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Evolution of swimming strategies: Scale Matters.

Tracheal epithelium

D. Kunkel Microscopy

Escherichia coli Chlamydomonas
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How do you swim?

Alben & Shelley, PNAS, 2005
Spagnolie, Moret, Shelley, & Zhang, Phys. Fluids, 2010
Ristroph & Childress, 7 Roy. Soc. Interface, 2014



Dynamic similarity: the Reynolds number

U Re (u; +u-Vu) = —Vp + VZu
#
V-u=
—_ ], —

pUL (inertial effects)
Re = ——

L4 viscous eflfects




Real numbers

Re (Stu; +u-Vu) = —Vp+ VZu
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At zero Reynolds number there 1s no inertia, and time 1s merely a parameter.

, Re (uy .Vu) = —Vp + V?u
Stokes equations:
0 V-u=0

Linearity + time-independence of the Stokes equations = kinematic reversibility:
An instantaneous reversal of the forcing does not modify the flow patterns,
only the direction in which they are occurring,

Silicone o1l

Speed: x4

G.I. Taylor
National Committee for Fluid Mechanics Films, 1961



Swimming strategies must respect fluid mechanics!

G.1. Taylor (NCFMF)

‘The Scallop Theorem

Lite at Low Reynolds Number,
E. M. Purcell, 1977

Microorganisms must use different strategies to swim... and they do.

Spermatozoa Paramecza Synechococcus
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C.J. Brokaw, Caltech Tamm,] Cell Bzol., 1972 Nan et al., Curr. Biol. 2014



Life at intermediate Reynolds number is amazing!

Clione limacina limacina
Hopcroft UAF/INOAAI/CCML

2 cm Shell-less pteropod mollusc Clione antarctica

: : Childress & Dudley, (J. Fluid Mech. 2004)




An early mathematical model: “laylor’s swimming sheet” (laylor, 1951)

—Vp+uViu=0

U
“ y = bsin(kx — wt)
V-u=0 \\\\

Define a stream-function for the velocity: 1 = V1) = (1, —1)3)
= V) =0
Expand about small amplitude € = bk < 1
U(z,y, te) = O (z,y,t) + epW(z, y, t) + 2P (@, y,t) + ...,
U=U(e) =U9 + UMW + 202 1 ...

Solve Stokes equations order by order...

U = %%52 + 0(54) ~ %wkbz (Quiz: Why nothing at first order?)



8
Helical waves may be treated similarly via helical symmetry W;)_ 3
2

f(@) = Co§(29)

x = r [cos(v( + 0)X + sin(v( + 0)y] + (Z

v(r,0,¢) = u(r,0)F + v(r,0)0 + w(r,0)z

.0 10 /0 9,
1w
U= ——522Jk|fk|2 + O(e)
k>1

“Boundary layer” develops near the body
b — for small helical pitch

Li & Spagnolie, Phys. Fluids, 2014 & 2015



8
Helical waves may be treated similarly via helical symmetry W;)_ 3
2

f(@) = Co§(29)

x = r [cos(v( + 0)X + sin(v( + 0)y] + (Z
v(r,0,¢) = u(r,0)F + v(r,0)0 + w(r,0)z

_|_" g_yg
“\ac ™ "o

Double series expansion in (gy7 y_l) gives

U
w/ e? 1 3
EJN+84 —§v3N4+v2§N3 +0(84V+86V6)

f(0) = cos(NB)

Li & Spagnolie, Phys. Fluids, 2014 & 2015



What tools do we have? Lots.

Linear PDEs
Green’s functions
Moment expansion / method of reflections / method of 1images
Boundary integral representation
Slender body theory
Fast algorithms



Main points I want to highlight:

Physical 1deas:

Kinematic reversibility / Scallop theorem

Quasi-static dynamics

Drag anisotropy of slender bodies

Stochastic (e.g. run-and-tumble) trajectories

Inside the flagellum: flagellin/polymorphism, microtubules/axoneme

St oo

Mathematical tools:

“Stokeslet” fundamental solution (Green’s function) and its derivatives
A boundary-integral representation®

Multipole expansion in the far-field: bacteria as force-dipoles.
Slender-body theory for thin filaments (flagella, cilia, etc.)

