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Abstract Non‐smoothness arises at cloud edge because, in moist thermodynamics, the thermodynamic
properties of the atmosphere are different inside a cloud versus in clear air. In particular, inside a cloud, the
vapor pressure of water is constrained by the saturation vapor pressure, which acts as a threshold. Due to this
threshold, while the water vapor mixing ratio may vary continuously across cloud edge, its derivatives are not
necessarily continuous at cloud edge. Similarly, non‐smoothness also arises for buoyancy and other variables.
Consequently, this non‐smoothness in buoyancy and other variables can cause a degraded accuracy in
computational simulations. Here we consider special treatment of numerical methods for the interface that arises
from phase changes and cloud edges, in order to enhance the accuracy and potentially achieve second‐order
accuracy. Numerical solutions are computed for the moist non‐precipitating Boussinesq equations as an
idealized cloud‐resolving model with phase changes of water, that is, with cloud formation. Convergence tests,
both spatial and temporal, are conducted to measure the numerical error as the grid spacing and time step are
refined. While approximately second‐order accuracy is seen in root‐mean‐square (L2) error, the accuracy is
degraded in the maximum (L∞) error. Discussion is also included on theoretical issues and potential
implications for numerical simulations.

Plain Language Summary An important issue that arises from clouds is the difference in
atmospheric properties inside the cloud versus outside the cloud. Inside a cloud, the vapor pressure of water is
constrained by the saturation vapor pressure, which acts as a threshold. Due to this threshold, while water vapor,
temperature, and many other common thermodynamic variables may vary continuously across cloud edge, their
derivatives are not necessarily continuous. This lack of smoothness poses challenges for numerical
approximations on computers. For instance, due to cloud edge, traditional numerical methods used for cloud‐
resolving models may suffer a loss of accuracy. In this paper, we study the accuracy degradation that arises from
the presence of clouds, and consider whether it is possible to achieve second‐order accuracy for numerical
solutions in the presence of clouds and phase changes, where for instance, water vapor changes to cloud water.

1. Introduction
In the thermodynamics of a moist atmosphere, non‐smoothness arises due to phase changes of water, that is, due
to clouds. The fundamental source of the non‐smoothness is a threshold: the water vapor mixing ratio qv does not
exceed the saturation value, qvs. While qv is continuous, its derivative is not continuous; that is, qv is not smooth.
(For discussions of supersaturation and notation for non‐smoothness, see later paragraphs in Section 1.) The non‐
smoothness manifests itself in a variety of other ways as well. Three examples are as follows. (a) The buoyancy is
continuous but its derivative is not continuous (see Equation 7 of Stevens (2005)). (b) The equation of state has a
different form within clouds versus outside of clouds (see Equations 3.18 to 3.21 of Ooyama (1990)). (c) The
lapse rate is different for unsaturated versus saturated parcels (see Chapter 4 of Emanuel (1994), and Equations 1
and 2 of Pauluis (2008)).

Due to non‐smoothness, certain numerical issues can arise in computational simulations. In terms of accuracy,
traditional second‐order (or higher‐order) finite difference methods used for spatial discretizations can have less
accuracy than expected. This is because Taylor series, on which finite difference schemes are based, are only valid
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for smooth functions, and do not directly apply to discretizations of spatial derivatives near interfaces (LeVeque &
Li, 1994; Tzou & Stechmann, 2019). (Similar issues exist for other numerical schemes such as spectral methods,
finite volume methods, and finite element methods; see further discussion at the end of Section 2.2.) Time
discretization is also an important consideration in the presence of phase changes. Time integration schemes such
as Runge‐Kutta methods also depend on the continuity and differentiability of the underlying field that is being
integrated forward in time. Because different regions of space may change phase over the course of a time step,
that is, a region of the atmosphere changes from clear to cloudy, one may no longer expect to observe a temporal
order of accuracy as high as a formal Taylor series analysis would suggest.

In this paper, we investigate numerical methods that account for the interfaces that arise due to phase changes and
cloud edge. By introducing numerical corrections near the interface, it is possible that the accuracy degradation
due to cloud edge could be alleviated, and it may be possible to achieve second order accuracy. To the author's
knowledge, interface corrections for second‐order accuracy have not previously been considered in applications
to clouds in moist atmospheric dynamics.

Interfaces also arise in other scientific contexts, such as two‐phase flow, and numerical methods have been
investigated with special treatment at the interface (De Sousa et al., 2004; Hellrung Jr et al., 2012; LeVeque &
Li, 1994; Oevermann et al., 2009; Peskin, 2002; Sussman et al., 1998, 2007; Tzou & Stechmann, 2019;
Walsh, 2016). Many of these concepts may be applicable for clouds as well, although some differences in the setup
exist. For instance, in two‐phase fluid flow or multi‐fluid flow, a common scenario is a large contrast in fluid density
between an air bubble and its surrounding liquid environment, whereas no such large contrast in fluid density
occurs between a cloud and its surrounding environment. In considering numerical methods for any of these
interface problems, a variety of factors can be considered. The focus of the present paper is on second‐order ac-
curacy. For second‐order accuracy, one approach has been the immersed interface method (Lee & LeVeque, 2003;
Li & Lai, 2001; Xu & Wang, 2006a, 2006b), although the early versions of these methods involve derivations that
can be complex due to the need for spatial and temporal jump conditions and derivatives of jump conditions, and
can be complex to implement, and hence other approaches have been pursued that may be simpler to derive and
implement. Here we will build on the approach of Tzou and Stechmann (2019), which brings properties such as
symmetric discretized operators, and was designed for ease of implementation on top of existing solvers.

Second‐order or higher‐order accuracy is a valuable aim for a variety of reasons. The most readily apparent reason
is that one would naturally desire that the numerical error would decrease rapidly as the grid spacing and time step
are refined. To achieve higher order accuracy, though, one must commonly use a more complicated numerical
method with a greater computational expense, and a balance between accuracy and complexity and expense
should be considered. Also, one may question whether order of accuracy, as it is commonly described in terms of
smooth solutions, is an important factor for turbulent fluids. Other aspects of second‐order and higher‐order
methods are also important, though, beyond the most readily apparent considerations of errors and accuracy.
For example, in terms of stability, the third‐order Runge–Kutta schemes offer improved stability properties for
oscillatory or wave solutions, in comparison to second‐order Runge‐Kutta schemes, and hence third‐order
schemes are sometimes chosen instead of second‐order schemes on the basis of stability properties rather than
accuracy as a primary consideration. Similarly, for the spatial discretization of advection, a different order of
accuracy can be associated with differences in inherent numerical effects of a different nature (e.g., dissipative vs.
dispersive). See, for instance, Durran (1999), Chapter 2; LeVeque (2007), Chapter 7 and Section 10.9; and
Warming and Hyett (1974). Finally, we seek to understand second order accuracy because it is a precise property
of a numerical method, and it provides an important test of our understanding of numerical methods for moist
atmospheric dynamics.

We are motivated by cloud‐resolving models (CRMs) and large eddy simulation (LES) (and their use for nu-
merical weather prediction and forecasting and for multi‐scale superparameterization versions of global climate
models (GCMs) and Earth system models (ESMs)). We would like to simultaneously (a) include the essential
aspects of clouds in CRMs and (b) also allow greater transparency into the non‐smoothness associated with
clouds. To do so, we will use an idealized version of a CRM in the form of a moist, non‐precipitating Boussinesq
atmosphere. This type of setup, and variations of it, have also been valuable in many past studies (Breth-
erton, 1987; Chien et al., 2022; Cuijpers & Duynkerke, 1993; Hernandez‐Duenas et al., 2013; Kuo, 1961; Pauluis
& Schumacher, 2010, 2011; Vallis et al., 2019). The results here with the idealized CRM should carry over to
comprehensive CRMs since they share the same type of non‐smoothness due to phase changes and clouds.
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Also note that, in this paper, we are assuming that supersaturation is zero (i.e., in a cloud, the water vapor is
exactly at saturation), in which case the thermodynamics has an inherent non‐smoothness. It is possible that
introducing supersaturation could mitigate the non‐smoothness at cloud edge, if the small scales of supersatu-
ration could be numerically resolved. However, the typical scales of supersaturation are small. Hence, at typical
resolutions, the supersaturation is approximately zero, and an approximate non‐smoothness is present, and nu-
merical treatment of these issues can be needed. In other words, regardless of whether a discontinuity is inherent
(i.e., present in the nondiscretized equations) or apparent (i.e., due to low resolutions in the discretization), ac-
curate and robust numerical methods are needed.

Regarding definitions and notation, non‐smoothness is often characterized by the notation Ck, which indicates
that a function and its first k derivatives (∂/∂x,∂2/∂x2, ⋯ , ∂k/∂xk) are continuous. If a function is in the function
space C∞, with k = ∞, it is said to be smooth. On the other hand, if a function is in Ck but not Ck + 1 for some
finite k, then it is non‐smooth.

