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Abstract
Computational inverse problems utilize a finite number of measurements
to infer a discrete approximation of the unknown parameter function. With
motivation from the setting of PDE-based optimization, we study the unique
reconstruction of discretized inverse problems by examining the positivity
of the Hessian matrix. What is the reconstruction power of a fixed number
of data observations? How many parameters can one reconstruct? Here we
describe a probabilistic approach, and spell out the interplay of the observa-
tion size (r) and the number of parameters to be uniquely identified (m). The
technical pillar here is the random sketching strategy, in which the matrix
concentration inequality and sampling theory are largely employed. By ana-
lyzing a randomly subsampled Hessian matrix, we attain a well-conditioned
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reconstruction problem with high probability. Our main theory is validated in
numerical experiments, using an elliptic inverse problem as an example.

Supplementary material for this article is available online

Keywords: inverse problem, PDE-constrained optimization, well-posedness,
condition number of Hessian matrix, matrix sketching, random subsampling

1. Introduction

In many PDE-based inverse problems, measurements of a PDE model are used to infer
unknown parameters (often a function) of a PDE. A very common numerical strategy is to
use the framework of the PDE-constrained optimization.

Typically we are to minimize a loss function, defined as the mismatch between PDE-
simulated data and the measured data:

min
ω→L2(Ω)

Loss [ω] =
1
2
→M [ω]− d→2L2(D) , where d=M [ω∗] ∈ L2 (D) , (1)

where ω(x) ∈ L2(Ω) is the parameter function to be inferred with x supported in Ω (assumed
to be compactly supported and with C1 boundary). The mismatch is quantified by the func-
tional Loss : L2(Ω)→ R+. The parameter-to-observation map is M : L2(Ω)→ L2(D), where
the measured location is denoted by the set D and is not necessarily the same as Ω. We are
to compare this measured PDE-simulated solution with the true measurement data d(x) in
L2(D) norm, assuming the data has no noise pollution, i.e. d=M[ω∗]. Since both the to-
be-reconstructed parameter ω : Ω→ R, and the available data d :D → R are functions, the
problem is posed in the infinite-to-infinite dimensional setting.

In computations, this formulation is adjusted to fit a discrete setting. In practice, let the
basis of interest be a subset of a complete basis: span{φ1,φ2, . . . ,φN}⊆ L2(Ω). Then the
to-be-reconstructed function ω ∈ L2(Ω) is approximated by ωωω = [ω1, . . . ,ωN] ∈ RN, with ω ≈∑N

i=1ωiφi . The number of available data points is also finite. Letting {ψj}rj=1 be the collec-
tion of test functions used to detect the PDE solution, the discrete finite-to-finite dimensional
problem is reformulated as:

min
ωωω→RN

loss(ωωω) =
r∑

j=1

1
2
(〈M(ωωω) ,ψj〉− dj)

2

︸ ︷︷ ︸
lossj

, where dj = 〈M(ωωω∗) ,ψj〉D ∈ R. (2)

Here we abuse the notation and setM(ωωω) =M[
∑N

i=1ωiφi]. The collected data points {dj} are
assumed to be noise-free, and thus have the form of dj = 〈M(ωωω∗),ψj〉whereωωω∗ is the ground-
truth media. In this case, the ground-truth ωωω∗ is a global optimum to (2), since it achieves
zero-loss: loss(ωωω∗) = 0 . The notation of ‘loss : RN → R+’ is no longer a functional, but a
real-valued function.

1.1. Motivation and objective of this work

On the surface, the continuous (1) and the discrete (2) problems are rather similar. However,
their theoretical behaviors are actually drastically different. In particular, close to the ground-
truth ω∗, by deploying the unique reconstruction theory proved in the continuous setting, we
can deduce that the Hessian of the cost functional is not degenerate, ensuring that ω∗ is the
unique optimum point in the neighborhood. We denote the Hessian of the functional (1) at ω∗
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as HLoss[ω∗] : L2(Ω)× L2(Ω)→ R . With mild assumptions (see supplementary material),
one deduces:

HLoss [ω∗]* 0 , or equivalently, for any ω̃ += 0 ∈ L2 (Ω) , HLoss [ω∗] (ω̃, ω̃)> 0 . (3)

As a consequence, ω∗ is a local optimum point
One might expect the same thing to be true in the discrete setting for (2), i.e. that the loss

function also has the strict positivity of the Hessian that may hopefully be straightforwardly
extended from (3). Unfortunately this is not true generally. Efforts have been made to connect
the problems in continuous and discrete settings, notably in [1] and some references therein
for generic problems, and in [5, 14, 22] for elliptic problems. All these works beautifully integ-
rate the mathematical understanding in the continuous setting to address the setting of finite-
dimensional problems. In so doing, assumptions are made. Particularly, in [1], it is assumed
that the to-be-inferred function is finite-dimensional, and for elliptic operators, the structural
off-diagonal low rank property is deployed.

Instead of conducting functional analysis in the spirit of the references above, in this paper,
we directly tackle the finite dimensional object and examine the positivity of the discrete
Hessian matrix. According to the definition of loss=

∑r
j=1 lossj in (2), with the parameter

ωωω ∈ RN, the Hessian is

H loss(ωωω) =
r∑

j=1

H lossj (ωωω) ∈ RN×N . (4)

Naturally the Hessian is of sizeRN×N and has a rank at most r. The positivity is not guaranteed.
Especially in the case of N> r, when the number of parameters to be recovered is more than
the number of data points given, the Hessian is guaranteed to be rank-deficient. The statement
on the uniqueness of the local minimum of ωωω∗ is no longer valid.

