
1

2

Supporting Information for:3

Non-conservation and conservation for different4

formulations of moist potential vorticity5

Parvathi Kooloth, Leslie M. Smith, Samuel N. Stechmann
Submitted on November 16, 2023
Revised on March 1, 2024

6

Appendix S1: Thermodynamic variables and conservation7

In themain text in section 2.2, several thermodynamic variables are considered (e.g., θe and θl ), and they are commonly8

assumed to be conserved. Here we add some further descriptions and references for these thermodynamic variables,9

and we discuss the conservation property that is often assumed for these or other variables.10

One thermodynamic variable considered here is the equivalent potential temperature θe . Approximate expres-11

sions for θe that provide intuition for its interpretation are θe ≈ θ exp[Lv qv /(cpdT ) ] and θe ≈ θ + [Lv θ/(cpdT ) ]qv ,12

where Lv is the latent heat of vaporization [e.g., 2, 23]. These expressions show that phase changes have two coun-13

teracting effects on θe , since conversion of vapor qv to liquid q l will decrease qv , while the associated latent heating14

will increase θ. Accordingly, θe is often assumed to be a materially conserved quantity, i.e., Dθe/Dt = 0.15

Another thermodynamic variable considered here is the liquid water potential temperature θl . Approximate ex-16

pressions for θl that provide intuition for its interpretation are θl ≈ θ exp[−Lv q l /(cpdT ) ] and θl ≈ θ− [Lv θ/(cpdT ) ]q l17

[e.g., 2, 23]. These expressions show that phase changes have two counteracting effects on θl , since evaporation of18

liquid q l will decrease q l , while the associated evaporative cooling will decrease θ. Accordingly, θl is often assumed19

to be a materially conserved quantity, i.e., Dθl /Dt = 0.20

Note that we have assumed that θe and θl are conserved quantities, as an approximation that is somewhat com-21

mon [e.g., 2, 23]. From the perspective of fundamental thermodynamics, though, it is actually a corresponding entropy22

that is conserved, as follows from the second law of thermodynamics [e.g., 16, 17]. Care must be taken in defining23

a potential temperature quantity that is related to entropy and is conserved from a fundamental thermodynamics24

perspective, such as the moist potential temperature quantity θs proposed by Marquet [12, 13]. One can also directly25

define PV in terms of entropy s instead of θe or θl [e.g., 8]. The important property here for any thermodynamic quan-26

tity ψ is whether it is assumed to be materially conserved or not. The presentation here uses θe and θl as examples27

because they are perhaps more commonly used than s or θs , and they are commonly assumed to be approximately28

conserved.29
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Appendix S2: Potential vorticity for Boussinesq systems30

For numerical demonstration of the conservation laws from the main text, we set aside the compressible setting31

that includes acoustic/sound waves and use the simpler setting of the Boussinesq approximation. In this setting, we32

describe the governing equations and a proof of PV conservation and non-conservation.33

| Governing Equations34

Under the Boussinesq approximation, the governing equations of the moist compressible atmosphere in (1) and (3) of
the main text are changed to

D ®u
Dt

= − 1

ρ0
+p′ + b′ẑ , (1a)

Dθe
Dt

= 0, (1b)

Dqt
Dt

= 0, (1c)

+ · ®u = 0, (1d)

where ®x = (x , y , z ) is the position vector, ẑ is the unit vector in the z -direction, ρ0 is the constant background density,35

®u = (u,v ,w ) is the velocity, and D/Dt = ∂/∂t + ®u · + is the material derivative. For similar equations for moist36

Boussinesq dynamics, see, e.g., [10, 3, 6, 18, 22, 21, 7, 9, 14]. Any thermodynamic variables could be decomposed37

into a background function of height and an anomalous part, e.g., the equivalent potential temperature θe ( ®x , t ) =38

