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The Madden–Julian Oscillation (MJO) is the dominant component
of tropical intraseasonal variability, and a theory explaining its
structure and successful numerical simulation remains a major
challenge. A successful model for the MJO should have a propa-
gation speed of 4–7 m/s predicted by theory; a wavenumber-2 or
-3 structure for the planetary-scale, low-frequency envelope with
distinct active and inactive phases of deep convection; an intermittent
turbulent chaotic multiscale structure within the planetary envelope
involving embedded westward- and eastward-propagating deep
convection events; and qualitative features of the low-frequency
envelope from the observational record regarding, e.g., its zonal
flow structure and heating. Here, such an MJO analog is produced
by using the recent multicloud model of Khouider and Majda in an
appropriate intraseasonal parameter regime for flows above the
equator so that rotation is ignored. Key features of the multicloud
model are (i) systematic low-level moisture convergence with
retained conservation of vertically integrated moist static energy,
and (ii) the use of three cumulus cloud types (congestus, stratiform,
and deep convective) together with their differing vertical heating
structures. Besides all of the above structure in the MJO analog
waves, there are accurate predictions of the phase speed from
linear theory and transitions from weak, regular MJO analog
waves to strong, multiscale MJO analog waves as climatological
parameters vary. With all of this structure in a simplified context,
these models should be useful for MJO predictability studies in
a fashion akin to the Lorenz 96 model for the midlatitude
atmosphere.

coherent planetary intraseasonal variability � multiscale structure �
intermittency in convection � nonlinear analog model

The dominant component of intraseasonal variability in the
Tropics is the 40- to 50-day tropical intraseasonal oscillation,

often called the Madden–Julian Oscillation (MJO) after its
discoverers (1). In the troposphere, the MJO is an equatorial
planetary-scale wave envelope of complex multiscale convective
processes that begins as a standing wave in the Indian Ocean and
propagates across the western Pacific at a speed of �5 m�s�1

(2–5). The planetary-scale circulation anomalies associated with
the MJO significantly affect monsoon development and intrasea-
sonal predictability in midlatitudes and the development of the
El Niño southern oscillation in the Pacific Ocean, which is one
of the most important components of seasonal prediction (6, 7).
Present-day computer general circulation models typically
poorly represent the MJO (8, 9). One conjectured reason for the
poor performance of general circulation models is the inade-
quate treatment across multiple spatial scales of the interaction
of the hierarchy of organized structures that generate the MJO
as their envelope.

There have been a large number of theories attempting to
explain the MJO through a specific linearized mechanism, such
as evaporation–wind feedback (10, 11), boundary layer frictional
convective convergence (12), stochastic linearized convection
(13), radiation instability (14), and the planetary-scale linear
response to moving heat sources (15). Moncrieff (16) recently
developed an interesting phenomenological nonlinear theory for

the upscale transport of momentum from equatorial mesoscales
[O (300 km)] to planetary scales and applied this theory to
explain the ‘‘MJO-like’’ structure in recent ‘‘superparameteriza-
tion’’ computer simulations (17, 18) with a scale gap (no
resolution at all) on scales between 200 and 1,200 km. Multiscale
diagnostic models with prescribed MJO phase speed have been
used to isolate key features of the nonlinear dynamics that create
the observed structure of the MJO envelope (19–21). Despite all
of these interesting contributions, the problem of explaining the
MJO has recently been called the search for the Holy Grail of
tropical atmospheric dynamics (14). Here we contribute to this
search.

Analysis of observational data from TOGA-COARE (Trop-
ical Ocean Global Atmosphere Coupled Ocean Atmosphere
Response Experiment) provides a revealing look into the multi-
cloud and multiscale structure of convection in the Tropics (22)
and, in particular, the MJO (23–25). These observations reveal
a central role of three cloud types above the boundary layer in
the MJO: lower-middle troposphere congestus cloud decks that
moisten and precondition the lower troposphere in the initial
phase, followed by deep convection and a trailing wake of upper
troposphere stratiform clouds (23, 25). Observations also reveal
the complex multiscale structure within the propagating large-
scale envelope of the MJO; the embedded smaller scale features
include westward-propagating two-day waves, eastward-
propagating superclusters or convectively coupled Kelvin waves
(26, 27), and smaller-scale squall line clusters that typically
propagate westward (2, 25). The analysis of observations of the
MJO (23, 25, 28) also reveals a complex vertical structure in the
MJO envelope with a vertical tilt involving a low-level westerly
onset region below easterlies, strong westerlies in the deep
convective region, and strongest westerlies aloft in the lower-
middle troposphere in the stratiform region; there is also a
leading vertical dipole potential temperature anomaly in the
troposphere with warmer temperature anomalies above cooler
temperature anomalies and leading low-level moistening.

