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I'maBa 1

MHuozkecTBa u olepalym ¢ TdAX

Onpenenenne 1.1. MHOXKeCTBO HapudaMme CHbBKYITHOCT OT OMPEIEJIEHU pPas3-
JIMYHU €UH OT JIPYT eJeMeHTH.

MuoxkecTBara, e o3uadasame ¢ jaruncku Oykeu: A,B,C,... XY Z, ab,c,
w0y Z,y,2. OCHOBHA XapaKTEPUCTHKA HA €JHO MHOYKECTBO € KOU eJIeMEeHTH MYy [IPH-
HaJjexKar. 3aToBa, ako A € MHOXKECTBO, BbBEXK/IaMe KPATKO O3HAYEHUE:

e r € A 3a “eleMeHTHT T MPWHAIIEKN HA MHOXKECTBOTO A”.

e = ¢ A 3a“ejeMeHTbT T HE PUHAJIENKU HA MHOKecTBOTO A”.

1.1 IIpumepu 3a MHO>KECTBa

1.1.1 IIpa3HOTO MHOXKECTBO

MHO0K€eCTBOTO, KOETO HE ChAbPrKa HUTO eI1H €JIEMEHT, HapudaMe MPa3sHOTO MHO-
»kecTBo. O3Ha"aBaMe MPA3HOTO MHOXKECTBO ChC CIICIAAJIECH CUMBOJI ).

1.1.2 OcHOBHHU 4HuCJ0BU MHOXKECTBA

e MHOKECTBOTO HA ecTecTBeHHTe 4ucjaa o3uHadaBame ¢ N. Eixementure ma
TOBA MHOXKECTBOTO ca unciaara 0,1,2,...,35,....678,...

e MHOKECTBOTO Ha HeJIMTe 4ucia o3Hadasame ¢ Z. Ejnemenrure Ha TOBa,
MHOYKECTBOTO Ca, BCSIKO €CTECTBEHO YHUCJIO 7, KAKTO W HErOBOTO MPOTHBO-
[IOJIOXKHO —MN.

e MHuoxkecTBOTO Ha panuonajauTe ducaa oznadasame ¢ Q. Enemenrure na
TOB& MHOKECTBOTO €8 IHMCJIATA, KOUTO MOTAT Ja Ce INPEJCTABAT KATo p/(q,
KbJIETO P € TSJI0, a ¢ € €CTECTBEHO YUCIO Ppa3audHo OT 0.

e MmuoxkecTBOTO Ha peajaHuTe dmucia o3HadaBame ¢ R. Begko peanmo dmcio
MOZXKE JIa Ce MPEJCTABU KATO I'PAHMIIA HA PEJMIa OT PAIMOHATIHYN YHCIIA.
Hanpumep umcsioro e e rpanuia Ha peaumara {(1+ 1/n)"}.

e MHuozkecTBOTO Ha KOMILIEKCHATE dncia o3HadasaMe ¢ C. Beako koMmmiek-
CHO YHCJIO MOYKe JIa Ce IMPEACTaBH Karo a + i.b, KbIAeTo a u b ca peannn
qHCIIA.



1.2 OcHoBHE peJjlaliuy MeK/Iy MHO>KECTBA

OcHOBHU pestaruyu MexK/ly JBe MHOXKECTBA Ca PesralusTa “HoJMHOXKECTBO”, pe-
JIaIuaTa “paBeHCTBO” W PEJIANIAATA, “CTPOTO TMOIMHOKECTBO .

Onpepnenenne 1.2. Heka A n B ca muoxkectBa. Ka3zsame, ue A e moa- MHO-
JKeCTBO Ha B, ako Bcekn eyieMenT Ha A e emement Ha B.

ACB&eVe(re A—x € B).

3a ma moKazkeM, 4e MHOXKEeCTBOTO A e IIOAMHOXKECTBO Ha MHOXKeCTBOTO B
M3I0a3BaMe CJIeIHAA mabJIoH:
Hexa x e npoussosen easemenm Ha mHoocecmeomo A.
Taxa x € B. Ts1 xamo x bewe u3bpar KamMo NPouU3BosEH eaemenm Ha A, moesa
e 6 cuna 3a ecexu eaemenm na A. Caedosameano A C B.

3abenesicra! Penanusira “nogMuoKecTBO” € pedIeKCUBHA: 33 BCIKO MHOXKEC-

B0 A, A C A.
TBbpaeune 1.3. [Ipa3sHOTO MHO2KECTBO € IOAMHOXKECTBO Ha BCAKO MHOXKECTBO.

Aoxazameacmeo. Heka A e npomssosnno muoxecrso. [a nonycuem, ge ) ¢ A.
Torasa wma eneMenT z, 3a koiito * € ) m x ¢ A. Ho () mama muro emwn eme-
MEHT, CJIeJI0BATEIHO JOMYCKAHETO BOAU J0 NpoTuBOpeune. Taka JOIMyCKaHeTO €
rpemHo u caenoparento () C A. O

Tebpaenue 1.4. Penanusara “nommuoxectso”’ e TpansutusHa. Heka A, B u C
ca npou3BoaHu MHOXKecrBa. Ako AC Bu BC C,10 ACC.

JHoxazameacmeo. Heka A, B u C ca muOXkecTBa TakuBa, ue A C Bu B C C.
Heka x e upoussosnen ejsement Ha . Torasa mom, A C B, = e enement u Ha B.
Illom B C C, x e enement u wa C. Tbit karo x Gewre n3bpan KATo LIPOU3BOJIEH
esleMeHT Ha A, TOBa e B cniia 3a Bceknu eaement Ha A. Caemosarenmno A C C. [

Onpenenenne 1.5 (Akcnoma 3a obema). Heka A u B ca mHOXkecTBa. Kaspawme,
ywe A= B,ako AC Bu B C A.

TBbpaeune 1.6. Akon € N, n > 2wu Ay, Ay, ... A, ca MHOXKECTBA, 38 KOUTO
A CA CA3---CA, CA L, T0 A =A== Ay,

Loxasamencmeo. J10Ka3aTeICTBOTO I U3BBHPIIAM C WHIYKIUS 1O N.

Baza: Tlpu n = 2 TBbPAEHHETO € TOYHO aKCHOMA 3a 0beMa.

MuaykuuoHHo mnpeanosioxkenne: Heka TBbpPAEHHETO € B Cuja 33 IPOM3BOJIHO
JTAJEHU 7 MHOYKECTBA.

Nunyknmonna crbnka: Heka Ap, Ag, ... Ay, An41 ca MHOXKECTBa, 33 KOUTO:

A CAy CAz---CA, CA 1 CAL

Torasa or Tpan3utuBHOCT Ha penanusTa C, u A, C A,41, Apyp1 C Ay, crezsa,

ye A, C A;. CbriacHO MHIAYKIMOHHOTO LpenojoxKenue, Ay = As--- = A, =
A. Taka A, = A C Apy1 u A1 € A; = A, Ot akcromara 3a obema ciie/iBa,
qu1:A2:"':An:An+1. O]



Onpenenenne 1.7. Heka A u B ca muoxecrsa. Kaspame, ue A e crporo mogu-
MHOYKECTBO Ha B, ako A e monMHOXKeCTBO HA B n A He e paBHO Ha B:

ACB& ACB& A+B.

3a Ja JoKaXKeM, Ue MHOKECTBOTO A e cTporo moaMHOMKECTBO HA MHOXKECT-
BOTO B u3nonsBame cieauus 1mabiioH:
Hexa x e npoussosen esemenm na mHoxcecmeomo A.
Taxa x € B. Tsl xamo x bewe u3bpar KaMO NPOU3BOAEH eseMeHm Ha A, mosa
e 6 cuaa 3a ecexu eaemenm na A. Caedosamenrno A C B.
Eaemenmasm .... npunadaesicu nwa B u ne npunadaesicu na A. Caedosamenro
ACB.

3abenesicra!l Penanusra “cTporo momMHOXKECTBO” € aHTUpedIeKCUBHA: HE-
Koe A He e CIporo LoJAMHOXKECTBO Ha cebe cu.

1.3 Hauwunu 3a 3a7aBaHe HA MHOXKECTBa

1.3.1 3azaBaHe Ha MHOX>KECTBO 4YpP€3 M3PEKIAHE

Heka MHOXKECTBOTO €€ ChCTOU OT €JIEMEHTHUTE X1, T2, ... L. LOraBa MOXKEM A
33/1a/1eM MHOXKECTBOTO A KaTo M3pejuM HErOBUTE €JIEMEHTH, 3arpaJIeHH BbB
GuUrypHN CKOOM M OTIETEHN ChC 3aIeTast:

A={x1,29,..., 2}

Penbr, B KOITO M3pexK1ame eJleMEHTHTE HA MHOKECTBO, HAMA 3HAYCHHE, HA [IPU-
Mep:

{1,2,3} ={1,3,2} ={2,1,3} = {2,3,1} = {3,1,2} = {3,2,1}.
[loBTOpEHMeTO HA €JIEMEHTH CHINO HAMA 3HAYEHUE, HA MPUMED:
{1,2,3} ={1,2,2,3} ={1,2,2,2,3}.

To3u meTo HA 33a7aBaHe HA MHOXKECTBO € IIPUJIOKUM CaMO 33 KPailHu MHOXKeC-
TBA, & HA [IPAKTUKA CAMO 332 MHOXKECTBA, C MAJIKO HA OpOii ejleMeHTH.

1.3.2 3amaBaHe Ha MHOX>KECTBO C OTAEJsSHE OT JAPYTO MHO-
2KEeCTBO

Axo uckame ma 3amamem Oe3KpaitHO MHOMKECTBO, HATIPUMED MHOMKECTBOTO OT
BCHYKHM YeTHU 4dmciia, 2N, He Ouxme MOrin 13 u3PeuM BCUIKUTE MY €JIeMEHTH.
B naii-mobpus ciaydait OuxMe MOIJIH 13 UP3eIUM IIbPBUTE HIKOJIKO €JIeMEHTa,
HA TOBA MHOXKECTBO U CJIEJ, OCIEIHATA 3aleTas I [MOCTABUM MHOIOTOYUE:

2N = {0,2,4,6,8,...}

To3u nauww 3a geduHUNIAS HA MHOKECTBOTO HA YETHUTE YHUCJIA PA3YNTA, HA TO-
Ba, Y€ BCEKW OW MOI'bJI JIa CE€ JOCETH MO KAKbB HAYUH TPAOBA 1A CE TOMbJIHU
muororogunero. Hancruna, mbpBuTe HIKOIKO €JIEMEHTa TIOCeaT 3a crenudud-
HO CBOMCTBO, KOETO XapaKTEPU3UPA YETHUTE IHUCJIA: €HO ECTECTBEHO YUCIIO €
YeTHO, TOraBa U CaMO TOraBa, KOraro Ce e/ Ha JBE.



Taka mosydaBaMe BTOPH MeTOn, 3a 3ajaBaHe Ha MHOXKecrBo. OT majeHo
MHOYKECTBO MOYKEM J& OTIIEJIUM BCUUYKHU €JIEMEHTH, KOUTO U3IbJIHSIBAT HIKAKBO
CBOMCTBO, U OT TAX [1a obpasyBaMe HOBO MHOXKeCTBO. CBoiicTBaTa, OOMKHOBEHO
ce onucear ¢ popmysu. Ako P e cBoicTBO, TO ¢ P(x), e 03HaYUM TBbPICHUETO
“x mma csoiictBoTo P”.

Onpenenenune 1.8 (Akcuoma 3a ormensaero). Heka A e muoxkecrso, a P e
cBoiicTBo. ToraBa CbBKYIHOCTTA OT BCUYKHU €JIeMEHTH Ha A, KOUTO uMaT CBOMC-
TBOTO P CbIIO € MHOXKECTBO, KOETO 3aJaBaMe 4pes:

{reA| P(x)}.
Taka MHOXKECTBOTO OT BCHYKH YeTHH YHCJIa MOXKEM Ja 3aJaleM 9pes3:
2N = {z e N | Jk(z = 2k)}.
3abenesicka! OrpaHUYEeHNETO BUHATH Ja OTAEJISIME €JIEMEHTH OT JIPYTO TAJIEHO
MHOKECTBO € ChINECTBEHO W HE MOXKEe Ja Ce TpeMaxHe.

Tebpaenue 1.9. He cohmecTByBa MHOXKECTBO U, YUUTO €JIEMEHTH CA BCUYKHU
MHOKECTBA.