RN



Dynamics are quasi-static. Swimming 1s essentially force/torque-free at any moment.

mi&:ZF

ZF:Fext+/ fds
D

Scaling lengths, velocities on L, U as before, and scaling forces on LU, we find

The body is in equilibrium at every moment. Even if F, f are changing in time.
(Changes are slower than the viscous dissipation timescale.)

And if |Fext|/(pUL) < 1, then/ f*dS* = 0. Example: E. coli has |F,|/(pUL) =~ 102

>k



The torque-free constraint demands a counter-rotation

Pt 1 _L< \(\(\ BT U
W

But how?

() —w=0Q,,



One answer: Don’t worry about it!
Taking the long view:
mathematical modeling of swimming microbes via far-field hydrodynamics

Stokeslet dipole
' ,ﬁﬂ& ; .I it 2

E. coli, Turner, Ryu & Berg (J. Bacteriol. 2000) 1

E. colx
Drescher et al. (PNAS 2011)

The leading order approximation of the fluid flow far from a neutrally buoyant body



'To be more precise let’s develop some mathematical tools,
starting with the most important one.



The “Stokeslet” fundamental solution (Green’s function) 1s the key to everything.

What to do to a linear PDE? —Vp+ uV - -u+1£i(xg) =0 / f

Poke it. V.u=0 4

By lincari h ' g f (%) ! IT( ) - f
y linearity, we must have 1(x) S/ (x — %) p 7 0

Solving (e.g. by Fourier transform and inversion),

1 XX
G(X) = — (I “Stokeslet” singularity

2X \(

XX)ij m— Xin

(Dyadic product)

XXT,X®X

Read Pozrikidis (1992)



Derivatives of the Stokeslet are also solutions to the Stokes equations.
Linear PDE —> Linear combinations of Stokeslets also solve the primary equations

This includes derivatives (as differentiation 1s a linear operation)

u=-(G(x—d%) f—G(x) f) » % V(G-f)

d d— 0

1s a solution, too.

“Stokeslet dipole” or “force dipole™

How else can we poke the system?

—Vpo -+ /LVQU() =0 _ _MX Dy = O
V- ug+ M&(x) =0 4rr|x|?’

Source/sink




Including... all potential low solutions

Since VQH() =0, po =0

... all “potential flow” solutions (from infinite Reynolds number flow!) also solve the Stokes
equations (zero Reynolds number flow!)

e-Vuozi(—I | 3XX> ce=D(x)-e

x| x|?
Source dipole/doublet
! T
N\ ‘\\‘ //‘////:
SN e
N
1) J\\\}\\\:



The flow due to a moving sphere 1s simply represented by a combination of singular solutions

() A particularly interesting combination:
2
a F
u=(c-%LD). —
3 ST 1

, constant! (Call 1t U. Then

F
O pa

has u(r =a) =

Ffuqg = —6mpualU

(Stokes Drag Law)



A more general multipole expansion often starts with a boundary integral representation

f
smuu(x) = = | Glx—y) £(y)ds, ﬂ\(\
y)J \6’D

_ 1 (z —y)i(z —
x —y]| x —y|3

(Not the most general form... stay tuned for Shravan’s lecture!)

Now consider the flow at a point x far from the body.

Expanding around 0,
Gx—-y)=Gx-0)+y -V,G(x)+ %yy : VVG(x) + ...
S0
8w u(x) :_/aD [G(X —-0)+y-V,G(x)+ %yy : VVG(x) + ...| - f(y)dS,



Multipole expansion
87'(',u UZ(X) — G,L'j (X)Fj —+ Gka (y)Sk]’ -+ am(?kGij (X)Mmkj + ...

