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Abstract In the tropical atmosphere, weather and climate are influenced by dis-
persive equatorial waves and their coupling with water vapor, deep convection,
and rainfall. The dominant mode of variability on intraseasonal time scales is the
Madden–Julian Oscillation (MJO), which is still not fully understood. Here we in-
vestigate the question: Is the MJO a linearly stable wave or an unstable wave? The
linearly stable (i.e. damped) MJO regime, in which case random stochastic forcing
provides the source for MJO variability, was previously investigated in a linear ver-
sion of a model that has a convective adjustment parameterization. Here, to assess
the other alternative, nonlinearity is added to the model and allows the study of
the linearly unstable MJO regime. Model simulations are performed and evaluated
for their ability to generate MJO variability as well as the full spectrum of tropical
variability such as convectively coupled equatorial waves (CCEWs). In simulations
of unstable growth, nonlinear advection slows the growth, and the wave saturates
with reasonable amplitude, structure, speed, and dynamics. In further tests, MJO
instability can sometimes excite CCEW variability, but only in a subset of cases.
Overall, both the stable and unstable MJOs appear to be reasonable and may
arise in different situations due to different environmental conditions.
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1 Introduction

The fluid dynamics of the tropical atmosphere involves a complex blend of disper-
sive equatorial waves, moist convection, clouds, and rainfall [6,12,21,23,30,54].
The waves and convection are coupled together in ways that are not fully un-
derstood. For instance, latent heating results from phase changes of water within
clouds, and it can further drive atmospheric circulations; moreover, atmospheric
circulations can modulate the occurrence of water vapor and clouds.

The Madden-Julian oscillation (MJO) is the dominant component of tropical
variability on intraseasonal timescales, with a timescale of 20-100 days [4,5,19,
24,27–29,54,55]. There is much variability from one event to another, but the
MJO often moves eastward with a phase speed of roughly 3-8 m s−1, a typical
wavelength in the range of 12,000 to 20,000 km [38,54], and a horizontal structure
that resembles components of two types of equatorial waves: equatorial Rossby
and Kelvin waves [8,54]. The MJO plays an important role in global weather
and climate, as it has impacts on tropical cyclones [25,33], El Niño–Southern
Oscillation [9], active and break phases of monsoons [24], and midlatitude weather
and its predictability [15,16].

Some fundamental questions about the MJO remain, however, including: Is
the MJO linearly stable (i.e. damped), neutral, or unstable? This is the main
motivating question of this paper, and is a question about the nature of the MJO
itself, and what creates MJO variability. For instance, the MJO could be a linearly
unstable mode in which case the background environment provides the energy for
the MJO’s growth, or it could be a stable mode that is excited by smaller-scale
processes or extratropical forcing, or a multi-scale mode (or perhaps not even a
linear mode at all). As it is still a challenging task to simulate the MJO [26,22,
49,7,41], studies of the nature of the MJO are important for their potential to
improve simulations.

This question can be at least partially addressed through the investigation of
low-dimensional MJO models. Many such models have been proposed and studied.
Some examples of models for the MJO include boundary-layer frictional conver-
gence models [39,51], moisture mode models [1,36,40], and trio-interaction the-
ory [50]. A traditional goal has been to explain the MJO as a linear instability,
as in many of the models mentioned above. Other models include the skeleton
model [31,32], which has a neutrally stable MJO in its original formulation, pro-
viding an alternative viewpoint.

The question of whether the MJO is a stable or unstable wave cannot be fully
studied through just linear eigenmodes, however. Further aspects of the MJO’s
behavior need to be assessed. Here we assess not only linear eigenmodes but also
variability and nonlinear dynamics, and not only the MJO but also other tropical
variability.

For this purpose, a model including both the MJO and CCEWs is needed, and
it should have potentially different regimes that may be accessed by changing the
background moisture gradient (or other parameters). The two-level convective ad-
justment model of [42] is well-suited for this purpose as it contains both MJO and
CCEW variability. This model was shown to produce a linearly stable MJO that
can be activated through stochastic forcing that represents unresolved mesoscale
turbulent fluctuations. Since the model of [42] is a linear model, it must be modified
to address the MJO’s saturation, and nonlinearities are added here to accomplish
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this. Stochastic forcing is omitted here in order to focus on the role these non-
linearities play in saturating the MJO’s growth. A 3-D form of the model, which
contains a vertically-varying convective adjustment scheme consistent with [42], is
presented and used here.

The rest of the paper is organized as follows. The model is presented in Sec-
tion 2. Linear model solutions are shown in Section 3, and the sensitivity of the
MJO’s growth rate, frequency, and structure to changes in parameter values are
discussed. Nonlinear model solutions are presented in Section 4, and the variabil-
ity of the MJO and CCEWs in certain parameter regimes is discussed. Additional
discussion of the results and other modeling approaches is given in Section 5, and
conclusions are given in Section 6.

2 Vertically-varying convective adjustment model

We next present the tropical channel model for MJO and CCEW variability. The
methods used to find model solutions are also discussed.