Jloxasameacmeo. [la momycHeM, e ChINECTBYBa MHOKECTBO U, YMHUTO €JIEMEHTH
ca BCHUIKM MHOXKeCTBa. [la pasriezame CBOHCTBOTO P, KOETO € B CHJIa 33 €THO
muokecTBo X, ako X ¢ X. C akcuoma 3a OTAEJISTHETO MOXKeM Ja 00pa3yBamMe
MHOZKeCTBOTO:

R={XeU|X¢X}

Ho rorasa mocrurame 0 IpoTHBOpPEYHE, KOraTo PasriielaMe BbIIpoca, JaJId Ca-
MOTO MHO2KeCTBO R m3ubiHaBa cBoiicrBoro P:

ReR< R¢R.

CJIe,HOBaTeJIHO JOMYCKaHETO € TPEITHO U He CHhINECTBYBa MHOXKECTBO Ha BCUYKU
MHOZKECTBaA. O

1.4 DByneBu omepanuu ¢ MHOXKeCTBa

1.4.1 CeueHnue HA MHOXKECTBA

Onpenenenue 1.10. Heka A u B ca muoxkectBa. CedueHNeTO HA MHOYXKECTBATA
A u B e MHOX€ECTBOTO

ANB={z|z€ A&z <€ B}.

3a rpadudHo npecTaBsHe Ha GyIeBU OMepalny ¢ MHOXKECTBA e yI00HO /1 ce
uznon3sar guarpamu Ha Ben. Cedennero ce npejcTaBs ChC CAeIHATA JHarpama.



TBbpaeune 1.11. Heka A u B ca muoxecrBa. Cedennero va A u B e Haii-
TOJITMOTO MHOYKECTBO TTO OTHOINEHNE Ha, pejanusara C, KOeTO € MOIMHOMKECTBO
Ha Au B

Zoxazameacmso. 3a na JOKAXKEM TOBA TBBbPIEHHE TPSAOBA 14 TMOKAYXKEM, BE
Hera:

1. CamoTo cedenne e IOAMHOXKECTBO U Ha JABeTe JajeHu MHoxkecrsa: ANB C
Au ANB C B. Ho ToBa ciieiBa IUPEKTHO OT Ae(PUHUIUITA Ha OLEPALUATA,
ceuenne. Haucruna ako © € AN B, to x € A, cnenosarenno AN B C A,
u x € B, ciepoBaresno AN B C B.

2. Bcgako apyro MHOXKECTBO, KOETO IIOAMHOXKECTBO W HA JIBETE JIAIEHA MHO-
KECTBA, € MOJAMHOMKECTBO Ha, TaxHoTo cevyenne: Ako X C Au X C B, to
X CANB.

Heka X C Au X C B. Heka z € X. Torasa nonexke X C A, umame, 4e
r€ A.Or X C B, cnenpa,ue x € B. Takax € Anx € B, n clle1oBaTEIHO
r e AN B.

O

B crmenpammoro TBbpAeHne ca ¢hOpaHu HAKOM OCHOBHH CBOWCTBA HA, OIEpa-

nuATa cedeHne. TIXHOTO TOKA3ATEICTBO Ce MPOBEXKIa MO CXeMaTa 3a J0Ka3a-

TEJICTBO 3a PABEHCTBA MEXKIy MHOXKecTBa. Hwue e miaocTpupame Tas3u CXeMa,
caMo 3a eHo cBoiicTBo. OcraHaniuTe JI0KA3ATEJICTBA Ca4 AHAJIOIMIHU.

Tebpaenne 1.12. Heka A, B u C' ca mHOXKecCTBA.
1. Komyrarusnocr: AN B = BN A.
2. Acounmarusuocr: (ANB)NC =ANn(BNC).
3. NnemnorenTnoct: AN A = A.
4. Anh=0.

Aoxasameacmeo. (2.) 3a ma mokazkem, Ue IBe MHOXKECTBA Ca DABHH, TPsiOBa 1a
IIOKa2KeM, 4€ II'bPBOTO € IIOJIMHO?KECTBO Ha BTOPOTO M BTOPOTO € IIOAMHO2KECTBO
Ha bPBOTO. 3aTOBa HEKa z e mpon3BosieH enement Ha (AN B) N C. CbhrioacHo
nedbUHUNUATA Ha, ONEPAIMATa CeYeHNe TOBa O3HadaBa, ye © € AN B u x € C.
OTHOBO pasmucBaMe AepUHUIUATA Ha CeUeHne 1 olydaBame, e r € Aux € B.
Momaz € Buz e C,rox € BNC. llomz € Auxz € BNC,10x € AN(BNC).
Taka nonygasame, ue (ANB)NC C AN(BNC).

Heka cera x e mpomnssosien esiement Ha AN(BNC). CohraacHo nedurunmsTa
Ha, OIepaImsaTa ceueHne ToBa o3Hadana, ue £ € A u x € BN C. OrHOBO pas3nmuc-
BaMe JeduHUIMATA HA cedeHure U mojydaBame, ue ¢ € Buxz € C. lllom z € A
ur € B,roxe ANB. Momz € ANBuxz e C,m0xz € (ANB)NC. Taka
nosydasame, ve¢ AN (BN C) C (AN B)NC. CeriacHo akcuomara 3a obema
(ANB)NC=ANn(BNCQC). O

Onpepenenne 1.13. Muoxkectsa A n B HapudaMe HepecHUaIm ce, ako A N
B = (. MuoxecrBa A1, Ao, ... A, HapudaMe B3aUMHO HEIIPECHUAIH Ce, aKO 33
BCAKA JBOMKA PAa3/INYHu HHAEKCH § # j, A; u A; ca Hempecudaiy ce.



1.4.2 OOeauHeHUe HA MHOXKECTBA

Onpenenenne 1.14. Heka A u B ca muOoxkectBa. OOeIMHEHNETO HA MHOXKEC-
tBata A u B e MHOKeCTBOTO

AUB={z|z€ AV z € B}.

Onepanusita 0beaUHEHNE € AyaJIHA HA OonepaiusTa cedenne. CBoiicTBaTa HA
o0eIMHEHNETO ca TOA0OHN Ha CBOWCTBATA HA CEYEHUETO, U Ce JOKA3BAT MO aHa-
JIOTNYE€H HA4YUH. OCTaBHMe 'l 3a YIIpaKHEHHE.

Tebpaeune 1.15. Hexka A u B ca muOxkectBa. Obemquuennero na A u B e
HaW-MaJIKOTO MHOYKECTBO TIO OTHOIIEHNE Ha pejlanusaTa C MHOXKECTBO, HA KOETO
A u B ca nogMHOXKeCTBA.

Zoxazameacmeo. 3a na NOKaxKeM TOBa TBbpIAEHUE TPAOBa Ja IIOKAXKEM, JBE
Hewa:

1. A u B ca nonMmuoxkecTBa Ha A U B.

2. Ako ACXuBCX, o AUBCX.

Tebpaeune 1.16. Heka A, B u C ca MHOXKeCTBa.
1. Komyratusaoct: AU B = BU A.
2. Acommarusroct: (AUB)UC = AN (BUCQC).
3. NnemnorenTnocr: AU A = A.
4. AUD = A.

JLOTIbIHNTETHO CBOWCTBO Ha 0D TMHEHNETO W CEUEeHUETO Ca 3aKOHWUTE 32 [INC-
TpUOYTUBHOCT HA JBETE OMEPAIIWH.

TBbpaeune 1.17. Heka A, B u C' ca mHOXKecTBa.
1. AU(BNC)=(AUB)N(AUC);
2. AN(BUC)=(ANnB)U(ANC(C).

Zoxasameacmso. llle mokaxkeMm mbpBUs 3aKOH 33 JUCTPUOYTUBHOCT.

Heka x e npoussosen enement Ha AU(BNC). Toraa z € A wmm x € BNC.
NMmame n1Be BL3MOXKHOCTH:
Ici.: x € A. Hue Beue Bugsxme, yve A C AUBu AC AUC. Torapaxz € AUB
ur € AUC u caeposaremno z € (AUB)N(AUC).



IIcn:xe BNC. Torabax e Burx e C. Ho BC AUBuC C AUC. Torasa
x € AUBux € AUC u crenoBaTenHo u B To3u ciaydait x € (AUB)N(AUC).

Taka n B qBaTa caydas noaydasame, de x € (AUB)N(AUC), cremoBaresHo
AU(BNC)C(AUB)N(AUCQ).

Heka z e npounssonen enement Ha (AU B) N (AUC). Torasa x € (AU B) u
x € (AUC). Torasa z € A wnmn « € B. Ocsen toBa © € A wnn « € B. Imame
JIBE Bb3MOZKHOCTH:
ITcn:ze A Ho AC AU (BNC) u crenoarenno AU (BN C).
IT cin.: « ¢ A. ToraBa equHCTBEHATa BB3MOKHOCT ocTaBa ¢ € B u x € C. Torasa
x€BNC.Ho BUC C AU (BNC) u cnepoarenno x € AU (BNC).

Taka u B ABara ciydas nosiydasame, ye x € A U (B N (C), caenosarento
(AUB)N(AUC)CAU(BNCQC).

Or akcmnomara 3a obema caenpa, ve AU(BNC)=(AUB)N(AUC). O

Korato A n B ca HelpecHyalim ce MHOKECTBA ¢ KPAaeH OPOil elleMeHTH, JIECHO
MOzKeM Ja rpedbpouM enementute Ha AU B. IIpocro Tpsabsa ma cwbepem Opost Ha
enemenTuTe Ha A ¢ 6pos Ha eemenTuTe Ha B. Bpoii Ha eeMeHTH Ha MHOZKECTBO
A we o3nauasame ¢ |A|. Taka npunyunae 3a csOuUPaHEMO MOXKE 1 Ce M3KAIKEe
HaKPaTKO TakKa:

ANB=0=|AUB|=|A|l+|B|.

1.4.3 Pazjauka u JOIIbJHEHIE HA MHOXKECTBa

Onpenenenne 1.18. Heka A u B ca mHoxkecrBa. Pasjinkara Ha MHOXKeCTBaTa
A u B e MHOXKECTBOTO

A\B={z|z€ A& x ¢ B}.

3abenesicra!l Onepayusma passuka ne e KOMYMAMUBHAE U He € ACOUUAUG-
Ha, m.e. 8 00WUA CAYHQT

A\B#£B\ A

(ANB)\C# A\ (B\C)

3a gma ce ypepuTe B TOBa, HadepTaiite nuarpama Ha BeH 3a Bceku oT mzpa-
aure. ToBa 11e BU OpUEHTUPA 32 KOHKPETEH KOHTPAIIPUMED.

Bakonure Ha e Mopran naBar Bpb3Ka MexK/1ly OlHepaluuTe cedenune, obe/u-
HEHUE W PA3JINKA.

Tebpaeuune 1.19. Heka A, B u C ca MHOXKeCTBa.

1. A\ (BNC) = (A\ B)U(A\ O):



2. A\ (BUC) = (A\ B)n(A\O).

Zloxasameacmeo. e noxkaxkem Bropus 3akoH Ha le Mopras.

Heka z € A\ (BUC). Torasa x € Auz ¢ BUC. Illom z ¢ BUC,
He e BApHO, ue * € B wim x € C. ToBa o3HauaBa, ue HUTO T € B, HAUTO
x € C, wim no npyr HaunH KazaHo: ¢ ¢ Bux ¢ C. Taka z € An x ¢ B,
crnegoBarento x € A\ B. Ot npyra crpana z € Anx ¢ Curakax € A\C. Ot
JeduHUNNATA HA CeYeHUe Ha JBe MHOXKeCTBa ciensa, 4e « € (A\ B)N(A\ C).
Taka A\ (BUC) C (A\B)Nn(4\C).