θ̃e (z ) + θ′e ( ®x , t ), where θ̃e (z ) is prescribed. For liquid water q l , the background state is zero. Thus p′ denotes the39

pressure anomaly and b′ represents the buoyancy, which is, by definition in (4), an anomaly. The total water qt is the40

sum of water vapor qv and liquid water q l ,41

qt = qv + q l , (2)

and the equivalent potential temperature θe is related to the potential temperature θ by42

θe = θ + (L/cp )qv , (3)

where the latent heat L and specific heat cp are constants with values L ≈ 2.5 × 106 J kg−1 and cp ≈ 103 J kg−1 K −1.
The buoyancy b′ may be expressed as

b′ = g

(
(θ − θ̃ (z ))

θ0
+ Rvd (qv − q̃v (z )) − q l

)
, (4)

where Rvd is the ratio of gas constants of dry and moist air.43

To fully specify (1) in closed form, it is necessary to describe the buoyancy b′ in terms of the prognostic variables
θe and qt from (1). Hence, we must describe a transformation of variables from (θe , qt ) to (θ, qv , q l ) , as the inverse
of the transformation in (2) and (3). To do so, we use different formulas for the transformation, depending on the two
possible states of thewater content, saturated or unsaturated, and these two states are separated by a phase boundary.
The state is determined by comparing the magnitude of the total water specific humidity qt to the magnitude of a
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saturation specific humidity qvs , which acts as a threshold. For simplicity, qvs is approximated by a function of height
only such that qvs ≈ qvs (z ) (see [7] and equation (39) below). This approximation will simplify and facilitate the
analytical calculations in (5)–(9), including the formulation of the buoyancy variables in (9), which require consideration
of unsaturated versus saturated phases. In unsaturated flow regions with qt < qvs , the water is all in the form of vapor
such that qt = qv , and q l = 0. On the other hand, in saturated regions with qt ≥ qvs , then the water vapor is exactly
at saturation, and the remaining water is liquid, such that qt = qvs + q l . Therefore, the formulas for qv and q l may be
written

qv = min(qt , qvs ), (5)

q l = max(0, qt − qvs ) . (6)

Similarly, to recover θ from θe and qt , we write (3) in the unsaturated and saturated phases as θe = θ + (L/cp )qt and44

θe = θ + (L/cp )qvs , respectively, and rearrange and combine to arrive at45

θ = θe − (L/cp )min(qt , qvs ) . (7)

Together, (5)–(7) show how to write (θ, qv , q l ) in terms of (θe , qt ) , which can be used in (4) to write the buoyancy in46

terms of the prognostic variables θe and qt .47

Furthermore, the presence of phase changes can be made explicit in another way by re-writing the buoyancy b′

from (4) as

b′ = b′uHu + b′sHs , (8)

where the subscript u (s) denotes the unsaturated (saturated) state, Hu ,Hs are Heaviside functions and b′u , b′s are48

the expressions for the buoyancies in the different states. More specifically, the Heavside function Hu = H (qvs − qt )49

has the two values Hu = 1 for qt < qvs and Hu = 0 for qt ≥ qvs , with Hs = 1 − Hu . To find the expressions for the50

buoyancies b′u and b′s in terms of the conserved quantities, θe and qt , we insert (5)–(7) into the b′ formula in (4). The51

resulting formulas in the unsaturated and saturated phases are the formulas for b′u and b′s :52

b′u = g

(
θe − θ̃e (z )

θ0
+
(
Rvd − Lv

cpθ0

)
(qt − q̃t (z ))

)
, b′s = g

(
θe − θ̃e (z )

θ0
+
(
Rvd − Lv

cpθ0
+ 1

)
qvs (z ) − (qt − q̃t (z ))

)
.