Building on earlier work (29, 30), Khouider and Majda
(31–34) recently developed a systematic multicloud model con-
vective parameterization highlighting the nonlinear dynamical
role of the three cloud types, congestus, stratiform, and deep
convective clouds, and their different vertical structures: a deep
convective heating mode and a second vertical mode with
low-level heating and cooling corresponding to congestus and
stratiform clouds. Detailed linear stability analysis (31, 34) and
nonlinear simulations (32, 33) reveal a mechanism for large-scale
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instability of moist gravity waves. The multicloud model repro-
duces key features of the observational record for convectively
coupled Kelvin waves or two-day waves (26, 35, 36), including
phase speeds in the range of 15–20 m�s�1, vertical wave tilts, and
anomalous vertical dipoles in potential temperature.

The Strategy for Producing an MJO Analog
The strategy in this paper is to exploit the observed statistical
self-similarity of tropical convection (37) and study the multi-
cloud models for superclusters in a parameter regime appropri-
ate for intraseasonal variability.

Key parameters of the multicloud model (31, 34) are the bulk
climatological parameters: ��eb � ��em, the mean equivalent
potential temperature difference between the boundary layer
and lower-middle troposphere; and Q̃, the bulk low-level mois-
ture gradient. Key parameters in the convective parameteriza-
tion are the time scales for multicloud dynamics: congestus time
scale �c, deep convective time scale �conv, and stratiform time
scale �s. In earlier work (31–34), the parameters �c, �conv, and �s

were used in the range of 1–3 h to parameterize the unresolved
effects of convective wave packets from smaller scales on the
equatorial synoptic supercluster scales. Here, by exploiting the
observed statistical self-similarity of tropical convection (37),
the multicloud models are studied with the parameters �c, �conv,
and �s in an intraseasonal planetary regime:

�conv � O�12 h� , �c, � s � O�7 days� . [1]

Note that the time scale for �conv in Eq. 1 is consistent with the
current observational estimates for large-scale consumption of
convective available potential energy (38). In addition, a current
observational study of low-level moistening and congestus cloud
development in the MJO suggests a time scale of 1–2 weeks for
these processes, consistent with Eq. 1 (W. K.-M. Lau, personal
communication). Of course, the long lags in Eq. 1 with forcing
and damping are surrogates for complex multiscale processes not
resolved directly in the present model, which is why the termi-
nology ‘‘MJO analog’’ is used throughout the paper.

A realistic analog MJO wave should have all of the following
features:

A. An actual propagation speed of 4–7 m�s�1 predicted
by theory.

B. A wavenumber-2 or -3 structure for the low-frequency
planetary-scale envelope with distinct active and inactive
phases of deep convection.

C. An intermittent turbulent chaotic multiscale structure
within the wave envelope involving embedded westward-
and eastward-propagating deep convection events.

D. Qualitative features of the low-frequency averaged
planetary-scale envelope from the observational record
in terms of, e.g., vertical structure of heating and
westerly wind burst.

[2]

At the present time, only the MJO-like wave produced by
Grabowski (17, 18) in numerical simulations has most of these
features. In this paper, MJO analog waves with all four of the key
features listed in Eq. 2 are produced and analyzed in the
multicloud model in a suitable parameter regime with a constant
sea surface temperature.

The next step in the strategy is to vary the regime of clima-
tological parameters ��eb � ��em and Q̃ in linear stability analysis
with all other parameters in the multicloud models fixed at their
standard values as in refs. 31, 32, and 34. The key regime for the
climatological parameters occurs when linear stability analysis
predicts items A and B in Eq. 2, and simultaneously

A linearly unstable band at large scales with wavenumbers
1 � k � O�10� and growth rates of approximately
(40 days)�1 to (20 days)�1. [3]

The plentiful band of large-scale unstable wavenumbers is
necessary to produce item C of Eq. 2 in the nonlinear simulations
as shown below. The robust regime of climatological parameters
is explored below both through linear theory and nonlinear
simulations.

