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Introduction

This Supporting Information describes details of the methods for deriving the model equa-
tions and determining solutions. The text sections are organized as follows:

Text S1. Derivation of model dynamical core
Text S2. Moisture background profile

Text S3. Comparison with other models

Text S4. Methods for determining model solutions

Text S1. Derivation of model dynamical core

The dynamical core of (1)—(4) of the main text can be derived from the three-dimensional
primitive equations, using a modification of the methods of Stechmann et al. [2008], with the
addition that water vapor Q(z,y, z,t) is also included and expanded in vertical baroclinic modes.

The starting point for the derivation is the three-dimensional primitive equations, in nondi-
mensional units:

—= QW =0, (S1)

The nondimensional units are the same as in Stechmann and Majda [2015]. The material deriva-
tive is D 9 9

—=—+U.V+W_—.

Di ot - VT

Here the horizonal velocity is U = (U(z,v, 2,t), V(z,y, 2,t)), and V is the horizonal gra-
dient operator: U-V = U9, +V d,. The vertical velocity is W, and the pressure is P. The
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term yU* represents the Coriolis force, under the equatorial beta-plane approximation, and
where U+ = (—V,U). The potential temperature © and water vapor mixing ratio () are anoma-
lies from background states that are linear with respect to height z:

otot = 000 +z+ @(I, y,Z,t)7
tht = qoo — QZ + Q(xvya Z7t)7 (SZ)

where 6o and gqo are constants and represent values at the top of the boundary layer at z =
0. For a model of this complexity, it is common to consider the fluid as bounded above and
below by rigid lids at the bottom of the troposphere (¢ = 0) and the top of the troposphere
(z = 7 in nondimensional units). The boundary condition at z =0 and z = 7 is W = 0.

As a spectral representation of vertical variations, we use basis functions that take the
form of sinusoids:

CO(Z) 1
Ci(z) = V2 cos(jz), Si(z) = V2 sin(jz), j=1,2,3,--- (S3)

where the upper lid is located at z = 7 in nondimensional units. The inner product is then
defined as

(F(),G(2)) = - / " F(2)G(2) dz (s4)

so that the S’s and the C’s are orthonormal bases: (S;, S;) = d;; and (C;,C;) = d;;. The
model variables are expanded as

U(z,y,2,t) = Zujxy, (), W(z,y,z,t) = ngwy, (),
P(x,y,2,t) = Zp]x% (2), O(x,y,2,t) = 29 z,y,1)5S;(2),
Qz,y,2,t) = quxy, )jS;(2). (S5)

Note that the convention here is to expand © and () in the basis jS;(z), not S;(z). See Fig. S3
for illustrations of the basis functions.

To derive a simplified model, all variables are assumed to have a truncated form includ-
ing only the Ist and 2nd baroclinic modes:

U= 11101 + 11202, P = —9101 - 92027
1
W =-V-u5; —§V-UQSQ, O = 0151 + 02255,
Q = 151 + q2255. (S6)



When (S1) are projected onto the 1st and 2nd baroclinic modes, the result is a coupled sys-
tem of rotating shallow water equations, including moisture:

%-Fyull—V& = —% :ul-Vu2+u2-Vu1+2u2V-u1+;u1V-u2],

%—V-m = —% :2U1'V92—112'V91+492V'111—;91V'U2}a

%—&-QV-ul = —% :2u1-Vq2—u2-Vq1 +4QQV'UI_;QIV'U2:|7
%—Fyué -Vl = —\%[ul-Vul—ulv-m],
%—iv-ug = —21%[111'V91—91V'U-1]7
%q;—s-civ-m = —%[urvm—mv'ul]-

(87
In the present paper, this sytem is further simplified by neglecting the 2nd baroclinic mode
wind and potential temperature, but retaining both baroclinic modes of water vapor, in recog-
nition of the importance of representing finer details of the vertical structure of water vapor.
Neglecting u, and 65 and their dynamical equations then leads to

