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Abstract Decompositions with normal modes have been useful for numerous purposes, such as theoretical
understanding of balanced and unbalanced circulations, and applications to data assimilation. However, normal
mode decompositions have typically been formulated for dry dynamics without moisture. Here, a normal mode
decomposition is investigated, including an eigenmode decomposition of moisture, on the sphere. One main aim
is to investigate how much moisture is associated with each of the different eigenmodes, for different latitudes
and different spatial scales. Another main aim is to investigate the additional moist eigenmode that is not present
in a dry system. The moist decomposition was applied to ERAS reanalysis data for August 2018. The results of
this decomposition suggest that, on sub-synoptic scales, the balanced component of moisture has the largest
contribution to the variance, in contrast to velocity and temperature which are known to be dominated by
unbalanced inertio-gravity wave mode contributions on sub-synoptic scales. Furthermore, on sub-synoptic
scales, among the two balanced eigenmodes of moisture (Rossby/vortical mode and slow moist eigenmode), it is
the slow moist eigenmode that has the dominant contribution. Lastly, a case study is examined of an extreme
rainfall event in the extratropics over North America, and the moisture anomalies on synoptic scales have
appreciable contributions from both the Rossby/vortical mode and slow moist eigenmode. As other topics, a
possible extension is discussed on including cloud latent heating into the eigenmode definitions in future work,
and the vertical basis functions for moisture are connected with a Sturm-Liouville problem and orthogonality
condition.

Plain Language Summary In order to better understand atmospheric dynamics, it is often useful to
decompose atmospheric quantities into different components. A commonly used decomposition is a slow—fast
or balanced—unbalanced decomposition. This decomposition is typically performed with an approximation that
the atmosphere is “dry” in order to simplify the decomposition. Here it is shown how moisture can be included
in this type of framework for global atmospheric decomposition. In the moisture decomposition, an additional
physically relevant piece arises: an additional balanced component that arises in moist systems. This
decomposition is then applied to ERAS reanalysis data, a global atmospheric data set, during the month of
August 2018. An extreme rainfall event during this time is also examined using this decomposition, to analyze
whether the moisture variability is mainly in the balanced or unbalanced components. It is found that the
additional balanced portion of the moisture makes an appreciable contribution, in concert with other balanced
and unbalanced components. A better understanding of moisture variability, as well as the role of its balanced
and unbalanced components, can help us to better understand and predict atmospheric dynamics.

1. Introduction

Decompositions, such as normal mode function (NMF) decompositions, have been useful for numerous appli-
cations in atmospheric science. Applications include analysis of observational or model data (e.g., Hoskins et al.,
1985; Zagar, Kasahara, et al., 2015), data assimilation (e.g., Bannister, 2021; Lorenc, 1981; Zagar et al., 2004),
predictability (e.g., Zagar, Buizza, & Tribbia, 2015), and nonlinear wave interactions (e.g., Ferguson et al., 2009;
Gottwald & Grimshaw, 1999; Majda & Biello, 2003). Moreover, decompositions are applied for a variety of scales
and regions, including globally (e.g., Kasahara & Puri, 1981; Madden, 1979; Zagar, 2017), regionally
(e.g., Bretherton & Smolarkiewicz, 1989; Fulton & Schubert, 1985; Stechmann & Majda, 2009), in the tropics
(e.g., Back & Bretherton, 2009; Gill, 1980; Khouider et al., 2012; Mapes, 1993), and in the midlatitudes/extra-
tropics (e.g., Daley, 1993; Molemaker et al., 2005).
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However, decompositions are commonly applied to the dry portions (e.g., velocity, temperature) of the atmo-
spheric state, and not to moisture. Given that slow-fast and NMF decompositions have been fundamental for
understanding many concepts of atmospheric dynamics, it would be desirable to have similar decompositions that
include moisture and moist processes. To apply NMF decompositions to moisture and moist processes, it would
be desirable to put dry and moist variables on the same footing, in the form of moist dynamics and its associated
eigenmodes.

Fundamental understanding of moisture variability can potentially be gained via NMF decompositions, to
help fill the gap in understanding between the moist and dry variables of the atmosphere. For example, it is
well-known that, in the extratropics, the dry atmospheric variables are approximately in geostrophically
balanced modes on planetary and synoptic scales, and they are mostly in divergent, inertia-gravity (IG) wave
modes on sub-synoptic scales. This well-known fact can be seen, for instance, by decomposing kinetic energy
in rotational and divergent components in limited-area or global domains (e.g., BlaZica et al., 2013; Burgess
et al.,, 2013), and is illustrated in Figure 7 of Zagar, Kasahara, et al. (2015) using a global normal mode
decomposition of reanalysis data. Furthermore, it is a slow—fast decomposition: the geostrophically balanced
circulations represent a slowly evolving portion of atmospheric motions, and the IG wave modes represent a
fast evolution of atmospheric motions. On the other hand, such properties are unknown for moisture.

The main aim of this study is to investigate the concepts from the previous paragraph, in reanalysis data, now for
moisture. What are the characteristics of moisture and its slow and fast components, or balanced and unbalanced
components? How do these characteristics vary on different scales, and in different regions?

As an example of a practical application, the investigation here can potentially have important implications
for data assimilation and forecasting. Understanding the concepts of balanced—unbalanced decompositions can
have an impact on forecast accuracy, and can sometimes even change a forecast from a failure to a success
(Daley, 1993; Kalnay, 2003; Platzman, 1967; Richardson, 1922). However, past work has largely focused on
a dry dynamics perspective, without a decomposition arising from moist dynamics. In a recent investigation
of moist dynamics and data assimilation, Ogrosky et al. (2025) found that, by using a moist eigenmode
decomposition, errors in data assimilation were reduced. To put these concepts into practice, a better un-
derstanding is needed of a balanced—unbalanced decomposition of moisture. Such a moisture decomposition
is the main aim here, and in Section 6 additional applications are discussed for other possible future work on
moisture variability.

We note that it is sometimes not precisely true that the Rossby—IG decomposition is also a slow—fast decom-
position. On the f-plane, the Rossby—IG decomposition is, indeed, also a slow—fast decomposition. On the sphere,
however, this is not precisely the case, for several reasons. First, the Kelvin and mixed Rossby—gravity (MRG)
modes do not have a clear characterization as only slow or only fast. Second, some large-scale IG modes can be
slow, or even quasi-stationary, especially in the tropics (Zagar, Kasahara, et al., 2015). The linear decomposition
considered here also projects a part of the midlatitude, slow ageostrophic flows onto IG modes, otherwise
considered as a part of the balanced dynamics (Stephan et al., 2021; Zagar et al., 2023). Third, if clouds and phase
changes of water are present, the IG component can include some portions that are slow, even on an f-plane
(Remond-Tiedrez et al., 2026; Zhang et al., 2021). Despite these three examples of caveats which should be kept
in mind, it is nevertheless convenient to label groups of modes as slow or fast for simplicity of exposition.

Some past work has approached moist phenomena using eigenmode decompositions, typically using dry ei-
genmodes but sometimes using moist eigenmodes. By adapting or modifying the dry linear eigenmodes, some
studies have analyzed observational and model data for understanding moisture-coupled phenomena such as
convectively coupled equatorial waves (Gehne & Kleeman, 2012; Holube et al., 2025; Knippertz et al., 2022;
Marques & Castanheira, 2018; Ogrosky & Stechmann, 2016; Yang et al., 2003), tropical intraseasonal oscilla-
tions such as the Madden—Julian Oscillation (MJO) (Zagar & Franzke, 2015), and the Walker circulation
(Stechmann & Ogrosky, 2014). Moist eigenmodes, obtained by linearization of moist dynamics, have also been
used for analyzing observational and model data for the MJO (Ogrosky & Stechmann, 2015; Stechmann &
Majda, 2015), and for asymptotic analysis of weakly nonlinear wave interactions (Chen et al., 2015, 2016).
Balanced and unbalanced moisture decompositions, in a midlatitude/extratropical setting, have been investigated
with a type of linearization that applies with clouds present (Wetzel et al., 2019, 2020). Applications to data
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assimilation have also investigated linear eigenmodes that decompose moisture into its balanced and unbalanced
components (Ogrosky et al., 2025). Recently a decomposition has been introduced that does not rely on line-
arization, so that it may potentially include a more faithful representation of the nonlinearity and the physics
associated with clouds. In particular, Remond-Tiedrez et al. (2026) introduce a nonlinear eigenspace decom-
position that includes the effects of cloud latent heating.

