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Abstract

The notion of balance has played an important role in data assimilation. How-
ever, traditional ideas of balance have been based on dry dynamics, without
moisture. Recently, the notion of balanced moisture has been formulated based
on moist dynamics. Here, the goal is to investigate data assimilation strategies
with moisture, and to assess the impact of accounting for moisture’s balanced
and unbalanced components. To illustrate the main ideas, examples are pre-
sented using a simple model consisting of linear, moist, shallow-water equations
with stochastic forcing, and a Kalman filter in its stationary state for a data
assimilation method akin to 3D-Var. If a traditional treatment of moisture is
used, which does not properly decompose moisture into its balanced and unbal-
anced components, then the error in the recovered moisture is increased by up
to 15% or more. These errors are most significant on smaller spatial scales, where
inertia—gravity wave variance is larger, and in the presence of larger vertical
gradients of the background moisture state, and in cases with larger observa-
tional noise. Underlying these results are some subtle theoretical aspects of
the moist dynamical core and its dynamical operator, which is not symmetric;
instead, it is self-adjoint with respect to a non-diagonal inner product, which is
associated with conservation of moist energy. From the results here, and given
the longstanding difficulties with data assimilation and forecasting of precipita-
tion, it is possible that balanced versus unbalanced moisture may play a role in
these difficulties, among many challenging aspects of water vapor, clouds, and
precipitation.
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1 | INTRODUCTION

The notion of balance has played an important role
in data assimilation and weather forecasting. Even in
the first numerical weather forecasts ever attempted
(Richardson, 1922), the failure of the forecast has been in
large part attributed to a failure to distinguish between
balanced and unbalanced components (e.g., Kalnay, 2003;
Platzman, 1967), associated with slow vortical/Rossby
modes and fast inertia—gravity waves respectively. To
improve data assimilation and forecasting, a great amount
of attention has been paid to decompositions into bal-
anced and unbalanced, or slow and fast, or vortical/Rossby
and inertia-gravity wave components (e.g., Daley, 1993;
Kalnay, 2003).

However, the traditional ideas of balance have been
based on dry dynamics, without moisture (Bannister, 2021;
Daley, 1993; Derber & Bouttier, 1999; Kalnay, 2003;
Kasahara & Puri, 1981; Lorenc, 1981; Zagar et al., 2015).
Some ideas on balanced and unbalanced components
of moisture have been introduced in the context of data
assimilation, where one approach has been to introduce
functional relationships or statistical regression rela-
tionships between a moisture variable (such as relative
humidity or specific humidity) and a balanced variable
(Bannister et al., 2020; Berre, 2000; Chen et al., 2013;
Ingleby et al., 2013; Michel et al., 2011; Montmerle, 2012;
Montmerle & Berre, 2010; Xiao & Sun, 2007). Although
these relationships are based on sensible principles
and physical intuition, they do not define a notion of
balanced and unbalanced moisture that is based on
different dynamical eigenmodes, such as the vorti-
cal/Rossby and inertia—gravity wave modes that often
form the basis of balanced and unbalanced components
of “dry” dynamics (velocity, temperature, etc.). To put
dry and moist variables on the same footing, it would
be desirable to define balance and imbalance from an
explicit treatment of moist dynamics and its associated
eigenmodes.

The notion of balanced moisture, based on moist
dynamics, has recently been formulated by Smith and
Stechmann (2017), and it is characterized by two (or
more) quantities: not only potential vorticity (PV) but
also a moist thermodynamic quantity called M. Wetzel
et al. (2019, 2020) presented decompositions of moisture
into its balanced and unbalanced components, which was
done using an extension of PV inversion called PV-and-M
inversion. Furthermore, the energy can also be decom-
posed in a way that draws out a component associated
with balanced moisture (Kooloth et al., 2023; Marsico
etal., 2019; Smith & Stechmann, 2017).

Here, the goal is to investigate data assimilation strate-
gies with moisture and to assess the impact of accounting

for (or not accounting for) the balanced and unbalanced
components of moisture.

The example system used here will be the linear,
moist, shallow-water equations, in order to illustrate the
main ideas. The aim with this system is to find analyt-
ical or semi-analytical solutions, so that errors can be
assessed unambiguously. With this model system, we can
specifically assess the errors introduced by an incom-
plete accounting of balanced versus unbalanced moisture,
separate from other types of errors, such as model error
or numerical error. Even in the linear setting, the moist
dynamics presents several subtle properties, such as a
non-symmetric dynamical operator and a non-diagonal
inner product (see Sections 2.2 and 2.4); and it is valuable
to first understand these subtleties in the linear setting.
This model system also provides a moist analog of the dry
shallow-water equations case that is helpful for illustrat-
ing the concepts of balanced and unbalanced components
in a dry setting.

This study adds to the growing body of work on
data assimilation with moisture, and in particular on
simplified set-ups that can help to provide advances in
understanding fundamental aspects. For instance, sev-
eral idealized models have been introduced and studied
with moisture and/or rainfall or precipitation (Chen &
Majda, 2016; Goodliff et al., 2017; Harlim & Majda, 2013;
Janji¢ et al., 2014; Janji¢ et al., 2021; Kent et al., 2017; Mou
et al., 2023; Robert & Kiinsch, 2017; Wiirsch & Craig, 2014;
Zagar, 2012; Zaplotnik et al., 2018; Zhu & Bannister, 2023).
Here, we add to this body of work with an emphasis on
balanced and unbalanced components of moisture. These
types of simplified systems can provide helpful intuition
and understanding for advancing more comprehensive
systems for moist and/or convective-scale data assimila-
tion (see, e.g., Dee & Da Silva, 2003; Gustafsson et al., 2018;
Bannister et al., 2020, and other references listed above).

The remainder of the article is organized as follows.
The model set-up is described in Section 2, including the
decomposition of moist dynamics into its balanced and
unbalanced components. Moist geostrophic adjustment
is used as an illustrative example. The data assimilation
set-up is described in Section 3. Results are shown in
Section 4, and a concluding discussion is in Section 5.

2 | MODEL SET-UP: MOIST,
LINEAR, SHALLOW-WATER
EQUATIONS WITH DAMPING AND
STOCHASTIC FORCING

In this section, the model equations are described in
Section 2.1, and the balanced and unbalanced compo-
nents of moisture are characterized in Sections 2.2 and 2.3.
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An illustration is shown for the case of moist geostrophic
adjustment. In particular, we highlight that two distinct
eigenmodes contribute to balanced moisture: the vorti-
cal mode, which is widely known, and also a slow moist
mode that we call the M mode and which has received less
attention.

Furthermore, throughout Sections 2.2 and 2.3 and cul-
minating in Section 2.4, we describe a subtlety that arises
in the moist system and that has consequences for many
aspects of data assimilation. Specifically, the dynamical
operator is not symmetric, and the conserved energy is not
the standard L? or Euclidean or mean-square energy. This
has consequences for computing projections onto differ-
ent eigenmodes, since it is no longer a standard orthog-
onal matrix that accomplishes the projection. Instead, a
non-diagonal inner product appears; the dynamical oper-
ator is self-adjoint with respect to the non-diagonal inner
product; and orthogonal projections can be computed if
the non-diagonal inner product is utilized.

2.1 | Model equations
In prior studies, the dry, linear, shallow-water equations
have been valuable as a simple system for analyzing
data assimilation methodologies (e.g., Bube & Ghil, 1981;
Kalnay, 2003; Talagrand, 1981). An advantageous feature
of the linearized system is that its properties can often be
understood with exact formulas and intuition.

Here, analogously, in order to understand fundamental
aspects of data assimilation for a system that is moist, we
use the moist, linear, shallow-water equations:

%-ﬁ;—%%&:—l)u+zm (12)
% +fu - %%a =-D, +24, (1b)
% - %d%zbgVH -u=-Dy+ Zy, (1c)
% g, ue Dz, (1d)

Equations la-1d arise from the three-dimensional primi-
tive equations in describing the baroclinic vertical modes.
In such derivations, the moisture variable can be inter-
preted as either a column-integrated water vapor mixing
ratio (e.g., Khouider & Majda, 2006) or as midtropospheric
moisture or midtroposphere-weighted vertical integral of
moisture (Stechmann & Hottovy, 2017), and the form of
the evolution equation for moisture is the same in either
case. We also refer the reader to Stechmann et al. (2008)
and Majda (2003) for details on their derivation.
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The model variables are as follows: u = (u,v)T is
the horizontal velocity with Cartesian components u
for the zonal and v for the meridional velocity, 6 is the
anomaly of potential temperature, and q is the anomaly
of water vapor mixing ratio. The coordinate (x,y,z) is
the three-dimensional position, with positive x pointing
toward the east, positive y toward the north, and positive
z in the upward direction. The symbol Vy = (d/0x, d/dy)
denotes the horizontal gradient operator. In addition, f is
the (constant) Coriolis parameter, g is acceleration due to
gravity, Hr is a characteristic height for the tropopause,
6y is a reference potential temperature, dfs/dz is a back-
ground vertical temperature gradient, and dqy./dz is a
background vertical moisture gradient. Both df,/dz and
dqyg/dz are taken to be constants.