2.1 3-D nonlinear, deterministic model

A 3-D nonlinear, deterministic version of the model of [42] is used. The model
consists of the moist hydrostatic Boussinesq equations, with a 2-vertical-mode
convective adjustment and moisture diffusion. In dimensional form the equations
are
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where D/Dt = ∂t + u∂x + v∂y + w∂z is the material derivative, u = (u, v, w)T

is the vector of zonal, meridional, and vertical velocity components of winds, and
p is pressure anomalies from a background state. θ(x, y, z, t) is potential temper-
ature anomalies from a background state θBG = θ0 + Bz. The moisture vari-
able q(x, y, z, t) represents specific humidity anomalies from a background state
qBG = q0 + qbg(y, z), and θ0 and q0 are the potential temperature and moisture
at z = 0, i.e. at the top of the boundary layer. The terms proportional to qmid
and qup in (1e) and (1f) are convective adjustment terms which will be discussed
in further detail below; these terms serve as the heat source Q in the model.
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The only nonlinear terms in the model are nonlinear advection, all contained
in the D/Dt terms on the left-hand side of (1). As is common in first efforts with
relatively simple models, a resting background state has been used; this simplifies
the linear stability analysis and allows for focus on the mechanisms included in the
model (e.g., convective adjustment, moisture convergence, eddy diffusion). Other
terms in (1) include Rayleigh friction and Newtonian cooling, vertical advection
of background potential temperature, and (horizontal and vertical) eddy diffusion
of moisture. Forcing terms in [42] have been omitted here resulting in a determin-
istic model with no Walker circulation; these terms will be added in future work.
Parameter definitions and standard values are listed in Table 1.

The convective adjustment scheme used here is a 2-vertical-mode scheme, so
that the moisture terms qup and qmid are defined using only the first two baroclinic
modes of moisture,

qup(x, y, z, t) = Qup

(
√

2 sin (πz/H)−
√

2

2
sin(2πz/H)

)
, (2a)
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√

2 sin (πz/H), (2b)
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3
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3
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π

2
. (3b)

The terms q1(x, y, t) and q2(x, y, t) represent the first and second baroclinic com-
ponents of moisture, respectively; i.e.

q1(x, y, t) =
1

H

∫ H

0
q(x, y, z, t)

√
2 sin (πz/H) dz, (4a)

q2(x, y, t) =
1

H

∫ H

0
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√
2 sin (2πz/H) dz, (4b)

where H is the height of the troposphere. The coefficient 2 in the second baroclinic
mode arises from having adopted the convention of defining the j-th baroclinic
mode using j

√
2 sin (jπz/H) as in, e.g., [44]. Note that no nonlinear switch is

included in the model; an everywhere-precipitating environment is used here. Such
a simplification is useful because a nonlinear switch would introduce a mechanism
of water loss from the domain, and a compensating source of moisture would need
to be parameterized as an additional process with further complication to the
model.

This 2-vertical-mode convective adjustment scheme is motivated in part by the
facts that the most significant forms of heating in the tropics, i.e. deep, stratiform,
and congestus, are well-represented using only the first two baroclinic modes, and
that other modeling studies have shown that many tropical atmospheric phenom-
ena are reproduced well by models that have two baroclinic modes of heating [18,
47]. Figure 1 shows the vertical structure of qup and qmid from (2). The profile of
qmid resembles that of heating due to deep convection, while the profile of qup is a
top-heavy heating profile that can represent stratiform heating. Other motivation
for this convective adjustment scheme comes from the observation in [42] that
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Fig. 1 The vertical structures of the convective adjustment terms qup and qmid with Qup =
Qmid = 1.

Table 1 Standard parameter values

Parameter Description Standard value
H Height of troposphere 16 km
pY Distance from equator to channel wall 6000 km
β Variation of Coriolis parameter with latitude 2.3× 10−11 m−1 s−1

g Acceleration due to gravity 9.8 m s−2

cp Specific heat of dry air at constant pressure 1006 J kg−1 K−1

Lv Latent heat of vaporization 2.5× 106 J kg−1

B Background potential temperature vertical gradient 3 K km−1

θ0 Reference potential temperature 300 K
τu Wind damping timescale 25 d
τθ Potential temperature damping timescale 25 d
τup Moisture damping timescale (upper troposphere) 1 d
τlow Moisture damping timescale (lower troposphere) 2/24 d
Bvs Mean vertical qBG gradient -0.00134 kg kg−1 km−1

a 1 minus pole-to-equator qBG ratio 0.25

L̃ qBG meridional decay lengthscale 2000 km
Dh,up Horizontal q diffusion (upper trop) 60.8 km2 s−1

Dh,mid Horizontal q diffusion (mid trop) 7.6 km2 s−1

Dv Vertical q diffusion 0.0001 km2 s−1

inclusion of two baroclinic modes of moisture was a key ingredient for producing
a realistic model MJO, and we note that the linear model of [42], on which the
current model is based, can be viewed as a coupling between a traditional convec-
tive adjustment model [2,34] and a model for the background spectrum of tropical
convection [14].

Rigid lid boundary conditions are used at the bottom (z = 0) and top (z = H)
of the troposphere. Both moisture and potential temperature anomalies are set
to zero at these vertical boundaries. An anelastic version of the model would be
interesting to study, and is a topic for future consideration. In the zonal and
meridional direction, periodic boundary conditions are used, with the meridional
extent of the domain 2pY (with pY the half-width of the channel) taken to be
sufficiently large so that effects from the boundaries do not significantly alter the
dynamics in the tropics. While the use of periodic boundary conditions in y is
unrealistic, it allows for solutions to be found in a straightforward manner, and
some testing of the model solver suggests that using a larger meridional domain
(channel width) does not significantly affect the results.
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Fig. 2 Background moisture profile qBG(y, z) with a = 0.25, L̃ = 2000 km.