Also, note a distinction in that there is a long history of theoretical studies that identify eigenmodes in moist
dynamical models, typically with the aim of identifying unstable versus damped eigenmodes (e.g., Adames &
Ming, 2018; Emanuel et al., 1987; Khouider & Majda, 2006; Kohl & O’Gorman, 2022; Mapes, 2000; Neelin &
Yu, 1994; Stechmann & Hottovy, 2017). These theoretical studies are aimed at understanding a variety of
observed phenomena. However, there appears to be less work (as in the relatively small number of existing
examples mentioned in previous paragraphs) in applying moist eigenmodes for the purpose of analyzing and
decomposing observational data. This latter purpose is the focus of the present paper.

In setting up the investigation here, different types of moisture effects can potentially be included into the
definition of the moist eigenmodes. A linear effect is the vertical advection of background moisture.
Nonlinear effects include cloud latent heating, precipitation, etc. While it would be desirable to include as
many effects as possible, the presence of complicated processes will make the decompositions complicated.
With these considerations in mind, here we investigate a linear moisture evolution equation for defining the
eigenmodes. While the moisture evolution equation is linear, many non-trivial properties arise—such as a
non-diagonal inner product and an additional slow eigenmode associated with moisture—so it is a non-trivial
step beyond the dry case.

Lastly, we note that the small amount of past work on moisture decompositions has been in regional settings, such
as a midlatitude f-plane or f-plane or an equatorial f-plane. Here, we formulate a moist multivariate decom-
position on the sphere, and apply it to global reanalysis data. The global setting is valuable for numerous reasons;
for instance, it allows a seamless view across different regions (tropics, sub-tropics, midlatitudes, and polar re-
gions), and it is the natural setting for data that is available globally. To the author's knowledge, this is the first
decomposition of moisture into its balanced and unbalanced components on the sphere.

In what follows, Section 2 reviews the normal mode decomposition for the global atmosphere in a dry setting.
Section 3 presents the normal mode decomposition for moist dynamics. Sections 4 and 5 show the
decomposition of moisture into different eigenmode contributions in global reanalysis data. Section 4 presents
statistical features, and Section 5 describes individual snapshots from a case study. A concluding discussion is
in Section 6.

2. Normal Mode Decomposition for a Dry Global Atmosphere

To set the stage for the moisture decomposition in Section 3, we will begin here by briefly reviewing the deri-
vation of the normal mode functions for a dry system in the pressure vertical coordinate in Section 2.1, and how to
do projections of data onto these normal mode functions for discrete data sets in Section 2.2. We will then review
the current treatment of the vertical velocity @ within this system in Section 2.3.1, and then in Section 2.3.2 we
describe the Sturm—Liouville problem that is satisfied by the vertical basis functions of the vertical velocity.

2.1. Dry Normal Modes

We consider the normal modes of the linearized, hydrostatic, adiabatic, inviscid evolution equations for a global
atmosphere on a rotating sphere. The normal mode functions for a dry system in the pressure vertical coordinate
were described by Tanaka (1985). For other in-depth derivations, see also Kasahara (2020), 2agar and Trib-
bia (2020), and especially Zagar et al. (2023) as the notation we will use also closely follows the notation used in
that work.

KUMM ET AL.

3 of 26

85U8017 SUOLULIOD BAeRID 3|eolidde auy Aq peueob 82 S| 1e VO '8N JO S3In 10 A%eiq UIUO 481 UO (SUORIPUOD-PUE-SLULBIALIOD" A3 1M ARe1d] 1 BU1UO//SANY) SUORIPUOD Pue SWie 1 84} 88S *[9202/60/8T] Uo A%iqi78uliuo AB1IM 'NOSIAYIN-NISNOOSIM 40 ALISHIAINN Ad 6€1570A0S202/620T OT/I0p/wiod /| im A iqjeuljuo'sgndnBey/:sdny wo.y papeojumod ‘€T ‘9202 ‘96686912



~1
AGU

ADVANCING EARTH
AND SPACE SCIENCES

Journal of Geophysical Research: Atmospheres 10.1029/2025JD045439

In a pressure coordinate system the linear evolution equations are given by

ou

. 1 (g
—-2Q —] =0 1
ot Sln((/))\HLacos (p(di) ’ (12)

1
@+29 sin(g) u + — % =0, (1b)
ot a\dp

) o

dw o 1 du 0
—+V.-V=— —+— =0. 1d
ap + op + acos qo(d/l + d(p(v cos cp)) (1d)

Here, Equations 1a and 1b are the evolution equations for the zonal and meridional velocities, # and v. Equation 1¢
describes the evolution of the geopotential (¢p = gh where / is the geopotential height) (i.e., this is the ther-
modynamic equation), and Equation 1d is the continuity equation expressed in pressure coordinates with
V = (u,v). The vertical velocity w is the pressure velocity. The constants €, a, g, R, and c, are the rotation rate of
Earth, radius of Earth, average acceleration due to gravity on the surface of Earth, gas constant for dry air, and the
specific heat capacity at constant pressure of dry air, respectively. The coordinates in this system of equations are
longitude (4), latitude (¢), time (¢), and the vertical coordinate is given by pressure (p). The function I',( p) is the
static stability parameter defined as

@

r,(p) = 5(M _ dT_(p))
p

cpD dp

where T, ,(p) is a globally averaged virtual temperature profile. Note that the evolution equations in Equation 1
are for perturbations about a static base state (¢U( ), T, ( p)) that satisfies the hydrostatic balance condition,

dg, _ _RT,,(p)

& ) 3)

Finally, the boundary conditions for the surface (p = p,) and the top (p = p,) of the atmosphere are

d(op p°T,
6l(6p * R2T(,¢ & P=Pe (42)

wp — 0 as p—0, (4b)
which concludes the specification of the system. Note, the boundary condition specified in Equation 4b is a

condition that guarantees conservation of energy since it requires that ¢ is bounded for all time. For more details
on this boundary condition see Cohn and Dee (1989).

Note now that @ can be eliminated from Equations 1c and 1d by taking a partial derivative of Equation 1c with
respect to p and subtracting Equation 1d. The result is in Equation 5c as

ou . 1 o0
5 sin(p) v + 2cos (0/1) 0, (52)

1
v +2Q sin(p)u + — % =0, (5b)
ot a\dgp

0 0(1 [ B
wall)-vy =0 o

where Equations 5a and 5b are the evolution equations for the two horizontal velocity components, which are
carried along unchanged. Hence the system of equations has been reduced to a set of evolution equations for «, v,
and ¢ alone.
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We now perform a separation of variables in the form of
.v.9) (A @.p,1) = G(p) X (' V' ,gh")' (4, ,1), (©)

where G(p) is the vertical structure function (VSF). To proceed, it is helpful to note that Equation 5c¢ is the only
one of the three evolution equations that contains a pressure derivative. This means that G is easily decoupled
from Equations 5a and 5b, and then we obtain the following second-order ODE for G from Equation 5c:

1d/{1dG -1
EE(F_UE)‘?D’ @

where —1/gD is the separation constant (e.g., Staniforth et al., 1985). The notation D is chosen because D is an
equivalent depth, with units of length. For the values of D which are eigenvalues, which we denote D,, (i.e.,
D = D,,), the corresponding G which satisfies Equation 7 is denoted G,,,, and we say that m is the “vertical mode
number.” We can also note that, because Equation 7 along with the boundary conditions given in 4 constitutes a
Sturm-Liouville problem, the VSFs must be orthogonal in the following sense:

Py
f G(p) G (p')dp' = 5. ®)
ps_pt P

where §;; is the standard Kronecker-delta.

The vertical modes are ordered such that

Dy > Dy, > D3 > ... > Dy, ©)]

where the finite number of vertical modes, M, is associated with the vertical resolution of the computational
implementation. The VSF G;(p), which corresponds with the largest equivalent depth D, will not have any
points at which it changes sign, and is referred to as the “external mode” or the Lamb mode. The remaining modes
are referred to as “internal modes,” and the number of sign changes is m — 1 for a given vertical mode index m.