Ju
6—tl+yu1i—V91—07
00
e~V m=0,
%—&-QV-u ——L[Qu -Vg2 +4¢2V - uy]
gD 1= NG 1°Vq2 +4go 1,
8Q2 1
- _ . — . . S8
1 NG W - Vg1 — iV - uy] (S8)

Furthermore, these dynamics are linearized about a resting state (u; = 0) with background
water vapor state of ¢ = ¢; = constant and g2 = g» = constant, which leads to

8u1

W%—yuf—V@l:O,
a6
7;_V'U1:0,
oq A NGY _
E+(Q+2 QQQ)V'U1—07
g2 Q1
— L vV.u =0. S9
En 2\/§V u (89)

Finally, an inverse discrete Fourier transform is used to transform the water vapor equations
from vertical mode variables to vertical level variables. The inverse discrete Fourier transform
relations can be seen from (S6) and are

2
Qow = Qlo=r/3 = qlx/ising + ¢22v/2sin ?ﬁ,
2 o4
Gmid = Qlam2n/3 = @1/2sin g + 322v/2sin % (S10)



or

3
Qlow = \/g((h + 2q2)7
3
Gmid = 5((11 — 2q2). (S11)

Using these linear combinations of ¢; and ¢o, the dynamics from (S9) can be written in terms
of Qlow and 4mid as

8111

W*‘yuf—vel =0,
o0
aitl —V.u = 07
aqlow \/§ A . 7l =
o + 3 (Q+2\/§Q2 \/§>V u; =0,
ot 2 V2

These equations are identical to the dynamical core in (1)—(4) of the main text if one makes

the identification of
Qlow:\/§ Q+2\/§§2—£
2 V2)’
5 3 (A @
Qmid = \@ (Q +2v23 + ﬁ) : (S13)

which completes the derivation.

Text S2. Moisture background profile

In this section, a background moisture profile, gyy(2), is associated with the two param-
eters Qo and @4, in order to provide a physical interpretation of these parameters.

The background moisture profile, ¢;4(2), can be defined as
Qg (2) = qoo — Q2 + 1V/2sin z + 22v25in(22), (S14)

which includes both ggo—Qz from the background part of ¢*** in (S2) and ;v/2 sin z+G22v/2 sin(22)
from the base state used in linearizing (S8) to obtain (S9).

First, one can derive a general relationship between (i) the derivative dg,/dz of the back-
ground moisture profile and (ii) the two parameters, Qlow and Qmid, in the following way.
Start by considering vertical advection, as in (S1), applied to the background water vapor: Wdgqy,/dz.
If this is evaluated in the lower and middle troposphere at heights of z = /3 and z = 27/3,
respectively, and if only the first baroclinic mode representation of W = —(V-u;)v/2sin(z)
is used, then the result is

dgy vz - Nz ) -
Wd—zg s = —(V - uy)V2sin (5) [—Q + @1V2cos (g) + G24V/2 cos (25)}
= w3 (- %1 avin),
% o3 = —(V - uy)V2sin (2;> {Q + @1 V2 cos <2§r) + G@24v/2 cos <2237r)]

(V- ul)\/g (Q + % + 2\/5(72) . (S15)



These formulas can be identified with the terms Qlowv.uL and Qmidv-ul from (S12) and
(S13). Therefore, the physical interpretation of QJ;,,, and Q,,;4 as the (scaled) derivative of
the background moisture profile has been established:

. 3d

Quow = —f Sy : (S16)
2 dz amn/3

. d

Qumia = \/§ Sty . (S17)
2 dz z=27/3

Note that the /3/2 factor actually arises in this calculation from the vertical structure ﬁ sin(z)
of W: not from dgp, /dz; it has nevertheless been absorbed into the definition of both Q;oy
and ;¢ in order to simplify notation.