This contrast between positivity of the Hessian in the continuous (3) and discrete form (4)
prompts the key question of the current work:

Given fixed data, under what circumstance is the positivity of the Hessian (4) preserved?

Our toolbox here is random matrix theory. Knowing the matrix is at most rank r, we are
to use matrix concentration inequalities to study the possibility of the sketched submatrix of
H loss being positive.

It is worthwhile to note that our framework takes the perspective of PDE-constrained optim-
ization, and examines the Hessian’s local behavior around the global minimum. Preserving
positivity of the Hessian is only one of the first quantities to be examined. A more substantial
research effort is required to complete the full picture of well-posedness.

The pillars of our work are PDE-constrained optimization and random matrix theory, and
we now briefly discuss the relevant results that we most heavily leverage.

PDE-constrained optimization: The problem that we study is formulated and originated
from PDE-constrained optimization [15], a formulation extensively used for inverse problems
[3, 23] and optimal control [19]. There are many challenges.Most problems suffer from notori-
ous non-convexity, with landscapes sometimes very rugged. Often, regularization is introduced
to convexify the loss function [7–9, 17], and in other approaches, specifics of the problems are
built in algorithm design, as is done in full-wave inversion using multi-frequency data [6, 11,
32] that mitigate cycle skipping [10].
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Randomized sketching and subsampling techniques: Randommatrix sketching provides the
technical foundation for our current work. Randomized numerical linear algebra has attrac-
ted a lot of attention in the past decade, mainly in the context of data analysis and machine
learning tasks. With connections across the fields of numerical linear algebra [13, 20, 21],
applied probability [29], and theoretical computer science [12, 31], randomized linear algebra
techniques and theory have largely been developed and have ripened in recent years. Broadly
speaking, the subject is to look for a low-dimensional representation of high-dimensional data.
This is supported by the bulk of theoretical foundations built upon the celebrated Johnson–
Lindenstrauss lemma [18].

1.2. Key strategy of this work

Throughout the paper, we assume N> r and thus it is impossible to reconstruct the full para-
meter ωωω ∈ RN. However, it is possible to recover a sector of it. We are to understand how big
this sector can be.

Suppose we reduce our problem from recovering ωωω ∈ RN to a subset of ωωω|Λ ∈ Rm with the
cardinality of |Λ|= m, with Λ standing for a mask of the smaller set of parameters under
reconstruction. The relation between the number of available data points (r), and the number
of parameters needing to be reconstructed (m) is intriguing. In this paper, we present a prob-
abilistic approach to partially answer this question. We examine the possibility of ‘sketching’
the N×N matrix (4) and projecting it down to a smaller matrix, and we look for conditions
under which the projected matrix attains positivity, making the problem locally strictly convex
when confined in Λ.

In the current context, it is reformulated as subsampling the Hessian matrix:

H loss(ωωω) ∈ RN×N →H loss(ωωω|Λ) = S(H loss(ωωω))S$ ∈ Rm×m. (5)

Here the ‘subsampling’ matrix is S ∈ Rm×N (see explicit definition in (8)). We are to invest-
igate the conditions on S so that the sketched submatrix (5) has a high probability of being
strictly positive definite. To ensure the sketched Hessian is of full rank, and noting that the
base Hessian (4) is rank r, it is necessary to assume m! r.

1.3. Organization of the paper

The remainder of the paper is organized as follows. In section 2we set notations and present our
main theoretical results. In particular, we quantify the probability of the subsampled Hessian
matrix being well-conditioned. The success rate is analyzed against various parameters (not-
ablym and r). In section 3 we garner major technical components of the proof for the theorem.
Finally in section 4 we present numerical examples over synthetic data and PDE simulation
data from an elliptic inverse problem. The numerical results showcase the agreement with the
theoretical guarantees.

2. Main results

We present the formulation of the problem and unify notation in section 2.1. The formulation
leads to a problem of analyzing the conditioning of a specifically defined matrix. The main res-
ults are presented in subsection 2.2. We discuss the proof ingredients and the general strategy
in subsection 2.3.
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2.1. Problem formulation

We formulate the problem and unify notation in this section.
Recalling the definition in (2), with straightforward derivation, we compute each entry of

the Hessian of the loss function. At the ground-truth ωωω = ωωω∗, for i1, i2 = 1, . . . ,N, we have

(H loss)i1,i2 (ωωω∗)

=
r∑

j=1

〈∂i1M(ωωω∗) ,ψj〉〈∂i2M(ωωω∗) ,ψj〉+(HM)i1,i2 (ωωω∗)(〈M(ωωω∗) ,ψj〉− dj) ,

=
r∑

j=1

〈∂i1M(ωωω∗) ,ψj〉〈∂i2M(ωωω∗) ,ψj〉, (6)

where the second term drops out because dj = 〈M(ωωω∗),ψj〉, recovering the form of the
Gauss–Newton Hessian. The first-order derivative has the standard definition ∂iM(ωωω) =

limε→0
M[ω+εφi]−M[ω]

ε and when {φi} are orthonormal, ∂iM(ωωω) = 〈 δMδω ,φi〉Ω where δM
δω is

the Fréchet derivative.
This symmetric structure of the Hessian (6) strongly suggests the use of the short-hand

notation of

HN =

⎡

⎢⎣
H1,1 . . . H1,N
...

. . .
...

HN,1 . . . HN,N

⎤

⎥⎦=ΦΦΦNΦΦΦN$ ∈ RN×N,

with ΦΦΦN ∈ RN×r and ΦΦΦi,j = 〈∂iM(ωωω∗) ,ψj〉.

(7)

We are interested in the regime where N, r, so many rows in ΦΦΦN ∈ RN×r are linearly
dependent, and H is rank deficient and non-invertible.

