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The improved parameterization of unresolved features of tr opical
convection is a central challenge in current computer model s for
long-range ensemble forecasting of weather and short-term cli-

mate change. Observations, theory, and detailed smaller-s cale
numerical simulations suggest that convective momentum tr ans-
port (CMT) from the unresolved scales to the resolved scales is
one of the major deficiencies in contemporary computer model S.
Here a combination of mathematical and physical reasoning i s
utilized to build simple stochastic models which capture th e sig-
nificant intermittent upscale transports of CMT on the large scales
due to organized unresolved convection from squall lines. P rop-

erties of the stochastic model for CMT are developed below in a
test column model environment for the large scale variables . The
effects of CMT from the stochastic model on a large scale conv ec-
tively coupled wave in an idealized setting are presented be low
as a nontrivial test problem. Here the upscale transports fr om
stochastic effects are significant and even generate a large scale
mean flow which can interact with the convectively coupled wa ve.
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Abbreviations: CMT, convective momentum transport; GCM, general circulation
model; CCW, convectively coupled wave

oped recently (20—24). Infact, itis increasingly appatkat suitable
stochastic parameterization is an important strategy frone the
fidelity of unresolved features in contemporary weather eimdate

models for a variety of physical processes (24). Here weldpvand
test a simple stochastic model for CMT which accounts fomitneel

physical features of energy transfer in this context. Feomauposes
here, we utilize the equations for the zonal momentuim the large
scale dynamics of a hydrostatic, two-dimensional, Bowssjrfluid
to illustrate CMT; this equation is given by

Oru + aw(uQ) + 0:(wu) + 0zp = —0.(w'u') = Fomr. [1]

In [1], w is the large scale vertical velocity andis the pressure.
The right hand side of1] is the force due to CMTEc a7, from the
turbulent averaging of the fluctuationsandw’ on the smaller unre-
solved scales. Most contemporary GCMs parameterize tteistefs
cumulus friction on the large scales, i.e.,

=0z (W) & —dc(u — 1), [2]

whered. > 0is a damping constant arids the vertical average af.

Such a parameterization strategy is broadly consisteiht adétailed
observations that CMT is damping on the large scales in tleeraed,
in fact, scattered upright convection on small scales mixasentum

M oist convection in the tropics has a profound impact on tfile ab and induces damping; howevg®] ignores the key observational fact
ity to predict extended range weather and short term climatéhat CMT can transport energy upscale intermittently throconvec-

change (1). The reason for this is the observed complex 1seétie
features of organized, coherent, tropical convection s wide

range of scales varying from tens of kilometers and a few situr

the planetary scale of order 40,000 km on intraseasonal stakes
with significant energy transfer across these scales (FH8 current
computer models for prediction of both weather and climavelive
general circulation models (GCM) where the physical equustifor
these extremely complex flows are discretized in space areland
the effects of unresolved processes are parameterizeddatgdo
various recipes. Typical mesh spacings of order 40 to 80 knused
for extended-range ensemble predictions and order 100Qdk20
for climate simulations; despite a large effort and someaades, the
skill of contemporary GCMs in capturing these large scaktepas
in the tropics is modest in the best circumstances (6). Qumbeary
observations (7-9), theory (10-13), and cloud resolvingemical

moist convection on smaller scales affects the wave pattertarger
scales; the dynamic effects of CMT are poorly resolved byempo-
rary GCMs (16) although recent deterministic parametédnehas

improved the mean climatology (17, 18) and the El Nifio Seuth

Oscillation (19). The main goal of this contribution is tovdiop a
simple stochastic model to capture unresolved featuredvr.C

tive organization on the unresolved smaller scales. Suelstsfare
captured by the simple stochastic models developed next.

A Simple Stochastic Model for CMT

The stochastic model for CMT developed here involves a thtate
continuous-time Markov jump process (25) for the smallesdgham-
ics at each large scale spatio-temporal locatiert) with transition
rates depending in a suitable fashion on the local valueleofarge
scale variables dt, t) (20-24). Depending on the current small scale
state, the strength and nature of the CMT 1] is specified as de-
veloped below. Thus these stochastic models have a smitilcsngdi
computational cost. Recall that we are interested in patenzag
effects of CMT on scales of order 50-200 km. It is well-knowatt
the large-scale low-level shears often organize moist dempection
into squall lines on these scales and furthermore that dines trans-

i €ort CMT upscale (11, 14, 15, 26). The stochastic modelsicajhe

statistics of this process. There are three phases in thiegs which
can affect CMT, labelled by 1, 2, and 3:

Reserved for Publication Footnotes

The motivation for such a stochastic model comes from the ob-

servations of CMT (7, 8); these detailed observations sha; in

the mean, CMT is downscale (damping on the large scales) aald,w
but the fluctuations about the mean are very large and canihave

tense bursts of upscale transport (amplification on theslaggles).
These are exactly the types of circumstances where suitahlse-
grained stochastic models are able to capture the intemhitnpact
of smaller scale events on the larger scales. Theory anitapiphs
for such types of coarse-grained stochastic models have dme|-
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1. Dry regime. Weak or no cumulus friction. Favored for dry envi- model ofSj for a tilted wave, consider a two-dimensionat£) setup

ronments, regardless of shear.
2. Upright convection regime. Stronger cumulus friction. Favored
for moist, weakly sheared environments.

and a heat source with two phase-lagged baroclinic modgs=
k cos[kxz —wt] V/2sin(z)+ak cos[k(z+z0) —wt] v/2sin(2z). Two
key parameters here atig the strength of the second baroclinic heat-

3. Squall line regime.  Intense CMT, either upscale or downscaleing, andz, the lag between the heating in the two vertical modes. The

depending on the shear. Favored for moist, sheared envinatsm

The transition rates between the regimes will depend oratige kcale
resolved variables such as the veloeitythe potential temperature
and the lower and middle troposphere cloud heating funsfiGh

andQ g, resp. Another important parametéar,measures whether the

lower troposphere is moist or dry with = 1 denoting a dry state and

A = A. < 1 amoist lower troposphere which is needed to precon-

dition for deep convection (27-29). Denote the discretglsistic
regime variable by

re=1(dry), r;=2(conv.), 7= 3(squall) [3]
Let the transition rate from regimeto regime; be T;;. Plausible
physical choices for the transition rates are

Tis = %H(Qd)e%“*f‘)e%% dry — conv. [4]
Tz = OT dry — squall [5]
Ty = %eﬁAAeﬁQ@d’”f*Qd) conv. — dry  [6]
,

Tys = T—ITH(IAUMI AU |pin )% 18Vt00] B0@e

conv. — squall [7]
T31 = T2 squall — dry  [8]
Ty = - PUUAUlref ~|1AU101) (BQ Qe res ~Qe)

T

squall — conv. [9]

whereH(x) is a Heaviside function defined ador z < 0 and1 for

x > 0. We use exponentials in the transition rates to get seasitiv,

dependence on the large scale variables. The quahfify., mea-
sures the large scale low level shear which needs to be sulftfigi
large to allow for a squall line transition. Note that = 0, which is
reasonable since some initial upright convection shoulchfbefore
a squall line fully develops. There are two Heaviside fumdiin the
transition rate§7 2 and7Ts3 in [4] and[ 7]. They ensure, respectively,
that (i) a transition from a dry state to a convective statenoaoccur
unless some mid-level cloud heati@yg is present, and (ii) a transition
from upright convection to squall lines cannot occur unkbsslow-
level shear is sufficiently high. These conditions shoulduifféicient
for preventing inappropriate regime transitions. Explieaimulas for
Qa, Qcy AUow, A, 7+, and all other parameters needed 4j-[ 9]
are presented in Table 1.

vertical velocity is then given by weak temperature grad{®vTG)
balancew’ = Sj, and the zonal velocity is given by the continuity
equationu;, + w;, = 0:

v (z,2,t) = —sinfkx — wt] V2 cos(z)

— 2assin[k(z 4 o) — wt] V2 cos(2z) [11]
w'(z,2,t) = kcos[kz — wt] V2sin(z)
+ ak cos[k(x + xo) — wi] V2sin(22) [12]

With this form of+’ andw’, the eddy flux divergence is explicitly
calculated as

9. (W) = % sin(kzo)[cos(z) — cos(3z)]

[13]
Notice that a wave with first and second baroclinic compangen-
erates CMT that affects the first atldrd baroclinic modes (12, 13).
Thus, we model the CMT in the squall line regime by

F3 = —0.(w'v/) = k[cos(z) — cos(32)]. [14]

