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We describe the controlled transport and delivery of non-motile eukaryotic cells and polymer microparticles by swimming bac-
teria suspended in nematic liquid crystals. The bacteria push reversibly attached cargo in a stable, unidirectional path (or along
a complex patterned director field) over exceptionally long distances. Numerical simulations and analytical predictions for
swimming speeds provide a mechanistic insight into the hydrodynamics of the system. This study lays the foundation for using
cargo-carrying bacteria in engineering applications and for understanding interspecies interactions in polymicrobial communities.

The manipulation of microscale structures is an unsolved
challenge in microengineering and microtechnology. One ap-
proach has been to harness the mechanical work performed by
cells, which takes advantage of their metabolism and motil-
ity machinery to convert chemical energy to motion in a wide
range of chemical and physical environments1. Extracellu-
lar sensors enable cells to adapt and navigate through differ-
ent environments, thereby providing mechanisms to control
their motion and the objects they are moving. The earliest
examples of research in this area include the movement of
polymer structures with length scales of hundreds of microns
by bacterial cells adsorbed on the polymer surface2, and the
guided transport and release of polymer colloids by individ-
ual phototactic, motile algae3. Related efforts have included
magnetically-driven transport of cargo by synthetic swimmers
with possible applications in targeted drug delivery4.

Bacteria have been the source of additional studies on mi-
crostructure transport as they are fast (velocities approaching
⇡100 µm/sec) and adaptable, genetic tools are widely avail-
able for engineering their properties and behavior, and a range
of mechanisms can be exploited to control their motion, in-
cluding: concentration gradients of ions and chemicals, mag-
netic fields, light, heat, oxygen, and redox potential5,6. Many
rod-shaped bacteria swim through fluids by rotating their flag-
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Fig. 1 (a) A single P. mirabilis cell pushes a single C. albicans cell
along the far-field nematic LC director (n) (see Movie S1). (b)
Multiple P. mirabilis cells pushing a group of C. albicans cells along
curved path following the director profile, which is indicated by the
dashed line (see Movie S2).

ella in a counterclockwise direction to form a bundle and ’run’.
Rotating a flagellum in the clockwise direction alters the struc-
ture of the bundle and reorients cells, which creates an event
referred to as a ’tumble’. Controlling the motion of many flag-
ellated bacteria is complicated by run and tumble dynamics7;
accordingly, bacteria-based motility of microscale objects is
highly challenging, as it is difficult to place objects on cells
without disrupting and inhibiting normal cell behavior. Ap-
plications relying on chemotaxis to move small cargo pose
similar challenges due to spatial and temporal instability of
chemical gradients8. Confined domains such as microfluidic
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Evolution of  swimming strategies: Scale Matters.
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How do you swim?



Dynamic similarity: the Reynolds number
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Figure 1. A swimming E. coli can be modeled at leading order as a Stokeslet dipole. At the next
order, the flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to the finite
size of the cell body (producing a source dipole), and due to the rotation of the flagellum and
counter-rotation of the cell body (producing a rotlet dipole).

with its centroid at a point x0, generates fluid motion in the far-field of the form

u(x) = �GD(e) + ⇥D(e) + ⇤GQ(e, e) + ⌅RD(e, e) +O
�
|x� x0|�4

⇥
. (2.16)

Here we have used the shorthand notation GQ(x� x0; e, e) = GQ(e, e). The coe⇥cient
� has units of [V elocity]⇥[Length]2, while ⇥, ⇤ and ⌅ have units of [V elocity]⇥[Length]3.
The values of the coe⇥cients �,⇥, ⇤, ⌅ must be determined for each microorganism, and
depend on the specific body geometry and propulsive mechanism.

An illustration of the singularity decomposition above is provided in Fig. 1. At leading
order, a swimming E. coli organism can be modeled as a force dipole. This leading
order representation has been used by many authors to consider the e�ects of nearby
walls (Berke et al. (2008)), and many-swimmer interaction dynamics (see for instance
Hernandez-Ortiz et al. (2005) and Saintillan & Shelley (2007)). A swimmer such as the
one illustrated in Fig. 1, in which a flagellar propeller pushes a load through the fluid
is generally referred to as a pusher, in contrast to such organisms as Chlamydomonas
which pulls a cell body through the fluid with a pair of flagella. At the next order, the
flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to
the finite size of the cell body (producing a source dipole), and due to the rotation of the
flagellum and counter-rotation of the cell body (producing a rotlet dipole).

The strengths of these singularities have been measured experimentally for the organ-
isms Volvox carteri and Chlamydomonas reinhardtii by Drescher et al. (2010). The e�ects
of the Stokeslet quadrupole component of spermatozoan swimming has been suggested
by Smith & Blake (2010).

While the flow field is determined instantaneously in Stokes flow, an organism’s means
of propulsion might be considerably unsteady. In general the singularity strengths can
be time-dependent, varying for example with the di�erent phases of an organism’s stroke
pattern. For a first broad look at the far-field representation above, however, we will
restrict our attention to constant values of the singularity strengths for the remainder of
our study. Also, we have assumed in the description given by (2.16) that there are no net
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At zero Reynolds number there is no inertia, and time is merely a parameter. 

Stokes equations:

Linearity + time-independence of  the Stokes equations = kinematic reversibility: 
An instantaneous reversal of  the forcing does not modify the flow patterns,  

only the direction in which they are occurring.

0 r · u = 0

G.I. Taylor 
National Committee for Fluid Mechanics Films, 1961

Silicone oil 
Speed: x4

Re (ut + u ·ru) = �rp+r2u



Microorganisms must use different strategies to swim... and they do.

Swimming strategies must respect fluid mechanics! 
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FIG. 1. (a) A scanning electron micrograph of the ciliated Paramecium, with a clear helical structure (Reprinted with
permission from Tamm, “Ciliary motion in paramecium a scanning electron microscope study,” J. Cell Biol. 55, 250–255
(1972). Copyright 1972 Rockefeller University Press.17). (b) Wave fronts indicate patterns of ciliary beating based on
quantified data of wavelengths and wave angle. Small arrow: beat direction; long arrow: direction of metachronal waves;
helical arrow: swimming direction and rotation (Reprinted with permission from Machemer, “Ciliary activity and the origin
of metachrony in Paramecium: E↵ects of increased viscosity,” J. Exp. Biol. 57, 239–259 (1972). Copyright, 1972 Company
of Biologists Ltd.). (c) Metachronal wave profile of Paramecium (dorsal surface). The approximation of the amplitude of
the ciliary envelope may be best approximated as smaller than half the cilium length18 (Reprinted with permission from
Machemer, “Ciliary activity and the origin of metachrony in Paramecium: E↵ects of increased viscosity,” J. Exp. Biol.
57, 239–259 (1972). Copyright, 1972 Company of Biologists Ltd.). (d) The propulsive mechanism of the cyanobacterium
Synechococcus is a biophysical mystery. (Reprinted with permission from Y. Tsukii, Protist Information Server, 2005, url:
http://protist.i.hosei.ac.jp/.)82 (e) It has been proposed that Synechococcus swims by small amplitude surface deformations
generated by cargo-carrying protein motors moving along a continuous looped helical track near the cell membrane.19

Lorentz reciprocal identity to determine the swimming speed of such a body by an integration over
the surface distortion velocity and the surface stress in a related resistance problem.14 These clas-
sical considerations have been extended recently to the study of many-swimmer interactions (e.g.,
the “dancing” of Volvox),5,26,27 wall-interactions,28–31 generalized squirming motion,32 the stirring
of fluid,33 unsteady swimming,34 swimming in complex fluids,35–37 optimal swimming strokes,38–40

the emergence of metachronal waves,41 confined swimming,42 and submerged robotics.43 The pro-
pulsion of infinitely long bodies by helical waves has been explored analytically by Chwang and
Wu,44 Higdon,45 and Felderhof,46 numerically by Higdon,47 Phan-Thien et al.48 and Liu et al.49,65

and in viscoelastic flows by Fu et al.50 and Spagnolie et al.51

Meanwhile, the flow internal to a near-cylinder generated by surface undulations may have
applications in the mucociliary clearance of the lungs.3,52–56 Many other cilia-driven internal flows
have been studied; for instance, an envelope model was applied in the study of ciliary transport
in the male reproductive tract,57 which was unsuccessful in matching experimental results, likely
because cilia in tubules undergo antiplectic as opposed to symplectic metachronal waves. In the
former, the apparent envelope defined by the tips of the cilia passes in waves in the direction of the
recovery stroke of the cilia, while in the latter, the waves pass in the direction of the power stroke.3
Other models that treat each cilium separately are more accurate in this setting.58

In a previous paper, we solved the Stokes equations of viscous flow in a helical coordinate
system to study the locomotion of helical bodies of arbitrary cross-sectional geometry undergoing
rigid body translation and rotation.59 Analytical expressions for the force-free swimming speed and
torque were derived in the asymptotic regime of nearly cylindrical bodies. In this paper, we investi-
gate instead the swimming of an infinitely long body by the passage of helical waves along its sur-
face. Many cases are explored: the external flow problem for force- and torque-free swimming in a
cylindrical tube or an infinite domain, the internal fluid pumping problem, and confined/unconfined
swimming and internal pumping in a viscoelastic (Oldroyd-B) fluid. The swimming and pumping
speeds and fluid velocities are derived in the asymptotic regime of nearly cylindrical bodies. Closed
form analytical solutions are developed up to second order in the small wave amplitude. In a New-
tonian flow, a matched asymptotic analysis yields corrections to the analytical expressions at fourth
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Life at intermediate Reynolds number is amazing!

2 cm Shell-less pteropod mollusc Clione antarctica 
Childress & Dudley, (J. Fluid Mech. 2004)



An early mathematical model: “Taylor’s swimming sheet”  (Taylor, 1951)
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29. TAYLOR’S SWIMMING SHEET, PART 1

In this lecture we’ll discuss one of the classic early works on the fluid mechanics of microorganism

locomotion. Namely, the undulation of an infinite sheet, as proposed by Taylor (1951), undulating

as illustrated in Fig. 48. The sheet passes waves in the direction of x̂ and the resultant swimming

velocity is written as �V x̂. If V is positive, the sheet swims opposite the direction of the waves.

V

FIG. 48. Taylor’s swimming sheet model of swimming microorganisms.

To determine the swimming speed of the sheet we prescribe the kinematics, taking the waveform

y = b sin(kx � !t), (441)

so that the wavelength is � = 2⇡/k and the period is T = 2⇡/!. Recall the Stokes equations

describing zero Reynolds number (viscosity dominated) flow,

�rp + µ�v = 0, (442)

r · v = 0, (443)

where v is now the fluid velocity in the frame moving with the swimming sheet. In the swimming

problem, the boundary conditions are then

v(x, y ! 1) = V x̂, (444)

v(x, b sin(kx � !t)) = v

d

= �b! cos(kx � !t)ŷ, (445)

where v

d

is the imposed deformation velocity associated with the undulation of the sheet (in the

frame of the swimmer).

The equations are made dimensionless by scaling all lengths by 1/k, time by 1/!, and velocities

by !/k = c (the wave speed). Then, defining x⇤ = kx , y⇤ = ky, t⇤ = !t, v⇤ = v/c, and V ⇤ = V/c,

the boundary conditions become

v

⇤(x⇤, y⇤ ! 1) = V ⇤
x̂, (446)
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Define a stream-function for the velocity:

Expand about small amplitude " = bk ⌧ 1

Solve Stokes equations order by order…
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v

⇤(x⇤, " sin(x⇤ � t⇤))) = �" cos(x⇤ � t⇤)ŷ (447)

where " = kb is a characteristic slope. The asterisks will be dropped for the duration with the

understanding that all the variables are henceforth dimensionless.

It is very helpful to define a stream function  for the velocity of v = (v1, v2) as

v1 =
@ 

@y
, v2 = �@ 

@x
, (448)

so that r ·v = 0 is automatically satisfied. The momentum balance equation may then be written

as

r ⇥ (�rp + µ�v) = 0 ) �2 = 0, (449)

so the stream function satisfies a biharmonic equation in Stokes flow.

The associated boundary conditions are

 (x, y ! 1) ⇠ V y, (450)

@ 

@y
(x, " sin(x � t)) = 0, (451)

@ 

@x
(x, " sin(x � t)) = " cos(x � t). (452)

We are without hope for arbitrary ", so instead Taylor solved the problem assuming " << 1. A

standard asymptotic expansion is reasonable here, and we let

 =  (x, y, t; "), (453)

 (x, y, t; ") =  (0)(x, y, t) + " (1)(x, y, t) + "2 (2)(x, y, t) + ..., (454)

V = V (") = V (0) + "V (1) + "2V (2) + .... (455)

Of course V (0) = 0, trivially (no sheet undulation). Moreover, since " ! �" is identical to a simple

phase shift of the sheet by half a wavelength, in fact all of the odd powers of V in terms of " are

zero. So we already have that V (") = "2V (2) + "4V (4) + ....

Now, the boundary condition at infinity is easy,

 (`)(x, y ! 1) ⇠ V (`)y, (456)

at each order `, but the boundary conditions on the surface of the body are harder. Instead, life

will be easiest if we Taylor expand the boundary conditions onto the surface y = 0 as follows.

U = U(") = U (0) + "U (1) + "2U (2) + · · ·

U

U =
1

2

!

k
"2 +O("4) ⇡ 1

2
!kb2

�rp+ µr2u = 0

r · u = 0

u = r? = ( 
y

,� 
x

)

) r4 = 0

(Quiz: Why nothing at first order?)



Li & Spagnolie, Phys. Fluids, 2014 & 2015
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ẑ x

y

2π/ν∗

FIG. 1. The surface of a general helical body is described by the cross-sectional parameterization A ρ(θ ) = A (1 + ε f (θ ))
and the vertical pitch by 2π /ν∗ (the pitch angle is given by β = tan −1(ν∗A)). The example shown has a cross-sectional profile
ρ(θ ) = 1 + (1/3)(sin (θ ) − cos (3θ )). A polar coordinate system is defined on a planar cross-section as shown.

while the material on the helical surface moves with velocity

∂

∂t
ỹ(θ, ζ̃ (ζ, t)) = ω A(1 + ε f (θ ))

[
− sin(ν∗ζ̃ + θ )x̂ + cos(ν∗ζ̃ + θ )ŷ

]
+ ω

ν∗ ẑ. (3)

The equations describing a Newtonian fluid flow at zero Reynolds number are the Stokes
equations, which are Galilean invariant and so are unchanged in a frame moving with constant
velocity. The incompressible Stokes equations in the moving frame described above are given by

∇ · σ = −∇ p + µ*u = 0, (4)

∇ · u = 0, (5)

N = 1 N = 2 N = 3

(a) (b) (c) (d)

FIG. 2. Helical body examples with ν = 1, with cross-section parameterizations given by: (a) ρ(θ ) = 1 + (1/2)sin (θ );
(b) ρ(θ ) = 1 + (1/2)sin (2θ ); (c) ρ(θ ) = 1 + (1/2)sin (3θ ). (d) A right-handed helix with a left-handed helical surface pattern,
selected such that the swimming speed during rotation is approximately zero. Cross-sections in the z = 0 plane are also
shown.
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FIG. 3. (a) The normalized swimming speeds as functions of ν (the dimensionless helical pitch is given by 2π /ν) for
wavenumber N = 2. Symbols indicate numerically computed swimming speeds with ε = 0.025 (squares), ε = 0.05 (circles),
ε = 0.075 (triangles), and ε = 0.1 (diamonds). The solid line shows the prediction of the asymptotic theory from Eq. (44).
Inset images are of helical bodies with N = 2 and ε = 0.1 with ν ∈ {2, 4}. (b) The normalized swimming speeds for
cross-sectional profiles f(θ ) = cos (Nθ ), with ε = 0.1, as functions of ν. Again, symbols indicate numerically computed
values, and solid curves indicate the O(ε2) theoretical predictions. Cross-sections of each surface are also shown.

Before proceeding to higher order terms, we pause for an entertaining calculation using the
O(ε2) theory made possible by the decoupling of Fourier modes. Though it cannot be described by
the current mathematical framework, consider a right-handed helical body onto which a left-handed
helical pattern is grafted, as shown in Fig. 2(d). The structure is reminiscent of the double-wave
structure of insect spermatozoa in the opposite chirality case54 (see also Ref. 55). Upon rotation of
such a body there will appear to be two waves passing along the surface moving in opposite directions.
Using Eq. (44), the force-free translation of such a body can be predicted by subtracting the speeds
corresponding to each cross-sectional description, and the swimming speed may vanish for suitably
chosen parameters. The example shown in Fig. 2(d) is a right-handed helical body with surface
deformation ε1f(θ ) = 0.15cos (θ ) and ν = 1 with a small left-handed helical perturbation of higher
wavenumber, ε2 f̃ (θ ) = 0.062 cos(3θ ) and ν̃ = 2. Since the swimming speed increases rapidly with
increasing wavenumber, a small amplitude perturbation ε2 of high wavenumber may counteract the
swimming of a low wavenumber shape of larger amplitude, ε1. The second order theory predicts a
zero swimming speed for this example. More generally, writing the higher wavenumber perturbation
in the form ε2 f̃ (θ ), the resulting swimming speed (by superposition) is given by

U ≈ ε2
1

2
J1(ν) − 2ε2

2

∑

q≥1

| f̃q |2 Jq (ν̃), (45)

with Jq defined in Eq. (38), so that the swimming speed is predicted to vanish in the O(ε2) theory
when

ε2 = ε1

2

√
J1(ν)

∑
q≥1 | f̃q |2 Jq (ν̃)

· (46)

B. The swimming speed, accurate to O(ε4)

Already we have observed that the force-free swimming speed of a helical body exhibits a
maximum value in the varying helical pitch, a feature of the dynamics not captured in the O(ε2)
theory. Even in the simpler setting of a two-dimensional swimming Taylor sheet, remarkable non-
monotonicity has been observed numerically and predicted in high-order asymptotic calculations.56

We are therefore led to consider the next order correction to the swimming speed which will enter at
O(ε4). As we approach the higher order correction to the swimming speed, note that many derivatives
in θ are accompanied by a factor of ν as a consequence of Eq. (10). Balancing terms in Eq. (15), we
should expect that ∂u/∂r = O(ν), so that εm∂mu/∂rm = O(εmνm), which may be significant if ν is
large. In this case we would find a boundary layer of thickness O(ν−1).
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FIG. 1. (a) A scanning electron micrograph of the ciliated Paramecium, with a clear helical structure (Reprinted with
permission from Tamm, “Ciliary motion in paramecium a scanning electron microscope study,” J. Cell Biol. 55, 250–255
(1972). Copyright 1972 Rockefeller University Press.17). (b) Wave fronts indicate patterns of ciliary beating based on
quantified data of wavelengths and wave angle. Small arrow: beat direction; long arrow: direction of metachronal waves;
helical arrow: swimming direction and rotation (Reprinted with permission from Machemer, “Ciliary activity and the origin
of metachrony in Paramecium: E↵ects of increased viscosity,” J. Exp. Biol. 57, 239–259 (1972). Copyright, 1972 Company
of Biologists Ltd.). (c) Metachronal wave profile of Paramecium (dorsal surface). The approximation of the amplitude of
the ciliary envelope may be best approximated as smaller than half the cilium length18 (Reprinted with permission from
Machemer, “Ciliary activity and the origin of metachrony in Paramecium: E↵ects of increased viscosity,” J. Exp. Biol.
57, 239–259 (1972). Copyright, 1972 Company of Biologists Ltd.). (d) The propulsive mechanism of the cyanobacterium
Synechococcus is a biophysical mystery. (Reprinted with permission from Y. Tsukii, Protist Information Server, 2005, url:
http://protist.i.hosei.ac.jp/.)82 (e) It has been proposed that Synechococcus swims by small amplitude surface deformations
generated by cargo-carrying protein motors moving along a continuous looped helical track near the cell membrane.19

Lorentz reciprocal identity to determine the swimming speed of such a body by an integration over
the surface distortion velocity and the surface stress in a related resistance problem.14 These clas-
sical considerations have been extended recently to the study of many-swimmer interactions (e.g.,
the “dancing” of Volvox),5,26,27 wall-interactions,28–31 generalized squirming motion,32 the stirring
of fluid,33 unsteady swimming,34 swimming in complex fluids,35–37 optimal swimming strokes,38–40

the emergence of metachronal waves,41 confined swimming,42 and submerged robotics.43 The pro-
pulsion of infinitely long bodies by helical waves has been explored analytically by Chwang and
Wu,44 Higdon,45 and Felderhof,46 numerically by Higdon,47 Phan-Thien et al.48 and Liu et al.49,65

and in viscoelastic flows by Fu et al.50 and Spagnolie et al.51

Meanwhile, the flow internal to a near-cylinder generated by surface undulations may have
applications in the mucociliary clearance of the lungs.3,52–56 Many other cilia-driven internal flows
have been studied; for instance, an envelope model was applied in the study of ciliary transport
in the male reproductive tract,57 which was unsuccessful in matching experimental results, likely
because cilia in tubules undergo antiplectic as opposed to symplectic metachronal waves. In the
former, the apparent envelope defined by the tips of the cilia passes in waves in the direction of the
recovery stroke of the cilia, while in the latter, the waves pass in the direction of the power stroke.3
Other models that treat each cilium separately are more accurate in this setting.58

In a previous paper, we solved the Stokes equations of viscous flow in a helical coordinate
system to study the locomotion of helical bodies of arbitrary cross-sectional geometry undergoing
rigid body translation and rotation.59 Analytical expressions for the force-free swimming speed and
torque were derived in the asymptotic regime of nearly cylindrical bodies. In this paper, we investi-
gate instead the swimming of an infinitely long body by the passage of helical waves along its sur-
face. Many cases are explored: the external flow problem for force- and torque-free swimming in a
cylindrical tube or an infinite domain, the internal fluid pumping problem, and confined/unconfined
swimming and internal pumping in a viscoelastic (Oldroyd-B) fluid. The swimming and pumping
speeds and fluid velocities are derived in the asymptotic regime of nearly cylindrical bodies. Closed
form analytical solutions are developed up to second order in the small wave amplitude. In a New-
tonian flow, a matched asymptotic analysis yields corrections to the analytical expressions at fourth
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FIG. 4. (a) As in Fig. 3, the normalized swimming speeds for N = 2 fixed are shown as functions of ν for a selection
of ε. Symbols indicate numerically computed swimming speeds with ε = 0.025 (squares), ε = 0.05 (circles), ε = 0.075
(triangles), and ε = 0.1 (diamonds). The solid line shows the O(ε2) result from Eq. (44), while the dashed lines show the
O(ε4) predictions. (b) Normalized swimming speeds are shown for bodies with f(θ ) = cos (Nθ ) for two Fourier modes, N =
2 and N = 4, with ε = 0.1 fixed.

speed, Um = 4. By a similar calculation it can be shown that

wm=3 = 2ℜ
[
−ν−2 3N 2ξ + 2N 2

8
HN + ν−3 14N + N 2ξ + 3N 3ξ 2

16
HN + (. . .)H3N

]
+ O(ν−4).

(68)

Only the zeroth Fourier mode of wm=4 is required to determine the swimming speed. Noting that

wm=4,k=0 = − 1
2π

∫ 2π

0

{
f (θ )∂ξwm=3 + 1

2
f 2(θ )∂2

ξ wm=2 + 1
6

f 3(θ )∂3
ξ wm=1

}
dθ, (69)

we finally arrive at the fourth-order correction to the swimming speed for finite ν,

Um=4 = −ν−2 5N 3

4
+ ν−3 3N 2

2
+ O(ν−4). (70)

Therefore, a rotating helical body of cross-sectional profile ρ(θ ) = 1 + εcos (Nθ ) swims with zero
net force at the speed

U = ε2
(

1
2

JN − ε2ν2 5N 3

4
+ ε2ν

3N 2

2

)
+ O(ε4) + O(ε6ν4), (71)

with JN given in (38).
We can now revisit the comparison between the analytical predictions and the results of the full

numerical simulations. Figure 4(a) shows the swimming speeds for the same cases considered in
Fig. 3(a), but here we include as dashed lines the predictions of the O(ε4) theory from Eq. (71). The
O(ε4) theory shows a significant improvement in the prediction for larger values of both ε and ν.
In particular, the speed-maximizing value of ν, and the maximum swimming speed, are very well
approximated for the values of ε considered. This optimal value of ν will be discussed in Sec. V.
Similarly, Fig. 4(b) reproduces the results from Fig. 3(b), but now includes the O(ε4) predictions for
two different Fourier modes, N = 2 and N = 4.

C. Computing the torque to O(ε2)

The external torque required to rotate the helical body may be computed using the solutions
already derived above, which we provide up to O(ε2). The torque per unit length is given by
integration of the fluid stress,

L = −ẑ ·
∫ 2π

0
y × [σ · (yθ × yζ )]

∣∣∣
ζ=0

dθ = −
∫ 2π

0

(
ρ2σθr − ρρθσθθ + νρ2ρθσθ z

)
dθ, (72)
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θ
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ẑ x

y

2π/ν∗

FIG. 1. The surface of a general helical body is described by the cross-sectional parameterization A ρ(θ ) = A (1 + ε f (θ ))
and the vertical pitch by 2π /ν∗ (the pitch angle is given by β = tan −1(ν∗A)). The example shown has a cross-sectional profile
ρ(θ ) = 1 + (1/3)(sin (θ ) − cos (3θ )). A polar coordinate system is defined on a planar cross-section as shown.

while the material on the helical surface moves with velocity

∂

∂t
ỹ(θ, ζ̃ (ζ, t)) = ω A(1 + ε f (θ ))

[
− sin(ν∗ζ̃ + θ )x̂ + cos(ν∗ζ̃ + θ )ŷ

]
+ ω

ν∗ ẑ. (3)

The equations describing a Newtonian fluid flow at zero Reynolds number are the Stokes
equations, which are Galilean invariant and so are unchanged in a frame moving with constant
velocity. The incompressible Stokes equations in the moving frame described above are given by

∇ · σ = −∇ p + µ*u = 0, (4)

∇ · u = 0, (5)

N = 1 N = 2 N = 3

(a) (b) (c) (d)

FIG. 2. Helical body examples with ν = 1, with cross-section parameterizations given by: (a) ρ(θ ) = 1 + (1/2)sin (θ );
(b) ρ(θ ) = 1 + (1/2)sin (2θ ); (c) ρ(θ ) = 1 + (1/2)sin (3θ ). (d) A right-handed helix with a left-handed helical surface pattern,
selected such that the swimming speed during rotation is approximately zero. Cross-sections in the z = 0 plane are also
shown.
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flow must vanish as they are unbounded at infinity. The analytical solutions in that case are given by

Pk = �ik AqKq(�), (32)

Wk =
Aq

2⌫

 
�Kq�1(�) �

q⌫Kq�1(q⌫)
Kq(q⌫)

Kq(�)
!
, (33)

while the constants Aq are given by (recall that q = |k |)

Aq =

2
 
q +

q⌫Kq�1

Kq

!

qKq + q⌫Kq�1 �
2(q � 2)

⌫
Kq�1 �

(3q � 2)K2
q�1

Kq
�

q⌫K3
q�1

K2
q

, (34)

where Kq�1 = Kq�1(q⌫) and Kq = Kq(q⌫). Defining Jq = d Wq/dr for notational convenience, we
find that

Jq =
q2aq

2
�
Kq�1 � ⌫Kq

�
� q2bq

2
�
Iq�1 + ⌫Iq

�
� cqq

�
Kq + ⌫Kq�1

�
� dqq

�
Iq � ⌫Iq�1

�
, (35)

where all Bessel functions without any argument are evaluated at q⌫, which in the limit of swimm-
ing in an unconfined fluid (as L ! 1) is given by

Jq =
q2Aq

2
*
,2Kq�1 � ⌫Kq +

⌫K2
q�1

Kq

+
- . (36)

With the solutions at O(") in hand, the swimming speed at O("2) may be found immediately
using the boundary condition ŵ20(1) = U2 �

P
k | f̂k |2d Wk(1)/dr , from Eq. (24). But, the spatially

averaged axial flow on the boundary at second order, ŵ20(1), can be determined rapidly by investiga-
tion of the fluid force on the body. The force per unit length is found by integrating the fluid stress
around a cross section, and up to O("2) is given by (see Appendix B)

Fw = 2⇡"2 dŵ20

dr
���r=1

. (37)

Using Eq. (26), force-free swimming therefore requires that ŵ20(1) = 0, so that the O("2) value of
the swimming speed is given by

Uw = 2"2
X

q�1

| f̂q |2Jq. (38)

In our previous work, we carried a similar calculation to the one above out to fourth order in
the small wave amplitude assuming only a single mode for the boundary, f (✓) = cos(N✓), using
a double-series expansion in � = "⌫ and ⌫�1.59 This was made necessary by a boundary layer of
thickness O(⌫�1) in the fluid near the helical surface for small helical pitches (large ⌫). A similar
boundary layer appears in the problem of present interest as well. The boundary layer is due to
the factor of ⌫ which appears with the derivative @/@✓ in Eqs. (17)-(20), reflecting a fast varia-
tion of the boundary condition along the z direction via Eq. (7). Balancing terms, we notice that
@/@r ⇠ ⌫ @/@✓ which suggests the presence of a boundary layer of thickness O(⌫�1) near the helical
body surface inside which the flow varies rapidly. Outside of the boundary layer, the solution is
very close to the solution for a cylindrical body, which in our problem here is a motionless fluid.
Investigating the inner solution by the double series technique used in Ref. 59, but applied instead to
the helical wave boundary condition above, the correction at O("4) is found to be

Uw =
"2

2
JN + "4

 
�1

2
⌫3N4 + ⌫2 3

8
N3

!
+O

�
"4⌫ + "6⌫6� , (39)

and note that the asymptotic form of the swimming speed in the large ⌫ regime is given by

Uw ⇡ "2
 

1
2

N2⌫ � 1
2

N
!
+ "4

 
�1

2
⌫3N4 + ⌫2 3

8
N3

!
+O

�
"4⌫ + "6⌫6� . (40)
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FIG. 1. (a) A scanning electron micrograph of the ciliated Paramecium, with a clear helical structure (Reprinted with
permission from Tamm, “Ciliary motion in paramecium a scanning electron microscope study,” J. Cell Biol. 55, 250–255
(1972). Copyright 1972 Rockefeller University Press.17). (b) Wave fronts indicate patterns of ciliary beating based on
quantified data of wavelengths and wave angle. Small arrow: beat direction; long arrow: direction of metachronal waves;
helical arrow: swimming direction and rotation (Reprinted with permission from Machemer, “Ciliary activity and the origin
of metachrony in Paramecium: E↵ects of increased viscosity,” J. Exp. Biol. 57, 239–259 (1972). Copyright, 1972 Company
of Biologists Ltd.). (c) Metachronal wave profile of Paramecium (dorsal surface). The approximation of the amplitude of
the ciliary envelope may be best approximated as smaller than half the cilium length18 (Reprinted with permission from
Machemer, “Ciliary activity and the origin of metachrony in Paramecium: E↵ects of increased viscosity,” J. Exp. Biol.
57, 239–259 (1972). Copyright, 1972 Company of Biologists Ltd.). (d) The propulsive mechanism of the cyanobacterium
Synechococcus is a biophysical mystery. (Reprinted with permission from Y. Tsukii, Protist Information Server, 2005, url:
http://protist.i.hosei.ac.jp/.)82 (e) It has been proposed that Synechococcus swims by small amplitude surface deformations
generated by cargo-carrying protein motors moving along a continuous looped helical track near the cell membrane.19

Lorentz reciprocal identity to determine the swimming speed of such a body by an integration over
the surface distortion velocity and the surface stress in a related resistance problem.14 These clas-
sical considerations have been extended recently to the study of many-swimmer interactions (e.g.,
the “dancing” of Volvox),5,26,27 wall-interactions,28–31 generalized squirming motion,32 the stirring
of fluid,33 unsteady swimming,34 swimming in complex fluids,35–37 optimal swimming strokes,38–40

the emergence of metachronal waves,41 confined swimming,42 and submerged robotics.43 The pro-
pulsion of infinitely long bodies by helical waves has been explored analytically by Chwang and
Wu,44 Higdon,45 and Felderhof,46 numerically by Higdon,47 Phan-Thien et al.48 and Liu et al.49,65

and in viscoelastic flows by Fu et al.50 and Spagnolie et al.51

Meanwhile, the flow internal to a near-cylinder generated by surface undulations may have
applications in the mucociliary clearance of the lungs.3,52–56 Many other cilia-driven internal flows
have been studied; for instance, an envelope model was applied in the study of ciliary transport
in the male reproductive tract,57 which was unsuccessful in matching experimental results, likely
because cilia in tubules undergo antiplectic as opposed to symplectic metachronal waves. In the
former, the apparent envelope defined by the tips of the cilia passes in waves in the direction of the
recovery stroke of the cilia, while in the latter, the waves pass in the direction of the power stroke.3
Other models that treat each cilium separately are more accurate in this setting.58

In a previous paper, we solved the Stokes equations of viscous flow in a helical coordinate
system to study the locomotion of helical bodies of arbitrary cross-sectional geometry undergoing
rigid body translation and rotation.59 Analytical expressions for the force-free swimming speed and
torque were derived in the asymptotic regime of nearly cylindrical bodies. In this paper, we investi-
gate instead the swimming of an infinitely long body by the passage of helical waves along its sur-
face. Many cases are explored: the external flow problem for force- and torque-free swimming in a
cylindrical tube or an infinite domain, the internal fluid pumping problem, and confined/unconfined
swimming and internal pumping in a viscoelastic (Oldroyd-B) fluid. The swimming and pumping
speeds and fluid velocities are derived in the asymptotic regime of nearly cylindrical bodies. Closed
form analytical solutions are developed up to second order in the small wave amplitude. In a New-
tonian flow, a matched asymptotic analysis yields corrections to the analytical expressions at fourth
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What tools do we have? Lots.