As the horizontal portion of the separation of variables, one finds from Equation 5c and Equation 6 the evolution
equation for A’,

-1
.V/ . — 1% . 1
V-V (4¢,t;m) =D, az( (4, @,1;m)), (10)

which is associated with Equation 7 through the same separation constant D,,. The notation V/ = (u’,v") is used
here.

For two additional evolution equations for #’ and v/, we note that G can be immediately canceled in Equations 5a
and 5b using Equation 6. Hence we now have a system of three evolution equations for the three quantities
(u’,v’,h") with (4, @, t) dependence for each vertical mode, m. We can then create a nondimensionalized version
of the remaining Equations 5a, 5b, and 10 by defining the following rescaled variables:

’ ’

u -V B = h'
\/g_D’ \/g_D D’
Using this rescaling, the set of nondimensionalized equations for #, v, and h can be arranged into a form known as
Laplace's tidal equations without forcing. In vector form, the equations are

0= =201, V =aV. (11)

d
a—;w+LW=o, (12)

where the vector W and the linear operator L are given by
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0 — si —
e cos ¢ 0

1

W=]|7v|, L=| sing 0 yr— | (13)

S

y 0 vy 0
Tl il . 0
cos @ 04 cos @ a(p(cos ¢ )

in which y = (gD)l/ %/(2aQ) is a nondimensional parameter. Note that we really have M copies of this set of
equations to solve, one set for each vertical mode index m. As shown by Longuet-Higgins (1968), Kasa-
hara (1976), and Swarztrauber and Kasahara (1985), the solutions to the equation can be expressed as a sum of
harmonics, where each harmonic has the form

Wﬁ (i, @, ?) = eiiﬂk";(*)fl(q))eik’l. (14)

Here k and n are the zonal wavenumber and meridional index, and HX(1,¢) = ©%(p)e* is known as the Hough

harmonic (Hough, 1898). The components of @]Z are expressed as
. T
0,(9) = (Up(9),iVy(9), Zi()) 15)

where the factor of i = /=1 accounts for a phase difference of V() compared to U%(p) and Zk(g). The
functions (E)ﬁ((/)) and the Hough Harmonics H':,((p) also obey orthogonality conditions,

1
| et @@y =a,6,. (16)
-1

1 2n 1 .
ﬁ\/‘ _/ Hl’(’ (}“/’IP’) ' (Hi; ()“/790/)) dll,d}“l = 6kk/ 5}171/’ (17)
0 -1

where y’ = sin(¢’) and * denotes the complex conjugate. We can see that this second separation of variables,
from Equation 14, can be plugged into Equation 12 to yield the eigenvalue equation,

LW = oW, (18)

with eigenvalues of iv. Since thisis a3 X 3 system there will be three separate eigenvalues for each choice of n, £,
and m.

These three frequencies have been identified as the eastward inertio-gravity (EIG), westward inertio-gravity
(WIG), and Rossby, or rotational (ROT), modes. To provide some intuition into the eigenvalues, one can
derive analytical expressions under the assumption that D is large (Kasahara, 2020):

—k

Y N —, 19
Vror n(n + 1) (19a)

1
P —k . K n(n+ D
™o+ 1)~ 4n2(n+ 1) €

: (19b)

where ¢ = 1/y? is the non-dimensional Lamb's parameter. The two inertio-gravity (IG) solutions in Equation 19b
are the EIG and WIG solutions where they refer to the + and — parts of the + in the solution, respectively. A
sample of the frequencies for one equivalent depth is shown in Figure 1.

One noteworthy feature in Figure 1 is that the frequencies of the IG modes are higher than the ROT frequencies,
that is, the IG modes are fast wave oscillations whereas the ROT modes are slow, low-frequency modes.
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Figure 1. Dispersion curves of several eigenmodes on the sphere, plotted as normalized frequency versus zonal wavenumber.
The WIG, EIG, and ROT frequencies (colored red, blue, and black respectively) are shown for various n and k combinations
for the first equivalent depth D; = 10 km on a semi-log scale. Dispersion relation plots for different equivalent depths have the
same qualitative features. The n = 0 ROT and EIG modes, known as the mixed Rossby—gravity and Kelvin modes, are shown
in pink. The Moist eigenmode (colored green) arises in a moist system, and is a slow eigenmode with a frequency of zero, for all
zonal wavenumbers. Adapted from 2agar, Kasahara, et al. (2015).

In Figure 1, while most of the modes have a clear classification as high-frequency or low-frequency, also notice
that the n = 0 ROT and EIG modes are highlighted for their unique properties. These modes are known as the
mixed Rossby—gravity (MRG) and Kelvin modes, respectively, and they play a central role in tropical dynamics
as they represent an important subset of the equatorially trapped wave modes. A unique property of the MRG and
Kelvin waves is that they do not fit into a binary classification as only slow or only fast, since these modes have
frequencies that span the range from the low frequencies of ROT modes to the high frequencies of typical IG
modes. It is sometimes appropriate, then, to give the MRG and Kelvin modes special consideration such as in
studies of tropical dynamics. It would be interesting in the future to investigate a more nuanced viewpoint of the
MRG and Kelvin modes. Here, in a global setting of global variability, we will use an approximate classification
of the MRG and Kelvin modes as slow and fast, respectively, in accordance with their classification as then = 0
ROT and EIG modes, respectively. Such a classification is in line with the bulk of the modes' flow being in
vorticity (MRG) and divergence (Kelvin) (Neduhal et al., 2024), and also in line with the bulk of these modes'
frequencies illustrated in Figure 1. In what follows, the IG modes will be referred to as fast, high-frequency
modes, and the ROT modes will be referred to as slow, low-frequency modes, in line with the broad aspects
of the mode frequencies illustrated in Figure 1.

2.2. Projection of Data Onto the Normal Mode Functions

The orthogonality conditions from Equations 8 and 17 in the previous section allow us to decompose a state
(u,v, h) into a sum of all of the (m,n, k) modes. As described by Kasahara and Puri (1981) for the terrain-following
coordinate sigma and by Tanaka (1985) for the pressure vertical coordinate, this can be done for a discrete data set
for a single time value in the following way.

First the VSFs are constructed by using for example, the finite difference method outlined in Kasahara and
Puri (1981). Using their method, the discretized VSFs then satisfy a discrete version of the orthogonality
condition,

J
D2 Gul(NGr () = 8,0t (20)
j=1

where j is the vertical level index which takes the valuesj = 1,2,3,...,J. Then the state (u, v, 1) can be projected
onto vertical mode m to produce the quantity X,,(4,¢):
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~\T J
X 0e) = (s T ) = 8,1 3 @] G () @)
part
gD, 0 0
S.=| 0 eD, 0 | (22)
0 0 D,
where S,, is an appropriate scaling matrix. Now, using the orthogonality condition of the Hough harmonics, the
vector X,,(4,¢) can be projected onto the Hough functions to compute the complex-valued “Hough co-
efficients” y*(m):
R K
X, (o) =, Y, aemHL (i m), (23)
n=l k=—K
1 2n 1 .
=3[ [ X0 (@0gm) duar, e
0 J-1
where K represents the total number of zonal wavenumbers. The meridional index n takes values from 1 to R,
where R = N + Ny + Ng (where Ng, Ny, and Ny are the number of EIG, WIG, and ROT modes) to account for
the three solutions that we obtain for each (n, k, m) combination.
Using these definitions we can express our final decomposition of X = (u,v,h)" as
M
m=1
M R K
=20 20 SuastmHL A @;m)G,()): (26)
m=l n=1 k=—K
This decomposition provides a useful tool for analyzing atmospheric dynamics and is included in the MODES
software (Zagar, Kasahara, et al., 2015) used for data analysis in this study.
2.3. Modal Decomposition of the Vertical Velocity
During the decomposition procedure in Section 2.1, we eliminated one of the variables of the system: the vertical
velocity w. This was done to make the system of equations easier to solve.
However, it can also be valuable to have a decomposition for the vertical velocity. In Section 2.3.1 we will review
arecently presented method for decomposing the vertical velocity (2agar et al., 2023). Then, in Section 2.3.2, we
review the Sturm-Liouville equation that is satisfied by the vertical basis functions for vertical velocity, G, (p),
and also the associated orthogonality condition.
2.3.1. Vertical Velocity Decomposition via Horizontal Divergence
We now review how to decompose w using the modes that were presented in the previous sections. We review the
approach of Zagar et al. (2023) which utilizes the horizontal divergence (Neduhal et al., 2024).
By noting that w is related to the horizontal wind velocities through the continuity equation, we can derive a
relationship between /4’ and @ using Equation 10:
1 (oh' 0
—— G:—V.Vz_w (27)
D, \ ot op
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Now, if we integrate both sides of Equation 27 from the top of the atmosphere, and use our original separation of
variables for A’, from Equation 14, we find that for an arbitrary mode (m,n,k) we have:

@k (@, p;m) = =itk A0k (m)ZE (03 m) / G,(p")dp’, (28)
0

where Z¥ is the component of @ which corresponds with /.