We also mention a related setting which is not the focus here but which could be investigated in the future: the
setting of coarse‐resolution GCMs and ESMs that employ parameterizations of moist convection and clouds
(Arakawa, 2004; Lauritzen et al., 2022; Wang et al., 2021). In such a large‐scale setting, individual clouds are not
resolved, so there is no cloud edge per se. Nevertheless, an interface can arise as the evolving boundary between
convective and non‐convecting regions, as a result of thresholds or triggers in convective parameterizations. Such
an interface can potentially be addressed using the concepts presented herein. We note, though, that the type of
non‐smoothness may differ; and even among different convective/cloud parameterizations, one may have
different types of non‐smoothness. For example, in idealized versions of convective adjustment schemes, the
solutions could have vertical velocity that could have different types of non‐smoothness, where they could be
either continuous or discontinuous, depending on whether the convective adjustment time is finite or instanta-
neous, respectively (Frierson et al., 2004; Stechmann & Majda, 2006).

From a broad perspective, the work herein is an addition to the literature on numerical aspects of moist atmo-
spheric dynamics. Past studies have investigated topics such as time stepping (Barrett et al., 2019; Vogl
et al., 2020; Wan et al., 2020) and spurious cloud‐edge supersaturation in numerical solutions (Grabowski &
Morrison, 2008; Grabowski & Smolarkiewicz, 1990; Margolin et al., 1997; Stevens et al., 1996) among a variety
of aspects of the numerical treatment of moist dynamical models (Bryan & Fritsch, 2002; Bendall et al., 2020;
Chertock et al., 2019; Doppler et al., 2024; Grabowski & Smolarkiewicz, 1996; Gaberšek et al., 2012; Khouider &
Majda, 2005a, 2005b; Norman et al., 2023; Pauluis & Garner, 2006; Tissaoui et al., 2023; Walsh, 2016, 2021;
Zarzycki et al., 2019; S. Zhang et al., 2023). Herein, we add to this literature by investigating the accuracy
degradation that arises from a lack of smoothness at cloud edge, and whether interface correction terms can be
applied to restore second‐order accuracy.

In what follows, we consider the impact that cloud edge and phase changes have on the different parts of a numerical
model. Section 2 describes the model equations and a motivating discussion. In subsequent sections, we consider
different components of a numerical model of the atmosphere, such as the time integration scheme (Section 3), the
buoyancy, and the spatial discretization of the Poisson equation and pressure gradients (Sections 2.2 and 4). In cases
where clouds cause a degradation of error for standard discretizations, we derive corrected discretizations, and
demonstrate that these corrections lead to a clear increase in order of accuracy. We then consider in Section 5 the
combined effect of these individual components on the full moist dynamical system, and discuss theoretical issues
and potential implications for numerical simulations. A concluding discussion is in Section 6.

2. Moist Atmospheric Dynamics With Clouds and Phase Changes
In Section 2.1 we describe the evolution equations used here, and in Section 2.2 we describe an example component
(the pressure Poisson equation) as motivation for a careful treatment of numerical methods near cloud edge.

2.1. Evolution Equations

As mentioned in the Introduction section, the moist Boussinesq equations with phase changes are used here as an
idealized version of a CRM. They share the same type of non‐smoothness (due to phase changes and clouds) as
comprehensive CRMs. A valuable aspect of the idealized CRM is that the form of the non‐smoothness is more
transparent, since exact expressions can be written down for transformations between thermodynamic variables.
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Our presentation of the thermodynamics and dynamics will follow Marsico et al. (2019) and Hernandez‐Duenas
et al. (2013). We assume that moisture is in the form of either cloud water or water vapor. Regions where cloud
water is present are referred to as saturated, or cloudy, regions, and regions without cloud water are referred to as
unsaturated, or clear, regions. For a non‐precipitating atmosphere, the partial differential equations (PDEs) take
the form.

∂u
∂t

+ u ⋅ ∇u + ∇p = bẑ + νuΔu, (1)

∂θe

∂t
+ u ⋅ ∇θe +

dθ̃e

dz
w = νθΔθe, (2)

∂qt

∂t
+ u ⋅ ∇qt +

dq̃t
dz

w = νqΔqt, (3)

∇ ⋅ u = 0, (4)

where u(x, t) is the velocity vector, p is the pressure (scaled by a constant background density, ρ0), ẑ is the unit
vector in the vertical direction, and b is the buoyancy. Here p is the deviation from a hydrostatically balanced
background state. The (anomalous) equivalent potential temperature is θe, and the (anomalous) total water mixing
ratio is qt. Note that the subscript t in qt stands for “total” and should not be confused with a time derivative. The
equivalent potential temperature and total water have been decomposed into background and anomalous/fluc-
tuating parts as θ̃e(z) + θe(x, t) and q̃t(z) + qt(x, t), respectively. The background profiles θ̃e(z) and q̃t(z) are
assumed to be known, whereas the anomalous/fluctuating components are unknown prognostic variables. For the
buoyancy we define

b = g(
θ
θ0

+ Rvdqv − ql), (5)

which is a commonly used definition of buoyancy in cloud‐resolving models (Emanuel, 1994; Grabowski &
Smolarkiewicz, 1996; Khairoutdinov & Randall, 2003). Here θ0 = 300 K is a constant background potential
temperature, g = 9.8 m s− 2 is the gravitational acceleration, and Rvd = (Rv/ Rd) − 1 = 0.61, where Rv and Rd
are the gas constants of water vapor and dry air. In order to evaluate (5), the cloud liquid water mixing ratio ql and
water vapor mixing ratio qv are diagnosed from qt. The liquid water is defined as the excess water above the
saturation mixing ratio qvs, so that

ql = max(0, qt − qvs), (6)

qv = min(qt,qvs). (7)

The potential temperature, θ, is also needed to evaluate (5), and in the setup here θ is related to the equivalent
potential temperature, θe, by the equation

θe = θ +
Lv

cp
qv. (8)

In Equations 6 and 7, qvs(z) is a height dependent saturation mixing ratio. Such a simplified qvs is helpful because
it eliminates the need for solving implicit nonlinear algebraic equations for diagnosing (qv, ql, θ) from (θe, qt).
Consequently, it allows for the buoyancy in Equation 5 to be expressed analytically in piecewise form as

b = g

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

θe

θ0
+ (Rvd −

Lv

cpθ0
) qt if qt < qvs(z),

θe

θ0
+ (Rvd −

Lv

cpθ0
+ 1) qvs − qt if qt ≥ qvs(z).

(9)
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The piecewise buoyancy in (9), along with (1)–(4), completes the specification of the model.

Note the transparent form of the non‐smoothness in buoyancy in (9). It follows from the original form of the
buoyancy in (5) after changing to the conserved thermodynamic variables, θe and qt. In more comprehensive
versions of CRMs and LES, the same type of non‐smoothness in buoyancy is present, although it is less trans-
parent. In CRMs and LES, for diagnosing (qv,ql,θ) from (θe,qt) or related thermodynamic transformations, one
obtains implicit nonlinear algebraic equations that are commonly solved via iterative methods such as Newton's
method, in a procedure that is called “saturation adjustment.” For additional information, see Appendix A, section
c, of Khairoutdinov and Randall (2003) or Section 2.7 of Sridhar et al. (2022). Here, in contrast, owing to the
simplified thermodynamics used here, the iterative procedure is not needed, and, instead, the buoyancy can be
expressed analytically as shown in (9).

As mentioned in the introduction, this type of idealized CRM setup, and variations of it, have also been valuable in
many past studies (Bretherton, 1987; Chien et al., 2022; Cuijpers & Duynkerke, 1993; Hernandez‐Duenas
et al., 2013; Kuo, 1961; Pauluis & Schumacher, 2010, 2011; Vallis et al., 2019). This system is valuable here
because it includes clouds, phase changes, and cloud latent heating, with few additional complexities; hence the
non‐smoothness at cloud edge can be isolated as the main challenge. Also, this moist non‐precipitating Bous-
sinesq system forms the foundation for cases with more complexity (with precipitation, anelastic approximation,
ice microphysics, etc.).

The overall numerical strategy follows the second‐order projection method (Bell et al., 1989; Bell & Mar-
cus, 1992) which builds on the original first‐order projection method (Chorin, 1968; Temam, 1969). Eddy vis-
cosity and eddy diffusion coefficients (νu,νθ,νq) are small and are included in (1)–(3). Special considerations for
phase changes and cloud edge will be investigated here and are described below.

2.2. Implications of Phase Changes for Numerical Accuracy: A First Look

The buoyancy defined in Equation 9 is continuous, but not necessarily differentiable (Marsico et al., 2019;
Stevens, 2005). This lack of smoothness has potentially important consequences for numerical methods that are
based on Taylor series approximations, which assume a certain amount of smoothness. (Similar issues arise for
other numerical methods such as spectral methods, finite volume methods, and finite element methods; see further
discussion at the end of Section 2.2.) In this paper, a main goal is to investigate the various ways that the non‐
smooth buoyancy could degrade the accuracy of a numerical solution, as the buoyancy provides the most
direct coupling between moisture and dynamics.