It is worthwhile to mention here that the present models
produce realistic MJO analog waves satisfying the conditions in
item C of Eq. 2 within the multicloud model where the only
nonlinear mechanisms are

A. Low-level moisture advection and
B. Nonlinear switches for deep and congestus convection.

[4]

In particular, MJO analog waves satisfying item C of Eq. 2 are
produced within the multicloud model without the following
mechanisms: (i) wind-induced surface heat exchange (10, 11),
(ii) boundary layer frictional moisture convergence, (iii) explicit
effects of rotation through the beta effect, (iv) active radiation,
(v) active atmosphere/ocean coupling, and (vi) upscale eddy flux

Table 1. Multicloud model parameter values

Parameter Description Value

�conv Deep convective adjustment time 12 h
�s Stratiform heating adjustment time 7 days
�c Congestus heating adjustment time 7 days
a0 Inverse buoyancy time scale of convective parameterization 12
Q̃ Background moisture stratification 1.0
��eb � ��em RCE value of the difference in equivalent potential temperature

between the boundary layer and middle troposphere
12 K

�̃ Second baroclinic relative contribution to the moisture convergence
associated with the background moisture gradient

0.6

�u Momentum drag relaxation time 150 days
�� Newtonian cooling relaxation time 100 days
Cd Boundary layer turbulent momentum friction coefficient 1.0 � 10�5

The values listed are used unless otherwise noted. Parameters not listed here take the same values as in the
standard case of ref. 31.
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divergences of momentum. As mentioned above, these mecha-
nisms are advocated in the literature as being important for the
MJO, and they can be incorporated in various ways in the present
MJO analog models in the future to give further physical insight.

The Multicloud Model
The multicloud model (31–34) is given by

� �tu1 � �x�1 � �Cd�u0�u1 � u1��u

� t�1 � �xu1 � P � R1

[5a]

� �tu2 � �x�2 � �Cd�u0�u2 � u2��u

� t�2 � �xu2�4 � Hc � Hs � R2

[5b]

�
�t�eb � �E � D��hb

�tq � ��2 �2���P 	 D�HT

��x��q 	 Q̃�u1 	 �
̃q 	 �̃Q̃�u2�

[5c]

�
�Hs

�t
�

1
�s

�
sP � Hs�

�Hc

�t
�

1
�c
�
c

� � �*
1 � �*

D
HT

� Hc�
[5d]

The diagnostic variables are uj and �j, the zonal velocity and
potential temperature of the jth baroclinic mode; �eb, the
equivalent potential temperature of the boundary layer; q, the
vertically averaged water vapor content; Hs, the stratiform
heating; and Hc, the congestus heating. The source terms are Rj,
the radiative cooling of the jth baroclinic mode; P, the deep
convective heating; E, the evaporation; and D, the downdrafts.
The deep convective heating P has one factor P0 involving a
Betts–Miller-type closure with an adjustment time �conv, which is
a key parameter in the multicloud model:

P �
1 � �

1 � �*
P0, P0 �

1
�conv

�a1�eb 	 a2�q � q̂� � 
0��1 	 �2�2��
	

[6]

where � is a nonlinear switch that takes values between �* and
1, and f	 
 max ( f, 0). See ref. 31 for the form of the other source
terms.

The multicloud model has been introduced, analyzed, and
utilized as a model for convectively coupled gravity waves
(31–34). In the present study, the model parameters are frozen

Fig. 1. Linear stability analysis with the multicloud model using parameter
values shown in Table 1. (a) Phase speeds (in meters per second), with stable
modes plotted as small dots and unstable modes as big dots. (b) Growth rates
(per day). The most unstable mode is a wavenumber-3 mode, with a growth
rate of 0.034 day�1 and a phase speed of �5.8 m�s�1. (c) Phase relationships for
the eastward-moving, unstable wavenumber-3 mode, with magnitudes of all
variables normalized to 1. (d) Velocity field (U, W) with contours of potential
temperature (Upper) and contours of total convective heating (Lower) for the
eastward-moving, unstable wavenumber-3 mode. The total convective heat-
ing is the sum of congestus, stratiform, and deep convective heating.