The dissipation terms D,, D,, Dy, and D, and stochas-
tic forcing terms Z,, Zv, Zs, and Z, are meant to represent
a parametrization of nonlinear advection, unresolved
turbulence, and other nonlinear processes, as is some-
what commonly done in idealized models, data-driven
modeling, data assimilation, and prediction (e.g., Chen &
Stechmann, 2019; DelSole, 2004; Harlim & Majda, 2008;
Hottovy & Stechmann, 2015; Huang et al., 2022). Each
dissipation term D,, D,, Dy, and Dy is a linear function
of the state vector (u,v,0,q), and the stochastic forcing
terms are not necessarily assumed to be independent
here; both dissipation terms and stochastic forcing terms
will be specified in terms of simpler diagonal modes in
Equation (11) (see Section 2.2).

Note that Equations 1la-1d are in a midlatitude set-
ting with constant Coriolis parameter f > 0. Also note that
Equations 1a-1d include no precipitation, clouds, latent
heating, or phase changes of water. It would be interesting
to investigate other aspects of additional complexity in the
future, such as tropical/equatorial waves, precipitation,
cloud latent heating, and various nonlinearities, as many
interesting challenges are known to arise due to these
additional complexities (e.g., Zagar et al., 2004a, 2004b;
Zaplotnik et al., 2018; Zhu & Bannister, 2023). Here, we
isolate the effect of balanced and unbalanced components
of moisture, as an aspect that has received less attention
in idealized studies of data assimilation, and which intro-
duces interesting complexity even in a linear setting (e.g.,
see Sections 2.2 and 2.4).

It is also convenient to express Equations la-1d
in Fourier space in matrix-vector form. Expressing
u@,y,t) =Y, ¥ ak,Lt) ™+ and similarly for v, 6,
and g, the system of Equations 1a-1d may be recast as

%ﬁ + Ayt = -D+ 2 )]

after projecting onto the wave number k= (k,l),
where ﬁ:(ﬁ,ﬁ,é,Q)T, ﬁ=(bu,bv’ﬁ95ﬁq)T9 and
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Z = (Zu.2v-20.29)" are the Fourier transform of the
state vector, dissipation terms, and forcing terms
respectively, and

0o - -ik¥x o
o -—ii¥x o
Ay = f~ _ Oom . 3)
-ik® -il® 0 o0
ikQ 10O 0 0

The constant © = (Hr/x) dfye/dz is the vertical back-
ground temperature gradient scaled by the height of the
troposphere. Therefore, ® has units of temperature and is
proportional to the total change in background tempera-
ture over the troposphere. Similarly, Q = —(Hr/x) dqvg/dz
has units of moisture and is proportional to the total
change in background water vapor over the troposphere.

2.2 | Eigenmodes, and balanced
and unbalanced components

In this subsection, we define the balanced and unbalanced
components of the moist system in Equations 1a-1d. The
notion used here for balanced versus unbalanced is the
characterization of the eigenvalues or oscillation frequen-
cies as low frequency versus high frequency.

A self-contained description for the system in
Equations la-1d is provided here for completeness. The
concepts of balanced and unbalanced moisture here are
similar to what was presented in earlier work (e.g., Smith
& Stechmann, 2017; Wetzel et al., 2019), although the
details are different for every particular system. For set-
tings that include additional realism beyond the simple
model here (such as cloud latent heating, precipitation,
three-dimensional fluid dynamics, anelastic equations,
etc.), the reader is referred to the work of Smith and Stech-
mann (2017) and Wetzel et al. (2019, 2020) and the recent
work by Remond-Tiedrez et al. (2024).

The system in Equation (2) may be diagonalized by
means of an eigenvalue and eigenvector decomposition
of matrix Ay. To accomplish this decomposition, it is
convenient to exploit its symmetry properties and, in
this way, obtain algebraically simpler expressions for the
eigenvectors.

Though many physical systems (such as dry atmo-
spheric dynamics) are manifestly in skew-symmetric form,
note that the moist dynamics matrix Ay in Equation (3)
is neither skew-symmetric nor skew-Hermitian. Instead, it
is skew-adjoint with respect to a non-diagonal inner prod-
uct; see Section 2.4 for further discussion. For the present
task of finding the eigenvalues and eigenvectors of A, the
non-skew-symmetric property of Ay suggests a two-step

approach: first, we use a similarity transformation to bring
Ay to real skew-symmetric form, and then we diagonalize.

Specifically, matrix Ay given in Equation (3) is similar
to a real skew-symmetric matrix under the transformation

Ay = KuP) 'S (KiiP), 4)
where
0 —f kRif O £ ZLoo
f 0 0 0 Lk go
S, = , Kg=| * « ,
—kRf 0 0 0 010
0 0 0 O 0 001
10 0 O
01 0 O
b= 00 & o ®)
QF
00600

In these matrices, x = (k? + [?)!/2 is the magnitude of
the wave number, R; = NHy/xf = (1/f)(gH1©/0,m)'/? is
the deformation radius for the first baroclinic mode, and
N? = (g/6o) dbg/dz is the Brunt-Viisili or buoyancy fre-
quency. Notice that skew-symmetric matrix S, depends
only on the magnitude of the wave number (k, [), hence the
subscript k. The unitary matrix Ky; depends on the direc-
tion of the wave number and represents a transformation
from Cartesian velocities (i, D) to divergence and vorticity
variables. Matrix P does not depend on the wave number
whatsoever, and so P& simply recombines the (8, §) vari-
ables as a linear combination, M /c=(Q/©)d + g, which
will characterize a balanced component of moisture, as
seen in more detail later herein. Notice that P contains the
free constant ¢ with units of length over time, which will
be specified later.

Determining the eigenvalues and eigenvectors of the
skew-symmetric matrix S, is significantly simpler than
working with the original matrix Ay. So, we proceed
by determining the spectral properties of S, and relate
them to the original matrix using the transformation in
Equation (4).

Since the two matrices are similar, the skew-symmetric
matrix S, has the same eigenvalues as the original matrix
Ay (e.g., Horn & Johnson, 2012). The characteristic poly-
nomial is

P+ RSP+ =0. (6)

The eigenvalues are then A =0, +ifw,, where w, =
(?R? + 1)!/2. In other words, the system has two sets
of eigenvalues: the eigenvalue 0 with multiplicity 2 and
the non-zero imaginary complex conjugate pair +ifw.
The zero eigenvalues are associated with the balanced or
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zero-frequency modes, whereas the imaginary eigenval-
ues are associated with the unbalanced or wave modes of
the system.

The eigenvectors for the real skew-symmetric matrix
S, are (for eigenvalues 0, 0, —if @y, ifw,)

0 0 iw. —iw )t O O 0
1
0 xR 1 1 |0 o O 0
Uy = 0 0 —2 o [
0 1 —K'Rl —KRl \/E(u,(
1 0 0 0 Jlo o L
20,
(7

where the diagonal matrix on the right acts to scale the
eigenvectors into orthonormal form, and it is factored
separately for visual clarity. The matrix of eigenvectors in
Equation (7) is unitary (Ug! = U}). Namely, the matrix
U, satisfies the eigenvalue equation S, U, = U,A, with
U, U; =U;U, =1, where A, =diag(0,0,—ifw,,ifw,)
and I is the identity matrix.

Therefore, by means of the similarity transformation,
Equation (4), and eigenvector matrix, Equation (7), we
have found the matrix transformation that takes a vector
in physical space @ = (i, 9, 9, Q) into the diagonal modes
of the eigenvector basis. In the eigenvector basis, the state
vector is defined as a vector of complex amplitudes:

@ = (-K/': ﬁ? w\lv W\Z)T' (8)
The matrix for this transformation, ¢ = Ty, is

Ty = UgKyP, ©)

using Ky and P from Equation (4) and U, from
Equation (7). The formula Ty = U;KyP is a prod-
uct of the KyP matrix that transformed Ay into
skew-symmetric form and the U} matrix of eigenvectors of
that skew-symmetric matrix. Notice that, by construction,
the first two entries of the vector ¢ = (./(/l\, 51\7 Wl, W\Z)T
in Equation (8) represent the zero-frequency modes. We
label the first entry .K/l\ or M-mode, as it is related to the
physical moisture, and the second entry ﬁ or PV-mode,
asitisrelated to the PV. The last two entries of Equation (8)
are the wave modes, so we label them )/’\7\1 and W\z.