2.2 Parameter values for ‘standard’ case

Most of the parameter values used here are similar to those used in other recent
modeling studies. The convective adjustment times will be set to τmid = 2 h, which
is within the range of values used in other studies [17,34], and τup = 1 d, which is
similar to the value found in [42] through calibrating the background spectrum of
their stochastic model. The u and θ damping rates will be set to τu = τθ = 25 d,
which is consistent with findings in [43,45]. See Table 1 for a list of all parameter
values used in Sections 3.1 and 4.1.

The background moisture is shown in Figure 2 and is given by

qBG(y, z) = [1− a(1− e−(y/L̃)2/2)]qBG,EQ(z) (5)

where qBG,EQ(z) = Bvs(z −H) is a prescribed vertical profile of background
moisture at the equator; the parameters 0 ≤ a ≤ 1 and L̃ dictate the background
moisture meridional decay away from the equator. The vertical gradient Bvs of
background moisture is taken to be -1.34 g kg−1 km−1, similar to values considered
in [10,11]; this value is significantly larger than those used in [42], and likely more
in line with values seen in the tropical atmosphere [13,35]. The linear profile used
here is different than that seen in observations [13], but is consistent with that
used in other modeling studies that make use of the Boussinesq approximation;
other profiles will also be considered in the parameter sensitivity study.

The diffusion coefficient Dh(z) is defined as Dh(z) = Dh,mid + (Dh,up/H)z,
which is essentially a linear interpolation of the mid and lower tropospheric dif-
fusion coefficients from [42]. Here, the values of Dh,mid and Dh,up are set to be
identical to the values used for blow and bmid in [42].

2.3 Implementation of model solvers

The model (1) may be linearized about a resting background state, and solutions
of the form u = ûk(y, z)ei(kx−ωt), etc., may be sought for a given zonal wavenum-
ber k. The y and z directions are discretized; the vertical discretization consists
of a staggered grid with θ, q and w evaluated at levels zj = j∆z and u, v and p
evaluated at levels zj−1/2 = (j − 1/2)∆z, where ∆z = H/nz with nz the number
of vertical u levels. Derivatives are calculated spectrally in x and y, and using finite
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differences in z. The linearized equations are reformulated using barotropic stream-
function and relative vorticity and the resulting eigenvalue problem for frequency
ω is solved. The resolution used for both linear and nonlinear results presented
here is nx = 48, ny = 48, and nz = 8 or 10. Such coarse resolution will not allow
for small-scale features to be accurately represented in the results presented here.
A more detailed study of the nonlinear dynamics using higher resolution is left to
future work, as the focus here is the planetary-scale MJO.

Approximate solutions to the nonlinear model were found using the same stag-
gered grid approach and standard finite difference and spectral methods for eval-
uating the advection terms. The classical 4th-order Runge-Kutta method is used
for time-stepping. For derivatives in x and y, a pseudospectral approach was used,
with nonlinearities evaluated in physical space and derivatives evaluated in Fourier
space; solutions were dealiased using the standard 2/3 rule.

In order to verify that the solvers work correctly, several straightforward checks
were done. In addition to the MJO modes presented here, solutions to the lin-
earized model include standard tropical waves (Kelvin, Rossby, MRG, etc.) and
other expected modes (modified by the presence of moisture). The nonlinear solver
was checked by finding solutions using one of these linear solutions with small
amplitude as an initial condition. After evolving forward in time, the solution’s
propagation and structure were verified with the linear mode. In a test of simu-
lating a small-amplitude MJO eigenmode in the nonlinear solver, the relative L2

error after 20 days of simulation was 9.85×10−4. In addition, convergence tests
were also done which indicate that the code converges. To test convergence, the
standard resolution simulation was supplemented by additional simulations with
refined vertical resolution by a factor of 2 and 4; the relative L2 errors in the
standard and two refined simulations after 5 days were 0.007082, 0.001603, and
4.7957× 10−4, respectively. Likewise, the standard resolution simulation was sup-
plemented by additional simulations with refined horizontal resolution by a factor
of 2 and 4; the relative L2 errors in the standard and two refined simulations after
5 days were 0.08998, 0.03003, and 1.3054× 10−4, respectively.

3 Linear instability of the model MJO

The eigenmodes of the linearized model are now presented. The focus here is
on unstable MJO eigenmodes, whose nonlinear evolution will be investigated in
subsequent sections.

3.1 Standard case

Figure 3 shows the frequency and growth rate for the standard case MJO, which
is the only unstable planetary-scale mode. The MJO is only unstable for zonal
wavenumbers k = 1 and 2, with growth rates of roughly 0.02 d−1. We note that
there are some unstable modes for zonal wavenumbers k = 7 − 9 which appear
to be moist Rossby waves; these modes are all westward moving and have growth
rates smaller than 0.01 d−1. We focus on the MJO mode for the remainder of this
section, returning to CCEWs in Section 4.
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Fig. 3 (a) Growth rates and (b) frequencies of the unstable MJO mode. The k = 1 and k = 2
MJO modes are the only unstable modes with |k| ≤ 6; i.e., all positive growth rates for zonal
wavenumbers |k| ≤ 6 are shown.