We look for a subsampled Hessian matrix that can be inverted, and has moderate condi-
tion number. Since the Hessian matrix is always positive semidefinite, we are to look for the
subsampling that guarantees strict positive definiteness. Mathematically, randomly selecting
m! r rows fromΦΦΦN amounts to multiplying the sampling matrix SN ∈ Rm×N onΦΦΦN:

SNΦΦΦN =

⎡

⎢⎣
−ΦΦΦN

ω1,:−
...

−ΦΦΦN
ωm,:−

⎤

⎥⎦ ∈ Rm×r, with SNi,: = eωi , (8)

where ei is the unit vector placing 1 on ith entry, and the random variables {ωi}mi=1 are gener-
ated uniformly from the integer set {1, . . . ,N}.

Accordingly, the sampled Hessian submatrix becomes:

SNHNSN$ = SNΦΦΦNΦΦΦN$SN$ :=HN
s ∈ Rm×m. (9)

The problem now translates to finding conditions for this subsampled matrix HN
s to be well-

conditioned.

2.2. Conditioning of the Hessian

One key quantity we examine is the conditioning of the sub-sampled matrix. This follows
the conventional notation. Label the eigenvalues of the sub-sampled matrix (5) in descending
order:

λ1 ≥ λ2 " · · ·" λm ,

5
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the condition number is simply:

cond
(
S(H loss(ωωω))S$

)
=
λ1

λm
. (10)

We are to estimate the upper bound of the condition number of HN
s when m is small. To

start, we define a few key quantities for properties of HN .

Definition 1. (i) Diagonal variation parameters: We denote by ' and L the diagonal variation
parameters. In particular, supposing all the diagonals are strictly positive, we define

' :=
N

Tr
(
HN) min

i=1,...,N
HN

i,i, L :=
N

Tr
(
HN) max

i=1,...,N
HN

i,i . (11)

(i) The coherence parameter: We denote by µ> 0 the coherence:

µ :=
N∥∥HN
∥∥
F

max
i1 '=i2=1,...,N

∣∣HN
i1,i2

∣∣ . (12)

We note that all these quantities are inherent attributes of HN and are ‘relative’ in nature.
To be specific, the quantities are preserved when HN is scaled by a constant. For example,

L(HN) = L(cHN) for any c> 0. Clearly,
Tr(HN)

N is the averaged value along the diagonal for

HN , and
→HN→

F
N is the root-mean-square of the entries in HN .

We next provide the main probabilistic statement of the Hessian submatrix HN
s being well-

conditioned. This is the rigorous version of the informal statement shown in section 1.2.

Theorem 1. Consider the discrete Hessian matrix HN ∈ RN×N of rank r from (7). Fix the
sampling dimension m ∈ N+, where m! r! N, and moreover let m satisfy

m!min

{
'

146e
1
4

(
Tr
(
HN)

∥∥HN
∥∥
2

− 1

)
,

'2

149e
1
2µ2 logr

Tr
(
HN)2

∥∥HN
∥∥2
F

}
. (13)

The subsampled Hessian HN
s ∈ Rm×m (8) and (9), generated from uniform sampling, is well-

conditioned with high probability:

P
(
cond

(
HN

s

)
! L+ τ (m)
'− τ (m)

)
" 1− 1

r
, (14)

where the condition number is defined in (10), and the distortion quantity τ(m) is

τ (m) = e
1
4

(
2m

∥∥HN
∥∥
2

Tr
(
HN) + 12µ

√
m logr

∥∥HN
∥∥
F

Tr
(
HN)

)
. (15)

We leave the proof to the later part of this section. Besides the general interpretations pre-
viously stated in (i)–(iii) section 1.2, we provide more thorough explanations below.

• The theorem uses a specific criterion to define the ‘success’: the conditioning of the sketched
HessianHN

s is lower bounded by a certain threshold. This bound appearing in (14) is approx-
imately L

& , the ratio of the maximal and the minimal diagonal entries in HN , with perturba-
tions encoded in τ that we call the distortion term. Notably, τ(m) is asymptotically linear in
the sample sizem for largem. Intuitively, a smaller sample sizem brings less distortion τ(m)
and then the conditioning is closer to L

& . This matches the intuition that the system behaves
better when the number of to-be-reconstructed parameter (m) is small.

• The success probability (RHS of (14)) is 1− 1
r . This means bigger r gives higher probability

for the subsampled Hessian to be well-conditioned. The reconstruction is better conditioned
when one has a large number of measurements (r).

6
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• To make sense of the theorem, we also need the term '− τ(m) to be strictly greater than 0.
This assumption is satisfied by the requirement on m in (13). A more careful derivation also
suggests

0<
L+ τ (m)
'− τ (m)

! 73r(L+ ')

'
. (16)

Please see section 3.2 for the complete proof of the claim above.
• Noticing that HN has rank r, due to Cauchy–Schwarz, we obtain the basic estimates of

1! Tr
(
HN)

∥∥HN
∥∥
2

=

∑r
i=1λi

maxiλi
! r, 1! Tr

(
HN)2

∥∥HN
∥∥
F

2
=

(∑r
i=1λi

)2
∑r

i=1λ
2
i

! r.

This suggests the upper bound for m in (13) is roughly O(r) up to a constant factor. When
the matrix is incoherent, meaning with a large µ, such constant scaling becomes worse.
Theorem 1 concludes that when the number m (of to-be-reconstructed parameters) scales
linearly with the number of measurements r, then with high probability, the global minimizer
is locally unique and the problem is well-conditioned in its neighborhood.

2.3. Proof ingredients

In this subsection, we illustrate the key technical results and prepare for the proof of
theorem 1.

We use the following short-hand notation for the off-diagonal Gram matrix:

MN =HN − diag
(
HN) ∈ RN×N.