(9)
The unsaturated buoyancy b′u will be used below in defining a potential vorticity variable for illustrating PV conser-53

vation and non-conservation. For that purpose, it is necessary to also derive the evolution equations for b′u and b′s ,54

which follow from (1b)–(1c) and (9) and have the form [20]55

Db′u
Dt

+ N 2
uw = 0,

Db′s
Dt

+ N 2
sw = 0, (10)

where Nu and Ns are the buoyancy frequencies in the unsaturated and saturated regions of the flow, respectively:56

Nu =

[
g
d

dz

(
θ̃e
θ0

+
(
Rvd − Lv

cpθ0

)
q̃t

)]1/2
, Ns =

[
g
d

dz

(
θ̃e
θ0

−
(
Rvd − Lv

cpθ0
+ 1

)
qvs (z ) − q̃t

)]1/2
. (11)

Furthermore, beyond the anomalies b′u and b′s , it is helpful to define the associated total quantities bu and bs , which57
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are the total buoyancy in the unsaturated and saturated phases, respectively, defined as58

bu = g

(
θe
θ0

+
(
Rvd − Lv

cpθ0

)
qt

)
= b′u + N 2

u z , bs = g

(
θe
θ0

− qt
)
= b′s + N 2

s z , (12)

These total quantities have evolution equations that follow from (10) and (12) and take the form59

Dbu
Dt

= 0,
Dbs
Dt

= 0, (13)

so that bu and bs are materially conserved. Their material conservation property, and their relationship to the buoy-60

ancy, make them interesting candidates for use in defining PV.61

| Potential Vorticity PVu62

For our numerical study, it is convenient to introduce the moist potential vorticity PVu based on buoyancy in unsatu-63

rated flow regions. As will be discussed, this choice allows us compare material non-conservation (following individual64

fluid parcels) to volume-integrated conservation (for parcels within a moving material volume).65

The moist potential vorticity PVu is based on the total buoyancy bu in the unsaturated phase, such that

PVu = ®ω · +bu , (14)

where bu is a material invariant, defined in (12) and (13). One could similarly define a moist potential vorticity variable66

PVs based on bs [9], although we focus on PVu here.67

| Material Volume-integrated Conservation of PVu68

Derivations of PV conservation laws for the moist Boussinesq equations are as follows. See also [9].69

Parcels bounded by surfaces of constant bu and bs70

We start with the governing equation for PVu ,

ρ
D

Dt

(
®ω · +bu

)
= +bu · + ×

(
b′+z

)
. (15)

Now we integrate over a material volume that is a distorted cylinder with base and lid given by surfaces of constant
bu (say bu = bu1 and bu = bu2) and sides parametrized as bs = bs (bu ) :

d

d t

˚
Vm

dV
(
®ω · +bu

)
=
d

d t

˚
Va

dVa J
(
®ω · +bu

)
(16)

=

˚
Va

dVa
∂

∂t

(
®ω · +bu

)
(17)

=

˚
Vm

dV ρ
D

Dt

(
®ω · +bu

)
. (18)
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The second line results from knowing J = ∂ ( ®x )
∂ ( ®a ) = 1

ρ by appropriately choosing ®a is in [19]. And in the moist Boussinesq
case, we have ρ = 1. Now, using the divergence theorem, since +bu · + × (b′+z ) = + · (bu+ × (b′+z )) , we have,

d

d t

˚
Vm

dV
(
®ω · +bu

)
=

˚
Vm

dV + ·
(
bu+ ×

(
b′+z

) )
, (19)

=

‹
Sm

d ®S · bu+ ×
(
b′+p

)
=

‹
Sm

d ®S ·
(
+ ×

(
b′bu+z

)
−
(
b′+bu × +z

) )
, (20)

= −
‹
Sm

d ®S ·
(
b′+bu × +z

)
. (21)

On the base and lid, we have d ®S ∥ +bu i.e., the normal to the surface is parallel to +bu ; as a result, the integrand is
zero on the base and the lid, and the integral over the entire surface Sm is the same as the integral over only the sides.
Also, if bs = bs (bu ) on the sides,

−
¨
Ssi des

d ®S ·
(
b′+bu × +z

)
= −
¨
Ssi des

d ®S · (f (z , bu )+bu × +z ) = −
¨
Ssi des

d ®S · + × (g (z , bu )+z ) .