In this subsection, we describe a first motivating example of how the non‐smooth buoyancy will degrade the
accuracy of the solution. In particular, we consider the pressure Poisson equation. This equation is obtained by
taking the divergence of the momentum equations, and takes the form:

∇2p = − ∇ ⋅ (u ⋅ ∇u) + ∇ ⋅ (νuΔu) +
∂b
∂z

. (10)

As the Laplacian is a linear operator, we can focus on each component on the right hand side of Equation 10
separately. As we are primarily concerned with the impact of buoyancy, our focus will be on the equation

∇2p =
∂b
∂z

. (11)

We can choose θe and qt to be independent of x, and such that the buoyancy becomes a piecewise linear function
of z alone. Equation 11 then simplifies to

∂2p
∂z2 =

∂b
∂z

. (12)

In what follows, we provide a brief derivation of the standard second‐order finite difference approximation of
Equation 12. The purpose of this is to demonstrate where the assumptions of smoothness enter into a formal
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Taylor series argument for high order accuracy, and to explain why the level of smoothness needed on the
buoyancy is higher than what actually exists in cloud resolving models.

To see these effects, the derivation is as follows. Assume that solutions of Equation 12 are approximated on a
uniformly spaced grid with grid spacing h and gridpoints zi = ih. To derive a second order accurate approximation
to (12) at zi, we Taylor expand p about zi to obtain expressions for zi + 1 and zi − 1. Assuming the first three derivatives
of p exist and are continuous on the interval [zi − 1, zi + 1] , and using pi to denote the solution at zi, we have

pi+1 = pi + h(pz)i +
h2

2
(pzz)i +

h3

6
(pzzz)i +

h4

24
pzzzz (ζ1), (13)

pi− 1 = pi − h(pz)i +
h2

2
(pzz)i −

h3

6
(pzzz)i +

h4

24
pzzzz (ζ2), (14)

where ζ1 ∈ (zi, zi + 1) and ζ2 ∈ (zi − 1, zi). Straightforward algebra with the previous two equations then shows that
the standard centered difference approximation to the second derivative of p is ostensibly second order:

pi+1 − 2pi + pi− 1

h2 =
h2

24
(pzzzz (ζ1) − pzzzz (ζ2)). (15)

Note, however, the relationship between the derivatives of pressure and buoyancy:

pzz = bz, pzzz = bzz, pzzzz = bzzz. (16)

Also recall from the definition of buoyancy in (9) that the buoyancy is continuous but its derivative is not
continuous. Hence, if there is a cloud edge on the interval (zi − 1, zi + 1) , the derivatives of b, and therefore of p, are
not continuous, and strictly speaking, may not even exist over this entire interval. This invalidates the use of
Taylor series as a way to justify the second order accurate nature of the standard centered difference approxi-
mation in Equation 15 when a cloud edge lies between two grid points.

Note that the same types of issues with non‐smoothness and second‐order accuracy are also present for other types
of numerical methods, such as spectral methods, finite volume methods, finite element methods, and discon-
tinuous Galerkin methods. While the weak formulation or integral‐based formulation of some of these methods is
valuable for certain purposes, it does not automatically yield second‐order or higher‐order accuracy if interfaces
(e.g., cloud edges) are present. Special treatment of the interface is needed to allow second‐order accuracy.
Examples of special treatments include the immersed interface method for finite differences (LeVeque &
Li, 1994) and the virtual node method for finite element methods (Hellrung Jr et al., 2012). We will focus on finite
difference methods here because they are simple and because they are commonly used in atmospheric science. In
what follows we consider the effect of interfaces on the time discretization in Section 3 and on the spatial dis-
cretization in subsequent sections.

3. Time‐Discretization
In this section, we examine the impact of the buoyancy and phase changes on the temporal accuracy. The model
we consider is the ordinary differential equations (ODEs) for a spatially homogeneous form of Equations 1–4.

d
dt

w = max(bu,bs), (17a)

d
dt

bu = − N2
uw, (17b)

d
dt

bs = − N2
s w, (17c)

where w is the vertical velocity, and where a change of variables from (θe,qt) to (bu,bs) was used, based on the
form of the bouyancy b from (9). In particular, from (9), bu is the buoyancy in unsaturated regions (where
qt < qvs(z)) given by the expression
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bu = g[
θe

θ0
+ (Rvd −

Lv

cpθ0
) qt], (18)

bs is the buoyancy in saturated regions (where qt ≥ qvs(z)) given by the expression

bs = g[
θe

θ0
+ (Rvd −

Lv

cpθ0
+ 1) qvs(z) − qt], (19)

and N2
u and N2

s are the unsaturated and saturated squared buoyancy frequencies

N2
u = g

d
dz

[
θ̃e

θ0
+ (Rvd −

Lv

cpθ0
) q̃t], (20)

N2
s = g

d
dz

[
θ̃e

θ0
+ (Rvd −

Lv

cpθ0
+ 1) q̃vs(z) − q̃t]. (21)

Recall that the background profiles θ̃e(z), q̃t(z), and qvs(z) are known, making the squared buoyancy fre-
quencies N2

u and N2
s known functions. Thus, in Equations 17a–17c, the quantities bu, bs, and w are unknowns

and N2
u and N2

s are known, with the conversions between the variables (bu,bs) and (θe,qt) given by (18)–(19).
Further details of the conversion between the formulation in terms of (θe, qt) versus (bu, bs) are given in
Appendix A of Marsico et al. (2019). This buoyancy‐based formulation has also been used in other studies
(Marsico et al., 2019; Pauluis & Schumacher, 2010; Smith & Stechmann, 2017). In this formulation, the
condition qt = qvs is equivalent to bu = bs, and the system is saturated if bs > bu, and unsaturated if bu ≤ bs.
This system of ODEs shares a key feature of the governing equations in (1)–(4): the piecewise buoyancy. By
neglecting spatial variations, we can isolate the impact that the piecewise nature of the buoyancy has on the
temporal accuracy of numerical solutions.

To more clearly illustrate the piecewise nature of the solution, we construct an exact solution of this system of
equations (see also Section 5.2 of Y. Zhang et al. (2021)). The details are given in the appendix. We use initial
conditions bu(0) = bs(0) = 0, w(0) = a > 0, and with the assumption that N2

u > N2
s . The exact expression for w

for t > 0 is given by

w(t) =

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

a cos(Ns (t − nT )) if t ∈ [nT ,nT +
π
Ns

],

− a cos(Nu (t − nT −
π
Ns

)) if t ∈ [nT +
π
Ns

, (n + 1)T ],
(22)

where the oscillation period is

T =
π

Nu
+

π
Ns

(23)

and where n = 0,1, 2,⋯ . As shown in the appendix, the solution undergoes phase changes at times t = nT and
t = π/ Ns + nT , and to illustrate the lack of smoothness of the vertical velocity at these points, we compute the
derivatives with respect to time and evaluate them at the phase change at t = π/ Ns for the parameters Nu =

̅̅̅
2

√
,

Ns = 1, and a = 1. See the appendix for details of the calculation. Routine differentiation shows that the first
derivative of w is continuous because limt → (π/Ns)

+ ẇ(t) = limt → (π/Ns)
− ẇ(t) = 0. However, for the second de-

rivative, for the left and right limits, the results are limt → (π/Ns)
− ẅ(t) = aN2

s and limt → (π/Ns)
+ ẅ(t) = aN2

u. As we
are assuming N2

u ≠ N2
s , it follows that w ̈(t) is not continuous. This lack of smoothness is illustrated in Figure 1.

For numerical methods, recall that a correct application of Taylor series to derive a high‐order time‐stepping
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method relies on the exact solution having a certain number of continuous derivatives. Therefore, we may
potentially observe a reduction in the order of accuracy of numerical solutions to Equations 17a–17c.

To test our hypothesis regarding accuracy degradation, we solve Equations 17a–17c numerically using two‐stage
Runge‐Kutta, with the same set of parameters used in Figure 1. Figure 2 shows the numerical solution, and
Figure 3 shows the convergence results. Observe from Figure 3 that all variables converge at second order, despite
undergoing a phase change (see Figure 2). Although intuitively we may have expected a degradation of accuracy,
we can explain the correct order of convergence as follows. Without loss of generality, assume that the solution

undergoes a phase change only once during the simulation. That is, the sign of
bu − bs changes just one time on the interval [0, T], where T is the length of
the simulation. The one‐step error induced by this change of phase is O(Δt2).
The details of the one‐step error analysis when the solution changes phase are
included in an appendix. When the solution does not change phase, the one‐
step error of second order Runge‐Kutta is O(Δt3). The step‐size, Δt, is related
to T by the equation T = MΔt, where M is the number of time steps. Thus,
the one‐step errors consist of M − 1 errors that are O(Δt3), and a single error
that is O(Δt2). To move from one‐step errors to total error, one must account
for the accumulation and potential growth of errors over all time steps. This
can be done using standard techniques (e.g., see chapter 6 of LeVe-
que (2007)), although a small modification is needed to account for the
O(Δt2) error that arises at the single time step when the phase change occurs.
From such an accounting, the total error is then

O(Δt3) ⋅O(Δt− 1) + O(Δt2) ⋅O(1) = O(Δt2), (24)

where the relationship M − 1 = O(Δt− 1) was used, as follows from
T = MΔt. We therefore can expect to see second order convergence for the
spatially homogeneous system even in the presence of a phase change.