1
F:-/ f(y)dsS, S=-/ y £(y) dS, M=§/ yy £(y) dS,
oD oD oD

\

— Fext




The pusher and puller business

Neutrally-buoyant? F = F vt = 0

Axisymmetric? S = —opPp

—O0
u(x) = %

vyG(X) . PP

> \]/ JL
N, /7
<

&b;—_%

(Stay tuned for Becca/Dawvid’s lectures!)



More details enter as you approach the body

At a distance, a (phase-averaged) axisymmetric organism’s far-field representation 1s:

S 2 ) N\
NN ] N\ W% N\
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This usetul perspective provides insight into many phenomena. For example...
How does a wall affect the swimming trajectory? Use classical ideas from E&M...

Method of 1mages / Method of reflections

7% @\\\ 2 @) X
W MR\%\ 7 f/t\j N

Stokeslet image

Stokeslet (Blake 1971)

Z.ero velocity on the wall

See also: Faxén’s Law, Lorentz reflection theorem



Computational interlude: boundary integral representation

Sruu(x) = /D G(x,y) £(y)dS, + /D u(y) T(xy) - Aly) dS,

1 (z —y)i(z —y)J
Gij (%) x—yl | x—yP
T(x.y) = —6 (x — Y)(X};Y)(X —y)

“Stresslet” singularity




Boundary integral representation with images

Sruu(x) = G(x,y) - f(y)dS, uw(y) T(x,y) n(y)dS,
pu(x) /D x,y) - £(y) +M/D (¥) - T(x,y) - A(y)

1 (z —y)ilz —y)J
Gigx.¥) x—y]  [x-yP
T(x.y) = —6 (x — Y)(X};SY)(X ~y)

N>

“Stresslet” singularity

X
/ D~
Spagnolie & Lauga (2012) - Brute force
Gimbutas, L. Greengard, S. Veerapaneni, (2015) - Papkovich-Neuber potential

Mitchell & Spagnolie, J. Gomput. Phys. (2017) - Lorentz reflection theorem

Birys X, + Bijys X — 0jxx38i0 Xy X, XXy

k(T Y") = + 1223 X5 — 60x3y305i¢ X[

Y



Comparing to full numerical simulations,
analytical predictions are confirmed for all but the closest of wall-interactions

Glancing - Reversing,

The far-field approximation is very accurate.

D >
WiHo =1+ Sc 76620 6.95¢2 (Yoon & Kim, ‘87

Batchelor & Green, J. Fluid Mech. (1972)

Mitchell & Spagnolie, J. Fluid Mech. 2015
Mitchell & Spagnolie, J. Comput. Phys. 2017



What 1s the eftfect of a nearby boundary

on swimming trajectories?

Paxton et al., (JACS, 2004).

Takagi et al. (2013)
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But don’t lose sight of reality...

Chlamydomonas swimming near a surface

Kantsler et al. (PINAS 2012).

CC-125 wild-type CC-2289 If3-2 CC-2347 shf1 CC-2679 mbof




For more details you need... more tools!

3% S'\/\Su\ o\_n‘l'y Mbﬂbtfl
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But that only gets us so far. How would we try to model this one?
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Method 1: Gompute.
Coming soon! Be patient!

‘There are numerous numerical approaches
- Boundary integral methods

- Method of “Regularized Stokeslets”

- Various “immersed boundary methods™

Method 2: Exploit small parameters. For instance, the aspect ratio of the flagellum.

First let’s back up and talk about drag anisotropy.