Second, for the specific values of Qlow = 0.9 and Qmid = 0.45 that are used in the
present paper, what is the vertical structure of the associated background profile gy4(2)? One
assignment that is perhaps the simplest is the case of go = 0, in which case a one-to-one cor-
respondence exists between Qlow and sz‘d on the one hand and Q and ¢; on the other:

A Qlow + Qmid
= Ylow T wmid _ g 55
“ V6
_ Qlow - Qmid
gy = low T mid _ g o6, S18
Q1 73 (S18)

which follows from (S13). A plot of g,4(z) with these values is shown in Fig. S4. This pro-

file roughly resembles the water vapor profiles seen in nature [e.g., Holloway and Neelin, 2009],

in that the most water vapor is in the lower troposphere, and both gs4(2) and dg,/dz decay

with height. These features arise in the present context from the simple functional form of gy4(2) =

Q(m—2)+q1V/2sin z, a linear decay with z and a sin z part that contributes the convex shape
that somewhat resembles exponential decay.

Note that the relationship between Qlow, Qmid, and gy, (#) is not necessarily uniquely
specified for this system with spectral truncation in the vertical. If, on the one hand, the back-
ground profile ¢y4(2) is given, in the form of (S14), then one can find the values of the pa-
rameters Qlow and Qmid using (S13). If, on the other hand, only the two parameters Qlow and
Qmid are given, then many possible profiles ¢;4(2) are consistent with the given values of Qlow
and Qmid; here we have assumed g2 = 0 as a simple way to select a reasonable case for il-
lustration.

Text S3. Comparison with other models

To put the present model in perspective, we now compare it with some previous mod-
els. As a whole, the present model is new, to the best of our knowledge. Nevertheless, many
individual components of the model are similar to some of the individual components of other
models, as described briefly in the main text, and in more detail in what follows.

As a first example, the skeleton model of Majda and Stechmann [2009, 2011] produces
an MJO with many realistic features [Thual et al., 2014; Ogrosky and Stechmann, 2015a; Stach-
nik et al., 2015; Stechmann and Majda, 2015]. The skeleton model is meant to represent intraseasonal-
and planetary-scale dynamics; CCEWs appear on the smaller synoptic scales. The skeleton model
and the present model utilize the same number of variables; in addition to their common use
of first baroclinic mode velocity and potential temperature, the skeleton model includes a lower-
tropospheric water vapor variable and a convective activity variable, whereas the present model
includes lower- and mid-tropospheric water vapor variables. At a crude level of comparison,
the convective activity variable a of the skeleton model is somewhat similar to the mid-tropospheric
water vapor variable ¢,,;q of the present model, although the Qumia term of the present model,
which is important for obtaining a realistic MJO propagation speed in the present model, is



not included in the dynamics of a of the skeleton model. On the other hand, one could per-
haps include a term like the I'ga term of a’s dynamics into the g;,,;4 dynamics here as a rep-
resentation of vertical moisture fluxes.

As a second example, the multicloud model of Khouider and Majda [2006, 2007, 2008]
has some parameter regimes that produce CCEWs with many realistic features. In other pa-
rameter regimes, the model can also produce waves that resemble the MJO [Majda et al., 2007,
Khouider et al., 2011; Ajayamohan et al., 2013], although the CCEW signatures do not simul-
taneously appear strongly with the MJO signature. At a crude level of comparison, the strat-
iform heating variable H of the multicloud model is somewhat similar to the mid-tropospheric
water vapor variable ¢,,;4 of the present model, although the Q,m-d term of the present model,
which is important for obtaining a realistic MJO propagation speed in the present model, is
not included in the dynamics of H, of the multicloud model. The multicloud model includes
two vertical baroclinic modes of velocity and temperature, whereas the present model includes
only one. Also, the multicloud model includes a troposphere-averaged water vapor variable
and a boundary layer equivalent potential temperature variable, whereas the present model in-
cludes water vapor variables at two levels in the troposphere and no boundary layer variables.