Notice from[ 13]- 14] that Fs depends ox (the strength of the strat-
iform heating relative to the deep convective heating) amdpo(the
spatial lag between stratiform and deep convective heatiig will
ignore the specific dependencerobn o andx and choose: as a
function of three quantitiesAU,,id, AUnmia AUjow, andQq. Their
detailed definitions are given in Table 1. The coefficiems defined
here by

2
] - (inf) SUnid if  AUmiaAUsw <0
O |f AU'nLidAUlow > 0

[15]

Note that this definition allows CMT for jet shears but not €mi-

form shears as in observations. A quadratic dependena@ ;o3

appropriate, sincev’u’ depends quadratically of°. Notice also
that this definition ofx depends ofAUj..,| only in the nonlinear
switch —wherx # 0 it does not vary with the magnitude @A U; ., .

While the presentation above includes heating with only vesgical

baroclinic modes, the model could be generalized to inciutidgrary
vertical structures. Next we calibrate the model in a singoleimn

model testing environment.

Performance of the Stochastic Model for CMT in a Test Col-

umn Model

Each of the three convective regimes has a different effact oHere we calibrate the stochastic model for CMT in the sintpéesal-
the large scale CMT ifil]. The CMT for the resolved large scale jzed setting with a single large scale grid point, i.e., @iséstic col-

momentum equation takes the form

—di(U-U) for r=1
Feyr = =0:(w') = ¢ —dy(U—-U) for 7, =2 [10]
F3 for r, =3

wherel is the barotropic windd; is small (and positive) or zero, and
F5 will be an upscale eddy momentum flux specified below. Here
andd. will have the commonvalué, = d» = 1/7, andrepresentthe
cumulus friction known to occur in either dry or moist uprigbnvec-
tive environments. To calculatgs, the upscale CMT for the squall
line regime, we utilize an exactly solvable multi-scale rlodhich
captures these features (12, 13, 30, 31). In this modek ihex bal-
ance v’ = Sj) between the vertical velocity’ and the potential tem-

umn model (24). The equations solved are siniply 0t = Four,
where Feoar is the stochastic CMT described above[itD] and
[14]-{15], and where: has a vertical structure with three baroclinic
modes:U(z,t) = Z?:1 u;(t) V2 cos(52).

The thermodynamic variables are specified in the followiry.w
The value ofA is frozen as\ = 0.4, while the values of the low-level
and deep convective heating paramet€sand@, involve random
non-overlapping bursts. The bursts are chosen to reprasentiom
series of heating events from convectively coupled wave4)(Z2The
time between successive bursts is picked from a Poissaibdisbn
with mean of 1 day, and the amplitude of each burst is chogan fr
a Gaussian distribution with mean of 10 K/d and standardadievi
of 2 K/d. This is shown for the first 50 days of the simulatiorFig.
la. The low-level heatin@.(t) is set equal t@,(t) for this column

perature sourc8, which represents convective heating. As a simplemodel case. Note that the heat sources are imposed funetiwhs
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do not allow any thermodynamic responses to changes initiglte
include a thermodynamic response in a simple way, the up§dIT
is not allowed to exceetd ms ' d*.

The initial velocity profile is the jet shear shown in Fig. kthe
thick solid line, which is defined in terms of vertical modssa = 10
m/s,uz = —10 m/s,us = 0. For this column model case, the model
relaxes back to this initial profile instead of a barotropiodvU' as
shown in[ 10] for . = 1 or 2. The time evolution of.;, j = 1,2, 3,
is shown in Fig. 1b for a duration of 600 days. The fluctuatiainsut
the initial conditions occur withu; (¢) — u1(0) = —(us(¢) — us(0))
due to the form of the CMT ifi14]. The velocity mostly fluctuates
with 10 m/s < u1 < 15 m/s, but there are also intermittent bursts

definitions of H4, H., Q4, andQ. are
1-A

Hq = 1_A*Qd [24]
A — A
HC:aCl—A* Qe [25]
+
Qa = {Q + - (a16ep + a2q — ao(61 + 7292))} [26]
_ 1 +
Qc= {Q + (0 — ao (61 + V§92))] [27]

whereu, becomes as large as 20 m/s. The jet of the velocity profil&ee (29) for definitions of the other source terms.