where ∂g (bu , z )/∂bu = f (bu , z ) . Now using Stokes’ theorem, we have

−
¨
Ssi des

d ®S · (b+bu × +z ) = −
ˆ
C1

d ®x · (g (z , bu )+z ) +
ˆ
C2

d ®x · (g (z , bu )+z ) (22)

where the curves C1 and C2 are the two edges of the distorted cylinder. Finally, note that each of the two curves C171

and C2 lies on a surface of constant bu ; therefore, letting C represent either C1 or C2, the two line integrals above72

can be evaluated as73

ˆ
C
d ®x · (g (z )+z ) =

ˆ
C
d ®x · +G (z ) =

ˆ
C
dG (z ) = 0, (23)

where G is an antiderivative of g . This completes the derivation and shows that PVu , when integrated over a certain74

material volumeVm , is conserved.75

One can also derive the analogous conservation statement for PVs in a local volume with base and lid as surfaces76

of constant bs (say bs = bs1 and bs = bs2) and sides given by bu = bu (bs ) , by using the same strategy.77

Parcels bounded by surfaces of constant θe and qt78

The derivation above can be modified to work for a distorted cylinder with base and lid given by surfaces of constant79

θe (say θe = θe1 and θe = θe2) and sides parameterized as qt = qt (θe ) . Using θe (= θ + Lv
cp
qv ) , bu can be expressed as a80

function of θe and qt . This gives us81

+bu = g

(
1

θ0
+θe +

(
Rvd − Lv

cp

)
+qt

)
. (24)
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Therefore we have,

d

d t

˚
Vm

dV
(
®ω · +bu

)
= −
‹
Sm

d ®S ·
(
b′g

(
1

θ0
+θe +

(
Rvd − Lv

cp

)
+qt

)
× +z

)
(25)

= −
‹
Sm

d ®S ·
(
b′g

(
1

θ0
+θe

)
× +z

)
−
‹
Sm

d ®S ·
(
b′g

((
Rvd − Lv

cp

)
+qt

)
× +z

)
(26)

= I1 + I2 . (27)

For ease of exposition, the first surface integral term with θe above will be referred to as I1 and the latter integral in
terms of qt will be called I2. On the base and lid, d ®S ∥ +θe i.e., the normal to the surface is parallel to +θe . So, I1 in the
equation above receives zero contribution from integrating over the base and the lid of Sm . Similarly, I2 receives zero
contribution from integrating over the sides of Sm where qt = const . On the sides, b′ can be written as a function of
θe and z only, therefore

I1 = −
¨
Ssi des

d ®S ·
(
b′
g

θ0
+θe × +z

)
= −
¨
Ssi des

d ®S · (f (z , θe )+θe × +z ) = −
¨
Ssi des

d ®S · + × (h (z , θe )+z ) (28)

where ∂h (θe , z )/∂θe = f (θe , z ) and C1 and C2 are the top and bottom edges of the cylinder. Now using Stokes’
theorem, we have,

I1 = −
ˆ
C1

d ®x · (g (z , θe )+z ) −
ˆ
C2

d ®x · (g (z , θe )+z ) , (29)

where C1 and C2 are the top and bottom edges of the cylinder. Note that on C1 and C2, both θe and qt are constants
and so,

I1 = −
ˆ
C
d ®x · (g (z )+z ) , (30)

= −
ˆ
C
d ®x · +G (z ) =

ˆ
C
dG (z ) = 0. (31)

where C = C1 ∪ C2 and G is an antiderivative of g . Similarly, for I2, on the base and the lid where θe is constant, b′

can be written as a function of only qt and z . Following the same steps as above, we have

I2 = −
¨
St op/base

d ®S ·
(
b′g

((
Rvd − Lv

cp

)
+qt

)
× +z

)
= −
ˆ
C1

d ®x ·
(
h′ (z , qt )+z

)
−
ˆ
C2

d ®x ·
(
h′ (z , qt )+z

)
(32)

and

I2 =

ˆ
C
d ®x ·

(
h′ (z )+z

)
, (33)