The sedimentation speed of a sphere in a viscous fluid is linear 1n its surface area

Fg = TFDTGQ :67T,uaU
“Stokes drag”
0= Fg -+ FDfra,g
2 2
U =""Apg



Hydrodynamic interactions increase the speed of multiple spheres in Stokes flow

gll)) lg

2 2 2
U = iA,()g (1 + %> + O (a_) (far-field expansion)

(lorque balance also induces a rotation)

0= —“ Apgio(L
T ot (ﬁ)




Hydrodynamic interactions lead to drag anisotropy of slender filaments

Filament aspect ratio € << 1



Hydrodynamic interactions lead to drag anisotropy of slender filaments

&2
@
|

= 88 +&.(I-89)|-U




How to swim at zero Reynolds number: drag anisotropy

Fg = [€||§§—|‘€J_(I—§§)] U — =2

AN
| /\ Filament aspect ratio € << 1

y

Y1

Sea-urchin Lytechinus spermatozoon

Gray & Hancock, (J. Exp. Biol. 1955) C.J. Brokaw, Caltech



A first pass at slender filament hydrodynamics: resistive force theory

7S Hancock (1953), Gray & Hancock (195))

to study sea-urchin spermatozoa

11(8) A local relation: f(s) = [§||§§ + & (I— §§)} -u(s)

Example of usage: ///////’~\\\\\\N_//////"‘\\\\\\\~—//////”—‘\\\\\\\—’///////f_

X(s) = (s,asin(ks —wt)) s € (—o0,00)

u(s) =U+x; =U — awcos(ks —wt)y

If € =ak <1, 8~ (1,akcos(ks))+ O((ak)?) May as well set t=0)

f(s) = [fl ( akcols(ks) akcoos(ks) ) + &1 ( —a,kc(())s(ks) _akiols(kS) )] (U, —aw cos(ks))'

27 [k 2
and now use / f(S) ds=0 = U = (a];) (%) (1 — %) <0 (Retrograde motion)
0 |

Pros: simple! Cons: Error is O(1). Great so long as ’ log 6‘ >1 ,ore K 107191



Stepping up the accuracy: slender-body theory
(matched asymptotics, relates to the singularity method)

a
cE= —<K 1 ——>

L
x; = —A[f] — K[f] + (¢* log(e))
b N

Local operator Nonlocal integral operator

where  Alf] = [(c(s) + DI+ (¢(s) — 3)8(s)8(s)] - f(s)

KIfls) = | (’ et () - -f<s>> s

o) =1og (75

Special profile: s E—

r(s) = /4s(1 — s)

s' = A\pLp(8)

SB'T 1s often the basis for high-accuracy / k Lp(sl) — Ly(s) d
0

numerical ssmulations | g/ — 3’

and sometimes analysis (small amplitude) (diagonalized by Legendre polynomials)



Health warning:

20
F/(uQR?)

10

What’s £ ?

—— bacteria ———

. Regularized
“~._ Stokeslet method

---
L]
-

! S . -
Lighthill slender
“— body theory
ﬂ | | | | | | | |
4 8 )\/R 12 16
<h€lical pltCh) JOhnSOIl & BI‘OkaW <1 979)

Depends. Might be just like in the RFT calculation.
1.e. Rigid body dynamics assumed, use net-force on the body to infer £s),

but now via SBT.

But a richer class of problems links the local viscous traction to
internal stresses in a continuously deformable filament.

Rodenborn et al., (2013)



Perhaps the force per unit length on the filament 1s found
by the principal of virtual work. Quick example...
s =20

An nextensible Euler-Bernoulli beam (small deflections):

B [* L'r
c— _/ X2 ds / (9) (13, — 1)2 ds
2 Jo 0 2

Dimensionless viscous drag:

f(s) =—Fy(s) — (T(s)xs)s + B(B(5)Xss)ss

Viscous  Gravity Tension Elasticity

drag
B > 1: Stff filaments (rods)

B < 1: Floppy filaments



Weakly flexible filaments sedimenting under gravity:
shapes and trajectories slowly approach equilibrium

O | [ FF =
- Initial angle with -
gravity
[ 0() = 7T/()4 ~ >
l_ | I-
v 8 B =0.02
i 1 | |
= 9() == '/_l/l = >
| | | |
Xu & Nadim (1992)

Lietal. (2013)
Manikantan et al. (2014)