becomes more intense and moves to lower levels wheintermit-

The equations irf 16]- 23] are those of the multicloud model

tently reaches values of 15-20 m/s, as shown in Fig. 1c. The jgf (29) with the following changes. A few source terms haverbe

profiles in Fig. 1c are representative of those shown in the Beries
in Fig. 1b, withu. always at the value-10 m/s andus fluctuations
always followingu; fluctuations due to the form of the CMT jri4].
This column model test case demonstrates the intermitteatd
that can occur with this model. Other cases were tested vihere
heating function bursts in Fig. 1a had fixed amplitudes aralfoxed
period between bursts, and the results were similar to thlogen in
Fig. 1. These tests also serve as a calibration of the modaipa
eters. The test shown in the next section allows variatiémsamlel
variables in the horizontal; furthermore, the heating fioms Q. and
Qa will be interactive functions of the model variables, thBrel-
lowing feedback between CMT and the model thermodynamics.

Stochastic CMT for a Large Scale Convectively Coupled

Wave

An interesting, important, and nontrivial test of the stastic model
for CMT is its effect on an organized synoptic scale convetyicou-

changed from (29). The congestus heatify, which is shown in
[25], is treated diagnostically here by taking the limit— 0 in (29).
Also, the parameterg, in Q. andy: in Q4 take different values here:
~v5 = 2 andvyz = 0.1. Using a large value of5 emphasizes the sec-
ond baroclinic mode and give3. the characteristics of a low-level
convective available potential energy (CAPE) closure. fdmameter
Teonw takes a value of 1 hour here insteadref,, = 2 hours as it
was in (29). This change ifton. reduces the wavelength of the most
unstable waves from 4000 to 1500 km, thereby reducing aati¢-
fects of the wave wrapping around the 6000 km periodic doraath
interacting with itself. An equation fous has also been included
here in[ 18]. Besides these changes mentioned above, the parameter
values used here are all the same as those in the standaaf (28p

The multicloud model is used here with the stochastic CMT
model described above, which enters 6] 18] through the terms
Fl i+, whichare the components B 1,7 from[ 10] and[ 14]-{ 15]
in the jth baroclinic mode. The simulation shown here uses a peri-
odic domain of width 6000 km to represent a single CCW, andch gr
spacing ofAxz = 50 km is used to represent a typical grid spacing

pled wave (CCW) (4, 15). Here we represent the CCW through ansed in contemporary GCMs. The initial conditions are aiafhat

idealized multi-cloud model which captures key featureshef ob-
servational record in its simplest nonlinear formulatigi29). The
multicloud model is the following set of eight equations

% - % = Féur [16]
B2 0% _ Fdur [17]
% = Feur [18]
O 0 Myt eH +eH R [19]
%—i%:HC—HS—RQ [20]
82? = hib(E - D) [21]
00+ Q2w+ 3wy =~ D~ Lyl + o)
[22]
ags - Tls(asp— H.) [23]

The variablesu; are thejth baroclinic mode velocityg; are the
jth baroclinic mode potential temperatuée; is the boundary layer
equivalent potential temperature, anid the vertically integrated wa-
ter vapor. The source terms for these equations includel ¢leating
from three cloud types: deep convective heatifig, stratiform heat-
ing, Hs, and congestus heatingl.. The radiative cooling isR;,
evaporation ist/, and downdrafts aré®. These are alinteractive
source terms that are defined in terms of the model variabiiés.

Footline Author

uniform radiative-convective equilibrium with a small pabation.

Fig. 2 shows the CCW that develops from the initial perturba-
tion. For the first 10 days of the simulation, the CCW is weald a
the squall line regime; = 3 is never reached. After time= 10
days, the deep convective heatid,;, reaches values larger than 10
K/d, the squall line regimer¢ = 3) of the stochastic CMT model is
often accessed, and upscale CMT generataatermittently. On the
other hand, upscale CMT has a significant but less obvioestefih
u1, Which is coupled more strongly thar to the dynamics of the
CCW.

Fig. 3 shows the structure of the CCW averaged in a reference
frame moving with the wave at17.5 m/s from timet = 20 to 30
days. This CCW has key features in agreement with obsengtio
including the propagation speed and the left-to-rightvith height
(4, 27-29). Fig. 4 shows the structure of this wave average;fa..,
andus. Also shown in Fig. 4 is the wave average for a simulation
without the stochastic CMT model, i.e., with simple cumulus frintio
as in[ 2] replacing the stochastic CMT model. The stochastic CMT
model produces a nontrivial mean wind that can be seen inltte p
of the difference in Fig. 4c. In turn, this mean wind can iatgr
significantly with the CCW as time progresses (32).