Figure 1. Lack of smoothness for exact solution (22) to the ordinary differential equation system with phase changes,
(17a–17c). The parameters are Nu =

̅̅̅
2

√
, Ns = 1, and a = 1. Subplot (a) shows the vertical velocity, (b) shows the first

derivative of the vertical velocity, and (c) shows the second derivative.

Figure 2. The numerical solution to the ordinary differential equation system
with phase changes, (17a)‐(17c), for the parameters Nu =

̅̅̅
2

√
, Ns = 1, and

a = 1. The convergence test is done at t = 5.
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For the spatially varying dynamics of the atmosphere, one can potentially expect an estimate like (24) to continue
to hold, since the number of space‐time points that experience a phase change is a small fraction of the total
number of space‐time points in the space‐time grid. Numerical simulations are conducted for time‐evolving
dynamics with spatial variations in Section 5, after first considering the pressure Poisson equation in Section 4.

4. Spatial Discretization of Pressure Poisson Equation
In this section, we examine the role of cloud edge in the spatial discretization of the pressure Poisson equation.
First, we consider the one‐dimensional Poisson equation, and investigate correction equations for the pressure and
its gradient in the case of a discontinuous forcing, as would be the case for a moist atmosphere with phase
changes. We then demonstrate that these one‐dimensional correction equations for the pressure and gradient can
be used to achieve second order convergence for the pressure and pressure gradient for a two‐dimensional
discontinuous forcing.

4.1. Poisson Equation in One Dimension

Consider the one‐dimensional Poisson equation,

d2p
dx2 = f (x). (25)

In this section, we derive the second order approximations for the pressure and pressure gradient in one
dimension. Let pi denote the pressure at the grid‐point xi = iΔx, where Δx is the grid‐spacing. Suppose the cloud‐
edge, that is, the discontinuity of f (x), is located within the interval [xi, xi + 1], at interface location
xI = xi + (1 − α)(xi + 1 − xi), where α ∈ [0,1] (see Figure 4).

When the location of the cloud interface is known in the form of an analytic expression, we use the exact location
of xI . This is the case for the linear‐steady state problems we consider in Equation 44. When the interface is
unknown, we use linear interpolation to estimate its location. This is the case for the full nonlinear simulations,
and we describe the procedure in more detail in Section 5.2. We refer to the points xi and xi + 1 as “cloud edge
adjacent” grid‐points, in order to distinguish them from “regular” grid‐points that are not adjacent to a cloud‐edge.

Figure 3. Convergence results for the ordinary differential equation system with phase changes, (17a–17c). The plots show
error versus time step Δt, shown on a log‐log scale.
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At regular grid‐points, we use a centered, second order finite difference approximation to Poisson's equation:

pi− 1 − 2pi + pi+1

Δx2 = fi. (26)

At cloud‐edge‐adjacent grid‐points, on the other hand, we use the method from Tzou and Stechmann (2019).
While it was originally developed for steady‐state problems, here we apply this correction method to the time‐
dependent equations of atmospheric flow. Furthermore, here, we also derive additional correction terms for
gradients of variables that do not vary smoothly across cloud edges. In particular, additional correction terms for
the gradient of pressure are considered below in the present section, and the derivative of buoyancy is considered
in Section 5.1.

The idea behind the method is that if the number of cloud‐edge grid‐points is small, then a first order accurate
discretization of pxx at the cloud‐edge grid‐points will not degrade the global accuracy of the method. Proofs of
this can be found in the literature (LeVeque, 2007; LeVeque & Li, 1994; Tzou & Stechmann, 2019). Using this
idea, one can derive a first‐order discretization for Poisson's equation at cloud‐edge‐adjacent grid‐points xi and
xi + 1 that is similar to Equation 26, but with additional correction terms on the right hand side, and take the form

pi− 1 − 2pi + pi+1

Δx2 = (
2 − α

2
) fi +

α
2

(αfI+ + (1 − α)fI− ), (27)

pi − 2pi+1 + pi+2

Δx2 = (
1 + α

2
) fi+1 +

1 − α
2

(αfI+ + (1 − α)fI− ), (28)

where subscripts “− ” and “ +” indicate left limit and right limit, respectively. Note that the interface correction
terms on the right‐hand side of (27)–(28) include the appearance of α; that is, the correction terms include in-
formation about the sub‐grid‐scale location of the interface. Also note the desirable property that the standard
centered discretization appears at all grid points in (26)–(28), and only the right‐hand side requires modification at
cloud‐edge‐adjacent grid points.

As it is ultimately the derivative of pressure that impacts the velocities, we also need accurate expressions for px at
xi + 1/ 2, where xi + 1/ 2 = xi + Δx/2. To derive the discretization for (px)i + 1

2
, the derivative of p at the point xi + 1/ 2,

we first note that.

p(xi) = p(x−
I ) + pʹ (x−

I ) (xi − xI) +
pʺ (x−

I )

2
(xi − xI)

2 + O(Δx3), (29)

p(xi+1) = p(x+
I ) + pʹ (x+

I ) (xi+1 − xI) +
pʺ (x+

I )

2
(xi+1 − xI)

2 + O(Δx3). (30)

Since pxx = f and f is discontinuous at xI , we know p and px are continuous at xI . Using this fact, from (29)–(30)
we find

pʹ (xI) =
p(xi+1) − p(xi)

Δx
+

pʺ (x+
I )

2Δx
(xi+1 − xI)

2 −
pʺ (x−

I )

2Δx
(xi − xI)

2 + O(Δx2). (31)

Figure 4. The location of the cloud edge, denoted by interface location xI , on a one dimensional evenly spaced grid with grid
points xi.
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Next, we aim to replace the term pʹ (xI) with a formula including the term
pʹ (xi + 1

2
). Note that if xI ≤ xi + 1

2
, then

pʹ (xi+1
2
) = pʹ (xI) + pʺ (x+

I ) (xi+1
2

− xI) + O(Δx2). (32)

Similarly, if xI ≥ xi + 1
2
, then

pʹ (xi+1
2
) = pʹ (xI) + pʺ (x−

I ) (xi+1
2

− xI) + O(Δx2). (33)

We can combine the above two equations in a more compact form:

pʹ (xi+1
2
) = pʹ (xI) + (χxI ≤ xi+1

2
pʺ (x+

I ) + χxI > xi+1
2
pʺ (x−

I )) (xi+1
2

− xI)

+ O(Δx2),
(34)

where

χxI ≤ xi+1
2

= {
1 if xI ≤ xi+1/2,

0 else,
(35)

and

χxI > xi+1
2

= {
1 if xI > xi+1/2,

0 else,
(36)

Finally, we combine (31) and (34) and obtain

p ʹ (xi+1
2
) =

p(xi+1) − p(xi)

Δx
+

pʺ (x+
I )

2Δx
(xi+1 − xI)

2 −
pʺ (x−

I )

2Δx
(xi − xI)

2

+(χxI ≤ xi+1
2
pʺ (x+

I ) + χxI ≥ xi+1
2
pʺ (x−

I )) (xi+1
2

− xI) + O(Δx2).

(37)

4.2. Poisson Equation in Two Dimensions

In this section, we extend our one‐dimensional discretizations for the pressure and pressure gradient to the two‐
dimensional Poisson equation given by

∇2p(x, z) = f (x, z). (38)

Here, we assume that the pressure is stored at the grid points (xi, zj) , where xi = iΔx and zj = jΔz.

Assume that there is a cloud edge, denoted by Σ, that passes through the numerical mesh, as illustrated in Figure 5.
We assume that f , the right‐hand side in (38), is discontinuous on Σ.

We now describe the extension of the one‐dimensional ideas from Section 4.1 to the two‐dimensional case.
Again, the cloud‐edge‐adjacent grid points will need special treatment, for which we follow the method from
Tzou and Stechmann (2019). In the two‐dimensional case, to define which grid points are the cloud‐edge‐adjacent
grid points, consider the four line segments that are connected to each grid point in the numerical mesh. For
example, in Figure 5, the grid point (xi, zj) is connected to one mesh‐line segment that intersects the cloud
interface (i.e., the mesh‐line segment from (xi, zj) to (xi + 1, zj)), so (xi, zj) is considered a cloud‐edge‐adjacent grid
point. On the other hand, for the grid point (xi − 1, zj) , none of its four connected mesh‐line segments is crossed by
the cloud interface, so it is considered a regular grid point.