The dynamical equations of motion can likewise be
diagonalized. The matrix T;ll is indeed an eigenvector
basis for Ay;; so it satisfies TklAle;ll = A. In other words,
using the transformation

M 0

Py p X .

—~ |=Tu| .| or @ =Ty, (10)
W 0

W, g

Royal Meteorological Society

the differential equation in Equation (2) is then diagonal-
ized to

L0+ Ak =g+ oW, a1

where W= (W Mo Iprv, ﬁfwl, ifVWZ)T are the com-
ponents of the stochastic forcing for each diagonal
mode and u = diag(um, upy, pw,, Hw,) and o=
diag(o s, opy, ow,, ow,) are diagonal matrices of dissipa-
tion and forcing coefficients. In Equation (11), u¢ = TyD
is the dissipation term and oW = Tklé is the stochastic
forcing term.

To define the inverse transformation T,;ll, first note that
the matrix Ay is not symmetric, and hence the inverse
matrix of Ty is not simply its transpose but is T];ll =
(P* P)‘lTZl. Aswe shall discuss in Section 2.4, thisis related
to the fact that the natural inner product in physical space
is weighted by the matrix block P*P. For the moment,
we proceed to find T;ll without using the notion of this
special weighted inner product space. As an alternative
route, note that, explicitly, the transformation matrix Ty,
in Equation (10) is

Ty = UgKyP
c0 0 0
o0& o 0
— wK
“lo o 2 0
2Kkw,
00 0 !
2Kkw,
Q
0 0 g 1
—il ik g 0
X 2p2 (12)
ok —il  w.l+ik —%‘ 0
2p2
—wok —il —w.l+ik —Kglf 0

The transformation matrix Ty in Equation (12) has the
advantage that it is written as the product of the two
unitary matrices U,, Kj; and the simple lower trian-
gular, block matrix P. Thus, the inverse transforma-
tion T;ll is easily computed in terms of this product
and gives

—1 _ p-ly*
Tkl =P KklU’f
0 il wik+il —wk+il
0 —-ik wJd-ik —wl-ik

- ) PC) K20

0 & _xe _x®e
Rif f f

L _2 0 0
Rf f f
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1o o 0
[

o0&k o 0

x| (13)
00 — 0
2K W,
1

00 0 o

To provide some physical intuition behind the mode
variables (.AA/l, 51\7 VAV1, W\Z)T, we can express them in terms
of vorticity and divergence as follows. Using the explicit
transformation in Equation (12), we find that the normal-
ized diagonalized variables in Equation (10) are

M\ c 0 0 0
|l o2 o o
o~ = N 1
W, 00 —=— 0
W 1
2 00 0 Vo,
04, &
004
E+Lo
X AP ! (14)
—iw D+ ¢ ——=0
A 2 KR(?f
iwD+¢ - 280

where ¢ = ikd — il is the relative vorticity and D = ik +
ilp is the divergence. Since the free variable c has units of
length over time, the normalized diagonalized variables
have units of velocity.

We may equally define more physically motivated diag-
onalized variables simply by neglecting the normalization
matrix in Equation (14). These modes are

M %é+f]

o A f A

PV + =0

=] f’v 2w | 15)
Wi —ioD+¢ - @19

W,) oD +¢-"5g

The modes 15\\/, W,, and W, each have units of frequency,
and M has units of water vapor.

2.3 | Moisture and its balanced
and unbalanced components

To obtain a projection onto balanced (zero-frequency) and
unbalanced (wave) components for each variable, we can
simply revert the transformation in Equation (10) and then
read off the contributions of the balanced and unbalanced
modes into each physical variable. Namely, balanced com-
ponents are those associated with zero-frequency modes
M and ﬁ whereas unbalanced components are those

associated with wave modes Wl and )//\7\2. In other words,

iy M iy 0

D Py D

e T, and |, |=Tg| < (16)
9b 0 eu 1

Qb 0 Qu W,

gives the balanced and unbalanced components of the
physical variables respectively, where we use the sub-
script “b” to denote the balanced components and the
subscript “u” to denote unbalanced components. Since the
matrix T;ll is an eigenvector basis for the matrix Ay, we
may equally interpret the statements in Equation (16) as
describing the balanced and unbalanced components in
terms of the span of the zero-frequency and wave eigen-
vectors. For example, the balanced component of state
vector (i1, D, 8, §)" is given by the span of the zero-frequency
eigenvectors (the first two vectors) of T,;ll.

We may use Equation (13) to combine the equations in
Equation (16) into the single equation

0 iRz 0 0
“l lo-ikRz 0 o0
Dy, ]
. o ¢ 0 0
by 7
. Q
a | _ 13 0 0
R ko +il  —keo, +il
Uy 0 0 “’K_z i—z
) lo,~ik —lo —ik
Au 0 0 wKZ a;rz
Slfo o -2 _e
qu ~f ~f
Q o
0 0 Q Q
7 7
% 0 0 )
0 - o0 o 5y
R PV
14 ”’01 oo s | (17)
Voo, m
0 0 0 LN\ W,
2w,

The equations above describe the transformation into
eigenmode variables and the decomposition of each quan-
tity into its balanced and unbalanced components. Note
that cloud latent heating, phase changes, and precipitation
can potentially have an effect on eigenmodes and non-
linear interactions of eigenmodes (e.g., Remond-Tiedrez
et al., 2024; Wetzel et al., 2019, 2020; Zhang et al., 2021a,
2021b, 2022). However, balanced and unbalanced compo-
nents of moisture arise even in the linear setting here, so
it is valuable to first investigate balanced moisture in this
simplest setting. Also, the system in Equations 1a-1d is the
moist analog of the dry linear shallow-water equations,
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which are a valuable setting for considering dry bal-
ance, and the moist version here provides a natural moist
counterpart.

Of particular interest here are the balanced and unbal-
anced components of the moisture or water vapor .
Equation (17) allows for the description of the bal-
anced moisture in terms of normalized diagonal modes,
unnormalized diagonal modes when using Equation (15),
or simply in terms of physical variables when using
Equation (14). Explicitly, in each case, the balanced mois-
ture can be written as

o 1~ 1 Q=
=-M- =P 18
R i (18a)
(in normalized diagonalized modes),
_f- L8 (18b)
2

K

(in unnormalized diagonalized modes),
. 1Qf, xRf,
=q—-——=(¢-—=0 (18¢)

(in physical variables).

Similarly, unbalanced moisture is given by

q, = \/—a)K 9(W1 + W) (19a)

(in normalized diagonalized modes),

2R2 .
12 ?(c élf 0> (19b)

(in physical variables).

Lastly, we mention in passing that another fruitful
approach to describe balanced and unbalanced compo-
nents of variables arises from considering the inverse
of Equation (16) or, equivalently, simply considering
Equation (10). This approach has the benefit that we
can obtain balanced and unbalanced components of the
physical variables without direct reference to the trans-
formation matrices, but rather only to the diagonalized
modes, Equation (15), of the system once these are avail-
able. Inverting the equations in Equation (16) in terms
of the modes, Equation (15), or, equivalently, projecting
modes, Equation (15), onto the balanced and unbalanced
components gives

M %eb-l_qb
PV Cp+ =6y
= . rr, | and
0 —liwDp + Cp — —==0y
A 2R@ff\
0 iweDy + G — —==0

Royal Meteorological Society

0 20, +4,
A f A~
0 &, + Lo,
= R u A@ KzRif ~ | (20)
Wi| |-ioDy+ &, - 520,
117 R A 22 A
W2) | iocDy+ &~ 226,

The top equation of the bottom right matrix in
Equation (20) gives a description of the unbalanced mois-
ture in terms of the unbalanced potential temperature.
More specifically, with the understanding that O, =0 - by,
4, = @ — qy, this equation can be interpreted as

~

6 — 6. (21)

A

4, = é or Qb = q

o] IrOl
®1IOI

Equation (21) then says that the balanced component of
the moisture is obtained by subtracting a suitable amount
of the unbalanced potential temperature from the mois-
ture.

To demonstrate these notions of dynamically balanced
and unbalanced moisture, we now present an example
of moist geostrophic adjustment. To do so, Equation (2)
is solved numerically with no forcing or damping. An
extended domain with L = 12,000 km was used in both x
and y, with periodic boundary conditions. For an initial
condition, a Gaussian bump was prescribed for 6, located
in the center of the domain; all other variables were initial-
ized to zero throughout the domain. The simulation was
run for 15 hr. Figure 1 shows the initial condition for 6.