Eukaryotic vs. prokaryotic flagella: elastohydrodynamics

Bending vs. viscous forces ; 0 >< L|/1<w)=1 -
L g ;

gbend _ % /-{,(5)2 s Ucos(nt) 2 - _2>< 2 _

0 ~ S 4 ; ,

E Young’s modulus ~ K _ _

I Second inertial moment Wiggmns et al. (Blophys J. 1998)

K Curvature Exponentially decaying amplitude R

2 4
n=x/1(w)

Planar waves (eukaryotic flagella) must be driven actively along the entire filament

Microtubule doublet

Radial Spokes Central singlet microtubules

9+2 axoneme Sea-urchin Lytechinus spermatozoon

Brennen & Winet, C.J. Brokaw, Caltech
(Ann. Rev. Fluid Mech 1977)



New Journal of Physics

An Institute of Physics and Deutsche Physikalische Gesellschaft Journal

Radial Spokes Central singlet microtubules

Generic aspects of axonemal beating

Sébastien Camalet and Frank Jiilicher

PhysicoChimie Curie, UMR CNRS/IC 168, 26 rue d’Ulm, 75248 Paris
Cedex 05, France

E-mail: scamalet@curie.fr and julicherQcurie.fr

New Journal of Physics 2 (2000) 24.1-24.23 (http://www.njp.org/)
Received 7 June 2000; online 4 October 2000

G = / [C’Q+fA+Ar ds. (C = k)

2
0G
. = 0, [(BO —af)n — 1t 1(;- |
1 1 5G 0,/21
ohr=—|—mnn+ —tt| — (kHz)

&1 9l or

il
0.5
Self-organized beating!

1 5 10 50
L (um)

Figure 8. Oscillation frequency w. /27 at the bifurcation point



Shape matters: viscous dissipation vs bending costs

The “optimal” elastic flagellum: 0.09
0.08}

0.07¢
0.067
0.05}
0.04}
0.03¢

—— Ap = 107 °% (Lighthill)
— Ap=10""*

.......
’.’ ¢

0 /2 7r 37/2 o 0.02¢
0.01¢

10g1o(AB)

-
=
-
R
-
.

Ap : Relative importance of bending costs

7
10 (Limits to Lighthill's solution as Ag—>0)

(IJ"

Spagnolie & Lauga, (Phys. Fluids 2009)



Most bacteria swim by rotating a slender, helical flagellum / many helical flagella.

Helical waves (prokaryotic flagella): rotation of a solid helix leads to locomotion

Rhodobacter sphaeroides
H. C. Berg, Harvard



Most bacteria swim by rotating a slender, helical flagellum / many helical flagella.

Salmonella and E. coli are “peritrichous” (many flagella)...

(CCW - Run)

(CW -Tumble)

...and exhibit run and tumble locomotion:;

(CCW - Run)

(CW -Tumble)

Namba & Vonderviszt, Quart. Rev. Biophys. (1997)
Berg Lab, Harvard Turner, Ryu & Berg, J. Bacteriol. (2000)



But keep an eye on reality! For instance, GW and CCW rotations yield difterent behavior

Polymerized Flagellin protein micro-structure 1s not symmetric...

11 protofilaments

Long state

<« 20nm=-—>»

Short state i

1970
1978

Asakura, Adv. Biophys. )
)
1998)
)

Calladine, J. Mol. Biol.
Hasegawa et al., Biophys. J.

Srigiriraju & Powers, Phys. Rev. E (2006

N 7N 7N N



...leading to macroscopic curvature to balance the local twisting moments, and
12 distinct macroscopic waveforms (““polymorphism”).