We now use grid point (xi, zj) from Figure 5 as an example of a cloud‐edge‐adjacent grid point, and we describe
the interface correction terms that are needed. For grid point (xi, zj), note that the cloud edge passes through one of

Figure 5. Illustration of the grid in 2D in the presence of an interface, that is,
cloud edge. The cloud edge, Σ, intersects the line z = zj at the point (xI , zj).
Here, the points located at (xi, zj) and (xi + 1, zj) are two examples of cloud‐edge‐
adjacent grid‐points.
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its four mesh‐line segments, and it is the horizontal line segment between (xi, zj) and (xi + 1, zj). We denote the
point where Σ intersects the line z = zj by (xI , zj). To obtain an approximation of pxx at the cloud‐edge grid‐point
(xi, zj), we can replace f in Equation 27 by the expression f − pzz. This leads to the following approximation to
Equation 38 at the cloud‐edge‐adjacent grid‐point (xi, zj) :

− 2pi,j + pi− 1,j + pi+1,j
Δx2 +

− 2pi,j + pi,j− 1 + pi,j+1

Δz2 = (
2 − α

2
) fi,j +

α
2

(pzz)i,j

+
α
2

[α(f − pzz) (xI+, zj)

+ (1 − α) (f − pzz) (xI− , zj)].

(39)

A first order accurate approximation to the term pzz (xI− , zj) is simply pzz (xi, zj), which we approximate using
standard centered differences with pi,j, pi,j + 1 and pi,j − 1. Similarly, we can use pzz (xi + 1, zj) as a first order accurate
approximation to pzz (xI+, zj). Note that as we are assuming the number of cloud‐edge grid‐points is small (relative
to the number of grid‐points on the overall grid), a first order accurate approximation will not degrade the overall
second‐order accuracy of the method (LeVeque, 2007).

Expressions similar to Equation 39 can be derived for other scenarios of cloud‐edge‐adjacent grid points as well.
For instance, in Figure 5, the grid point (xi + 1, zj) is a cloud‐edge‐adjacent grid point that has the additional feature
that two of its mesh‐line segments are intersecting the interface. In such a scenario, two groups of correction terms
are needed on the right‐hand side, one group for each mesh‐line segment that is crossed by the interface. For
further details, we refer the reader to Appendix A of Tzou and Stechmann (2019).

To derive an expression for the gradient of pressure, we follow the derivation from (29) to (37) to arrive at the
following expression for px at (xi + 1/ 2, zj):

px (xi+1
2
, zj) =

p(xi+1, zj) − p(xi, zj)

Δx
+

pxx (x+
I ,yj)

2Δx
(xi+1 − xI)

2

−
pxx (x−

I ,yj)

2Δx
(xi − xI)

2

+(χxI ≤ xi+1
2
pxx (x+

I , zj) + χxI ≥ xi+1
2
pxx (x−

I , zj)) (xi+1
2

− xI) + O(Δx2).

(40)

Then we approximate the terms pxx (xI+, zj) and pxx (xI− , zj) by (f − pzz) (xi + 1, zj) and (f − pzz) (xi − 1, zj),
respectively, as in (39) and the discussion following (39). A similar expression can be derived for pz (xi, zj + 1/ 2) as
well.

For regular grid‐points, we can use the standard five‐point discretization of the Laplacian, which results in the
equation

− 2pi,j + pi− 1,j + pi+1,j
Δx2 +

− 2pi,j + pi,j− 1 + pi,j+1

Δz2 = fi,j. (41)

The standard centered difference equation can be used for the pressure gradient at regular points as well:

px (xi+1/2, zj) =
p(xi+1, zj) − p(xi, zj)

Δx
, (42a)

pz (xi, zj+1/2) =
p(xi, zj+1) − p(xi, zj)

Δz
. (42b)

To test these corrections, we solve the equation

∇2p = f (43)
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on a two‐dimensional domain with a length of Lx in the horizontal and Lz in the vertical. Here, f is essentially a
stand‐in for ∂b/∂z in a cloudy atmosphere (see Section 2.2). Therefore, we define it so that the solution p to (43)
has the same smoothness that we would expect the pressure to have in the simulation of a cloudy atmosphere,
namely, a function with a continuous first derivative, but discontinuous second derivative. To that end, we use the
method of manufactured solutions and define p as

p(x, z) =
⎧⎨

⎩

p1(r) ≔ Ae− γr2
r4 0 ≤ r ≤ r0,

p2(r) ≔ Ae− γr2
(− λr2

0r2 + 2λr0r3 + (1 − λ)r4) r > r0,
(44)

where r =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(x − xc)
2 + (z − zc)

2
√

, xc = Lx/2, and zc = Lz/2. In our numerical tests, we let Lx = Lz = 1,
and r0 = Lx/4. The remaining parameters in (44) are chosen so that p1 (r0) = p2 (r0) and p1́ (r0) = p2́ (r0). We
then define the forcing f in (43) as simply ∇2p. As p possesses continuous first derivative only, the term ∇2p will
be discontinuous. Note that, in accordance with the method of manufactured solutions, this definition of the
forcing f implies that p from (44) is an exact solution to (43).

First, we solve Poisson's equation without any corrections to the pressure or its gradient. That is, we use
Equations 41 and 42 at every grid‐point. The error is plotted as a function of the equivalent mesh width,

̅̅̅̅̅̅̅̅̅̅̅
ΔxΔz

√
,

on a log‐log scale. As can be seen from Figure 6, this results in only first order convergence to the pressure and its
gradient in the L∞ norm, and approximately 1.5 order convergence in the L2 norm.

Then we incorporate the correction to pressure only, that is, we use Equation 39 to approximate Poisson's equation
at cloud‐edge grid‐points, but we make no correction to the pressure gradient. As can be seen from Figure 7, we

Figure 6. Convergence results for the Poisson equation, using methods without interface corrections. The errors are plotted on
a log‐log scale as a function of

̅̅̅̅̅̅̅̅̅̅̅
ΔxΔz

√
. Order of convergence is approximately 1.5 in L2 norm, that is, root‐mean‐square error

(left column) and approximately 1 in L∞ norm, that is, maximum error (right column) for px, pz, and p.
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obtain second order accurate convergence for the pressure in both the L2 norm and L∞ norm. The gradient of
pressure converges at second order in the L2 norm, but only first order in the L∞ norm. This indicates that it is not
enough to simply correct the pressure to obtain second order convergence for px and pz in the L∞ norm.

Second order convergence of all variables in both the L2 and L∞ norms can only be obtained by using both
Equation 39 for solving Poisson's equation, and Equation 40 for computing px and pz. This is confirmed in
Figure 8, where p, px, and pz all converge at second order for both norms.

5. Time Dependent Moist System
In this section, we consider the full system from (1)–(4), that is, the moist Boussinesq equations with clouds and
phase changes. First we consider a test problem without advection in Section 5.1 to consider almost the entirety of
the complications of the full system. A further modification is included, as an interface correction for computing
the piecewise‐defined buoyancy. Then the full system is considered in Section 5.2.

5.1. Interface Correction for Piecewise Buoyancy, in Test Problem Without Advection

We now incorporate time dependence by first looking at the system

∂u
∂t

= − ∇p + b, (45)

∇ ⋅ u = 0, (46)

Figure 7. Convergence results for the Poisson equation, using methods with interface correction to the pressure (as in (39))
but without interface correction for pressure gradient. The errors are plotted on a log‐log scale as a function of

̅̅̅̅̅̅̅̅̅̅̅
ΔxΔz

√
. Order

of convergence is approximately 2 for p in both L2 and L∞ norms (bottom row) and for px and pz in L2 norm (left column), but is
approximately 1 for px and pz in L∞ norm (right column).
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where b is a buoyancy‐like vector, which we refer to as buoyancy for brevity. In the absence of non‐linear
advection in this system, the Poisson equation that enforces incompressibility is obtained by taking the diver-
gence of the momentum equations, and using incompressibility to eliminate the time tendency of velocity. This
results in the equation

∇2p = f , (47)

where f = ∇ ⋅ b. We prescribe the buoyancy as

b = ∇⊥ϕ(x) + ∇ϕ(x), (48)

where ϕ is defined in the functional form of (44). Note that (48) essentially amounts to a Helmholtz decompo-
sition of the vector field b into the sum of a divergence‐free component, ∇⊥ϕ(x), and a curl‐free component
∇ϕ(x), where the potential ϕ is used for both components for simplicity. The operator ∇⊥ is defined
as ∇⊥ = (− ∂z, ∂x).