This setting is similar to previous studies of the
atmospheric response to a heat source (e.g., Bretherton
& Smolarkiewicz, 1989; Mapes, 1993; Stechmann &
Majda, 2009), and in particular the study of Liu and
Moncrieff (2004), which used the setting of an f-plane.
The heat source is typically interpreted as cloud latent
heating. The atmospheric response includes a transient
inertio-gravity-wave response that propagates away from
the source. Rather than applying a heat source in the
model here, an initial warm bump was used.

,t=0hr

12,000 1
11,000 -
10,000

0.6

~. 9,000

0.4
8,000
7,000 02
6,000 0

76,000 8,000 10,000 12,000

FIGURE 1
geostrophic adjustment; u, v, and q were initialized to zero.

Initial condition for @ for illustration of moist
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0 (K), t =15 hr

12,000 12,000
0.15
0.1

10,000 10,000

> >
0
8,000 8,000

-0.05
-0.1

0y (K), t = 15 hr

0, (K), t =15 hr

12,000
0.15 0.15
0.1 0.1
10,000
0.05 0.05
=~
0
8,000
—-0.05 —0.05
-0.1 -0.1
6,000

o

6,000 6,000 )
()] 6,000 8,000 10,000 12,000 (b) 6,000 8,000 10,000 12,000 (@] 6,000 8,000 10,000 12,000
T z N
kg-kg'), t =15 hr 1074 kg-kg™), t =15 hr 107 kgkg™), t =15 hr 1074
12,000 g (kgkg™) x 48,580 q, (kgkg™) x 5160 q, (kg-kg™) x
3 3 3
10,000 2 10,000 P 10,000 2
= = =
1
8,000 8,000 8,000
0 0 0
6,000 6,000 6,000
(d) 6,000 8,000 10,000 12,000 (e) 6,000 8,000 10,000 12,000 ® 6,000 8,000 10,000 12,000
FIGURE 2 Illustration of balanced and unbalanced moisture. Solution to Equation (2) with no forcing or damping; initial condition

shown in Figure 1. (a) Total, (b) balanced, and (c) unbalanced 6 at ¢t = 15 hr. (d) Total, (e) balanced, and (f) unbalanced g at t = 15 hr.

Figure 2a shows u, v, and 6 at t =15 hr. As part of
the moist geostrophic adjustment process, a portion of the
initial disturbance has propagated away from the domain
center, and it appears as a ring shape in € at t = 15 hr;
at the same time, there also remains a steady portion of
the bump at the domain center. Figure 2b,c shows the bal-
anced and unbalanced components of u, v, and €, obtained
using Equation (16). The balanced component has iso-
lated the steady portion of the bump at the domain center,
whereas the unbalanced component captures the part of
the initial disturbance that is propagating away from the
domain center in the shape of a ring. Likewise, there is
both a balanced and unbalanced component of moisture;
Figure 2d-f shows the total, balanced, and unbalanced
moisture.

As a brief comparison with observational data, we
note that the balanced structure in Figure 2b,e is an
idealization of many of the features seen in a compos-
ite midlatitude cyclone (Field & Wood, 2007). The basic
structure in Figure 2b is a low in surface pressure, at the
center of cyclonic winds. Note that a low in surface pres-
sure is the same as a positive # anomaly in the idealized
model here, according to hydrostatic balance and the first
vertical baroclinic mode structure associated with 6 here.
Also, balanced moisture is associated with the idealized
cyclone in Figure 2e, similar to the positive anoma-
lies of water vapor path, column relative humidity, and
precipitation that are associated with a composite extrat-
ropical cyclone (Field & Wood, 2007). Of course, this is an

idealized comparison, but it helps to provide some context
for thinking about the notion of balanced moisture.

What portion of the balanced moisture comes from M
and what portion comes from PV? Figure 3a shows the
balanced component of moisture; Figure 3b,c shows the
portions gy and gpy that are attributable to the Mand Py
modes respectively. In this particular case, q)s has a larger
amplitude and narrower extent, whereas gpy has a smaller
amplitude and broader spatial extent. Figure 3d-f shows
one-dimensional slices of the data in Figure 3a-c at y =
9,000. This figure serves to illustrate that balanced mois-
ture has contributions from two different eigenmodes,
including both the PP mode and the M mode.

2.4 | Moist energy, inner product,
and orthogonal projections

We now describe how the non-symmetric property of
the moist dynamical operator has implications for the
definition of the inner product, and therefore also implica-
tions for orthogonal projections. For instance, the standard
Euclidean dot product must be replaced by a non-diagonal
inner product.

These properties are related to the conserved energy,
so we begin with considering the energy. Equation (11)
for the diagonalized dynamical system suggests that the
energy density £ is in fact given by the standard (com-

~

plex) Euclidean inner product £ = ¢*@ of the diagonal
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(kgkg™), t = 15 hr 1074 kgkg), t = 15 hr x1074 kgkg™), t =15 hr %1074
12,000 gt 12,000 leke) 12,000 doy (XS
3 3 3
10,000 2 10,000 > 10,000 P
=N =Y =
1
8,000 8,000 8,000
0 0 0
6,000 6,000 6,000
(@ 6,000 8000 10,000 12,000 (b) 6,000 8000 10,000 12,000 (© 6,000 8000 10,000 12,000
-4 —4 -4
4 x10 4 x10 4 x10
3 3 3
= f =
22 o2 22
B) o 2
(= = =
< 1 z 1 g 1
0 0 0 v
-1 -1 -1
(d)8,000 9,000 12,000 © 8,000 9,000 12,000 ® 8,000 9,000 12,000
x z x
FIGURE 3 Balanced moisture has contributions from two eigenmodes. (a) Balanced moisture at t = 15 hr. (b) Balanced moisture

attributable to M mode at ¢ = 15 hr. (c) Balanced moisture attributable to PV mode at t = 15 hr. (d)-(f) One-dimensional slices at y = 9,000

of (a)—(c) respectively.

modes ¢ = (M, PV, Wy, W,)T. Namely, € = ¢*§ is con-
served (00t€ = 0) in the absence of forcing and dissipation
since A, is purely imaginary. The energy density of the
system is then explicitly

E=¢ =M+ PV + Wi + Wy (22)
(in normalized diagonalized modes),
~ R? __ 1 —~ —~
=M* + = |PV|* + (IW?+ W) (23)
w? 2K2w?

(in unnormalized diagonalized modes).

Similarly, we may write the energy density grouped into
diagonal modes as given in Equation (24) in terms of phys-
ical variables using the transformation in Equation (15) to
obtain

. K2R? A2
iw D+ — ffa .
6

(24)

1
to o
22wz

Generally, the energy density £ may be written in any
coordinate system via the appropriate coordinate transfor-
mation. The transformation Equation (10) from physical
space 0 = (4,9, 0, Q)T to normalized diagonal modes

Q= (J(/l\, ﬁ, W\l,w\2)T gives rise to the energy density
formula

E=@ "¢ = (Tyh) Tyl = A"P*Pq, (25)
where

1 0 O 1 0 0 O
01 O 01 0 O 26)
P*P = le le N 26

00 Y 00 Y 0

Q Q
0 0 5¢ ¢ 0 0 5¢ ¢

since Ty = U;KyP and U,, Ky, are unitary. Explicitly, the
energy density in physical space found in Equation (25)
is then

Rf?

E=a”+ 0] + —101* + ¢ 2é+q (27)
® ®
or
R2f2 QZ
E=aP+ PP+ | =+ 161
€]
+eL@ a0+ lar 28)

6
The formulas in Equation (25) suggest that we may
consider the energy density simply as the magnitude of the
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state vector in any given coordinate system with respect
to a relevant inner product to measure its length. Specifi-
cally, the energy density is the magnitude of the normal-
ized diagonal modes (M\, 7/3\17 W\l, W\z)T using the standard
Euclidean inner product. In physical space, however, the
energy density is computed as the magnitude of the state
vector (i, D, 0, T using a non-diagonal inner product with
weight P*P.

Another example of a non-diagonal inner product was
described by Stechmann and Majda (2015) for a model of
tropical intraseasonal oscillations, where again it is mois-
ture that is the cause of the non-diagonal property of the
inner product. Here, for the non-diagonal inner product
in Equation (25), it is the weight matrix P*P that plays a
key role.

More generally, therefore, for any two vectors x, y in
physical space, the appropriate inner product is y*P*Px.
This fact becomes particularly salient when considering
the eigenvectors of the original matrix Ay;. The eigenvec-
tor basis T;ll of the matrix Ay consists of vectors that are
not orthogonal using the Euclidean inner product. They
do, however, satisfy the relation (T,')*P*PT,' = I; orthog-
onality with respect to the inner product with weight
P*P. Notice that this also allows us to compute quickly
the inverse of the matrix T,;ll of eigenvectors to be Ty =
(T,;)*P*P.