The frequency of the k = 2 MJO mode corresponds to a period and phase
speed of 74 days and 3.1 m s−1, respectively; the k = 1 MJO mode has period and
phase speed of 128 days and 3.6 m s−1, respectively. These frequencies are a little
lower than for a typical MJO, though it will be shown in the next section that the
nonlinear MJO has a higher phase speed that better matches the observed MJO.

Figure 4 shows the horizontal and vertical structure of the k = 2 MJO mode.
The horizontal structure in the upper troposphere shows the typical Kelvin-Rossby
structure, with a pair of cyclones trailing and a pair of anticyclones leading posi-
tive low-level moisture and convergence anomalies. The trailing gyres are slightly
closer to the low-level moisture anomalies than the leading gyres, consistent with
composites in [20]. The center of the gyres lies somewhere between 15-20◦N and
15-20◦S, similar to or slightly closer to the equator than composites [8,20]. A sim-
ilar structure emerges for k = 1. In the lower troposphere, the Kelvin structure
is slightly less prominent, and the gyres have a slightly different tilt than in the
upper troposphere (not shown).

The vertical structure shows moisture concentrated in the lower troposphere. A
very slight vertical tilt, consistent with composites in observational studies [20], is
present in Figure 4(b), though it is barely noticeable. Low-level convergence is also
very nearly in phase with low-level moisture anomalies. Potential temperature and
wind anomalies are largely first baroclinic, in good agreement with observations.
The moisture anomalies are smaller than expected relative to the wind anomalies,
a point discussed further in Section 5.

In summary, despite some limitations mentioned above, the model produces a
reasonably realistic linearly unstable MJO.

3.2 Parameter sensitivity study

How sensitive are the growth rate and velocity to the parameter values? In partic-
ular, how do the values of convective adjustment timescales τup and τmid, vertical
background moisture gradient Bvs, and horizontal diffusion coefficients Dh,up and
Dh,mid impact growth rate and velocity?

Figure 5 shows the growth rate and phase speed of the k = 1 MJO mode for
various values of each parameter. The standard case MJO, presented in Section 3.1,
is denoted by the large red symbols; in each plot, a single parameter is varied while
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Fig. 4 (a) Horizontal structure of linear MJO mode. Winds are at z = 13 km; potential
temperature and moisture are at z = 14 km. Positive (negative) potential temperature is shown
with solid (dashed) contours; contours shown at 1/6, 1/2, and 5/6 the maximum (minimum)
potential temperature anomalies. Maximum wind and potential temperature anomalies are
1.2 m s−1 and 0.03 K, respectively. Moisture anomalies (kg kg−1) depicted by shading. (b)
Vertical structure of linear MJO mode. Zonal winds, potential temperature, and moisture
shown at y = 1S. Potential temperature contours shown at 1/10, 3/10, 1/2, 7/10, and 9/10
the maximum (minimum) potential temperature anomalies. Maximum wind and potential
temperature anomalies are 1.5 m s−1 and 0.03 K, respectively. The vertical wind component
has been multiplied by a factor of 150 for visual clarity.
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Fig. 5 (a)-(d) MJO k = 1 mode growth rate for various values of (a) τup, (b) τmid, (c) Bvs,
and (d) diffusion constant multiple m defined in the text. Large red symbols denote standard
values. (e)-(h) MJO k = 1 mode phase speed for various values of (e) τup, (f) τmid, (g) Bvs,
and (h) horizontal diffusion constant multiple m.
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Table 2 Parameter values for cases shown in Sections 3.2 and 4.2.

Parameter Description Case 2 Case 3 Case 4 Case 5 Case 6
Bvs (kg kg−1 km−1) Mean vertical qBG gradient -0.00128 -0.00128 -0.0011 -0.0012 -0.0011
s̃ controls curvature of qBG(z) 12 12 10 12 10
a 1 minus pole-to-equator qBG ratio 0.5 0 0.2 0.2 0.5

L̃ qBG meridional decay lengthscale 2000 N/A 3000 3000 2000
Dh,up (km2 s−1) Horizontal q diffusion (upper trop) 121.6 121.6 60.8 60.8 60.8
Dh,low (km2 s−1) Horizontal q diffusion (lower trop) 15.2 15.2 7.6 7.6 7.6
Dv (km2 s−1) Vertical q diffusion 0.0005 0.0005 0.0002 0.0002 0.0002
τu, τθ (d) Damping timescales 16 16 16 16 16
τlow (h) Convective adjustment time 4 4 4 4 4

all other parameters remain at their standard values. Both the growth rate and
phase speed are fairly insensitive to changes in τup, with both the growth rate and
phase speed showing a very slight increase as τup is increased. The results are more
sensitive to τmid and Bvs, with the growth rate decreasing with increasing τmid
and increasing Bvs. The phase speed increases with increasing τmid (Bvs) until
reaching a time of 2 hours (−1.37 g kg−1 km−1); the phase speed then decreases
rather sharply as τmid increases from 3 to 4 hours (and as Bvs increases from -1.32
to -1.3 g kg−1).

The diffusion coefficients were varied simultaneously by a multiple, i.e. results
will be showed using values mD̃h,up and mD̃h,mid for a constant m, where the tilde
is used to denote standard case values. Not surprisingly, the growth rates decrease
as the diffusion coefficients increase; there is again a non-monotonic response in
the phase speed to these changes, with the fastest phase speed of approximately
4 m s−1 occurring for diffusion coefficients that are 1.25 times as large as the
standard values.