As a third example, a convective adjustment model was analyzed by Yu and Neelin [1994],
and planetary-scale moist mode was identified. The moist mode has a phase speed of roughly
14 m/s for wavenumber 1 and a dispersion relation that resembles a Kelvin wave [Neelin and
Yu, 1994]. The model is similar to the present model in their common use of convective ad-
justment. However, many aspects are different. For example, the model used a single convec-
tive adjustment time scale of 2 hours for all vertical levels, whereas the present model uses
different time scales of O(2) hours and O(1) day at different vertical levels. Stochastic forc-
ing was investigated by Yu and Neelin [1994], and it was applied to the boundary-layer tem-
perature equation or the boundary-layer kinematic equation, whereas the present paper included
stochastic forcing in its free tropospheric water vapor equations.

As a fourth example, boundary-layer frictional convergence models for the MJO have
also been investigated in various forms [e.g., Wang and Rui, 1990; Salby et al., 1994]. Unsta-
ble modes are identified in these studies through the mechanisms of frictional wave—CISK (con-
ditional instability of the second kind); in the present model, on the other hand, instabilities
and boundary-layer frictional convergence are not included. Stochastic heating is also inves-
tigated by Salby et al. [1994], whereas stochastic moisture forcing is utilized in the present pa-
per. Also, the frictional wave—CISK mechanism is active without dynamics of moisture, whereas
moisture dynamics are a central part of the present paper.

As a fifth example, moisture mode models for the MJO emphasize and focus on the im-
portance of water vapor [Raymond and Fuchs, 2009; Sobel and Maloney, 2013; Adames and
Kim, 2016]. The models include a wide range of physical processes. The moisture mode mod-
els include, among several other physical processes described below, convective adjustment
with time scales of 0.6 days [Adames and Kim, 2016] and 2.4 days [Sobel and Maloney, 2013];
these are somewhat similar to the mid-tropospheric adjustment time scale of 1.3 days used in
the present study, the value of 4 days found via an analysis of the observed background spec-
trum of tropical convection [Hottovy and Stechmann, 2015], and the values of 0.5-2.0 days and
1.1 days that have been estimated in an analysis of global climate model and observational
data, respectively [Jiang et al., 2016]. Note that these estimates utilize column-averaged quan-
tities, except for the the present model which distinguishes between lower- and mid-tropospheric
water vapor. Also, Sobel and Maloney [2013] utilized eddy diffusion of moisture in the zonal
direction, whereas the present model includes eddy diffusion of moisture in both the zonal and
meridional directions. A wide range of additional physical processes are also included in mois-
ture mode theory, such as cloud-radiation feedback, wind-induced surface heat exchange (WISHE)
(or evaporation—wind feedback), boundary-layer frictional convergence, horizontal moisture
advection by MJO-related high-frequency eddies, and horizontal moisture advection by large-
scale winds. These additional processes contribute to the instability of moisture mode theory.



In the present model, on the other hand, these additional processes and instabilities are not ex-
plicitly included.

As a sixth example, moving-heat-source models have been investigated for the MJO [Chao,
1987; Majda and Biello, 2004; Biello and Majda, 2005] and for CCEWs [Haertel and Kiladis,
2004; Majda and Biello, 2004; Biello and Majda, 2005; Stechmann et al., 2013]. In a moving-
heat-source model, a diabatic heating function is prescribed, and the heating is moved at a pre-
scribed speed. The movement of the heat source is meant to represent the wave’s propagation,
although this propagation or movement is prescribed in such a setup. Such a setup is an ex-
tension of the models of Matsuno [1966] and Gill [1980], who prescribed a steady, unmov-
ing heat source in order to model the Walker and/or Hadley circulation. The value of moving-
heat source models is in their descriptions of the MJO and CCEW structures, for the struc-
tures of the dry variables such as winds, temperature, and geopotential height. Results indi-
cate that the structures of the MJO and some CCEWs can be modeled as the linear response
to a moving heat source. However, such models do not predict the phase speeds or dispersion
curves of the waves, since the propagation speed is prescribed. In contrast, in the model of
the present paper, the MJO and CCEW heating is not prescribed. The heating in the present
paper is modeled in terms of the water vapor, using a convective adjustment parameterization.