Similarly, the sketched submatrix of MN is denoted as

MN
s =HN

s − diag
(
HN

s

)
= SNHNSN$ − diag

(
SNHNSN$

)
∈ Rm×m. (17)

Lemma 1. Under the same assumption as in theorem 1, the probability of the well-conditioned
Hessian has the following upper bound:

P
(
cond

(
HN

s

)
! L+ τ (m)
'− τ (m)

)
" P

(
∥∥MN

s

∥∥
2 !

Tr
(
HN)

N
τ (m)

)
. (18)

The proof of lemma 1 is in section 3.1. This lemma transfers our focus from analyzing the
conditioning ofHN

s to controlling the tail bound of →MN
s →2. As we shall see below, this spectral

norm quantity →MN
s →2 is indeed a sub-Gaussian random variable, hence a sub-Gaussian type

concentration inequality can be applied. We now recall the specific definition.

Proposition 1 (Sub-Gaussian distribution (proposition 10 of [27])). Letα,β,D> 0 be finite
numbers such that the non-negative random variable X satisfies

(EXp)
1
p ! α

√
p+β, for all p" D. (19)

Then for all u"
√
D, one has the tail probability

P
{
X" e

1
4 (αu+β)

}
! e−

u2
4 . (20)

There are a number of equivalent definitions for sub-Gaussian and the characterization of
the tail bound. We refer the readers to L 2.5.2 in [29].
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In the following lemma, we provide the moment estimation of the random variable →MN
s →2

and show that it exhibits a sub-Gaussian decay by its higher moment bound.

Lemma 2. Under the same assumption as in theorem 1, for p" 2, the pth moment is bounded
by

(
E
∥∥MN

s

∥∥p
2

) 1
p ! 2m

N

∥∥HN
∥∥
2 + 12

√
max

(
logm,

p
2

)
µ

√
m
N

∥∥HN
∥∥
F . (21)

The proof of lemma 2 is in section 3.2.
Equipped with these two lemmas, we proceed with the proof for theorem 1.

Proof of theorem 1. Based on the moment estimation (21) in lemma 2, the random variable
→SNMNSN$→2 is of sub-Gaussian type. In particular, according to proposition 1, we set

β =
2m
N

∥∥HN
∥∥
2 , α= 6µ

√
m
N

∥∥HN
∥∥
F , D= 4logm.

Therefore, for u= 2
√
logr>

√
D= 2

√
logm,(r" m) by the distortion term τ (15), we

achieve the probability tail bound

P
(
∥∥MN

s

∥∥
2 !

Tr
(
HN)

N
τ (m)

)

= P
(∥∥MN

s

∥∥
2 ! e

1
4

(
m
N

∥∥HN
∥∥
2 + 6µ

√
m
N

∥∥HN
∥∥
F 2
√

logr
))

" 1− e−
4 log r

4 = 1− 1
r
. (22)

Applying the events relation in lemma 1, we prove the general well-conditioning Hessian
probability (14),

P
(
cond

(
HN

s

)
! L+ τ (m)
'− τ (m)

)
" P

(
∥∥MN

s

∥∥
2 !

Tr
(
HN)

N
τ (m)

)
" 1− e−

4 log r
4 = 1− 1

r
.

This completes the proof.

We make a final remark on potential improvement for the main theorem 1.

Remark 1. In our proof, the way that the parameters L,' (11) are employed is pessimistic.
Indeed, their definitions are to look at the extreme large and the extreme small ratio compared to
the average diagonal entries, so they represent the worst case scenario. If we are to examine the
distribution of diagonal entries, most entries are centered around the average. Hence the worst
case bound is not tight, i.e. the extreme condition imposed is more stringent than necessary
for most other entries. It is clear that the entry magnitude is well-concentrated although there
is a big disparity between ' and L.

To obtain a better bound, a quick relaxation to this requirement is to examine a high-
probability cut-off: Fix a small failure probability 0< η < 1

2 , and define the modified version
of '0,L0 > 0 as

P
{

min
i=1,...,m

(
HN

s

)
i,i <

'0
Tr(HN)

N

}
! η

2
, P

{
max

i=1,...,m

(
HN

s

)
i,i >

L0
Tr(HN)

N

}
! η

2
. (23)

8



Inverse Problems 41 (2025) 045010 R Jin et al

Figure 1. Distributions of min andmax diagonal entries inHN
s out of 10 000 simulations.

We sample m= 30 from the Gauss–Newton Hessian HN =ΦΦΦNΦΦΦN! where ΦΦΦN ∈ RN×r

is generated by a random Gaussian matrix in the size of N= 5000,r= 100.

Clearly, we have '0 " ', L0 ! L. With these re-defined quantities, the success probabil-
ity (14) in the main theorem is improved to:

P
(
cond

(
HN

s

)
! L0 + τ (m)
'0 − τ (m)

)
" 1− 1

r
− η

2
− η

2
= 1− 1

r
− η

where the condition number threshold has a more moderate upper bound. In figure 1 we show
'0 and L0 with cut-off probability η

2 = 0.1. In this case, the bound L0
&0

= 143.9
63.2 ≈ 2.28 is an

improvement over L
& =

163
57.7 ≈ 2.83, and the sacrifice on the probability is η= 0.2.

3. Details of the proofs

The main theorem is built upon two technical lemmas: lemma 1 on estimating the probability
of well-conditioning, and lemma 2 on estimating high moments of an intermediate variable
→MN

s →2 (17). We present their proof in the following two subsections respectively.

3.1. Probability bound, lemma 1

In order to certify a good conditioning of the subsampled Hessian HN
s , lemma 1 informs us

that the key quantity is the spectral norm of the hollow Gram matrix MN
s in (17). We establish

this connection and prove lemma 1 as follows.