Heka cera z € (A\ B)N(A\C). Torapa x € A\ Bux € A\ C. Taka
x €A, x ¢ Bua ¢ C. ToraBa ¢ BU C u cnenosarento € A\ (BUC).
Or nebuHnnmATa Ha ONEPAIMATA PA3JIUKA, MOJydaBaMe BTOPOTO BKJIOYBAHE:
(A\B)N(A\C) C A\ (BUC). CremoBareHO 1BETE MHOXKECTBA Ca PaBHU. L[]

Omnpegenenne 1.20. Heka A u B ca maoxkecrBa. CuMerpudHa pa3iuKara HA
mHO)KecTBaTa A u B € MHOXKeCTBOTO

AAB={z|zc A& x¢ B}U{x|xz€ B&x¢A}

3a ympaskHEHHEe MPOBEpPeTe, e PeIaIisaTa CHMETPUIHA, PA3INKA € KOMYTa-
THUBHA U acoruaTnsHa. ChINo, Je:

AAB = (A\ B)U(B\ A) = (AUB)\ (AN B).

t‘IeCTO IbTHU 1IE Ce Cily4dBa da OrPaHUYMM HAIIUTE Pa3IVIeXKIaHud Ha MHO-
JKeCTBA JI0 BCUYIKHU TIOJIMHOYKECTBA HA HIKOE OTHAIPE 331aeHO MHOXKeCTBO U.
B takbB cayuwait U me mapudame yamBepcyM U. Ilpu TakoBa ycioBme MOMKeM
na neduHIpame JombiaHeHne Ha MHOX)KecTBO A C U:

A-U\ A
Bakonute Ha [le Mopran B TO3u Caydail M3TIEKIAT TaKa:
1. BNC =BUC;
2. BUC=BnC.

B To3u caydait moxkem ga ¢opmynupamve u OIe €IUH 3aKOH, KOUTO MpPOW3-
JIN3a OT JIOTUYECKHS 3aKOH 3a JTBOWHOTO OTPHUIIAHTE:

A=A
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1.4.4 OO0600I1IeHO 00eJUHEHNE I CeYeHIe

Hexa [ e mempa3Ho MHOXKECTBO W C BCEKW €JIEMEHT OT ¢ € [ cMe CBBp3aan
mHOX)ecTBO A;. ToraBa I Hapuyame WHIEKCHO MHOYKECTBO, & ChbBKYITHOCTTA OT
BCUYKM MHZEKcupanu muoxecrsa: {A; | i € I} = {A;}ier, e napuuame pamu-
JIAsl OT MHOXKECTBa, MHAEKCcupaHa ¢ 1.

Onpenesnenune 1.21. Heka I e unpexcuo muoxectso u {A;};cr e damuius or
MHOKECTBa, HHIEeKCupaHa ¢ I.

1. O6o6meno obenunenue Ha {A;};c; HApUIAME MHOKECTBOTO

U4 ={z|Jielxe )

i€l
2. O606meno ceuenne Ha {A;};c; HApTIAME MHOKECTBOTO

(A ={z |Viel(xe A}

iel

JlecHo ce BUIK A, Y€ MHOTO OT CBOMCTBATA HA CEUYEHUE W 00CIUHEHUE Ce Tpe-
HacaT KbM 0600menuTe onepanuun. Hanpumep 3a Besiko ¢ € I, (.o, 4; C A; u
A; C U7 Ai- B cua e u ciiennara xapakrepusanusi:

iel
iel
Tebpaenme 1.22. Heka X e muoxecrso, I € uHIeKCHO MHOXKeCTBO u {A; }icr
e paMuTus OT MHOXKECTBA, WHAEKcHpaHa ¢ 1.

Zloxasameacmeo. Ille mokazkem Broporo TBbpaeHue. TpsadBa ma MoKazkeM eKBH-
BAJIEHTHOCT HA J[BE YCJIOBUsI, CJI€IOBATETHO TPAOBA J1a JOKAKEM, Y€ OT [I'bPBOTO
CJIeBa BTOPOTO U OT BTOPOTO CJIEABA, MHPBOTO:

Heka |J;c; Ai € X. Heka i e mpomssosen nnjekc. Torasa A; C (J;c; Ai. O
TPaH3UTUBHOCT Ha pesanusta C, momydaBame, de A; C X. Twit karo i Gemre
u36paH KaTo MPOU3BOJIEH UHIEKC, TOBA € B CHJIA 34 BCAKO .

Heka cera 3a Bceku unznekc i, A; C X. Heka x € Uiej A;. Torasa nma unIeKC
i TaKkbB, 9e x € A;. Ila buxrcupame ennn TakbB HHJEKC 4. ToraBa x € A;; C X,
cneposarenno v € X. Taxa J;c; Ai € X. O

HuctpubyruBaute 3akoHu u 3akonmte Ha Jle Mopran cbmo morar ga ce
000011IAT:

Tebpaenne 1.23. Heka X e muoxecrBo, I € uHIEKCHO MHOXKeCTBO U {A; }icr
e paMuIIs OT MHOXKECTBA, WHAEKcHpaHa ¢ 1.

1 X N Uje; Ai = Use (X 0 AY).

2. X UNyes Ai = Nyer (X UA).

3. X\ mieI A= UieI(X \ Ai).
(

4. X\ UieI A= ﬂie] X\ Ay).

iel
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Hoxasamescmeo. Ille noxazxem (3). Hexka 2 € X \ [);c; A;. Torasa € X n
x ¢ ();c; Ai- He e Bapro, we Vi € I(x € A;), clenopaTenno nva mowe eJno 4, 3a
koero = ¢ A;. Heka iy € I e TtakoBa, ue © ¢ A;,. Imame, ve x € X u x ¢ A;,.
CrenoBarenno x € X \ A;,. Taka mosydaBame, 4e CbIECTBYBa HHIEKC i, 3a
koiito z € X \ A;, (a umenno i = ip). Coraacuo nedunuimsaTa Ha 060061IEHO
obemunenue, v € ;o (X \ A;). Taka X \ ;7 4i € U, (X \ 4;). Obparnoro
BKJIIOUYBaHE C€ IIOKa3Ba aHAJOI'UMYHO. D

Hexa oTHOBO OrpaHwYmM pa3TIeskIaHuATa cu 10 yHuBepcyM U. Oneparusta
0000IIIeHOTO ODEeIMHEHNE HHU [1aBa HOB MeTOJ 3a AePUHUIINSA HA MHOMKECTBO:
UHAYKTHUBHO 3a/JaBaHe€ Ha MHOZKECTBO.

Oupegnenenne 1.24. Heka A C U e muoxecrBo, a f e npasusio (byHkims),
koero Ha esiemenT ¢ € U cpbnocrass enement f(z) € U. C unaykuus no n € N
nedraupame pamMuansg OT MHOXKECTBA, HHIEKCHpaHa ¢ N,
Baza: Ag = A.
N.II.: Heka cvme nedunupa m MHOXKECTBOTO A, .
N.C.: Torasa A,y1 = A, U{f(x) |z € A,}.

Muoxecrsoro A = | J,, oy An HapEHaMe MHOXKECTBOTO MOJTY9IeHO WHIYKTHB-
HO or A 1o upasusioro f.

WNuryunusara, KOITO CTOM 33/ Ta3y AepUHULUS, € ClIeAHara. 3al0YBaikKu OT
MHOZKeCTBOTO A, ,ﬂO6aBﬂMe HOBHU U HOBU €JIEMEHTH BCEKU II'bT, KOI'daTO IIPABUJIOTO
f cbmocTaBst HA HAKON OT JOOABEHUTE €JIEMEHTH, HAKON HOB, JOKATO HE MOJIY UM
MHOKECTBO A, KOeTO uMa CBOHCTBOTO, 4e ako x € ejement Ha A, 1o f(x) cbmio
e enement Ha A. TakuBa MHOXKECTBa HapUYaMe 3aTBOPEHH OTHOCHO TPABUIOTO
I

IIle nazem BTOpa eKBUBAJIEHTHA [e(PUHAINS, KOITO H3KA3Ba TOYHO TA3U Je-
duHUIIAS:

Tebpaenne 1.25. Heka A e MHOKECTBO MOy I€HO WHIYKTUBHO OT A 1Mo paBn-
qoro f. ToraBa A e Hali-MaJIKOTO, IO OTHOIIEHNE HA pearusaTa C, MHOKECTBO,
KOETO CbbpKa A 1 € 3aTBOPEHO 1O OTHOINEHNE Ha MTPABUIIOTO f.

Zoxaszameacmso. OTHOBO TPsAOBa /14 MTOKAXKEM IBE HEIMA!

1. A msnbamssa tesu ycuopus. Hametuna, A = Ag C |,y An, cTeI0BA-
tesno A cbabpxka A. Heka cera x € A. Cbrinacuo neduHunpATa Ha
0000111eHO ObeuHeHne, MMa MHIAEKC M, Takbs 4de x € A,. Heka ng e
takbB mHAEKC. Or medunnnmara ma Gavmmuara {Apbnen caensa, qe
f(x) € Angy1 € U, en An- Crenosarenmo A e 3aTBOPEHO OTHOCHO TIpa-
BHJIOTO f.

2. Heka X e MHOXKECTBO, KOETO ChIbp:ka A u e 3arsopero oruHocHo f. C
HHIYKIUS 10 N Ie moKaxkeM, 4de 3a Besako n A, C X u cjemoBaresiHo
A=Upen4n € X.

Ap = A C X cwriacuo u3bopa Ha X.

Heka A,, C X. Ilonexe X e 3arBopeHo orHocHo f, 3a Bcako z € A,
f(z) € X. Taka {f(z) | v € A,} € X u cuenosaremno A,y = A, U
/(@) |zeAn} C X,
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1.5 CreneHHO MHOXKECTBO

Omnpenenenne 1.26. Heka A e muoxkecrBo. CreneHHOTO MHOXKECTBO HA A e
MHOKECTBOTO 24, YMUTO e/IeMeHTH ca BCUYKM TIOJIMHOMKECTRA Ha A.

24 ={B| BC A}

3abenesicra! lonarxoea cmenennomo mmoscecmso wa A ce osnasasa ¢ P(A).
Hanpuwmep ako A = {1,2, 3}, To

24 ={0,{1} {2}, {3}, {1,2} . {1,3} ,{2,3} . {1,2,3}}.

Teopema 1.27. Heka A e muozkecTBo ¢ n na 6poii exementu. Torasa 24 nme
2" Ha Opoil eTeMeHTH:

|24] = 214!,

Zloxasameacmeo. e mokaxkem TBbPAEHUETO C UHAYKIIHS IO 7.

Enuncrsenoro muozectso ¢ 0 ua 6poit exemventn e ). 2° = {(} e muoxecrso ¢
€JIUH eJIeMeHT, CHHIJIETOH. 1 = |2®| =210,

Heka TBbpIEHIETO € BIPHO 38 MHOYKECTBA ¢ 1 esieMenTa. 1 Heka A e MHOXKeCTBO
¢ n+ 1 ememenrta. Heka z € A. Ille pazgenum 24 HA ABe HENPECHUAINH Ce
muoxkecTBa: Ug = {B | BC A& ¢ B ulU; ={B| BC A & x € B}. Taka
24 = Uy U U} u cbriacHo npunnuna 3a choupanero 24| = |Ug| + |Uy|.

B € Uy rorasa u camo torasa koraro B C A\ {z}. Cnenosarenno Uy =
24M=k - A\ {2} e MuoecTRO ¢ 1 eemenTa. CHLIIACHO MHIYKIMOHHOTO TPEITO-
noxenue |Up| = 2™.

Bceku enement B € U moxe Ja ce ipencrasu Karo B = {z}UC, kbaero C €
Up. Cnenosarenno Gpoar Ha enemenTnte Ha U; € paBeH Ha OPOs HA €JIEMEHTHUTE
Ha Uo.

Taxa |24| = |Up| + |Uy| = 2™ + 2" = 271,

CobriaacHo MeToma Ha MareMaTuveckaTa WHIYKIWs, TBbDIEHHETO € B CHJa
3a Bcako 1 € N. 0

1.6 3agauum 3a ynpaXHeHHe

3agauva 1. Heka A e MHOXKECTBOTO OT BCHYKHY TTOJIOKUTETHA €CTECTBEHU UUCJIA,
KOWTO ca Mmo-MaJKu uian paBan Ha 10. Heka B e MHOXKECTBOTO OT BCUYKH TTPOCTU
qucia, kouto ca no-masnkn ot 11. Heka C' e MHOXKECTBOTO OT BCHYKM HEYETHH
€CTEeCTBEHH YHUCJIa, KOUTO Ca MMo-rojiemMu OoT 1 u nmo-masnku win pasau Ha 6. Heka
D e maOX)KecTBOTO OT unciara 1 u 2, a ' e MHOKeCTBOTO C €IMHCTBEH €JIEMEHT 1.
SamaiiTe BCAKO OT MHOXKECTBATA C M3pexkane Ha exementnte My. Ompenenere
3a BCAKA ABOMKA MHOMKECTBA, JAJIU MMbPBOTO € MOJAMHOXKECTBO Ha BTOPOTO.