=

ˆ
C
d ®x · +F (z ) =

ˆ
C
dF (z ) = 0. (34)

And therefore

d

d t

˚
Vm

dV
(
®ω · +bu

)
= 0, (35)
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so that volume-integrated PVu is conserved for material volumes Vm that are distorted cylinders with base and lid82

given by surfaces of constant θe (say θe = θe1 and θe = θe2) and sides parameterized as qt = qt (θe ) .83

Appendix S3: Further details of numerical simulations84

The 3D simulations in this study are performed using the code of [7]. The channel domain has periodic boundary85

conditions in the x and y directions, and assumes a rigid top and bottom. A third-order Runge-Kutta scheme with86

adaptive time-stepping (CFL = 0.9) is used for time integration. Spatial discretization is based on pseudo-spectral87

decomposition using Fourier modes in the horizontal directions, and 2nd-order centered differences on a staggered88

grid in the vertical direction. In our study, the domain size Lx ×Ly ×H is 8000 m×8000 m×7000 m and the number of89

grid points is 256× 256× 400, corresponding to horizontal and vertical grid spacings of 31.5m and 17.5m, respectively.90

The flow is confined to the channel by imposing zero vertical velocityw on the top and bottomwalls, respectively91

at z = H and z = 0. The horizontal velocities (u,v ) are subject to the no-slip condition at the bottom and are allowed92

to slip at the top. Altogether, (u,v ,w ) satisfy the top and bottom boundary conditions:93

w |z=0,H = 0, u |z=0 = v |z=0 = 0,
∂u

∂z

����
z=H

=
∂v

∂z

����
z=H

= 0. (36)

The anomalous thermodynamic variables f ′ ( ®x , t ) obey a homogeneous Neumann boundary conditions on both top94

and bottom boundaries, such that95

∂f ′

∂z

����
z=0,H

= 0. (37)

The code from [7] is adapted to our purpose of testing the inviscid conservation laws by using viscosity and96

diffusivity coefficients that are very small, with valuesO (10−15) . As a comparison, results were compared for viscosity97

and diffusivity coefficients with values of zero and also values of O (10−15) and O (10−9) , and the differences in PVu98

were small and of order of magnitudeO (10−15) andO (10−9) , respectively, at measurement time t = 3min. Given that99

the comparisons showed similar results, all results shown here are for the O (10−15) case.100

The background for the potential temperature θ is idealized to be a linear function of height: θ̃ (z ) = θ0+Bz ,where101

θ0 = 300 K and B = 3 × 10−3 K m−1. Furthermore, we also approximate the saturation specific humidity as that of the102

background state, qvs (T , p) ≈ qvs (T̃ (z ), p̃ (z )) ≡ qvs (z ) , as also used in the theoretical model description of buoyancy103

and thermodynamic variables in (4)–(9). In this case, and using an ideal gas law together with the Clausius-Clapeyron104

relation, the saturation specific humidity qvs (z ) may be approximated by105

qvs (z ) =
qvs,0

p̃ (z )/p0
exp

(
−L
Rv

(
1

h (z ) θ̃ (z )
− 1

θ0

))
, (38)

where qvs,0 = 20 g kg−1 is the value at z = 0, the latent heat L ≈ 2.5 × 106 J kg−1 is constant, and Rv ≈ 462 kg−1 K−1106

is the gas constant for vapor. See Hernandez-Duenas et al. [7] for further details. The background pressure p̃ (z ) and107

the function h (z ) are given by108

p̃ (z )
p0

=

(
1 − g

Bcp
log

(
1 + Bz

θ0

))cp /Rd
= [h (z ) ]cp /Rd , (39)

where the (constant) specific heat is cp ≈ 103 J kg−1 K−1 and the gas constant for dry air is Rd ≈ 287 kg−1 K−1. The109
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background specific humidity q̃v (z ) is chosen slightly below saturation by using formula (38) with qvs,0 replaced by110