Linear PDEs 
Green’s functions 

Moment expansion / method of  reflections / method of  images 
Boundary integral representation 

Slender body theory 
Fast algorithms 

. 

. 

.



Main points I want to highlight:

1. Kinematic reversibility / Scallop theorem 
2. Quasi-static dynamics 
3. Drag anisotropy of  slender bodies 
4. Stochastic (e.g. run-and-tumble) trajectories  
5. Inside the flagellum: flagellin/polymorphism, microtubules/axoneme

Physical ideas:

Mathematical tools:

1. “Stokeslet” fundamental solution (Green’s function) and its derivatives 
2. A boundary-integral representation* 
3. Multipole expansion in the far-field: bacteria as force-dipoles. 
4. Slender-body theory for thin filaments (flagella, cilia, etc.)



Dynamics are quasi-static. Swimming is essentially force/torque-free at any moment.

mẍ =
X

F

x(t)

n̂

f = n̂ · �

X
F = F

ext

+

Z

D

f dS

D

Scaling lengths, velocities on L, U as before, and scaling forces on          , we find  µLU

Re

✓
m

⇢Vol

◆✓
Vol

L3

◆
ẍ

⇤
=

1

µUL
F

ext

+

Z

D

⇤
f

⇤ dS⇤

0

The body is in equilibrium at every moment. Even if  F, f are changing in time. 
(Changes are slower than the viscous dissipation timescale.)

And if                                   , then                          . Example: E. coli has |F
ext

|/(µUL) ⌧ 1
Z

D⇤
f⇤ dS⇤ = 0 |Fg|/(µUL) ⇡ 10�2
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Figure 1. A swimming E. coli can be modeled at leading order as a Stokeslet dipole. At the next
order, the flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to the finite
size of the cell body (producing a source dipole), and due to the rotation of the flagellum and
counter-rotation of the cell body (producing a rotlet dipole).

with its centroid at a point x0, generates fluid motion in the far-field of the form

u(x) = �GD(e) + ⇥D(e) + ⇤GQ(e, e) + ⌅RD(e, e) +O
�
|x� x0|�4

⇥
. (2.16)

Here we have used the shorthand notation GQ(x� x0; e, e) = GQ(e, e). The coe⇥cient
� has units of [V elocity]⇥[Length]2, while ⇥, ⇤ and ⌅ have units of [V elocity]⇥[Length]3.
The values of the coe⇥cients �,⇥, ⇤, ⌅ must be determined for each microorganism, and
depend on the specific body geometry and propulsive mechanism.

An illustration of the singularity decomposition above is provided in Fig. 1. At leading
order, a swimming E. coli organism can be modeled as a force dipole. This leading
order representation has been used by many authors to consider the e�ects of nearby
walls (Berke et al. (2008)), and many-swimmer interaction dynamics (see for instance
Hernandez-Ortiz et al. (2005) and Saintillan & Shelley (2007)). A swimmer such as the
one illustrated in Fig. 1, in which a flagellar propeller pushes a load through the fluid
is generally referred to as a pusher, in contrast to such organisms as Chlamydomonas
which pulls a cell body through the fluid with a pair of flagella. At the next order, the
flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to
the finite size of the cell body (producing a source dipole), and due to the rotation of the
flagellum and counter-rotation of the cell body (producing a rotlet dipole).

The strengths of these singularities have been measured experimentally for the organ-
isms Volvox carteri and Chlamydomonas reinhardtii by Drescher et al. (2010). The e�ects
of the Stokeslet quadrupole component of spermatozoan swimming has been suggested
by Smith & Blake (2010).

While the flow field is determined instantaneously in Stokes flow, an organism’s means
of propulsion might be considerably unsteady. In general the singularity strengths can
be time-dependent, varying for example with the di�erent phases of an organism’s stroke
pattern. For a first broad look at the far-field representation above, however, we will
restrict our attention to constant values of the singularity strengths for the remainder of
our study. Also, we have assumed in the description given by (2.16) that there are no net

!

The torque-free constraint demands a counter-rotation

⌦

L�L

⌦� ! = ⌦m

F�F U

But how?
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FIGURE 2. (Colour online available at journals.cambridge.org/flm) Velocity field cross-
sections of (a) a Stokeslet (force) dipole, which decays as 1/R2; (b) a source dipole, which
decays as 1/R3; and (c) a force quadrupole, which decays as 1/R3, all in free space. Arrow
intensity correlates with the magnitude of the velocity. The effects of a nearby boundary may
be intuited by imagining the wall to follow the streamlines.

(producing a rotlet dipole). Vector field cross-sections of the Stokeslet dipole, source
dipole, and Stokeslet quadrupole singularities are shown in figure 2. The strengths
of these singularities have been measured experimentally for the organisms Volvox
carteri and Chlamydomonas reinhardtii by Drescher et al. (2010), and for E. coli
by Drescher et al. (2011). The effects of the Stokeslet quadrupole component of
spermatozoan swimming have been suggested by Smith & Blake (2009), and force-
quadrupole hydrodynamic interactions of E. coli have been studied by Liao et al.
(2007).

While the flow field is set up instantaneously in Stokes flow upon the variation
of an organism’s geometry, the means of propulsion of a particular organism might
be unsteady. In general the singularity strengths can be time-dependent, varying for
example with the different phases of a swimming stroke pattern. As an example, the
highly time-dependent flow field generated by the oscillating motions of C. reinhardtii
has been examined by Guasto, Johnson & Gollub (2010). Nevertheless, for a first
broad look at the far-field representation above we will restrict our attention to
constant values of the singularity strengths for the remainder of our study. Also,
we have assumed in the description given by (2.17) that there are no net body forces
or torques on the organism, which would require the inclusion of Stokeslet and rotlet
singularity terms as well (as explored for the organism Volvox by Drescher et al.
2009). While some organisms are not neutrally buoyant and do experience a body
force or torque due to gravity, many others (including most bacteria) live on such a
scale that such effects are negligible. In addition, we assume that there is no mass flux
through such mechanisms as fluid extrusion, as studied by Spagnolie & Lauga (2010),
which can present a source singularity in addition to those included in the expression
above.

2.3. The surface e�ect: Faxén’s law
In a fluid of infinite extent, the fluid velocity in the far field generated by an active
body behaves as described in (2.17). When a boundary such as a plane wall is
present, however, the velocity everywhere is altered due to the additional boundary
condition. Borrowing an approach which has seen a long history in electrodynamics,
the boundary condition on the surface can be satisfied by the placement of additional
singularities at the image point x⇤

0 = x0 � 2(x0 · ẑ)ẑ inside the wall (where ẑ is the unit
vector normal to the surface).
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u(x) ⇠ 1

R2

One answer: Don’t worry about it! 
Taking the long view:  
mathematical modeling of  swimming microbes via far-field hydrodynamics

Hydrodynamics of self-propulsion near a boundary 5
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Figure 1. A swimming E. coli can be modeled at leading order as a Stokeslet dipole. At the next
order, the flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to the finite
size of the cell body (producing a source dipole), and due to the rotation of the flagellum and
counter-rotation of the cell body (producing a rotlet dipole).

with its centroid at a point x0, generates fluid motion in the far-field of the form

u(x) = �GD(e) + ⇥D(e) + ⇤GQ(e, e) + ⌅RD(e, e) +O
�
|x� x0|�4

⇥
. (2.16)

Here we have used the shorthand notation GQ(x� x0; e, e) = GQ(e, e). The coe⇥cient
� has units of [V elocity]⇥[Length]2, while ⇥, ⇤ and ⌅ have units of [V elocity]⇥[Length]3.
The values of the coe⇥cients �,⇥, ⇤, ⌅ must be determined for each microorganism, and
depend on the specific body geometry and propulsive mechanism.

An illustration of the singularity decomposition above is provided in Fig. 1. At leading
order, a swimming E. coli organism can be modeled as a force dipole. This leading
order representation has been used by many authors to consider the e�ects of nearby
walls (Berke et al. (2008)), and many-swimmer interaction dynamics (see for instance
Hernandez-Ortiz et al. (2005) and Saintillan & Shelley (2007)). A swimmer such as the
one illustrated in Fig. 1, in which a flagellar propeller pushes a load through the fluid
is generally referred to as a pusher, in contrast to such organisms as Chlamydomonas
which pulls a cell body through the fluid with a pair of flagella. At the next order, the
flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to
the finite size of the cell body (producing a source dipole), and due to the rotation of the
flagellum and counter-rotation of the cell body (producing a rotlet dipole).

The strengths of these singularities have been measured experimentally for the organ-
isms Volvox carteri and Chlamydomonas reinhardtii by Drescher et al. (2010). The e�ects
of the Stokeslet quadrupole component of spermatozoan swimming has been suggested
by Smith & Blake (2010).

While the flow field is determined instantaneously in Stokes flow, an organism’s means
of propulsion might be considerably unsteady. In general the singularity strengths can
be time-dependent, varying for example with the di�erent phases of an organism’s stroke
pattern. For a first broad look at the far-field representation above, however, we will
restrict our attention to constant values of the singularity strengths for the remainder of
our study. Also, we have assumed in the description given by (2.16) that there are no net

E. coli, Turner, Ryu & Berg (J. Bacteriol. 2000)

The leading order approximation of  the fluid flow far from a neutrally buoyant body

Stokeslet dipole

GD
E. coli 

Drescher et al. (PNAS 2011)



To be more precise let’s develop some mathematical tools,  
starting with the most important one.



The “Stokeslet” fundamental solution (Green’s function) is the key to everything.

r · u = 0
x0

fWhat to do to a linear PDE? 
Poke it.

�rp+ µr · u+ f�(x0) = 0

u(x) =
1

8⇡µ
G(x� x0) · fBy linearity, we must have p(x) =

1

8⇡
⇧(x� x0) · f

Read Pozrikidis (1992)

“Stokeslet” singularity

Solving (e.g. by Fourier transform and inversion),

G(x) =
1

|x|

✓
I+

xx

|x|2

◆

⇧(x) =
2x

|x|3
(xx)ij = xixj

(Dyadic product)

xx

T ,x⌦ x



Derivatives of  the Stokeslet are also solutions to the Stokes equations.

Linear PDE —> Linear combinations of  Stokeslets also solve the primary equations

-

How else can we poke the system?

u0 =
�Mx

4⇡|x|2 , p0 = 0�rp0 + µr2u0 = 0

r · u0 +M�(x) = 0
Source/sink

This includes derivatives (as differentiation is a linear operation)

d ! 0

u =
1

d
(G(x� dx̂) · f �G(x) · f) ! �x̂ ·r(G · f)

is a solution, too.
“Stokeslet dipole” or “force dipole”

f
d�f {

0

x0



Including… all potential flow solutions

Since

… all “potential flow” solutions (from infinite Reynolds number flow!) also solve the Stokes 
equations (zero Reynolds number flow!)

r2u0 = 0, p0 = 0

e ·ru0 =
1

|x|3

✓
�I+

3xx

|x|2

◆
· e = D(x) · e

Source dipole/doublet
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FIGURE 2. (Colour online available at journals.cambridge.org/flm) Velocity field cross-
sections of (a) a Stokeslet (force) dipole, which decays as 1/R2; (b) a source dipole, which
decays as 1/R3; and (c) a force quadrupole, which decays as 1/R3, all in free space. Arrow
intensity correlates with the magnitude of the velocity. The effects of a nearby boundary may
be intuited by imagining the wall to follow the streamlines.

(producing a rotlet dipole). Vector field cross-sections of the Stokeslet dipole, source
dipole, and Stokeslet quadrupole singularities are shown in figure 2. The strengths
of these singularities have been measured experimentally for the organisms Volvox
carteri and Chlamydomonas reinhardtii by Drescher et al. (2010), and for E. coli
by Drescher et al. (2011). The effects of the Stokeslet quadrupole component of
spermatozoan swimming have been suggested by Smith & Blake (2009), and force-
quadrupole hydrodynamic interactions of E. coli have been studied by Liao et al.
(2007).

While the flow field is set up instantaneously in Stokes flow upon the variation
of an organism’s geometry, the means of propulsion of a particular organism might
be unsteady. In general the singularity strengths can be time-dependent, varying for
example with the different phases of a swimming stroke pattern. As an example, the
highly time-dependent flow field generated by the oscillating motions of C. reinhardtii
has been examined by Guasto, Johnson & Gollub (2010). Nevertheless, for a first
broad look at the far-field representation above we will restrict our attention to
constant values of the singularity strengths for the remainder of our study. Also,
we have assumed in the description given by (2.17) that there are no net body forces
or torques on the organism, which would require the inclusion of Stokeslet and rotlet
singularity terms as well (as explored for the organism Volvox by Drescher et al.
2009). While some organisms are not neutrally buoyant and do experience a body
force or torque due to gravity, many others (including most bacteria) live on such a
scale that such effects are negligible. In addition, we assume that there is no mass flux
through such mechanisms as fluid extrusion, as studied by Spagnolie & Lauga (2010),
which can present a source singularity in addition to those included in the expression
above.

2.3. The surface e�ect: Faxén’s law
In a fluid of infinite extent, the fluid velocity in the far field generated by an active
body behaves as described in (2.17). When a boundary such as a plane wall is
present, however, the velocity everywhere is altered due to the additional boundary
condition. Borrowing an approach which has seen a long history in electrodynamics,
the boundary condition on the surface can be satisfied by the placement of additional
singularities at the image point x⇤

0 = x0 � 2(x0 · ẑ)ẑ inside the wall (where ẑ is the unit
vector normal to the surface).

e



The flow due to a moving sphere is simply represented by a combination of  singular solutions

(!) A particularly interesting combination:

u =

✓
G� a2

3
D

◆
· F

8⇡µ
+

has                                        constant!   Call it U. Thenu(r = a) =
F

6⇡µa
,

Ffluid = �6⇡µaU

(Stokes Drag Law)



A more general multipole expansion often starts with a boundary integral representation

Gij(x,y) =
1

|x� y| +
(x� y)i(x� y)j

|x� y|3
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Figure 1. A swimming E. coli can be modeled at leading order as a Stokeslet dipole. At the next
order, the flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to the finite
size of the cell body (producing a source dipole), and due to the rotation of the flagellum and
counter-rotation of the cell body (producing a rotlet dipole).

with its centroid at a point x0, generates fluid motion in the far-field of the form

u(x) = �GD(e) + ⇥D(e) + ⇤GQ(e, e) + ⌅RD(e, e) +O
�
|x� x0|�4

⇥
. (2.16)

Here we have used the shorthand notation GQ(x� x0; e, e) = GQ(e, e). The coe⇥cient
� has units of [V elocity]⇥[Length]2, while ⇥, ⇤ and ⌅ have units of [V elocity]⇥[Length]3.
The values of the coe⇥cients �,⇥, ⇤, ⌅ must be determined for each microorganism, and
depend on the specific body geometry and propulsive mechanism.

An illustration of the singularity decomposition above is provided in Fig. 1. At leading
order, a swimming E. coli organism can be modeled as a force dipole. This leading
order representation has been used by many authors to consider the e�ects of nearby
walls (Berke et al. (2008)), and many-swimmer interaction dynamics (see for instance
Hernandez-Ortiz et al. (2005) and Saintillan & Shelley (2007)). A swimmer such as the
one illustrated in Fig. 1, in which a flagellar propeller pushes a load through the fluid
is generally referred to as a pusher, in contrast to such organisms as Chlamydomonas
which pulls a cell body through the fluid with a pair of flagella. At the next order, the
flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to
the finite size of the cell body (producing a source dipole), and due to the rotation of the
flagellum and counter-rotation of the cell body (producing a rotlet dipole).

The strengths of these singularities have been measured experimentally for the organ-
isms Volvox carteri and Chlamydomonas reinhardtii by Drescher et al. (2010). The e�ects
of the Stokeslet quadrupole component of spermatozoan swimming has been suggested
by Smith & Blake (2010).

While the flow field is determined instantaneously in Stokes flow, an organism’s means
of propulsion might be considerably unsteady. In general the singularity strengths can
be time-dependent, varying for example with the di�erent phases of an organism’s stroke
pattern. For a first broad look at the far-field representation above, however, we will
restrict our attention to constant values of the singularity strengths for the remainder of
our study. Also, we have assumed in the description given by (2.16) that there are no net

@D

(Not the most general form… stay tuned for Shravan’s lecture!)

n̂ f = n̂ · �f = n̂ · �

0

y

x

Now consider the flow at a point x far from the body.

Expanding around 0, 

G(x� y) = G(x� 0) + y ·ryG(x) +
1

2
yy : rrG(x) + ...

8⇡µu(x) = �
Z

@D
G(x� y) · f(y) dSy

So

=

Z

@D


G(x� 0) + y ·ryG(x) +

1

2
yy : rrG(x) + ...

�
· f(y)dSy8⇡µu(x) =-



8⇡µui(x) = Gij(x)Fj + @kGij(y)Skj + @m@kGij(x)Mmkj + ...

Multipole expansion

F =

Z

@D
f(y) dSy M =

1

2

Z

@D
yy f(y) dSyS =

Z

@D
y f(y) dSy

u(x) =
1

8⇡µ
G(x) · F+

1

8⇡µ
ryG(x) : S+ ...

or

-

= F
ext

- -



The pusher and puller business

(Stay tuned for Becca/David’s lectures!)

Neutrally-buoyant?

Axisymmetric? S = ��pp

u(x) =
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ryG(x) : pp =
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8⇡µ
p ·ry (G(x) · p)
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FIGURE 2. (Colour online available at journals.cambridge.org/flm) Velocity field cross-
sections of (a) a Stokeslet (force) dipole, which decays as 1/R2; (b) a source dipole, which
decays as 1/R3; and (c) a force quadrupole, which decays as 1/R3, all in free space. Arrow
intensity correlates with the magnitude of the velocity. The effects of a nearby boundary may
be intuited by imagining the wall to follow the streamlines.

(producing a rotlet dipole). Vector field cross-sections of the Stokeslet dipole, source
dipole, and Stokeslet quadrupole singularities are shown in figure 2. The strengths
of these singularities have been measured experimentally for the organisms Volvox
carteri and Chlamydomonas reinhardtii by Drescher et al. (2010), and for E. coli
by Drescher et al. (2011). The effects of the Stokeslet quadrupole component of
spermatozoan swimming have been suggested by Smith & Blake (2009), and force-
quadrupole hydrodynamic interactions of E. coli have been studied by Liao et al.
(2007).

While the flow field is set up instantaneously in Stokes flow upon the variation
of an organism’s geometry, the means of propulsion of a particular organism might
be unsteady. In general the singularity strengths can be time-dependent, varying for
example with the different phases of a swimming stroke pattern. As an example, the
highly time-dependent flow field generated by the oscillating motions of C. reinhardtii
has been examined by Guasto, Johnson & Gollub (2010). Nevertheless, for a first
broad look at the far-field representation above we will restrict our attention to
constant values of the singularity strengths for the remainder of our study. Also,
we have assumed in the description given by (2.17) that there are no net body forces
or torques on the organism, which would require the inclusion of Stokeslet and rotlet
singularity terms as well (as explored for the organism Volvox by Drescher et al.
2009). While some organisms are not neutrally buoyant and do experience a body
force or torque due to gravity, many others (including most bacteria) live on such a
scale that such effects are negligible. In addition, we assume that there is no mass flux
through such mechanisms as fluid extrusion, as studied by Spagnolie & Lauga (2010),
which can present a source singularity in addition to those included in the expression
above.

2.3. The surface e�ect: Faxén’s law
In a fluid of infinite extent, the fluid velocity in the far field generated by an active
body behaves as described in (2.17). When a boundary such as a plane wall is
present, however, the velocity everywhere is altered due to the additional boundary
condition. Borrowing an approach which has seen a long history in electrodynamics,
the boundary condition on the surface can be satisfied by the placement of additional
singularities at the image point x⇤

0 = x0 � 2(x0 · ẑ)ẑ inside the wall (where ẑ is the unit
vector normal to the surface).

+ +
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(�)

(� �)

(�)

Force dipole

O�set force dipole �
force quadrupole

Source dipole
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Figure 1. A swimming E. coli can be modeled at leading order as a Stokeslet dipole. At the next
order, the flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to the finite
size of the cell body (producing a source dipole), and due to the rotation of the flagellum and
counter-rotation of the cell body (producing a rotlet dipole).

with its centroid at a point x0, generates fluid motion in the far-field of the form

u(x) = �GD(e) + ⇥D(e) + ⇤GQ(e, e) + ⌅RD(e, e) +O
�
|x� x0|�4

⇥
. (2.16)

Here we have used the shorthand notation GQ(x� x0; e, e) = GQ(e, e). The coe⇥cient
� has units of [V elocity]⇥[Length]2, while ⇥, ⇤ and ⌅ have units of [V elocity]⇥[Length]3.
The values of the coe⇥cients �,⇥, ⇤, ⌅ must be determined for each microorganism, and
depend on the specific body geometry and propulsive mechanism.

An illustration of the singularity decomposition above is provided in Fig. 1. At leading
order, a swimming E. coli organism can be modeled as a force dipole. This leading
order representation has been used by many authors to consider the e�ects of nearby
walls (Berke et al. (2008)), and many-swimmer interaction dynamics (see for instance
Hernandez-Ortiz et al. (2005) and Saintillan & Shelley (2007)). A swimmer such as the
one illustrated in Fig. 1, in which a flagellar propeller pushes a load through the fluid
is generally referred to as a pusher, in contrast to such organisms as Chlamydomonas
which pulls a cell body through the fluid with a pair of flagella. At the next order, the
flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to
the finite size of the cell body (producing a source dipole), and due to the rotation of the
flagellum and counter-rotation of the cell body (producing a rotlet dipole).

The strengths of these singularities have been measured experimentally for the organ-
isms Volvox carteri and Chlamydomonas reinhardtii by Drescher et al. (2010). The e�ects
of the Stokeslet quadrupole component of spermatozoan swimming has been suggested
by Smith & Blake (2010).

While the flow field is determined instantaneously in Stokes flow, an organism’s means
of propulsion might be considerably unsteady. In general the singularity strengths can
be time-dependent, varying for example with the di�erent phases of an organism’s stroke
pattern. For a first broad look at the far-field representation above, however, we will
restrict our attention to constant values of the singularity strengths for the remainder of
our study. Also, we have assumed in the description given by (2.16) that there are no net

u(x) = ↵GD + �D+ �GQ + ⇢RD +O(R�4)

GD GQD

n

At a distance, a (phase-averaged) axisymmetric organism’s far-field representation is:
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More details enter as you approach the body
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Green’s functions are elegant tools

Gij fj + G

⇤
ij fj = e

Gij fj

Stokeslet image (Blake 1971)Stokeslet Stokeslet image 
(Blake 1971) Zero velocity on the wall

See also: Faxén’s Law, Lorentz reflection theorem

This useful perspective provides insight into many phenomena. For example… 
How does a wall affect the swimming trajectory? Use classical ideas from E&M…

Method of  images / Method of  reflections



8⇡µu(x) =

Z

S(t)
G(x,y) · f(y) dSy + µ

Z

S(t)
u(y) ·T(x,y) · n̂(y) dSy

Computational interlude: boundary integral representation

12 S. E. Spagnolie and E. Lauga

� = 1/2� = �1/2 � = 0 � = 1

2B

Figure 2. A selection of model swimmers are illustrated. Spheres (b = a) and ellipsoids (b = a/4)
are shown with activity lengths ⇧ = �1/2, 0, 1/2, and 1. Each body shown shuttles fluid along
the surface to the left (the propulsive activity is indicated by arrows), and thus swims to the
right.

�

�

ẑ

x̂

ŷ

e

e�h

Figure 3. A model swimmer near a wall. The body swims in a direction e, which may be
decomposed into a horizontal part along e� and a vertical part along ẑ. The pitching angle
� = cos�1(e · e�) is indicated, as is the distance from the wall h of the body’s centroid. ⇥
denotes the angle of the horizontal swimming component relative to the x̂ axis, and for the
present study any variations in ⇥ are decoupled from the pitching and height dynamics of � and
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For purely rigid body motion, u = U+�⇥ x, the second integrals (involving u) disap-
pear, these last integrals disappear (along with the double layer integral in Eqn x). THIS
IS ONLY FOR AN ELLIPSOID!

The singularity strengths �,⇥, ⇤, computed for a range of aspect ratios b/a and activity
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Boundary integral representation with images
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u(y) ·T⇤(x,y) · n̂ dSy⇤ ⇤
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� = 1/2� = �1/2 � = 0 � = 1

2B

Figure 2. A selection of model swimmers are illustrated. Spheres (b = a) and ellipsoids (b = a/4)
are shown with activity lengths ⇧ = �1/2, 0, 1/2, and 1. Each body shown shuttles fluid along
the surface to the left (the propulsive activity is indicated by arrows), and thus swims to the
right.

�

�

ẑ
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e�h

Figure 3. A model swimmer near a wall. The body swims in a direction e, which may be
decomposed into a horizontal part along e� and a vertical part along ẑ. The pitching angle
� = cos�1(e · e�) is indicated, as is the distance from the wall h of the body’s centroid. ⇥
denotes the angle of the horizontal swimming component relative to the x̂ axis, and for the
present study any variations in ⇥ are decoupled from the pitching and height dynamics of � and
h.
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“Stresslet” singularity
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(1992)):

u(x) = �
Z

S

q(y) · (T (x, y) + T ⇤(x, y⇤)) · n̂(y) dS +
1

8⇡
(G(x, x

0

) + G⇤(x, x⇤)) · F ,

(2.9)

where n̂ is the unit normal vector pointing into the fluid, y is an integration variable
over the body surface, q(y) is an unknown density,

T (x, y) = �6
(x � y)(x � y)(x � y)

|x � y|5 (2.10)

is the stresslet singularity, a third-order tensor, and T ⇤(x, y⇤) is the associated image
system, which is singular at the image point y

⇤ inside the wall and is given by the formula

T ⇤
ijk(x, y

⇤) =
6X̂iXjXk

|X|5 + 12x
3

�iky3

Xj + �ijy3

Xk � �jkx3

�i`X`

|X|5 � 60x
3

y
3

�i`
XjXkX`

|X|7 ,

(2.11)

where �ij = �ij � 2�
3i�3j is the reflection operator, y

⇤ = �y (and y = �y

⇤), X =

�(x � y

⇤), and X̂ = x � y. The expression (2.11) is the result of applying the Lorentz
reflection (see Kuiken (1996) or Kim & Karrila (1991)) to the original stresslet, with
some manipulation. The dimensionless force due to gravity acts at an angle � relative
to the wall, F = cos �x̂ � sin �ẑ (the wall is parallel to gravity when � = 0), and
G⇤(x, x⇤) · F = cos � G

⇤
x(x, x⇤) � sin � G

⇤
z(x, x⇤).