Now an interface correction is described for computing the derivative of a piecewise‐defined bouyancy. In the test
cases in Section 4, in the pressure Poisson equation, the buoyancy derivative ∂b/∂z was treated as a prescribed
function, f , to emphasize the influence of non‐smoothness at an interface. However, in the full system in (1)–(4),
the buoyancy derivative ∂b/∂z is computed by taking a derivative of a piecewise‐defined function, given in (9),
and care should be taken in computing a derivative near the interface.

Figure 8. Convergence results for the Poisson equation, using methods with interface corrections to both the pressure (as in
(39)) and pressure gradient (as in (40)). The errors are plotted on a log‐log scale as a function of

̅̅̅̅̅̅̅̅̅̅̅
ΔxΔz

√
. Order of

convergence is approximately 2 for all of p, px, and pz in both L2 and L∞ norms.
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To avoid computing derivatives in Equation 48 across interfaces, we use the fact that the buoyancy is composed of
two functions that are smooth over the entire domain, ϕ1 and ϕ2 (see (44) and (9)). For instance, we compute the
gradient of ϕ according to

∇ϕ(x) = H(r − r0)∇ϕ1(x) + (1 − H(r − r0))∇ϕ2(x), (49)

where H is the Heaviside step function. The gradient is then equal to ∇ϕ1 when r − r0 > 0, and equal to ∇ϕ2
when r − r0 ≤ 0. The derivative ∇ ⋅ b for buoyancy, for (47), is computed similarly. This is analogous to the
calculation of ∂b/∂z based on (9) for the pressure Poisson equation in (11) for the full system, given prognostic
variables θe and qt.

Here, we work on a staggered grid (or Arakawa C‐grid), so that the spatial domain consists of grid cells whose
centers are located at the points (xi, zj), where xi = iΔx and zj = jΔz. The buoyancy and pressure are stored at
cell‐centers. The horizontal velocity is stored at the midpoints of vertical cell sides, which have coordinates
(xi + 1/ 2, zj), where xi + 1/ 2 = (i + 1/2)Δx. The vertical velocity is stored at the midpoints of horizontal cell edges,
which have coordinates (xi, zj + 1/ 2) , where zj + 1/ 2 = ( j + 1/2)Δz.

For our numerical tests, we use a domain whose dimensions are Lx = 6400 m in the horizontal, Lz = 5120 m in
the vertical, and let r0 = 1200 m. We also allow the buoyancy to move vertically at a constant speed of
v0 = 20 m/s, so that we replace ϕ(x) in (48) with ϕ(x − tv0ẑ). Using the form of the buoyancy given in
Equation 48, it is straightforward to obtain the exact solutions for velocity and pressure.

u = ∫

t

0
∇⊥ϕ(x − sv0ẑ) ds, (50)

p = ϕ(x − tv0ẑ). (51)

We use this exact solution as a baseline for comparison to the numerical solutions to determine the order of
convergence. For our numerical tests, we use a two‐stage Runge‐Kutta projection method where, at each time
step, Equation 47 is solved to enforce incompressibilty. Figure 9 shows the results of the convergence test in the
absence of any interface corrections, and Figure 10 shows results including interface corrections to the pressure,
the pressure gradient, and the buoyancy derivative (similar to (49)). The errors are plotted as a function of the
equivalent mesh width,

̅̅̅̅̅̅̅̅̅̅̅
ΔxΔz

√
, on a log‐log scale. Incorporating the interface corrections gives an improvement

in the order of convergence for all variables in the L2 norm. The increase in the rate of convergence for the
pressure in the L2 norm is particularly pronounced, as we observe a full order of accuracy improvement. In the
case of the L∞ norm, there is nearly one full order of accuracy improvement in the convergence rates of all the
variables.

5.2. The Full Moist System With Phase Changes

We now incorporate interface corrections into the full, nonlinear moist system. Specifically, we solve Equa-
tions 1–4 on a domain that is 5 km in the vertical, and 6.4 km in the horizontal. The benchmark test case here is a
variant of the commonly used rising thermal, in an initial state that is unsaturated (i.e., without clouds initially). A
cloud forms after the thermal rises sufficiently high. For initial conditions, all variables are set to zero, except the
potential temperature, which we set to be a Gaussian perturbation of the form

θ(x, z, 0) = 3 exp[−
1
a2((x − xc)

2 + (z − zc)
2
)], (52)

where a = 450 m, xc = 3200 m, and zc = 1800 m. For the background moisture and potential temperature
profiles, we use

q̃t (z) = Az + q0, (53)

θ̃(z) = Bz + θ0, (54)
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where A = − 17/5 g kg− 1 km− 1, q0 = 17 g kg− 1, B = 3 K km− 1, and θ0 = 300 K. The equivalent potential
temperature anomaly θe and its background profile, θ̃e(z), are obtained by using the linearized thermodynamic
relation θe = θ + (Lv/ cp) qv, where Lv = 2.5 × 106 J kg− 1 and cp = 1000 J kg− 1 K− 1 are the latent heat of
vapourization and the specific heat at constant pressure, respectively.

We estimate the location of the interface using linear interpolation, since, unlike the linear test problem in
Equation 44, the location of the interface is now not known exactly. In more detail, suppose there is a phase
interface at the spatial gridpoint (xI , zj) that lies between (xi, zj) and (xi + 1, zj) (this is shown in Figure 5). We fit a
line through the points (xi, zj,bu (xi, zj) − bs (xi, zj)) and (xi + 1, zj, bu (xi + 1, zj) − bs (xi + 1, zj)). We then find the zero
of this line on the interval (xi, xi + 1) and use it as the estimate of xI . Note that this zero is guaranteed to exist
because the sign of bu − bs is different at (xi, zj) and (xi + 1, zj).

Plots of the simulation are shown in Figures 11 and 12. Figure 11 shows the fields after they have evolved for
4 min, which is approximately 2 min after a cloud has formed. The cloud can be seen in the upper left‐most panel.
In order to demonstrate the loss of regularity at the cloud‐edge, Figure 12 shows a more detailed view of the
potential temperature at the same time. Here, the contours of the potential temperature are manifestly non‐
differentiable at the edge of the cloud, as can be seen by the “corners” of the contours.

In Figures 13 and 14, the rates of convergence of each variable are plotted as functions of time. In other words, at
each time t, a convergence test is conducted. In the absence of an exact solution, we compute the errors relative to
a high‐resolution numerical reference solution. To be precise, let Gi(t) denote the numerical solution on grid
refinement level i at time t, and let Gr(t) denote the reference numerical solution. If we define the error at each
time step as Ei(t) = ‖Gi(t) − Gr(t)‖, then the rate of convergence, R(t), for grid refinement level i is defined to be
the ratio of Ei(t) to Ei + 1(t), that is R(t) = log2 (Ei/ Ei + 1) , where a logarithm base 2 is used to correspond to the

Figure 9. Numerical solution to the time dependent system with phase interface from (45)–(46) using methods without any
interface corrections. The errors are plotted on a log‐log scale as a function of

̅̅̅̅̅̅̅̅̅̅̅
ΔxΔz

√
. Compare convergence rates to

Figure 10, which incorporates interface corrections.
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reduction of mesh width by a factor of 2 in changing from grid refinement level i to level i + 1. For each grid
refinement level i, we plot R(t) as a function of t.

In Figure 13, we first plot the rate of convergence in the case where moisture is present, but in the absence of phase
changes. That is, we solve Equations 1–4, but where the buoyancy is simply the unsaturated buoyancy bu, defined
in Equation 18. Here, we observe manifestly second order accuracy for the velocity, equivalent potential tem-
perature, and total water in both the L2 and L∞ norms under grid refinement, that is as the grid refinement level
number increases from one to four. We can therefore be certain that if there is a degradation in accuracy, it will be
due to the presence of clouds.

In Figure 14, we plot the results in the case where cloud formation occurs. Here, the setup is the same as it was
before, but now moisture is allowed to change phase from water vapor to cloud water. We observe clear second
order accuracy for both the L2 and L∞ norms for the first 2 minutes of the simulation, before a cloud forms.
However, after cloud formation at approximately 2 minutes, the accuracy picture is more complex. On the one
hand, for the L2 error, we observe approximately second‐order accuracy for all variables under grid refinement,
that is, as the grid refinement level increases from one to four. On the other hand, for the L∞ error, the
convergence rate is degraded and appears to be less than second order, after cloud formation at approximately
t = 2 minutes.