The expression in Equation 28 gives the (m,n,k) modes for omega, which also have EIG, WIG, and ROT

components, and correspond with the modes previously found for #, ¥, and h. Similar to the other modes, @ can
be written as a sum of all of these modes as

M R K »
W)= =13 3 3 Pk ki gim) f G (p")dp | (29)
sJ 0

m=l n=1 k=—K
where p, is the average surface pressure. This also allows us to identify the w-VSFs (G,) as

1 (7
Gw,m = Tf Gm (p/)dpl > (30)
PsJo
where the factor of p, is introduced to keep the w-VSFs dimensionless. Note that another corresponding mul-
tiplicative factor of p, is also included in Equation 29 to keep the dimensions of @ consistent.

When examining global data it is often convenient to examine the relative contributions of @ in a given latitudinal
band. To this end we can equivalently express @ as

K

w(j'!(psp) = Z ‘Z’k((lhl’)eikls (31)
k=—K

M R

P
olpp) = =i S LA mZE g m) f G (p)dp' . (32)
0

m=l n=l

where @ are the Fourier coefficients of omega when taking the Fourier transform at a single latitude at a
particular pressure level. We have also suppressed the time dependence as these decompositions can be computed
at any given time instant.

2.3.2. Sturm-Liouville Problem and Orthogonality Conditions for VSFs of Vertical Velocity

While the @ decomposition in Equations 29 and 30 has a natural connection with the decomposition for u, v, and
h, it is not clear from the derivation presented if the vertical basis functions G,,(p) for @ are an orthogonal basis.

To establish orthogonality, we now review a Sturm-Liouville problem for G, (p). A version of this is presented by
Staniforth et al. (1985) and can also be found in the oceanography literature (see, e.g., Early et al., 2020; Gill &
Clarke, 1974; Kelly, 2016, and references therein), and here we present a version that is tailored to the atmo-
spheric setting.

The discussion of G,, here is also helpful as a prelude to the discussion of vertical structure functions for moisture,
in Section 3.2.

To derive a Sturm-Liouville problem for G, (p), we return to the derivation in Section 2.1. Recall that we had
eliminated w from Equation 1 in an early stage of the derivation there. However, we could have instead chosen to
eliminate the geopotential ¢ and to retain w. We will now examine how this can be done.

We begin by using the same decompositions for u, v, and ¢ (as shown in Equation 6), and performing the
following additional separation of variables for w:
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o(,@,p,t) = G,(p) X 0’ (4, 0,1). (33)

Plugging both of these separation of variables into Equation 1c and Equation 1d yields

on'\ (1 dG ,
ek Y e - 4
g<01)<Fo dp>+Gf”“’ 0 34

d
o % L Gv.vr =0, (35)
dp

Now if we divide both equations by @’ and then to the second equation we take a p derivative and multiply by

gD/T", we obtain
1( on’\( 1 dG
= =0 36
w/<g at><r() dp)+Gm ’ ( )

D d*G, 1 1 dG
+ (g . —— ] =0.
& © 4 (gD V-V') 0 (37)
5)/ p

r, dp?

From here we note that these two equations each contain a term with a single p derivative, and these terms are the
same (but with opposite signs) because of Equation 10. Adding these two equations to cancel these terms yields
the following equation for G,,:

—_ T _ "G . (38)

This is the differential equation of a Sturm-Liouville Problem (see, e.g., Early et al., 2020; Gill & Clarke, 1974;
Kelly, 2016; Staniforth et al., 1985, and references therein). There is also an associated orthogonality condition for
the vertical structure functions (G,) of the vertical velocity w, with respect to the weight function I',(p):

1 (P
—/ I,(p")G,:(p")G,;(p")dp’ = 6; + boundary terms. (39)
PsJo

While it is common for the right-hand side of an orthogonality condition to appear as only §;;, here there are extra

ij>
terms in the orthogonality condition arising from the free surface boundary condition; we refer to the literature for
further information (e.g., Early et al., 2020; Gill & Clarke, 1974; Kelly, 2016; Staniforth et al., 1985, and ref-

erences therein).

Note that one can take the derivative of (38) with respect to pressure and transform the differential equation for G,
into the differential equation for G in Equation 7, or vice versa with an anti-derivative. Alternatively, it can also be
valuable to note that G and G, have their own separate origins in the coupled system in Equations 34 and 35, and
the steps that lead to Equation 38 are essentially a diagonalization of the coupled system into two independent
equations, one for G and one for G,,. Now that we have described how a decomposition can be performed for each
of the dry variables of interest (u, v, h, and @), we will turn our attention on how to include a decomposition of
moisture within this framework.

3. Decomposing Moisture With Global Normal Modes

In this section, we consider the inclusion of moisture, and a resulting moist multivariate decomposition on the
sphere. The setup for including moisture is discussed in Section 3.1, and the eigenmodes and associated
decomposition are described in Section 3.2.

3.1. Moisture Evolution Equation for Defining Eigenmodes

To include moisture, a first step is to decide which processes to include in its evolution equation for defining the
eigenmodes. On the one hand, one may want to include various moist processes, such as cloud latent heating and
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precipitation, so that the influence of these processes are included within the eigenmode definitions. On the other
hand, the inclusion of complicated processes will make the eigenmode decomposition complicated, especially
given that cloud latent heating and precipitation involve nonlinear thresholds that are non-smooth and hence are
not readily amenable to standard techniques of linearization.

In light of these considerations, and given that a moisture decomposition on the sphere has not been previously
conducted (to the authors' knowledge), it is sensible to begin with the simplest setting here. Hence, for including
moisture, we use a moisture evolution equation that is of the same type as the temperature evolution or geo-
potential height evolution in Equation lc, as in traditional frameworks for normal mode decompositions on the
sphere. In particular, the specific humidity g, evolution equation for the eigenmode definitions will be

g[(qv) 0. (40)

Similar to what was done in the previous section for the dry framework, we will express the moisture in terms of
background and perturbation terms as

4,(4,¢,p.1) = q,(p,®) + q(4, 9, p. 1), 41)

where g,(p, ®@) is the pressure-dependent background function, which also varies slowly in latitude, and g is the
perturbation from this background quantity. It is natural to include a latitude-dependence in the background
moisture g, since the vertical moisture profile can vary considerably from the tropics to polar regions. Note that,
in writing g,(p, @), we are explicitly using ® rather than ¢ to serve as a reminder that ¢, has latitude variations on
along horizontal spatial scale which we changed one denote with large-scale coordinate ®. It would be interesting
in the future to consider the influence of gradients of the reference state g, with respect to latitude, although this
large-scale gradient will be neglected in what follows. The latitude-dependence of g, will instead enter through
the appearance of @ in the latitude-dependence of d,g,(p,®) in what follows.

In what follows we will refer to g as the specific humidity rather than the perturbation of the specific humidity, for
brevity. Plugging this into Equation 40, and ignoring the dg,/d¢ term due to the g,’s slow variation in latitude

yields
9q
=, +Ta0 =0, (42)
where we have introduced the notation
i)
I,:= gqo(p, ®) =T,(p, D). (43)

Figure 2 shows a typical profile for the background moisture as well as its derivative.