In the limit as the point x tends towards a point on the boundary, x 2 S, the no-slip
boundary condition on the body surface provides an integral equation to be solved for q,

U + ⌦ ⇥ (x � x

0

) = �
Z

S

(q(y) � q(x)) · (T (x, y) + T ⇤(x, y⇤)) · n̂(y) dS

+
1

8⇡
(G(x, x

0

) + G⇤(x, x⇤)) · F . (2.12)

The integrand is finite with a jump at the singular point, x = y. Further investigation of
the integral operator leads to relations between the velocities and the density q, closing
the system:

U = � 4⇡

SA

Z

S

q(x) dS, ⌦ = �
3X

m=1

4⇡

Am
em

✓
em ·

Z

S

(x � x

0

) ⇥ q(x) dS

◆
, (2.13)

where SA is the surface area of the particle, em is the mth Cartesian unit vector, and
Am =

R
S

|(em ⇥ (x � x

0

))|2 dS (see Pozrikidis (1992)).
To solve the integral equations above we use a collocation scheme, enforcing the equa-

tions at the nodes of the quadrature rule used to approximate the surface integrals.
The body surface is parameterized using a spherical coordinate system. Integration is
performed with respect to the zenith angle using Gaussian quadrature with N� points
and with respect to the azimuthal direction using the trapezoidal rule with N✓ points,
with N✓ varying with the dimensionless ring circumference R 2 (0, 1) so as to achieve a
roughly uniform distribution over the surface; namely, N✓ is taken to be the greatest inte-
ger not exceeding N�R in the prolate case or 2.5N�R2 in the oblate case. The integrand
in Eq. (2.12) is set to zero at the jump discontinuity, a convenient method pioneered
by Power & Miranda (1987), resulting in a quadrature scheme which is second-order
accurate in the grid-spacing. Where time-stepping is required we employ a second-order

Spagnolie & Lauga (2012) - Brute force 
Gimbutas, L. Greengard, S. Veerapaneni, (2015) - Papkovich-Neuber potential 
Mitchell & Spagnolie, J. Comput. Phys. (2017) - Lorentz reflection theorem	  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Comparing to full numerical simulations, 
analytical predictions are confirmed for all but the closest of  wall-interactions
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Figure 3. Three-dimensional glancing and reversing of prolate and oblate bodies near a ver-
tical wall. The black rectangle in the background of each frame represents a strip of the wall,
{(x, y, 0) : �2  y  2}. Gravity is parallel to the wall, i.e. vertical on the page; the horizon-
tal axis is the y-direction. The lateral movements are plotted to scale, while the movements in
the x-direction have been greatly reduced for visualization purposes. Animations of these four
trajectories are included as supplementary material. The initial data used to generate these
trajectories is given in Appendix C. The movies, along with movies of periodic tumbling and
wobbling of nearly-spherical prolate and oblate bodies, are included as supplementary material.

in the supplementary material is a movie showing the nearly-spherical prolate tumbling
and oblate tumbling trajectories which have a periodic lateral wobble with zero net lateral
drift. These tumbling orbits, rotated away from the two-dimensional dynamics previously
described, are now found to undergo periodic lateral motions in the y direction. As in
the two-dimensional case the trajectory can be understood as a combination of spherical
rolling and reversing. The di↵erence in prolate and oblate lateral drift in Fig. 3c&d
also emerges in the three-dimensional tumbling orbits, so that the body changes lateral
direction at the point of closest approach in the prolate case and at the point farthest
from the wall in the oblate case.

In the more general setting with � 6= 0 and � > 0 we have observed in numerical
simulations that for small � (small wall tilt angle) the wall interactions induce a concen-
tration of the three-dimensional dynamics (escape angles tend toward a narrower band).
For larger values of � we see the emergence of an attracting fixed point. The wall in-
clination damps � towards 0, and the fixed point is the same as in the case of lateral

Glancing Reversing

Mitchell & Spagnolie, J. Fluid Mech. 2015 
Mitchell & Spagnolie, J. Comput. Phys. 2017

The far-field approximation is very accurate.

µ/µ0 = 1 +
5

2
c+ 7.6c2

Batchelor & Green, J. Fluid Mech. (1972)
6.95c2 (Yoon & Kim, ‘87)



What is the effect of  a nearby boundary  
on swimming trajectories?

Takagi et al. (2013) 
Spagnolie et al. (2015)

(8) about small ✓, (with h = h̄ fixed),

ḣ = ✓ �

3↵

8h̄2
+ O(✓2). (14)

Upon insertion of ✓⇤, we find a criterion for hydrodynamic (and geometric) entrapment to the colloid
surface, which we may write in terms of the colloid size,

A > A
c

=
128h̄5

9↵2(2 � �)
· (15)

For a spherical swimmer, h̄ = 1 and � = 0, so we predict a critical colloid size for entrapment of
A

c

= 64/(9↵2). Is this criterion borne out by numerical integration of (7)? And moreover, by numerical
solution to the full Stokes equations?

For now let us integrate (7) numerically. Consider a spherical swimmer (� = 1). Fixing the dipole
strength to be ↵ = 0.8, we find numerically that the critical colloid size for entrapment is A

c

⇡ 15,
while the analytically predicted value is A

c

⇡ 22. The dynamics of such bodies swimming towards
colloids of various sizes are shown in Fig. 3, where x0(0) = �40x̂ and x̂ · ê(0) = cos(.01). The analytical
approximation is even better when A � 1: fixing ↵ = 0.2, we find numerically that A

c

⇡ 182, while the
analytically predicted value is A

c

⇡ 178.

−40 −20 0 20 40 60

−20

−10

0

10

20

30

40

50

x

y

Figure 3: Spherical bodies with dipole strength ↵ = 0.8 swim towards colloids of radius A = 5, 10, 15,
and 20 for a time T = 120. The critical particle size for entrapment given ↵ = 0.8 is A

c

⇡ 15. The
scattering angles in the cases A = 5, 10, and 15 are �⇥ = 0.59, �⇥ = .63 and �⇥ = �0.69, respectively,
with ⇥ = cos�1(x̂ · e). Computations are performed using the “full approximation” of Eqns. (30)-(31).

3.2 Scattering

In the deterministic setting, we can estimate the scattering angle of a swimmer that impacts the colloid
and then escapes, as illustrated in Fig. 4. Let us assume that such a swimmer approaches the colloid
with angle ✓0 in the local coordinate system. Note that the coordinate system can always be rotated

6

A⇤ / 1/↵2

Paxton et al., (JACS, 2004).
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FIGURE 2. (Colour online available at journals.cambridge.org/flm) Velocity field cross-
sections of (a) a Stokeslet (force) dipole, which decays as 1/R2; (b) a source dipole, which
decays as 1/R3; and (c) a force quadrupole, which decays as 1/R3, all in free space. Arrow
intensity correlates with the magnitude of the velocity. The effects of a nearby boundary may
be intuited by imagining the wall to follow the streamlines.

(producing a rotlet dipole). Vector field cross-sections of the Stokeslet dipole, source
dipole, and Stokeslet quadrupole singularities are shown in figure 2. The strengths
of these singularities have been measured experimentally for the organisms Volvox
carteri and Chlamydomonas reinhardtii by Drescher et al. (2010), and for E. coli
by Drescher et al. (2011). The effects of the Stokeslet quadrupole component of
spermatozoan swimming have been suggested by Smith & Blake (2009), and force-
quadrupole hydrodynamic interactions of E. coli have been studied by Liao et al.
(2007).

While the flow field is set up instantaneously in Stokes flow upon the variation
of an organism’s geometry, the means of propulsion of a particular organism might
be unsteady. In general the singularity strengths can be time-dependent, varying for
example with the different phases of a swimming stroke pattern. As an example, the
highly time-dependent flow field generated by the oscillating motions of C. reinhardtii
has been examined by Guasto, Johnson & Gollub (2010). Nevertheless, for a first
broad look at the far-field representation above we will restrict our attention to
constant values of the singularity strengths for the remainder of our study. Also,
we have assumed in the description given by (2.17) that there are no net body forces
or torques on the organism, which would require the inclusion of Stokeslet and rotlet
singularity terms as well (as explored for the organism Volvox by Drescher et al.
2009). While some organisms are not neutrally buoyant and do experience a body
force or torque due to gravity, many others (including most bacteria) live on such a
scale that such effects are negligible. In addition, we assume that there is no mass flux
through such mechanisms as fluid extrusion, as studied by Spagnolie & Lauga (2010),
which can present a source singularity in addition to those included in the expression
above.

2.3. The surface e�ect: Faxén’s law
In a fluid of infinite extent, the fluid velocity in the far field generated by an active
body behaves as described in (2.17). When a boundary such as a plane wall is
present, however, the velocity everywhere is altered due to the additional boundary
condition. Borrowing an approach which has seen a long history in electrodynamics,
the boundary condition on the surface can be satisfied by the placement of additional
singularities at the image point x⇤

0 = x0 � 2(x0 · ẑ)ẑ inside the wall (where ẑ is the unit
vector normal to the surface).

Takagi et al. (2013) 

?



But don’t lose sight of  reality… 

Kantsler et al. (PNAS 2012).

boundary is, in fact, mainly determined by the contact interactions
between their flagella and the surface, whereas hydrodynamic
effects only play a secondary role. Building on these insights, we
derive a simple criterion to predict an efficient ratchet design for
Chlamydomonas and confirm its validity experimentally, thereby

demonstrating that robust rectification of algal locomotion is pos-
sible. More generally, our results show that the interactions be-
tween swimming microorganisms and surfaces are more complex
than previously recognized, suggesting the need for a thorough
revision of currently accepted paradigms. Because mechano-elastic

A

B

C

Fig. 1. Surface scattering of bull spermatozoa is governed by ciliary contact interactions, as evident from the scattering sequences of individual cells at two
temperature values: (A) T = 10 °C and (B) T = 29 °C. The background has been subtracted from the micrographs to enhance the visibility of the cilia. The cyan-
colored line indicates the corner-shaped boundary of themicrofluidic channels (seeMovies S1 and S2 for raw imaging data). The horizontal dotted line in the last
image inB defines θ = 0. (Scale bars: 20 μm.) (C) Theprobability distributions of scattering angles θ from the corner peak at negative angles, due to the fact that the
beat amplitude of the cilia exceeds the size of the cell body (sample size: n = 116 for T = 10 °C and n = 115 for T = 29 °C). At higher temperatures, the cilia exhibit
a larger oscillation amplitude and beat frequency (29), resulting in a larger swimming speed and shifting the typical scattering angles to larger absolute values.

Fig. 2. Surface scattering of Chlamydomonas is governed by ciliary contact interactions. (A) Scattering sequence for WT Chlamydomonas CC-125 (Movie S3).
(Upper) Originalmicrographs. (Lower) Cilia manually marked red. Results for the long-flagellamutant lf3-2 and the short-flagellamutant shf1 look qualitatively
similar (Movies S4 and S5). (Scale bar: 20 μm.) (B) Themutant pushermbo1 remains trapped for several seconds (Movie S6). (Scale bar: 20 μm.) (C) The conditional
probability distributions P(θoutjθin) indicate that, for all four strains, memory of the incidence angle is lost during the collision process, due to multiple flagellar
contact with the surface. (D) The cumulative scattering distribution P(θout) shows how cilia length and swimming mechanisms determine the effective surface-
scattering law. (E) Schematic illustration of the flagella-induced scattering and trapping mechanisms.

1188 | www.pnas.org/cgi/doi/10.1073/pnas.1210548110 Kantsler et al.

Chlamydomonas swimming near a surface
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Figure 1. A swimming E. coli can be modeled at leading order as a Stokeslet dipole. At the next
order, the flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to the finite
size of the cell body (producing a source dipole), and due to the rotation of the flagellum and
counter-rotation of the cell body (producing a rotlet dipole).

with its centroid at a point x0, generates fluid motion in the far-field of the form

u(x) = �GD(e) + ⇥D(e) + ⇤GQ(e, e) + ⌅RD(e, e) +O
�
|x� x0|�4

⇥
. (2.16)

Here we have used the shorthand notation GQ(x� x0; e, e) = GQ(e, e). The coe⇥cient
� has units of [V elocity]⇥[Length]2, while ⇥, ⇤ and ⌅ have units of [V elocity]⇥[Length]3.
The values of the coe⇥cients �,⇥, ⇤, ⌅ must be determined for each microorganism, and
depend on the specific body geometry and propulsive mechanism.

An illustration of the singularity decomposition above is provided in Fig. 1. At leading
order, a swimming E. coli organism can be modeled as a force dipole. This leading
order representation has been used by many authors to consider the e�ects of nearby
walls (Berke et al. (2008)), and many-swimmer interaction dynamics (see for instance
Hernandez-Ortiz et al. (2005) and Saintillan & Shelley (2007)). A swimmer such as the
one illustrated in Fig. 1, in which a flagellar propeller pushes a load through the fluid
is generally referred to as a pusher, in contrast to such organisms as Chlamydomonas
which pulls a cell body through the fluid with a pair of flagella. At the next order, the
flow in the far-field varies due to the length asymmetry between the backward-pushing
propeller and the forward-pushing cell body (producing a Stokeslet quadrupole), due to
the finite size of the cell body (producing a source dipole), and due to the rotation of the
flagellum and counter-rotation of the cell body (producing a rotlet dipole).

The strengths of these singularities have been measured experimentally for the organ-
isms Volvox carteri and Chlamydomonas reinhardtii by Drescher et al. (2010). The e�ects
of the Stokeslet quadrupole component of spermatozoan swimming has been suggested
by Smith & Blake (2010).

While the flow field is determined instantaneously in Stokes flow, an organism’s means
of propulsion might be considerably unsteady. In general the singularity strengths can
be time-dependent, varying for example with the di�erent phases of an organism’s stroke
pattern. For a first broad look at the far-field representation above, however, we will
restrict our attention to constant values of the singularity strengths for the remainder of
our study. Also, we have assumed in the description given by (2.16) that there are no net

@D

But that only gets us so far. How would we try to model this one?



Method 2: Exploit small parameters. For instance, the aspect ratio of  the flagellum.

First let’s back up and talk about drag anisotropy.

Coming soon! Be patient!

There are numerous numerical approaches  
- Boundary integral methods 
- Method of  “Regularized Stokeslets”  
- Various “immersed boundary methods”

Method 1: Compute.
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Hydrodynamic interactions lead to drag anisotropy of  slender filaments
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The propulsion of sea-urchin spermatozoa 803
resistance, and consequently the transverse displacement (Vv) elicits reactions
tangential and normal to the surface of the element. The latter force ($Ny) has a
component ($NV sin 8) acting forward along the axis (xx1) of propulsion; it is this
component which counteracts the retarding effect of all the forces acting tangentially
to the surface.

SN.

V.slnfl

Fig. 1. A. Diagram illustrating the forces impressed on an element Si when moving transversely
across the axis of progression (xx,) at velocity Vv, the resultant propulsive thrust (&Ft) being
SNt sin 0 — SL, cos 6, where SNt and 8L, are the reactions from the water acting normally and
tangentially to the surface of the element, and 6 is the angle of inclination of the element to the
axis **!. For values of Nf and L, see text. B. Diagram illustrating the forces impressed on an
element when displaced along the xxt axis at velocity Vm, the resultant drag (SF^) being
&NC sin 6 + &L, cos 6. The net propulsive thrust ($F) due to simultaneous transverse and forward
movement is obtained by combining A and B.

As the dimensions of an element are extremely small and the speed of displacement
very low, the reactions elicited from the water can (by analogy with those operating
on a sphere) be regarded as directly proportional to the velocity of displacement
and to the viscosity of the medium. If the velocity of displacement tangential to the

" n 1

How to swim at zero Reynolds number: drag anisotropy

Filament aspect ratio

t̂
µ?

µ||

FG

This is the basis of  “Resistive Force Theory”

Sea-urchin Lytechinus spermatozoon 
C.J. Brokaw, CaltechGray & Hancock, (J. Exp. Biol. 1955)

21

surrounding fluid during lateral swimming. In addition, for both the infinite- and finite-length cases, we have shown

that the change in the hydrodynamic efficiency is relatively small, and remains well above the hydrodynamic efficiency

of typical biological cells.

The model presented here uses some simplifying assumptions, and leaves a number of open questions. First, the

hydrodynamic description could be improved upon by the inclusion of non-local effects, for example using slender

body theory, or a more complete three-dimensional method for thicker organisms such as nematodes. The work of

Tam [33] appears to indicate that the sawtooth form may not be regularized by the non-local fluid interactions in

the limit of zero bending costs, but that the number of expressed wavelengths may be decreased. Another exclusion

in the work presented here is the possible presence of a head. Although most sperm cells have relatively small cell

bodies (such as human spermatozoa), they can be large for some microorganisms and generally act to damp rotations

imposed by the flagellar beating. In addition, the expression we used for the bending energy becomes invalid when

the radius of curvature approaches the body radius. The formation of material or structural singularities has been

considered by other authors, and this can also provide a barrier to the degeneracy mentioned above [39].

FIG. 15: Marine invertebrates spermatozoa. (a): Superimposed images of the headless spermatozoon of Lytechinus. (b):
Spermatozoon of Chaetopterus exhibits non-integral spatial wave-numbers. Reproduced with permission by the Journal of
Experimental Biology, Ref. [18].

In our opinion, the two most important implications of our study for the biophysics of swimming cells are the

following. First, we have shown that a physically-motivated measure of internal elastic cost for the deformable

flagellum regularizes the hydrodynamically-optimal solution of Lighthill, and that this is done with only a small loss

in hydrodynamic efficiency. Second, our results show the emergence of small numbers of wavelengths in the optimal

solution when bending is at all costly (see Fig. 11). This result, which is likely to remain robust to improvements

on the modeling such as the one discussed above, is consistent with observations on the morphology of eukaryotic

flagella, in particular for spermatozoa (see the review in Ref. [21]). As an example, we reproduce in Fig. 15 the shapes

of two marine invertebrates spermatozoa (Lytechinus and Chaetopterus) from Ref. [18]. In both cases, although the

shapes are different from out optimal solutions, the presence of the half-integer wave-number morphology (k ≈ 1.5) is

apparent. Our work constitutes therefore an attempt at a physical rationalization of this observed feature of eukaryotic

flagella. We also observe that our optimal solutions display hydrodynamic efficiencies which are significantly above

those of biological swimming cells, which are typically in the 1% range. Our solution could therefore also be considered

as an appropriate ‘initial condition’ for further (more directly biological) optimization, at the expense of hydrodynamic

efficiency. Finally, we note that another (less common) means of eukaryotic propulsion involves the passage of periodic

helical waves down along the length of a flagellum. In this case, in addition to the costs discussed here, there may

also be costs due to a twisting of the material, and dynein motors have been observed in some cases to exert twisting
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A first pass at slender filament hydrodynamics: resistive force theory
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Hancock (1953), Gray & Hancock (1955)  
to study sea-urchin spermatozoa

x(s)

u(s)

f(s) ŝ
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SBT is often the basis for high-accuracy 
numerical simulations  
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(diagonalized by Legendre polynomials)

Stepping up the accuracy: slender-body theory  
(matched asymptotics, relates to the singularity method)

The sedimentation of flexible filaments 5

small (Re = ⇢UL/µ ⌧ 1, with U a characteristic speed and µ the fluid viscosity), the
fluid flow is described by the Stokes equations,

�rp + µ�u = 0, r · u = 0, (2.8)

where p is the fluid pressure. For flow in an infinite quiescent fluid, the no-slip condition
is applied on the filament surface and u(x) ! 0 with infinite distance from the filament.
Classical works have developed slender-body theories for the velocities of slender filaments
and the associated viscous forces along the filament length (Cox 1970; Keller & Rubinow
1976; Johnson 1980). More recently, Tornberg & Shelley (2004) coupled the dynamics
of a flexible filament with the slender-body theory of viscous fluid-body interactions
in an environment absent of gravity. Using the small aspect ratio of the filament as a
small parameter, these asymptotic theories result in a relationship between the velocity
of the filament centerline and the viscous force along the entire body length through a
one-dimensional integral equation.

Scaling time upon a sedimentation timescale of 8⇡µL2/F
G

, the dimensionless velocity
of a point s along the body centerline is approximated as

x

t

= �⇤[f ] �K[f ], (2.9)

where f is the scaled fluid force acting on the body given by (2.7) (Johnson 1980). This
expression is accurate to order O(✏2) for the force f and O(✏2 log(✏)) for the velocity x

t

,
where ✏ = a/L ⌧ 1 is the body aspect ratio. The local and nonlocal operators in (2.9)
are given by

⇤[f ] = [(c(s) + 1)I + (c(s) � 3)ŝ(s)ŝ(s)] · f , (2.10)

K[f ](s) =

Z 1

0
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!
ds0, (2.11)

where ŝ = x

s

, R(s, s0) = x(s) � x(s0), R̂(s, s0) = R(s, s0)/|R(s, s0)|, c(s) = log(4s(1 �

s)/✏2r(s)2), and ŝŝ and R̂R̂ are dyadic products. Using the local inextensibility condition
x

s

· x

s

= 1, the filament position equation (2.9) can be manipulated to give an equation
for the tension,
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If the filament is cylindrical with constant cross section (r(s) = 1), then F

g

(s) = �ŷ

and B(s) = B are constants, while c(s) = log(4s(1 � s)/✏2) varies, though the slender
body theory loses accuracy at the endpoints in this case (Johnson 1980). Instead, if the
filament thickness is described by the spheroidal profile r(s) = 2

p
s(1 � s), we have

c(s) = c = log(1/✏2), a constant. For such a filament shape, assuming uniform material
distribution, the gravitational force is spatially varying, F

g

(s) = �6s(1 � s)ŷ, as is the
bending sti↵ness, B(s) = r(s)4 = 16s2(1� s)2. In this case the boundary condition (2.4)
disappears. This limiting case is singular and is associated with an elastic boundary layer
at the endpoints.

Finally, for convenience, we define here two integral operators that will appear in the

r(s) =
p
4s(1� s)

Special profile:

where
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✓
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◆

⇤[f ] = [(c(s) + 1)I+ (c(s)� 3)̂s(s)̂s(s)] · f(s)



What’s f  ?

Depends. Might be just like in the RFT calculation. 
i.e. Rigid body dynamics assumed, use net-force on the body to infer f(s), 
but now via SBT.

But a richer class of  problems links the local viscous traction to 
internal stresses in a continuously deformable filament.

Health warning:

Johnson & Brokaw (1979) 
Rodenborn et al., (2013)

flagellum decreases, leading to stronger hydrodynamic interac-
tions. In the limit λ→ 0, a helix becomes a cylinder that produces
zero thrust. The failure of resistive force theory due to hydrody-
namic interactions when helices have small pitch has been reported
previously (26, 27) but not quantified. Neglect of hydrodynamic
interactions also leads to the failure of resistive force theory to
describe the observed length dependence shown in Fig. 3, as
discussed in the next section.

Comparison of Experiment with Stokeslet and Slender Body Theories.
Stokeslet and slender body theories both rely on the linearity of
the Stokes equations for low Reynolds number flow. The solu-
tion at a spatial location r for the fluid velocity and pressure
fields, uðrÞ and pðrÞ, resulting from a point force at the origin,
fδðrÞ, is given by a “Stokeslet” (30)

uðrÞ ¼ f · JðrÞ  and  pðrÞ ¼ f · r

4πjrj3
; [2]

where JðrÞ is the Oseen tensor,

JðrÞ ≡ 1
8πμ

 
I
jrjþ

rrT

jrj3

!

: [3]

The response to a continuous force distribution from an im-
mersed body can be found by superposing Stokeslets (31). Thus,
forces on a flagellum and the resultant flow field can be found by
discretizing a flagellum’s surface and assigning a Stokeslet to
represent the fluid response to each surface element, as shown

schematically in Fig. 4. The total force on the flagellum is found
by integrating over the Stokeslets.
We compute the propulsive matrix elements using a technique

developed by Cortez et al. (18), who used a “regularized” Stokeslet,
which is an approximate point force, fϕ«ðrÞ, where the radial
cutoff function ϕ« avoids singular, nonintegrable kernels in nu-
merical simulations (Methods). We also compute the propulsive
matrix, using the slender body theory approximation to describe
flagellar swimming, as developed by Lighthill (2) and Johnson
(17). Slender body theory uses Lorentz’s (31) result that the far
field fluid response to a moving sphere can be represented by
a Stokeslet and a source dipole (doublet) of the same strength at
the center of the sphere. In this approach Stokeslets and doublets
are arranged along the axis of the flagellum, and the force per
unit length on a flagellum is obtained by inverting the integral
equation, relating the velocity of the flagellum’s center line and
the strength of the Stokeslets and doublets.
Numerical simulations using the regularized Stokeslet method

(18) and the Lighthill (2) and Johnson (17) formulations of the
slender body theory are described in Methods, and a Matlab ver-
sion of the code (Code S1 in SI Numerical Simulations) can be
used to reproduce the data presented in Figs. 2 and 3. As can be
seen in Figs. 2 and 3, the results from both slender body theory

λ

2a
θ

Fig. 1. Schematic of a helical flagellum with radius R, pitch λ, axial length L,
filament radius a, contour length Λ ¼ L=cos  θ, and pitch angle θ, where
tan  θ ¼ 2πR=λ. Inset shows a filament segment of length ds ¼ dx=cos  θ. The
segment’s tangential unit vector is t̂ðxÞ ¼ ½cos  θ; − sin  θ  sin  ϕ; sin  θ  cos  ϕ&,
where ϕ ¼ 2πx=λ is the phase angle of the helix.

Table 1. Parameters of flagella for several species of bacteria
[the filament radius a is typically 0.01 μm (20)]

Organism (ref.) R, μm λ=R L=λ

Caulobacter crescentus (21)
Wild type 0.13 8.3 6

Escherichia coli (10)
CCW 0.195 ± 0.025 11 2.8
Stopped 0.210 ± 0.025 11 2.7

Rhizobium lupini (22)
Normal 0.250 ± 0.015 5.4 4
Semicoiled 0.385 ± 0.020 2.9 3
Curly 0.135 ± 0.020 9.4 5

Salmonella (23)
Wild type 0.210 ± 0.005 11 4
Curly mutant — — 11
Tumbling mutant 0.145 ± 0.005 7.6 9

Lighthill slender 
body theory

Lighthill RFT
Gray & Hancock RFT
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Fig. 2. Thrust, torque, and drag for helical flagella as a function of pitch λ
(relative to the helix radius R) for helix length L ¼ 20R and filament radius
a ¼ R=16: experiment (solid black circles), regularized Stokeslet theory (solid
black lines), slender body theory of Lighthill (2) (solid blue lines), resistive
force theory of Gray and Hancock (1) (green lines), and resistive force theory
of Lighthill (2) (dashed blue lines). The regularized Stokeslet theory and
slender body theory results are very similar so the curves can be difficult to
distinguish; results from the slender body theory of Johnson (17) are es-
sentially the same and so are not plotted.
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flagellum decreases, leading to stronger hydrodynamic interac-
tions. In the limit λ→ 0, a helix becomes a cylinder that produces
zero thrust. The failure of resistive force theory due to hydrody-
namic interactions when helices have small pitch has been reported
previously (26, 27) but not quantified. Neglect of hydrodynamic
interactions also leads to the failure of resistive force theory to
describe the observed length dependence shown in Fig. 3, as
discussed in the next section.

Comparison of Experiment with Stokeslet and Slender Body Theories.
Stokeslet and slender body theories both rely on the linearity of
the Stokes equations for low Reynolds number flow. The solu-
tion at a spatial location r for the fluid velocity and pressure
fields, uðrÞ and pðrÞ, resulting from a point force at the origin,
fδðrÞ, is given by a “Stokeslet” (30)

uðrÞ ¼ f · JðrÞ  and  pðrÞ ¼ f · r

4πjrj3
; [2]

where JðrÞ is the Oseen tensor,

JðrÞ ≡ 1
8πμ
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: [3]

The response to a continuous force distribution from an im-
mersed body can be found by superposing Stokeslets (31). Thus,
forces on a flagellum and the resultant flow field can be found by
discretizing a flagellum’s surface and assigning a Stokeslet to
represent the fluid response to each surface element, as shown

schematically in Fig. 4. The total force on the flagellum is found
by integrating over the Stokeslets.
We compute the propulsive matrix elements using a technique

developed by Cortez et al. (18), who used a “regularized” Stokeslet,
which is an approximate point force, fϕ«ðrÞ, where the radial
cutoff function ϕ« avoids singular, nonintegrable kernels in nu-
merical simulations (Methods). We also compute the propulsive
matrix, using the slender body theory approximation to describe
flagellar swimming, as developed by Lighthill (2) and Johnson
(17). Slender body theory uses Lorentz’s (31) result that the far
field fluid response to a moving sphere can be represented by
a Stokeslet and a source dipole (doublet) of the same strength at
the center of the sphere. In this approach Stokeslets and doublets
are arranged along the axis of the flagellum, and the force per
unit length on a flagellum is obtained by inverting the integral
equation, relating the velocity of the flagellum’s center line and
the strength of the Stokeslets and doublets.
Numerical simulations using the regularized Stokeslet method

(18) and the Lighthill (2) and Johnson (17) formulations of the
slender body theory are described in Methods, and a Matlab ver-
sion of the code (Code S1 in SI Numerical Simulations) can be
used to reproduce the data presented in Figs. 2 and 3. As can be
seen in Figs. 2 and 3, the results from both slender body theory
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Fig. 1. Schematic of a helical flagellum with radius R, pitch λ, axial length L,
filament radius a, contour length Λ ¼ L=cos  θ, and pitch angle θ, where
tan  θ ¼ 2πR=λ. Inset shows a filament segment of length ds ¼ dx=cos  θ. The
segment’s tangential unit vector is t̂ðxÞ ¼ ½cos  θ; − sin  θ  sin  ϕ; sin  θ  cos  ϕ&,
where ϕ ¼ 2πx=λ is the phase angle of the helix.