We may also consider how to obtain the balanced
and unbalanced components of the physical variables
from the perspective of orthogonality with respect to the
weighted inner product. Recall that the balanced and
unbalanced components of (i, 9, 8, §)T satisfy the formu-
las in Equation (20). Since Ty = (T;ll)*P*P, Equation (20)
together with Equation (10) suggest that balanced and
unbalanced components of the physical variables are
obtained simply via a projection onto the eigenvector basis
T]:ll. In particular, with respect to the weighted inner prod-
uct, the balanced components of (i, D, 0, g)" are orthogonal
to the wave eigenvectors, whereas unbalanced compo-
nents are orthogonal to the zero-frequency eigenvectors.
Notice, for example, that the bottom two rows of the top
equation in Equation (20) are zero (balanced components
are orthogonal to the wave eigenvectors), whereas the
top two rows of the bottom equation in Equation (20)
are zero (unbalanced components are orthogonal to the
zero-frequency eigenvectors).

Lastly, the total energy is related to the covariance
matrix of the state vector in the following manner. The
total energy is given by the expected value of the energy
density; thatis, E[£]. Using the definition of the trace oper-
ator, for diagonal modes with mean zero, the total energy is

E[£] = E[¢"p] = tr(cov()), (29)

since cov(®) = E[@®"]. Owing to the linearity of the
expected value, the covariance in terms of diagonal modes
is related to the covariance in physical space (e.g., Horn &
Johnson, 2012) as

cov(@) = Ty cov(@)T,, or T,;ll cov(¢)T,;" = cov(@). (30)

Therefore, the total energy in terms of the covariance of
the physical space variables is

E[£] = tr(Tx cov(@)T}). (31)

3 | DATA ASSIMILATION SET-UP

Now we examine the implications of balanced and unbal-
anced moisture, including the two balanced components
(PV, M), for data assimilation. The recently introduced
ideas of dynamically balanced and unbalanced moisture
(Smith & Stechmann, 2017) have not been studied in any
class of data assimilation algorithm. Therefore, though the
role of dynamically balanced and unbalanced moisture
could be explored in many data assimilation algorithms,
it is sensible to first investigate them in a simple class of
algorithms. Two such algorithms are the Kalman filter and
three-dimensional variational (3D-Var) methods, which
are discussed in Section 3.1. The benefit of the Kalman fil-
ter and 3D-Var is exact solutions, which give intuition and
also unambiguous test results that are not corrupted by
other sources of errors (numerical error, model error, etc.).
Strategies for incorporating moisture in these methods are
discussed in Section 3.2, and the set-up for the numerical
experiments conducted here is outlined in Section 3.3.

The discrete-time version of the dynamical model in
Equation (11) will be used in what follows. At discrete
times t,, = mAt, the discrete-time model is

Pns1 = F@, + o, (32)

where the evolution operator F is diagonal and where
linear damping is used for each mode with damping
coefficients uwm, ppv, and pw, for j € {1,2}. The covari-
ance of the stochastic forcing vector o4 is denoted
by R = cov(om+1) = Elomi10},,,], and the mean is zero:
E[6m+1] = 0. The stochastic forcing is white in time, so
that E[o0),] = mm R, where 6;; is the Kronecker delta.
The discrete-time version of the model in Equation (32) is
equivalent to the continuous-time version of the model in
Equation (11) and is obtained by analytically integrating
Equation (11) forward in time by Af time units. The nota-
tion throughout this section is consistent with that used
in, for example, Majda and Harlim (2012)—with some
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departures to reflect more traditional data assimilation
notation as in Ide et al. (1997).

3.1 | Set-up for Kalman filter and 3D-Var
as its stationary state

An observation ., is made at each time f,,4; = (m +
1)At and is described as

li’m+1 = I_I(Apm+1 + O-(V)n+1’ (33)

where H is an observation operator that will be specified
later. Since the observation is linear and Gaussian, it also
can be represented equivalently in terms of its mean and
the covariance of the noise o} _ ;:

$m+1 = H5m+1 ) (34a)
(34b)

o

o —
R} ., =cov(o, )

m+

For the filter, the state @,, ), of the system prior to any
observations is given by

¢m+1|m = F(bmlm + Om+1, (35)

where @,,,,, is the posterior state in which observations at
t = mAt have been incorporated. Since the system is linear
and Gaussian, the prior can be represented equivalently in
terms of the mean and covariance:

¢m+1|m = F(Apmlm’ (36a)

Rm+1|m = FRm|mF* +R. (36b)

For this linear Gaussian system, the Kalman filter is

an optimal filter (e.g., Anderson & Moore, 1979; Majda

& Harlim, 2012), with the posterior mean and posterior
covariance given by

¢m+1|m+1 = ¢m+1|m + K1 (W 1 — H(Apm+1|m)’ (37a)
l-{m+1|m+1 ={- Km+1H)Rm+1|m, (37b)

where the Kalman gain matrix is

Kni = R;L, +H(R°)'H)'H* R

m+1|m

= 1zm+1|mH*(I_Ilzm+1|mI—I* + RO)_1~ (38)

The long-time limit will also be considered here, in
which case the initial conditions are no longer influen-
tial. In the long-time limit m — oo, under suitable stability
conditions, the prior covariance, posterior covariance, and

Royal Meteorological Society

Kalman gain will each converge toward constant matrices
Roo+1]00s Roojoos and K, respectively:

lim Rm+1|m = R00+1|007 lim Rm+1|m+1 = Rooloo’
m—oo m—oo

lim K1 = K. (39)

m—-oo
In the special case where H, R, and R° are all diagonal,
each of these limits is diagonal as well, with each diagonal
entry corresponding to one scalar filter problem decou-
pled from the rest. In this case, each of the long-time prior
Yso+1|co aNd posterior r|o covariance entries may be found
from the positive root of

2.2

[T (e IF|2r° — g2 Feot1je0 — F°r = 0, (40a)

EIFIPre o + (@1 +71° = |FI’r) ) = 1°r =0,  (40b)

where g, r, r°, and F are the corresponding diagonal entries
of H, R, R°, and F respectively (Majda & Harlim, 2012).

A constant posterior covariance and constant Kalman
gain are also sometimes used without the long-time-limit
assumption, in the framework of a 3D-Var filter. (Note
that the model here is not three-dimensional, but the term
3D-Var will still be used here, since the set-up here is meant
to be an idealization of settings where 3D-Var is used.)
The previous discussion indicates that 3D-Var is an opti-
mal filter in the long-time limit (since the Kalman filter is
an optimal filter, and the 3D-Var filter is the limit of the
Kalman filter). As a result, if we restrict our attention to
a long-time limit, then the 3D-Var filter can be used as a
baseline for comparison against any simplified or subop-
timal filters. Another benefit of 3D-Var is that the optimal
3D-Var algorithm is known for the model system here: it is
the long-time (m — oo0) asymptotic limit of the Kalman fil-
ter, in the stationary state of the stochastic dynamics (e.g.,
Majda & Harlim, 2012). This known (and analytically solv-
able) optimal filter will provide a base of comparison for
other strategies.

In this stationary state, a 3D-VAR set-up is constructed
by using the same equations in the Kalman filter in
Equations (37a) and (38) except that the formula for the
prior-to-posterior covariance update in Equation (37b)
will be ignored. Instead, the prior covariance Ry41jm is
replaced by the background covariance B. The analysis
step is now given by

ry = * * -1
Pms1jms1 = Pmsrjm + BH (HBH" + R°)
X W mi1 — H¢m+1|m)- (41)

This 3D-Var filter will produce a (nearly) identical result
to the Kalman filter, after a sufficiently long spin-up time
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at the beginning of a simulation. One reason for proceed-
ing from this point with 3D-Var filters instead of Kalman
filters is because it allows a simpler set-up and a more
straightforward comparison between the optimal, correct
filter and suboptimal filters with suboptimality arising
from erroneous prior covariance.

3.2 | Different treatments of moisture
In testing different data assimilation set-ups, we exam-
ine the implications of recognizing or not recognizing the
proper decomposition using moist eigenvectors. In the
tests that follow, two covariance matrices will be used:
(a) the correct covariance matrix B and (b) an erroneous
covariance matrix B. The correct prior covariance matrix
in Equation (41) is the long-time limit B = Re1j Of the
Kalman filter, Equation (39); note that in 1 space, this prior
covariance is

cov() = E[aa’] = T'B(T, )", (42)
where Ty, defined in Equation (9), is the transformation
matrix from @ space to ¢ space. We note that the vari-
ance in the M mode contributes only to the § variance in
 space (whereas every other variable could affect every
other variable).