3amaua 2. Koe or cieannTe TBbPIEHHUS € BAPHO:
1. {1,2} € {{1,2,3},1,2,{1,3}}.
2. {1,2} € {{1,2,3},1,2,{1,3}}.
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3agadva 3. [aiire npumep 3a muokecrBa A, B u C, rakuBa qe:
1. Ae B,Be(C,A¢C.
2. ACB,BCC(C,AecC.

3. Bceku enement na A e mogMHOXKECTBO Ha A.

3amaua 4. Kowu or ciemHuTe ABOHKN MHOMKECTBA Ca PABHMU:
. {1,3,4,5,6} u {6,4,5,3,1}.

2. {9,5,7} u {9,9,9,5,5,7,7}.

3. {0,2,8} u {V2,5 5,23}

4. {7} u 7.

- {{8}} m {8}

—_

ot

3amaua 5. Bepuu m ca ciegHUTE TBbLPICHUT:
1. Ako ACBuBCC,10ACC.
2. Ako ACBuCCB, 0 ACC.

Ako AC B, 10 AC Bum A=B.

Ako A = B, ako uuto A C B, nuro B C A.

Ako ACBuBcCcC,10 ACC.

A

Ako ACBuBCC,t0o AcCC.

Bagaua 6. Hexa A= {z € R||2z| <1}, B={z € R||z—1| < i}. Hamepere:
ANB; AUB; A\ Bu AAB.

3amaua 7. ITokazkere 4e 3a BCAKO MHOXKECTBO A:

1. § C A

2. ACh= A=0.
3. AU =A.

4. AnD=0.

5. A\ 0= A

6. 0\ A=0.

7. AAD = A.

3amaua 8. JlokaskeTe CBoOiCcTBaTa Ha OOCIWHEHWE W cedeHne OT TBbpIeHus
1.12, 1.16 n 1.17, Ha KOUTO HE € MPEJCTABEHO JIOKA3ATEICTBO.

3agaga 9. Bapno g e, ge:
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1. A\ B =B\ A.
2. (A\B)\C =A\ (B\C).
A\ (A\ B) = AnNB.

- w

A\ (BUC)=A\BUB\C.
5. A\(BNC)=A\BnB\C.

3amaua 10. Jlokaxkere, de
1. AUB=B& ACB.
2. ANB=A< ACB.

w

. A\B=As AnB=0.

e

. AAB=0) < A= B.

3agaua 11. Bsapwo ju e, ge:
1. AAB=(AUB)\ (AN B).
2. (AAB)NC = (AAC)N (BACQ).
3. (ANB)AC = (ANC)A(BN(O).

3amaua 12. [loxaxere, ge
L AN (Uie[ B;) = UieI(A N B;).
2. AU (ﬂie] B;) = nieI(A U B;).

- X \ UieI Ai = ﬂieI(X\Ai)'

I

3amaua 13. Hawmepere peamma OT MHOKECTBA {A,-}Z-EN TaKaBa, 4€ 3a BCAKO
i €N, Ai+1 C A;, HO ﬂieN A; = 0.

3agaua 14. JlaiiTe vHAYKTUBHA JeDUHATIAS 33 MHOKECTBOTO:

1. 2N+ 1 (MHOKeCTBOTO Ha BCHYKH HEYETHH YHCJIA) KATO 33 6a30BO MHOXKEC-
TBO n3mnomn3sare {1}.

2. {a™" | n € N = {e,ab,aabb, aaabbb, ...}} (MHOKECTBOTO OT Lymu HAJL
azbykara {a,b} ¢ mbiKHHA 2n, KOUTO 3aM0YBaT ¢ n Ha Opoil a-Ta u 3a-
BbpIIBaT ¢ 1 Ha Opoii b-Ta 3a Hakoe n € N) Karo 3a 6a30BO MHOKECTBO
usnonssare {e}.

Bamaua 15. Hamepere 24, ako:

1. A=0.
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2. A={{1,2}}.

3. A={0,{0}}.

4. A={0,{1,2},7}.
5. A={1,2,3,4}.

3agaua 16.
1. Jlokaxere, ue A C B = 24 C 25,
2. Jlokaxere, ue 24NB =24 N 2B,

3. Bspno mm e, ue 2498 =24 Y 25,
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I'1aBa 2

Penanun

Iocera namepuxMe (opMajeH HAYNH A U3PA3UM U pabOTUM ChC ChBKYITHOCT
ot ejseMenTr. CBETHT € TMO-CJIOKEH W YECTO Ce HaJIara Ja TOBOPUM 3a BPB3KHU
MEXKy €JIEeMEHTHU: €JHO MOMdYe, KOETO € BJIIOOEHO B €IHO MOMHUYE, €IHO TbPBO
[IO-CEHYECTO OT JPYro, €JHO €CTECTBEHO YUCJI0, KOETO JIEJIH JAPYTO.

3a na MoxkeM Ja onuiineM (pOPMATHO e/IHa TAaKaBa O-CJI0KHA KOHCTPYKILUS,
TpsAOBa MHPBO Ja MOYKEM JIa OTUIIEM ODEKT OT IBE YacTh, Ha, KOHTO I8 MOKEM
BUHATI'U Ja Pa3IIO3HaBaM€ KOd € II'bpBa 9aCT U KOA - BTOPa YacCT.

MmuozkecTBa OT €/IeMEeHTH He OUXa MOTJIN JIa HU MOCJIYKAT JUPEKTHO, 3AII0TO
{7,9} = {9, 7} - napeabara ce 3ary6sa.

2.1 Hapenenm aBoiiku, J€KapTOBO MPOU3BEAEHUE

Onpepnenenne 2.1. Hapenena nBoiika Ha eJIeMEeHTUTE @ 1 b, KOATO O3HATABAME
¢ (a,b), e nBOIKA eJeMEHTH, B KOSTO @ € I'bPBH €JIEMEHT, & b € BTOPU €JIEMEHT.

Eann nagwmn 3a nedunnnms Ha HapeaeHa ABOMKa, mpeamoxken ot Kyparos-

' (a,b) = {a,{a,b}} .

3abenesicka! Exna mapenena npoiika (ai,as) € paBHA Ha IpyTa HApEIEHA
nBoiika (by,bs) ToraBa u camo Torasa, Koraro a; = by u as = bs. Hanpumep

(5,7) # (7,5).

ITonsaruero 3a HapemeHa ABOIKA ce 00OOIIABA IO €CTECTBEH HAYWH 10 Hape-
JIEHA M-TOPKA 3a [IPOU3BOJIHO ecrecTBeHo N > 2. Hapejena n-ropka o3nayaBame
¢ (a1,as,...ay,). Ennn Haunu 3a neduHANNS HA HAPEIEHA N-TOPKA €:

(a1,a2,...,a,) = (a1, (a2, (-..,an))).

Cera (a1,as...a,) = (by,by...b,) TOraBa u camo Torasa, Koraro a; = by, ag =
b2, o1 ay = bn

Onpenenenne 2.2. Heka A u B ca mHOXKecTBa. IeKapTOBO NIPOU3BEAEHHIE HA
A u B Hapuyame MHOXKECTBOTO:

Ax B={(a,b)|]ac A& be B}.
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3abenestcra!l Oniepanusita JeKAPTOBO TPOU3BEIEHUE HE € KoMy TaTuBHa. Dop-
MAJIHO OTIEPAIUsTA He € U ACOIMNATURHA, HO HUE IIE CH TIO3BOJIUM I3 He U3THC-
BaMe CKOOM B II€KapTOBO MPOU3BEIEHUE Ha MOBEYE OT JIBE MHOMKECTBA, KATO
npeaBapuTesiHo ce yropopum, e A X B x C sunaru o3nadasa (A x B) x C.

Teopema 2.3. Heka A u B ca mHOXecTBa, |A| = n, |B| = m. Torasa
|Ax B|=n-m.

Zloxaszameacmeo. 1lle nokazkem TBLPAEHHETO C MHIAYKIIHAS IO N - Oposi HA ejie-
MEHTHUTE Ha MHOXKECTBOTO A.

i) Akon =0, 0 A= 0. Ho Torasa ) x B = () m cienoBarenno

0 x Bl=0=0-m.

ii) Heka TBbDIEHHETO € B CUJIa 38 MHOXKECTBA C 1 €JI€MEHTa, T.e. ako A =
{a1,a9,...,an}t u B ={b1,...,by}, KbIETO M € IPOU3BOJIHO, TO € U3I'bJI-
HEHO:

|A X Bl =n-m.
iii) e nokazkeM TBBPIAEHUETO 33 MHOXKECTBA C N + 1 ejeMenTa, T.e. HeKa

A= {al,ag,...an,an+1} n B= {bl,bg,...bm},

KbJIETO M € MPOU3BOJIHO dmcyio. Jla pasnuimeM KakKBO IPEACTABIABA MHO-
)kectBoTO A X B.

Ax B :{al,CLQ, .. .an,anﬂ} X {bl,bg, .. bm}
:{al,ag, .. .an} X {bl,bg, .. bm} U {an+1} X {bl,bz, .. bm} .

CbriacHO MHAYKIMOHHOTO MPEOI0KEHNE,
[{a1,a2,...an} x {b1,ba,...bp}|=n-m.

BpOHT Ha €IEMEHTHUTE B MHOXKECTBOTO

{ang1} x {b1,b2, ... b} = {(@n41,01), (@nt1,02), ... (Gns1,bm)}

e m. MuoxecrBara {a,as, ... ap}x{b1,ba,... by} u {ans1}x{b1,b2,...0}
ca HeTpecuyallli ce, 3alll0TO eJIeMeHTHTe Ha MbPBOTO MHOYKECTBO ca Hape-
JIGHW JTBOUKH, C TP'BB €JIEMEHT PA3JINICH OT Uy, 11, CJIEMEHTHTE HA THPBOTO
MHOKECTBO Ca HADEJEHU IBOUKH, C TIPHB €IEMEHT d, 1. CbrIIACHO TPHH-
[IHTIa 33 CHOUPAHETO,

[AxBl=n-m+m=mn+1)-m
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2.2 Penanun

Onpenenenne 2.4. Heka A u B ca muoxkecrsa. Besiko nogmuoxkecrso R Ha je-
KaprToBoTo pon3eeierve Ha A u B (R C A x B) napuuame (GHHAPHA) pestaiusi
Hang A u B.

Koraro A = B, penaiua R C A X A napuyame (Ounapua) penamus Haz A.
[ToHsTHETO pesanusa MOXKe 13 ce 000DIU eCTECTBEHO [0 CAeIHUsS HaduH. AKO
Ay, As, ..., A, ca muoxkectBa u R C Ay x ... A,, ro R Hapuyame n-mecrHa
penanus Hax Aq, As, ..., An.

C Bcska penanus cBbp3BaMe JBe MHOXKeCTBa Aedununmonna obaact (10-
MeitH) u obacT or croifHocTH (peitH K ):

Onpepenenne 2.5. Heka R C A x B e penanys vaax A n B.

dom(R) = {a € A | (3b)[(a,b) € R]}
range(R) = {b € B | (Ja)[(a,b) € R]}.

2.2.1 IlIpeacraBsgHe Ha peJjanuu

Koraro paborum c kpaiiHm penamuu, OmxmMe MOLIKA a H3IOJI3BAME IIPEICTa-
BHUs, ¢ KouTo ce paboru no jecHo. Ille maocrpupame JBe MpenCcTaBIHUA C
npumep. Heka T' e penammsa nan {1,2,3} u {a,b, c,d}, neburnpana upe3s

T= {(La)’ (1,¢),(1,d),(2,0), (3,a), (37d)} .
Heka S e penanusa nan {1,2, 3,4}, nedunupana upes

S ={(1,2),(1,3),(1,4),(2,2),(3,4), (4,2),(4,4)} .

TabisimuHo peacTaBsIHE

Heka R e penauus wan A = {a1,...,an} u B = {b1,...,b,}. Ilpeacrasame

pesanusaTa R ¢ nomoura na rabuuua (Marpuna) ¢ n pexa u m crbiaba, Karo

TO3NINATA Ha (-TH pej, j-mn cthib e 0, ako (a;,b;) ¢ R n 1, ako (a;,bj) € R.
Hampuwmep Tabnmanoro npeacrassue na 1 e:

* a b ¢ d
110 1 1
2 01 00
310 0 1
TabaumaHOTO TpenCcTaBsiHe HA S €:
x 1 2 3 4
101 1 1
2 0100
3 00 01
4 0 1 0 1
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I'padbmuno mpencraBgHe Ha peJslanusd

Heka R e penamms waxg A = {a1,...,an} u B = {b1,...,by}. IIpencraBsamve
pesanusaTa R ¢ momoira Ha opuentupan rpad G(AU B, R). 3a Bceku ejieMeHT
or AUB umame 110 eJiuH BPbX, a 3a BCEKU ejieMentT (a,b) € R nocraBsiMe CTpesika

oT a KbM b.