Table 1. Parameters of flagella for several species of bacteria
[the filament radius a is typically 0.01 μm (20)]

Organism (ref.) R, μm λ=R L=λ

Caulobacter crescentus (21)
Wild type 0.13 8.3 6

Escherichia coli (10)
CCW 0.195 ± 0.025 11 2.8
Stopped 0.210 ± 0.025 11 2.7

Rhizobium lupini (22)
Normal 0.250 ± 0.015 5.4 4
Semicoiled 0.385 ± 0.020 2.9 3
Curly 0.135 ± 0.020 9.4 5

Salmonella (23)
Wild type 0.210 ± 0.005 11 4
Curly mutant — — 11
Tumbling mutant 0.145 ± 0.005 7.6 9
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Fig. 2. Thrust, torque, and drag for helical flagella as a function of pitch λ
(relative to the helix radius R) for helix length L ¼ 20R and filament radius
a ¼ R=16: experiment (solid black circles), regularized Stokeslet theory (solid
black lines), slender body theory of Lighthill (2) (solid blue lines), resistive
force theory of Gray and Hancock (1) (green lines), and resistive force theory
of Lighthill (2) (dashed blue lines). The regularized Stokeslet theory and
slender body theory results are very similar so the curves can be difficult to
distinguish; results from the slender body theory of Johnson (17) are es-
sentially the same and so are not plotted.
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flagellum decreases, leading to stronger hydrodynamic interac-
tions. In the limit λ→ 0, a helix becomes a cylinder that produces
zero thrust. The failure of resistive force theory due to hydrody-
namic interactions when helices have small pitch has been reported
previously (26, 27) but not quantified. Neglect of hydrodynamic
interactions also leads to the failure of resistive force theory to
describe the observed length dependence shown in Fig. 3, as
discussed in the next section.

Comparison of Experiment with Stokeslet and Slender Body Theories.
Stokeslet and slender body theories both rely on the linearity of
the Stokes equations for low Reynolds number flow. The solu-
tion at a spatial location r for the fluid velocity and pressure
fields, uðrÞ and pðrÞ, resulting from a point force at the origin,
fδðrÞ, is given by a “Stokeslet” (30)

uðrÞ ¼ f · JðrÞ  and  pðrÞ ¼ f · r

4πjrj3
; [2]

where JðrÞ is the Oseen tensor,

JðrÞ ≡ 1
8πμ

 
I
jrjþ

rrT

jrj3

!

: [3]

The response to a continuous force distribution from an im-
mersed body can be found by superposing Stokeslets (31). Thus,
forces on a flagellum and the resultant flow field can be found by
discretizing a flagellum’s surface and assigning a Stokeslet to
represent the fluid response to each surface element, as shown

schematically in Fig. 4. The total force on the flagellum is found
by integrating over the Stokeslets.
We compute the propulsive matrix elements using a technique

developed by Cortez et al. (18), who used a “regularized” Stokeslet,
which is an approximate point force, fϕ«ðrÞ, where the radial
cutoff function ϕ« avoids singular, nonintegrable kernels in nu-
merical simulations (Methods). We also compute the propulsive
matrix, using the slender body theory approximation to describe
flagellar swimming, as developed by Lighthill (2) and Johnson
(17). Slender body theory uses Lorentz’s (31) result that the far
field fluid response to a moving sphere can be represented by
a Stokeslet and a source dipole (doublet) of the same strength at
the center of the sphere. In this approach Stokeslets and doublets
are arranged along the axis of the flagellum, and the force per
unit length on a flagellum is obtained by inverting the integral
equation, relating the velocity of the flagellum’s center line and
the strength of the Stokeslets and doublets.
Numerical simulations using the regularized Stokeslet method

(18) and the Lighthill (2) and Johnson (17) formulations of the
slender body theory are described in Methods, and a Matlab ver-
sion of the code (Code S1 in SI Numerical Simulations) can be
used to reproduce the data presented in Figs. 2 and 3. As can be
seen in Figs. 2 and 3, the results from both slender body theory

λ

2a
θ

Fig. 1. Schematic of a helical flagellum with radius R, pitch λ, axial length L,
filament radius a, contour length Λ ¼ L=cos  θ, and pitch angle θ, where
tan  θ ¼ 2πR=λ. Inset shows a filament segment of length ds ¼ dx=cos  θ. The
segment’s tangential unit vector is t̂ðxÞ ¼ ½cos  θ; − sin  θ  sin  ϕ; sin  θ  cos  ϕ&,
where ϕ ¼ 2πx=λ is the phase angle of the helix.

Table 1. Parameters of flagella for several species of bacteria
[the filament radius a is typically 0.01 μm (20)]

Organism (ref.) R, μm λ=R L=λ

Caulobacter crescentus (21)
Wild type 0.13 8.3 6

Escherichia coli (10)
CCW 0.195 ± 0.025 11 2.8
Stopped 0.210 ± 0.025 11 2.7

Rhizobium lupini (22)
Normal 0.250 ± 0.015 5.4 4
Semicoiled 0.385 ± 0.020 2.9 3
Curly 0.135 ± 0.020 9.4 5

Salmonella (23)
Wild type 0.210 ± 0.005 11 4
Curly mutant — — 11
Tumbling mutant 0.145 ± 0.005 7.6 9

Lighthill slender 
body theory

Lighthill RFT
Gray & Hancock RFT

0
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20
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Regularized 
Stokeslet method

Fig. 2. Thrust, torque, and drag for helical flagella as a function of pitch λ
(relative to the helix radius R) for helix length L ¼ 20R and filament radius
a ¼ R=16: experiment (solid black circles), regularized Stokeslet theory (solid
black lines), slender body theory of Lighthill (2) (solid blue lines), resistive
force theory of Gray and Hancock (1) (green lines), and resistive force theory
of Lighthill (2) (dashed blue lines). The regularized Stokeslet theory and
slender body theory results are very similar so the curves can be difficult to
distinguish; results from the slender body theory of Johnson (17) are es-
sentially the same and so are not plotted.
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f(s) = �Fg(s)� (T (s)xs)s + �(B(s)xss)ss

Dimensionless viscous drag:

� � 1:  Stiff  filaments (rods)
� ⌧ 1:  Floppy filaments

Tension ElasticityGravityViscous 
drag

Perhaps the force per unit length on the filament is found 
by the principal of  virtual work. Quick example…

s = L

s = 0
a · r(s)

x(s)

E =
B

2

Z L

0
|xss|2 ds+

Z L

0

T (s)

2
(|xs|� 1)2 ds

An inextensible Euler-Bernoulli beam (small deflections):



Weakly flexible filaments sedimenting under gravity: 
shapes and trajectories slowly approach equilibrium

Xu & Nadim (1992) 
Li et al. (2013) 

Manikantan et al. (2014)



Eukaryotic vs. prokaryotic flagella: elastohydrodynamics

Bending vs. viscous forces

yses should prove useful in the study of other examples of
dynamic elastic filaments, such as supercoiled fibers of B.
subtilis (Mendelson, 1990). We intend this investigation to
be the necessary precursor to such promising extensions.
A useful starting point for developing the dynamics of an

elastic filament in a viscous medium will be to consider the
simplest time dependencies possible. To that end, recall the
classic problems introduced by G. G. Stokes (Stokes, 1851),
illustrated in Fig. 1, involving the motion of a viscous fluid
bounded by a wall that is either (I) moved impulsively or
(II) oscillated. These easily solvable problems capture the
essential ideas of viscous diffusion of velocity. The exper-
imental geometry is such that the Navier-Stokes equation
for the velocity field u(x, t) is simply the diffusion equation

ut ! "uxx (1)

where " ! #/$ is the kinematic viscosity, and # and $ are
the fluid viscosity and density. Subscripts on functions
indicate differentiation throughout unless otherwise indi-
cated. The salient features of the solutions are the relation-
ships between length scales, time scales, and material pa-
rameters. Specifically, in the impulsive case, the velocity at
any point x and time t depends only on the ratio x/("t)1/2;
likewise, in the oscillatory case, deformations decay with a
characteristic length that scales as !S(%) ! ("/%)1/2.
We introduce here the analogous two problems in elas-

tohydrodynamics, illustrated in Fig. 2. They involve (I) the
deflection of a polymer anchored at one end after the
instantaneous introduction of a uniform fluid velocity U,
and (II) the steady undulations of a polymer, one end of
which is oscillated. Rather than a diffusion equation as in
the Stokes problems, the dynamics of small deformations
y(x, t) of the filament are governed by a fourth-order partial
differential equation of the form

yt ! ""̃yxxxx (2)

where "̃ ! A/& plays the role of a “hyperdiffusion” coeffi-
cient, A is the bending modulus, and & is the drag coeffi-
cient. This equation has appeared before in the literature on

semiflexible biopolymers (Barkley and Zimm, 1978; Am-
blard et al., 1996; Gittes et al., 1993), primarily in the
context of scaling arguments for relaxation times; our goal
here is to provide a complete solution, given arbitrary initial
and boundary conditions as dictated by experiment. (Nota
bene: In Amblard et al. (1996), Eq. 2 should include a minus
sign; as written, the equation is ill-posed.)
An analysis similar to that presented below of the oscil-

latory passive elastica was carried out a number of years ago
by K. E. Machin (Machin, 1958, 1962), who considered the
motion of a driven flagellum. Machin was interested spe-
cifically in a semiinfinite active flagellum that was bent
with a set of boundary conditions amenable to analysis.
Ours will be more malicious, but not subtle.
We first recall some general features of equations of

motion for elastica embedded in viscous flow. By illustrat-
ing the geometrically exact equation, we hope to make clear
how higher order terms will affect the results of linearized
analysis. We then apply this dynamic to a number of ex-
perimentally relevant scenarios. Inspired by Stokes prob-
lems I and II in fluid dynamics (SI and SII), we first solve
problems I and II of elastohydrodynamics (EHDI and EH-
DII), each of whose dynamic mimics its hydrodynamic
analog. Problem I requires some mathematical details fa-
miliar from elasticity theory to assist our physical intuitions.
Specifically, we use a set of basis functions appropriate to
the equation of motion and specified boundary conditions.
All of the pleasant features found when applying Fourier
space to unbounded or periodic systems are found here as
well, in what we term "-space. Unlike Fourier space,
"-space respects both the compact support and the bound-
ary conditions of the elastica and thus diagonalizes the
equation of motion. We then discuss an experimental real-
ization of problem II and its analysis, which provides a new
technique for the measurement of a polymer’s bending
modulus. Finally, we comment on experiments by a sepa-
rate group to which the EHDI analysis may be applied.FIGURE 1 Geometry of Stokes problems I and II.

FIGURE 2 Geometry of elastohydrodynamic problems I and II.
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and rewrite the solution as

y!x, t" ! y0!#ei"th!#"$ (31)

and Eq. 2 as

ih! %h#### (32)

The solutions of Eq. 32 are of the form h(#) & ce$#, where

$ may be any one of the four distinct (complex) numbers
such that $4 & %i. These are $j & ij exp(%i%/8), j & 1 . . . 4.

The general solution is the sum of these four solutions,

h!#" ! !
j&1

4

cjei
jz0# (33)

where z0 ' e%i%/8 " 0.92 % 0.38i. The unpleasant (but
certainly not subtle) remainder of the problem is to solve for

the four cj’s, given some four boundary conditions. At the
left (x & 0) end, we enforce the position and the condi-

tion of torquelessness (as appropriate for an optical trap):

yxx(0)& 0. The right end must satisfy the free end boundary

conditions (Eq. 6). The cj derived from these conditions are
functions of a rescaled polymer length " ' L/#(") and may
properly be written as cj(").

Semiinfinite polymer

The exact solution for h(#) is presented in Appendix C; it
simplifies greatly, however, for extreme values of L/#(").
For this reason we include a discussion of the polymer of

infinite extent. In this limit, the two coefficients cj for which
$j has a nonnegative real part must be zero, allowing only
decaying solutions as x 3 (.

The solution consistent with the two left-end boundary

conditions is

y!
y0
2

)e%C˜#cos!S̃# & "t" & e%S˜#cos!C̃# ' "t"* (34)

where C̃ & cos(%/8) and S̃ & sin(%/8). Compare with the
solution to SII (Eq. 27). The semiinfinite solution (Eq. 34)

is shown at the bottom of Fig. 6 for "t & n2%/6, n & 1 . . .

6. In the hydrodynamic case, the solution of Eq. 27 de-

scribes exponentially decaying right-moving traveling

waves of transverse velocity. In the elastohydrodynamic

case, the higher order derivative allows more complicated

behavior: right- and left-moving waves of displacement,

with different decay rates and velocities. In this case, the

right-movers have a slower decay (because S̃ " 0.38 +
0.92 " C̃), and might be expected in some sense to domi-
nate over the left-movers. This mechanism will be elabo-

rated on below (under Propulsive Force).

Finite polymer

In the limit of a short or stiff polymer, " ++ 1, we rewrite

# & (", ( & x/L ! (0, 1) and expand, yielding

h ) !(" " #1'
3

2
($

(35)

&
i("4

1680
!%16& 70(2 ' 70(3 & 21(4"

Equivalently, we may derive this polynomial by truncating

a series expansion for h in ( and enforcing the equation of
motion (Eq. 32) and the boundary conditions (Eq. 6). Using

Eq. 35, all four boundary conditions are satisfied exactly,

whereas Eq. 32 is solved to order $("4).
The exact solution is shown in Fig. 6 for " & 1, 2, 4, and

( and "t& n2%/6, n& 1 . . . 6. Note the existence of a pivot

point at x & 2L/3 as " 3 0. This behavior is described by

the $("0) term in Eq. 35: as " 3 0, the polymer acts as a

rigid rod. As a consequence, it is impossible to tell if a

movie of such a polymer is being played forward or back-

ward. Indeed, this is a filamentous version of the famous

“one-armed swimmer” or “scallop” example, illustrating the

lack of net propulsion for rigid objects executing time-

reversible motions in low Reynolds number flow (Purcell,

1977; Childress, 1981).

Propulsive force

Problem II and its associated experiment are sufficiently

reminiscent of flagellar hydrodynamics to motivate a cal-

culation of the propulsive force F generated in the x direc-
tion by the wiggling. This can be done by integrating f%, the
force exerted by the polymer on the fluid, along the length

of the filament. We then contract this instantaneous total

force with êx and average over one period. This force is
FIGURE 6 Solutions to EHD problem II for filaments of various

rescaled lengths ".

Wiggins et al. Trapping and Wiggling 1049
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PhysicoChimie Curie, UMR CNRS/IC 168, 26 rue d’Ulm, 75248 Paris
Cedex 05, France
E-mail: scamalet@curie.fr and julicher@curie.fr

New Journal of Physics 2 (2000) 24.1–24.23 (http://www.njp.org/)
Received 7 June 2000; online 4 October 2000

Abstract. We study the dynamics of an elastic rod-like filament in two
dimensions, driven by internally generated forces. This situation is motivated
by cilia and flagella which contain an axoneme. These hair-like appendages of
many cells are used for swimming and to stir surrounding fluids. Our approach
characterizes the general physical mechanisms that govern the behaviour of
axonemes and the properties of the bending waves generated by these structures.
Starting from the dynamic equations of a filament pair in the presence of internal
forces we use a perturbative approach to systematically calculate filament shapes
and the tension profile. We show that periodic filament motion can be generated
by a self-organization of elastic filaments and internal active elements, such as
molecular motors, via a dynamic instability termed Hopf bifurcation. Close to
this instability, the behaviour of the system is shown to be independent of many
microscopic details of the active system and only depends on phenomenological
parameters such as the bending rigidity, the external viscosity and the filament
length. Using a two-state model for molecular motors as an active system, we
calculate the selected oscillation frequency at the bifurcation point and show that
a large frequency range is accessible by varying the axonemal length between
1 and 50 µm. We discuss the effects of the boundary conditions and externally
applied forces on the axonemal wave forms and calculate the swimming velocity
for the case of free boundary conditions.

1. Introduction

Many small organisms and cells swim in a viscous environment using the active motion of
cilia and flagella. These hair-like appendages of the cell can undergo periodic motion and use
hydrodynamic friction to induce cellular self-propulsion [1]. Of particular interest for the present
work are those flagella and cilia which contain an axoneme, a characteristic structure which occurs
in a large number of very different organisms and cells and which appeared early in evolution.
It consists of a cylindrical arrangement of nine doublets of parallel microtubules, which are
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Figure 2. Two filaments (full curves) r1 and r2 at constant separation a are
rigidly connected at the bottom end with s = 0, where s is the arclength of
the neutral line r (broken curves). Internal forces f(s) are exerted in opposite
directions, tangential to the filaments. The sliding displacement ∆ at the tail is
indicated.

In the following sections, we present a systematic study of the dynamics of elastic filaments
subject to internal forces [17]. In section 2, we derive the dynamic equations. Similar equations
have been proposed by [12, 13]. Our derivation follows recent work on the dynamics of
semiflexible filaments subject to external forces [25]–[29], which we generalize for internal
forces. We show how the dynamic equations can be solved perturbatively and we determine
the shapes of bending waves, discuss the velocity of swimming and calculate the tension profile
along the flagellum. In section 3, we discuss the general properties of an active system that
generates internal forces. The behaviour of self-organized bending waves and oscillations in
the vicinity of a Hopf bifurcation of the active system coupled to the filament dynamics are
discussed in section 4. We calculate the generic wave patterns at the bifurcation and determine
the selected oscillation frequency using a two-state model for active elements. Finally, we
propose experiments which could be performed to test predictions that follow from our work.

2. Internally driven filament

The cylindrical arrangement of microtubule doublets within the axoneme can be described
effectively as an elastic rod. Deformations of this rod lead to local sliding displacements
of neighbouring microtubules. Here, we consider planar deformations. In this case, the
geometric coupling of bending and sliding can be captured by considering two elastic filaments
(corresponding to two microtubule doublets) arranged in parallel with a constant separation a
along the whole length of the rod. At one end, which corresponds to the basal end of an axoneme
and which we call the ‘head’, the two filaments are rigidly attached and are not permitted to
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slide with respect to each other [2]. Everywhere else, sliding is possible, see figure 2. The
configurations of the system are described by the shape of the filament pair given by the position
of the neutral line r(s) as a function of the arclength s, where r is a point in two-dimensional
space. The shapes of the two filaments are then given by

r1(s) = r(s) − an(s)/2
r2(s) = r(s) + an(s)/2 (1)

where n, with n2 = 1, is the filament normal. The local geometry along the filament pair is
characterized by the relations

ṙ = t (2)
ṫ = Cn (3)
ṅ = −Ct (4)

where t denotes the normalized tangent vector and C = ṫ·n is the local curvature. Throughout
this paper the overdots denote derivatives with respect to s, i.e. ṙ ≡ ∂sr ≡ ∂r/∂s.

2.1. Bending and sliding of a filament pair

The bending of the filament pair and local sliding displacements are coupled by a geometric
constraint. The sliding displacement at position s along the neutral line

∆(s) ≡
∫ s

0
ds′ (|ṙ1| − |ṙ2|) (5)

is defined to be the difference of the total arclengths along the two filaments up to the points
r1(s) and r2(s) which face each other along the neutral line. From equations (1) and (4) follows
that ṙ1,2 = (1 ± aC/2)t and thus

|ṙ1,2| = 1 ± aC/2. (6)

Therefore, the sliding displacement

∆ = a
∫ s

0
ds′ C (7)

is given by the integrated curvature along the filament.

2.2. Enthalpy functional

The bending elasticity of filaments (microtubules) characterizes the energetics of the filament
pair. In addition to filament bending, we also have to take into account the internal stresses due
to active and passive elements. We introduce a coarse-grained description, defining the force
per unit length f(s) acting at position s in opposite directions on the two microtubules, see
figure 2 (the internal forces must balance). This internal force density corresponds to a shear
stress within the flagellum which tends to slide the two filaments with respect to each other.
A static configuration of a filament pair of length L can thus be characterized by the enthalpy
functional

G ≡
∫ L

0

[

κ

2
C2 + f∆ +

Λ
2

ṙ2
]

ds. (8)

Here, κ denotes the total bending rigidity of the filaments. The incompressibility of the system
is taken into account by the Lagrange multiplier function Λ(s) which is used to enforce the
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constraint ṙ2 = 1 which ensures that s is the arclength [25]. The internal force density f couples
to the sliding displacement ∆ as described by the contribution

∫

ds f∆. The variation of this term
under small deformations of the filament shape represents the work performed by the internal
stresses. Using equation (7) leads, after a partial integration, to

G =
∫ L

0
ds

[

κ

2
C2 − aCF +

Λ
2

ṙ2
]

(9)

where

F (s) ≡ −
∫ L

s
ds′ f (10)

is the force density integrated to the tail. From (9) it follows that if the internal stresses or F are
imposed, G is minimized for a filament curvature C = C0 where C0(s) = aF (s)/κ is a local
spontaneous curvature. The internal forces therefore induce filament bending. In order to derive
the filament dynamics, we determine the variation δG with respect to variations δr. Details of
this calculation are given in appendix A. As a result, we find

δG

δr
= ∂s[(κĊ − af)n − τt]. (11)

Here,

τ = Λ + κC2 − aCF (12)

plays the role of the physical tension. This becomes apparent since from equation (11) it follows
that

τ(s) = t(s)·
(
∫ L

s
ds′ δG/δr + Fext(L)

)

(13)

where Fext(L) is the external force applied at the end which satisfies (20). Therefore, τ is the
tangent component of the integrated forces acting on the filament.

2.3. Dynamic equations

We assume, for simplicity, that the hydrodynamics of the surrounding fluid can be described
by two local friction coefficients ξ∥ and ξ⊥ for tangential and normal motion, respectively. The
equations of motion in this case are given by [26, 27]

∂tr = −
(

1
ξ⊥

nn +
1
ξ∥

tt

)

· δG
δr

. (14)

For the following, it is useful to introduce a coordinate system r = (X, Y ) and the angle ψ
between the tangent t = (cosψ, sinψ) and the X-axis which satisfies C = ψ̇. We find with
equation (11) that

∂tr =
1
ξ⊥

n (−κ
...
ψ +aḟ + ψ̇τ) +

1
ξ∥

t(κψ̇ψ̈ − aψ̇f + τ̇). (15)

Noting that ∂tṙ = n∂tψ, we obtain an equation of motion for ψ(s) alone:

∂tψ =
1
ξ⊥

(−κ
....
ψ +af̈ + ψ̇τ̇ + τ ψ̈) +

1
ξ∥
ψ̇(κψ̇ψ̈ − af ψ̇ + τ̇). (16)
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(C = )

B. Fluid-body interactions

The fluid-body interactions are modeled using the local
resistive force theory of Gray and Hancock !1955".34 Resis-
tive force theory relates the local fluid force per unit length
and the local fluid/body velocity !equivalent by the assump-
tion of a no-slip boundary condition". In the classical theory,
the velocity of the slender body at a station s is separated
into tangential and normal components, as is the correspond-
ing force per unit length f!s , t":

ŝ · f!s,t" = KT ŝ · u, n̂ · f!s,t" = KN n̂ · u . !5"

The force per unit length on the fluid, f!s , t", is thus taken to
be

f!s,t" = KT ŝŝTu + KN!I − ŝŝT"u

= !KT − KN"ŝ!ŝ · u" + KNu . !6"

With no external forcing, the dynamics are thus set by con-
ditions ensuring zero net force and zero net torque on the
body at all times,

#
0

L

f!s,t"ds = 0, #
0

L

$x!s,t" − x0!t"% ! f!s,t"ds = 0. !7"

These three equations are linear in the velocities ẋ0 and "̇,
which are solved by a simple matrix inversion. The time-
dependent body geometry determines uniquely the velocities
at all times.

Corrections to the resistance coefficients and to the
local theory, in general, are the subject of a number of
studies.11,34,35 For this study we fix the ratio rk=KN /KT
=1 /2 with the acknowledgment that this ratio has been found
in these other works to be dependent !though logarithmi-
cally" on the ratio of body radius to wavelength, a /#, which
we take to be very small. Nonlocal effects are potentially
significant for the study of all but the thinnest of bodies;
however, the use of slender body theory is complicated by
the need for high resolution of the body shape near any re-
gion of rapid geometric variation such as a kink. The slender
body theory generates a system of Fredholm integral equa-
tions of the first kind which are in general susceptible to
oscillatory behavior or slow convergence in their numerical
solution, particularly when the immersed boundary has a
sharp geometry.36 This said, we note that Tam33 shows the
near recovery of Lighthill’s sawtoothed waveform solution
using the full slender body theory.

C. Energetics

1. Dissipation

The rate of mechanical work done by the body against
the fluid, $̃!!t", is determined through an integration along
the body centerline,

$̃!!t" = #
0

L

f!s,t" · u!s,t"ds !%0" , !8"

and is seen to be non-negative due to the form of Eq. !6".
Averaging over one cycle, we define

$! = &$̃!!t"' , !9"

where

&$̃!!t"' =
1
T!#

0

T!

$̃!!t"dt . !10"

In addition to performing work against the fluid, internal
forces must also be exerted in order to create bending waves
along the flagellum. In this paper we are considering these
forces by explicitly taking into account the elastic nature of
the flagellum, as well as the presence of internal dissipation.
Three new measures of energy are therefore defined below.

2. Bending

Figure 2 shows a transmission electron microscopy
!TEM" image and a cross-sectional diagram of a typical eu-
karyotic flagellum, in this case that of the organism Chlamy-
domonas. The internal structure of a eukaryotic flagellum,
known as the axoneme, is usually composed of nine micro-
tubule doublets which encircle a central microtubule pair
!though other numbers and modifications of this basic pat-
tern have been observed".21 Dynein molecular motors act to
generate shear forces that cause sliding between the outer
doublet microtubules, and consequently the macroscopic
passage of waves along the flagellar length.37 Nexin proteins
are elastic links that act to keep the outer microtubule dou-
blets well spaced.

We model the elastic energy stored in the bending of the
axoneme, EBending

! !t", as a function of the flagellum’s effec-
tive Young’s modulus E, its second moment of inertia I, and
the local flagellum curvature &!s , t" using the classical elastic
beam theory;38 thus,

EBending
! !t" =

1
2

EI#
0

L

&2!s,t"ds . !11"

Note that kink instabilities have been shown to form when
soft elastic cylinders are bent beyond a critical radius of
curvature;39 however, we take such defects to be negligible
given the assumption of the vanishingly small aspect ratios
considered here.

For a periodic wave with an integer number of wave-
lengths, the rate of change of the bending energy is zero,
!tEBending

! !t"=0. Physically, elastic forces are conservative
and are therefore not associated with energy dissipation.
However, an organism must be capable of creating the bend-

(a)
Nexin

Membrane

Outer dynein arm
Inner dynein arm

Radial Spokes Central singlet microtubules

Microtubule doublet(b)

FIG. 2. The structure of the flagellar axoneme is seen in a !a" TEM image
!Ripped Electron Microscope Facility, Dartmouth College" and !b" a cross-
sectional diagram of a Chlamydomonas flagellum.
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slide with respect to each other [2]. Everywhere else, sliding is possible, see figure 2. The
configurations of the system are described by the shape of the filament pair given by the position
of the neutral line r(s) as a function of the arclength s, where r is a point in two-dimensional
space. The shapes of the two filaments are then given by

r1(s) = r(s) − an(s)/2
r2(s) = r(s) + an(s)/2 (1)

where n, with n2 = 1, is the filament normal. The local geometry along the filament pair is
characterized by the relations

ṙ = t (2)
ṫ = Cn (3)
ṅ = −Ct (4)

where t denotes the normalized tangent vector and C = ṫ·n is the local curvature. Throughout
this paper the overdots denote derivatives with respect to s, i.e. ṙ ≡ ∂sr ≡ ∂r/∂s.

2.1. Bending and sliding of a filament pair

The bending of the filament pair and local sliding displacements are coupled by a geometric
constraint. The sliding displacement at position s along the neutral line

∆(s) ≡
∫ s

0
ds′ (|ṙ1| − |ṙ2|) (5)

is defined to be the difference of the total arclengths along the two filaments up to the points
r1(s) and r2(s) which face each other along the neutral line. From equations (1) and (4) follows
that ṙ1,2 = (1 ± aC/2)t and thus

|ṙ1,2| = 1 ± aC/2. (6)

Therefore, the sliding displacement

∆ = a
∫ s

0
ds′ C (7)

is given by the integrated curvature along the filament.

2.2. Enthalpy functional

The bending elasticity of filaments (microtubules) characterizes the energetics of the filament
pair. In addition to filament bending, we also have to take into account the internal stresses due
to active and passive elements. We introduce a coarse-grained description, defining the force
per unit length f(s) acting at position s in opposite directions on the two microtubules, see
figure 2 (the internal forces must balance). This internal force density corresponds to a shear
stress within the flagellum which tends to slide the two filaments with respect to each other.
A static configuration of a filament pair of length L can thus be characterized by the enthalpy
functional

G ≡
∫ L

0

[

κ

2
C2 + f∆ +

Λ
2

ṙ2
]

ds. (8)

Here, κ denotes the total bending rigidity of the filaments. The incompressibility of the system
is taken into account by the Lagrange multiplier function Λ(s) which is used to enforce the
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Figure 8. Oscillation frequency ωc/2π at the bifurcation point as a function of
the axoneme length L for boundary conditions B and model parameters as given
in the text. The insets show the characteristic patterns of motion for small and
large lengths.

to the transition, the system oscillates spontaneously with frequency ωc. The shapes of filament
beating are characterized by the corresponding mode h̃n(s) whose amplitude is determined by
nonlinear terms. For the case of a continuous transition, the deformation amplitude increases as
|h̃n| ∼ (Ω − Ωc)1/2.