Proof of lemma 1. Recall

MN
s =HN

s − diag
(
HN

s

)
∈ Rm×m.

By Weyl’s inequality (originally in [30], or corollary 6.3.8 of [16]), for k= 1, . . . ,m,

∣∣λk
(
HN

s

)
−λk

(
diag

(
HN

s

))∣∣!
∥∥MN

s

∥∥
2 . (24)

9
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Take k= 1, and using the reverse triangle inequality, we know that

λ1
(
HN

s

)
! λ1

(
diag

(
HN

s

))
+
∥∥MN

s

∥∥
2

= max
i=1,...,m

(
HN

s

)
i,i +

∥∥MN
s

∥∥
2

! L
Tr
(
HN)

N
+
∥∥MN

s

∥∥
2 .

The last inequality is obtained due to (11). Analogously as above derivations, let k=m, we
have

λm
(
HN

s

)
" '

Tr
(
HN)

N
−
∥∥MN

s

∥∥
2 .

The event
{
∥∥MN

s

∥∥
2 !

Tr
(
HN)

N
τ (m)

}
(25)

implies the outcomes:

⎧
⎪⎨

⎪⎩

λ1
(
HN

s

)
! L

Tr
(
HN)

N
+
∥∥MN

s

∥∥
2 !

Tr
(
HN)

N
(L+ τ (m)) ,

λm
(
HN

s

)
" '

Tr
(
HN)

N
−
∥∥MN

s

∥∥
2 ≥

Tr
(
HN)

N
('− τ (m)) .

And consequently, assuming '− τ(m)> 0, the event (25) leads to another event:
{
cond

(
HN

s

)
=
λ1

λm

(
HN

s

)
! L+ τ (m)
'− τ (m)

}
.

Thus we have the probability relation of the two events:

P
(
cond

(
HN

s

)
! L+ τ (m)
'− τ (m)

)
" P

(
∥∥MN

s

∥∥
2 !

Tr
(
HN)

N
τ (m)

)
.

To complete the proof, we still need to show that (13) leads to '− τ(m)> 0. To do so, we
recall from (15):

τ (m) = 2e
1
4m

∥∥HN
∥∥
2

Tr
(
HN)

︸ ︷︷ ︸
Term I

+12µe
1
4
√
m logr

∥∥HN
∥∥
F

Tr
(
HN)

︸ ︷︷ ︸
Term II

. (26)

According to the condition on the sampling dimension m (13),

Term I! '

73

(
1− →HN→2

Tr
(
HN)

)
, Term II! 12'√

149
! 72'

73
.

Consequently:

τ (m)! '− '→HN→2
73Tr

(
HN) , and '− τ (m)" '→HN→2

73Tr
(
HN) > 0 .

10
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This completes the proof. Moreover, a more careful derivation derives:

L+ τ (m)
'− τ (m)

! L+ '
&‖HN‖2

73Tr(HN)

=
73(L+ ')

'

→HN→2
Tr
(
HN) !

73r (L+ ')

'
,

proving (16).

3.2. Moment bound lemma 2

Lemma 2 is to quantify the probability of
∥∥MN

s

∥∥
2 being controlled within a certain range. To

get this concentration tail, it is helpful to understand the moments of
∥∥MN

s

∥∥
2 . Since higher

moment bounds are crucial for characterizing this random variable’s distribution, we next pin
down its concentration property.

We remark that lemma 2 is a generalization of equation (6.1) of Tropp [27]. The key dif-
ference is that we remove the assumption in [27] thatΦΦΦN has equal-norm rows. Nevertheless,
we present the essential analysis for the moment bound (21). The proof framework uses the
decoupling technique below.

Lemma 3 (Decoupling—theorem 9 of [27]). Fix an even integer N ∈ N. There exists a sub-

matrix M̂
N
∈ R N

2 ×
N
2 of MN ∈ RN×N so that

(
E
∥∥∥SNMNSN$

∥∥∥
p

2

) 1
p ! 2 max

m1+m2=m,

m1,m2∈N+

(
E
∥∥∥SN1 M̂

N
SN$2

∥∥∥
p) 1

p

. (27)

Here, SN1 ∈ Rm1× N
2 and SN2 ∈ Rm2× N

2 are independent random sampling matrices with sample
size respectively m1,m2 ∈ N+. The maximization in RHS of (27) is taken over all possible
combinations of m1,m2 satisfying m1 +m2 = m.

To quantify the moment of interest
∥∥∥SNHNSN$

∥∥∥
2
, we instead focus on analyzing

(
E→SN1 M̂

N
SN$2 →p2

) 1
p
=
(
E1

[
E2

[
→SN1 M̂

N
SN$2 →p2

∣∣∣ S1

]]) 1
p
. (28)

Regarding that, we present the useful information of both column and row samplings. The
result relates to one specific type of matrix norms defined below.

Definition 2. For a matrixAwithN columns, we define the induced 1,2-norm, or equivalently
the largest column Euclidean norm:

→A→1,2 := sup
‖x‖2=1,

x∈RN

→Ax→1 = max
j=1,...,N

→A:,j→2.

Next we present the key technical results for uniform sampling.

Lemma 4 (Theorem 8 of [27]). For a matrix A with N columns. Draw a random coordinate
selector S ∈ Rm×N

(
E
∥∥∥AS$

∥∥∥
p

2

) 1
p !

√
m
N
→A→2 + 3

√
max

(
2logm,

p
2

)
→A→1,2 . (29)

Similarly, for row sampling, given a matrix B with N rows. Draw a random coordinate selector
S ∈ Rm×N

(
E→SB→p2

) 1
p !