An erroneous prior covariance will also be used,
where an erroneous set of vectors is used in diagonal-
izing the prior covariance. A natural choice for this is
Ty Reos11e0 (T )*, where

c0 0 0
I ¢
Ty = -
kl 00 1 0
2Kw,
00 O !
2Kw,
0 0 0 1
—il ik g 0
X . . K2R2f > (43)
wk—-il oJd+ik - @1 0
2p2
— ok —il —w,l+ik —”glf 0

uses § instead of M to describe the moisture eigenvector;
that is, the only element different in Ty, Equation (12),
and Ty, Equation (43), is the (1, 3) element. This covari-
ance matrix corresponds to the assumption that “total”
moisture is the second balanced mode and is uncorrelated
with the dry variables. In the eigenvector basis space, this

OGROSKY ET AL.
erroneous prior covariance would then be
D -1 ) NNOR
B =TTy Roos100(Tiy )" T
10 . xQ _.xQ
LR for " 5Te "SViTen
fo 1 0 0
0 0 1 0
0 0 0 1
1 000
19
ch For 100 -
X R00+1|00 K O . 44
—Cﬁ For 010
x Q
—cX 1
c V3 Ton 00

From here onward, the free value ¢ will be set to be 1 km -
s~! and will not appear explicitly.

We note that the entries of Equation (44) give some
indication of the impact of using B instead of B in the limit
of large or small spatial scales. In the long-wave limit ¥ —
0 with other parameters fixed, 1/w, — 1andso«/w, — 0,
and the contribution from the unbalanced wave modes
is expected to be negligible; thus, on large spatial scales
(e.g., planetary and synoptic), any differences in the anal-
ysis produced using B versus B are attributable to the PV
mode. On the other hand, in the limit ¥ — oo, we have
1/w, — 0 and x/w, — 1/R;y; thus, on these smaller spa-
tial scales (e.g., mesoscale), any analysis differences will be
due to the wave modes. The spatial scales in Table 1 were
selected as they sit near the border of mesoscale and syn-
optic scales and thus lie at neither extreme; alternate cases
exploring large or small spatial scales will be explored in
Section 4.2.

3.3 | Set-up of numerical experiments

We now describe a set of numerical experiments using
the model in Equation (11) rewritten here in component
form:

AM() = —p MO dt + o dW(2), (45a)
dPV(t) = —pupy PV (D) dt + opy AWpy(t), (45b)
dWi(t) = (—pw, — ifo)Wi(0) dt + ow, AWy (1), (45¢)

AWa(t) = (—pw, + if 0 )Ws(t) dt + o, AW, (1), (45d)

where each of the W;(t), j € (M, PV, W, W}, is a
Wiener process whose “derivative” is a Gaussian random
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TABLE 1 Standard parameter values.

Parameter Value (standard case)

f 104 g1

g 0.0098 km - s>

Hr 10km

L 4,000 km

dbyg/dz 3K-km™!

—dgyg/dz 0.0012 kg - kg™' - km™

6y 300K

(k, D) 4,4)

oM 5.06x107% kg - kg™ - s71/2

opy 4.29 X 107> s73/2

ow,, 3.04x107° s73/2

M 23%x107° s~

Hpy 23%x107° s

Hw,, 23%x107° s7!

a 0.5

y 4

At 10,800 (3 hr)

variable with zero mean and unit variance. The exact solu-
tion of Equation (45a) is

t
M(D) = eI M(0) + o / e Hnl=9 g, (s),  (46)
0

where the mean and variance of M are

M) = e M(0),
o2
Var[M(1)] = =21 (1 — e~2#ut), (47)
2um
with similar solutions for the other three variables. If At is
the time between observations, this corresponds to setting
F and R in Equations (35) and (36a) and (36b) equal to

: — U At = ppp At
F = diag(e™#m™, e Hrv2t

e(—llw1 +ifw,()At’ e(—Mw2 —ifw,()At)’ (483)

R = diag(Ex (1 — e 2#44), Epy(1 — e72#mvAY),

Ey, (1 — e M%) Ey (1 —e 2mA2), (48b)

where E; = oj? /2u; is the climatological variance for j €
{M, PV, Wi, W, }.

In the numerical experiments, a single realization of
Equations (45a)—(45d) was taken to be the system’s true
state. Table 1 shows the parameter values used. A 4,000 x
4,000 km? domain was used, with wave numberk = [ = 4

Royal Meteorological Society

Description

Coriolis parameter at ~ 45° N

Acceleration due to gravity

Troposphere height

Simulation domain length (in both x and y)
Background potential temperature gradient
Background moisture gradient (negative)
Reference potential temperature

Zonal and meridional wave numbers
Stochastic forcing coefficient for M
Stochastic forcing coefficient for Py
Stochastic forcing coefficient for WLZ
Damping coefficient for M

Damping coefficient for Py

Damping coefficient for W\Lz

Observational noise parameter

Additional noise factor for M

Time between observations

corresponding to a global zonal wave number of k, ~ 30
in the midlatitudes. Identical damping time-scales of two
days were used for all modes, with the stochastic forcing
for the dry modes chosen to ensure that the dry energy
was evenly split between PV and the wave modes W, W,
as seen in reanalysis data on these spatial scales: Epy =
Ew, + Ey, (Zagar et al., 2015). Stochastic forcing for mois-
ture was then chosen to produce reasonable climatological
variance in moisture.

Next, artificial observations were constructed
by adding noise to the true values every At =3 hr.
Experiments were conducted with two types of obser-
vations. In the first case (denoted EIG-OBS here), the
observed quantities were the eigenvector variables

= (./\A/l, ﬁﬁ\? W\l, )’AVZ)T, and the observations of these four
quantities were assumed to be statistically independent,
so that the observation operator and observational noise
covariance matrix (taken to be independent of time here)
are diagonal:

H=1I
R),, = R® = diag((c},)% (67,,), (o7, ). (63, ), (49)

where I is the identity matrix. The diagonal entries of R°®
were chosen according to

(0py)* = aBpy, (0% )* = aBy,,,
(05, = arEat, (50)
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where a € R* is a parameter that sets the noise level, and
y > lisan additional parameter meant to reflect the possi-
bly higher degree of uncertainty present in moisture obser-
vations. Because the observation matrix H and observa-
tional noise covariance R° are both diagonal, this EIG-OBS
case is a collection of independent, complex-valued
“scalar” Kalman filters, one for each eigenmode. Owing
to this decoupling, the analytical solution, Equations (39)
and (40a) and (40b), the difference in RMSE, for the
long-time (m — o0) asymptotic limit may be used.

In the second case (denoted here PHYS-OBS), the
observed quantities were the physical variables @ =
@, 7, 0, @)" in Fourier space, and the observations of these
four physical variables were assumed to be statistically
independent, so that

H=T",
RS, = RS = diag((6)2, (6% (6% (6D (51)
Here, the subscript “P” denotes the PHYS-OBS case, and
the values in R} in Equation (51) were chosen—with
Equation (30) in mind—to be the diagonal elements of
the matrix T;'R°(T,')*, with R° defined in Equation (49).
This PHYS-OBS case has the advantage of using inde-
pendent observations of physical variables. However, the
Kalman filter problems remain coupled in this PHYS-OBS
case, and the long-time (m — o) asymptotic limit does
not have an analytical solution. As a result, some trans-
parency is lost, and the inner workings of the methods may
be less clear. For this reason, we elect to focus primarily
on the EIG-OBS case here, where observations were made
in eigenmode space; results for the PHYS-OBS case will
be discussed in the Supporting Information and will be
shown to be largely similar to those of the EIG-OBS case.

The Kalman filter was then used to assimilate these
observations, as in Section 3.1, for a sufficiently long time
(50days) so that the system reached a statistical steady
state, where the prior covariance Ry.11;» approximately
reached its m — oo asymptotic value Ry1j0. Next, two
3D-Var tests were run, one with the correct covariance
matrix B = Ry41|» and one with the erroneous covariance
matrix B in Equation (44). Each test consisted of an addi-
tional 50,000 assimilation cycles. The resulting posterior
values were then compared with the true signal.

4 | RESULTS

In this section, the results of the tests described in
Section 3.3 are presented in order to illustrate the impact of
different strategies for incorporating moisture into 3D-Var.
Specifically, the difference between the true state and the
posterior states found by solving Equation (41) using (a)

B = Ry11)0 and using (b) B from Equation (44) will be
shown. Section 4.1 discusses the impact of varying model
parameters in the numerical tests, and some analytical
results valid in the asymptotic limit of large observational
time are given. Increases in the error of 10% or more are
seen if the erroneous covariance matrix B is used instead
of the correct covariance B. Section 4.2 explores the error
increases (EIs) seen on small (or large) spatial scales at
which the portion of energy present in balanced modes is
small (or large) in reanalysis data.