I'paduanoro npeacrapsae nva T e:

O,

()
L

I'padwaroTo npencrassue Ha S €:

()

2.2.2 Omnepanuu HaJ peJjaiun

Penanuure ca MHOXKECTBA U HAJI TAX MOTAT /14 Ce MpuUJiaraT OyJeBuTe OlepaIun,
KOWTO pa3ryienaxme B mpeaumnraara rema. Jombiaauresnno e neduHIpPaMe orne
JBe oreparuu, crennuIHn 33 PeJIalyi.

Omnpenenenne 2.6. Heka R e penanus Hag mHokectBata A u B. ObparHara
penamnms Ha R e penamusta van B n A:

R ={(b,a) | (a,b) € R}.

Onpenenenne 2.7. Heka R e penanus Hajg MHOKecTBaTa A u B u S e penanus
maa maoxkectBara B u C. Komnosumnusara na penamuure R u S e peranuara HaT

AnC:

RoS ={(a,c)|3b((a,b) € R& (b,c) € S)}.

ITpumep. Heka T n S ca KakTo B mpemnust npumep. ['padpuaroro mpeacra-
Bare Ha T~ e:
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I'paduunoro npexcrassine va S o S e:

2.2.3 Bunose penaun

Heka A e muOX)ecTBO 1 R e penanusa nam A.

PedaekcuBHoCT

Onpenenenne 2.8. Penanusira R napudave pedieKCUBHA, aKO 38 BCEKH €Jie-
meHT a € A, apoiikara (a,a) e B pejanusTa R:

(Va € A)[(a,a) € R].

Hampumep penanmsara < HaJI €CTECTBEHHUTE YNCJIA, peaannsaTa C HAI MHO-
JKE€CTBA OT €CTECTBEHM UMCJIA, Ca PePICKCUBHH PEJIAIINHN.

Bnb3amoxkuo e penamusara R ga He e pediekcuBHA: 3a HAKON emement a € A
HapejeHara JiBoiika (a,a) ¢ R. Bb3MOXKHO € /1a € U3I'bJIHEHO HEIO MHOTO I10-
CHJTHO:

Onpenenenne 2.9. Penanuara R napudamve antupedieKCuBHA, aKO 32 BCEKN
eneMeHT a € A, npoiikara (a,a) He e B penanusTa R:

(Va € A)[(a,a) ¢ R.

Hampumep penmanusita < HaJI €CTECTBEHHTE YHCJA, penanusTa C HaJ MHO-
JKECTBA OT €CTECTBEHHU YUCJIA, Ca AHTUPEDIEKCUBHA PEIAIHN.

Penanusita R = {(n,m) | n e mpoct genuren Ha m} He e HUTO pedIEKCUBHA,
nuro anrupediekcusua. He e peduekcusna, 3auoro naupumep (4,4) ¢ R. He
e anTupedekcnBHa, 3amoTo Hanpumep (3,3) € R.
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TpaH3UTUBHOCT

Onpepnenenne 2.10. Penammsra R HapudaMe TpaH3WTHBHA, aKO 33 BCAKA
Tpoiika ejgementu a,b,c € A, ako (a,b) € Ru (b,¢) € R, To (a,c) € R:

Va € AVb € AVe € A ((a,b) € R & (b,c) € R — (a,c) € R).

Hanpuwmep pesamuure < m < HaJ ecrecTBeHuTe 4ucjia, penanuure C u C
Ha/Jl MHOXKECTBa OT eCreCTBeHU 4YuCJjia, Ca TPAH3UTHUBHU DeEJIalluu.

Penannsita R = {(n,m) | » u m umar obIa mpocT JeJnTes} HE € TPAH3U-
rusHa. Hanpumep (3,6) € R, (6,2) € R, vo (3,2) ¢ R.

TBbpaenue 2.11. Penanusara R e TpaH3UTHUBHA TOraBa W CaAMO TOTaBa, KOraTo
RoRCR.

Joxasameacmeo. Heka R e tpansurusrHa. Heka (a,c) e mpOM3BOJIEH €JI€MEHT
or R o R. CbruacHo jeduHunusTa HA ONEPALUATa KOMIIO3UIUS HA DEJIAlH,
MOZKEM JIa HaMepuM Mexk/uHeH ejiemedt b € A, rakbs ue (a,b) € Ru (b,c¢) € R.
Or TpansuTuBHOCTTA Ha R ciensa, ve (a,c) € R. Taka Ro R C R.

Heka cera Ro R C R. Jla B3emMeM MpOW3BOJIHA TPOUKA €JIeMeHTH a,b,c € A
rakuBa, 4e (a,b) € R u (b,c) € R. CoraacHo JeduHHIUSATA Ha ONEPAIUATA
KOMIIO3UIIMs Ha pesanui, (a,c) € RoR. Ho Ro R C R, cienoBaresso (a,c) € R
u R e rpan3urusHA. O

CumMmeTpuvyHOCT

Onpenenenne 2.12. Penanuara R HapudaMe CHMETPUYIHA, AKO 3 BCSIKA, JBOT-
Ka esiemenTs a,b € A, ako (a,b) € R, 10 (b,a) € R:

Va € AVb € A ((a,b) € R — (b,a) € R).

Hanpumep penanmara R = {(n,m) | n u m umar obwa npocr geauren} u
peTan@ATa = HAJ, €CTECTBEHUTE YUCTA ca cuMeTpnann. Peramuure < m < Hag
€CTECTBEHUTE YWMCIa, penamunTe C 1 C HAJ MHOXKECTBA, OT €CTECTBEHW 9HCIIA,
HE €4 CUMETPHYHY DPEJIAUH. 38 TAX OTHOBO MOXKEM JIa Ka’KeM HEIIO MHOTO MO-
CHJIHO, T€ Ca AHTHCUMETDHYHH.

Onpenenenune 2.13. Penamusara R nHapuyaMe aHTHCHMETPUYIHA, AKO 338 BCAKA
JIBOfiKa ejileMeHTH a,b € A, ako (a,b) € Ru a #b, 10 (b,a) ¢ R:

Va € AVb e A ((a,b) € R& a#b— (b,a) ¢ R).

3abenescra! Tyk OTHOBO € Bb3MOXKHO 13 UMa PEJIAlUs, KOATO HE HUTO CH-
MeTpHUYHa, HUTO aHTHcuMerpryHa. Hampumep penanusita R = {(A, B) | A\ B #
P} C 2N x 2N me e cumerpmuma samoro mampmmep ({1,2,3},{1,2}) € R,
o ({1,2},{1,2,3}) ¢ R. Penanusita me e anrucumerpuyna 3amoro ({1,2,3},
{4,5,6}) € R, {1,2,3} # {4,5,6}, no ({4,5,6},{1,2,3}) € R.

Tebpaenne 2.14. Penanusara R e cumerpuvsa ToraBa u camMoO TOTaBa, KOraro

R-1CR.

Joxazameacmeo. Heka R e cumerpuuna. Hexa (b,a) € R™1. Cwnriacno medu-
HunuATa Ha obparna penanus (a,b) € R. Ho mom R e cumerpuuna, (b,a) € R.
Taka R~! C R.

Heka cera R~! C R. Heka a,b € A ca OPOU3BOIHE eJeMEHTH TaKHBa, [e
(a,b) € R. Covrnacuo gedununmara ma obparna penamus (b,a) € R~!. Ho
R™! C R, cienosarenno (b,a) € R u R e cumerpuna. O
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2.3 Penanmuga Ha eKBUBAJEHTHOCT

Onpenenenne 2.15. Heka A e nenpasno muoxkecrso. Penauus R nan A Ha-
pudaMe pesamus Ha eKBHBAJEHTHOCT, ako R e pedeKkcruBHA, CUMETPUYHA U
TPAH3UTHUBHA.

[pumep 3a penanus Ha eKBuBajeHTHOCT e {(n,m) | n = m(mod 4)} C N2,
Tas3u penanusa ce CbCTOM OT BCUYKH JIBOWKH €CTECTBEHW HYHCIIA, KOUTO JTABAT
€/IMH U CbII OCTATHK, IPH JIeeHne Ha 4.

UnTynnuaTa 3a/] IOHATHETO DeJiallus HA eKBUBAJEHTHOCT, € Y€ Tsi TPyIHupa
eJIeMeHTHTE HA A TI0 OTHOIIEHNE HA HAKAKBO CXOCTBO. ['pynaTa B KOATO MOmaa
KOHKDETEH €JIEMEHT C€ HAPWYA HETOB KJIAC HA €KBUBAJEHTHOCT.

Omnpenenenne 2.16. Heka A e muOXKecTBO, @ € A mw R C A? e penanus Ha
€KBUBAJICHTHOCT Ha/JI, A KJIa,C’bT Ha €KBHUBAJICHTHOCT Ha a IIO OTHOIIIEHHE Ha
penamnuara R e MHOXKeCTBOTO:

[alg = {be A| (a,b) € R}.

Besika pesanus Ha €KBHBaJIEHTHOCT HAJl MHOXKECTBO IOPaK/a pasbuBane
Ha MHOXKECTBOTO .

Onpenenenne 2.17. Heka A e Henpa3Ho MHOKECTBO, | € WHIEKCHO MHOYKECTBO
u {Ai};c; e bavmummsa or MHOXKecTBa, WHAeKcnpana ¢ . ®avmmara {A;},.; e
pasbuBane Ha A ako:

1. Vi € I(A; # 0);
2. Uie] Az = A,

Teopema 2.18. 1. Heka A e muoxectso, a R C A? e penamusa na exkpu-
sanenruoct najg A. ®amumuara {[a]r},c 4 € pasbuBame Ha MHOKECTBOTO
A.

2. Hexa A e mHoxecTBo, I e mHAeKCHO MHOXKeCTBO 1 {A;},.; € pasbunane Ha
A. Penannara;:

R={(a,b) | FieI(ac A &be A)}

€ pesanysa Ha €KBUBAJEHTHOCT HAI A M BCEKW KJAC HA €KBUBAJIEHTHOCT
o orHomrenne Ha R chbBnaga ¢ A; 3a Hakoe i € 1.

Zlokxasamencmeo.

1. Bcexkm Kiac Ha €KBHBAJIGHTHOCT € HempaseH, 3amoto R e pedmexcusra
penanus u crenosarento (a,a) € R, a € [a]g. Bcekn Kiac Ha eKBHBa-
JIEHTHOCT € N0 AebUHANNA TOIMHOKECTBO HA A, U BCEKH eneMeHT a € A
1I0Na/Ia B IIOHE eJIMH KJIAC Ha eKBUBAJICHTHOCT - CBOd, Taka | J,c 4 [a]r = A.
Heka a,b € A ca rakusa, ue [a]g N [b|g # 0. Heka ¢ € [a]g N [b]g. Tora-
Ba (a,c¢) € R, (b,c) € R n monexke R e cumerpuuna (¢,b) € R. Cera or
TPAH3UTUBHOCTTA Ha R cresBa, de (a,b) € R, a cienosarenuo u (b, a) € R.
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[Te nokaxewm, 1e [a]|g = [b|r. Hexa = € [a]g. Torasa (b,a) € Ru (a,z) € R
W CJIeZIoBaTeIHO OT TpaHsuTuBHOCTTa HAa R, (b,2) € R n 2 € [b|r. Taka
[a]r C [b]n-

Heka cera © € [b]g. Torasa (a,b) € R u (b,x) € R u ciemoBaresHo
or rpamsurusnocrra Ha R, (a,2) € R u x € [a]g. Taka nonyuasame u
BrOpoTo BKiouBane: [blg C [a]g.

C roBa oxkazaxme, 4e bamuuara {[a|r},c 4 U3IbIHABA U TPUTE YCIOBUA,
HeoOXOIuMH 33 /13 € pa3duBaHe HA MHOXKECTBOTO .