qv ,0 = 18 g kg−1.111

A rising warm bubble is simulated in the domain to study PVu conservation in a moist atmosphere. The initial112

velocity is zero, while the initial anomalies of potential temperature and total water specific humidity are given by,113

respectively,114

θ′ ( ®x , t = 0) = Aθ cos2
(
πr ( ®x )
2rc

)
(40)

and115

q ′t ( ®x , t = 0) = Aq cos
(
π (x − xc )

rc

)
cos2

(
πr ( ®x )
2rc

)
, (41)

where r ( ®x ) =
√
(x − xc )2 + (y − yc )2 + (z − zc )2, xc = Lx /2, yc = Ly /2, zc = 3H /7, rc = 1.5 km, Aθ = 2 K and116

Aq = 10−3 kg/kg. The form of the potential temperature anomaly is similar to that used in many previous studies of117

dry thermals [e.g., 11, 4, 1] and moist thermals [e.g., 15]. Some studies have expressed the initial state of the moist118

thermal in other ways, such as in terms of the relative humidity perturbation [5, 6]. Morrison et al. [15] use a potential119

temperature perturbation and then define a corresponding water vapor perturbation so that the relative humidity120

remains the same as the relative humidity of the background state. Here, the initial perturbation of total water in (41)121

does not bring the state above saturation, so it can be regarded as a perturbation of water vapor. The functional form122

of (41) is non-spherical due to the cos[π (x − xc )/rc ] factor. The non-spherical nature of the q ′t anomaly is important123

for the generation of PVu . According to (15), PVu can be generated in the saturated phase, i.e., within a cloud, due124

to the solenoidal term on the right-hand side. The solenoidal term takes nonzero values when the cross product125

+bu × +b′ is nonzero, which can arise, e.g, from having contours of bu and b′ that intersect. Hence, by choosing a126

spherical perturbation in potential temperature and a non-spherical perturbation in water vapor, the solenoidal term127

can become nonzero and can generate PVu inside a cloud.128

Amaterial volumeVm can be defined in various ways for the conservation law of material-volume-integrated PVu .129

For the numerical simulations, we defineVm to be bounded by surfaces of constant θe and qt , as an example of the130

conservation statement from (35). The volume is composed of 29500 grid cells, and at longer evolution times, the131

volume becomes significantly distorted and stretched. A smaller volume could potentially be distorted and stretched132

in an even shorter amount of time. Due to distortion and stretching, tracking the volume can potentially become133

difficult after longer evolution times. Another choice for the material volume could be a ring or torus shape, as a134

thickened and three-dimensional version of a closed curve, similar to the material curve shown in Figure 4 of the main135

text.136

The simulation in our study is carried out till t = 4.5 min. For larger times, the simulation becomes numerically137

unstable as the rising warm bubble nears the top wall. As noted earlier, our numerical method employs very small138

viscosity and diffusivity coefficients and therefore, cannot handle these wall interactions.139

To compare with the plots of PVu in Figure 2 of the main text, plots of PVθ are shown in SI Figure S1. One large140

difference is in the magnitudes of the PVu versus PVθ : the maximum value of PVθ is approximately 100 times larger141

than that of PVu . In part this is due to different units, since the definition of buoyancy, in (4) and (9), is proportional to142

θ but is scaled by a small factor of g/θ0 = (10 m s−2)/(300 K) ≈ 0.03 m s−2 K−1 . In part the difference in magnitude143

is also due to the different PV generation mechanisms for PVu versus PVθ : while PVu is generated by the solenoidal144

term alone, PVθ is also generated by cloud latent heating.145
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F IGURE S1 Snapshots of PVθ for the warm bubble in the plane with fixed y = 0.5Ly = 3500 m at times t = 0.6,
1.8 and 3 minutes. The unit for PVθ is K m2 kg−1 s−1.