The background moisture quantities (g, and I',) that are used in the moisture decomposition are computed using
the ECMWEF data. The background moisture values (g,(p, ®)) are found by averaging zonally, and one vertical
profile is computed for each latitude. We have computed a g,(p, ®) for each day for simplicity although the
changes are small from one day to another. The pressure derivatives of ¢,(p, @) are then computed to obtain the
I[',(p,®) values. It is worth noting that, when a pressure level is below the Earth's surface (which can occur when
topography has a high elevation), we use the extrapolated values that are provided by default in the ERAS data set.
The extrapolated values are simply the moisture value at the lowest model level that is the first value at or above
the surface. We have verified that, if the extrapolated values are excluded from the averages to produce g,(p, ®),
there is little difference in the profile in most regions, and the noticeable differences are at locations that are very
near to the surface and in the vicinity of Antarctica. Since these regions are not considered in Section 4, the default
extrapolated values are included in all calculations of g, and I', for ease of application.
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Figure 2. Sample profiles of the reference moisture profile g,(p, ®) and its derivative d,g,(p, ®). These profiles were
calculated using global ECMWF analysis data that was zonally averaged at each of 137 pressure levels closest to the model
levels for the month of August 2018. Panels (a) and (c) show the g,(p, @) profiles in the northern and southern hemispheres
respectively, and (b) and (d) show their respective pressure derivatives.
In what follows, we will proceed with Equation 42 as a moisture equation that is in the same spirit as the tem-
perature or geopotential height equation in Equation Ic, as in traditional frameworks for normal mode de-
compositions on the sphere.
In this setting, the dry variables (u’,v’,h’) still obey the same equations as in a dry framework, and hence their
eigenmode decomposition is unchanged and is described by the WIG, EIG, and ROT modes,
so that any additional moist eigenmode will have u’ = v/ = h’ = 0 associated with the eigenmode's moisture
variations. Even though it is a simple addition of moisture, many non-trivial properties arise for this type of
treatment of moisture and its decomposition, such as a non-diagonal inner product and an additional slow
eigenmode associated with moisture (Ogrosky et al., 2025). Hence, this system is a non-trivial step beyond the dry
case.
3.2. Moist Eigenmodes and Moist Decomposition
We now aim to find the moist eigenmodes of the moisture-coupled equations, using the moisture evolution
equation from Equation 42 coupled with the evolution equations for the dry variables u,v,w, and ¢ from
Equations 1a to 1d. In order to find the eigenmodes, it appears at first glance that we must begin anew and solve a
new eigenvalue problem, since moisture coupling has now been introduced. However, three key observations will
allow us to avoid the need to solve an entirely new eigenvalue problem.
A first key observation comes from separation of the time variable. Assigning the same time dependence to g as
for the dry variables (e, and separating the time variable ¢ in the moisture evolution equation in Equation 42,
we obtain
.k k k
i, 4, (4 @.p.t;m) =Ty (p, ®) ), (4, . p, 1;m) (44)
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Figure 3. Panels (a), (b), and (c) show the vertical structure functions G [VSF], G,, [0-VSF], and G, [¢-VSF], for the
m =0,1,2,5,10 modes.

for a single (m, k,n) mode. Hence the first key observation here is that the ¢ can be found, if the modes for @ are
known. We can then leverage the recent results of Zagar et al. (2023) that provide the modes for @, as reviewed
here in Section 2.3. (A subtlety will arise, though, and it is overcome by a third key observation, as described
below.).

A second key observation is that Equation 42 and Equation 44 can also help to find the vertical structure functions
for moisture, which we call Gq(p). To see this, we follow the methods used in the previous section, and we
perform the following separation of variables for the moisture:

9, @,p,1) = q' (4, ¢,1) X Gy(p). (45)

Plugging this separation of variables into Equation 42, along with our previous separation of variables for @ from
Equation 33, we obtain

aq’ —w' B
(?) Gq = ( p ) X (pSFqu)’ (46)
s
where we have once again introduced the factor of p, to keep the VSFs dimensionless. Equating the pressure-
dependent factors on both sides of the equation brings us to the second key observation: we can deduce the
vertical structure functions of moisture, G, from the VSFs of vertical velocity, G,. We can summarize this

relationship, and the relations between all of the vertical structure functions, as

D
Gon(D) = Py Ty Gon(P) =T, f G (P dp. 47)
0

Figure 3 shows examples of the VSFs. Given that G, and G, are proportional to each other, we also obtain a
Sturm-Liouville problem for G,. The quantity G,/ ( Dy Fq) satisfies the same Sturm-Liouville problem as G,
which was presented earlier in Section 2.3.2. The differential equation takes the form of
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1 d2< Gq>_—1 G, 48)
L, dp*\p,T,) gD p,T,’

along with boundary conditions that follow from Equation 4 and the associated orthogonality condition is

1 ("L
PsJo (i)srq)z

G,:(p")G,;(p’)dp’ = 6; + boundary terms. (49)

While it is common for the right-hand side of an orthogonality condition to appear as only §;;, here there are extra

ij>
terms in the orthogonality condition arising from the free surface boundary condition, as in the case of vertical
velocity; we refer to the literature for further information on these extra terms (e.g., Early et al., 2020; Gill &

Clarke, 1974; Kelly, 2016; Staniforth et al., 1985, and references therein).

For the horizontal portion of the separation of variables, we can obtain a system of evolution equations for
(i, 9, h,q"), as follows. For the moisture, we find from Equation 45 and 46, that
a / /
T2 vy, (50)
ot p

s

where the latter equality follows from inserting the separation of variables for V and @ (Equations 6 and 33) into
the continuity equation and equating the pressure-independent factors. By coupling the dry system with Equation

50 for moisture, we can now express our system of pressure-independent perturbations (i, v, h,q’) as a linear
operator equation as

9
53 W, + LW, =0, 6D

where the vector W, and the linear operator L, are given by

0 —sin ¢

=
S

sin ¢ 0 y— 0
W, = , L, = . 52
! r 9 / i(cos ) 0 0 )
cos @ d1  cos @ g ¢

-y 0 —r 0
— — . 0 0
cos @ 04  cos @ a(p(cos ¢ )

S <
o9}
)

Since g is already nondimensional (with units of kg kg™'), we simply leave it as ¢’ in the W, vector, and the other

quantities (i, v, 1) have been nondimensionalized in the same way as they were in the dry case.

The third key observation arises as follows. Since we have moved from a (dry) 3 X 3 system to a (moist) 4 X 4
system, we must have an extra eigenmode. The extra eigenmode could potentially be found if it is possible to
adapt knowledge of the f-plane case (Ogrosky et al., 2025; Smith & Stechmann, 2017) to apply here on the sphere.
In particular, it is reasonable to expect that the extra eigenmode is associated with moisture, since moisture is the
new variable that has been added to the system. Hence we should examine the evolution equation for moisture, in
the bottom row of Equations 51 and 52. Doing so, one can see that the g’ evolution equation and the h equation are
linearly dependent as dq’/0t = —0h/d1. As a result, since the third and fourth rows of L, in Equation 52 differ
by only an overall minus sign, those rows are linearly dependent, which implies, by the invertible matrix theorem
of linear algebra, that the extra mode that we obtain must be a zero eigenmode (or equivalently a zero frequency
mode). This is the third key observation. It allows us to identify the fourth eigenmode, and what we know about it,
at the least, is that it is a zero-frequency, moist eigenmode.
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Table 1
Summary of the Different Types of Modes for the Moist System, and Their
Characterization as Balanced or Unbalanced

We then find the eigenmode decomposition of moisture as follows. We can
calculate the contribution of the EIG, WIG, and ROT modes by examining the
relationship between g and w in Equation 44. This allows us to calculate each
of these ¢ modes which correspond with previously found modes for w. We

Mode type Balanced or unbalanced
can explicitly solve for each of these (m,k,n) moist eigenmodes in terms of
1G Unbalanced . . . .
the coefficients, Hough functions, and vertical structure functions, as
ROT Balanced
MOIST (M) Balanced

Note. For the moist system, a new balanced MOIST mode type arises (shown
in italics), in addition to the balanced Rossby/rotational (ROT) modes and the
unbalanced inertia-gravity (IG) modes of the dry system. The full set of
modes also includes Kelvin modes and mixed Rossby—gravity modes that do
not have a clear characterization as only balanced or only unbalanced. See
Figure 1 for a plot of the dispersion curves.