√
m
N
→B→2 + 3

√
max

(
2logm,

p
2

) ∥∥B$∥∥
1,2 . (30)

11
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Lemma 4 (from [27]) estimates the spectral norm of a submatrix whose columns are in a
uniformly random collection of column set in the original matrix. This lemma generalizes the
previous results in [24] and [25] to moments of all orders regimes. The row sampling can be
proved by simply taking the transpose of B and applying the column sampling result previously
stated.

Proof of lemma 2. The proof adopts the techniques from section 6 in [27].

(i) Guided by the quantity of interest (28), we first condition on S1 and consider the random
column sampling of S2. Applying the spectral norm estimation of column sampling (29),

(
E2

[∥∥∥SN1 M̂
N
SN$2

∥∥∥
p

2

∣∣∣ S1

]) 1
p

!
√

2m2
N

∥∥∥SN1 M̂
N
∥∥∥
2
+ 3

√
max

(
2logm2,

p
2

) ∥∥∥SN1 M̂
N
SN$2

∥∥∥
1,2

.

It remains to study:
(
E‖SN1 M̂

N
SN!2 ‖p2

) 1
p

=
(
E1

[
E2

[
‖SN1 M̂

N
SN!2 ‖p2

∣∣∣ S1

]]) 1
p

!
(
E1

(√
m2
N
2

∥∥∥SN1 M̂
N
∥∥∥
2
+ 3
√

max
(
2logm2,

p
2

) ∥∥∥SN1 M̂
N
∥∥∥
p

1,2

)p) 1
p

!
√

m2
N
2

(
E1

∥∥∥SN1 M̂
N
∥∥∥
p

2

) 1
p

︸ ︷︷ ︸
term (I)

+3
√

max
(
2logm2,

p
2

) (
E1

∥∥∥SN1 M̂
N
∥∥∥
1,2

) 1
p

︸ ︷︷ ︸
term (II)

. (31)

The last line is by triangle inequality.
(ii) Next, we respectively tackle term (I) and (II) estimations.
Term (I): Applying the spectral norm estimation of row sampling (30),

(
E1

∥∥∥SN1 M̂
N
∥∥∥
p

2

) 1
p !

√
m1
N
2

∥∥∥M̂
N
∥∥∥
2
+ 3

√
max

(
2logm1,

p
2

) ∥∥∥M̂
N$∥∥∥

1,2
. (32)

Given the definition of µ (12), the column norm of M̂
N
∈ R N

2 ×
N
2 has a uniform

bound, that is

∥∥∥M̂
N$∥∥∥

1,2
!
√

N
2
µ

∥∥HN
∥∥
F

N
= µ

∥∥HN
∥∥
F√

2N
.

Then continue from (32), the estimation of term (I) in (31) becomes
(
E1

∥∥∥SN1 M̂
N
∥∥∥
p

2

) 1
p !

√
m1
N
2

∥∥∥M̂
N
∥∥∥
2
+ 3

√
max

(
2logm1,

p
2

)
µ

∥∥HN
∥∥
F√

2N
. (33)

Term (II): For any random realization of SN1 , we have a uniform bound

∥∥∥SN1 M̂
N
∥∥∥
1,2

!√
m1µ

∥∥HN
∥∥
F

N
= µ

√
m1

N

∥∥HN
∥∥
F .

Consequently, the pth moment is within this uniform bound as well, i.e.
(
E1

∥∥∥SN1 M̂
N
∥∥∥
p

1,2

) 1
p

!
((

µ

√
m1

N

∥∥HN
∥∥
F

)p) 1
p

= µ

√
m1

N

∥∥HN
∥∥
F . (34)

12
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Now we plug in the analysis of term (I) (33) and (II) (34) back into the overall
estimation (31),
(
E‖SN1 M̂

N
SN!2 ‖p2

) 1
p !

√
m1m2
N
2

∥∥∥M̂
N
∥∥∥
2
+ 3
√

max
(
2logm1,2logm2,

p
2

)
µ

√
m1 +

√
m2

N

∥∥HN
∥∥
F

! m
N

∥∥MN
∥∥
2
+ 6
√

max
(
logm,

p
2

)
µ

√
m
N

∥∥HN
∥∥
F
.

(35)

To derive the last inequality, note that →M̂
N
→2 ! →MN→2, since M̂

N
is the submatrix of MN . We

further replace m1,m2 in the last inequality using the relation that m1 +m2 = m,m1,m2 ∈ N+

which implies

max(logm1, logm2)< logm, 2
√
m1m2 ! m,

√
m1 +

√
m2 !

√
2m.

Moreover, due to the relation of MN and HN :

HN −MN = diag
(
HN) ,

and the fact that the difference diag
(
HN) is positive semi-definite, by Weyl’s monotonicity

principle [4, 30],
∥∥MN

∥∥
2 = ω1

(
MN)! ω1

(
HN)=

∥∥HN
∥∥
2 .

We replace the norms of MN in (35) with norm of HN and obtain the main result (21):

(
E→SN1 M̂

N
SN$2 →p2

) 1
p ! m

N

∥∥HN
∥∥
2 + 6

√
max

(
logm,

p
2

)
µ

√
m
N

∥∥HN
∥∥
F .

To obtain the ultimate moment bound, we trace back to the decoupling (27). Multiplying the
above estimation with 2, we conclude the calculation (21)

(
E
∥∥∥SNMNSN$

∥∥∥
p

2

) 1
p ! 2m

N

∥∥HN
∥∥
2 + 12

√
max

(
logm,

p
2

)
µ

√
m
N

∥∥HN
∥∥
F .

