30d) for the relative
vorticity,\int \int 

\scrR 
\zeta \varphi dV dt = - 

\biggl( \int \int 
\scrR u

+

\int \int 
\scrR s

\biggr) 
\bfnabla H\psi \cdot \bfnabla H\varphi dV dt

= - 
\int 
\scrS 

\bfitn H

| \bfitm | \cdot ([[\bfnabla H\psi ]]\varphi ) dS +

\biggl( \int \int 
\scrR u

+

\int \int 
\scrR s

\biggr) 
\nabla 2

H\psi \varphi dV dt

=
1

| \bfitm | 

\int 
\scrS 
(\alpha y[[u]] - \alpha x[[v]])\varphi dS

(36)

since \nabla 2
H\psi = 0 on both \scrR u and \scrR s (the velocities are constant in each region).

For (36) to balance, \zeta should be more singular than a simple jump discontinuity.
If we let

(37) \zeta = Z\delta (\bfitn \cdot \bfitx  - \sigma t),

then from (36) we get

(38) Z

\int 
\scrS 
\varphi dS =

\int 
\scrS 
(\alpha y[[u]] - \alpha x[[v]])\varphi dS

or

(39) Z = \alpha y[[u]] - \alpha x[[v]]

since (38) holds for all \varphi .
Though we derived this result for the case in which velocity is constant, result

(39) applies more generally, that is, the discontinuous component of \nabla 2
H\psi does not

arise in the jump condition as it may be cancelled with a discontinuous part in \zeta .

B.3. Evolution of buoyancy jump conditions. Equation (30b) for the un-
saturated buoyancy gives\int \int 

\scrR 
N2

uw\varphi dV dt =

\biggl( \int \int 
\scrR u

+

\int \int 
\scrR s

\biggr) \biggl( 
bu
DH\varphi 

Dt
+ VTQr

\partial \varphi 

\partial z

\biggr) 
dV dt

=

\biggl( \int \int 
\scrR u

+

\int \int 
\scrR s

\biggr) \biggl( 
\partial 

\partial t
(bu\varphi ) +\bfnabla H \cdot (\bfitu Hbu\varphi ) + VT

\partial 

\partial z
(Qr\varphi )

\biggr) 
dV dt

 - 
\biggl( \int \int 

\scrR u

+

\int \int 
\scrR s

\biggr) \biggl( 
DHbu
Dt

+ VT
\partial Qr

\partial z

\biggr) 
\varphi dV dt

=
1

| \bfitm | 

\int 
\scrS 
( - \sigma [[bu]] + (\alpha x, \alpha y) \cdot [[\bfitu Hbu]] + \alpha zVT [[Qr]])\varphi dS

(40)

since DHbu
Dt + VT

\partial Qr

\partial z = 0 on \scrR u, \scrR s (this implies w = 0 on each side), where Qr =
gLv

\theta 0cp
qr. Now, if we allow w =W\delta (\bfitn \cdot \bfitx  - \sigma t), then we find

(41) N2
uW

\int 
\scrS 
\varphi dS =

\int 
\scrS 
( - \sigma [[bu]] + (\alpha x, \alpha y) \cdot [[\bfitu Hbu]] + \alpha zVT [[Qr]])\varphi dS

or

(42) N2
uW =  - \sigma [[bu]] + (\alpha x, \alpha y) \cdot ([[ubu]], [[vbu]]) + \alpha z

gLv

\theta 0cp
VT [[qr]].
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Similarly, analyzing (30c) for the saturated buoyancy, we find

(43) N2
sW =  - \sigma [[bs]] + (\alpha x, \alpha y) \cdot ([[ubs]], [[vbs]]).

We may simplify (42) and (43) above by using the identity [[fg]] = f [[g]] + [[f ]]g,
where g = (gs + gu)/2. Note

(44)

\biggl[ 
[[uBu]] [[vBu]]
[[vBs]] [[vBs]]

\biggr] \biggl[ 
\alpha x

\alpha y

\biggr] 
= (\alpha xu+ \alpha yv)

\biggl[ 
[[Bu]]
[[Bs]]

\biggr] 
follows from the slope equations (35). Therefore, (42)--(43) become

(45) N2
uW = (\alpha xu+ \alpha yv  - \sigma ) [[bu]] + \alpha z

gLv

\theta 0cp
VT [[qr]]

and

(46) N2
sW = (\alpha xu+ \alpha yv  - \sigma ) [[bs]].

B.4. Evolution of relative vorticity jump condition. Last, we consider
(30a) for the relative vorticity. From our the work in the previous sections we have
learned that both \zeta and w are identically zero in the regions \scrR u, \scrR s. However, we
allow the possibility for them to be Dirac deltas at the interface:

(47) \zeta = Z\delta (\bfitn \cdot \bfitx  - \sigma t) and w =W\delta (\bfitn \cdot \bfitx  - \sigma t).

This turns (30a) into

(48) Z

\int 
\scrS 

DH\varphi 

Dt
dS = fW

\int 
\scrS 

\partial \varphi 

\partial z
dS.

Since the test functions \varphi may be chosen to be as smooth as we wish, we may write
(48) using the Divergence theorem as volume integrals on either \scrR u or \scrR s. Namely,
note that

(49) \alpha z

\int 
\scrS 

DH\varphi 

Dt
dS =

\int 
\scrS 

DH\varphi 

Dt
\^\bfitz \cdot \bfitm dS =

\int \int 
\scrR s

\partial 

\partial z

DH\varphi 

Dt
dV dt

and

(50) (\alpha xus + \alpha yvs  - \sigma )

\int 
\scrS 

\partial \varphi 

\partial z
dS =

\int 
\scrS 

\partial \varphi 

\partial z
(us, vs, 0, 1) \cdot \bfitm dS =

\int 
\scrR s

DH

Dt

\partial \varphi 

\partial z
dV dt.

Now, we have DH

Dt
\partial \varphi 
\partial z = \partial 

\partial z
DH\varphi 
Dt for a test function \varphi and constant velocities. So,

we can conclude that

(51) Z(\sigma  - \alpha xus  - \alpha yvs) =  - \alpha zfW.

Equivalently, we could have done this argument with respect to \scrR u rather than \scrR s.
Then we obtain

(52) Z(\sigma  - \alpha xuu  - \alpha yvu) =  - \alpha zfW.

In fact, because the slope equations (35) hold, we may deduce that

(53) \alpha x[[u]] + \alpha y[[v]] = 0 =\Rightarrow \alpha xus + \alpha yvs = \alpha xuu + \alpha yvu = \alpha xu+ \alpha yv.
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So, (52) and (51) may be written as

(54) Z(\sigma  - \alpha xu - \alpha yv) =  - \alpha zfW.
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