. /4
G Cogpupetim) =~ )@ 28 ()T () f Gu(p)dp'.  (53)
0

Note, though, a subtlety of applying Equation 53: it is based on Equation 44,
and hence it only provides information about g¥ if ¥ # 0. This is the subtlety
that was alluded to when Equation 44 was introduced. For any ¢f modes with
zero frequency, which were just found to exist in the previous paragraph,

Equation 44 and Equation 53 are not used to identify the mode. Instead, for the zero-frequency moist modes, we
will compute the slow, moist eigenmode contribution, g,,, as the residual, ¢,; = g — ¢ — qror» Where g;g and
qror Trepresent the total contribution of the EIG, WIG, and ROT modes by summing over all of the (m,k,n)

combinations for each mode, respectively. An alternative would be to calculate g, based on the associated ei-

genvectors, which is a possible route but which would introduce additional computational cost; here we will

follow the residual approach which utilizes the information of the EIG, WIG, and ROT modes that have already

been computed in order to take advantage of this cost savings. We note here that this definition of g,, is based on a

modal representation of circulation that is a complete representation, while discretizations will introduce a certain

amount of incompleteness when working with real data (e.g., Zagar et al., 2009).

As a final remark, we note that, in order to isolate the moisture anomaly associated with one of the individual
eigenmodes EIG, WIG, or ROT, we follow the same procedure that was mentioned for the dry variable
decomposition in Equations 23 to 26. In more detail, recall that the meridional index n takes values from 1 to R,
where R = Ny + Ny + N (where Ni, Ny and Ny, are the number of EIG, WIG, and ROT modes) to account for
the three solutions that we obtain for each (1, k, m) combination. Therefore, an individual eigenmode contribution
can be isolated by restricting the n index summation to include only the n values associated with the individual

eigenmode.

To summarize, the moisture decomposition has four components:

q = qgic t dwic + dror t du> (54)

where g,, represents the moist, zero-frequency eigenmode that arises as a new eigenmode in moving from the dry

system to the moist system. Table 1 gives a summary of these modes, as well as their characterization as either

balanced or unbalanced. In particular, we note that moisture has two eigenmode contributions that are slow, or
balanced: the Rossby/rotational (ROT) mode and the slow, moist eigenmode.

4. Analysis of Global Moisture Data Using a Normal Mode Decomposition

In this section we will examine global moisture data using the framework outlined above in Section 3.

As topics of interest, we will investigate properties that are well known for dry variables (velocity, temperature,

geopotential) but which are not well understood for moisture. In particular, here we investigate questions such as:
How much moisture variability is attributed to the balanced (ROT and MOIST) modes versus the unbalanced (IG)
modes? Do balanced or unbalanced modes provide a dominant contribution, or are the contributions approxi-

mately equal? Do the answers change for different latitudes or different spatial scales?

The data for specific humidity is from the ERAS data from the European Center for Medium-Range Weather
Forecasts, of August, 2018, with one value each day at 00:000 UTC. These data are on a global grid with 0.25°
resolution in longitude and latitude on 137 pressure levels. The data for the (u, v, i) coefficients, Hough Functions,
vertical structure functions and frequencies, were obtained using the MODES software package, following 2agar

et al. (2023). The decomposition of divergence and pressure vertical velocity for the same data set can be found in
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Figure 4. Contour plot of specific humidity at a pressure level of 610.66 hPa at 00:00 UTC on 11 August 2018. Panel
(a) shows the specific humidity perturbations as calculated from the ERA data. Panels (b), (c), and (d) show the g, ¢,5, and
qy modes respectively. The plots are displayed using a Miller Cylindrical Projection, and the units for all plots are g/kg.

Neduhal etal. (2024) and Zagar etal. (2023) respectively. The decomposition of specific humidity is then computed
based on the framework outlined in Section 3, where a final summary is described in Equations 53 and 54 and the
surrounding text. In analyzing the decomposed data, the data will mostly be analyzed in the mid-troposphere
(approximately 500—-600 hPa). In part it is helpful to avoid the pressure levels in the lower troposphere since
those pressure levels can correspond to topographic features such as high mountains at some locations, and we
would like to analyze data over the entire globe. In part it is also helpful to focus on the mid-troposphere since the
expansions in vertical structure functions can require detailed treatment for resolving features in the lower
troposphere and closer to the Earth's surface. We leave additional details of the vertical structure of moisture for
future investigation, and we proceed with analyzing the mid-troposphere for a viewpoint of the bulk of the
troposphere across the globe.

4.1. General Features of the Different Eigenmode Components

We will begin by examining some of the general features of the various modes by examining a single snapshot of
the moisture anomalies. Figure 4 shows the ERAS moisture anomaly, as well as the moisture anomalies that are
associated with the ROT, IG, and M modes in the midtroposphere on the 610.66 hPa pressure level. In the tropics
almost all of the moisture is contained within the g), mode. Looking into the mid-latitudes and into the polar
regions, the Rossby (ROT) mode also begins to have a substantial contribution. This is associated with the
prevalence of Rossby wave activity in mid-latitudes and polar regions. The Inertio-Gravity IG = EIG + WIG)
mode has a smaller contribution among the different mode contributions. We note, though, that a global plot will
emphasize features on the largest scales, and this plot is only meant to provide a first look. In what follows we will
calculate statistics to provide a quantitative evaluation.

4.2. Latitude-Dependence of Eigenmode Contributions

To better quantify the contribution of each mode at different latitudes, we calculate the variance of each of the
modes over all longitude values, at each particular latitude, and create a profile of how this variance changes for
all latitudes. The plots in Figure 5 show that the zero frequency M mode has its largest contribution in the tropics,
and the Rossby mode has its largest contribution in the midlatitudes. The IG variance seems to be approximately
constant across all latitudes. We note that these plots show the variance over all spatial scales, and a more detailed
view of the variance on different spatial scales will be shown below.

Also, we note a subtlety about the moisture decomposition: it is not an orthogonal decomposition with respect to
the standard L? Euclidean inner product. We refer to Ogrosky et al. (2025) for a more detailed discussion of the
non-diagonal inner product, in the setting of an f-plane, and the appendix herein describes the non-diagonal inner
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Figure 5. Moisture variance at each latitude. Panel (a) shows the variance of the ERA data, and panels (b), (c), and (d) show
the variances of the ROT, IG, and M modes respectively. The data for this plot is from the date 11 August 2018, at 00:00
UTC, and the two profiles shown are for pressure levels of 507.50 hPa (red) and 296.52 hPa (green). In the tropics, the mode
with the largest contribution to the moisture variance is the M mode, while in the midlatitudes, the M, IG, and ROT modes all
have substantial contributions.

product for the case of the sphere that is considered here. Also, another example of a non-diagonal inner product
was described by Stechmann and Majda (2015) for a model of tropical intraseasonal oscillations, where again it
was moisture that was the cause of the non-diagonal property of the inner product. Here we note one aspect that is
related to the non-diagonal nature of the inner product: the total variance of moisture in Figure 5 is not the sum of
the variances of the different eigenmode contributions. that is, whereas the decomposition of ¢ as
q = qig + qror + gy 1s true as an equality, the sum of the variances is not equal to the variance of the
moisture: ¢*> # gl + qror + qy-

4.3. Contributions of Moist Eigenmodes Across Different Spatial Scales

In the previous plots we have examined the relative contribution of each of the modes, and we have examined all
scales together. However, if we examine a particular spatial scale, the relative importance of each of these modes
may be different. To this end, we now compute the Fourier Transform in different regions to examine the impact
of each mode on different scales, in different regions.

The Fourier transform, or more specifically the fast Fourier transform, is computed on the anomaly data at each
latitude, and then averaged across a regional band, at a single pressure level. Three regional bands are specified as
the northern mid-latitudes (60.28° to 29.93°), tropics (15.04° to —15.04°), and the southern mid-latitudes
(—29.93° to —60.28°). This is done for the moisture anomaly data from the ERAS data and each eigenmode.

The Fourier spectrum of each eigenmode, and in each latitude band, is shown in Figure 6. First we consider the
largest spatial scales—i.e., the smallest wavenumbers &, from approximately k = 1tok = 40. For the smallest
wavenumbers, we see the following. In the tropics, the slow moist eigenmode makes the dominant contribution.
In the extratropics, on the other hand, both the slow moist eigenmode and the Rossby eigenmode have substantial
contributions. Note that these statements agree with the indications from the earlier Figures 4 and 5, which were
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Figure 6. Moisture variance contributions on different spatial scales. Panels (a), (b), and (c) show the averaged profiles for each of the eigenmodes in the northern mid-
latitude, tropic, and southern mid-latitude regions respectively for data on 11 August 2018 at 00:00 UTC. Panels (d), (e), and (f) show the fast Fourier transform
amplitude (normalized by the number of longitude values) for the corresponding profiles shown in panels (a), (b), and (c). The M mode has the largest contribution, and

in the midlatitudes the ROT mode also makes a substantial contribution on synoptic scales (k $40). On sub-synoptic scales (k 2 40), where dry variables are known to be
dominated by /G modes, the moisture is dominated by the balanced M mode.

figures that consider all scales together, since the moisture has a red spectrum with the largest variance at the
lowest wavenumbers.