Concluding Discussion

A simple stochastic model for CMT was developed and testde: T
model represents the convective regime at each large spatos
temporallocatioriz, ) by a three-state continuous-time Markov jump
processy:. Three convective regimes are represented: dry regime,
upright convection regime, and squall line regime. Tramsitates
between regimes depend on the large scale resolved vargldh as

the velocityu, the potential temperatufe and the low- and mid-level
cloud heating functiong). and@, resp. The CMT from unresolved

PNAS | Issue Date | Volume | Issue Number | 3



scales acting at the large scale spatio-temporal locétipr) depends 9.

on the convective regime ét, ¢). During the dry and upright convec-
tion regimes, the resolved scales are damped due to cunnigitisr,
and during the squall line regime, the resolved scales aoedoby
upscale momentum transport.

The stochastic model for CMT was tested for a single largkesca
grid point, i.e., as a stochastic column model. The modelipred
intermittent bursts in the velocity with physically reasbie values.
This test is also useful as a calibration of the model pararaefThe
stochastic model was also tested on a 6000 km domain with Sy ikim
spacing for a large scale convectively coupled wave. Thehsistic
model for CMT produced a nontrivial mean wind in compariso@t

simulation without the stochastic CMT model. 13.
While the tests shown in this paper involved a simplifiedicett
structure with three baroclinic modes, the stochastic mmdeCMT 14.

can be generalized to include a more general vertical streictsing
the WTG formulas iq 11]- 13]. Furthermore, the authors plan to
make other extensions of this model in the future. Anotherartant
direction is the inclusion of two horizontal spatial vatiedy = and
y; several additional important effects are present withtiadzontal
spatial directions (7, 8, 33). Another interesting direwtis to include
the nonlinear multi-scale interaction of the CCW and mean (&2).
The stochastic model for CMT developed and tested here is
a promising approach given recent results of other CMT nwodel

Mixing—entrainment models of CMT have shown some skill ir im 17.

proving the climate mean state, i.e., the Hadley circutefi?, 18), as
well as the El Nifio Southern Oscillation (19). However sihenod-
els require a computationally expensive pressure caloulatThe
stochastic model for CMT presented here is a less expensaraa
tive that does not require an expensive pressure calcnlagsides
having the additional attractive feature of representimgrimittent
upscale CMT. This stochastic CMT model’s ability to captimer-

mittent effects from unresolved scales also distinguishes it frimero
stochastic parameterizations for different aspects ofutusrconvec-
tion (34, 35).
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Fig. 1. Performance of the stochastic model for CMT in a test column model. (a) Mid-level cloud heating, Q 4 (%), for the first 50 days of the simulation. (b) Velocity
of the jth vertical baroclinic mode for the first 600 days of the simulation. (c) Velocity profiles representative of the velocities shown in (b).
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velocity, u1. (d) (Negative) third baroclinic mode velocity, —us3.
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Fig. 3. Structure of the convectively coupled wave averaged in a reference frame moving
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Fig. 4. Stucture of the CCW averaged in a reference frame moving with the wave for the results in Figs. 2-3 as well as for a simulation without the stochastic model
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Table 1. Parameters of the stochastic CMT model

Parameter  Description Value

Tr Time scale of regime transition rates 8h

Ba Sensitivity of transition rates to changes in A 1

Bo Sensitivity of transition rates to changes in Q4 and Q. (10 K/d)™*
Bu Sensitivity of transition rates to changes in low-level wind shear (10 m/S)f1
Qecref Reference value of (). for transition rates 10 K/d
Qd,ref Reference value of () for transition rates 10 K/d
|AU|rey  Reference value of low-level shear for transition rates 20 m/s

|AU|min  Minimum low-level shear needed for transition to squall line regime 5 m/s

di Momentum damping rate for dry regime (3d)~!
da Momentum damping rate for upright convection regime (3 d)f1
TF Time scale of upscale CMT for squall line regime 1.25d

AUrow  sgN(U(2+) — U(0)) maxikmez<7km |U(2) — U(0)]

AUmia  SON(U(z4x) — U(24)) maxzkm<z<13km|U(2) — U(24)|
zs denotes the value of 2z where the maximum in AU, is achieved.
Z«+ denotes the value of 2 where the maximum in AU, ;4 is achieved.
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