Fig. 2. Contour plot of the deep convective heating P(x, t) from a numerical
simulation of the multicloud model using the parameter values in Table 1.
Heating values of �2 K per day are shaded in gray, and values of �10 K per day
are shaded in black.
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to the standard values used in earlier work (31) except those
listed in Table 1. Eq. 5 is written in nondimensional units, where
the equatorial Rossby deformation radius, Le � 1,500 km, is the
length scale; the first baroclinic dry gravity wave speed, c � 50
m�s�1, is the velocity scale; T 
 Le/c � 8 h is the associated time
scale; and the dry static stratification, 
� 
 HTN2�0/(�g) � 15 K,
is the temperature unit scale. Vertical velocities are nondimen-
sionalized by the scale ratio factor c�HT/(�Le), where HT � 16 km
is the height of the tropical troposphere.

The dynamical core of the multicloud convective parameter-
ization consists of two coupled shallow water systems: a direct
heating mode in Eq. 5a forced by heating from the phase change
from deep penetrative clouds and a second baroclinic mode in
Eq. 5b forced by both stratiform heating and congestus heating.
In Eq. 5, u1 and u2 represent the first and second baroclinic
velocities with vertical profiles G(z) 
 2 cos(�z/HT) and
G(2z) 
 2 cos(2�z/HT), respectively, whereas �1 and �2 are the
corresponding potential temperature components with the ver-
tical profiles G�(z) 
 2 sin(�z/HT) and 2G�(2z) 
 22
sin(2�z/HT), respectively. Therefore, the total velocity field is
approximated by

U � G�z�u1 	 G�2z�u2 and

W � ��HT����G��z��xu1 	 G��2z��x u2�2� ,
[7]

where U is the horizontal velocity, W is the vertical velocity, and
the total potential temperature is given approximately by � � z
	 G�(z)�1 	 2G�(2z)�2.

Unless otherwise noted, all numerical experiments reported
below use the same numerical methods used in earlier studies
(32, 33), with a horizontal mesh spacing �x 
 40 km on a periodic
domain of 40,000 km mimicking the troposphere above the
equator.

MJO Analog Waves in the Multicloud Model
Here, we follow the strategy outlined above, with a uniform
background sea surface temperature given by the constant �*eb,
and produce MJO analog waves with the features in Eq. 2 in a
suitable parameter regime for the multicloud model.

MJO Analog Waves: The Basic Example. Here the values Q̃ 
 1.0 and
��eb � ��em 
 12 K are used for the climatological parameters in
the multicloud model. Consistent with the discussion below Eq.
1, the multicloud time scales are given the values �conv 
 12 h,
�s 
 �c 
 7 days. Here and elsewhere, the mean sounding is taken
as a radiative–convective equilibrium (RCE) in the multicloud
model with parameters ��eb � ��em and �*eb � ��eb as the input (31,
34). Fig. 1 reports the results of linear stability analysis for this
basic state (31, 34). There is planetary-scale instability over the
eight wavelengths spanning from 20,000 km to 5,000 km with
dimensional intraseasonal growth rates of (30 days)�1, intrasea-
sonal frequencies of (20–30 days)�1, and phase velocities in the
range 2–8 m�s�1; the most unstable wavelengths are wavenum-
bers 3, 4, 5, and 2 (in order of decreasing growth rate), where
wavenumbers 2 and 3 have phase velocities of 6.9 and 5.8 m�s�1,
respectively. Also depicted in Fig. 1, the linearized structure of
the unstable wave with wavenumber 3 shows anomalies of
low-level moistening, boundary layer equivalent potential tem-
perature �eb, and congestus heating Hc leading the deep con-
vection P, with stratiform heating Hs trailing. The unstable wave
has a westward, tilted vertical structure for heating, velocity, and
temperature, with clear first and second baroclinic mode con-
tributions and with low-level cooler potential temperature lead-

Fig. 3. Moving average of model variables for the simulation in Fig. 2. (a)
Equivalent potential temperature of the boundary layer, �eb, and vertically
averaged water vapor, q. (b) Stratiform heating, Hs, and congestus heating, Hc.
(c) Deep convective heating, P. The moving average was taken in a reference
frame moving with the planetary-scale envelope of deep convection in Fig. 2,
at 6.1 m�s�1. RCE values have been removed from �eb, q, Hs, and Hc for this plot.