Text S4. Methods for determining model solutions

In this section, we describe how to determine semi-analytic solutions to the stochastic
model in (1)—(4) of the main text.

In brief, in what follows, the equations are expanded in terms of the leading meridional
basis functions of traditional equatorial wave theory, following Matsuno [1966], Majda [2003],
and Ogrosky and Stechmann [2015b], and the water vapor equations are similarly expanded,
following Khouider and Majda [2008], Majda and Stechmann [2009], and Stechmann and Ma-
jda [2015]. The result is a system of stochastic partial differential equations (SPDEs) as func-
tions of = and ¢, which are linear with constant coefficients and can be solved using Fourier
transforms [Majda and Grote, 2007, 2009; Hottovy and Stechmann, 2015].

Change to characteristic variables

It is convenient to change variables from the primitive (u, v, #) variables to the charac-
teristic variables (r, [, v):

1 1
r=—(wu-90), l=—7—(wu+0). S19
=0, 1=+ (519)
In terms of the variables (7, [, v), the model (1)—(2) from the main text takes the form
1 1
r4+re+L_v=——q— —1r
T Tr
1 1
lt*lm*LJ’_’U: ;Q*?ll
1
v+ Lir—L_l=——v, (S20)
Ty
where L are the raising and lowering operators,
1
Ly =—(0,%y), S21
and where we have defined
1 1 1 1
—q = —= ow mi S22
Tq \/§ <Tlow @ i Tmidq d) ( )

as an abbreviated notation. Also, here it is assumed that 7, = 79 for simplicity, in which case
Tr =T = Ty, and 7, = Ty.



Expansion in parabolic cylinder functions: Dry component equations

Next the variables are expanded in terms of meridional basis functions as

T(x7 y? t) TT",(:I:? t)
Iz, y,t) | (2, 0) 3
olrt) | = 2_:0 o t) | o) (S23)
q(z,y,t) (1)
where the ¢,,, are the parablic cylinder functions,
Om(y) = (mly/m) /2272 Hy (y)e v /2, (24)
and where H,,(y) are Hermite polynomials,
dm
Hy(y) = (—U’”efdy—me*“- (S25)

To proceed further, equations are derived for the evolution of the coefficients r.,, (x,t),
I;m(z,1), etc. To derive equations for the coefficients r,,(x,t), L, (z,t), etc., the equations for
their parent variables r(z, y,t), l(z,y,t), etc. are projected onto each of the basis functions
®m(y), using the fact that the parabolic cylinder functions ¢,,(y) are an orthonormal basis.
Another useful property is the effect of the operators L1 on ¢,,,

L+¢m, == \/Rqsm—la L—Qsm =—-—vm+ 1¢m+l> (526)
which indicates why L. are called the raising and lowering operators.

When the (r, 1, v) system in (S20) is projected onto each of the basis functions ¢,,(y),
the result is three groups of equations. First is an equation for g,

Oiro + Oyro = =2 — = (S27)

Tr

which, in the absence of moisture ¢, would describe a Kelvin wave. Second is a coupled sys-
tem for (r1, vg),

T
8t7"1+8xr17v0:fq—17—1
T Tr
Ao +71 = -2 ($28)
Ty

which, in the absence of moisture ¢, would describe mixed Rossby—gravity waves. Third is
an infinite family of systems involving the triplet (7,11, lm—1, Um) for m > 1,

dm+1 Tm+1
8t”“m-‘rl + 8£CT7TL+1 —vm+ lv'm - _T -

Tr

m— I —
Oly—1 — Oglyn—1 — Vmu,, = q”;— 1 bm—1

Tl

OtV + Vm + 11y + vVl = —v—m, (S29)

v

which, in the absence of moisture ¢, would describe an equatorial Rossby wave, a westward
interio-gravity wave, and an eastward interio-gravity wave.