4. Numerical experiments

In this section, we present numerical evidence that corroborate our theory. According to the-
orem 1, we have stated that, from (14):

P
(
cond

(
HN

s

)
! L+ τ (m)
'− τ (m)

)
" 1− 1

r
.

The theory implies that with high probability, the condition number of the sketched Hessian
is well within control. The success probability is better if r is big (large number of meas-
urements), and the condition number upper bound is smaller if m is small (small number of
to-be-reconstructed parameters). We validate these observations in our numerical simulation,
and focus our attention on the interplay between the data rank r and the sampling size m.

The following two subsections present numerical results run on two test cases: synthetic
tests, and PDE-based simulation for an elliptic inverse problem. To obtain probabilistic results,
10 000 independent runs are applied in each test.

13
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Figure 2. The concentration of condition number cond(HN
s )..

Table 1. Key parameter values in (14).

Gaussian Uniform Bernoulli

L
! 4.1076 2.4819 3.0833
‖HN‖2
Tr(HN) 0.0241 0.7547 0.5095
‖HN‖F
Tr(HN) 0.1422 0.7556 0.5143

Gaussian Uniform Bernoulli

L
! 2.8263 2.0104 2.3000
‖HN‖2
Tr(HN) 0.0130 0.7521 0.5043
‖HN‖F
Tr(HN) 0.1010 0.7525 0.5068

4.1. Synthetic tests

We start with the synthetic experiment. The full Hessian matrix HN =ΦΦΦNΦΦΦN$ ∈ RN×N (7) is
built via the rank-r matrixΦΦΦN ∈ RN×r. The entries ofΦΦΦN are generated by synthetic data, from
various of choices of probability distributions shown below. We study the conditioning of the
Hessian submatrix HN

s = SNΦΦΦNΦΦΦN$SN$ ∈ Rm×m (9) after the uniform sampling applied on
SNΦΦΦN (8).

Fixed r with varying m. In the first set of experiments, we work with a fixed value of the full
rank r (data points), and vary the sampling dimension m. This testing scenario allows us to fix
the probability bound on the right hand side of (14) and check the cut-off value of condition
number. The synthetic data (7) is built in three types. Each entry of the factor matrixΦΦΦN ∈ RN×r

is drawn from, respectively, standard Gaussian N (0,1), uniform [0,1] and Bernoulli {0,1}
distributions. 10 000 independent subsamplings have been run for various values of m, and
in figure 2, we plot the percentage range [20%,80%] and the median value of the condition
number of the sketched Hessian sub-matrices, for all three types of synthetic data matrix. The
two subplots show results for r= 50 and r= 100 respectively.

From figure 2, we observe that for all three types of data matrices, the condition number
of the sketched sub-matrices grows, statistically, as the sampling size m increases. The con-
centration variance also expands as m gets bigger. Moreover, sampling the standard Gaussian
data produces the best conditioning in comparison to the other two data types.

The test suggests the uniform [0,1] gives the least satisfying condition number, and we now
proceed to examine the reason. To do so, we calculate the main parameters in (14). See the
list in table 1. While the ratio L

& for the three cases are all similar, though the distortion term τ

14
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Figure 3. The rank distribution of Hessian submatrix HN
s .

Table 2. Key parameters in (14) (averaged over 10 000 simulations).

r= 60 r= 70 r= 80

L
! 6.0995 5.6329 5.2802 ↓
‖HN‖2
Tr(HN) 0.0597 0.0555 0.0523 ↓
‖HN‖F
Tr(HN) 0.1707 0.1636 0.1582 ↓

varies greatly. In particular, according to (15), τ depends on ‖HN‖2

Tr(HN) ,
‖HN‖F

Tr(HN) , and it is clear that
the uniform [0,1] distribution produces much larger values for these factors than the Gaussian
case.

Fixed m with varying r. We then carry out another set of experiments, with the sample size
m fixed and we are free to adjust r (conditioned that r>m). By (14), the probability of the
well-conditioned Hessian is expected to decrease as we increase the rank r. To demonstrate
this, we display the frequency histogram for the rank of HN

s ∈ Rm×m in figure 3. As the full
discrete Hessian HN ∈ RN×N (4) rank r rises, we expect the sampled Hessian HN

s (9) rank to
concentrate towards the size of m, its largest possible rank. For this test, we only generate
synthetic data using the Gaussian distribution. In figure 3, we preset a threshold to compute
the rank of the subsampled matrix HN

s , and the histogram demonstrates the distribution of the
rank generated from 10 000 runs using different r values.

Figure 3 shows that when m is fixed at 50, as the original rank r increases, the distribution
of the rank of the subsampled Hessian matrix also concentrates to m, the largest possible rank.

15
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Figure 4. One solution to the forward model (36) at certain source location.

This validates the statement in theorem 1 that as r increases, one has higher probability of
obtaining well-conditioned sub-matrices. The two rows in figure 3 showcases the cut-offs with
different threshold. The top panel sets a more lenient rank condition and hence provides greater
rank probability for theHessian. Other key parameters in (14) are also provided in table 2. Their
values drop according to the increasing r, which may lower the condition number threshold
L+τ
&−τ (14) and (15) as well.

4.2. Elliptic inverse problem

We now consider an inverse problem associated with elliptic type equations. This is similar
to the classical electrical impedance tomography (EIT) problem from medical imaging but
enjoys a better stability. This is because we use interior sensors to avoid the ill-conditioning
issue commonly seen in the EIT problem [2]. Consider the elliptic equation

{
∇x · (ω∇xu) = S, x ∈ Ω

u = 0, x ∈ ∂Ω.