2. Hexa cera {A;},.; e pasbusane na A. Peranusra:

R={(a,b) | FicI(ac A &be A)}

e pedrekcupra, 3amoTo J;c; Ai = A clesoBaTeHO 3a BCKH €eMeHT
a € A uva ungekc i € I, rakbB 4e a € A;. Penanusra e cumerpudna,
3aI[0TO JIOTWUeCKaTa Bpbh3ka & e komyrarusHa. OcTaBa 1a MOKaXKeM, de
R e rtpansurnsra. Heka a,b, ¢ € A ca takusa, e (a,b) € Ru (b,c) € R.
Torasa cbuiecTByBaT UHIEKCH { U j Takusa, 4e a,b € A; u b,c € A;.
Taxa b € A; N A;. Ot tperoro ycnosue B gedunuIuaTa HA Pa3dUBaHe Ha
MHOZKeCTBO cyefsa, de A; = A;. Taxa a, ¢ € A; u cnenoBarento (a,c) € R.

Heka a e nmpoussosien eseMeHT or A u Heka i € I e Takosa, ue a € A;.
Teupaum, de [a]lp = A;. Haucruna, ako b € A; 1o (a,b) € R u cneno-
BaresiHo b € [a]g. O apyra crpana, ako b € [a]gr, 10 (a,b) € R u uma
j € I rakosa, ue € A; u b € A;. Ho or rperoro cpoiicrso na pasbusa-
e u GakTLT, 9 a € A; N Aj, crensa, we A; = A;. Taxa moxazaxme, 1e
be Al O

2.4 YacruuHa Hapeada

BropusT Buz penanuu, KOUTO IIe pasriegamMe Ce HAPUYAT YACTHIHU HAPEIOU
U MHTYUTUBHO CPABHIBAT €JIEMEHTH N0 HAKAaKbB npusHak. Ako (a,b) € R -
cuuTame, 9e a e mo-MaJjIbK, IPeaxoxkia, b. B 3aBucumocT ganu pesamnusita, KOSTo
pasriexxgame e pedJIeKCUBHA Wid aHTUPeIeKCUBHA MaMe JIBA BUIA YACTUIHI
Hapeaon.

Onpenenenne 2.19. Heka A e HenpasHo MHOKECTBO.

1. Penauus R nax A napuuame (necrpora) dacrudna napeada, ako R e ped-
JIEKCWBHA, AHTHCUMETPUIHA W TPAH3WTHBHA.

2. Penauus R nan A Hapudame crpora dacrudHa Hapeuda, ako R e anru-
pediekcUBHA, AHTUCUMETPUYHA, U TPAH3UTHUBHA.

ITpnmepw 3a HECTPOrHW YACTHIHN HAPEIOH Ca peanusaTa < HaJ eCTECTBEHUTE
uncia, pesanusaTa C HaJ MHOXKECTBA OT €CTECTBEHH THCIIA.

IIpumepw 3a CTPOrM YACTHYHU HAPEAOW Ca PeTausTa < HAJ, €CTECTBEHHUTE
qucna, penanusara C HaJ MHOXKECTBA OT €CTECTBEHH YHCIIA.

Makap penanuure < (<) u C (C) 1a UMAT €HU U CHILY XAPAKTEPUCTUKY 110
OTHOTIIeHNE Ha pedIeKCUBHOCT, CHMETPUYHOCT, TPAH3UTHBHOCT, Te CA ChIIECTBE-
HO DA3JIMYHK OT JIPyTa TJeJHa ToYKa. KakBaTo M 1BOiKa PA3INYHN eCTECTBEHN
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YUCIa 1A B3EMEM M, M, Te€ €4 BHHATW CPABHUME: Wik N < m uium m < n. 3a
JBOMKM MHOYKECTBO, TOBA ChBCEM He BaxKu. Hampumep aBoiikaTa MHOXKecTBa, 2N
u 2N + 1 ca mecpaBHUMU TTO OTHOIIEeHNE Ha penarnusaTa C: uuto 2N C 2N 4 1,
muro 2N + 1 C 2N.

Ounpenenenune 2.20. Heka R e yacTuuna Hapeada (CTpora Wi HECTPOra) HaJ,
muoxkecrBo A. Kazsame, ue R e sneiina (n'bJjiHa), aKO BCEKU JBA PA3JIUYHU
enemMeHnTa or A ca CpaBHUMU 1O OTHOIIeHHE HA R:

Va € AVbe A (a#b— ((a,b) € R V (b,a) € R)).

Taka penarunre < m < HAJ €CTECTBEHUTE UUCJIA, CA TPUMEPHU 34 JIMHEHHU
YaCTUYHU Hapeaou, mokarTo penannure C U C HAJ MHOXKECTBA OT €CTECTBEHHU
9UC/Ia Ca TPUMEPH 33 YACTUIHU HAPEI0a, KOUTO HE Ca JIMHEHHU.

Nuryunuara, e (a,b) € R o3uagasa, 4e a e 10-MaIbK OT b € 3ajernaia u
BbB Cjie/BaInaTa 1epuHuIs:

Onpenenenune 2.21. Heka R e yacruuna Hapeaba (crpora ujid HECTPOra) Hajy
MHOXKECTBO A.

o Kassawme, ue a € A e Hail-MaIbK IO OTHOIIEHUE HA R, aKO € MO-MaJIbK OT
BCEKHU APYT ejeMeHT Ha A:

Vb e A(a #b— (a,b) € R).

o Kazsame, ue a € A e HaW-TOIAM O OTHOIIEHUE HA R, aKO € TO-TOIsAM OT
BCEKHU APYT ejJeMeHT Ha A:

Vb e A(a #b— (b,a) € R).

Hanpuwmep B cireunara penanus, npeactaBena rpaduvHO ¢ e HAl-TOIaM eje-
MEHT, & ¢ € Hall-MaJI'bK.

e

4

ChbIlecTByBaHETO HA, HAW-TOJISIM U HAM-MaJIbK €JIEMEHT ChbBCEM HE € 33 TbJIXKU-
tenno. Hampumep ako pasriegave 7Z u napenbara < Haj Z, HE CbIIECTBYBa
HUTO HAW-TOJIIM, HUTO Hail-MaTbK egemMeHT. Bb3MoKHO € nopu B KpaiiHa Jac-

ZanN
T
@

THYHA HAPEeIDa /13 HAMA HAW-MaJIbK WU HANR-TOJIAM €JIEMEHT, KAKTO Ce CJIy4YBa
B CJIEJTHUS TIpUMeEp:
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Onpenenenune 2.22. Heka R e yacrtuuna Hapeaba (CTpora uiiM HECTPOra) HaJy
MHOXKeCTBO A.

e KasBame, ue a € A e MUHWMAJIEH €JIEMEHT TIO OTHOINEeHHe Ha R, ako He
CBIIECTBYBA APYT eaeMeHT b € A, KOHTO e Mo-MaJl'bK OT HEro:

Vbe A(a#b— (b,a) ¢ R).

o Kazsame, e a € A e MakCUMaJeH €JIEMEHT 110 OTHOIeHue Ha R, ako He
CBIIECTBYBA APYT eneMenT b € A, KOITO e mo-rojisiM 0T HEro:

Vbe A(a#b— (a,b) ¢ R).

Taka B rope m3obpa3eHara pejalusi, eleMeHTuTe d,e u f ca MUHUMAJIHA, &
b u ¢ ca MaKCHUMAJIHH.

Teopema 2.23. Bcesaka yactuana napenda R Hal KpailHO HEIIPA3HO MHOYKECTBO
A npurekaBa MUHUMAJIEH U MAKCUMAJIEH €JIEMEHT.

Joxasameacmeo. 3a ONpemeseHOCT IIe IpHeMeM, 4e R € HecTpora JacTHYHA
mapenba. Teopemara e B CiIa B 3a CTPOra 9acTHYHA Hapenda. Jloka3aTescTBoro
1€ U3BbPIIUM C UHAYKIMs 110 |A|.

Axo A = {a} uma camo emWH eneMeHT, TO @ MUHUMAJIEH W MAaKCHMAJIEH
€JICMEHT.

Heka TBBLpAEeHHETO € B CHJIA 3a KpailHM MHOXKECTBA ¢ 1 ejJeMeHTa. Heka
A ={a1...an,an4+1} 1 R e gacTuuHa Hapenba Hax A. Jla pasriename MHO-
xkecrBoro Ay = {a1,...,a,} = A\ {any1} u penanusara Ry = RN (A; x Ay).
Jlecrno ce nposepsiBa, ye R e yacruuna "Hapeabda Hag A;. A; e MHOXKECTBO € n
€JIeMEHTa M CbIVIACHO MHAYKIHOHHOTO IPEANOJIOXKEeHHe A MMa MHHUMAJIECH d;
U MaKCUMaJIeH eJIeMEeHT a; 110 OTHOIIeHue Ha Ry, 1,7 < n.

Ako (ant1,a;) ¢ R, TO a; € MUHAMAJIEH eJIEMEHT Ha IO OTHOIIEHHE Ha R.
Haucruna ako gomychem, ye cbuiecrsyBa b € A, rakbs ue b # a; u (b, a;) € R,
10 b # apy1 u caenosarenno b € Aq, a (b,a;) € Ry, KOEro uporuBopedu Ha
MUHUMAJIHOCTTA HA, a;.

Axko (an+t1,a;) € R, TO ap,41 € MUHUMAJIEH €JIEMEHT Ha 10 OTHOINEHNE Ha
R. Hamctwra ako JOMyCcHEM, Y€ ChINECTBYBa b € A, TakbB 4e b # api1 u
(b,an+1) € R, or rpansuTuBHOCTTA HA R, ciensa, ye (b, a;) € R, orroBo b € Ay,
u caenosaresnno (b, a;) € Ry, KoeTo nak mpoTHBOPEYU HA MUHUMAIHOCTTA HA ;.

CbImecTByBaHETO Ha MAKCHMAJEH €JIEMEHT Ce MOKA3Ba [0 aHAJOTMYeH Ha-
9MH: aKO (@, Gnt1) ¢ R, TO a; € MaKCUMAJIEH eeMenT; ako (a;, ant1) € R, TO
Gp+1 € MAKCUMAJICH €JICMEHT. O

KaTo m3mossBaMe IpeIuInHaTa TEOpeMa IIe IMOKAXKEM, 9€ BCAKA IaCTHIHA,
Hapenba HaJ KPaiHO HEIPa3HO MHOXKECTBO A MoxKe Ia ce IPONbIKEA 0 II'bJIHA,
(sinneitna). Meroabr, KOATO Lie u310J3BaMe B JOKA3aTEJICTBOTO € U3BECTEH KATO
METO/], Ha, TOIOJOIrMIeCKATa COPTUPOBKA.
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Teopema 2.24. Heka A e HenpasHo KpaitHO MHOXKecTBO u R e wactuuna Ha-
penda nan A. CoiiecrByBa quHeiina Hapemba S wam A takasa, ue R C S.

JHoxazamescmeo. OTHOBO 3a OLPEIEJIEHOCT 1€ npuemeM, 4e R e Hecrpora dac-
TnuHa Hapenda. Teopemara e B cujia W 3a CTPOra YaCTHYIHA HApeIoa.

Heka A e wmuoxkectBo ¢ n enementa. Ille moapenum enementure Ha A B
pemuia. ChbraacHo mpeauiHaTa reopeMa, A TpuTeKaBa MUHUMAJIEH eJIEMEHT 110
ornomenue Ha R. Heka a; e equn TakbB MuHMMAaseH eneMenT Ha A u Ag = A.

Hexka cme mocTpomnu eneMeHTuTE a1, . . . G; - 1-HA OPOil PA3IUIHA €/IeMEeHTH
Ha A. Axo i = n, KoHCTpYKIMsTa € roroBa n A = {ay,...a,}. nage mHOXKeCT-
Boro A;11 = A\{a1,...a;} e Henpaszno, a RN(A;41 X A;11) e gacTu4uHa Hapeada
a1 A;q1. OTHOBO TpmWyIaramMe TPEIUITHATA TEOPEMa, 33 J1a n30epeM a;y1 Karo
MuHUMaJeH ejgeMenT Ha A; 1 110 ornomenue Ha RN (Aj1 X Aiq1).