41 |
energy

Equal dry balanced and unbalanced

We first consider the case where the dry energy is split
equally between the unbalanced wave modes and balanced
PV as part of the standard set-up described in Section 3.3.
Parameter values used are those in Table 1; this will be
referred to as the standard case. A 10-day period of the
numerical simulation is shown in Figure 4, with the true
state of the eigenmode variables shown in black. Real parts
are shown in Figure 4a-d; real and imaginary parts are
shown in Figure 4e-h for the last 2.5 days of the simula-
tion. Note that, with the standard parameter values used
here, the wave period 2n/w, ~ 6 hrisroughly twice that of
the time between observations. Noisy observations, taken
every 3 hr, and the results of the analysis using B (B) are
shown in blue (red). The same simulation, shown in phys-
ical space variables 1,7, 0, g, is shown in the Supporting
Information.

At most times, noticeable differences in the analyses of
M may be seen, whereas there is little discernible differ-
ence in the two analyses in W\l, )//\32, and PV in Figure 4.
Note that only the real part of each mode is shown in
Figure 4a-d; thus, there are some times when it may
appear that the dry (or moist) analysis is closer to the
truth than the moist (dry), but the distance in the com-
plex plane may in fact be greater between the truth and the
dry (moist) analysis. It is also important to note that there
can be times when the dry analysis is closer to the truth.
Supporting Information Figure S8 shows a 40-day period
from another simulation. The moist analysis is closer to the
truth than the dry analysis roughly two-thirds of the time.

Figure 5a-c shows the root-mean-square error (RMSE)
for the simulation in Figure 4 (closed circles), as well as
for a variety of values of vertical background moisture gra-
dient dqye/dz; the RMSE was calculated over the entire
3D-Var period for each of the two analyses. The EI due
to the erroneous background error covariance matrix is
seen most clearly in state estimates of X/l\ consistent with
Figure 4a-d. The EI is also largest for large values of
dqyg/dz; this may be expected ahead of time, since M=~ q
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FIGURE 4

Re[M] (x10%)

Final 10 days from 3D-Var with standard parameter values in Table 1. (a)-(d) Real part of the true signal (solid black),

observations (black circles), moist analysis, Equation (41) (blue line) and dry analysis, Equation (41), except B replaced by B (red line) for

eigenmode variables Wy, W,, PV, and M. (e)-(h) Real and imaginary parts of true signal and observations for the last 2.5 days—shaded

region of (a)—(d).

for dqve/dz near zero, and the background error covari-
ance matrices B and B used in the two analyses are nearly
identical.

Figure 5d shows the EI, defined here as

Bl = RMSE — RMSE’ (52)
RMSE

where RMSE (RT\/I‘gE) refers to the RMSE obtained by com-
paring the results found with B (B) with the true signal.
The EI in estimating M exceeds 10% for the highest value
of dqyg/dz. Figure 5e-h shows the EI in state estimation of
physical variables. There is up to 10% EI in estimation of
q, 3% increase in 6, and negligible increase in velocities.

What impact does observation frequency have on the
error and the EI? To answer this, the previously mentioned
tests were repeated for a variety of values of u ) At. Recall
that p 4 is the damping rate of J(/l\, SO up At is the ratio of
the observation time and decorrelation time of M. Values
of up At are denoted by the circles in Figure 6, which illus-
trates the damping factor exp(—pu At) for different pp (At
values. These values span a large range in order to include
cases where u (At is much smaller than the M mode’s
decorrelation time, and cases where it is much larger. The
standard case is shown by the shaded black circle.

Figure 7 shows the RMSE, the difference in RMSE, and
the EI in M for various values of up At and three values
of observational noise strength parameter «; the standard
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FIGURE 5 (a)-(c) Root-mean-square error (RMSE) for mode variables for various values of dqy,/dz. W, results are nearly identical to

those of W\l and are omitted. (d) Error increase for mode variables due to using B, Equation (44), instead of B, Equation (41). (e)-(h) Same as
(a)~(d) but for physical variables i, §, and §; d results are nearly identical to those of il and are omitted. Error increase can be up to 10% or

larger in moist eigenmode Min (d) and in moisture § in (h).

0 1 2 3 4 5
pmAt

FIGURE 6
correspond to values of uAt used in Figure 7.

e Al for parameters used in Figure 7. Circles

case is shown with the shaded red circle. As the time
between observations increases, and as the observational
noise parameter « increases, the RMSE in both methods
increases as expected. Interestingly, the EI decreases as
observation time increases, with both the RMSE and EI
each appearing to approach some value in the limit of
large time between observations, shown by the gray lines.
Note that the leftmost values in Figure 7a correspond to
an observation time just greater than 5min and the right-
most values in Figure 7a correspond to an observation
time of 2 days (with very little change between 12 hr and
2 days). Supporting Information Figure S6 shows similar
results but for dqpg/dz=—-0.6 g - kg™ -km™!; as may be
expected from Figure 5, the RMSE difference and EI are
both smaller than seen in Figure 7.

The error in this large-observation-time limit may be
found analytically by noting that for observation times
much larger than the modes’ decorrelation times, we then
have that the model dynamical operator F — 0 (or |F| — 0
in the scalar case), and the only knowledge the model con-
tributes to state estimation is the climatological variance.
In this case, the prior mean 5,,1 +1/m ~ 0 can be neglected,
so that Equation (41) can be written

@metpmer ¥ BH*(HBH* + RO, . (53)

The mean-square error (MSE) may be found in the usual
way. Some details of the calculation are shown in the
Supporting Information, and a summary of the result is as
follows. In the case of the correct covariance matrix B, the
MSE reduces to

MSE ~ [I - BH*(HBH* + R°) 'H]B. (54)

Thus, in this case with H = I and with diagonal R and R°,
the MSE of the jth variable is approximately E ((7;.’)2 J(E; +
(a;’)z), a result that may also be found directly from the
asymptotic formula for the scalar case, Equations (40a)
and (40b), with g=1, r° = (¢°)?, |F| > 0, and r - E =
62/2u. As a result, in the 3D-Var tests with the correct
covariance matrix B = Ry41j the RMSE is expected to
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be, after normalizing by 1/E; /a\nd /llsing the fact that r{, =
ayE ) and r;’ = aE; for j € {PV, Wi},

(55)

RMSE; [ ay ]1/2

\/E_j 1+ay

In the case of an incorrect (and non-diagonal) covari-
ance matrix B, however, the MSE is

MSE ~ [K(HBH* + R°) - BH*]K" + B— KHB, (56)
where K =BH*(HBH* +R°)"!. Since the most pro-
nounced differences in analyses were noted for the M
mode, and in order to illustrate the impact of model
parameters on the results, we write out explicitly the
RMSE for this mode:

RMSE,, RMSE,,

VEn | vEu

ayBy [(1 + )1+ ay)+ aZBO]
x1/1+ — (57)
[A+ o)A+ ay) + aBo]
where
2| 1 Epy | |1+ Rux)*(Bw,/Epy)
By=Q lszz EM] l T+ Ror)? . (59)

for j € {1,2}. Thus, EI = (RMSE,, — RMSE,,)/RMSE

for the M mode is

ayBy [(1 +a)1+ay)+ aZBo]
ElI=14/1+ — — L (59)
[(A+ o)A+ ay) + aBo]

Royal Meteorological Society

Figure 8 shows the EI for various values of @ and
dqys/dz and two values of y. As expected, for fixed a, the
EI increases monotonically with increasing dqpg/dz, con-
sistent with Figure 5. Also expected is that the EI goes
to zero as a — 0, since having perfect observations makes
differences in the background error covariance matrix
irrelevant to the analysis. For small a, increasing a results
in a higher EI. This increase reaches a maximum at a value
of a that may be found from the roots of

1+ (2 - Bo)a + Boa® + (-2 + 3By + BY)a’
—(1+Bya*=0 (60)

in the case of y = 1. Finally, and perhaps not surpris-
ingly, the higher the value of y, the larger the EI. Line
plots showing the information from Figure 8 for various
values of dqys/dz are shown in Supporting Information
Figure S15a,b.