Expansion in parabolic cylinder functions: Moist component equations

To see the form of the ¢, and ¢,,;q equations when projected onto each of the basis
functions ¢,,(y), consider a generic equation

. 1 )
Qt"'Q(um +Uy) = _FQ"'b(me +ny)+F+D*W; (S30)



which has the same mathematical form as the equations for ¢y, and g,,q in (3)—(4) of the
main text. In this subsection, we use the notation ¢ as a stand-in for either g,y OF Gnid:

q = Glow O gmid- (531)
Note that this definition differs from the use of ¢ in the derivation of the dry component equa-

tions for (7,1, v) above.

Some preliminary equivalences are useful for the derivation that follows. First, notice
that the derivative 0, can be written in terms of the raising and lower operators as

Ly +L_ =+/2d,, (S32)

and u can be written in terms of characteristic variables r and [, so the divergence term can
be written as
1

V2

1
(ug +vy) = —=(re +1lz) +

L L_)v.
7 (Ly + Loy (S33)

Second, note that the second derivative ('“)5 can be written as

1 1
02 = 5Ly + L )= 5(L2+ + L2 +LyL_+L_Ly). (S34)

Using these formulas, the moisture equation (S30) can be written in terms of parabolic cylin-
der functions.

The result, after projecting (S30) for the moisture dynamics onto parabolic cylinder func-
tion ¢y, (y), is

atqm + \C/gi [awrm + 8mlm + (\/ m + 1’Um+1 — \/ﬁvm,l)}
1
= ——Qdm
-
m(m — 1 2m +1 m+ 1)(m + 2
+ 002y + b <(2)qm_2 — + ( 2)( )qm+2>
+ Fo + D W, (S35)

where W,, (z,t) is spatiotemporal white noise, and W,, and W, are independent for m #
m’. An equation of this form is used for each of qiow m (x,t) and ¢mia,m(z,t), with differ-
ent coefficients Q, T, etc. for qoy Versus gn,;q according to their different equations in (3)—
(4) of the main text.

Truncation of parabolic cylinder function expansion

For the dry component equations, the infinite family of systems from (S29) is truncated
at a value of m = M, and the dynamics of the triplet (ras41,n—1,var) is fully retained.
Such a choice ensures that the dynamics of the equatorial Rossby and inertio-gravity waves
up to mode M are fully retained.

For the moist component equations, the variables gjow,m and ¢ymiq,m are retained up to
the value of m = M — 1.



For example, for a truncation with M = 3, the system is described by the following
18 variables:

To,

1, o,

ro,lg, v1,

3,11, V2,

r4,l2,v3,

Qlow,05 Qiow,15 Qlow,25

dmid,0, 9mid,1; 9mid,2- (836)

Results with the choice of M = 3 are used as the standard choice presented in the main text.

Vector formulation as system of SPDEs

The model takes the form of a system of stochastic partial differential equations (SPDEs).
To write it in matrix-vector form, first define the column vector of all variables, which for M =
3is

T
U(x,t) = (ro,71,v0,72,1l0, 01,73, 1, V2,74, 12, V3, Qiow,0, Qiow, 1, Qlow,2> mid,05 Imid,1> Gmid,2) "
(S37)

where 7' indicates the transpose operator. The dynamics of U can be assembled by consid-
ering the dynamics of each of its components, which were described above. In matrix—vector
form, the dynamics is written as

ou ou 0*U

Y 2% _p _
Ox2

- F + DW
o o CU+F+ , (S38)

where A, B, C, D are constant matrices, F' is a vector, and W is a vector whose components
are independent spatiotemporal white noise terms.