Cuyren KaTO CMe TOAPEIUIN eleMeHTUTe Ha A, KaTo aq,. .. a,, JepuHrpame
penanmnaTa S = {(a;,a;) | 1 <i < j < n}. Penaunsara S e auneiina gacTudna
Hapemba. Becekn eqemMeHT a € A NPUCHCTBA HAKDLAE B PEOUIATa, 4 = a; 3
uskoe i. Iouexe i < 4, (a;,a;) € S u S e pediiekcuBHA. AHTUCUMETPUIHOCT
U TPAH3UTUBHOCT HA S, CIEABAT OT AHTUCUMETPUYHOCT W TPAH3UTHBHOCT HA
penanusAra < Haj, ecrecrsenure yucia. Heka a,b € A. Torasa a = a; u b = a;
3a naxou i u j. Ako i < j, 1o (a,b) € S. Unaue j <iwu (b,a) € S.

Ocrana na suaum, ue R C S. Heka (a,b) € R. ToraBa OTHOBO a = a; W
b = a; 3a makon ¢ u j. [a momycHem, We j < i Ja ce BbpDHEM Ha CTBIKA j OT
KOHCTpyKuusATa. EnemMenTsr b € n3bpan Karo MUHUMAJIEH eleMeHT Ha Aj_q 1o
oraommenne Ha RN (Aj_1 X Aj_1). EnementsrT a; He ce cpema cpex ar ... a1,
3al0T0 CblLiacHo goiyckanero ¢ > j. Torasa a € A;_1 = A\ {a1,...a;1}.
Taxa (a,b) € RN (Aj—1 X Aj_1), HO TOBa MPOTHBOPEYN HA MUHUMAIHOCTTA Ha
b. IIpoTuBOpeYNETO CE IBJIKYU HA TPEITHOTO HU JIOIMYCKAHE, CJIEI0BATENIHO § < j
u (a,b) € S. O

Ounpenenenue 2.25. Heka R e yacruuna napenba nag A (crpora uiv HECTPO-
ra). Kazpame, ue R e dynaupana, ako BCSKO HENpasHO oaMHO)KecTBO B C A
“Ma MUHHMAJIEH €JIeMeHT 110 OTHOoIlenne Ha R.

AnrepraruBra xapakrepusanus Ha (QyHIAPAHUTE HAPEIOU € CIeHaTa;

TBbpaenne 2.26. Heka A e mempasno MHOXKecTBO u R e dactudHa Hapeaba
nazg A. R e dynaupana, roraBa 1 caMo TOraBa KOraro He CbIIeCTBYBa Oe3Kpaiina
peauia oT pa3nuaHu eeMenTn Ha A, {a;}ien, ¢be cBoiictBoTO Vi(a;11,a;) € R.

Zoxasameacmso. Heka R e dynaupana. a momycuem, de uma 6e3kpaiina pe-
quna ot pasnnanu eementn Ha A, {a;}ien, ¢be cBoiicrBoro Vi(ait1,a;) € R.
ToraBa MHOXKECTBOTO {a;};cn TpsOBa 1a mMa MUHHMAJEH elTeMeHT b = a; 3a
nasikoe j. Ho rorasa a;11 # b u (a;41,b) € R, KoeTto npoTuBOpedn Ha AeduHn-
IUATa Ha MUHHUMAJIEH €JIEMEHT.

Heka cera momycuem, ue R ue e dynmupana. Heka B C A e Hempa3HO MHO-
KEeCTBO, KOETO HAMa MUHHUMAJICH €JIEMEHT. Hle IIOCTPOUM peIHIla ChbC UCKaHUTE
cBoficTBa. Baumame npomssosien enement b € B u mojarame ag = b. Ha momyc-
HEM Y€ CMe [IOCTPOUJIH Ay - . . ) PA3IUIHU €JIEMEHTH, TaKuBa de (a;41,a;) € R 3a
BCAKO © < k. VI36upame a1 € B KaTo HOB €JIEMEHT CbC CBOICTBOTO (Akt1, Ak ) €
R. TakbB ejleMeHT nMa, 3aIM0TO AKO JOIMYCHEM MPOTUBHOTO: 34 BCEKU €JIEMEHT
b € B, ako b # ai, 1o (b,ay) ¢ R, monyuaBame, 4e aj € MUHUMAJIEH €JIEMEHT Ha
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B 1o ornomenne Ha R. Taka ¢ unayknus mo k mocroouxme Oe3kpaiina peaua
OT eJIeMeHTH Ha A ¢ MCKAHOTO CBOMCTRO. O

[Mpumep 3a dbyHaupana HApeada e HapeadaTa Ha ecTecTBeHuTe dncia. OyH-
JUPAHOCTTA € CBOMCTBOTO HA Ta3W Hapeada, KOETO HU MO3BOJISABA 1a M3MOI3BAME
METOJa Ha MaTeéMaTHYeCKaTa MHAYKIIUA.

Teopema 2.27 (Meroy na crpykryprara uniykuus). Heka A e nenpasno Muo-
kecTBO U R e dynaupana napenda wag A. Ako P C A wuma, CIeIHOTO CBOWCTRO:

3a Bcuuku b € A e BAPHO CJIEIHOTO: aKO BCAKO a € A, TaKoBa e
a#bu(a,b) € R, nmame we a € P, To Toraa u b € P.

Torasa P = A.

Zoxasameacmso. Heka P C A mma ToBa ceoiicteo. Jla momycuem, ue P C A.
Torasa A \ P e mempasuo MuOXKecTBO. IloHexke R e dbyHaupana, MOXKeM Ja
u3bepeM b karo MuHIMaJeH ejgemeHT Ha A\ P mo orHomenve Ha R. Heka a € A
€ MPOM3BOJIEH eJIEMEHT, TakbB 4e a # b u (a,b) € R. Ot MuHuMasHOCTTA HA b
caensa, ye a ¢ A\ P. Taka a € P. Ot coiicrBoro Ha P, ciensa, e b € P, koero
mpoTuBopeun Ha n3bopa Ha b. Taka JOMyCKAHETO HU € TPENTHO U CJIeTOBATETHO

A=P. O
2.5 3amaum 3a ynpakHeHUe

Bamaua 1. Heka A = {John, Mary}, B = {1,2,3}, C = (). Hamepere A X B,
BxA AxC,CxA Ax A= A% Bx Bx B= B>

3apgaua 2. [lokaxkere, 4e:

1. AKoAgAlntBl,ToAngAl><B1.
2. Ako A#0PuB#0, To AxB=Bx A& A=B.

3apgaua 3. Bsapwno jmu e, ge:
1. Ax(BUC)=AxBUAxC.
2. Ax(BNC)=AxBnAxC.
3. Ax (B\C)=AxB\AxC.

3apgaua 4. Heka A u B ca kakTo B 3a1a4a 1.

1. Kowu ot ciieanre MHOXKecTBa ca peranun Hag A u B: {(John, 1), (John,2)},
{(Mary,3), (John, Mary)}, {(John,1),(2, John)}, {Mary, 1} ,{Mary, 2}).

2. Kos e maii- ronsmara penamus vag A u B? A maii-manakara?

3. Konxko ca Bcnuku penanwu Hanx A u B?
Bamada 5. Oupepenere dom(R) u range(R), 3a:
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1. R={(1,7),

(3,3),(13,11),(3,12),(2,15)}.
2. R={(7,1),(
{

3,
3,3), (11,13), (12,3), (15,2)}.
3. R=1Ids ={(a,a) | ac A}.
Bamaua 6. Heka A = {1,2,3,4}. [Ipeacrasere Tabawaao u rpaduaHO pesany-
Te: "< "< "—()u 2
Bamaua 7. Hamepere obparnara penanusa R~' u Ro R, ako R e:
1. {(0,1),(1,3),(4,0)}.
2. {(n,n+1) | neN}
3. {(n,m) | n,m e N & n <m}.

Kak moxem 1o rabiuunoro (rpadgudnoro) npexacraBsiie Ha R 1a Hamepum
tabmuanoro (rpadudnoro) npejacrapsane Ha R~1? A na Ro R?

3anaua 8. [lokaxkere, |e:
1. dom(R™1) = range(R) u range(R™') = dom(R).
2. (RNS) =R 'NStu(RUS)'=R1Tus L

Bagaua 9. Kak moxe 1o tabiauunoro (rpadbuaHOTO) IpeicTaBsiHe Ha Desaliu-
ara R na ce pa3bepe manu 14 e:

1. pediekcuBna, anTupedIEKCUBHA, WJIM HATO €IHO OT JABETe?

2. CHMETpHUYHA, AHTUCAMETPUIHA UM HATO €IHO OT ABeTe?.

3agaua 10. Heka R e penanus nag A. Jlokaxkere, de
1. Ako R e TpausutusHa u pediekcusHa, T0 Ro R = R.

2. Bu3moxkno am e Ro R = R, ako R #e e pedeKkcuBHA.

3ajgaua 11. Heka R e penanus wan A. Jlokaxkere, 4e CIEIHUTE TPHU YCIOBUS
Ca eKBUBAJICHTHH:

1. R e cumeTpuyYHA.
2. RF'CR
3. R=R L

Bagaua 12. Emna penamma R C A? mapuuaMme a-IUKHJINYHA, aKO HE CbIIEC-
TBYBAT €JIEMEHTH a1,ds,...dn, € A (n > 2) TakuBa, e a1 = a, U 3a BCHAKO i,
1 <i<mn, (a;,a;41) € R. Jokaxere, 4e

1. Bceska rpan3uruBHa, anTupedIIeKCHBHA Pejlalusd € a-[UKJIUIHA.
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2. Ako R e a-nukiugna, 10 R e anrupediekcuBHa.

3. JaiiTe mpuMep 3a a-NMUKJIWNYIHA peJIalins, KOSITO He € TPAaH3UTHUBHA.

Sagaua 13. Ilokazkere, 4e 3a BCIKO MHOMKECTBO A, pejanusara id4 e pesiamnys
Ha €KBUBAJIEHTHOCT. HOK&}KGTG, Ye TOBa € Hal-MaJKaTa penanuda Ha €KBUBa-
JIeHTHOCT HaJ A 1o orHomenue Ha penaunusrta C. Kos e naii-ronsmara? Kak
U3LJIeK /14 rpa]UuIHOTO LIPEJACTaBAHE Ha PeJlalus Ha eKBUBAJIEHTHOCT !

3amaua 14. ITlposepere maim CIeIHUTE PETAIldN CA PETAIUNA HA €KBUBAJIEHT-
HOCT:

a) {(n,m) | n = m( mod k)} C N x N, kbaero k e HAKaKBO (DUKCHPAHO
HOJIOKUTEJIHO €CTECTBEHO IUCIIO.

6) {(z,y) | zr+y=0} CRxR.

B) {(n,m) | n+ m e gerno umcmo.} C N x N.
a,b) | a.b>0} CZ x Z.
A

e P77‘)|p—reuﬂn0qucno}g(@><@_

) {
) {(

r) {(
) {(a,b) | a.b >0} C Z x Z.
) {(
) {(

(a,b), (c,d)) | a.d = b.c} C N? x N2.

KX

Bamaua 15. Koe or cieaaure muOXKeCTBA € pa3buBane Ha MEHOKecTBOTO {1,2, 3,4}
o {{1,2},{3}}.
o {{1,2},{2,3},{4}}.
o {{1,2},{3,4},0}
o {{1,4},{2,3}}

3amaua 16. Omnwuiere KJIacoBeTe HA €KBUBAJICHTHOCT, TIOPOJEHU OT TE3W OT
penanuuTe B 3a1a49a 14, KOUTO Ca pesaliy Ha €KBUBAJEHTHOCT.

Bamaua 17. Heka A = {n € N |2 < n < 20}. Heka R C A2 ce cbeTouM OT BCHYKH
JIBOMKY Ynciia, KOUTO MMaT eJHakBy mpoctn aeanrenn. Hampumep (6,12) € R,
3aI0TO TpocTHTe AeuTenu Ha 6 n 12 ca 2,3, o (6,9) ¢ R, 3amoTo 2 e mpocTt
genutes Ha 6, HO He U Ha 9. /lokakere, ye R e pejanusa Ha eKBUBAJEHTHOCT U
ompeenere KJIacoBeTe Ha eKBUBAJEHTHOCT MOPOIEHN OT .

Bamaua 18. Heka a e paamna. C P(a) o3Ha4aBaMe MHOXECTBOTO OT TOY-
KWTE B paBHMHATA, & ¢ L(a) MHOXKECTBOTO OT mpasuTe B paBHMHATA. KOm OT
CJIETHATE PEJIAIAHN Ca PeNalui Ha ekBuBaaeHTHOCT? Olpesesere KaacoBere Ha
€KBUBAJIEHTHOCT.