How sensitive are the growth rate and velocity to the way the convective ad-
justment terms are defined? For example, what are the effects of using a lower-
tropospheric moisture in place of a mid-tropospheric moisture? To briefly examine
this, equations (1e) and (1f) will be replaced by

Dθ

Dt
+Bw=

Lv
cpτup

qup +
Lv

cpτlow
qlow −

1

τθ
θ, (6a)

Dq

Dt
+
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∂qbg
∂z

w= − 1
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qup −

1
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(
∂2q

∂x2
+
∂2q

∂y2

)
+Dv

∂2q

∂z2
,

(6b)

respectively, where

qlow(x, y, z, t)= Qlow

(
√

2 sin (πz/H)+

√
2

2
sin(2πz/H)

)
, (7)

and where

Qlow= q1
√

2 sin
π

3
+ q22

√
2 sin

2π

3
. (8)

In other words, there are no terms that contain only first baroclinic mode moisture;
each term is a combination of the first and second baroclinic modes.
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Fig. 6 Case 2 parameter values: (a) Background moisture profile qBG(y, z) and (b) back-

ground vertical moisture profile qBG,EQ(z) with a = 0.25, L̃ = 2000 km.

Results are presented using equations (6) with five different sets of parameter
values; see Table 2 for parameter values used in each of Cases 2-6. In each case,
a slightly stronger damping is used for winds and potential temperature, and the
vertical profile of background moisture is defined here to be exponentially decaying
as z increases,

qBG,EQ(z) = BvsH
e−z/s̃ − e−H/s̃

1− e−H/s̃
(9)

where s̃ is a parameter that controls the rate of decay. The background moisture
for Case 2 is shown in Figure 6. This curvature allows a reasonable value for Bvs
to be used and still produce realistic results.

Case 2 creates an MJO not unlike the standard case results in Section 3.1.
Case 3 illustrates the effect of a meridionally-constant background moisture profile;
Cases 4 and 5 illustrate weaker meridional and vertical gradients of moisture and
weaker diffusion than the standard case; Case 6 illustrates weaker diffusion and
weaker vertical gradient of moisture.

Figure 7 shows the growth rates and frequencies of the linear modes for Cases
2-6. Cases 2, 3, 4, and 6 all show instability only on planetary scales, and the only
unstable mode is an eastward-moving MJO. Each case has a maximum growth
rate of roughly 0.05 d−1; for each case these maximum growth rates occur for
wavenumbers k = 3 or 4. The frequencies have a Kelvin-like dispersionless qual-
ity over wavenumbers k = 1 through 4, with a drop-off in frequency for higher
wavenumbers; most of these frequencies lie within the range 1/30 d−1 to 1/90
d−1, though some are at the low end of this range.

Case 5 also contains a single unstable wave type, namely the MJO; this MJO
has higher growth rates than the other cases, with a maximum between 0.25 and
0.3 d−1. The frequencies for k = 1 through 4 are all less than 1/90 d−1, and the
Kelvin-like nature of the frequencies is more pronounced over all planetary and
synoptic scales than in the other cases. Note that Case 5 contains more background
moisture than (and identical diffusion coefficients to) Cases 4 and 6, while having
weaker diffusion than (and identical moisture to) Cases 2 and 3. The markedly
different behavior in the linear solutions shows that the model MJO is strongly
excited by this combination of background moisture and diffusion. Case 5 will be
explored further in Section 4.
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Fig. 7 (a) Growth rates and (b) frequencies of the MJO mode for each case. All positive
growth rates are shown; only frequencies associated with MJO modes are shown.

How sensitive is the MJO’s structure to these changes in convective adjust-
ment? Figure 8 depicts the horizontal and vertical structure of the Case 2 k = 2
MJO. Similar to the standard case presented above, Case 2 exhibits the mixed
Kelvin and Rossby horizontal structure in the winds and potential temperature,
moisture anomalies concentrated in the lower troposphere, and low-level conver-
gence roughly in phase with or slightly leading positive moisture anomalies. The
vertical structure has some common features with those of the standard case: e.g.,
slight vertical tilt in moisture, largest moisture anomalies obtained in the lower
troposphere. However, the vertical structure is also markedly different, with pro-
nounced second baroclinic potential temperature anomalies, and winds that obtain
their strongest values at the bottom of the free troposphere (z = 0) and at around
z = 10 km. This 10 km effective height for the troposphere is also seen in Cases
3-6 (not shown). We note that it is possible that the rigid lid boundary conditions
may be partially responsible for the vertical structure, and it would be informative
to pursue an anelastic model. However, the success of the model at producing a
realistic MJO using mid-tropospheric convective adjustment terms (Sections 2, 3,
and 4) suggests that the different convective adjustment scheme implementation
is responsible for this change. These results suggest that the MJO’s stability likely
depends on background moisture gradients and other parameters.

4 Nonlinear evolution of the model MJO

Solutions to the full nonlinear model (1) are now presented and discussed. Recall
that a main motivating question of the present paper is to investigate whether the
MJO is a stable or unstable wave. To probe this question in the unstable regime, we
now assess not only the model’s nonlinear MJO evolution but also other tropical
variability such as CCEWs.