Fig. 4. Moving average (as in Fig. 3) of model variables with their vertical
structures. Dashed contours are for negative values, and solid contours are for
positive values, with the zero contour removed. (a) Velocity field (U, W) with
contours of total convective heating (congestus, stratiform, and deep convec-
tive heating combined). The contour interval is 1 K per day. RCE values of P, Hs,
and Hc were removed for this plot. (b) Contours of horizontal velocity, U, with
contour interval of 1 m�s�1.
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ing and within the deep convection. All of these features are
present in the MJO (7, 23). Thus, the requirements from linear
theory listed in Eq. 3 are satisfied for this regime. Next, we
discuss nonlinear simulations with these parameters.

A small-amplitude symmetric perturbation of the first ba-
roclinic velocity field is added to the basic RCE, and, by
monitoring the bulk domain-averaged quantities (32), a statis-
tical steady state is achieved by t 
 700 days. To illustrate the
resulting statistical steady state from t 
 800–1,500 days, con-
sider the contour plots of deep convective heating P(x, t) in Fig.
2. The main feature of this figure is a wavenumber-2 wave
moving eastward at 6.1 m�s�1. This phase speed agrees well with
the phase speed of 6.9 m�s�1 predicted from linear theory for
wavenumber 2. There is overall a distinct intraseasonal propa-
gating envelope in the active and inactive phases of deep
convection. Within the envelope of this wave are intense smaller-
scale fluctuations moving westward. The fluctuations occur
irregularly, and there are often long breaks between intense deep
convective events. These features also are characteristic of the
MJO (7).

The wave in Fig. 2 moves eastward rather than westward for
random reasons. Because the model here has no rotation, there
are both eastward- and westward-propagating unstable waves
shown in Fig. 1, and one might expect to sometimes see a
standing wave pattern. For a discussion of the competition
between propagating and standing waves, see supporting infor-
mation (SI) Text.

Fig. 3 shows averages from t 
 1,000–1,500 days in a reference
frame moving with the wave at 6.1 m�s�1, which provides an
effective low-frequency filter on the wave. These averages show
the same progression that was seen in the linear wave: congestus
heating leads deep convective heating, which, in turn, leads
stratiform heating.

The velocity field (see Eq. 7) of the wave average is shown in
Fig. 4. Note the tilted structure with easterlies at low levels to the
east of the deep convective heating and at higher levels to the
west of the deep convective heating. Also note the strong
low-level westerlies just west of the deep convective heating; this
structure resembles the westerly wind burst that accompanies an
MJO event (7, 23).

To summarize, there is an MJO analog wave with wavenumber
2 satisfying all of the requirements in Eq. 2 within the multicloud
model; furthermore, the phase speed of this wave is predicted
well by linear theory. For more discussion of this standard MJO
analog wave, see SI Text and SI Figs. 5–10.

The MJO Analog with Varying Climatological Parameters. Here we
study the behavior of the MJO analog wave as the climatological

parameters Q̃ and ��eb � ��em are varied with the remaining
parameters in the multicloud model fixed. Increasing ��eb � ��em
yields a mean climatology with a relatively drier middle tropo-
sphere, and decreasing Q̃ weakens the mean moisture gradient.
Intuitively both of these effects should reduce the growth rate
and the band of unstable wavenumbers. Table 2 contains a
summary of the linear stability analysis about the varying
climatological mean state, which confirms this intuition. In
particular, as ��eb � ��em increases through the values 15, 16, and
17 K, the number of unstable modes decreases from 2 to 1 to 0
and remains concentrated on the largest wavenumbers k 
 2, 3
with diminishing growth rate. Similar behavior from linear
theory occurs as Q̃ is decreased in the range 1.0 � Q̃ � 0.8. As
reported in Table 2, if Q̃ is increased to 1.05 with ��eb � ��em 

12 K, then all wavenumbers become unstable with growth rate
constant at small scales; however, the largest growth rates, even
in this situation, occur on the planetary scales. Note that even
this extreme limit behavior is not what happens with the cata-
strophic instability of wave-CISK (conditional instability of the
second kind) at small scales.