Methods for determining eigenmodes

To determine the eigenvalues and eigenvectors of the unforced system, one assumes the
ansatz of
U(z,t) = Re[Ugelke—t) ], (S39)

where Re denotes the real part. Inserting this into (S38), in the absence of forcing, leads to
—iwUy 4+ ikAUy = —k*BU, — CU,, (S40)

which defines an eigenvalue problem for eigenvalue w(k) and eigenvector Ug(k).

Methods for computing solutions and statistics

Model solutions and their statistics can be computed semi-analytically. The model in (S38)
is a system of SPDEs with constant coefficients and can be solved using Fourier transforms
[Majda and Grote, 2007, 2009; Hottovy and Stechmann, 2015]. Two steps are used. First, a
Fourier transform in space is applied to U(z,¢), and each zonal wavenumber % can then be
considered independently. Second, the solution vector Ij(k:, t) for wavenumber k is expanded
in terms of the eigenvector basis, and each eigenvector amplitude can then be considered in-
dependently. The dynamics of each eigenmode is in the form of a complex Ornstein—Uhlenbeck
(cOU) process, with a damping rate and oscillation frequency determined by the eigenmode’s
complex eigenvalue. The cOU process for each eigenmode can be solved analytically. The fi-
nal solution U(x,t) or its statistics can then be assembled by combining the solutions for each

—10-



eigenmode and for each zonal wavenumber k. The solution is semi-analytic rather than an-
alytic because only a finite number of zonal Fourier modes % is used and because the eigen-
vectors and eigenvalues are found using numerical linear algebra software.

The values of Fjoy, (2,y) and Fp;q(z,y) are chosen as idealized versions of moisture
sources [e.g., Ogrosky and Stechmann, 2015a; Stachnik et al., 2015], and they create a Walker
circulation that aids the comparison between model output and observational data. To see the
role of Fj,,(x,y) and Fyyq(x,y), split the full solution U into two parts as

U(z,t) = U(x) + U'(z, 1), (S41)

where U(z) is a time-independent mean component that represents the Walker circulation, and
U’(z,t) is a time-dependent component that represents the wave variability including the MJO
and CCEWs. Since the model is linear, one can split (S38) into two corresponding compo-
nents:

ou’ A ou’ 02U’

AT = BE S CU - DW, (842)
ou U
A% =B 2 CU + F(z). (543)

In these two equations, the role of the forcing is split into its time-independent and time-dependent
components, with the the steady deterministic F(z) generating the steady deterministic Walker
circulation, and with the random forcing DW generating the wave variability. In the main text,
Fig. 1 includes the mean Walker circulation that is created by the steady moisture sources Fjoy, (2, y)
and F,;q4(x,y), in order to compare with the analogous plot from observational data [Zhang,
2005] which includes the Walker circulation. On the other hand, note that Figs. 2—4 are not
influenced by Fjo(x,y) and F,q(z,y); in creating the steady Walker circulation, Fju, (2, y)

and Fy;q(z,y) affect the means but not the variances of the model variables. To illustrate the
model’s wave variability alone, Fig. S5 is a reproduction of the Fig. 1 of the main text, ex-

cept with Fj,,, (z,y) and F,;q(x,y) set to zero to remove the mean Walker circulation; the

wave variability in Fig. 1 and Fig. S5 is identical, since the steady Walker circulation is in-
dependent from the wave variability, due to the model’s linearity. For simplicity, we take iden-
tical values Fjoy(2,y) = Frmid(z,y) = F(z,y), and we take F(x,y) = Fo(x)po(y), where

¢o(y) is the m = 0 parabolic cylinder function. The function Fy(x) is chosen as

_ _ 4 _ _ 4
Fo(z) = F, [exp <(x201”1>) + Zexp <(x202”2)) - ;] , (S44)

which creates two plateaus of moisture sources, in alignment with the two moist, ascending
branches of the “global” Walker circulation [Stechmann and Ogrosky, 2014; Ogrosky and Stech-
mann, 2015a]. The parameters are n; = (1/3) x 40,000 km, no = (5/6) x 40,000 km,

o1 = 0.003 km*, 55 = 0.0001 km?, and F = 1.1055 x 1075 (kg/kg) h .