4.1 Standard case

Is the nonlinear model able to slow the growth of this linearly unstable MJO
and produce a nonlinear MJO with reasonable amplitude, structure, speed, and
dynamics? To answer this, an initial condition consisting of a superposition of a
k = 1 and 2 linear MJO mode is used in the nonlinear model solver; other modes
are omitted in order to focus on the evolution of the MJO. The nonlinear code is
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Fig. 8 (a) Horizontal structure of linear MJO mode. Winds are at z = 3 km; potential
temperature and moisture are at z = 4 km. Positive (negative) potential temperature is shown
with solid (dashed) contours; contours shown at 1/6, 1/2, and 5/6 the maximum (minimum)
potential temperature anomalies. Maximum wind and potential temperature anomalies are
1.2 m s−1 and 0.17 K, respectively. Moisture anomalies (kg kg−1) depicted by shading. (b)
Vertical structure of linear MJO mode. Zonal winds, potential temperature, and moisture
shown at y = 1S. Potential temperature contours shown at 1/10, 3/10, 1/2, 7/10, and 9/10
the maximum (minimum) potential temperature anomalies. Maximum wind and potential
temperature anomalies are 2.0 m s−1 and 0.09 K, respectively. The vertical wind component
has been multiplied by a factor of 150.

run for 400 days, and the amplitude, speed, and structure of the resulting wave
and its evolution are studied.

Figure 9 shows snapshots at 40-day intervals of the vertical structure of the
evolving MJO at the equator and its horizontal structure in the upper troposphere.
During the first 60 days, the wave propagates with growing amplitude at the rate
predicted by linear theory. Between days 60 and 140, the effects of the nonlin-
earities become apparent. The zonal extent of the region of positive moisture and
convergence anomalies shrinks slightly, similar to other nonlinear models of the
MJO [3,32,48,52]. The positive moisture anomalies retain a slight vertical tilt.
While the model has selected a wavenumber-1 MJO, there are smaller scale fea-
tures that are evident once the solution has grown sufficiently outside of the linear
regime, and the nonlinear terms transfer energy to smaller scales. The model’s
selection of a wavenumber-1 MJO is interesting given the linear growth rate is
highest for k = 2; this selection may depend on initial conditions and is not taken
as a fundamental feature of the model. The horizontal structure shows anticyclones
that become elongated and weaker. Both the Kelvin and Rossby structures remain
apparent throughout the evolution.

By day 160 the MJO has settled into a quasi-steady state, and a primary
question is whether the wave has reasonable amplitude. In Figure 9(h), the largest
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Fig. 9 (a,c,e,g,i) Horizontal structure of nonlinear MJO solution at t = 0, 40, 80, 120, and
160 days. Winds are at z = 13 km; potential temperature and moisture are at z = 14 km.
Positive (negative) potential temperature is shown with solid (dashed) contours; contours
shown at 1/10, 3/10, 1/2, 7/10, and 9/10 the maximum (minimum) potential temperature
anomalies of 0.33 K. Maximum wind anomalies are (a) 1.2 m s−1, (c) 2.9 m s−1, (e) 7.4
m s−1, (g) 11.3 m s−1, (i) 10.8 m s−1. Moisture anomalies (kg kg−1) depicted by shading.
(b,d,f,h,j) Vertical structure of nonlinear MJO solution. Zonal winds, potential temperature,
and moisture shown at y=1S. Potential temperature contours shown at 1/10, 3/10, 1/2, 7/10,
and 9/10 the maximum (minimum) potential temperature anomalies of 0.63 K. Maximum
wind anomalies are (b) 1.5 m s−1, (d) 4.1 m s−1, (f) 13.9 m s−1, (h) 21.1 m s−1, (j) 18.0 m
s−1. The vertical wind component has been multiplied by a factor of 150.
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Fig. 10 Hovmoller diagram of nonlinear MJO solution at z = 4 km at the equator for the
first 200 days of the simulation. Negative potential temperature anomalies are shown with
dashed gray contours; contours shown at 1/6, 1/2, and 5/6 the maximum potential temperature
anomaly of 0.65 K. Moisture anomalies (kg kg−1) depicted with shading.

wind anomalies are approximately 21 m s−1, which is larger than values seen
in composites like in [20] by as much as a factor of 4-5, depending on location
and pressure level; such differences could be due to many possible factors that
differentiate this model solution from nature, such as Boussinesq dynamical core,
lack of warm pool, or lack of other physical mechanisms that may slightly alter the
basic model MJO seen here; such differences could also be due to a mismatch in
comparing the model’s individual MJO event versus a statistical composite, since
some individual events will have stronger amplitude than a composite structure.
The moisture anomalies remain smaller than those seen in observations, with lower
troposphere anomalies up to 0.08 g kg−1. Considering the relative simplicity of
the model, relative to other recently developed models, and the fact that the
present model has a simplified convective adjustment scheme that does not even
include a nonlinear switch, these values seem somewhat reasonable. The potential
temperature anomalies are again largely first baroclinic with some vertical tilt.
As with the linear solutions, moisture anomalies are more prominent in the lower
troposphere.