4.3. Axonemal vibrations for different lengths

Choosing parameter values which correspond to the axonemal structure, we estimate the bending
rigidity κ ≃ 4 × 10−22 N m2 which is the rigidity of about 20 microtubules. Furthermore, we
use a ≃ 20 nm, a motor density ρ ≃ 5 × 108 m−1, friction per unit length λ ≃ 1 kg (m s)−1, a
rate constant α ≃ 103 s−1, a cross-bridge elasticity k ≃ 10−3 N m−1 and a perpendicular friction
ξ⊥ ≃ 10−3 kg (m s)−1, which is of the order of the viscosity of water. A rough estimate of the
elastic modulus per unit length associated with filament sliding can be obtained by comparing
the number of dynein heads to the number of nexin links within the axoneme. This suggests that
K is relatively small, K

<∼ kρ/10.
The selected frequency ωc at the bifurcation point for case B is shown in figure 8 as a

function of the axoneme length for K = 0. For small lengths, the oscillation frequency is large
and increases as L decreases. In this high-frequency regime, which occurs for L

<∼ 10 µm, the
system vibrates in a mode with no apparent wave propagation. For L

>∼ 10 µm the frequency
is only weakly L-dependent and the system propagates bending waves of a wavelength shorter
than the filament length. This length dependence of the frequency is qualitatively consistent
with experimental results [33].

The limit of small lengths corresponds to small ω̄ and can be studied analytically. For
σ̄ = 0, the eigenvalue χ1 is given to linear order in ω̄ by χ̄1 ≃ −π2/4 − iγω̄. The coefficient
γ depends on the boundary conditions, but not on any model parameters. For a clamped head
(case A), γ ≃ 0.184, for a fixed head (case B), γ ≃ 0.008, see appendix D. The criterion for a
Hopf bifurcation for small L is

χ(Ωc,ωc) ≃ − π2κ

4a2L2 − iγ
ξ⊥ωcL2

a2 . (42)
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surrounding fluid during lateral swimming. In addition, for both the infinite- and finite-length cases, we have shown

that the change in the hydrodynamic efficiency is relatively small, and remains well above the hydrodynamic efficiency

of typical biological cells.

The model presented here uses some simplifying assumptions, and leaves a number of open questions. First, the

hydrodynamic description could be improved upon by the inclusion of non-local effects, for example using slender

body theory, or a more complete three-dimensional method for thicker organisms such as nematodes. The work of

Tam [33] appears to indicate that the sawtooth form may not be regularized by the non-local fluid interactions in

the limit of zero bending costs, but that the number of expressed wavelengths may be decreased. Another exclusion

in the work presented here is the possible presence of a head. Although most sperm cells have relatively small cell

bodies (such as human spermatozoa), they can be large for some microorganisms and generally act to damp rotations

imposed by the flagellar beating. In addition, the expression we used for the bending energy becomes invalid when

the radius of curvature approaches the body radius. The formation of material or structural singularities has been

considered by other authors, and this can also provide a barrier to the degeneracy mentioned above [39].

FIG. 15: Marine invertebrates spermatozoa. (a): Superimposed images of the headless spermatozoon of Lytechinus. (b):
Spermatozoon of Chaetopterus exhibits non-integral spatial wave-numbers. Reproduced with permission by the Journal of
Experimental Biology, Ref. [18].

In our opinion, the two most important implications of our study for the biophysics of swimming cells are the

following. First, we have shown that a physically-motivated measure of internal elastic cost for the deformable

flagellum regularizes the hydrodynamically-optimal solution of Lighthill, and that this is done with only a small loss

in hydrodynamic efficiency. Second, our results show the emergence of small numbers of wavelengths in the optimal

solution when bending is at all costly (see Fig. 11). This result, which is likely to remain robust to improvements

on the modeling such as the one discussed above, is consistent with observations on the morphology of eukaryotic

flagella, in particular for spermatozoa (see the review in Ref. [21]). As an example, we reproduce in Fig. 15 the shapes

of two marine invertebrates spermatozoa (Lytechinus and Chaetopterus) from Ref. [18]. In both cases, although the

shapes are different from out optimal solutions, the presence of the half-integer wave-number morphology (k ≈ 1.5) is

apparent. Our work constitutes therefore an attempt at a physical rationalization of this observed feature of eukaryotic

flagella. We also observe that our optimal solutions display hydrodynamic efficiencies which are significantly above

those of biological swimming cells, which are typically in the 1% range. Our solution could therefore also be considered

as an appropriate ‘initial condition’ for further (more directly biological) optimization, at the expense of hydrodynamic

efficiency. Finally, we note that another (less common) means of eukaryotic propulsion involves the passage of periodic

helical waves down along the length of a flagellum. In this case, in addition to the costs discussed here, there may

also be costs due to a twisting of the material, and dynein motors have been observed in some cases to exert twisting
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Helical waves (prokaryotic flagella): rotation of  a solid helix leads to locomotion

Most bacteria swim by rotating a slender, helical flagellum / many helical flagella.



� K. Namba and F. Vonderviszt

Fig. ⇥. Schematic diagram of swimming pattern and dark-field image of a bacterium

swimming and tumbling. Flagellar filaments form a bundle during straight swimming, but

the bundle falls apart upon reversed rotation of the motors, which causes the cell to tumble.

The time series of ten dark-field images are over ⇧�⌦ s. A cell swimming from the top left to

the right bottom has a well-formed bundle behind the cell up to frame  . In frame �, the

bundle begins to disappear and the cell begins to tumble, and in frame ⌦, some individual

filaments are just visible. In frame �, the cell begins to move towards the top left and the

flagellar bundle begins to form in frame ⌥. The bundle is again well formed and the cell

swims towards the top left in frames ⇤ and ⇧⌃. Note that this tumbling happened to be an

unusually slow process; it is usually not possible to record a tumbling process to this level

of detail with the normal video frame rate when tumbling occurs with the normal speed.

The time sequence of dark-field images were taken from video images, which were recorded

by S. Kudo, Y. Magariyama, I. Yamashita and K. Namba while they were in the Molecular

Dynamic Assembly Project, ERATO.

The molecular basis of signal transduction has been intensively studied and this

has been greatly extended our understanding. Briefly, when receptors in the inner

membrane bind attractant or repellent molecules at the binding site exposed in the

periplasm, the cytoplasmic domain of the receptors undergoes a conformational

change. This change then starts o+ a phosphorylation chain reaction and the

ultimate phosphorylated protein, CheY, binds to the switch complex of the

flagellar motor, resulting in a bias toward an increased probability of clockwise

rotation (for more details, see a recent review by Blair (⇧⇤⇤⌅)).

Although there are many interesting topics in the signal transduction

mechanism and genetics of the flagellar system, they lie beyond the scope of this

review. For general reviews of bacterial chemotaxis and genetics of bacterial

flagella, the reader is referred to Stock et al. (⇧⇤⇤⇧) ; Macnab (⇧⇤⇤⇥) ; Manson

(⇧⇤⇤⇥) ; Blair (⇧⇤⇤⌅) ; Barak & Eisenbach (⇧⇤⇤⌦). Here, we will first briefly

summarize the structural design of the bacterial flagellum and its component

proteins with respect to their functions and assembly mechanism. The reader

interested in more details should consult recent reviews of Jones & Aizawa (⇧⇤⇤⇧),

(CCW - Run)

(CW - Tumble)

(CW - Tumble)

(CCW - Run)

Most bacteria swim by rotating a slender, helical flagellum / many helical flagella.

Salmonella and E. coli are “peritrichous” (many flagella)...
 Molecular architecture of bacterial flagellum

Fig. ⇧. Electron micrograph of a negatively-stained bacterium, Salmonella typhimurium, a

wild-type strain SJW⇧⇧⌃ . The inset is a higher magnification of a short segment of the

flagellar filament.

flagellar motor. The usual rotation rate is about  ⌃⌃ Hz (Lowe et al. ⇧⇤⌥� ; Kudo

et al. ⇧⇤⇤⌃), while flagellar motors of some other bacteria such as Vibrio

alginolyticus, which utilize the Na+ influx, rotate at rates higher than ⇧⌅⌃⌃ Hz

(Magariyama et al. ⇧⇤⇤⌅).

The cells swim straight at a speed of ⇥⌃– ⌃ µm sec�� by a coordinated rotation

of the filaments that forms a bundle behind the cell (Macnab & Koshland, ⇧⇤�⇥).

But, every few seconds, the motors reverse their rotational direction from

counterclockwise (CCW – as it is viewed from outside the cell) to clockwise (CW)

for about a tenth of a second, which makes the bundle fall apart and the cell tumble

(Larsen et al. ⇧⇤��). This typical swimming pattern is shown in Fig. ⇥, together

with a time series of dark-field microscopic images of a swimming cell tumbling

in the middle. Bacterial locomotion is a kind of random walk. However, the

application of positive stimuli (addition of an attractant or removal of a repellent)

suppresses the tumbling frequency and the lengths of individual straight

trajectories become longer. Negative stimuli do the opposite. Therefore, the

swimming trajectory in a gradient of stimuli becomes biased toward favourable or

away from unfavourable environments. Thus, the basis of taxis is the modulation

of the switching frequency of the motor rotation by the signal released from

receptors.

eter, pitch, and length of individual filaments were made on the same data set.
Calculations of curvature and twist were from equation 1 of Calladine (7).
Images and results were stored in a FileMaker Pro 4.1 database (FileMaker, Inc.,
Santa Clara, Calif.) and exported for graphing to Kaleidagraph 3.08 (Synergy
Software, Reading, Pa.).

For freely motile bacteria, images were deinterlaced, and then selected areas
were enlarged digitally !2.5 to !10. The numbers in the figures refer to fields,
i.e., to images obtained at 60 Hz. In some figures, only alternate fields are shown.
Some cells entered the field of view, tumbled, and then left the field of view,
remaining in focus for the entire series of events. The trajectories of their cell
bodies were traced, and the deflections generated by the tumbles were noted.
Flagellar waveforms were identified by eye or, if difficult to discern, by measure-
ments of diameter and pitch. Speeds of swimming cells were determined from
the distance traveled per video field. The direction of wave propagation of
filaments or bundles could not be determined, since the image acquisition rate
was lower than flagellar rotation rates. Results were stored in a FileMaker Pro
4.1 database and exported for graphing to Kaleidagraph 3.08. Images were
prepared for publication (but unenhanced) with Adobe Photoshop 5.5. Movie
files are available at http://www.rowland.org.

RESULTS
Labeling. We tried four Alexa Fluor dyes, as well as Oregon

Green. The name for each dye carries a number that corre-
sponds to the peak of its excitation spectrum (in nanometers).
With Alexa Fluor 488, both filaments and cell bodies were
brightly labeled. Bacteria could be watched for a minute or
more without substantial loss in brightness. However, excita-
tion was in a spectral region that elicits a repellent response
and readily de-energizes cells (21). As a result, the bacteria
tended to avoid the illuminated region and stopped swimming
once trapped in the light spot. The number of filaments per cell
(mean " standard deviation, [SD], 2.78 " 1.60) and the fila-
ment length (5.6 " 2.9 #m) were smaller than those for the
other dyes, presumably because the filaments were made brit-
tle by the dye and/or the light.

Oregon Green 514 labeled filaments and cell bodies to a
similar extent as Alexa Fluor 488, but it bleached more readily.

Alexa Fluor 532 labeled filaments brightly and the cell bod-
ies less brightly, so filaments could be seen as they passed over
the cell body to form a bundle. The number of filaments per
cell (3.37 " 1.59) and the filament length (7.3 " 2.4 #m) were
larger than those for any other dye. Alexa Fluor 532 was
developed for 532-nm lasers (Nd:YAG frequency doubled),
which at powers necessary for strobe illumination are quite
expensive. Fortuitously, we already had a high-power argon-
ion laser, which when turned to 514 nm worked well: the
absorbance of Alexa Fluor 532 at 514 nm is about half that at
532 nm. This combination was used for most of the work
reported here. There was no repellent response, so unless cells
happened to tumble spontaneously while illuminated, they
simply swam through the light spot without deflection or
change in speed. The swimming speed of the cells studied with
this dye was 30 " 12 #m/s (mean " SD).

Alexa Fluor 546 labeled filaments and cell bodies in a man-
ner similar to that of Alexa Fluor 532. Alexa Fluor 546 is
probably optimum for mercury-arc excitation: it was developed
to match one of the mercury emission lines.

To the eye, Alexa Fluor 594 was the most impressive dye.
Filaments were labeled brightly and appeared slightly thicker
than with other dyes, presumably because of the longer emis-
sion wavelength. The cell bodies also were labeled, but they did
not appear to be as bright as when labeled with dyes of shorter
wavelength. The behavior of the bacteria was similar to that
seen with Alexa Fluor 532. Also, our CCD camera was more
sensitive at the longer wavelength. The number of filaments
per cell was 3.26 " 1.77, and the filament length was 5.9 " 2.5
#m.

Flagellar waveforms. We measured waveforms of filaments
on de-energized cells stuck to glass, using images that were

averaged digitally over 30 video frames (60 fields). If the cells
were de-energized with FCCP and then allowed to settle onto
glass, all of their filaments were normal. However, if they were
allowed to interact with the glass first and then were de-ener-
gized (or partially de-energized) by exposure to light, other
waveforms were observed, as shown in Fig. 2. Of 512 filaments
observed on 152 cells viewed as described for panels C and D,
465 were normal, 15 were semicoiled, 24 were curly 1, and 8
were curly 2. Presumably, these various waveforms were in-
duced by torsion exerted by the flagellar motor on a filament
pinned at one or more points to the underlying surface.

Changes of this kind were observed with filaments on ener-
gized cells stuck to glass, as shown in Fig. 3. A normal-to-curly
2 transformation appears in fields 1 to 8. The distal end of the
filament is normal and extends to the left, held in contact with
the glass by the CW-rotating motor. This transformation pro-
ceeds proximally to distally, and the length of the normal
segment shortens. The filament then relaxes back distally to
proximally from curly 2 to semicoiled, as seen in fields 10 to 14,
presumably because the end of the filament is now free to turn
and the torsion is reduced. Finally, the filament transforms
from semicoiled to curly 1, as seen in fields 27 to 35.

Bundles on freely swimming cells also exhibited different
waveforms, as shown in Fig. 4: in addition to normal (A), these
included curly 1 (B and C) and semicoiled (D). One of the
curly 1 bundles is loose (B), and another is tight (C). Measure-
ments of diameter and pitch made from images of the kind
shown in Fig. 2 to 4 are shown in Fig. 5A. The corresponding
values of curvature and twist are plotted in Fig. 5B. The solid
line is a half-sine wave (8).

Tumbles. Tumbles are brief events that enable cells to alter
course (4). They are thought to begin when flagellar motors
change their direction of rotation from CCW to CW and to
end when they switch back again to CCW (19, 22, 26). We

FIG. 2. Immobilized cells of E. coli viewed for 1 s. (A and B) Labeled with
Oregon Green 514 and illuminated by a mercury arc. (C and D) Labeled with
Alexa Fluor 532 and illuminated by a strobed argon-ion laser (the technique used
for all subsequent figures). The waveforms exhibited by individual filaments
include normal (A); normal, semicoiled, and curly 1 (B); and normal, curly 1, and
curly 2 (C and D).
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But keep an eye on reality! For instance, CW and CCW rotations yield different behavior
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served values (Yamashita et al., manuscript submitted for
publication), which is reproduced in Fig. 3. For this calcu-
lation, the essential features of the model are the two distinct
lattices and linear-elastic properties of the protofilaments in
the structural deformation when they form supercoils, as
described by Asakura (1970) and Calladine (1975, 1976,
1978). The comparison shows good agreement, indicating
that the model represents the essential features of flagellar
polymorphism and that the two distinct structural parame-
ters obtained by experimental measurements are quantita-
tively sound.

Here the important values are the two distinct intersub-
unit distances along the protofilaments, 52.7 Å and 51.9 Å
for the L- and R-type, respectively. The small difference
between the two, namely 0.8 Å, is responsible for the
curvatures of the filaments shown in Fig. 3. In the model of
Fig. 1, the switching is represented as mutual sliding of the
rectangular blocks along the protofilament interface by two
distinct short distances. The two distances are 1.8 and 2.6 Å
at two different interface sites, namely sites A and B in Fig.
1, respectively. The difference between these two distances

produces a change in the intersubunit distance of 0.8 Å.
These two distances, or at least the larger one, 2.6 Å, is
thought to be somehow related to the pitch of the !-helix,
because the switching appears to be mutual sliding between
!-helical coiled coils over one turn of the !-helix with some
adjustment of side-chain interactions, although no direct
experimental evidence has been obtained yet.

Quasiequivalence and nonequivalence

Although the difference between the two types of subunit
packing is very small as described above, the distinction
between the two appears to be well defined. Therefore, the
two states can be called nonequivalent states, where differ-
ent bonding interactions are likely to be involved. On the
other hand, in supercoiled forms, the repeat distances of the
11 strand joints are all different from either of the two
states; the lengths are not only different between the proto-
filaments in the two different states, but also different even
within a group of identical states. The differences are caused
by elastic deformations, which are necessary to form a
closed tubular structure with 11 strand joints having two
distinct repeat distances and lateral dispositions. Strand
joints of an identical state but different repeat distances can
be called quasiequivalent.

These differences are due to the stretch or compression of
strand joints caused by the long- and short-type strand joints
on the circumference of the tube. Although the free energy
is increased by having two different intersubunit interac-
tions and elastic strains produced by those changes in the
repeat distances of strand joints, a relatively large negative
energy is gained by bonding the protofilament interfaces to
close the tubular structure. Thus the free energy of the
whole system is decreased by forming the tubular filament
of supercoiled forms.

As discussed by Namba and Vonderviszt (1997), it ap-
pears from the structure of the filament that the relative
disposition between the inner-tube and outer-tube domain
interactions is designed to define the protofilament tilt
somewhere between those of the L- and R-type, and at a
given tilt angle the tube cannot be closed without misfitting
the protofilament interface if all of the strand joints are in
one of the two lattices. It is possible to close the tube only
by having some number of the R-type strand joints as well
as the L-type ones, which results in a particular curvature
and twist, which in turn create a supercoil with a particular
pitch and diameter. Thus quasiequivalent states are a feature
of the molecular design of the flagellar filament that is
essential for forming supercoils.

We have analyzed the quasiequivalent states in various
supercoils to estimate how large a deformation is allowed in
the structure without having one state turn into the other.
For each supercoiled form simulated in Fig. 2, which has a
curvature and twist given in Fig. 3, the repeat distances of
the 11 strand joints are plotted in Fig. 4, with the type of
each strand joint identified by either blue (L-type) or red

FIGURE 1 A plausible model of switching involved in flagellar poly-
morphism. (A) Subunit packing in the L-type. (B) Subunit packing in the
R-type. The filament axis is vertical. The model represents the subunit
interactions in the outer tube. The elongated building blocks represent
!-helical bundles aligned nearly parallel to the filament axis. Subunits are
numbered accordingly in A and B. Two hypothetical binding regions of the
subunits are labeled A and B, where the blue-gray interaction represents the
L-type packing and the red-gray interaction represents the R-type. The
distances between the red and blue sites are 1.8 Å for the A region and 2.6
Å for the B region, which makes the intersubunit distance along the
protofilament (between subunits 0 and 1) 0.8 Å longer in the L-type than
that in the R-type, as observed. The only essential feature of the binding
sites is the two discrete relative dispositions, and any alternative bonding
arrangements that fulfill this feature would be satisfactory.
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eter, pitch, and length of individual filaments were made on the same data set.
Calculations of curvature and twist were from equation 1 of Calladine (7).
Images and results were stored in a FileMaker Pro 4.1 database (FileMaker, Inc.,
Santa Clara, Calif.) and exported for graphing to Kaleidagraph 3.08 (Synergy
Software, Reading, Pa.).

For freely motile bacteria, images were deinterlaced, and then selected areas
were enlarged digitally !2.5 to !10. The numbers in the figures refer to fields,
i.e., to images obtained at 60 Hz. In some figures, only alternate fields are shown.
Some cells entered the field of view, tumbled, and then left the field of view,
remaining in focus for the entire series of events. The trajectories of their cell
bodies were traced, and the deflections generated by the tumbles were noted.
Flagellar waveforms were identified by eye or, if difficult to discern, by measure-
ments of diameter and pitch. Speeds of swimming cells were determined from
the distance traveled per video field. The direction of wave propagation of
filaments or bundles could not be determined, since the image acquisition rate
was lower than flagellar rotation rates. Results were stored in a FileMaker Pro
4.1 database and exported for graphing to Kaleidagraph 3.08. Images were
prepared for publication (but unenhanced) with Adobe Photoshop 5.5. Movie
files are available at http://www.rowland.org.

RESULTS
Labeling. We tried four Alexa Fluor dyes, as well as Oregon

Green. The name for each dye carries a number that corre-
sponds to the peak of its excitation spectrum (in nanometers).
With Alexa Fluor 488, both filaments and cell bodies were
brightly labeled. Bacteria could be watched for a minute or
more without substantial loss in brightness. However, excita-
tion was in a spectral region that elicits a repellent response
and readily de-energizes cells (21). As a result, the bacteria
tended to avoid the illuminated region and stopped swimming
once trapped in the light spot. The number of filaments per cell
(mean " standard deviation, [SD], 2.78 " 1.60) and the fila-
ment length (5.6 " 2.9 #m) were smaller than those for the
other dyes, presumably because the filaments were made brit-
tle by the dye and/or the light.

Oregon Green 514 labeled filaments and cell bodies to a
similar extent as Alexa Fluor 488, but it bleached more readily.

Alexa Fluor 532 labeled filaments brightly and the cell bod-
ies less brightly, so filaments could be seen as they passed over
the cell body to form a bundle. The number of filaments per
cell (3.37 " 1.59) and the filament length (7.3 " 2.4 #m) were
larger than those for any other dye. Alexa Fluor 532 was
developed for 532-nm lasers (Nd:YAG frequency doubled),
which at powers necessary for strobe illumination are quite
expensive. Fortuitously, we already had a high-power argon-
ion laser, which when turned to 514 nm worked well: the
absorbance of Alexa Fluor 532 at 514 nm is about half that at
532 nm. This combination was used for most of the work
reported here. There was no repellent response, so unless cells
happened to tumble spontaneously while illuminated, they
simply swam through the light spot without deflection or
change in speed. The swimming speed of the cells studied with
this dye was 30 " 12 #m/s (mean " SD).

Alexa Fluor 546 labeled filaments and cell bodies in a man-
ner similar to that of Alexa Fluor 532. Alexa Fluor 546 is
probably optimum for mercury-arc excitation: it was developed
to match one of the mercury emission lines.

To the eye, Alexa Fluor 594 was the most impressive dye.
Filaments were labeled brightly and appeared slightly thicker
than with other dyes, presumably because of the longer emis-
sion wavelength. The cell bodies also were labeled, but they did
not appear to be as bright as when labeled with dyes of shorter
wavelength. The behavior of the bacteria was similar to that
seen with Alexa Fluor 532. Also, our CCD camera was more
sensitive at the longer wavelength. The number of filaments
per cell was 3.26 " 1.77, and the filament length was 5.9 " 2.5
#m.

Flagellar waveforms. We measured waveforms of filaments
on de-energized cells stuck to glass, using images that were

averaged digitally over 30 video frames (60 fields). If the cells
were de-energized with FCCP and then allowed to settle onto
glass, all of their filaments were normal. However, if they were
allowed to interact with the glass first and then were de-ener-
gized (or partially de-energized) by exposure to light, other
waveforms were observed, as shown in Fig. 2. Of 512 filaments
observed on 152 cells viewed as described for panels C and D,
465 were normal, 15 were semicoiled, 24 were curly 1, and 8
were curly 2. Presumably, these various waveforms were in-
duced by torsion exerted by the flagellar motor on a filament
pinned at one or more points to the underlying surface.

Changes of this kind were observed with filaments on ener-
gized cells stuck to glass, as shown in Fig. 3. A normal-to-curly
2 transformation appears in fields 1 to 8. The distal end of the
filament is normal and extends to the left, held in contact with
the glass by the CW-rotating motor. This transformation pro-
ceeds proximally to distally, and the length of the normal
segment shortens. The filament then relaxes back distally to
proximally from curly 2 to semicoiled, as seen in fields 10 to 14,
presumably because the end of the filament is now free to turn
and the torsion is reduced. Finally, the filament transforms
from semicoiled to curly 1, as seen in fields 27 to 35.

Bundles on freely swimming cells also exhibited different
waveforms, as shown in Fig. 4: in addition to normal (A), these
included curly 1 (B and C) and semicoiled (D). One of the
curly 1 bundles is loose (B), and another is tight (C). Measure-
ments of diameter and pitch made from images of the kind
shown in Fig. 2 to 4 are shown in Fig. 5A. The corresponding
values of curvature and twist are plotted in Fig. 5B. The solid
line is a half-sine wave (8).

Tumbles. Tumbles are brief events that enable cells to alter
course (4). They are thought to begin when flagellar motors
change their direction of rotation from CCW to CW and to
end when they switch back again to CCW (19, 22, 26). We

FIG. 2. Immobilized cells of E. coli viewed for 1 s. (A and B) Labeled with
Oregon Green 514 and illuminated by a mercury arc. (C and D) Labeled with
Alexa Fluor 532 and illuminated by a strobed argon-ion laser (the technique used
for all subsequent figures). The waveforms exhibited by individual filaments
include normal (A); normal, semicoiled, and curly 1 (B); and normal, curly 1, and
curly 2 (C and D).
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the normal form is the most hydrodynamically e⇧cient of the twelve polymorphic forms by

a significant margin, a result true for both peritrichous and monotrichous (polar) flagellar

families. This conclusion is robust as the flagellum length is varied, or its e⇥ective diameter

is increased to represent a bundle of flagella. The hydrodynamic optimality of the normal

helical form suggests thus a role for fluid mechanical forces in the evolution of the flagellum.

We begin with a short description of the hydrodynamics of swimming bacteria. At the

exceedingly small length and velocity scales on which bacteria swim, viscous dissipation

overwhelms any inertial e⇥ects, and the fluid motion is accurately described by the Stokes

equations [24–26]. In this regime, there is a linear relation between the net forces and

torques on an immersed flagellum, (F,N), and its associated translational and rotational

velocities, (U,!) (rigid body motion is assumed). Consider a rotating helix driving a cell

body, as is the case for the swimming runs of flagellated bacteria. In this case, the net

forces and torques on the rotating flagellum (or flagella) must balance those of the fluid on

the body. Assuming that the cell is axisymmetric about x̂ and swims directly along this

axis, we write the body’s translational (swimming) velocity as U = U x̂ and its rotational

velocity as � = � x̂. The corresponding fluid force and torque on the cell body are denoted

by F = �A0U x̂ and N = �D0� x̂, respectively. A linear mobility relation for the flagellum
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(a)

Both MotA and MotB span the cytoplasmic membrane. MotA has four
membrane-spanning !-helical segments (54–56). The rest of the molecule (about
two-thirds) is in the cytoplasm. MotB has one membrane-spanning !-helical

Figure 3 An E. coli cell with one flagellar filament, visualized by fluorescence
microscopy. The recording was made at 60 Hz, but only every other field is shown.
The numbers are in units of 1/60 s. When the motor switched from CCW to CW after
field 2, the filament changed its shape from normal to semicoiled, 10, and then to
curly 1, e.g., 20. When the motor switched back to CCW after field 26, the filament
relaxed back to normal, 30. Initially, the cell swam toward 7 o’clock. After the
normal to semicoiled transformation, it swam toward 5 o’clock. Flagellar filaments
can also be visualized by dark-field or interference-contrast microscopy (259, 260),
but fluorescence has the advantage that one can see the filaments all the way to the
surface of the cell with reasonable depth of field. (From Reference 3, Figure 6.)
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Both MotA and MotB span the cytoplasmic membrane. MotA has four
membrane-spanning !-helical segments (54–56). The rest of the molecule (about
two-thirds) is in the cytoplasm. MotB has one membrane-spanning !-helical

Figure 3 An E. coli cell with one flagellar filament, visualized by fluorescence
microscopy. The recording was made at 60 Hz, but only every other field is shown.
The numbers are in units of 1/60 s. When the motor switched from CCW to CW after
field 2, the filament changed its shape from normal to semicoiled, 10, and then to
curly 1, e.g., 20. When the motor switched back to CCW after field 26, the filament
relaxed back to normal, 30. Initially, the cell swam toward 7 o’clock. After the
normal to semicoiled transformation, it swam toward 5 o’clock. Flagellar filaments
can also be visualized by dark-field or interference-contrast microscopy (259, 260),
but fluorescence has the advantage that one can see the filaments all the way to the
surface of the cell with reasonable depth of field. (From Reference 3, Figure 6.)
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membrane-spanning !-helical segments (54–56). The rest of the molecule (about
two-thirds) is in the cytoplasm. MotB has one membrane-spanning !-helical

Figure 3 An E. coli cell with one flagellar filament, visualized by fluorescence
microscopy. The recording was made at 60 Hz, but only every other field is shown.
The numbers are in units of 1/60 s. When the motor switched from CCW to CW after
field 2, the filament changed its shape from normal to semicoiled, 10, and then to
curly 1, e.g., 20. When the motor switched back to CCW after field 26, the filament
relaxed back to normal, 30. Initially, the cell swam toward 7 o’clock. After the
normal to semicoiled transformation, it swam toward 5 o’clock. Flagellar filaments
can also be visualized by dark-field or interference-contrast microscopy (259, 260),
but fluorescence has the advantage that one can see the filaments all the way to the
surface of the cell with reasonable depth of field. (From Reference 3, Figure 6.)
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Both MotA and MotB span the cytoplasmic membrane. MotA has four
membrane-spanning !-helical segments (54–56). The rest of the molecule (about
two-thirds) is in the cytoplasm. MotB has one membrane-spanning !-helical

Figure 3 An E. coli cell with one flagellar filament, visualized by fluorescence
microscopy. The recording was made at 60 Hz, but only every other field is shown.
The numbers are in units of 1/60 s. When the motor switched from CCW to CW after
field 2, the filament changed its shape from normal to semicoiled, 10, and then to
curly 1, e.g., 20. When the motor switched back to CCW after field 26, the filament
relaxed back to normal, 30. Initially, the cell swam toward 7 o’clock. After the
normal to semicoiled transformation, it swam toward 5 o’clock. Flagellar filaments
can also be visualized by dark-field or interference-contrast microscopy (259, 260),
but fluorescence has the advantage that one can see the filaments all the way to the
surface of the cell with reasonable depth of field. (From Reference 3, Figure 6.)
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normal to semicoiled transformation, it swam toward 5 o’clock. Flagellar filaments
can also be visualized by dark-field or interference-contrast microscopy (259, 260),
but fluorescence has the advantage that one can see the filaments all the way to the
surface of the cell with reasonable depth of field. (From Reference 3, Figure 6.)
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curly 1, e.g., 20. When the motor switched back to CCW after field 26, the filament
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can also be visualized by dark-field or interference-contrast microscopy (259, 260),
but fluorescence has the advantage that one can see the filaments all the way to the
surface of the cell with reasonable depth of field. (From Reference 3, Figure 6.)
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membrane-spanning !-helical segments (54–56). The rest of the molecule (about
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Figure 3 An E. coli cell with one flagellar filament, visualized by fluorescence
microscopy. The recording was made at 60 Hz, but only every other field is shown.
The numbers are in units of 1/60 s. When the motor switched from CCW to CW after
field 2, the filament changed its shape from normal to semicoiled, 10, and then to
curly 1, e.g., 20. When the motor switched back to CCW after field 26, the filament
relaxed back to normal, 30. Initially, the cell swam toward 7 o’clock. After the
normal to semicoiled transformation, it swam toward 5 o’clock. Flagellar filaments
can also be visualized by dark-field or interference-contrast microscopy (259, 260),
but fluorescence has the advantage that one can see the filaments all the way to the
surface of the cell with reasonable depth of field. (From Reference 3, Figure 6.)
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curly 1, e.g., 20. When the motor switched back to CCW after field 26, the filament
relaxed back to normal, 30. Initially, the cell swam toward 7 o’clock. After the
normal to semicoiled transformation, it swam toward 5 o’clock. Flagellar filaments
can also be visualized by dark-field or interference-contrast microscopy (259, 260),
but fluorescence has the advantage that one can see the filaments all the way to the
surface of the cell with reasonable depth of field. (From Reference 3, Figure 6.)
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(b) (c) (d) (e)

FIG. 1. (a) All twelve theoretical peritrichous polymorphic waveforms, including two straight forms
[3]; left-handed (resp. right-handed) helices are denoted by filled (resp. empty) symbols. (b) One
flagellum of an E. coli cell displays a normal waveform; (c) semi-coiled; (d) curly; (e) normal again.
Adapted with permission from Turner, L., Ryu, W. S., and Berg, H.C., J. Bacteriol., 182 2793
(2000). Copyright c⇥ (2000), American Society for Microbiology [9].
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the maximum curvature of the filament (kmax). The twist and
curvature of the filament are

tn ¼ tL 1 ðtR # tLÞ ðn=11Þ (1)

kn ¼ kmax sinðnp=11Þ (2)

where n is the number of protofilaments in the R state. This
simplified model neglects a slight (1.5%) variation of kmax

with n (23). The parameter kmax is directly related to the L and
R protofilament geometries, and typical values in the literature
are consistent with measurements of protofilament structure
(23). A computer simulation of filament extension identified
a conformational change in a b-hairpin as the physical switch
between the L and R states (5).
Although the Calladine model predicts the shapes of

various forms, it says nothing about the relative stability of
each form or the forces required to transform from one poly-
morphic form to the next. In this work we use optical twee-
zers to stretch isolated flagellar filaments and measure the
force associated with polymorphic changes.