Next we consider the sub-synoptic scales, that is, wavenumbers & > 40. In the tropics, on sub-synoptic scales,
from largest to smallest amplitude, we see the slow moist eigenmode, the IG modes, and the Rossby mode
contributions to moisture. In the mid-latitudes, there is a large change across scales in the Rossby mode
contribution, which is one of two leading contributors on synoptic and planetary scales, but which transitions to
the smallest contributor on sub-synoptic scales. Such a transition is similar to what is seen for the dry variables
(velocity, geopotential height) (e.g., 2agar, Kasahara, et al., 2015). However, another feature of the moist ei-
genmodes is different from the dry variables. In particular, in contrast to the dry variables (velocity, geopotential
height) which are dominated by unbalanced, IG contributions on sub-synoptic scales, the moisture variance on
sub-synoptic scales is dominated by a balanced eigenmode contribution, due to the additional, slow eigenmode
that is present in the moist system.

5. Case Study of an Extreme Rainfall Event

In the previous section, the moisture decomposition was analyzed from a statistical perspective. In this section we
now examine an extreme rainfall event as a case study. The case study will provide an illustration to accompany
the statistical analyses from Section 4. The moisture NMF decomposition will be used to investigate the moisture
variability of the event and the different contributions of different moist eigenmodes.

For the case study, we consider an extreme rainfall event on August 20-21, 2018, in the region surrounding
Madison, Wisconsin. This event was a record breaking (or near record breaking) event for total rainfall over a
24 hr period, with some rainfall measurements reaching over 11 inches of rainfall, the majority of which was
accumulated in only a few hours. This event caused flash floods and as a result there was much damage to local
homes and infrastructure. While this event had significant local impact, we are not considering here the local,
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Figure 7. Large-scale conditions of moisture, preceding an extreme rainfall event in Wisconsin by approximately 10 days.
Panel (a) shows the ERAS data for the specific humidity anomaly, and panels (b), (c), and (d) show the ROT, IG, and M

modes, respectively. These contour plots are made on a pressure level of 610.66 hPa at 00:00 UTC on 11 August 2018, and
cover latitudes from 20° to 70°. The M mode makes the dominant contribution at lower latitudes, and both the ROT and M
modes have significant contributions over the northwestern portion of the United States and the western portion of Canada.

small-scale features of the event. In what follows, we will consider the large-scale conditions of moisture
associated with this event.

A priori, there are various possibilities for the physical mechanisms of this event's moisture variability. To gain
some insight by using the mode decomposition, a question to investigate here is: Which eigenmode is responsible
for the dominant contribution of the moisture variability? Given that it is a midlatitude event, one might suspect
that the dominant moisture contribution is from one or both of the balanced eigenmodes. However, a priori, it is
not clear which proportion might be in the ROT versus M eigenmodes. A priori, since midlatitude synoptic
circulations are typically associated with the ROT eigenmode, it is possible that these synoptic circulations in the
ROT eigenmode are also playing a dominant role in the moisture variations. On the other hand, some precipitation
events in midlatitudes are associated with incursions of tropical moisture into the midlatitudes, which could be
associated with the M eigenmode, given the amount of M eigenmode variance in the tropics. It is also possible that
the ROT and M eigenmodes both have appreciable contributions to the moisture variability in this event, given
that the both of these eigenmodes were seen to have appreciable contributions to moisture variance in the
midlatitudes in the statistical analyses in Section 4. Viewing the spatial variability and time evolution of this
midlatitude event will provide some illustration and context to accompany the statistical analysis from Section 4.

Figure 7 shows the moisture at 10 days prior to the event. The figure shows contour plots for moisture in the
vicinity of North America on August 11. We can notice that 10 days prior to the event there are substantial
contributions from both the ROT and M modes to the total moisture, over the northwestern portion of the United
States and also in the western portion of Canada. This fits with our observations from the previous section since
the majority of region shown (35°—70°) is within the mid-latitude region examined in the previous section, which
is where the Rossby (ROT) mode makes its strongest contribution. There is also little contribution from the IG
modes during this time, and the M mode has its strongest contribution over the southern half of the United States.
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Figure 8. Large-scale conditions of moisture and circulation, 1 day prior to the extreme rainfall event. Panel (a) shows the
ERAS data for the specific humidity anomaly, and panels (b), (c), and (d) show the ROT, IG, and M modes, respectively.
These contour plots are made on a pressure level of 610.66 hPa at 00:00 UTC on 20 August 2018, and cover latitudes from 20° to
70°. Wind vectors are also included in this plot to show the circulation immediately preceding the event, and the outline of
Wisconsin is shown in green.

In the north-central portion of the United States, where the extreme rainfall event will occur, there is a negative
moisture anomaly at this time (10 days preceding the event).

The moisture and circulation are shown 1 day prior to the event in Figure 8. The plot is over the same region and at
the same pressure level as Figure 7, with wind vectors overlaid so that we gain a large-scale picture of the moisture
flux prior to the event. We can see that, in the region south of Wisconsin, there is a poleward flux of moisture in
the raw ERAS data. The poleward flux of moisture is indicated by the overlap of a positive moisture anomaly and
anorthward or northeastward velocity vector. We can notice that some of this poleward flux appears to come from
the IG mode, and the ROT mode also appears to have a small positive contribution, while the majority of this
poleward flux is coming from the M mode.

At the same time of 1 day prior to the event, the vertical structure of the moisture anomaly is shown in Figure 9.
The variations with respect to latitude and pressure are shown at a fixed longitude of —91.41°. This longitude is
near the western edge of Wisconsin (shown in green in Figure 8), and the range of latitudes is the same as in
Figure 8, extending from the Gulf of Mexico in the south to northern Canada in the north. In terms of the vertically
integrated moisture anomaly, the largest amount is still south of Wisconsin and located at approximately 30°N to
40°N latitude, at this time of 1 day prior to the event. A prominent feature of the vertical structure is a relatively
moist lower troposphere (700-1,000 hPa) and a relatively dry mid-troposphere (500-700 hPa) in the vicinity of
Wisconsin (at latitudes from approximately 42.5°N to 47°N). However, the lower altitudes have not been
emphasized in this study in part because a more detailed treatment of expansions in vertical structure functions
should be undertaken for resolving features in the lower troposphere in future work. Keeping this in mind, there is
nevertheless the possibility of a more substantial contribution of the ROT and IG modes in lower altitudes in
Figure 9 in comparison to higher altitudes.

At the time of the extreme rainfall event on August 20-21, 2018, the moisture state is shown in Figure 10. A large
positive anomaly of moisture can be seen over Wisconsin (i.e., west of Lake Michigan and south of Lake
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Figure 9. Large-scale conditions of the vertical and meridional structure of the moisture anomaly, 1 day prior to the extreme
rainfall event. Panel (a) shows the ERAS data for the specific humidity anomaly, and panels (b), (c), and (d) show the ROT,
IG, and M modes, respectively. These contour plots are made at a fixed longitude of —91.41° at 00:00 UTC on 20 August 2018,
and cover latitudes from 20° to 70°. This particular longitude value is approximately near the western boundary of Wisconsin
(see the green outline of Wisconsin in Figure 8), and Wisconsin extends from latitudes of approximately 42.5° to 47°. Note that
the lower altitudes have not been emphasized in this study in part because a more detailed treatment of expansions in vertical
structure functions should be undertaken for resolving features in the lower troposphere in future work; nevertheless, this figure
provides an initial view of the vertical structures based on the present methods and approach, and it indicates the possibility of a
more substantial contribution of the ROT and IG modes in lower altitudes in comparison to higher altitudes and could be
examined further in future work.