Figure 10 shows the unfiltered evolution of the wave’s potential temperature
and moisture anomalies at the equator and in the lower troposphere. Between day
60 and 120, as the nonlinear effects are becoming more apparent, the MJO speeds
up from a linear speed of roughly 3.1 m s−1 to a speed of approximately 4.4 m
s−1, in very good agreement with observed MJOs [20,54]. This planetary signal is
evident in the upper troposphere as well (not shown).
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Fig. 11 (a) Horizontal structure of nonlinear Case 2 MJO solution at t = 160 days. Winds are
at z = 3 km; potential temperature and moisture are at z = 4 km. Positive (negative) potential
temperature is shown with solid (dashed) contours; contours shown at 1/10, 3/10, 1/2, 7/10,
and 9/10 the maximum (minimum) potential temperature anomalies. Maximum wind and
potential temperature anomalies are 16.7 m s−1 and 1.9 K, respectively. Moisture anomalies
(kg kg−1) depicted by shading. (b) Vertical structure of nonlinear Case 2 MJO solution. Zonal
winds, potential temperature, and moisture shown at y=1S. Potential temperature contours
shown at 1/10, 3/10, 1/2, 7/10, and 9/10 the maximum (minimum) potential temperature
anomalies. Maximum wind and potential temperature anomalies are 20.4 m s−1 and 2.1 K,
respectively. The vertical wind component has been multiplied by a factor of 150.

4.2 Parameter sensitivity study

How robust are the nonlinear MJO’s structure and speed to changes in param-
eter values? To briefly explore this, Figure 11 shows a snapshot at day 160 of
the nonlinear evolution of the Case 2 MJO. The initial conditions consisted of a
superposition of several zonal wavenumbers (k = 1 − 3) of the MJO. Many fea-
tures of this MJO are reminiscent of the standard case, but noticeable differences
exist. Interestingly, there is a narrower zonal extent of moisture and convergence
anomalies and cyclones and a wider zonal extent of the anticyclones. The wind
and moisture amplitudes obtained are similar to those of the standard case, while
the potential temperature anomalies are stronger in Case 2. Finally, the vertical
structure is similar to the linear solution in Figure 8 with wind anomalies taper-
ing to zero at the tropopause, likely due to the implementation of the convective
adjustment scheme in Case 2.

4.3 CCEW variability

Is the large-scale linear instability of the MJO, by itself, enough to generate
variability of CCEWs? Can a model without tropical-extratropical interactions,
stochastic forcing representing mesoscale processes, and other mechanisms omit-
ted here produce such variability? In short, it depends on the parameter regime
considered. We present results of one parameter regime that does produce such
variability by exploring Case 5 further.

Solutions are again found to the nonlinear model with lower tropospheric con-
vective adjustment using an initial condition consisting of a superposition of multi-
ple wavenumbers of both symmetric and anti-symmetric modes. Specifically, zonal
wavenumbers k = 1 through 3 of the four most unstable or least stable modes were
used to construct the initial condition. The model was run for 500 days; it took
roughly 70 days for the model to settle into a statistical steady state. Different
initial conditions were not extensively tested, but limited testing indicated that all
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Fig. 12 Hovmoller diagrams of solution from Figure 13. (a) Equator, 12 km; (b) 11S, 12 km.
Grey lines denote MJO events; black lines denote convectively coupled (a) Kelvin waves, (b)
Rossby waves.

other initial conditions that contained both symmetric and anti-symmetric modes
produced similar results.

While the only linearly unstable wave is the MJO, the presence of several wave
types in the initial condition results in richer dynamics that include both an MJO
and CCEWs. Figure 12 shows Hovmoller diagrams of moisture at 12.8 km and
at two latitudes. At the equator, the dominant signal is that of the MJO, which
largely has a wavenumber-3 structure, though incidents of termination of positive
moisture anomalies associated with the MJO can be seen at around x = 180 near
day 250, and there appear to be instances of two distinct MJO bands forming from
one band at, e.g., around x = 90 near days 300 through 320. There is also clear
evidence of convectively coupled Kelvin waves throughout the simulation, some
of which occur within the MJO envelope. At 11S, several convectively coupled
equatorial Rossby wave events can be seen, including, e.g., at x = 45 around day
300, and again at x = 150 around day 335. Higher frequency wave activity is also
clearly present during the simulation, and a number of such events are particularly
clear during days 340-370. Similar results can be seen in the lower troposphere,
where the prominence of the MJO signal makes it somewhat easier to see incidents
of MJO initiation and termination, but slightly more difficult to discern the variety
of CCEWs present.

How strong do these waves appear in the wavenumber-frequency power spec-
trum? The power spectra of the moisture anomalies shown in Figure 12 are con-
structed using overlapping 128-day segments of data, with each successive segment
beginning 38 days after the previous one, in a manner similar to, e.g., [53]. These
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Fig. 13 Case 5 zonal wavenumber-frequency power spectra of the (a) symmetric component
and (b) anti-symmetric component of moisture at z = 12.8 km.

segments began after the simulation had reached a statistical steady state. Time
series of the symmetric and anti-symmetric components of moisture were calcu-
lated in the standard way using data from −pY /2 to pY /2, where the channel
width is 2pY ; i.e. the meridional domain is −pY ≤ y ≤ pY . The first and last
ten percent of each time series was tapered using a cosine function, and a discrete
Fourier transform was taken in both space and time of the tapered time series.

Figure 13 shows the log of the square of the amplitude of the resulting Fourier
coefficients in the upper troposphere. The largest power peak in all variables occurs
at k = 3 near an eastward frequency of 1/60 d−1, consistent with Figure 12. This
peak is part of a band of frequencies that lie in the MJO range but exhibit a tilt that
suggests a lack of dispersion, similar to the linear results, whereas observational
MJO power does not typically display such a tilt. Note that in the MJO frequency
range, eastward symmetric power is much larger than westward power.