Theoretical waveforms

a
% .
4

.S

11:0 10:1 92 83 74 65 56 47 38 29 1:10 011 LR
5. —-—|eft-handed——right-handed >

- ; ‘ ' l Turner, Ryu & Berg, J. Bacteriol. (2000).
|
=
ot g%

0 9 10 11 |
polymorphmm number n Asakura, Adv. Biophys. (1970

(1970)
Calladine, J. Mol. Biol. (1978)

Hasegawa et al., Biophys. J. (1998)
Srigiriraju & Powers, Phys. Rev. E (20006)
Darnton & Berg, Biophys. J. (2007)



Experimental observations indicate a circular relationship in the pitch-circumference plane

Peritrichous Monotrichous (Polar)
5[ & 5
¢
g
| A‘
O
¥
O | N
—3  Plum] x
A ~C : : :
This curve helped 1dentity a second
": protein (Flagellin-II) building block!
—_——— —
Normal @

Coiled ¢
Semi-Coiled

Curly o= O

Shibata, Alam & Aizawa, J. Mol. Biol. (2005)
Fujii, Shibata, Aizawa, J. Mol. Biol. (2008)




Are biological fluids any different?



Biolocomotion in viscoelastic fluids

Biological fluids are often host to a polymeric microstructure

In flow: viscous stresses compete with entropic contraction of polymers

Helical bacteria
Leptosprra (Leptosprosis) and B. burgdorfer: (Lyme disease)

swim faster...

Py
Bhartret al. 2003

o % ne:e
fe 2L 5 T o mEmw—O N = 2
.::.:-‘ =~: '7-*- -6-.,‘ I G
* N0 Mp G

Relaxation time



Biolocomotion in viscoelastic fluids

Biological fluids are often host to a polymeric microstructure

In flow: viscous stresses compete with entropic contraction of polymers

...while C. elegans swims slower...

1.5 — . . .
O Exp.
(1+De’s)/(1+De?)
A YO — - -Refs 4,24 '
’ TS<._ === Ref17
1.0 -q‘, \' ~“~.~~ 4
o
=
0.5 \‘\. %\ D (| 7
& \~\.\
0.0 -
0 2 4 6

De

Lauga, Phys. Fluids, 2007
Teran, Fauci & Shelley, Phys. Rev. Lett., 2010
Shen & Arratia, Phys. Rev. Lett., 2011



A new dimensionless number appears:

Deborah number: De = \jw

Free historical notes:

Proposed by Markus Reiner (Technion) (1920):
"T'he mountains flowed before the Lord" (Deborah; Judges 5:5)

Also coined the term: “rheology” w/ Bingham (study of deformation/flow of matter)

Inspired by the aphorism of Simplicius: “panta rher” (Lverything flows)



What tools do we have?

Linear PDEs
Green’s functions
Moment expansion / method of reflections / method of 1images
Boundary integral representation

Slender body theory



What tools do we have?

Linear PDEs

Gradgn’s fungy

Moment expansion / metho
Boundary intggralNgepresentation

Fluid memory... and worse
Coupled nonlinear time-dependent PDEs... with moving immersed boundaries!

e.g. Stokes/Oldroyd-B:

Vp =nVv+V.7P V.-v=0
\ vV 0T

TP+ M\7P =% T:EJru-VT—T-Vu—VuT-T

Separation of time-scales
Finite-time blow up, “high-Weissenberg number catastrophe”, ...

(i.e. Pray for a small parameter/symmetry and start computin’)



Swimming of a 2D sheet 1n a viscoelastic fluid (Lauga, Phys. Fluwds, 2007)

U
ﬁ\‘ bsin(kx — wt)

\VARK o

Stokes/Oldroyd-B:

p:
V:-v=20

T =T0 + €T1 + ...

Small-amplitude asymptotics: — =

Un

1+ (ns/n)De”

1

De?