The task is to provide sources to the elliptic equation and take measurement of the solu-
tion inside the domain, to reconstruct the unknown media function ω∗ ∈ L2(Ω) (Ω⊂ R2),
the elliptic coefficient, using finite measurements. We choose the ground-truth ω∗ to be the
Shepp–Logan phantom [26]. We define the loss function (2) to be the mismatch between the
PDE-generated data and the true data. Suppose we fix the measurement index j = ( j1, j2). In
particular, given the source Sj1 to the PDE, we compute the PDE solution, and test the solu-
tion by the testing function Sj2 . In this setting, the following uj1 and hj2 solve the forward and
adjoint models respectively, and are used for the construction of the loss function derivative:
{

∇x · (ω∇xuj1) = Sj1 , x ∈ Ω
uj1 = 0, x ∈ ∂Ω,

{
∇x · (ω∇xhj2) = Sj2 , x ∈ Ω

hj2 = 0, x ∈ ∂Ω. (36)

The forward map Mj : L2(Ω)→ L2(Ω) is given by Mj[ω]∞ dj1,j2 . See figure 4 below for a
solution instance of equation (36) and its partial derivatives.

For the implementation, the window functions are chosen to be Gaussian functions as mol-
lified versions of Dirac deltas:

Sj (x) = e−0.1(x−yj)2 , for j = 1, . . .N.

16
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Figure 5. Measurement layouts. The two layouts present sub-domains D1 and D2..

Moreover, the orthonormal basis {φi}ri=1 is used to estimate the media function ω. With all
these preparations, we recall the notation defined in (7) for the following Hessian matrix:

HN =ΦΦΦNΦΦΦN$ , whereΦΦΦi,j = 〈φi,
δMj

δω
〉,

=

ˆ
Ω
∂xφi ∇xuj1 ·∇xhj2dx. (37)

Noting that the Fréchet derivative takes the form of ∇xu ·∇xh, we then have

ΦΦΦx,j =∇xuj1 (x) ·∇xhj2 (x) .

Numerically we setΩ= [0,1]2 ⊂ R2, and the mesh size is set to be∆x= 1
64 in both dimen-

sions. So the total number of grid points isN= (64+ 1)2 = 4225. As for themeasurements, we
consider placing sources and detectors in two types of subdomains D1,D2 ⊂ Ω, see figure 5:

(i) D1 = [ 18 ,
7
8 ]

2. In this domain we have r1 = 384 grid points for sample sources and detectors.
(ii) D2 = [ 1

32 ,
31
32 ]

2 \ [ 3
16 ,

13
16 ]

2. In this domain, we have r2 = 334 grid points for sample sources
and detectors.

To select data, we randomly pick 1
6 portion of the nodes in these subdomains D to serve as

sources, and we place detectors within ±5 spatial units from the source points. The generated
discrete data matricesΦΦΦN,HN are presented in figure 6.

We perform the random sketching on these two established data matrices. In figures 7 and 8
we present the condition number of the subsampled matrices HN

s ∈ Rm×m (9) as a function of
m. In each scenario, 10 000 runs are performed and we document the 20%–80% quantile. As
m increases, the condition number clearly increases as well. The dotted line in the plots are
calculated using L

& (14) as a threshold. The two tables below (tables 3 and 4) the plots count the
probability of the condition values exceeding this threshold from all simulations. The failure
probability gradually increases as m increases.

These findings validate the main theorem 1.
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Figure 6. The entry magnitude of matricesΦΦΦN (top) andHN (bottom). The left and right
panels are results for D1 and D2 respectively. The magnitudes are showed in logarithm
values, where the data matrices are first processed by Gaussian filters with std 20.

Figure 7. Conditioning concentration of subsampled HN
1 .

Table 3. LHS probability in (14) of HN
1 .

size m (vs r= 384) 5 10 15 20 25 30 35

failure probability (%) 0.13 0.95 3.28 7.05 13.39 20.69 29.76

18
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Table 4. LHS probability in (14) of HN
2 .

size m (vs r= 334) 10 15 20 25 30 35 40 45 50

failure probability (%) 0.13 0.2 0.47 1.5 3.27 6.00 11.13 18.83 27.93

Figure 8. Conditioning concentration of subsampled HN
2

5. Conclusions

In a numerical inverse problem, we are usually only presented with a finite amount of data. It is
unrealistic to expect that the limited information from the data can be used to fully reconstruct
high dimensional parameters in large-scale physical systems, and thus one has to narrow down
the goal to inferring a few subsampled parameters. In contrast to the unique reconstruction the-
ory used to infer parameters in the infinite-dimensional setting, this paper studies the unique
reconstruction in the finite dimensional setting, and spells out the number of reconstructable
parameters (m) when the data given is fixed (r). In particular, we deploy random sketching
techniques to examine the conditioning of the Hessian matrix that is m×m with rank r. When
the ‘success’ is quantified by the Hessian’s condition number, we establish the success prob-
ability. The theory is validated for cases of both synthetic data and PDE simulation data from
an elliptic inverse problem. The numerical results confirm the theoretical findings: As long as
the number of samples m is within a constant factor of the full Hessian rank r, the sampled
Hessian is well-conditioned with high probability.

There are many related research directions that we would like to explore in the future. One
such direction is to integrate the greedy approach, and to use the selected rows to eliminate the
rows of similar information getting repeated. Furthermore, in our entire derivation, we have
assumed the size of the Hessian is finite. We have noticed that the main theorem 1 has no
explicit dependence on the ambient dimension N but only on the rank and sampling size, r
and m. This is a strong indication that the result can be pushed to justify the scenario where
N=∈, in which case the Hessian is a bilinear functional, mapping L2 × L2 to a real number.
This would allow us to fully come back to the continuous PDE setting. Our analysis strongly
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depends on existing theory developed in [28]. We believe with refined probabilistic arguments,
the error bound can be tightened further as well.
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