Superior). Almost all of this positive moisture anomaly is associated with the zero-frequency M mode. Hence, for
this particular extreme rainfall event, it appears that the large-scale moisture is not due to a constructive coupling
of multiple eigenmodes; instead, it is due to a northward shift of the low-latitude moisture that is associated with
the zero-frequency M mode.

It may seem counterintuitive that a transient event of moisture variability could be attributed to a stationary (i.e.,
zero-frequency) eigenmode. An analogy can shed some light on this type of behavior. In particular, such behavior
can also be seen in the more familiar and analogous situation of potential vorticity (PV). PV is associated with the
low-frequency ROT eigenmode on the sphere and with the zero-frequency (i.e., stationary) vortical eigenmode on
a midlatitude f-plane. Yet PV can still have transient behavior and can evolve substantially on synoptic time
scales. The moist M eigenmode is analogous (Wetzel et al., 2020): it is a zero-frequency eigenmode, yet it can still
have transient behavior and can evolve substantially on synoptic time scales.

Figure 10 also helps to provide an illustration of a conclusion from the statistical analysis from Figures 5 and 6. In
particular, the ROT and M modes both have substantial contributions to moisture anomalies in midlatitudes and/
or higher latitudes. The contribution of the ROT mode occurs at higher latitudes on the date of August 21 in
Figure 10, such as the negative moisture anomaly that occurs in the region surrounding Hudson Bay in Canada.
Hence, the different eigenmodes can have different contributions at different latitudes and different locations,
with changes from day-to-day and week to week.

6. Concluding Discussion

In this study we were motivated by dry atmospheric decompositions into balanced and unbalanced components,
which have been valuable for understanding global atmospheric dynamics. Here we have investigated if similar
decompositions can be performed for moisture in the hope that such a decomposition could lead to an improved
understanding of the variability of moisture. For instance, we were motivated by questions such as: What are the
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Figure 10. Large-scale conditions of moisture, at the time of an extreme rainfall event in Wisconsin. Panel (a) shows the
ERAS data for the specific humidity anomaly, and panels (b), (c), and (d) show the ROT, IG, and M modes, respectively.
These contour plots are made on a pressure level of 610.66 hPa at 00:00 UTC on 21 August 2018, and cover latitudes from 20° to
70°. The M mode makes the dominant contribution at lower latitudes and extending northward over most of the United States on
this date, and both the ROT and M modes have significant contributions at higher latitudes in the vicinity of Hudson Bay in
Canada.

characteristics of moisture and its slow and fast components, or balanced and unbalanced components? How do
these characteristics vary on different scales, and in different regions?

We have presented a moisture decomposition that can be performed on the sphere, and it includes the additional
zero-frequency eigenmode that arises for the moisture. This additional, slow eigenmode is necessary for a
complete description of the moisture and is not present for a dry system. In carrying out the decomposition here,
we followed the strategy of past dry decompositions which typically do not include the effects of cloud latent
heating on the temperature. In this spirit we did not include the effects of cloud latent heating on the moisture in
defining the eigenmodes. Further discussion of this is included in Section 3. This is also a natural approach to
consider in a first investigation of these topics, given that, to the author's knowledge, this is the first decompo-
sition of moisture into its balanced and unbalanced components on the sphere. Recent work by Remond-Tiedrez
et al. (2026) has shown how a balanced—unbalanced decomposition can be defined even with the inclusion of
phase changes of water and cloud latent heating. However, the decomposition of Remond-Tiedrez et al. (2026) is
defined on an f-plane and would need to be extended to the sphere in order to be used for the purposes of the
present paper. Such an extension would be an interesting topic for future research.

Using the framework described above to analyze global reanalysis data, we have investigated the balanced and
unbalanced components of moisture on different scales and in different regions. On synoptic scales, some dif-
ferences can be seen in the tropics versus the midlatitudes: in the tropics, the slow moist eigenmode makes the
dominant contribution to moisture variance, whereas in the midlatitudes, appreciable contributions are made by
both the Rossby eigenmodes and slow moist eigenmodes. On sub-synoptic scales, one notable feature was seen in
midlatitudes: the moisture variability is dominated by the balanced mode contributions, in contrast to dry vari-
ability which is known to be dominated by unbalanced (IG) mode contributions.
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From a big-picture perspective, a new viewpoint of moisture transports could potentially be probed in future work
with moisture decompositions. Similar to decompositions of velocity into geostrophic and ageostrophic com-
ponents, moisture can be decomposed into its different components (e.g., ROT, IG, and M, in the global setting
here). Physical mechanisms can be gleaned from the association with well-known properties of geostrophic and
ageostrophic components. Along these lines, in the results shown herein, moisture variability was often associated
with both the ROT and M modes in the midlatitudes. The different roles of the ROT, M, and IG mode variability
(similar to geostrophic and ageostrophic variability of velocity) can potentially provide insight into the physical
processes of moisture evolution in various events and phenomena. Some phenomena that could be interesting to
investigate in the future include atmospheric rivers (e.g., Edwards et al., 2020; Gimeno et al., 2014) and eddy
moisture fluxes as in the concept of the stirring tropics (Adames Corraliza & Mayta, 2024), among many pos-
sibilities. Another valuable viewpoint of moisture transport, which has been in use in numerous studies, is the
methodology of Lagrangian tracers or Lagrangian trajectories (e.g., Dahinden et al., 2023; Ramos et al., 2016;
Sodemann, 2025; Zhao et al., 2021). Normal mode decompositions provide an additional, different perspective,
and better understanding can potentially be obtained by considering multiple perspectives.

Also, from a big-picture perspective, tropical-extratropical interactions are particularly well-suited for investi-
gation with the global framework here. Since some aspects of tropical-extratropical interactions can span from
the tropics to the midlatitudes or polar regions, they can be difficult to investigate in regional frameworks such as
the midlatitude f-plane or equatorial S-plane. For example, atmospheric rivers can involve processes across a
wide range of latitudes (e.g., Baiman et al., 2023, 2024). Quasi-geostrophic concepts have been valuable in the
past for investigations of atmospheric rivers (Baiman et al., 2023; Cordeira et al., 2013; Edwards et al., 2020; Lee
& Mitchell, 2021). The methods herein extend beyond a geostrophic—ageostrophic decomposition of winds and
allow a decomposition of moisture as well. The moisture evolution of atmospheric rivers could potentially be
viewed in a new way through the perspectives mentioned in the previous paragraph. It would be interesting in the
future to investigate atmospheric rivers using global moisture decompositions.

Finally, as a practical application, the methods presented here can potentially have important implications for data
assimilation and numerical weather prediction. In such a setting, the concepts of balanced and unbalanced
components have long played an important role. While attention has mostly been given to dry variables, the recent
work of Ogrosky et al. (2025) has investigated a moist scenario, that is, data assimilation with
balanced—unbalanced decompositions for moisture. In order to put these concepts into practice, further under-
standing is needed of the balanced and unbalanced components of moisture in observational and model data. The
present study adds an important element by providing methods for global moisture decompositions and by
applying these methods to global reanalysis data. It would be interesting as future work to utilize the methods and
results herein for data assimilation and forecasting, and also for investigating moisture transports and
tropical-extratropical interactions as mentioned above.

Appendix A: Non-Diagonal Inner Product

In this appendix we provide a note on a subtlety about the moisture decomposition: it is not an orthogonal
decomposition with respect to the standard L? Euclidean inner product in terms of i, v, iz, and ¢’. Instead, the
inner product is diagonal in terms of #, v, h,and M, where M = h + q' is amoist variable that is a function of ¢’

and h. Specifically, the inner product is

1 2n 1 s o . 5 B
(Wq,],Wq’2)=£‘/. / I:l/lllzb+ %1 V2+h1h2+c(h1 +qq)(h2+q12):|dﬂd/1. (Al)
0 -1

This inner product is associated with the moist evolution equations in Equation 51 and 52: the conserved energy of
the moist evolution equations in Equation 51 and 52 is (W,, W,). Due to the c( h o+ q'])( h + qg) term, the
inner product is non-diagonal in terms of #, v, h, and ¢ In the extra moist term of the energy, the constant ¢ can be
chosen to have any value here, but it can take a specific value in settings with cloud latent heating and/or pre-
cipitation (Marsico et al., 2019). We refer to Ogrosky et al. (2025) for a more detailed discussion of the non-
diagonal inner product, in the setting of an f-plane.
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