METHODS

Repolymerization

All work was done with Salmonella filaments repolymerized according to

a variation of the method of Asakura (21,24). Three liters of QM medium

(10 g Difco bacto peptone1 10 g Difco yeast extract1 10 ml 30% glucose

1 10 ml 40 mM pH 8 potassium phosphate buffer per liter of water) were
inoculated with 300 ml of a saturated culture of Salmonella typhimurium
SJW1103 (a phase-1 stable derivative with normal filaments of serotype

i (25)) and grown overnight at 37!C with shaking at 200 RPM to aerate.

Cells were pelleted by centrifuging 15 min at 8000 3 g and then
resuspended in 42 ml polymerization buffer (5 mM potassium phosphate

buffer pH 6.5 1 150 mM NaCl). Flagella were sheared from the cells in

this suspension using a modified Waring blender, and the cell bodies were

pelleted out (15 min at 8000 3 g). The supernatant fraction was further

cleaned of cell debris by centrifuging 15 min at 15,000 3 g.
The resulting suspension was purified by three rounds of repolymeriza-

tion. To perform a round of repolymerization: 1), pellet filaments 1 h at

78,0003 g and 4!C and discard supernatant; 2), resuspend filaments in 4–8 ml

polymerization buffer; 3), reduce filament length by sonicating suspension
5 min at 50% power with a clean immersion sonicator (Heat Systems–

Ultrasonics, Farmingdale, NY, model W225); 4), depolymerize filaments

5 min at 65!C; 5), clean monomer by centrifuging 1 h at 100,0003 g and 4!C
and discarding precipitate; 6), make polymerization seeds: harvest a small

fraction of supersaturated monomer solution, mix with an equal volume of

2M Mg2SO4 1 10 mM potassium phosphate (pH 6.5), polymerize 1 h at

room temperature, spin down seeds 1 h at 78,000 3 g, discard supernatant,
and resuspend in original volume of polymerization buffer; 7), combine

monomer and seeds and homogenize mixture by sonicating 5 min at 50%

power; and 8), polymerize overnight at room temperature.

The three rounds of repolymerization used progressively smaller seed
fractions of 20%, 10%, and 5% of total monomer volume. The resuspension

volume in step 2 was decreased from 8 to 4 ml to keep the total monomer

concentration (measured after depolymerization) around 1.5 OD280 (nom-
inally 5 mg/ml) because ;25% of flagellin was lost in each round of

purification.

Repolymerized filaments were labeled with an amine-reactive Cy3

dye (Amersham Biosciences, Piscataway, NJ, Cat. No. PA23001) for 1.5 h
in PBS (10 mM pH 7.0 phosphate buffer1 67 mMNaCl1 100 mMEDTA)

in a variation of the method of Turner, Ryu, and Berg (26). To avoid

breaking filaments, excess dye was removed by gently filtering with a

0.2-mm filter and flushing with 100 times the reaction volume of PBS.
The majority of filaments were 10–25 mm in length, with a small population

of extremely long (up to 70 mm) filaments. Labeled filaments were refrig-

erated in polymerization buffer until use.

Phase diagram

The phase diagram for Salmonella filaments (Fig. 2) was mapped using
combinations of HCl (pH 2–4), 10 mM potassium phosphate buffer (pH

4–10), and NaOH (pH 10–12). Dilute samples of unlabeled repolymerized

filaments in the appropriate buffer/salt combination were equilibrated 30–60

min at room temperature and observed with dark-field illumination.

FIGURE 2 Phase diagram for repolymerized Salmonella filaments at

room temperature. Measurements are denoted with letters: normal (N), curly
(C), coiled (o), depolymerized (X), or coexisting normal, coiled, and hybrid

normal-coiled (No).

FIGURE 1 Two-dimensional projections of the helical polymorphic

forms predicted by the Calladine model of the bacterial flagellum.

Polymorphism number n is the number of protofilaments in the ‘‘R’’ state

(also displayed in the L:R ratio above the figure). Of the 12 predicted forms,
4 are left-handed (those with n # 3), and most, but not all, have been

observed in the wild (see Yamashita et al. (14). The form with n ¼ 1 we call

‘‘hyperextended.’’ The helical forms pictured here correspond to the
geometric parameters of Eqs. 6–8.
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(R-type). Because the strand joints of an identical-type
cluster on one side of the tube for minimizing the strain
energy over the whole filament, all of the R-type (short)
strand joints have shorter repeat distances than any of the
L-type (long) strand joints. However, the deformations
reach up to 0.6 Å, which is almost three-quarters of the
difference between the two states, 0.8 Å. This indicates that
flagellin molecules have relatively high conformational
flexibility and adaptability in either of the states, while
having two well-defined and distinct states of subunit
interactions.

Quasiequivalence is found not only in the lengthwise
deformation, but also in the twisting deformation of the
protofilaments. Although the protofilament helix is left-

handed in the L-type filament and right-handed in the R-
type, the protofilaments of supercoils can be left- or right-
handed regardless of the type of strand joints they form, as
indicated in the models shown in Fig. 2 and by the proto-
filament twist in Fig. 3. This means that the protofilaments
can be twisted in both directions regardless of the confor-
mational state. A much clearer example is found in the
structure of the Lt-type filaments, which are reconstituted
from terminally truncated flagellin fragments (Mimori-
Kiyosue et al., 1996). The protofilament of the Lt-type
filament has a left-handed twist, but much greater than that
of the L-type filament, and yet the local subunit interactions
including the repeat distance of the strand joint are almost
identical to those of the R-type. This is possible because the

FIGURE 2 Polymorphic model of
flagellar filament. Short (A) and long
(B) segments of the tubular structures
are drawn for the L- and R-type
straight filaments at the extreme left
and right, respectively, and for 10
supercoils between the two. The
tubes shown in A represent the outer-
tube lattices at a diameter of 90 Å,
where rectangular tiles represent out-
er-tube domains of flagellin subunits,
just as shown in Fig. 1. Colors around
the protofilament interface indicate
the type of lattice formed by two ad-
jacent protofilaments (strand joint):
blue, the L-type; red, the R-type. The
diameter of the long filaments in B is
400 Å, to display a certain thickness
of the filaments with colors of the L-
and R-type strand joints on the outer
and inner sides of the supercoiled
tubes, respectively. The numbers be-
low the models indicate the number
of the R-type strand joints, n, used in
the equations in Methods. The short
segments in A are composed of 70
tiles, for which the scale bar is 100 Å.
The long filaments in B are com-
posed of 10,680 tiles, which produce
exactly two turns of normal filament
(n ! 2). The three-dimensional coor-
dinates of the tiles are calculated by
the procedure described in Methods.
The pitch and radius of the filaments
in B are listed in Table 1. Scale bar, 1
!m.

TABLE 1 The pitch and radius of the supercoil models shown in Fig. 2

n 1 2 3 4 5 6 7 8 9 10

P 1.576 2.233 0.901 1.429 1.361 1.087 0.881 0.733 0.621 0.535
R 0.040 0.196 0.563 0.350 0.156 0.080 0.044 0.024 0.012 0.005
NS 303 485 696 500 321 229 177 144 120 103

The number of the R-type strand joints in each supercoil is listed as n. The pitch, P, and radius, R, of each supercoil are calculated from its curvature and
twist by Eqs. 11 and 12, and are listed in !m. The curvature and twist are calculated by Eqs. 1 and 10, respectively, from the two twists and intersubunit
distances along the protofilament obtained for the L- and R-type lattices. The number of subunits in the length of a protofilament in one turn of the supercoil
is listed as NS. The range of the lengths and total numbers of subunits in typical flagellar filament are from 10 to 15 !m and from 21,000 to 32,000,
respectively.

Hasegawa et al. Quasi- and Nonequivalence in Flagella 573

(CCW) (CCW)
(CW)

(CW)



Experimental observations indicate a circular relationship in the pitch-circumference plane
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Therefore, (P, D)-plot is the macroscopic counter-
part of themicroscopic (t,k)-plot. To refine themodel,
we modified Calladine’s sinusoidal curve. To do so,
weassumed that thebasichelical lattice inCalladine’s
model is that of the I. loihiensis filament, in particular:

(1) The basic helix is right-handed.

(2) The flagellar filament is composed of 11 proto-
filaments.

Two requirements were introduced into the model
a priori to form connections between tetragonal units
by Calladine,14 and we regard these two statements
as axioms in this work.

Figure 1. (a) An electron microscopic image of I. loihiensis cells. Samples were negatively stained with 2% (w/v)
phosphotungstic acid (pH 7.0) and observed with a JEM-1200EXII electron microscope. The cell body is helical, and the
surface membrane appears to peel off when the preparation is washed prior to staining. A single flagellum grows from a
pole. The scale bar represents 1 mm. (b) The schematic genome of I. loihiensis. The genome is 2.8 Mbp long and contains 2680
genes. Only flagellar genes are shown. Arrows indicate the direction of transcription of operons assumed from sequences.
(c) SDS-PAGE pattern of flagellin from I. loihiensis. Flagellin ran as a single band at 58 kDa in a 12.5% polyacrylamide gel.
(d) The amino acid sequence of I. loihiensis flagellin (upper row), compared with that of P. aeruginosa flagellin (lower row).
Two sequences were aligned using the ExPASy SIM program (http://au.expasy.org/tools/sim.html).
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Are biological fluids any different?



Biological fluids are often host to a polymeric microstructure

Biolocomotion in viscoelastic fluids

In flow: viscous stresses compete with entropic contraction of  polymers

Helical bacteria 
Leptospira (Leptosprosis) and B. burgdorferi (Lyme disease)  

swim faster...

Berg & Turner, 1979; Spielman & Kimsey, 1990

Bharti et al. 2003

�1 =
⌘p
G

E

G⌘p
Relaxation time



...while C. elegans swims slower...

Lauga, Phys. Fluids, 2007 
Teran, Fauci & Shelley, Phys. Rev. Lett., 2010 

Shen & Arratia, Phys. Rev. Lett., 2011

power generated by the organism is approximately 200 pW
(! ¼ 30 mPa " s) [20].

Nevertheless, we find that the values of U for viscoelas-
tic fluids can be 35% lower than the Newtonian fluid of
same shear viscosity. For example, the nematode’s swim-
ming speeds for the viscoelastic and Newtonian cases are
0:18 mm=s and 0:25 mm=s, respectively, even though
the viscosity for both fluids is 300 mPa " s [Fig. 2(a)].
The decrease in swimming speed in CMC (polymeric)
solutions is not due to shear-thinning effects since nema-
tode swimming in the nonelastic, shear-thinning fluid (XG)
showed no apparent decrease in propulsion speed
[Fig. 2(a), triangle symbol] compared to the Newtonian
case.

The nematode’s swimming behavior is further investi-
gated by measuring the bending curvature " along the
nematode’s body centerline [12,18]. In Fig. 2(b), we
show the bending wave speed c as a function of viscosity.
Results show that viscoelasticity has negligible effect on
the nematode’s swimming kinematics. That is, the changes
in kinematics including the decrease in beating frequency
and wave speed are due to viscous effects only. In addition,
there is no evidence of change in motility gait (e.g., swim-
ming to crawling) as ! increases since the beating ampli-
tudes remain constant (A # 0:26 mm) even for the most
viscous fluid (! ¼ 400 mPa " s).

Figure 2(c) shows the nematode’s swimming efficiency
as a function of fluid viscosity for both the Newtonian and
polymeric fluids. Here, swimming efficiency is defined as
the ratio of the swimming speed U to the bending wave
speed c [21]. For the Newtonian case, the swimming
efficiency increases with ! until a finite asymptotic value
is eventually approached. For CMC (polymeric) fluids, the
efficiency initially follows the trend of Newtonian fluids
because the fluid elastic stresses are very small (De # 0).
At ! # 30 mPa " s, we observe a new branch in which
efficiency decreases with fluid viscosity. This viscoelastic
branch is observed at De # 1, where the undulation fre-
quency of the swimmer might couple to the fluid relaxation
time. Overall, the kinematic swimming data show that fluid
elasticity hinders both the organism’s swimming speed and
swimming efficiency at low Re.

The effects of fluid elasticity on the nematode’s swim-
ming behavior are best illustrated by plotting the normal-
ized swimming speed U=UN as a function of the Deborah
number (De ¼ f#), where UN is the Newtonian speed.
Figure 3 shows that the normalized swimming speed de-
creases monotonically with De, and reaches an asymptotic
value of# 0:4 as De is further increased. In other words, as
the elastic stresses increase in magnitude in the fluid, it
introduces a larger resistance to propulsion, therefore
decreasing the nematode’s swimming speed. A similar
trend is observed in gels using a ‘‘two-fluid’’ model [22].

Next, the experimental results on swimming speed are
compared to recent theoretical predictions [3,23]. We note
that for all the experiments presented here, the ratio of
the solvent viscosity to the total solution viscosity

$ ¼ !solv=!sol is below 0.05, where !solv ¼ 1:0 mPa " s
is the solvent (buffer) viscosity and !sol is the solution
viscosity. For the case of an infinitely long, two-
dimensional waving sheet [3] and cylinder [23] with pre-
scribed beating pattern, it is predicted that the swimming
speed decreases with increasing De. While the experimen-
tal data support the predicted trend, there are still quanti-
tative discrepancies between the experimental and
theoretical results as shown in Fig. 3. Some of the possible
reasons for the observed discrepancies may be the finite
length of the swimmer and the assumption of small beating
amplitude in the theoretical works. That is, only small
deflections are considered for both the waving sheet and
cylinder while the nematode shows significant bending.
We also compared the experimental results to a recent

two-dimensional numerical simulation of a finite, large-
amplitude waving sheet using the Stokes-Oldroyd-B model
[16]. The simulation predicts an interesting enhancement
of the sheet swimming speed at De ¼ 1 (Fig. 3). The
experimental results do not reveal such swimming speed
enhancement (Fig. 3) in viscoelastic fluids. ForDe> 1, the
simulation predicts a gradual decrease in U. The discrep-
ancies between the experiment and the simulations are
most likely due to the difference in the swimming beating
patterns. While simulations used a left-moving traveling
wave with an amplitude that increased from head to tail,
our experiments with C. elegans reveal a traveling wave
with an exponential decay from head to tail [18].
In order to gain further insight into the effects of fluid

elasticity on swimming, we investigate the flow fields
generated by C. elegans at Re< 10$3 for both
Newtonian and viscoelastic fluids [Figs. 1(c) and 1(d)];
De ¼ 3:0 for the viscoelastic case. In particular, we are
interested in the velocity decay normal to the nematode’s

FIG. 3 (color online). Swimming speed normalized by
Newtonian speed (UN) as a function of Deborah number. The
data (squares) show that propulsion speed decreases as elasticity
in the fluid increases. The solid line shows the general trend from
[3,23] where $ ¼ 0:05 (see text). The dashed line corresponds to
predictions of [3,23] using kinematic data from this work. The
dotted line corresponds to numerical simulations of [16].
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Biological fluids are often host to a polymeric microstructure
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Free historical notes:
Proposed by Markus Reiner (Technion) (1920):
"The mountains flowed before the Lord" (Deborah; Judges 5:5)

Also coined the term:  “rheology” w/ Bingham (study of  deformation/flow of  matter)
Inspired by the aphorism of  Simplicius: “panta rhei” (Everything flows)

Deborah number: De = �1!

A new dimensionless number appears:



What tools do we have?

Linear PDEs 
Green’s functions 

Moment expansion / method of  reflections / method of  images 
Boundary integral representation 

Slender body theory 
…



What tools do we have?

Fluid memory… and worse 
Coupled nonlinear time-dependent PDEs… with moving immersed boundaries! 

e.g. Stokes/Oldroyd-B: 

Separation of  time-scales 
Finite-time blow up, “high-Weissenberg number catastrophe”, …

(i.e. Pray for a small parameter/symmetry and start computin’)

r · v = 0

⌧ p + �1⌧
p = ⌘p�̇ ⌧ =

@⌧

@t
+ u ·r⌧ � ⌧ ·ru�ruT · ⌧

rp = ⌘sr2v +r · ⌧ p

Linear PDEs 
Green’s functions 

Moment expansion / method of  reflections / method of  images 
Boundary integral representation 

Slender body theory 
…



⌧ = ⌧0 + ✏⌧1 + ...

Swimming of  a 2D sheet in a viscoelastic fluid

Identical swimming speeds for: FENE-P, Johnson-Segalman-Oldroyd, Giesekus

rp = r · ⌧
Stokes/Oldroyd-B:

Small-amplitude asymptotics: U

UN
=

1 + (⌘s/⌘)De2

1 +De2

(Lauga, Phys. Fluids, 2007)

r · v = 0

De = �1!
⌘ = ⌘s + ⌘p
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29. TAYLOR’S SWIMMING SHEET, PART 1

In this lecture we’ll discuss one of the classic early works on the fluid mechanics of microorganism

locomotion. Namely, the undulation of an infinite sheet, as proposed by Taylor (1951), undulating

as illustrated in Fig. 48. The sheet passes waves in the direction of x̂ and the resultant swimming

velocity is written as �V x̂. If V is positive, the sheet swims opposite the direction of the waves.

V

FIG. 48. Taylor’s swimming sheet model of swimming microorganisms.

To determine the swimming speed of the sheet we prescribe the kinematics, taking the waveform

y = b sin(kx � !t), (441)

so that the wavelength is � = 2⇡/k and the period is T = 2⇡/!. Recall the Stokes equations

describing zero Reynolds number (viscosity dominated) flow,

�rp + µ�v = 0, (442)

r · v = 0, (443)

where v is now the fluid velocity in the frame moving with the swimming sheet. In the swimming

problem, the boundary conditions are then

v(x, y ! 1) = V x̂, (444)

v(x, b sin(kx � !t)) = v

d

= �b! cos(kx � !t)ŷ, (445)

where v

d

is the imposed deformation velocity associated with the undulation of the sheet (in the

frame of the swimmer).

The equations are made dimensionless by scaling all lengths by 1/k, time by 1/!, and velocities

by !/k = c (the wave speed). Then, defining x⇤ = kx , y⇤ = ky, t⇤ = !t, v⇤ = v/c, and V ⇤ = V/c,

the boundary conditions become

v

⇤(x⇤, y⇤ ! 1) = V ⇤
x̂, (446)
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U

Reciprocal theorem extensions (finite bodies, etc.): Elfring & Lauga, (2015)



The results can be generalized for a wider class of  helical bodies/waves
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FIG. 2. Examples of helical bodies with ⌫ = 1 (the helical pitch is 2⇡/⌫), and cross section parameterizations given by
(a) ⇢(✓)= 1+ (1/2)sin(✓); (b) ⇢(✓)= 1+ (1/2)sin(2✓); (c) ⇢(✓)= 1+ (1/2)sin(3✓). Cross sections in the z = 0 plane are also
shown. (d) A helical swimmer with ⇢(✓)= 1+ (1/10)sin(3✓) inside a cylindrical tube of radius L = 2.

stresses on µ!. The dimensionless swimming speed and rigid body rotation rate are written as U =
U⇤/(A!) and ⌦ = ⌦⇤/!, the cylindrical tube has dimensionless radius L = L⇤/A, and we define ⌫ =
⌫⇤A. All variables are henceforth understood to be dimensionless unless otherwise stated. Since time
does not appear in the Stokes equations, the flow is solved without loss of generality at t = 0 and we
omit the t dependence for notational convenience.

Application of the same non-dimensionalization to Newton’s second law reveals that the body
is force- and torque-free in the zero Reynolds number limit. For neutrally buoyant organisms, the
swimming must therefore be free of a net hydrodynamic force or torque. A consequence of the
torque-free condition, for example, is that organisms such as Paramecium and Volvox for which
metachronal ciliary waves pass along the surface at an angle must also rotate as a rigid body to
balance the torque, generally in the opposite direction as the wave passage, as we will show.

In this work, we will make use of a helical coordinate system, (r,✓, ⇣), denoting a point in space
x by

x = r [cos(⌫⇣ + ✓)x̂ + sin(⌫⇣ + ✓)ŷ] + ⇣ ẑ, (5)

along with orthonormal basis vectors, (r̂, ✓̂, ẑ), where

r̂ = cos(⌫⇣ + ✓)x̂ + sin(⌫⇣ + ✓)ŷ, ✓̂ = � sin(⌫⇣ + ✓)x̂ + cos(⌫⇣ + ✓)ŷ. (6)

The gradient operator in this coordinate system is given by

r = r̂

@

@r
+ ✓̂

1
r

@

@✓
+ ẑ

 
@

@⇣
� ⌫

@

@✓

!
. (7)

Leaning on the helical symmetry of the problem, in every case considered in the paper, we will
consider solutions of the form

u(r,✓, ⇣) = u(r,✓)r̂ + v(r,✓)✓̂ + w(r,✓)ẑ, p(r,✓, ⇣) = p(r,✓). (8)
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will proceed leaving the full boundary conditions intact. Following Spagnolie et al.,51 once the body
and fluid have reached a quasi-steady state, we have
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!  
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!
. (67)

In a frame moving with velocity [U � (1 +⌦)⌫�1]ẑ, setting z̃ = z � [U � (1 +⌦)⌫�1]t, the observed
fluid field is steady since the boundary and boundary conditions are steady. Physical quantities then
take the form �(x, y, z̃), from which we see @t�|x, y,z = [(1 +⌦)⌫�1 �U]@z�|x, y, t. Then recalling
the relation @z = @⇣ � ⌫@✓, we recover the expression above.

Clearly U = 0 and ⌦ = 0 when " = 0. Assuming ⌦(") is regular around " = 0, the constitutive
equation at O(") is given by

⌧1 +
De
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� De
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!
�̇1. (68)

To proceed, we adopt the Fourier decomposition of f (✓) as before. For notational convenience,
we define

u1k = û1kr̂ + v̂1k ✓̂ + ŵ1kẑ, (69)

the kth Fourier coe�cient of each component being û1k, etc., so that we can write u1 =
P

k u1k
exp(ik✓). Note that the vector coe�cients u1k are not the Fourier coe�cients of the vector u1 due to
the dependence of the basis vectors on ✓. Similarly, and again for convenience, let ei 2 {r̂, ✓̂, ẑ} and
suppose the (i, j) component of a tensor ⌧1 is ⌧1, i j, the kth Fourier coe�cient being ⌧̂1, i j,k. We define

⌧(k)
1 =

X

i, j

⌧̂1, i j,keie j, (70)

so that we may write ⌧1 =
P

k ⌧
(k)
1 eik✓. Again, due to the ✓ dependence of the basis vectors, ⌧(k)

1 is
not a tensor Fourier transform of ⌧1. However, the benefit of the notational choices above is that the
rate-of-strain tensor now satisfies the simple relation

�̇(k)
1 exp(ik✓) = r(u1k exp(ik✓)) + r(u1k exp(ik✓))T , (71)

where �̇
1

=
P

k �̇
(k)
1 exp(ik✓). Upon insertion of the above into the constitutive equation, we obtain

⌧(k)
1

= ⌘⇤(k)�̇(k)
1 , (72)

which is very similar to the Fourier transform of the Newtonian constitutive law, but with a
mode-dependent complex viscosity, ⌘⇤(k) = (1 � ik � De)/(1 � ik De) (see Ref. 69). The real part of
the complex viscosity governs the dissipation of energy in the fluid, while the imaginary part of the
complex viscosity governs the stored elastic energy during deformation. From Eq. (62), we have

r(p̂1k exp(ik✓)) = ⌘⇤(k)r2(u1k exp(ik✓)). (73)

Introducing the e↵ective pressure p̂1k = ⌘⇤(k)p̃k, we recover exactly the same equations at O(") as
in the Stokes flows studied in Secs. III and IV. With the same force-free condition, we see that the
O(") velocity field is the same as that in Stokes flow, namely, we have u1k = (Ukr̂ + Vk ✓̂ + Wkẑ) f̂k
and then U1 = 0 and U = O("2). Furthermore, the torque for each mode at O(") is zero by the results
in Stokes flow. This shows that the torque contributed by the helical wave still enters as O("2) in the
Oldroyd-B fluid as does the rigid body rotation rate ⌦. We will consider the swimming speed and
pumping rate to O("2) only, so that we may neglect the rigid body rotation in the viscoelastic case.

The swimming speed or pumping rate at O("2) is again only related to the k = 0 mode. The
k = 0 mode of the constitutive equation at O("2) reads

⌧(0)
2 + De

⇣
(u1 · r⌧1)(0) � (⌧1 · ru1 + ru

T
1 · ⌧1)(0)

⌘

= �̇(0)
2 + � De

⇣
(u1 · r�̇1)(0) � (�̇1 · ru1 + ru

T
1 · �̇1)(0)

⌘
, (74)
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will proceed leaving the full boundary conditions intact. Following Spagnolie et al.,51 once the body
and fluid have reached a quasi-steady state, we have
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In a frame moving with velocity [U � (1 +⌦)⌫�1]ẑ, setting z̃ = z � [U � (1 +⌦)⌫�1]t, the observed
fluid field is steady since the boundary and boundary conditions are steady. Physical quantities then
take the form �(x, y, z̃), from which we see @t�|x, y,z = [(1 +⌦)⌫�1 �U]@z�|x, y, t. Then recalling
the relation @z = @⇣ � ⌫@✓, we recover the expression above.