Appendix S4: Structure of PVu146

In this SI section, we examine the structure of PVu that is generated in the numerical simulations. To do so, consider
the evolution equation of PVu , which was shown in the main text and is given by

D

Dt
PVu =

D

Dt

(
®ω · +bu

)
= +bu · (+ × b′ẑ ) . (42)

We also noted that the source term goes to zero in the unsaturated phase since +bu · (+ × b′uHu ẑ ) = 0, and therefore
PVu is materially conserved outside a cloud. However, the source term is active in the saturated phase and is given
by,

D

Dt
PVu = +bu · (+ × b′s ẑ ), if saturated, (43)

which can be rewritten as,

D

Dt
PVu = ẑ · (+bu × +bs ), if saturated. (44)

since bs − b′s = N 2
s z and N 2

s z is only a function of z , and using the cyclic property of scalar triple products. Hence,147

it is the z component of the cross-product (+bu × +bs ) given by ∂x bu∂y bs − ∂y bu∂x bs that is responsible of PVu148

generation within the cloud.149

Now, using equation (44), we can probe the structure of PVu observed in our simulations. The last panel of the150

bottom row of Figure S2 shows the contours of PVu along z = 0.5Lz plane; a four-lobed structure can be clearly noted.151

This four-lobed structure is generated by the z component of (+bu × +bs ) as shown in the last panel of the top row152

of Figure S2. The zero contours of PVu are aligned with x = 4000 m and y = 4000 m along which the gradients of bu153

and bs are parallel to each other.154

The bottom panel of Figure S3 and S4 shows that PVu has a dipole structure along the plane y = 4000 m and155

y = 4500m. Once again, the dipole structure in PVu can be understood by considering the term, ∂x bu∂y bs −∂y bu∂x bs ,156

in the top panel of Figure S3 and S4. We also note that source term and therefore the resultant PVu is almost an order157

ofmagnitude larger along y = 4500mas compared to themid-plane. At themid-plane, one expects PVu to be zero, but158

non-zero values are present due to the effects of numerical discretization and large gradients across the mid-plane.159

Based on the plots of PVu , one can gain some intuition on why PVu integrates to zero inside specific material160
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F IGURE S2 Top row: Contour plots along z = 0.5Lz of bu , ∂x bu , ∂y bu and ∂x bu∂y bs − ∂y bu∂x bs from left to
right. Bottom row: Contour plots along z = 0.5Lz of bs , ∂x bs , ∂y bs and PVu from left to right. All plots correspond to
t = 1.2 min.

-

F IGURE S3 Top row: Contour plots along y = 0.5Ly of bu , ∂x bu , ∂y bu and ∂x bu∂y bs − ∂y bu∂x from left to right.
Bottom row: Contour plots along y = 0.5Ly of bs , ∂x bs , ∂y bs and PVu from left to right. All plots correspond to
t = 1.2 min.

volumes. The basic idea is that positive and negative anomalies need to be integrated together and cancel each other161

exactly. This structure arises from the right-hand side for PV generation, i.e., the solenoidal term, which can bewritten162

in divergence form. Specifically, see (12) and (13) of the main text for a compressible case, and (15) and (16) for the163

Boussinesq case of PVu . The integral of a divergence or derivative is sometimes identically zero, for certain volumes164

of integration. One interpretation of this property is that the operation of a divergence or derivative will typically165

transform a single local maximum or local minimum into a dipole structure with a positive anomaly accompanied by a166

negative anomaly. Also, from the plots of PVu , one can see that positive anomalies and negative anomalies accompany167
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F IGURE S4 Top row: Contour plots along y = 4500 m of bu , ∂x bu , ∂y bu and ∂x bu∂y bs − ∂y bu∂x from left to
right. Bottom row: Contour plots along y = 4500 m of bs , ∂x bs , ∂y bs and PVu from left to right. All plots correspond
to t = 1.2 min.

each other, due to the form of the solenoidal term for PV generation. For certain material volumes, the positive and168

negative contributions cancel each other exactly, and lead to volume-integrated PV conservation.169
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