Other signals are also clearly discernible, including evidence of convectively
coupled Kelvin, Rossby, and MRG-like wave propagation. The power spectra
shown are total power spectra, and it is a bit surprising that the spectra are not
redder; the lower troposphere, however, shows a redder spectra with peaks that
are more difficult to discern (not shown). The absence of an accurate background
spectrum suggests that the model instability cannot fill in the background at this
resolution and that some combination of tropical-extratropical interactions, higher
resolution, and other processes modeled in [42] with stochasticity, plays a critical
role in creating the full picture of tropical variability.

Do these results persist for other parameter combinations? In many of the cases
presented earlier, the only linearly unstable or barely stable mode is the MJO;
as a result, nonlinear simulations using these parameter values produce an MJO
and little else, similar to Figures 9 and 11. This suggests that a realistic power
spectrum, in the current modeling framework, requires either (i) extratropical
forcing or stochastic forcing as in [42] or (ii) deterministic instability arising in
a different parameter regime than those of most cases considered here, and an
investigation of the nonlinear stability of the model MJO in each parameter regime
is left for future work. The appearance of clear CCEW and MJO signals, however,
provides reassurance that the model is able to recreate these important features
of the model in [42] even without stochastic forcing here, and the richness of the
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dynamics indicate that the model may prove useful for future investigations of the
nonlinear stability and dynamics of the MJO and CCEWs.

5 Discussion

In this section, we discuss some additional model features or model variations that
either yielded unpromising results in other tests or would be interesting to test in
the future.

An additional nonlinearity that could be included in future work is a nonlinear
switch for precipitation. Inclusion of a nonlinear switch would allow the creation
of both non-cloudy regions and convectively active regions, and it should allow for
moisture anomalies (below saturation) to persist on longer timescales, resulting in
an MJO with larger moisture anomalies. The nonlinear switch was left out of the
present model for simplicity, as one would need to also introduce an accompanying
moisture source into the model, which comes at the cost of greater model com-
plexity. It would be interesting in the future to include these and other additional
features.

Other models and convective parameterizations were tested during this study.
A planetary-scale, hydrostatic, Boussinesq version of the Fast Autoconversion and
Rain Evaporation (FARE) model [11] was implemented. Some promising results
were identified, though the structures that arose from the model were not in such
good agreement with observations as those discussed here, and further study of the
solutions is left to future work. In addition, a convective parameterization using
full vertical resolution, rather than a 2-mode truncation, was also tried; e.g., (1e)
was replaced with

Dθ

Dt
+Bw =

Lv
cpτ(z)

q − 1

τθ
θ, (10)

with a similar change to (1f). The vertical structures associated with these modes
were complicated by the detailed resolution, and a simpler scheme that emphasized
top-heavy and bottom-heavy heating profiles was chosen instead.

6 Conclusions

In the present paper, we investigated instabilities in tropical fluid dynamics, which
involves interactions of moisture and dispersive equatorial waves. One of the moti-
vating questions was to investigate whether the MJO is a stable or unstable wave.
To probe this question, we considered a tropical channel model that is 3D and
nonlinear, with an unstable MJO. The model’s dynamics was assessed in terms of
not only linear eigenmodes but also nonlinear variability, and not only the MJO
but also other aspects of tropical variability such as CCEWs.

In summary, the model is able to produce a linearly unstable MJO with rea-
sonable growth rate, phase speed, and structure. The nonlinearities in the model
cause the MJO to also saturate with reasonable amplitude, speed, and structure.
In some parameter regimes, CCEW variability is also generated by this unstable
MJO. The unstable MJOs produced here, combined with the forced stable ones
presented in the linear model [42] show that the model is compatible with either
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viewpoint of MJO stability (i.e., that the MJO is a forced stable mode vs. an un-
stable mode), and suggest that the MJO’s stability likely depends on background
moisture gradients and other parameters.

The model uses a 2-baroclinic-mode convective adjustment scheme to allow
for different response time scales of upper- versus mid-tropospheric moisture. The
slower response in the mid-upper troposphere was found to be a key ingredient
in producing tropical variability in both the original model and the nonlinear
version studied here, and this slower response is in agreement with other studies
of convective adjustment [37] and is consistent with the time scale associated with
the background spectrum of tropical convection [14,46,53].

The 2-vertical-mode convective adjustment scheme is a simple convective pa-
rameterization that was effective in this model at producing a realistic MJO. The
model’s success suggests that it can provide an effective foundation for future
studies. For example, it would be interesting and potentially useful to introduce
this convective parameterization into a GCM with the goal of reproducing the
successful MJO found here. Finally, it was noted that several physical mechanisms
are not present in the model, including forcing (no warm pool or Walker circula-
tion), stochasticity, vertical moisture flux, or nonlinear switches; several of these
mechanisms will be explored in future work.

Another question is: What is the source of tropical variability (on synop-
tic/planetary scales)? Many sources are possible, such as instabilities of the MJO
or CCEWs (which could further transfer energy from MJO instability to stable
CCEWs, as in the present paper), tropical sources such as stochastic mesoscale
fluctuations, or extratropical influence. This is another interesting topic for future
research. Here we were able to explore one possibility: How much tropical vari-
ability can be generated by MJO instability alone (without additional sources)?
Certainly the MJO can be generated from an MJO instability, but the background
spectrum was lacking in these cases; and while CCEW variability was generated,
it was only in a subset of cases where the MJO instability spans several wavenum-
bers.
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