Given that the interface corrections derived in the previous sections did not result in manifestly second order rates
of convergence in the L∞ norm for the full moist system with phase changes, one might wonder if the solutions

Figure 10. Numerical solution to the time dependent system with phase interface from (45)–(46), using methods with
interface corrections to the pressure (Equation 39), pressure gradient (Equation 40), and buoyancy derivative (similar to
(49)). The errors are plotted on a log‐log scale as a function of

̅̅̅̅̅̅̅̅̅̅̅
ΔxΔz

√
. Convergence rates in L∞ norm are approximately one

order higher here, in comparison to Figure 9 results that do not utilize interface corrections. Second‐order accuracy is seen in all
variables and in both L2 and L∞ norms.
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lack the necessary amount of differentiability, or regularity. One difficulty that arises when phase changes are
included is that the regularity of the solutions is not as clear as it was in the absence of any phase changes, and it
may be the case that the smoothness assumptions that aided in the derivation of the interface corrections in
Section 4.2 may not be applicable here. Results on well‐posedness and the regularity of solutions have been
presented, for example, by Cao et al. (2018) and Hittmeir et al. (2020), for atmospheric dynamics with various
treatments of moisture and phase changes. For instance, in Hittmeir et al. (2020), a system with moisture and
phase changes was considered, and it was shown that solutions (as members of the Sobolev space H1) are C0 in

time, that is, continuous, but not continuously differentiable, in time. How-
ever, as an example comparison, for the system in Equations 17a–17c, so-
lutions were C1 in time, which was critical for second order accuracy of
Runge‐Kutta time integration. Some differences exist between the non‐
hydrostatic, non‐precipitating model here, on the one hand, and the hydro-
static, warm‐rain microphysics of (Hittmeir et al., 2020), on the other hand.
Another regularity result for cloud edge was proved by Remond‐Tiedrez
et al. (2024) although it is for an elliptic PDE, not dynamics, and for a
quasi‐geostrophic setting. For a summary of other relevant literature, see
Remond‐Tiedrez et al. (2024) and references therein. Without knowing the
regularity of solutions, it is not clear if second order numerical accuracy can
truly be achieved, and in which norms.

6. Concluding Discussion
We have examined the impact of cloud formation and cloud edges on the
order of accuracy of numerical solutions. Clouds have an influence on nu-
merical accuracy because cloud edge is an interface where non‐smoothness is
present. The non‐smoothness arises due to cloud latent heating and the
threshold effect of the saturation vapor pressure. One manifestation of the
non‐smoothness is in the buoyancy: buoyancy is continuous but its derivative
is not continuous. Intuitively, we expect the accuracy of standard finite

Figure 11. Numerical solution to the full moist system (1)–(4) at t = 240 seconds for a rising thermal test case. Quantities are
plotted as functions of x (km) and z (km). Units are g kg− 1 for liquid water ql and total water qt , Pa (kg m− 3)

− 1 for p (which
has been scaled by a constant Boussinesq density of ρ0 = 1 kg m− 3), K for potential temperature θ, and m s− 1 for u and w.

Figure 12. Zoomed‐in view of potential temperature θ for the full moist
system at t = 240 s, to illustrate the “corners” in the contours, which are
indicators of non‐differentiability.
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difference methods to be degraded in the presence of clouds and phase changes, since they are based on Taylor
series approximations, which can break down due to non‐smoothness at cloud edge. Consequently, to achieve
higher‐order accuracy, finite difference methods must be modified to include interface corrections, in the spirit of
numerical methods for two‐phase fluid flow (see discussion in Section 1 and the end of Section 2.2). In brief, two
of the key ideas of interface corrections are that (a) care must be taken to ensure that Taylor series approximations
are not applied across an interface, and (b) in ensuring this, the sub‐grid‐cell location of the interface needs to be
taken into account.

Figure 13. Convergence results for the numerical solution of the full moist system but in the absence of phase changes. The
top four panels (a–d) show the L2 errors, and the bottom four panels (e–h) show the L∞ errors. At each time, for all variables,
and in both L2 and L∞ norms, a second‐order rate of convergence is seen as the grid is refined from grid refinement level 1 to
level 4.
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Here we considered such interface corrections for several components of the full moist system: time stepping,
pressure Poisson equation, and buoyancy derivative. For each of these individual components, second‐order
accuracy was achieved in both the L2 (i.e., root mean square) and L∞ (i.e., maximum) norms. Then, when the
full moist system was considered, approximately second‐order convergence was seen in the L2 norm, whereas the
convergence rate was degraded in the L∞ (i.e., maximum) norm. Hence it may in fact be possible to observe
second order convergence for certain error metrics.

It is possible that rigorous mathematical analysis could help to understand the lack of smoothness in solutions and
implications for numerical accuracy. Some relevant literature was discussed at the end of Section 5. Further
research in this direction would be valuable.

Figure 14. Convergence results for the numerical solution of the full moist system (1)–(4) with phase changes. (a–d) In the L2

norm, the convergence rate is approximately second‐order at each time t up to time t ≈ 300 s, as the grid is refined from grid
refinement level 1 to level 4. (e–h) In the L∞ norm, approximately second‐order convergence is seen before cloud formation
time of t ≈ 120 s, after which the convergence rate is degraded.
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While the investigation here was focused on finite difference methods, we note that the same issues with cloud
edge arise in other numerical methods as well (e.g., spectral methods, finite volume methods, finite element
methods, discontinuous Galerkin methods, etc.). Interfaces require special treatment in order to achieve second‐
order or higher‐order accuracy. Some additional literature was discussed in Section 1 and at the end of Section 2.2.

Future work could also consider topics such as the influence of order of accuracy (e.g., 1st vs. 2nd order) on
turbulent simulations of the cloudy boundary layer, and statistical quantities such as vertical moisture flux.
Turbulent statistical properties provide a different way to measure the behavior of a numerical method. In
contrast, here we considered convergence analysis, which can assess the errors that occur when an initial con-
dition is well‐resolved and it evolves in time for an order‐one amount of time into a solution that is also well‐
resolved. Other scenarios would also be interesting to consider, such as longer‐time simulations when turbu-
lence develops and/or when the turbulent solutions are marginally resolved.

Also, additional cloud processes, such as precipitation and ice microphysics, would be interesting to consider in
the future. In order to illustrate the non‐smoothness at cloud edge more transparently, a simplified CRM under the
Boussinesq approximation was investigated here. The results here with the idealized CRM should carry over to
comprehensive CRMs since they share the same type of non‐smoothness due to phase changes and clouds.

Appendix A
Here, we provide the details of the exact solution given in Equation 22. The idea is to find the solution in saturated
and unsaturated regions separately, and then piece them together at the phase interface.

We will assume that N2
u > N2

s and a > 0. In unsaturated regions, where bu > bs, the equation for ḃu is given by

b̈u + N2
u bu = 0, (A1)

where we use notation of ḃu for dbu/dt and b̈u for d2bu/dt2. The solution of this equation is

bu = c1 sin(Nut) + c2 cos(Nut). (A2)

In saturated regions, where bu < bs, straightforward algebra shows that the equation for bu can be written as

b̈u + N2
s bu = N2

u N2
s M, (A3)

where M is defined by the equation

M =
bu

N2
u

−
bs

N2
s

, (A4)

and dM/dt = 0. If the initial conditions are bu(0) = bs(0) = 0, then M = 0 for all t, and Equation A3 becomes

b̈u + N2
s bu = 0, (A5)

the solution of which is

bu = d1 sin(Nst) + d2 cos(Nst). (A6)

The initial conditions on the derivatives of the buoyancy variables are ḃu(0) = − N2
uw(0) = − N2

ua and
ḃs(0) = − N2

s w(0) = − N2
s a. As we are assuming that N2

u > N2
s and a > 0, it follows that ḃu(0) < ḃs(0) < 0, which

in turn implies that bu − bs < 0 for t > 0 initially. The solution will therefore first enter the saturated region, and
be given by Equation A6, as can be seen in the example shown in Figure 2. The solution will then enter the
unsaturated phase at a later time, and be given by Equation A2. The particular exact solution for bu that satisfies
the initial conditions, and whose derivative is continuous, is given by
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bu(t) =

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

−
N2

u
Ns

a sin(Ns(t − nT )) if t ∈ [nT , nT +
π
Ns

],

aNu sin(Nu (t − nT −
π
Ns

)) if t ∈ [nT +
π
Ns

, (n + 1)T ],
(A7)

where the oscillation period is

T =
π

Nu
+

π
Ns

, (A8)

and where n = 0,1, 2,⋯ . The solution oscillates between saturated and unsaturated regions, with phase changes
occurring at times t = nT and t = nT + π/ Ns. The inclusion of the phase shifts in Equation A7 is necessary to
ensure that the solution is valid for all times t > 0. We can now solve for the vertical velocity using the equation
ẇ = max(bu,bs). Since Ṁ = 0 and M = 0, we know that

bs =
N2

s

N2
u
bu, (A9)

so that the equation for w is either ẇ = bu or ẇ = (N2
s / N2

u) bu, depending on the phase. The vertical velocity is
then given by the expression

w(t) =

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

a cos(Ns(t − nT )) if t ∈ [nT ,nT +
π
Ns

],

− a cos(Nu (t − nT −
π
Ns

)) if t ∈ [nT +
π
Ns

, (n + 1)T ].