Clearly U = 0 and ⌦ = 0 when " = 0. Assuming ⌦(") is regular around " = 0, the constitutive
equation at O(") is given by
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To proceed, we adopt the Fourier decomposition of f (✓) as before. For notational convenience,
we define

u1k = û1kr̂ + v̂1k ✓̂ + ŵ1kẑ, (69)

the kth Fourier coe�cient of each component being û1k, etc., so that we can write u1 =
P

k u1k
exp(ik✓). Note that the vector coe�cients u1k are not the Fourier coe�cients of the vector u1 due to
the dependence of the basis vectors on ✓. Similarly, and again for convenience, let ei 2 {r̂, ✓̂, ẑ} and
suppose the (i, j) component of a tensor ⌧1 is ⌧1, i j, the kth Fourier coe�cient being ⌧̂1, i j,k. We define
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1 =
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⌧̂1, i j,keie j, (70)

so that we may write ⌧1 =
P

k ⌧
(k)
1 eik✓. Again, due to the ✓ dependence of the basis vectors, ⌧(k)

1 is
not a tensor Fourier transform of ⌧1. However, the benefit of the notational choices above is that the
rate-of-strain tensor now satisfies the simple relation

�̇(k)
1 exp(ik✓) = r(u1k exp(ik✓)) + r(u1k exp(ik✓))T , (71)

where �̇
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=
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(k)
1 exp(ik✓). Upon insertion of the above into the constitutive equation, we obtain

⌧(k)
1

= ⌘⇤(k)�̇(k)
1 , (72)

which is very similar to the Fourier transform of the Newtonian constitutive law, but with a
mode-dependent complex viscosity, ⌘⇤(k) = (1 � ik � De)/(1 � ik De) (see Ref. 69). The real part of
the complex viscosity governs the dissipation of energy in the fluid, while the imaginary part of the
complex viscosity governs the stored elastic energy during deformation. From Eq. (62), we have

r(p̂1k exp(ik✓)) = ⌘⇤(k)r2(u1k exp(ik✓)). (73)

Introducing the e↵ective pressure p̂1k = ⌘⇤(k)p̃k, we recover exactly the same equations at O(") as
in the Stokes flows studied in Secs. III and IV. With the same force-free condition, we see that the
O(") velocity field is the same as that in Stokes flow, namely, we have u1k = (Ukr̂ + Vk ✓̂ + Wkẑ) f̂k
and then U1 = 0 and U = O("2). Furthermore, the torque for each mode at O(") is zero by the results
in Stokes flow. This shows that the torque contributed by the helical wave still enters as O("2) in the
Oldroyd-B fluid as does the rigid body rotation rate ⌦. We will consider the swimming speed and
pumping rate to O("2) only, so that we may neglect the rigid body rotation in the viscoelastic case.

The swimming speed or pumping rate at O("2) is again only related to the k = 0 mode. The
k = 0 mode of the constitutive equation at O("2) reads
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will proceed leaving the full boundary conditions intact. Following Spagnolie et al.,51 once the body
and fluid have reached a quasi-steady state, we have
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In a frame moving with velocity [U � (1 +⌦)⌫�1]ẑ, setting z̃ = z � [U � (1 +⌦)⌫�1]t, the observed
fluid field is steady since the boundary and boundary conditions are steady. Physical quantities then
take the form �(x, y, z̃), from which we see @t�|x, y,z = [(1 +⌦)⌫�1 �U]@z�|x, y, t. Then recalling
the relation @z = @⇣ � ⌫@✓, we recover the expression above.

Clearly U = 0 and ⌦ = 0 when " = 0. Assuming ⌦(") is regular around " = 0, the constitutive
equation at O(") is given by
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To proceed, we adopt the Fourier decomposition of f (✓) as before. For notational convenience,
we define

u1k = û1kr̂ + v̂1k ✓̂ + ŵ1kẑ, (69)

the kth Fourier coe�cient of each component being û1k, etc., so that we can write u1 =
P

k u1k
exp(ik✓). Note that the vector coe�cients u1k are not the Fourier coe�cients of the vector u1 due to
the dependence of the basis vectors on ✓. Similarly, and again for convenience, let ei 2 {r̂, ✓̂, ẑ} and
suppose the (i, j) component of a tensor ⌧1 is ⌧1, i j, the kth Fourier coe�cient being ⌧̂1, i j,k. We define
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so that we may write ⌧1 =
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k ⌧
(k)
1 eik✓. Again, due to the ✓ dependence of the basis vectors, ⌧(k)

1 is
not a tensor Fourier transform of ⌧1. However, the benefit of the notational choices above is that the
rate-of-strain tensor now satisfies the simple relation
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1 exp(ik✓) = r(u1k exp(ik✓)) + r(u1k exp(ik✓))T , (71)

where �̇
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1 exp(ik✓). Upon insertion of the above into the constitutive equation, we obtain
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1 , (72)

which is very similar to the Fourier transform of the Newtonian constitutive law, but with a
mode-dependent complex viscosity, ⌘⇤(k) = (1 � ik � De)/(1 � ik De) (see Ref. 69). The real part of
the complex viscosity governs the dissipation of energy in the fluid, while the imaginary part of the
complex viscosity governs the stored elastic energy during deformation. From Eq. (62), we have

r(p̂1k exp(ik✓)) = ⌘⇤(k)r2(u1k exp(ik✓)). (73)

Introducing the e↵ective pressure p̂1k = ⌘⇤(k)p̃k, we recover exactly the same equations at O(") as
in the Stokes flows studied in Secs. III and IV. With the same force-free condition, we see that the
O(") velocity field is the same as that in Stokes flow, namely, we have u1k = (Ukr̂ + Vk ✓̂ + Wkẑ) f̂k
and then U1 = 0 and U = O("2). Furthermore, the torque for each mode at O(") is zero by the results
in Stokes flow. This shows that the torque contributed by the helical wave still enters as O("2) in the
Oldroyd-B fluid as does the rigid body rotation rate ⌦. We will consider the swimming speed and
pumping rate to O("2) only, so that we may neglect the rigid body rotation in the viscoelastic case.

The swimming speed or pumping rate at O("2) is again only related to the k = 0 mode. The
k = 0 mode of the constitutive equation at O("2) reads
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will proceed leaving the full boundary conditions intact. Following Spagnolie et al.,51 once the body
and fluid have reached a quasi-steady state, we have
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In a frame moving with velocity [U � (1 +⌦)⌫�1]ẑ, setting z̃ = z � [U � (1 +⌦)⌫�1]t, the observed
fluid field is steady since the boundary and boundary conditions are steady. Physical quantities then
take the form �(x, y, z̃), from which we see @t�|x, y,z = [(1 +⌦)⌫�1 �U]@z�|x, y, t. Then recalling
the relation @z = @⇣ � ⌫@✓, we recover the expression above.

Clearly U = 0 and ⌦ = 0 when " = 0. Assuming ⌦(") is regular around " = 0, the constitutive
equation at O(") is given by
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To proceed, we adopt the Fourier decomposition of f (✓) as before. For notational convenience,
we define

u1k = û1kr̂ + v̂1k ✓̂ + ŵ1kẑ, (69)

the kth Fourier coe�cient of each component being û1k, etc., so that we can write u1 =
P

k u1k
exp(ik✓). Note that the vector coe�cients u1k are not the Fourier coe�cients of the vector u1 due to
the dependence of the basis vectors on ✓. Similarly, and again for convenience, let ei 2 {r̂, ✓̂, ẑ} and
suppose the (i, j) component of a tensor ⌧1 is ⌧1, i j, the kth Fourier coe�cient being ⌧̂1, i j,k. We define
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so that we may write ⌧1 =
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(k)
1 eik✓. Again, due to the ✓ dependence of the basis vectors, ⌧(k)

1 is
not a tensor Fourier transform of ⌧1. However, the benefit of the notational choices above is that the
rate-of-strain tensor now satisfies the simple relation
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1 exp(ik✓) = r(u1k exp(ik✓)) + r(u1k exp(ik✓))T , (71)

where �̇
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1 exp(ik✓). Upon insertion of the above into the constitutive equation, we obtain
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1 , (72)

which is very similar to the Fourier transform of the Newtonian constitutive law, but with a
mode-dependent complex viscosity, ⌘⇤(k) = (1 � ik � De)/(1 � ik De) (see Ref. 69). The real part of
the complex viscosity governs the dissipation of energy in the fluid, while the imaginary part of the
complex viscosity governs the stored elastic energy during deformation. From Eq. (62), we have

r(p̂1k exp(ik✓)) = ⌘⇤(k)r2(u1k exp(ik✓)). (73)

Introducing the e↵ective pressure p̂1k = ⌘⇤(k)p̃k, we recover exactly the same equations at O(") as
in the Stokes flows studied in Secs. III and IV. With the same force-free condition, we see that the
O(") velocity field is the same as that in Stokes flow, namely, we have u1k = (Ukr̂ + Vk ✓̂ + Wkẑ) f̂k
and then U1 = 0 and U = O("2). Furthermore, the torque for each mode at O(") is zero by the results
in Stokes flow. This shows that the torque contributed by the helical wave still enters as O("2) in the
Oldroyd-B fluid as does the rigid body rotation rate ⌦. We will consider the swimming speed and
pumping rate to O("2) only, so that we may neglect the rigid body rotation in the viscoelastic case.

The swimming speed or pumping rate at O("2) is again only related to the k = 0 mode. The
k = 0 mode of the constitutive equation at O("2) reads

⌧(0)
2 + De

⇣
(u1 · r⌧1)(0) � (⌧1 · ru1 + ru

T
1 · ⌧1)(0)

⌘

= �̇(0)
2 + � De

⇣
(u1 · r�̇1)(0) � (�̇1 · ru1 + ru

T
1 · �̇1)(0)

⌘
, (74)
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FIG. 1. The surface of a general helical body is described by the cross-sectional parameterization A ρ(θ ) = A (1 + ε f (θ ))
and the vertical pitch by 2π /ν∗ (the pitch angle is given by β = tan −1(ν∗A)). The example shown has a cross-sectional profile
ρ(θ ) = 1 + (1/3)(sin (θ ) − cos (3θ )). A polar coordinate system is defined on a planar cross-section as shown.

while the material on the helical surface moves with velocity

∂

∂t
ỹ(θ, ζ̃ (ζ, t)) = ω A(1 + ε f (θ ))

[
− sin(ν∗ζ̃ + θ )x̂ + cos(ν∗ζ̃ + θ )ŷ

]
+ ω

ν∗ ẑ. (3)

The equations describing a Newtonian fluid flow at zero Reynolds number are the Stokes
equations, which are Galilean invariant and so are unchanged in a frame moving with constant
velocity. The incompressible Stokes equations in the moving frame described above are given by

∇ · σ = −∇ p + µ*u = 0, (4)

∇ · u = 0, (5)

N = 1 N = 2 N = 3

(a) (b) (c) (d)

FIG. 2. Helical body examples with ν = 1, with cross-section parameterizations given by: (a) ρ(θ ) = 1 + (1/2)sin (θ );
(b) ρ(θ ) = 1 + (1/2)sin (2θ ); (c) ρ(θ ) = 1 + (1/2)sin (3θ ). (d) A right-handed helix with a left-handed helical surface pattern,
selected such that the swimming speed during rotation is approximately zero. Cross-sections in the z = 0 plane are also
shown.
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Enhanced swimming at large helical amplitudes
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and by using the symmetry of an infinite helix to simplify the cal-
culation. The agreement between the predictions of the bound-
ary-element method and the measurements is excellent (Fig. 6).
The agreement between experiment and theory also confirms
that the experimental configuration can be safely assumed to re-
present the steady motion of an unbounded helix in an infinite
domain and that the effects of the container walls are negligible.

With the experimental technique quantitatively validated using
the Newtonian fluid, we return to the study of the helix in the
polymer fluid. Fig. 7 shows the measurements of the force-free
swimming speeds Vp of helices in polymeric solutions of two
different elasticities. We measure the rotation frequency Ω∕ð2πÞ
in units of the relaxation time using the Deborah number,
De ¼ Ωτ∕ð2πÞ. Note that our definition of the Deborah number
is the same as that of ref. 10 and differs by that of refs. 7–9 by a
factor of 2π. For a given helical geometry, Vp∕V 0 is nearly unity at
small De, which is expected because the fluid becomes less elastic
as the rate of deformation decreases. Note that at the smallest
value of De for which we take measurements, the hydrodynamic
forces are smallest and experimental error, primarily due to a
small amount of fluid retained on the withdrawn helix from pre-
vious trials, is relatively higher compared to measurements at
higher De. We should emphasize that for each point plotted in
Fig. 7, approximately five experiments are needed, in which the
translation speed V is changed, in order to determine the zero-
force swimming speed for those conditions. The aggregate data,
though compactly presented, thus represents hundreds of hours
of carefully controlled data acquisition.

As De increases, the ratio Vp∕V 0 becomes greater than unity,
showing an enhancement of the free-swimming speed in the
viscoelastic fluid relative to the Newtonian reference. The en-
hancement peaks at De ∼ 1, where the rotation rate Ω matches
the relaxation rate τ of the viscoelastic fluid. The enhancement is
sensitive to the helical geometry. The helix with θ ¼ 0.38π (upper
helix, Fig. 7) has a maximum enhancement that is nearly five
times that of the helix with θ ¼ 0.27π (lower helix, Fig. 7).
The enhancement also depends on the elasticity of the liquid.
As the concentration of PIB doubles and G ¼ η − ηs∕τ increases
from 10.5 Pa to 26.4 Pa, the maximum enhancement increases by
a factor between two and three. As De increases beyond unity,
Vp∕V 0 decreases and the helix eventually swims more slowly than
V 0. We did not make measurements for De > 2, since at those
high rotation rates the transit time for the helix is no longer large
compared to the relaxation time.

Discussion
The most striking feature of this study is the enhancement of
swimming speed of a rotating helix in a viscoelastic fluid near
De ¼ 1, in contrast with the decrease observed in the swimming
speed of nematodes using planar undulations in a Boger fluid (6).
Thus, the nature of the dependence of swimming speed on De
appears to depend strongly on the geometry of the waveform
used for swimming. This conclusion is further supported by the
sensitivity of the peak enhancement of swimming speed on the
pitch angle of the helix (Fig. 7). The enhancement near De ¼ 1
is reminiscent of the simulated behavior of a large-amplitude
finite-length swimmer in two dimensions (10). In that simulation
and in our experiment, the peak enhancement of swimming speed
occurs when the time scale for the strained fluid to relax matches
that of the periodic forcing. Note, however, that in the case of
the large-amplitude swimmer (10), the stress at the end of the
swimmer played an important role, whereas in our experiment
we do not expect end effects to underly the enhancement of swim-
ming speed because we saw that end effects are negligible once
the immersed length is longer than one wavelength.

Two concerns with our experiment are the possibility of a
systematic error and whether we can ascribe with certainty elastic
effects as the source of the swimming speed enhancement. The
simplicity of the method, and the accuracy with which we repro-
duce the theoretical predictions for swimming in a Newtonian
fluid (Fig. 6), helps to build confidence in the validity of the mea-
surements. Similarly, although the test fluid is not a perfect Boger
fluid, the changes in viscosity are extremely small, particularly
over the range of low shear rates that characterize our experi-
ments. Furthermore, the very modest shear thinning is monotonic
while the swimming speed enhancement exhibits a clear maxi-
mum. Likewise, the elastic behavior of the PIB is as one would
expect: the storage and loss moduli, G0 and G00, are well modeled
by the ideal asymptotic behavior (G0 ∝ ω2, G00 ∝ ω) at the lower
frequencies characteristic of the experiments. There is, to be sure,
evidence of nondilute effects in the fluid behavior. The storage
and loss moduli and the moderate decreasing viscosity (Fig. 2) do
fit a nondilute theory (16), and as noted above, the modulus G
increases by a factor of 2.51 despite the fact that the concentra-
tion only increases by a factor of 2. Nevertheless, despite the fact
that the fluid is not an ideal Oldroyd-B fluid, it is well approxi-
mated by that model, which indicates that the observed peak in
swimming speed is due to the elasticity of the fluid. Detailed nu-

0  /8  /4 3   /8  /2

0

0.1

0.2

0.3

Fig. 6. The normalized swimming speed V0∕ΩR of helices of various pitch
angles θ and two different aspect ratios d∕l in a viscous fluid. The graph
shows experimental measurements (open circles and squares), the predic-
tions of Lighthill’s and Johnson’s slender-body theories, and a boundary-
element method (B.E.).
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Fig. 7. Ratio of free-swimming speed in the viscoelastic fluid Vp to that in
the Newtonian fluid V0, as a function of the Deborah number De, for two
different polymer solutions and two different helices.
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Yet other fluids are anisotropic (stress response is direction dependent)

Mucus and biofilms are anisotropic  
(in addition to viscoelastic, and shear-thinning…)

Krieger, Spagnolie, PowersKrieger, Spagnolie, Powers
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Fig. 1: (Color online) Sketch of a swimming sheet (not to
scale) immersed in a nematic liquid crystal with director field
n(x, y, t). The propagating wave has wavelength 2⇡/q, small
amplitude b ⌧ 2⇡/q, and wave speed c = !/q. The director
field n makes an angle ✓ with the x axis.

analytically in general. We show how the swimming veloc-
ity depends on numerous physical parameters, such as the
rotational viscosity �, anisotropic viscosities µ

i

, the Frank
constants K

i

, the tumbling parameter � and the Ericksen
number. The rate of fluid transport is also investigated,
which unlike in a Newtonian fluid, can move along with or
against the motion of the swimmer. The results may be
relevant in understanding locomotion in biofilms [25], and
is complementary to recent work on active nematics, or
soft active matter, in which dense suspensions of microor-
ganisms themselves can exhibit LC-like ordering [26–28].

Anisotropic viscous stress. – The nematic
molecules are rod-like and their directions are provided
in a continuum approximation by a director field n. The
fluid’s viscous stress response to deformation is approx-
imated by incorporating terms linear in the strain rate
that preserve n ! �n symmetry. In an incompressible
nematic, this yields the deviatoric viscous stress [29, 30],

�d = 2µE + 2µ1nn (n · E · n) + µ2 (nE · n + n · En) , (1)

with E =
⇥

rv + (rv)T
⇤

/2 the symmetric rate-of-strain
tensor. The coe�cients µ1 and µ2 can be negative, but the
requirement that the power dissipation be positive yields
bounds of µ > 0, µ2 > �2µ, and µ1 + µ2 > �3µ/2.

Elastic stress. – The elastic free energy for a nematic
liquid crystal is

F =
K1

2
(r · n)2 +

K2

2
(n · r ⇥ n)2 +

K3

2
[n ⇥ (r ⇥ n)]2 ,

(2)
where K1 is the splay elastic constant, K2 is the twist
elastic constant, and K3 is the bend elastic constant [30].
The total free energy in the fluid (per unit length) is
Fel =

R Fdxdy. The elastic response of the fluid to de-
formation introduces a length-scale-dependent relaxation
time, ⌧ = µ(K3q

2)�1, where µ is a characteristic fluid vis-
cosity. For small-molecule liquid crystals, typical values
are µ ⇡ 10�2 Pa-s and K3 ⇡ 10�11 N. On the length scale

of bacterial flagellar undulations for which q ⇡ 1 µm�1,
the relaxation time is ⌧ ⇡ 1 ms. In two-dimensions,
n = cos ✓x̂ + sin ✓ŷ with ✓(x, y, t) the angle field, and the
twist term vanishes.

Equilibrium configurations of the director field are
found by minimizing F subject to |n| = 1. This proce-
dure leads to h = 0, where h is the transverse part of the
molecular field H = ��Fel/�n, h = H�nn ·H. The fluid
stress corresponding to the elastic free energy F is then
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), and the dimensionless param-
eter � is the ‘reactive parameter’ or ‘tumbling parameter’,
which depends on the shape of the molecules and the de-
gree of nematic order [29,30]. In equilibrium, the condition
for the balance of director torques h = 0 implies the bal-
ance of elastic forces, �@

i

peq + @
j

�r
ij

= 0, provided the
pressure is given by peq = �F [31].

Governing equations. – The swimming body is
modeled as an infinite sheet undergoing a prescribed trans-
verse or longitudinal sinusoidal undulation of the form
y1 = b sin(qx � !t) for a transverse swimmer and u1 =
a sin(qx � !t) for a longitudinal swimmer, measured in
the frame moving with the swimmer. The sheet is im-
mersed in an infinite nematic liquid crystal in which the
molecular director field n is restricted to two-dimensions.

At zero Reynolds number, conservation of mass results
in a divergence-free velocity field, r · v = 0, and conser-
vation of momentum is expressed as force balance,
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where � is a rotational viscosity [29, 30]. Equation (5)
balances the viscous torque arising from the rotation of the
director relative to the local fluid rotation, with viscous
torque arising through E and elastic torque through �h.

The no-slip velocity boundary condition is applied on
the swimmer surface, and as y ! 1 the flow has uni-
form velocity v = U x̂ where �U is the swimming speed.
Meanwhile, the director field has a surface-chemistry-
mediated preferential angle at the boundary. We will
study the case of tangential anchoring, with anchoring
strength w, leading to a mixed boundary condition there,
N · rn + w(I � NN) · n = 0, where I is the identity
operator and N is the unit normal vector at the surface
[31]. Strong tangential anchoring (w ! 1) results in
tan(✓(x, y1, t)) = @

x

y1(x, t) (see Fig. 1).
The system is made dimensionless by scaling lengths

upon q�1, velocities on c = !/q, time upon !�1, and forces
upon K3. Henceforth all variables are understood to be

p-2
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Fig. 1: (Color online) Sketch of a swimming sheet (not to
scale) immersed in a nematic liquid crystal with director field
n(x, y, t). The propagating wave has wavelength 2⇡/q, small
amplitude b ⌧ 2⇡/q, and wave speed c = !/q. The director
field n makes an angle ✓ with the x axis.

analytically in general. We show how the swimming veloc-
ity depends on numerous physical parameters, such as the
rotational viscosity �, anisotropic viscosities µ

i

, the Frank
constants K

i

, the tumbling parameter � and the Ericksen
number. The rate of fluid transport is also investigated,
which unlike in a Newtonian fluid, can move along with or
against the motion of the swimmer. The results may be
relevant in understanding locomotion in biofilms [25], and
is complementary to recent work on active nematics, or
soft active matter, in which dense suspensions of microor-
ganisms themselves can exhibit LC-like ordering [26–28].

Anisotropic viscous stress. – The nematic
molecules are rod-like and their directions are provided
in a continuum approximation by a director field n. The
fluid’s viscous stress response to deformation is approx-
imated by incorporating terms linear in the strain rate
that preserve n ! �n symmetry. In an incompressible
nematic, this yields the deviatoric viscous stress [29, 30],

�d = 2µE + 2µ1nn (n · E · n) + µ2 (nE · n + n · En) , (1)

with E =
⇥

rv + (rv)T
⇤

/2 the symmetric rate-of-strain
tensor. The coe�cients µ1 and µ2 can be negative, but the
requirement that the power dissipation be positive yields
bounds of µ > 0, µ2 > �2µ, and µ1 + µ2 > �3µ/2.

Elastic stress. – The elastic free energy for a nematic
liquid crystal is

F =
K1
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(r · n)2 +
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2
(n · r ⇥ n)2 +
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2
[n ⇥ (r ⇥ n)]2 ,

(2)
where K1 is the splay elastic constant, K2 is the twist
elastic constant, and K3 is the bend elastic constant [30].
The total free energy in the fluid (per unit length) is
Fel =

R Fdxdy. The elastic response of the fluid to de-
formation introduces a length-scale-dependent relaxation
time, ⌧ = µ(K3q

2)�1, where µ is a characteristic fluid vis-
cosity. For small-molecule liquid crystals, typical values
are µ ⇡ 10�2 Pa-s and K3 ⇡ 10�11 N. On the length scale

of bacterial flagellar undulations for which q ⇡ 1 µm�1,
the relaxation time is ⌧ ⇡ 1 ms. In two-dimensions,
n = cos ✓x̂ + sin ✓ŷ with ✓(x, y, t) the angle field, and the
twist term vanishes.

Equilibrium configurations of the director field are
found by minimizing F subject to |n| = 1. This proce-
dure leads to h = 0, where h is the transverse part of the
molecular field H = ��Fel/�n, h = H�nn ·H. The fluid
stress corresponding to the elastic free energy F is then
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eter � is the ‘reactive parameter’ or ‘tumbling parameter’,
which depends on the shape of the molecules and the de-
gree of nematic order [29,30]. In equilibrium, the condition
for the balance of director torques h = 0 implies the bal-
ance of elastic forces, �@
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= 0, provided the
pressure is given by peq = �F [31].

Governing equations. – The swimming body is
modeled as an infinite sheet undergoing a prescribed trans-
verse or longitudinal sinusoidal undulation of the form
y1 = b sin(qx � !t) for a transverse swimmer and u1 =
a sin(qx � !t) for a longitudinal swimmer, measured in
the frame moving with the swimmer. The sheet is im-
mersed in an infinite nematic liquid crystal in which the
molecular director field n is restricted to two-dimensions.

At zero Reynolds number, conservation of mass results
in a divergence-free velocity field, r · v = 0, and conser-
vation of momentum is expressed as force balance,
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where � is a rotational viscosity [29, 30]. Equation (5)
balances the viscous torque arising from the rotation of the
director relative to the local fluid rotation, with viscous
torque arising through E and elastic torque through �h.

The no-slip velocity boundary condition is applied on
the swimmer surface, and as y ! 1 the flow has uni-
form velocity v = U x̂ where �U is the swimming speed.
Meanwhile, the director field has a surface-chemistry-
mediated preferential angle at the boundary. We will
study the case of tangential anchoring, with anchoring
strength w, leading to a mixed boundary condition there,
N · rn + w(I � NN) · n = 0, where I is the identity
operator and N is the unit normal vector at the surface
[31]. Strong tangential anchoring (w ! 1) results in
tan(✓(x, y1, t)) = @

x

y1(x, t) (see Fig. 1).
The system is made dimensionless by scaling lengths

upon q�1, velocities on c = !/q, time upon !�1, and forces
upon K3. Henceforth all variables are understood to be
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B. subtilis in a nematic liquid crystal (DSCG)
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Fig. 3. (a, b) Spermatozoa moving in the thick central zone of relaxed ovulatory mucus (1.30min CP). (a) On the surface of the
meshwork, magnification, !3500; (b) within the meshwork, !2800. (c, d) Stretched ovulatory cervical mucus (1.30min CP). A sperm
alignment parallel to filaments oriented conformably to stretching axis is obvious in the pictures (arrows). c: Slight elongation (3 cm),
!7500; (d) Strong elongation (10 cm). Spermatozoa are moving here along a bunch of tightly closed filaments, !3500. (e, f) Asthenic
spermatozoa confronted with luteal-type cervical mucus. (e) Sperm lying flat on the meshwork surface (27th day – 1min CP), !7000;
(f) A sea monster-like spermatozoon forcing its way through a very hostile meshwork (last week of pregnancy – 4.30min CP), !7000.
This picture published previously (11) was incorporated in this iconography because of its exceptional character and rarity.
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A nematic liquid crystal is a phase with orientational order but no positional order
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Fig. 1: (Color online) Sketch of a swimming sheet (not to
scale) immersed in a nematic liquid crystal with director field
n(x, y, t). The propagating wave has wavelength 2⇡/q, small
amplitude b ⌧ 2⇡/q, and wave speed c = !/q. The director
field n makes an angle ✓ with the x axis.

analytically in general. We show how the swimming veloc-
ity depends on numerous physical parameters, such as the
rotational viscosity �, anisotropic viscosities µ

i

, the Frank
constants K

i

, the tumbling parameter � and the Ericksen
number. The rate of fluid transport is also investigated,
which unlike in a Newtonian fluid, can move along with or
against the motion of the swimmer. The results may be
relevant in understanding locomotion in biofilms [25], and
is complementary to recent work on active nematics, or
soft active matter, in which dense suspensions of microor-
ganisms themselves can exhibit LC-like ordering [26–28].

Anisotropic viscous stress. – The nematic
molecules are rod-like and their directions are provided
in a continuum approximation by a director field n. The
fluid’s viscous stress response to deformation is approx-
imated by incorporating terms linear in the strain rate
that preserve n ! �n symmetry. In an incompressible
nematic, this yields the deviatoric viscous stress [29, 30],

�d = 2µE + 2µ1nn (n · E · n) + µ2 (nE · n + n · En) , (1)

with E =
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/2 the symmetric rate-of-strain
tensor. The coe�cients µ1 and µ2 can be negative, but the
requirement that the power dissipation be positive yields
bounds of µ > 0, µ2 > �2µ, and µ1 + µ2 > �3µ/2.

Elastic stress. – The elastic free energy for a nematic
liquid crystal is

F =
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[n ⇥ (r ⇥ n)]2 ,
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where K1 is the splay elastic constant, K2 is the twist
elastic constant, and K3 is the bend elastic constant [30].
The total free energy in the fluid (per unit length) is
Fel =

R Fdxdy. The elastic response of the fluid to de-
formation introduces a length-scale-dependent relaxation
time, ⌧ = µ(K3q

2)�1, where µ is a characteristic fluid vis-
cosity. For small-molecule liquid crystals, typical values
are µ ⇡ 10�2 Pa-s and K3 ⇡ 10�11 N. On the length scale

of bacterial flagellar undulations for which q ⇡ 1 µm�1,
the relaxation time is ⌧ ⇡ 1 ms. In two-dimensions,
n = cos ✓x̂ + sin ✓ŷ with ✓(x, y, t) the angle field, and the
twist term vanishes.

Equilibrium configurations of the director field are
found by minimizing F subject to |n| = 1. This proce-
dure leads to h = 0, where h is the transverse part of the
molecular field H = ��Fel/�n, h = H�nn ·H. The fluid
stress corresponding to the elastic free energy F is then
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which depends on the shape of the molecules and the de-
gree of nematic order [29,30]. In equilibrium, the condition
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Governing equations. – The swimming body is
modeled as an infinite sheet undergoing a prescribed trans-
verse or longitudinal sinusoidal undulation of the form
y1 = b sin(qx � !t) for a transverse swimmer and u1 =
a sin(qx � !t) for a longitudinal swimmer, measured in
the frame moving with the swimmer. The sheet is im-
mersed in an infinite nematic liquid crystal in which the
molecular director field n is restricted to two-dimensions.

At zero Reynolds number, conservation of mass results
in a divergence-free velocity field, r · v = 0, and conser-
vation of momentum is expressed as force balance,
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where � is a rotational viscosity [29, 30]. Equation (5)
balances the viscous torque arising from the rotation of the
director relative to the local fluid rotation, with viscous
torque arising through E and elastic torque through �h.