By following the same procedure as in the standard example
above, numerical simulations were carried out for a wide range of
the parameters reported in Table 2. In all cases, a wavenumber-2
traveling wave that is an MJO analog emerged in the statistical
steady state with a speed in the range 5–8 m�s�1; furthermore, as
indicated in Table 2, linear theory provides an excellent estimate for
this wave speed.

As the climatological parameters vary, the intensity of the
wave fluctuations within the propagating envelope changes
dramatically. This result, and other results, are shown in SI Text,
SI Figs. 11–17, and SI Table 3. Among other things in SI Text,
there are discussions of the effects of varying �s, �c, and �conv;
imposing a spatially varying sea surface temperature; and adding
a uniform easterly barotropic mean wind.

Concluding Discussion
An MJO analog model with all of the features in Eq. 2 has been
developed here by using a recent multicloud model (31–34) with
intraseasonal time scales for the multicloud dynamics in Eq. 1.
The only nonlinearities in the model as listed in Eq. 4 are
low-level moisture advection and convective switches so that
other mechanisms, such as those listed below Eq. 4, are com-
pletely absent. Nevertheless, the results reported in Figs. 2–4
show qualitative fidelity with key features of the observational
record in the zonal direction of the actual MJO (7, 23). The
analog MJO waves move at speeds of 5–7 m�s�1, and linear
instability theory successfully predicts their phase speed. With all

Table 2. Behavior of the MJO analog wave as the climatological parameters Q̃ and ��eb � ��em are varied

Q̃
��eb � ��em,

K
k for which

�(k) � 0 k*
�(k*),
day�1

 cp(k*) ,
m�s�1

�(k 
 2),
day�1

 cp (k 
 2) ,
m�s�1 knl

 cnl ,
m�s�1

1.0 11 2–12 4 0.042 5.0 0.028 6.8 2 5.6
1.0 12 2–9 3 0.034 5.8 0.025 6.9 2 6.1
1.0 14 2–5 3 0.018 5.8 0.016 7.1 2 6.7
1.0 15 2–3 2 0.0098 7.2 0.0098 7.2 2 7.0
1.0 16 2 2 0.0021 7.3 0.0021 7.3
1.0 17 None — �0 — — — — —
0.8 12 None — �0 — — — — —
0.85 12 2 2 0.0054 7.7 0.0054 7.7
0.9 12 2–3 2 0.012 7.4 0.012 7.4 2 7.5
0.95 12 2–5 3 0.023 6.0 0.019 7.2 2 6.5
1.0 12 2–9 3 0.034 5.8 0.025 6.9 2 6.1
1.05 12 �2 4 0.049 4.7 0.031 6.6 — —

The linear growth rate and phase speed at wavenumber k are denoted �(k) and cp(k), respectively, and the wavenumber of the maximum growth rate is k*.
The wavenumber and phase speed of the simulated nonlinear wave are denoted knl and cnl, respectively. —, not applicable.
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this behavior mentioned above in the multicloud model and the
intense current interest in predicting intraseasonal variability in
the Tropics (6), the MJO analog models discussed here should
be useful for intraseasonal predictability studies in a fashion akin
to the Lorenz 96 model (39) for the midlatitude atmosphere.

A major future direction is to include the effects of rotation
in the present MJO analog models, because this is a likely source
of the MJO’s eastward-propagation direction. There is a sys-
tematic route to do this for linear theory (40). The next step is
to do nonlinear simulations in such a model and then system-
atically add important physical effects, such as upscale eddy

fluxes of momentum and temperature, active boundary layer
dynamics, and radiation to the present models, to improve their
fidelity with the observational record for the MJO. Because the
westerly wind burst in the present models is relatively weak, one
can anticipate that upscale transport of momentum might be
especially significant in a more complex model with rotation.
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A.J.M.), Department of Energy Computational Science Graduate Fel-
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