Additional tests were conducted in which only one
of the four elgenmodes was observed; specifically, one of
M, PV, , or W, was observed. For example, in the case
where M was observed, the observation operator H =
[l 0 0 0],andR° became a scalar with value given by
the corresponding (1,1) entry in the previous R° matrix.
The results of these tests are shown in Supporting Informa-
tion Figures S9-S11. Observing only M results in changes
to the analysis in all mode variables, whereas observing
any of the other three results in changes to the analysis of
M only; increases in error of up to 15-20% were seen.

Similarly, PHYS-OBS tests in which only one
of the physical variables was observed were also
conducted; results are shown in Supporting Information
Figures S12-S14. Error increases were largest in the case
where only § was observed, with increases as large as 30%
or more seen.

4 M 4 M M
x10 g X 10 15
8
] 9 0.8 g jbl-N
S 10
3] o} [0}
w0 fusl 06 (2]
= £ &
wo4 £
> 2 5 5
2% A e R 5 ——a=01
—G— Moist RMSE 0.2 —— =05
~+%: Dry RMSE ——a=
0 0 0
—4 -2 0 2 —4 -2 0 2 -4 -2 0 2
@) log(uAt) () log(uAt) © log(uAt)
FIGURE 7 (a)Root-mean-square error (RMSE) for M for various values of tpm At and a. Gray lines indicate values obtained

analytically for the large-observation-time limit. (b) Difference between RMSE obtained with dry and moist methods. (c) Error increase
resulting from using an erroneous background error covariance matrix.
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FIGURE 8 (a)Error increase in the infrequent observation limit according to Equation (59) for various values of dqy,/dz and «

(relative observation noise) and y = 1 (same relative noise for all wave variables). (b) Same as (a) but with y = 4 (higher relative observational

noise for M). Red, green, and black X’s correspond to parameter values in Figure 7.

4.2 | Unequal dry balanced
and unbalanced energy on large or small
spatial scales

In addition to the parameter dependencies explored earlier
herein (for a, y, and dqyg/dz), Equation (58) shows that the
results could also be impacted by the dry balanced/unbal-
anced energy ratio Eyy /Epy, the spatial scale k, and the
balanced energy ratio Epy /E 4. To probe these dependen-
cies further, we now explore other spatial scales, where the
power ratio between balanced and unbalanced modes may
not be one.

It is known that the ratio of energy present in bal-
anced and unbalanced modes depends on the spatial
scale (e.g., Zagar et al., 2015). On planetary and synop-
tic scales, balanced modes contain up to 90% or more of
the total energy, whereas unbalanced modes may dom-
inate on mesoscales. Figure 9a is a crude reproduction
of fig. 7 from Zagar et al. (2015), with the percentage of
energy in the balanced (unbalanced) modes shown in red
(blue). The curves in Figure 9a were used to inform the
values of power ratio Eyy, /Epy used for tests with various
values of wave number . The standard case, represent-
ing an even split of dry energy between wave modes and
517, is shown with the shaded circle; two additional cases,
which will be referred to as the 10/90 and 80/20 cases,
are denoted by open circles and represent the impact of
having most energy in balanced and unbalanced modes
respectively.

Figure 9b shows the EI in the limit of large time
between observations for the combinations of Ew, /Epy
and k corresponding to Figure 9a; all other parame-
ter values match those of the standard case. The stan-
dard case, denoted with a shaded circle, sits at the
mesoscale-synoptic scale boundary. On synoptic scales

with smaller x, the improvement is similar to or less than
that of the standard case, with the EI of the state estimate
of M between 5% and 10%.

On mesoscales, in Figure 9b, the EI increases signifi-
cantly, up to 50% or more on the smallest scales considered
here. Figure 10 shows the impact of «, y, and dqys/dz
on these results. Qualitatively, the dependence of EI on
each of these parameters is similar to Figure 8, though it
is worth pointing out that the color scales are different,
with the EI as high as 30% in the 80/20 case. Line plots
showing the information from Figure 10 for various val-
ues of dgpg/dz are shown in the Supporting Information
Figure S15c—f. Error increases of 20-35% are also seen for
the 80/20 energy ratio case for shorter observation time;
see Supporting Information Figure S7 for these results.
We note that although the results here indicate the poten-
tial for large improvement on smaller scales where much
high-impact weather occurs, the assumptions on which
the linear hydrostatic model used here is based break
down on smaller scales; implementation of the ideas pre-
sented here in a more complicated model able to accurately
capture dynamics across a greater range of scales is an
important next step for future work.

5 | CONCLUSION

Using a recently formulated description of dynamically
balanced versus unbalanced moisture, we have studied the
role of moisture balance in a simple model and data assim-
ilation scheme. The dynamically balanced moisture of
Smith and Stechmann (2017) and Wetzel et al. (2019, 2020)
was explored in a simple moist shallow-water system with
stochastic forcing, to obtain transparent tests and some
analytical formulas. The properties of balanced moisture
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FIGURE 9 (a)Crude reproduction of fig. 7 from Zagar et al. (2015). showing the percentage of energy on spatial scales k, in the

unbalanced (blue) and balanced (red) modes. Global wave number k, is related to model domain wave number k as k, ~ 8k for model
domain size 4,000 x 4,000 km?. (b) Error increase with Epy,/E,, = 72 and Ew, /Epy specified by (a). Circles represent the 10/90, 50/50, and
80/20 unbalanced/balanced energy ratios considered here; closed circle denotes standard case.
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are related to some unique or distinctive properties of the
moist dynamical evolution equations. In particular, the
system’s dynamical operator is not symmetric; instead, it
is self-adjoint with respect to a non-diagonal inner prod-
uct, and this inner product is associated with a conserved
moist energy.

The main comparison was between using the eigen-
modes of the moist dynamics and using an erroneous
eigenmode definition that does not properly represent the
balanced moisture. The eigenmodes were then used in

a data assimilation scheme akin to 3D-Var, where the
eigenmodes are used in diagonalizing the background
error covariance matrix. In the numerical experiments, the
errors in state estimation of both total moisture and of
dynamically balanced moisture were increased by up to
15% or more by using the erroneous approach. These errors
are most significant (a) on smaller spatial scales, where a
larger portion of the energy is present in the unbalanced
modes, (b) with larger vertical gradient of the background
moisture state, and (iii) with larger observational noise.
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One might expect even larger errors if cloud latent
heating and moist convective instability were included.
The EI seen here was already 30%, or more, for smaller
spatial scales such as mesoscales, although the validity
of the linear shallow-water system will break down as
nonlinearity and non-hydrostatic effects arise on smaller
spatial scales. It would be interesting in the future to
investigate nonlinear dynamics, and to apply a nonlin-
ear eigenspace decomposition and balanced-unbalanced
decomposition that hold even in the presence of latent
heating and nonlinearity due to clouds and phase changes
(Remond-Tiedrez et al., 2024).

The results here suggest that a careful accounting of
dynamically balanced moisture could potentially have a
significant impact on both state estimation and forecast-
ing of moisture in numerical weather prediction. Among
many issues that range from fundamental to complex, a
longstanding one is the spin-up or spin-down problem for
precipitation (Andersson et al., 2005; Carlin et al., 2017;
Illari, 1987; Kasahara et al., 1992; Short & Petch, 2022;
Sun et al., 2014); this is potentially due to a variety of
factors, but perhaps balanced versus unbalanced mois-
ture plays a contributing role as well. Though the model
used here was idealized, the results suggest that further
testing in more sophisticated models and with a wider vari-
ety of data assimilation schemes is warranted. We note
that it is possible that some of the difficulties encoun-
tered by 3D-Var in accurately accounting for balanced
moisture may be partially addressed through the use of
ensemble-based methods or hybrid ensemble-variational
methods; that is, the errors introduced by a traditional
accounting of moisture may be smaller with these more
sophisticated methods. However, the use of localization
in ensemble methods can introduce problematic issues
with balance (Bannister, 2015; Gottwald, 2014; Greybush
et al.,, 2011; Hastermann et al, 2021; Houtekamer &
Mitchell, 2005; Kepert, 2009). In any case, the signifi-
cant improvement obtained by using balanced moisture in
3D-Var, particularly on smaller scales, where a substantial
amount of the atmosphere’s energy is stored in unbalanced
modes, suggests further study in this direction would be
useful.

As another direction for possible further study, the
balanced M variable could be a candidate for a moisture
variable that is suitable for the challenges of data assim-
ilation (e.g., Dee & Da Silva, 2003). For instance, it is a
moist quantity that can take either positive or negative
values, which is helpful for formulations that require nor-
mally distributed prior errors. See Marsico et al. (2019) for
definitions of M in the setting of the anelastic equations.
Also, since M is associated with an independent eigen-
mode, it may be the moist quantity that is most statis-
tically independent from the vortical/Rossby modes and

inertia—gravity wave modes. Further studies could be help-
ful for better understanding these properties.
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