The no-slip velocity boundary condition is applied on
the swimmer surface, and as y ! 1 the flow has uni-
form velocity v = U x̂ where �U is the swimming speed.
Meanwhile, the director field has a surface-chemistry-
mediated preferential angle at the boundary. We will
study the case of tangential anchoring, with anchoring
strength w, leading to a mixed boundary condition there,
N · rn + w(I � NN) · n = 0, where I is the identity
operator and N is the unit normal vector at the surface
[31]. Strong tangential anchoring (w ! 1) results in
tan(✓(x, y1, t)) = @

x

y1(x, t) (see Fig. 1).
The system is made dimensionless by scaling lengths

upon q�1, velocities on c = !/q, time upon !�1, and forces
upon K3. Henceforth all variables are understood to be

p-2
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Fig. 1: (Color online) Sketch of a swimming sheet (not to
scale) immersed in a nematic liquid crystal with director field
n(x, y, t). The propagating wave has wavelength 2⇡/q, small
amplitude b ⌧ 2⇡/q, and wave speed c = !/q. The director
field n makes an angle ✓ with the x axis.

analytically in general. We show how the swimming veloc-
ity depends on numerous physical parameters, such as the
rotational viscosity �, anisotropic viscosities µ

i

, the Frank
constants K

i

, the tumbling parameter � and the Ericksen
number. The rate of fluid transport is also investigated,
which unlike in a Newtonian fluid, can move along with or
against the motion of the swimmer. The results may be
relevant in understanding locomotion in biofilms [25], and
is complementary to recent work on active nematics, or
soft active matter, in which dense suspensions of microor-
ganisms themselves can exhibit LC-like ordering [26–28].

Anisotropic viscous stress. – The nematic
molecules are rod-like and their directions are provided
in a continuum approximation by a director field n. The
fluid’s viscous stress response to deformation is approx-
imated by incorporating terms linear in the strain rate
that preserve n ! �n symmetry. In an incompressible
nematic, this yields the deviatoric viscous stress [29, 30],

�d = 2µE + 2µ1nn (n · E · n) + µ2 (nE · n + n · En) , (1)

with E =
⇥

rv + (rv)T
⇤

/2 the symmetric rate-of-strain
tensor. The coe�cients µ1 and µ2 can be negative, but the
requirement that the power dissipation be positive yields
bounds of µ > 0, µ2 > �2µ, and µ1 + µ2 > �3µ/2.

Elastic stress. – The elastic free energy for a nematic
liquid crystal is
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2
(n · r ⇥ n)2 +
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2
[n ⇥ (r ⇥ n)]2 ,

(2)
where K1 is the splay elastic constant, K2 is the twist
elastic constant, and K3 is the bend elastic constant [30].
The total free energy in the fluid (per unit length) is
Fel =

R Fdxdy. The elastic response of the fluid to de-
formation introduces a length-scale-dependent relaxation
time, ⌧ = µ(K3q

2)�1, where µ is a characteristic fluid vis-
cosity. For small-molecule liquid crystals, typical values
are µ ⇡ 10�2 Pa-s and K3 ⇡ 10�11 N. On the length scale

of bacterial flagellar undulations for which q ⇡ 1 µm�1,
the relaxation time is ⌧ ⇡ 1 ms. In two-dimensions,
n = cos ✓x̂ + sin ✓ŷ with ✓(x, y, t) the angle field, and the
twist term vanishes.

Equilibrium configurations of the director field are
found by minimizing F subject to |n| = 1. This proce-
dure leads to h = 0, where h is the transverse part of the
molecular field H = ��Fel/�n, h = H�nn ·H. The fluid
stress corresponding to the elastic free energy F is then
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where ⇧
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k

n
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), and the dimensionless param-
eter � is the ‘reactive parameter’ or ‘tumbling parameter’,
which depends on the shape of the molecules and the de-
gree of nematic order [29,30]. In equilibrium, the condition
for the balance of director torques h = 0 implies the bal-
ance of elastic forces, �@

i

peq + @
j

�r
ij

= 0, provided the
pressure is given by peq = �F [31].

Governing equations. – The swimming body is
modeled as an infinite sheet undergoing a prescribed trans-
verse or longitudinal sinusoidal undulation of the form
y1 = b sin(qx � !t) for a transverse swimmer and u1 =
a sin(qx � !t) for a longitudinal swimmer, measured in
the frame moving with the swimmer. The sheet is im-
mersed in an infinite nematic liquid crystal in which the
molecular director field n is restricted to two-dimensions.

At zero Reynolds number, conservation of mass results
in a divergence-free velocity field, r · v = 0, and conser-
vation of momentum is expressed as force balance,
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where � is a rotational viscosity [29, 30]. Equation (5)
balances the viscous torque arising from the rotation of the
director relative to the local fluid rotation, with viscous
torque arising through E and elastic torque through �h.

The no-slip velocity boundary condition is applied on
the swimmer surface, and as y ! 1 the flow has uni-
form velocity v = U x̂ where �U is the swimming speed.
Meanwhile, the director field has a surface-chemistry-
mediated preferential angle at the boundary. We will
study the case of tangential anchoring, with anchoring
strength w, leading to a mixed boundary condition there,
N · rn + w(I � NN) · n = 0, where I is the identity
operator and N is the unit normal vector at the surface
[31]. Strong tangential anchoring (w ! 1) results in
tan(✓(x, y1, t)) = @

x

y1(x, t) (see Fig. 1).
The system is made dimensionless by scaling lengths

upon q�1, velocities on c = !/q, time upon !�1, and forces
upon K3. Henceforth all variables are understood to be

p-2
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Freely deformable 2D “vesicle” shapes in a nematic LC
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I. ENERGETICS

The elastic free energy density is written in terms of derivatives of the nematic director field n̂

as

F (n̂) =
K1

2
(r · n̂)2 +

K2

2
(n̂ · r ⇥ n̂)2 +

K3

2
[n̂ ⇥ (r ⇥ n̂)]2, (1)

where K1, K2, K3 are the elastic constants for splay, twist, and bend, respectively, and the total

energy is F =
R

Fdx. To find the equilibrium configuration, we minimize F subject to the

constraint |n̂| = 1, leading to h = 0, where h is the molecular field, h = H � n̂n̂ · H, with

H = ��F/�n̂.

Consider first the problem in 2D (with no twist; K2 = 0), and with perfect tangential anchoring

both inside and outside of a bounding surface (the vesicle, treated as infinitessimal and free to

deform without cost). Let the director field be written as n̂ = cos(✓)x̂ + sin(✓)ŷ. For now we will

also take the one constant model, with K = K1 = K3. The elastic energy per unit length stored

in the fluid is then given by

F =
K

2

Z

⌦
|r✓|2 dx, (2)

where ⌦ = R2 is the entire LC fluid domain. Equilibrium is achieved when

r2
✓ = 0, (3)

The director field is harmonic throughout the internal and external domains. Assuming up/down

symmetry, the confining boundary is parameterized by the arc-length s, and we write x±(s) =

(x(s), ±f(s)), where on the top surface we have

x
s

= (x0(s), f 0(s)) = (cos �(s), sin �(s)), s 2 [0, a]. (4)

For pure tangential anchoring, a Dirichlet boundary condition for the director field is then given

by

✓(y = x±(s)) = ±�(s) s 2 [0, a]. (5)

If �(s) is known (so that the shape x(s) is known) we can solve for ✓ and investigate the elastic

energy in the fluid, as shown in the following section. Note that

(x(s), f(s)) = (�x0, 0) +

Z
s

0
(cos �(s0), sin �(s0)) ds

0
, (6)

Splay Twist Bend

Deviations from uniform alignment result in an elastic response…

H = � �F

�n(✓)
= (r2✓)ne.g. in 2D,
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Figure 3. LLC in sessile drop.  (A) Texture with multiple disclination pairs, green 

rectangle indicates the region shown in (B,C,D). Bacteria are aligned along the local 

nematic director, as revealed by the fine stripes. Scale bar 30 μm. No polarizers. See also 

SI Movie 7.   (B,C,D) LLC texture with -1/2 and 1/2 disclinations and the pattern of local 

flow velocity (blue arrows) determined by particle-image velocimetry. The flow typically 

encircles the close pair of defects. 
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31 De Luca, A. et al. (2008) Optical nanotomography of anisotropic fluids. Nat Phys 
4, 869-872. 

 
 

 
 

Figure 1. Distortion of the nematic director detected by optical microscopy. (A) 

Snapshot of swimming bacteria observed under a microscope with slightly de-crossed 

the surface of P. mirabilis-hDC was strong, the orientation-
dependent energy of interaction of the LC and the rod-shaped
bacterium (length L¼ 3 mm, radius R¼ 0.5 mm) would be:6,15,32,33

Uelastic ¼ 2pKq2L/ln(2L/R), (1)

where q is the angle (in radians) between the director of the LC
and long-axis of the bacterium and K is the elastic constant of
the LC (K ¼ 10 pN),24 where for simplicity the elastic constants
for splay, twist, and bend are assumed to be equal in magnitude
allowing the strain of the LC to be described by a single elastic
constant. This analysis leads to the prediction that even slight
deviations of the bacterial long axis from the nematic director
would be highly unfavorable (e.g., Uelastic " 90 kT for q ¼ 4#). In
contrast, we measured a signicant number of bacteria to be

oriented away from the far-eld director (35% of cells in
nematic DSCG were recorded with q $ 4#), suggesting that the
tangential anchoring of the LC on the surface of the bacteria is
likely weak [a conclusion which receives support from addi-
tional observations reported below; we note also that weak,
tangential anchoring of DSCG at surfaces has been reported
elsewhere34,35].

Interactions of bacteria mediated by LC

As noted above, past studies have demonstrated that the elas-
ticity of LCs, and topological defects that form about passive
particles in LCs, mediate particle–particle interactions that
result in self-assembly of the particles.7–11 For example, it has
been demonstrated that spherical and ellipsoidal colloids with
tangential surface anchoring form well-dened chains – for
spherical colloids the vector that joins the particle centers
is offset 30# from the far-eld director.36 We observed the

Fig. 2 Configuration of LC around bacteria and resulting bacterial
alignment. (A and B) Bright field and crossed polars images, respec-
tively, of non-motile P. mirabilis-flhDC cells dispersed in nematic
DSCG solution at 25 #C. The double-headed solid arrows in B indicate
the positions of the polarizers while the double-headed dotted arrows
depict the orientation of the LC director (n). (C) Schematic represen-
tation of the LC director profile that results from weak, tangential
anchoring of the LC on the surface of P. mirabilis-flhDC cells. (D)
Distribution of angles between the rubbing direction of the glass slides
and the long axis of P. mirabilis-flhDC cells in DSCG solution at 25 #C
(nematic) and 42 #C (isotropic). The scale bar in A is 10 mm. Values are
reported with associated standard errors.

Fig. 3 Dynamic association of motile bacteria in nematic LC. (A)
Sequence of images (bright field) showing end-on-end association of
two motile P. mirabilis-flhDC cells in nematic DSCG solution (15 wt%)
at 25 #C. Dotted arrows indicate the velocity of the bacterial cells (see
calibration in t¼ 1.5 s). (B) Plot of the velocities of the P. mirabilis-flhDC
cells shown in (A) before and after association into the chain. The scale
bar in (A) is 5 mm.
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Elasticity-mediated nematiclike bacterial organization in model extracellular DNA matrix
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DNA is a common extracellular matrix component of bacterial biofilms. We find that bacteria can sponta-
neously order in a matrix of aligned concentrated DNA, in which rod-shaped cells of Pseudomonas aeruginosa
follow the orientation of extended DNA chains. The alignment of bacteria is ensured by elasticity and liquid
crystalline properties of the DNA matrix. These findings show how behavior of planktonic bacteria may be
modified in extracellular polymeric substances of biofilms and illustrate the potential of using complex fluids
to manipulate embedded nanosized and microsized active particles.

DOI: 10.1103/PhysRevE.78.030701 PACS number!s": 61.30.!v, 82.70.!y, 61.25.H!, 77.84.Nh

Most bacteria live in surface-associated multicellular
communities known as biofilms. Unlike their free-floating
planktonic counterparts, bacteria in biofilms are encapsulated
in a protective matrix of extracellular polymeric substances
!EPS" and are strongly resistant to antibiotics #1,2$. Although
biofilms are responsible for many problems in industry and
agriculture as well as for lethal infections, they can also per-
form useful functions, such as hydrocarbon breakdown in oil
spills and waste water treatment. The EPS matrix of naturally
occurring bacterial biofilms is a complex mixture of macro-
molecules including proteins, exopolysaccharides, and DNA
#2,3$, the last of which has recently been shown to be an
important functional component of biofilm structure #3$. Ad-
dition of DNase I to the culture medium strongly inhibits or
prevents biofilm formation !although it does not alter growth
of individual cells" and can result in “dissolution” of well-
established biofilms #3,4$. Bacterial biofilms grow in the air-
ways of Cystic Fibrosis !CF" patients, where DNA concen-
tration can reach 20 mg /ml #5$. Detailed knowledge of the
interaction mechanisms of bacteria with semiflexible poly-
mers such as DNA is essential for understanding bacterial
biofilms in these environments #2$.

The ability to manipulate bacterial genomes has revolu-
tionized our understanding of bacteria #2$. Recently, physical
methods such as nanofabrication, microcontact printing, and
microfluidics have been used to gain insight into bacterial
behavior #6–10$. Much less work, however, has been done
from the perspective of bacteria as an active colloidal com-
plex fluid, where individual cells exhibit hierarchical interac-
tions with each other and with their environment. Indeed,
inert colloidal objects embedded in complex fluids #11–14$
as well as water suspensions of self-propelled particles such
as bacteria #15$ exhibit a rich diversity of interactions. How-
ever, it is not known how different components of the EPS
matrix affect bacterial organization. In this Rapid Communi-

cation, we demonstrate that Pseudomonas aeruginosa can
self-organize into a nematiclike ordered state via elastic in-
teractions with an extracellular matrix of DNA. This is un-
expected since most bacteria !including P. aeruginosa" do
not form ordered structures by themselves, despite their elon-
gated shapes #15–17$. We find that the interaction between
bacteria and the elastic matrix of concentrated DNA influ-
ences the average orientation and motility of P. aeruginosa.
In such a DNA matrix, rod-shaped bacteria follow the ex-
tended DNA chains and the liquid crystalline !LC" director n̂
describing their local average orientation !Fig. 1"; we show
why this is the case. These results demonstrate a simple ap-
proach to organize active matter in the nanoscopic and mi-
croscopic regimes. Cell alignment can be also important
from the biological perspective, since it can impinge on bac-
terial signaling and differentiation #18,19$.

We used a Nikon E200POL polarizing and a Leica TCS
SP2 confocal microscopes with fluorescence attachments.
Images were acquired using a 63" oil-immersion objective
with numerical aperture of 1.4. The studies where performed
using #-phage DNA molecules !New England BioLabs, Inc."
that contain 48 502 base pairs and have %16.3 $m contour
length and %50 nm persistence length. DNA molecules were

*ivan.smalyukh@colorado.edu
†gclwong@illinois.edu

(a) (b)0n̂ 0n̂

FIG. 1. Fluorescence images of unidirectionally aligned P.
aeruginosa cells in the aligned LC matrix of concentrated DNA; the
number density of bacteria increases from !a" to !b". The signal is
from the green fluorescent protein in cells.
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Fig. 1: (Color online) Sketch of a swimming sheet (not to
scale) immersed in a nematic liquid crystal with director field
n(x, y, t). The propagating wave has wavelength 2�/q, small
amplitude b � 2�/q, and wave speed c = �/q. The director
field n makes an angle � with the x axis.

analytically in general. We show how the swimming veloc-
ity depends on numerous physical parameters, such as the
rotational viscosity �, anisotropic viscosities µi, the Frank
constants Ki, the tumbling parameter � and the Ericksen
number. The rate of fluid transport is also investigated,
which unlike in a Newtonian fluid, can move along with or
against the motion of the swimmer. The results may be
relevant in understanding locomotion in biofilms [25], and
is complementary to recent work on active nematics, or
soft active matter, in which dense suspensions of microor-
ganisms themselves can exhibit LC-like ordering [26–28].

Anisotropic viscous stress. – The nematic
molecules are rod-like and their directions are provided
in a continuum approximation by a director field n. The
fluid’s viscous stress response to deformation is approx-
imated by incorporating terms linear in the strain rate
that preserve n ! �n symmetry. In an incompressible
nematic, this yields the deviatoric viscous stress [29, 30],

�d = 2µE + 2µ1nn (n · E · n) + µ2 (nE · n + n · En) , (1)

with E =
⇥

�v + (�v)T
⇤

/2 the symmetric rate-of-strain
tensor. The coe�cients µ1 and µ2 can be negative, but the
requirement that the power dissipation be positive yields
bounds of µ > 0, µ2 > �2µ, and µ1 + µ2 > �3µ/2.

Elastic stress. – The elastic free energy for a nematic
liquid crystal is

F =
K1

2
(� · n)2 +

K2

2
(n · � ⇥ n)2 +

K3

2
[n ⇥ (� ⇥ n)]2 ,

(2)
where K1 is the splay elastic constant, K2 is the twist
elastic constant, and K3 is the bend elastic constant [30].
The total free energy in the fluid (per unit length) is
Fel =

R

Fdxdy. The elastic response of the fluid to de-
formation introduces a length-scale-dependent relaxation
time, � = µ(K3q2)�1, where µ is a characteristic fluid vis-
cosity. For small-molecule liquid crystals, typical values
are µ ⇡ 10�2 Pa-s and K3 ⇡ 10�11 N. On the length scale

of bacterial flagellar undulations for which q ⇡ 1 µm�1,
the relaxation time is � ⇡ 1 ms. In two-dimensions,
n = cos �x̂ + sin �ŷ with �(x, y, t) the angle field, and the
twist term vanishes.

Equilibrium configurations of the director field are
found by minimizing F subject to |n| = 1. This proce-
dure leads to h = 0, where h is the transverse part of the
molecular field H = ��Fel/�n, h = H�nn ·H. The fluid
stress corresponding to the elastic free energy F is then

�r
ik = ��kl�inl�

�

2
(nihk + nkhi)+

1

2
(nihk � nkhi) , (3)

where �ki = �Fel/�(�kni), and the dimensionless param-
eter � is the ‘reactive parameter’ or ‘tumbling parameter’,
which depends on the shape of the molecules and the de-
gree of nematic order [29,30]. In equilibrium, the condition
for the balance of director torques h = 0 implies the bal-
ance of elastic forces, ��ipeq + �j�r

ij = 0, provided the
pressure is given by peq = �F [31].

Governing equations. – The swimming body is
modeled as an infinite sheet undergoing a prescribed trans-
verse or longitudinal sinusoidal undulation of the form
y1 = b sin(qx � �t) for a transverse swimmer and u1 =
a sin(qx � �t) for a longitudinal swimmer, measured in
the frame moving with the swimmer. The sheet is im-
mersed in an infinite nematic liquid crystal in which the
molecular director field n is restricted to two-dimensions.

At zero Reynolds number, conservation of mass results
in a divergence-free velocity field, � · v = 0, and conser-
vation of momentum is expressed as force balance,

��ip + �j

�

�d
ij + �r

ij

�

= 0, (4)

and torque balance,

�tni + (v · �) ni �

1

2
[(� ⇥ v) ⇥ n]i

= � (�ij � ninj) Ejknk + hi/�, (5)

where � is a rotational viscosity [29, 30]. Equation (5)
balances the viscous torque arising from the rotation of the
director relative to the local fluid rotation, with viscous
torque arising through E and elastic torque through �h.

The no-slip velocity boundary condition is applied on
the swimmer surface, and as y ! � the flow has uni-
form velocity v = U x̂ where �U is the swimming speed.
Meanwhile, the director field has a surface-chemistry-
mediated preferential angle at the boundary. We will
study the case of tangential anchoring, with anchoring
strength w, leading to a mixed boundary condition there,
N · �n + w(I � NN) · n = 0, where I is the identity
operator and N is the unit normal vector at the surface
[31]. Strong tangential anchoring (w ! �) results in
tan(�(x, y1, t)) = �xy1(x, t) (see Fig. 1).

The system is made dimensionless by scaling lengths
upon q�1, velocities on c = �/q, time upon ��1, and forces
upon K3. Henceforth all variables are understood to be

p-2

b

�

(f)

2�/q

Fig. 1 (Color online) (a) Dynamic assembly of bacteria in disodium cromoglycate26. (b) Melting of the liquid crystal medium behind a
flagellated swimmer27. (c) Disclinated texture observed as a collection of bacteria locomote in a nematic liquid crystal 27. (d) Aligned
Pseudomonas aeruginosa cells in the liquid crystal matrix of concentrated DNA28. (e) Aligned swimmers in a bacterial flock. Figure from
Gregory Velicer (Indiana University Bloomington) and Juergen Bergen (Max-Planck Institute for Developmental Biology). (f) Sketch of a
swimming sheet (not to scale) immersed in a nematic liquid crystal with director field n(x,y, t). The propagating wave has wavelength 2p/q,
small amplitude b ⌧ 2p/q, and wave speed c = w/q. The director field n makes an angle q with the x axis.

authors42. Locomotion in liquid crystals, however, has not
yet seen much theoretical treatment. In previous works43,44,
we studied a one-dimensional version of Taylor’s swimming
sheet in a two-dimensional hexatic LC film. Departure from
isotropic behavior in that model is greatest for large rotational
viscosity and strong anchoring boundary conditions, and the
swimming direction depends on fluid properties. Further un-
usual properties for Taylor’s swimming sheet were observed,
such as the presence of a net volumetric flux. Because the
nematic phase is more commonly observed than the hexatic,
the present study is intended to explore new features that arise
with nematic order, and also to determine when, if ever, the
hexatic model can be used to accurately describe swimming
in a nematic liquid crystal.

In this article we extend the Taylor swimming sheet model
to the study of force- and torque-free undulatory locomotion
in a three-dimensional nematic liquid crystal, with tangential
anchoring of arbitrary strength on the surface of the swim-
mer. We assume the director lies in the xy-plane and does not
twist (Fig. 1f). Alternatively the problem could be considered
as filament motion in a two-dimensional nematic fluid. By
performing an asymptotic calculation to second-order in the
wave amplitude, assumed small compared to the wavelength,

we examine how fluid anisotropy and relaxation affects swim-
ming speed. We show how the swimming velocity depends on
numerous physical parameters, such as the rotational viscos-
ity g , anisotropic viscosities µi, the Frank elastic constants Ki,
the tumbling parameter l , and the Ericksen number Er, which
measures the relative viscous and elastic forces in the fluid.
The rate of fluid transport induced by swimming is also inves-
tigated; unlike in a Newtonian fluid, the induced fluid flux can
be either along or against the motion of the swimmer.

The paper is organized as follows: In §2.1 we describe the
stresses that arise in a continuum treatment of a nematic liquid
crystal near equilibrium. In §2.2 we use these stresses to de-
rive a set of coupled equations for the flow field and local ne-
matic orientation. Following Taylor1, we nondimensionalize
and expand these equations perturbatively to first- and second-
order in wave amplitude and derive an integral relation for the
swimming speed and volume flux in §2.3 and §2.4. The de-
pendence of the swimming speed and flux on Ericksen num-
ber, rotational viscosity, and tumbling parameter is described
in §3. In §3.4, we show that a propagating wave of director os-
cillation can result in fluid pumping and locomotion of a pas-
sive flat surface. To determine the regimes in which the results
for swimming speed and flux are comparable in nematic and
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29. TAYLOR’S SWIMMING SHEET, PART 1

In this lecture we’ll discuss one of the classic early works on the fluid mechanics of microorganism

locomotion. Namely, the undulation of an infinite sheet, as proposed by Taylor (1951), undulating

as illustrated in Fig. 48. The sheet passes waves in the direction of x̂ and the resultant swimming

velocity is written as �V x̂. If V is positive, the sheet swims opposite the direction of the waves.

V

FIG. 48. Taylor’s swimming sheet model of swimming microorganisms.

To determine the swimming speed of the sheet we prescribe the kinematics, taking the waveform

y = b sin(kx � !t), (441)

so that the wavelength is � = 2⇡/k and the period is T = 2⇡/!. Recall the Stokes equations

describing zero Reynolds number (viscosity dominated) flow,

�rp + µ�v = 0, (442)

r · v = 0, (443)

where v is now the fluid velocity in the frame moving with the swimming sheet. In the swimming

problem, the boundary conditions are then

v(x, y ! 1) = V x̂, (444)

v(x, b sin(kx � !t)) = v

d

= �b! cos(kx � !t)ŷ, (445)

where v

d

is the imposed deformation velocity associated with the undulation of the sheet (in the

frame of the swimmer).

The equations are made dimensionless by scaling all lengths by 1/k, time by 1/!, and velocities

by !/k = c (the wave speed). Then, defining x⇤ = kx , y⇤ = ky, t⇤ = !t, v⇤ = v/c, and V ⇤ = V/c,

the boundary conditions become

v

⇤(x⇤, y⇤ ! 1) = V ⇤
x̂, (446)
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v(x, b sin(kx � !t)) = v
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= �b! cos(kx � !t)ŷ, (445)

where v
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is the imposed deformation velocity associated with the undulation of the sheet (in the

frame of the swimmer).

The equations are made dimensionless by scaling all lengths by 1/k, time by 1/!, and velocities

by !/k = c (the wave speed). Then, defining x⇤ = kx , y⇤ = ky, t⇤ = !t, v⇤ = v/c, and V ⇤ = V/c,
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U

“Taylor’s swimming sheet” in a nematic liquid crystal

Krieger, Spagnolie & Powers, (2014, 2015, 2019)

LOCOMOTION AND TRANSPORT IN A HEXATIC LIQUID . . . PHYSICAL REVIEW E 90, 052503 (2014)
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FIG. 4. (Color online) Semilog plot of dimensionless swimming speed U/(ωqb2) vs γ /µ for Er ≪ 1 (left panel), Er = 1 (middle panel),
and Er ≫ 1 (right panel), for a transverse wave. Note that the strong anchoring case W/(Kq) = ∞ is independent of Er and that anchoring
effects are small once Er is of order unity.

value. Once again, at large Er (Fig. 7, right panel), we see that
anchoring strength does not affect the flux.

We do not plot the speed of a swimmer with a longitudinal
wave, since it is always within a few percentages of the
isotropic longitudinal speed UL = −ωqb2/2. However, there
is a nonvanishing flux for the longitudinal case at large
Ericksen number (Fig. 8). The dependence of UL on the
anchoring strength is also very weak, just as for the power. For
small Er, the flux generated by a longitudinal wave vanishes
like Er2 (Fig. 8). There is a weak dependence on the anchoring
strength. At large Er, the flux is independent of w and Er.

With the swimming speeds and power dissipated in hand,
we can calculate measures of efficiency. However, we cannot
define the efficiency as e = U 2/P , as is commonly done for
swimmers in an isotropic fluid [22]. This definition rests
on the assumption that that the power required to drag
an object through a fluid is proportional to U 2, with the
proportionality constant equal to viscosity times a function
of geometrical factors. In the presence of hexatic order, the
proportionality constant also depends on the Ericksen number.
Thus, U 2/P does not accurately reflect the ratio of the power
required to drag the swimmer to the power expended by the
swimmer. However, the swimming economy U/P versus Er
is a meaningful quantity. The dimensionless power is close
to unity over the entire range of Er for both transverse and
longitudinal waves. Thus, the swimming economy has roughly
the same form as U versus Er, decreasing monotonically with
Er and approaching a w-independent limit at high Er.
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FIG. 5. (Color online) Log-log plot of dimensionless swimming
speed U/(ωqb2) for a transverse wave with γ = µ and various
dimensionless anchoring strengths W/(Kq).

To elucidate these results, we turn to a discussion of the
asymptotic regimes of the parameter values, for which the
calculations and expressions simplify greatly.

V. DISCUSSION OF ASYMPTOTIC RESULTS

We consider the limits of strong anchoring for the transverse
wave as well as small and large Ericksen numbers for both the
transverse wave and the longitudinal wave.

A. Strong anchoring

1. Transverse wave

The boundary conditions (17) and (18) that determine the
coefficients in (15) greatly simplify in the case of a transverse
wave with strong anchoring, W/(Kq) → ∞, leading to
(dimensionless) solutions,

θ (1) = εb exp(−y) cos(x − t), (35)

v(1)
x = −εby exp(−y) sin(x − t), (36)

v(1)
y = −εb(1 + y) exp(−y) cos(x − t), (37)

p(1) = −2εb exp(−y) cos(x − t). (38)

Note that since the angle field is harmonic to first order, there
are no elastic torques or forces acting on the hexatic, and the
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FIG. 6. (Color online) Log-log plot of dimensionless flux
Q/(ωb2) for a transverse wave with γ = µ and various dimensionless
anchoring strengths W/(Kq).
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Interesting new applications are just over the horizon…

Performing useful work?

	 .	 Trivedi, Maeda, Abbott, Spagnolie & Weibel, Soft Matter, 2015 
	 .	 Mushenheim, Pendery, Weibel, Spagnolie & Abbott, PNAS, 2017

Urinary tract infections?



Main points I wanted to highlight:

1. Kinematic reversibility / Scallop theorem 
2. Quasi-static dynamics 
3. Drag anisotropy of  slender bodies 
4. Stochastic (e.g. run-and-tumble) trajectories  
5. Inside the flagellum: flagellin/polymorphism, microtubules/axoneme

Physical ideas:

Mathematical tools:

1. “Stokeslet” fundamental solution (Green’s function) and its derivatives 
2. A boundary-integral representation* 
3. Multipole expansion in the far-field: bacteria as force-dipoles. 
4. Slender-body theory for thin filaments (flagella, cilia, etc.)



See also the following review articles:

Purcell, “Life at Low Reynolds Number”, Am. J. Phys. (1977) 
Brennen & Winet, “Fluid mechanics of  propulsion by cilia and flagella”, Annu. Rev. Fluid Mech. (1977) 
Lighthill, “Flagellar hydrodynamics”, SIAM Rev. (1976) 
Lauga & Powers, “The hydrodynamics of  swimming microorganisms”, Rep. Prog. Phys. (2009) 
Pak & Lauga, “Theoretical models in low-Reynolds-number locomotion” (2014)

http://web.mit.edu/hml/ncfmf.html
And the classic video on Low Reynolds number flows from the  
National Committee for Fluid Mechanics Films:

Authors:  Arratia, Brady, Caretta, Elfring, Evans, Ewoldt, 
Forest, Graham, Guy, Hatami-Marbini, Johnston, Kumar, Lauga, 
Levine, Mofrad, Morozov, Saintillan, Shelley, Spagnolie, Sznitman, 
Thomases, Vasquez, Zia

http://web.mit.edu/hml/ncfmf.html