(A10)

We now verify directly that the solution for w(t) is continuous and differentiable for all times t > 0. This amounts
to checking that w(t) and ẇ(t) are continuous at the phase change points t = nT and t = nT + π/ Ns. Evalu-
ating left and right‐hand side limits at t = nT yields.

lim
t→(nT )

+
w(t) = lim

t→(nT )
+
a cos(Ns(t − nT )) (A11)

= a cos(0) (A12)

= a (A13)

and

lim
t→(nT )

−
w(t) = lim

t→(nT )
−

− a cos(Nu (t − (n − 1)T − π/Ns)) (A14)

= − a cos(Nu (nT − (n − 1)T − π/Ns)) (A15)

= − a cos(π) (A16)

= a. (A17)

Thus, w(t) is continuous at t = nT . To verify continuity at t = nT + π/ Ns, we evaluate left and right‐hand side
limits of w(t) at t = nT + π/ Ns.

lim
t→(nT +π/Ns)

+
w(t) = lim

t→(nT +π/Ns)
+

− a cos(Nu (t − nT − π/Ns)) (A18)

= − a cos(Nu (nT + π/Ns − nT − π/Ns)) (A19)
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= − a cos(0) (A20)

= − a (A21)

and

lim
t→(nT +π/Ns)

−
w(t) = lim

t→(nT +π/Ns)
−
a cos(Nu (t − nT )) (A22)

= a cos(Nu (nT + π/Ns − nT )) (A23)

= a cos(π) (A24)

= − a. (A25)

Thus, w(t) is continuous at t = nT + π/ Ns, and therefore w(t) is continuous for all t > 0. Carrying out similar
calculations for ẇ shows that

lim
t→(nT )

+
ẇ(t) = lim

t→(nT )
−

ẇ(t) = 0, (A26)

lim
t→(nT +π/Ns)

+
ẇ(t) = lim

t→(nT +π/Ns)
−

ẇ(t) = 0. (A27)

It follows that ẇ(t) is continuous for all t > 0. Similar calculations can be done to show that bu and bs are
continuous and have continuous first derivatives for t > 0.

Appendix B
In this section, we describe the details of the local error analysis for two‐stage Runge‐Kutta methods. In particular
we show that the one‐step error of two‐stage Runge‐Kutta methods are second order accurate even when the
solution changes phase on the time interval (ti, ti + 1). We can write Equations 17a–17c in the form

d
dt

⎛

⎜
⎜
⎜
⎜
⎝

w

bu

bs

⎞

⎟
⎟
⎟
⎟
⎠

=

⎛

⎜
⎜
⎜
⎜
⎝

f1 (t,w, bu, bs)

f2 (t,w, bu, bs)

f3 (t,w, bu, bs)

⎞

⎟
⎟
⎟
⎟
⎠
, (B1)

where f1 = max(bu,bs) , f2 = − N2
uw, and f3 = − N2

s w. We present the details of two‐stage Runge‐Kutta update
for w; the other variables are treated similarly. The two‐stage Runge‐Kutta scheme for the vertical velocity can be
written in the form of a one‐step method as

wi+1 = wi +
Δt
2

max(bui
,bsi) +

Δt
2

max(bui
− ΔtN2

u wi,bsi
− ΔtN2

s wi). (B2)

The one‐step error for w at time ti is then given by the expression

w(ti+1) − w(ti) −
Δt
2

max(bu (ti),bs (ti)) −
Δt
2

max(bu (ti) − ΔtN2
uw(ti),bs (ti) − N2

s w(ti)), (B3)

where w(ti), bu (ti) and bs (ti) denote the exact solution to (82) at time ti. Now assume that there is a phase change
at time tI , that is to say, bu (tI) = bs (tI) , and that tI = ti + αΔt for some α > 0. Taylor expansions then yield the
expressions

w(ti) = w(t−
I ) − αΔt ẇ(t−

I ) +
α2Δt2

2
ẅ (t−

I ) + O(Δt3), (B4)
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w(ti+1) = w(t+
I ) + (1 − α)Δt ẇ(t+

I ) +
(1 − α)

2Δt2

2
ẅ (t+

I ) + O(Δt3). (B5)

By continuity of w and ẇ, we know that w(t−
I ) = w(t+

I ) and ẇ(t−
I ) = ẇ(t+

I ). After subtracting Equations B4 and
B5 (and sub algebra), we have

w(ti+1) − w(ti) = Δt ẇ(t+
I ) +

(1 − α)
2Δt2

2
ẅ (t+

I ) −
α2Δt2

2
ẅ (t−

I ) + O(Δt3). (B6)

Now we focus on the other two terms in Equation B3. From Taylor expanding about t−
I , we have

bu (ti) = bu (t−
I ) + αN2

uw(t1), (B7)

bs (ti) = bs (t−
I ) + αN2

s w(t2), (B8)

where t1, t2 ∈ (xi, x−
I ). Then we have

max(bu (ti),bs (ti)) = max(bu (t−
I ) + αΔtN2

uw(t1),bs (t−
I ) + αΔtN2

s w(t2)) (B9)

= max(bu (t−
I ) + αΔtN2

uw(t1),bu (t−
I ) + αΔtN2

s w(t2)), (B10)

where we have used the fact that bu (t−
I ) = bs (t− 1

I ). Continuing, we have

max(bu (t−
I ) + αΔtN2

uw(t1),bu (t−
I ) + αΔtN2

s w(t2)) = bu (t−
I ) + max(αΔtN2

uw(t1),αΔtN2
s w(t2)) (B11)

= bu (t−
I ) + αΔtmax(N2

uw(t1),N2
s w(t2)). (B12)

Using the fact that ẇ(t−
I ) = bu (t− 1

I ), we then have

max(bu (t−
I ) + αΔtN2

uw(t1),bu (t−
I ) + αΔtN2

s w(t2)) = ẇ(t−
I ) + αΔt max(N2

uw(t1),N2
s w(t2)). (B13)

Now we consider the last term in Equation B3:

max(bu (ti) − ΔtN2
uw(ti),bs (ti) − N2

s w(ti)). (B14)

Taylor expanding about t−
I we have

w(ti) = w(t−
I ) − αΔt ẇ(t3), (B15)

where t3 ∈ (ti, t−
I ). We also have the expressions:

bu (ti) − ΔtN2
uw(ti) = bu (t−

I ) − αΔt ḃu (t−
I ) − ΔtN2

uw(t−
I ) + αΔt2N2

u ẇ(t3) , (B16)

bs (ti) − ΔtN2
s w(ti) = bs (t−

I ) − αΔt ḃs (t−
I ) − ΔtN2

s w(t−
I ) + αΔt2N2

s ẇ(t3). (B17)

Therefore,

max(bu (ti) − ΔtN2
uw(ti), bs (ti) − N2

s w(ti)) = max(bu (t−
I ) − αΔt ḃu (t−

I ) − ΔtN2
uw(t−

I ) + αΔt2N2
u ẇ(t3),

bs (t−
I ) − αΔt ḃs (t−

I ) − ΔtN2
s w(t−

I ) + αΔt2N2
s ẇ(t3))

(B18)
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= max(bu (t−
I ) − αΔt ḃu (t−

I ) − ΔtN2
uw(t−

I ) + αΔt2N2
u ẇ(t3)

bu (t−
I ) − αΔt ḃs (t−

I ) − ΔtN2
s w(t−

I ) + αΔt2N2
s ẇ(t3))

(B19)

= bu (t−
I ) + max( − αΔt ḃu (t−

I ) − ΔtN2
uw(t−

I ) + αΔt2N2
u ẇ(t3)

− αΔt ḃs (t−
I ) − ΔtN2

s w(t−
I ) + αΔt2N2

s ẇ(t3))

(B20)

= bu (t−
I ) + Δtmax( − αḃu (t−

I ) − N2
uw(t−

I ) + αΔtN2
u ẇ(t3)

− αḃs (t−
I ) − N2

s w(t−
I ) + αΔtN2

s ẇ(t3)).

(B21)

Since bu (t−
I ) = ẇ(t− 1

I ), the above simplifies to

max(bu (ti) − ΔtN2
uw(ti),bs (ti) − N2

s w(ti)) = ẇ(t−
I ) + Δtmax( − αḃu (t−

I ) − N2
uw(t−

I ) + αΔtN2
u ẇ(t3)

− αḃs (t−
I ) − N2

s w(t−
I ) + αΔtN2

s ẇ(t3)).
(B22)

Combining Equations B13 and B22 shows that

Δt
2

max(bu (ti),bs (ti)) +
Δt
2

max(bu (ti) − ΔtN2
uw(ti), bs (ti) − N2

s w(ti)) = Δt ẇ(t−
I ) + O(Δt2). (B23)

Subtracting Equation B23 from Equation B6, and using the fact that ẇ(t−
I ) = ẇ(t+

I ), shows that the one‐step error
is. O(Δt2)
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