De:)\lw
nN="s+Mp

Identical swimming speeds for: FENE-P, Johnson-Segalman-Oldroyd, Giesekus

Reciprocal theorem extensions (finite bodies, etc.): Elfring & Lauga, (2015)



The results can be generalized for a wider class of helical bodies/waves

() (d) L=
+De o d _,+,8De H_E,
e T Vee) T T o Vo0)?
: (k :
1= 7Y exp(iko)
k * . (k
Ry @ i
complex viscosity 1°(k) = (1 — ik De)/(1 — ik De)
T ] B =mns/n
1. ]
| | 2 2 Pumping 1s similar
J 0: = 2¢ Z % ‘f k| Sk Confinement 1s stmilar
| k|>1
-4 1+ 5f((9) | e Lauga, Phys. Fluids, 2007,
_2_ | | | | Fu, Powers & Wolgemuth, Phys. Rev. Lett., 2007
-2 -l ;(1); 12 Leshansky, Phys. Rev. E, 2009

Fu, Wolgemuth & Powers, Phys. Fluids, 2009
Elfring, Phys. Fluids, 2015
Li & Spagnolie, Phys. Fluids, 2015



1.2

Enhanced swimming at large helical amplitudes | | OJ\/\/\
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Stability of flagellum geometry to hoop stress (strangulation eftect)...
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Flexible bodies? Multiple flagella?
“Active suspensions”? Shear-thinning?

Many questions remain open.




Yet other fluids are anisotropic (stress response 1s direction dependent) r7 ////

Mucus and biofilms are anisotropic
(in addition to viscoelastic, and shear-thinning...)

Biofilms

Cervical mucus

Boyer et al. Phys. Biol. (2011) Chretien (2003)

B. subtilis in a nematic hiquid crystal (DSCG) Mushenheim, Trivedi, Tuson, Weibel and
Abbott, Soft Matter, 2014.



A nematic liquid crystal 1s a phase with orientational order but no positional order

'Topological defects
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Dewviations from uniform alignment result in an elastic response...




“Taylor’s swimming sheet” 1n a nematic liquid crystal

U y = bsin(kx — wt)

Krieger, Spagnolie & Powers, (2014, 2015, 2019)



Interesting new applications are just over the horizon...

Performing usetul work?

Urinary tract infections?

. Trivedi, Maeda, Abbott, Spagnolie & Weibel, Soft Matter, 2015
Mushenheim, Pendery, Weibel, Spagnolie & Abbott, PNAS, 2017



Main points I wanted to highlight:

Physical 1deas:

Kinematic reversibility / Scallop theorem

Quasi-static dynamics

Drag anisotropy of slender bodies

Stochastic (e.g. run-and-tumble) trajectories

Inside the flagellum: flagellin/polymorphism, microtubules/axoneme

St oo

Mathematical tools:

“Stokeslet” fundamental solution (Green’s function) and its derivatives
A boundary-integral representation®

Multipole expansion in the far-field: bacteria as force-dipoles.
Slender-body theory for thin filaments (flagella, cilia, etc.)

RN



See also the following review articles:

Purcell, “Life at Low Reynolds Number”, Am. J. Phys. (1977)
Brennen & Winet, “Fluid mechanics of propulsion by cilia and flagella”, Annu. Rev. Fluid Mech. (1977)
Lighthill, “Flagellar hydrodynamics”, SIAM Rev. (1976)

Lauga & Powers, “The hydrodynamics of swimming microorganisms”, Rep. Prog. Phys. (2009)
Pak & Lauga, “Theoretical models in low-Reynolds-number locomotion” (2014)

And the classic video on Low Reynolds number flows from the
National Commuttee for Fluid Mechanics Films:  http://web.mit.edu/hml/ncfmf.html

Biological and Medical Physics, Biomedical Engineering

Saverio E. Spagnolie Editor

Complex Fluids
in Biological
Systems

Experiment, Theory, and Computation

Authors: Arratia, Brady, Caretta, Elfring, Evans, Ewoldt,
Forest, Graham, Guy, Hatami-Marbini, Johnston, Kumar; Lauga,
Levine, Mofrad, Morozoy, Saintillan, Shelley, Spagnolie, Sznitman,
Thomases,Vasquez, Zia

)
5)
=l
=
o
=<
el
=
o
wv
=
=
=1
S
2,
s
=
v
<
=
I
=
@

@ Springer



http://web.mit.edu/hml/ncfmf.html