As mentioned above, all eigenmodes are damped and stable in the standard parameter
regime. If the moisture diffusion were ignored by setting b;o,, = bmiq = 0, with all other
parameters taking their standard values here, then some eigenmodes would become unstable,
and their growth rates would be largest for the smallest spatial scales, but their growth rates
would be bounded (i.e., there is no “ultraviolet catastrophe™). Since the standard parameter
regime has eigenmodes that are all damped and stable, the stochastic version of the model has
a well-defined stationary state (i.e., climatological mean state), whose rainfall variability is char-
acterized by the power spectrum in Fig. 3 of the main text. The values of b;,,, and b,,;q im-
pact the shape of the power spectrum in a way that is similar to the results of Hottovy and Stech-
mann [2015]; namely, their main influence is in shaping the power spectrum’s decay as the
wavenumber k increases, which decays roughly as ~ k~2. The damping parameters 7, 7,
and 7y of the dry dynamical variables have a less significant impact on the shape of the pre-
cipitation power spectrum.

In the lag-lead regression plots in Fig. 2, in order to give dimensional units to all quan-
tities, the base time series of precipitation has been scaled and nondimensionalized so that the
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result of the self-regression with precipitation has a maximum amplitude of 5 mm/day. Also,
for the contoured variables, the minimum and maximum values are, respectively, a) -14.37 and
10.86 m, b) -2.43 and 2.21 m, ¢) -0.15 and 0.21 K, and d) -0.13 and 0.14 K.

Also, in the eigenvector plots in Fig. 4, in order to give dimensional units to all quan-
tities, the arbitrary overall amplitude of the eigenvector has been chosen so that the precip-
itation has a maximum amplitude of 5 mm/day. Also, for the contoured variables, the max-
imum values are a) 16.61 m, b) 5.64 m, ¢) 0.17 K, and d) 0.3 K; and the maximum wind speeds
in the x and/or y and/or z directions are a) x-7.61 m/s, y-0.69 m/s, b) x-0.66 m/s, y-0.07 m/s,
¢) x-7.74 m/s, z-1.85 cm/s, d)x-0.88 m/s, z-0.35 cm/s.

In the plot of the alternative CCKW eigenvector in Fig. Sla, the maximum geopoten-
tial height value is 5.0 m, and the maximum zonal and meridional wind speeds are 1.73 and
0.77 m/s.

Finally, note that the time axis in Fig. 1 is labelled using months (January, February, March,
etc.), but no seasonal cycle is included in the model.
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a) C.C. Kelvin Wave Eigenvector b) C.C. Kelvin Wave Eigenvector
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Figure S1. Two eigenmodes that resemble the convectively coupled Kelvin wave structure seen in the sta-
tistical composite in Fig. 2b of the main text. Zonal wavenumber k£ = 5. Geopotential height contour intervals
are 0.56 m. The eigenmode in panel b is also shown in the main text in Fig. 4b. Phase speeds are (a) 13.4 m/s
and (b) 18.5 m/s.
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Figure S2. Same as Fig. 3 of the main text, except for hybrid MJO-Kelvin wave case, as described in sec-

tion 5 of the main text. Same parameter values as the standard case, except a lower value of Qmia = O0.1is
used, in comparison to the standard value of Qmid = 0.45.
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Figure S3. Vertical profiles for the first few modes of (a) velocity and (b) potential temperature and water
vapor, as described in (S3) and (S5). Adapted from Stechmann et al. [2008].
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Figure S4. Background profile g4 (2) of water vapor.
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Figure S5. Same as Fig. 1 of the main text, except with the steady Walker circulation removed by setting
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