1. {(a,b) | a||b} C L(a) x L(c).
2. {(a,b) | a L b} C L(a) x L(«).
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3. {((A,B,C),(A",B',C")) | A ABC ~a A'B'C'} C P(a)? x P(a)®.

3amaua 19. Kowu oT ciaegunTe peiannuu ca 9aCTUIHN HAPEIOM:

1. {(n,m) |3k e N(m==Fkn)} CNxN,

2. {(A,B)| AnB =B} C 2N x 2N,
3. {(my) |2 —1>¢y3 -1} CRxR.
4. {(a,b)]a=bV a+1=b} CNxN.

B cienpamuTe HIKOIKO 3318491, 1€ PA3IJIEK IAMe MHOXKECTBOTO OT JIyMH Ha
aszbykara {a,b}.

Omupenenenne 2.28. Ilpasnara gyma uma abjkuaa 0 u ce o3HauaBa ¢ €. Ao
Q€ IyMa C IbJIKUHA N, TO aa u b ca mymu ¢ abjokuHa 1 + 1. MHOXKECTBOTO
Ha BCHYKHM Jymu HaJ asbykara {a,b} ozmagasame ¢ {a,b}".

Hedunaupame oneparusi KOHKATEHAIWS, ., HA LyMH.

Oupenenenne 2.29. Heka o u 5 ca gymn naj {a,b}. Konkarenanusara Ha o
u [ e mymara

£, akKo 8 = ¢;
a.f =< (a.f)a, axof=pfgq
(a.8)b, ako = 'b.

Bamaua 20. Heka o n 5 ca nymu man asbykara {a,b}. Ille ka3Bame, 4e « e
naudasio Ha (3, (o C (), ako chimecTByBa Jyma v, Takasa 4e 3 = .. Jokaxere,
ge {(a,B) | @« C B} C {a,b}" x {a,b}" e wactuuna napenba. Jluneiina Hapeaba
i e?

Bapgaua 21. Heka « u 8 ca aymu Haz asbykara {a,b}. Ille kasBame, ue a e
Hassaso or B, (o <y B), ako cbliecTByBa JAyma v, Takasa 1e ya C a u vb C f.
Hoxazere, we {(a, 8) | « <r B} C {a,b}" x {a,b}" e crpora wactuana napenba.
Jluneitna napenba s e?

Sagaua 22. Heka a u  ca nymu Hax asbykara {a,b}. Ille ka3Bame, ye « e
aekcukorpadeku no-magnka or 3, (a < ), ako a C § unm « <, . Hokaxere,
ge {(a,B) | a < B} C {a,b}" x {a,b}" e nuneitna wacTudna Hapeaba.

3agaua 23. laiite npumep 3a yactudna mapeada R ¢

1. ABa MUHHMAaJIHU €JIEMEHTAa U TPU MAaKCUMAJIHU €JIEMEHTA.
2. JBa MUHUMAJIHU €JIEMEHTA U HaM-TOJAM eJIEMEHT.

3. €IUH MaKCUMaJICH €JIEMEHT, 0€e3 MUHUMAJIEH €JIEMEHT.
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3anaua 24. Heka R e sinHeiina yacrudda Hapenbda naj maoxkecrsoro A. Heka
a € A e MUHUMAJIEH eJIeMeHT 1o oTHomenne Ha R. Jlokaskere, 4e a e Hali-MaIbK
€JIEMEHT.

Bamaua 25. Heka pasrinemame maoxkecrsoro N, = NU{x}. Heka R = {(a,b) | a =
b V a =%} C N, xN,. Tokaxkere, 4ve R e gacTnuHa Hapeada M OTpeesere
MUHUMAJIHUTE, MAKCUMAJIHUTE, HA-MaJKNs W Haii-roseMusi ejeMeHT B N, 10
OTHOITEeHNe Ha R, ako TaKWBa MMa.
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I'masa 3

DyHKIUN

3.1 dedwaunus

Omupegenenne 3.1. Heka A u B ca muOoxkecTBa. Penamusara f C Ax B napuda-
Me dyHKImsa 0T A KbM B, ako 3a BCEKH eJIEMEHT ¢ € A ChIIECTBYBa €IUHCTBEH
esiemenT b € B, takbB ue (a,b) € f.

3abenesicral! [ledununusra Ha TOHATHETO (DYHKIUS BKIIOYBA JIBE M3UCKBA-
HUSL:

1. 3a Bceku ejiement a € A Tpsbsa ga uma ejgement b € B takbs, ue (a,b) €
f, xoero 3anmcano GOPMATHO UMa, CJICTHUS B

(Va € A)(3b € B)(a,b) € f].
ITo apyr Haumu kasawo medwHUIOHHATa obaact dom(f) = A.

2. 3a Bceku ejieMeHT a € A HAMA JBa pa3/iMyHu ejieMenTa by, by € B rakusa,
ve (a,b1) € f u (a,b2) € f, Te.

(VG, S A)(E'bhbz S B)[(a7b1) S f & (a, bg) € f — b = bz]

[Ipumep 3a dyukuus e muoxkecrBoro f C N x N, neduHupano upes:

f = {(n,m) | m = 2n}.

Ako f e byukuus u (a,b) € f, enementbr b 03HavaBame ¢ f(a). Taka ako
MHOXKECTBOTO f € AeduHUpPAHO C MOMOIITA 33 AKCHOMAa, 33 OTIE/ISTHETO:

f=A{(a,b) e Ax B | b= P(a)},

Kbjero P e mpaBuiio, o KOeTo Ha eJIeMeHT @ € A CbIOCTaBs HETOBUAT €JIUHC-
TBeH f(a) € B, mie n3noa3BamMe KpaTbK 3arnic:

f:A— B f(x) = P(x).

Tyk x € MIpOMEeHJINBa, KOATO MOXKE J1a Ce 3aMEeCTH C MPOW3BOJIEH eJIeMeHT OT A,
KOATO TIe HapudaMe apryMeHT Ha f.
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Taka (QYHKIMATA OT TOPHUS IIPUMEP MOXKEM JIa U3IMIIEM KaTO:
f:N=N f(z) =2z

Buxme morsm 1a 06001muM MOHATHETO (DYHKIUS 10 HAKOJIKO HadnHA. [IbpBO
OMXMe MOIJIM Ja HO3BOIUM (DYHKIUS /13 UMa IPOU3BOJIEH KPaeH apryMeHTH:

fZAl XAQ"’ XAn—>B f(iCl,(EQ,...iCn):P(l'l,l'g,...l'n).

Torapa 3a BCsiKa N-TOpKa (a1,...a,) € A X -+ X A, CbIIECTBYBa €IWHC-
TBeH ejieMeHT b € B takbB, 4e (ay,...a,,b) € f. Enxementsr b o3nagaBame
f(al, ce an).

Hpyro obobiernne Ha TOHATHETO (PYHKITHS IOy IaBaMe KaToO OTCTa0NM H3WC-
kBauero dom(f) = A, no dom(f) C A. Takusa pesjauuu ce HApUYAT YACTUUHU
dbyurnun. Hanpumep penamnusara;

1

f:R—=>R f(m)zm

He e nmedunarpana mpu © = 1 u npu © = 2 U e 9acTuIHA PYHKIUSI.

3.2 Omneparnuu Haa QyHKITUN

Besika dyukmus f : A — B e penamnus nan A u B. C #Hest cBbp3BaMe MHOXKECTBA~
ta dom(f), range(f), obparnara penarms f~!. 3Haem n KakKBO TIpejicTaBIABA
KOMIIO3HIUsATa Ha aABe PyHKIHH. B To3m maparpad Ie BUAMM KAKBU CITEIIH-
duuHU cBOiCTBA MMAT TE3U ONEPAIMH, KOraTO Ce MPUJIATAT K'bM CIIEIUATHUS
By penarun: dyaknuu. lle pasriemave m HAKOU Omepanuu CrenupuaHn 3a
dbyukmuure.

ITbpBo Heka OObpHEM BHMMaHue Ha Gakra, ¥e Makap u dom(f) BuHarm e
[AJI0TO MHOXKeCTBO A, 3a range(f) TakoBa H3MCKBaHEe HAMA.

3.2.1 OO6pa3, nbpBOOOpPa3, peCTPUKINA U 3aTBapsIHE
Onpenenenue 3.2. Heka f: A — B e ¢yukius.

e Heka X C A. Obpas na muoorcecmeomo X 1o, nefiCTBUETO HA, (DYHKITHATA,
f, HapuYamMe MHOXKECTBOTO:

f(X)={f(a)e Blac X}

e Heka Y C B. Ilopeoobpas na mHootcecmeomo Y 1om AeiicTBreTo Ha (DyH-
KiuaTa [, HapudIaMe MHOXKECTBOTO:

f7Y)={a€ Al f(a) €Y}

Hanpuwmep, ako dyukuusra f : N — N e oupenenna karo f(z) = 2z u umame
MHOZKECTBATA

X =1{0,1,2,3,4,5}
Y ={0,1,2,3,4,5},
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TOraBa:

f(X)=1{0,2,4,6,8,10},
f_l(Y) ={0,1,2}.

Onpenenenne 3.3. Heka f: A — B e ¢pyukuusa. Heka X C A. Pecrpukuus
Ha f /10 MHOKECTBOTO X, HAPUYAME MHOKECTBOTO:

fI1X=fNXxB.

JlecHo ce BuKIa, Y€ PECTPUKIUATA HA (DYHKIWUS 10 MHOXKECTBO, CBHIIO €
dyuknus. Hanpumep pecrpukimsta Ha GyHKIUATA f OT IPEAUITHAS TIPUMED 10
muoxkecrsoro {0,1,2,3} mMoxe ja ce npeacraBu rpaduyuHO 10 CIeHUS HAYMH:

o <
O 0O 00 0 0

Koraro pazriiexxjaxmve pa3iumaau METOIU 32 33/1aBaHe Ha MHOYKECTBO B II'bP-
Ba IJIaBa, €Ha OT Bb3MOKHOCTUTE Oerre 1a nedbuHnPaMe MHO2KECTBO 110 HHIYK-
ust 0T 6GA30BO MHOYKECTBO C TIOMOIITA HA HIKaKBU mpapuso. Cera Bede MOKeM
Ja OMHUIIEM TO3U METOJ C IO T'OJIAMA, MTPEIU3HOCT.

Omupegenenne 3.4. Heka f: A — A e yuknus, a Ag C A e 6a30B0 MHOXKEC-
tBo. Heka 3a Bcako n > 0, 4,1 = A, U f(4,,). BarBapste Ha MHO)KeCTBOTO Ay
110 OTHOIIeHNe Ha QyHKIHUATA [ HApHIaMe MHOMKECTBOTO:

f[AO} = U Ap.

neN

Tebpaeune 3.5. Heka f: A — A e pynknus, a Ag C A e 6a30B0 MHOKECTBO.
f[Ao] e maii-ManIKOTO MHOKECTBO 1O OTHONIEHUE HA PeJIAnuaTa C, KOETO ChIbD-
x&a A 1 e 3aTBOpeHo mo orHomenue Ha f: ako a € f[Ag], To u f(a) € flAo]-

Zloxasameacmeso. Buxkte mokasareacTBoro Ha Trbpaenne 1.25. O]

Hampuwmep, ako f e kakro B npexnus npumep (f(x) = 2x), 3arBapsiHeTO Ha
muOoxkecTBoTO {0} O orHomernue Ha f e f[{0}] = {0}. Ho 3arBapsiHero Ha {1}
e fl{1}] = {1,2,4,8,...} = {2" | n € N}.

3.2.2 Kowmno3unusa Ha pyHKIUN

Hedununusra 3a komnosunus Ha ase yskmuu f : A — Bu g: B — C Bede nu
€ TO3HAaTa OT MPEeIUITHATA T/1aBa. Tosa e pemamus fog van A u C, nedouaupana
upes:

fog=A{(a,c)| 3 B((a,b) € f & (b,c) € g)}.

Omneparnusita KOMIO3UIHS TPUIOXKEHA K'bM (DYHKIMH BUHATH JTaBa (DyHKIHS.

TBbpaeune 3.6. Heka f : A - Bug: B — C ca ¢yuknuu. ToraBa fog
CBITO € (PYyHKIHS.
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Zloxaszameacmao.

Heka a € A. Torasa nouexe f e dbyHKIUs, uMa eaeMeHT b € B TakbB, ue
(a,b) € f. Or mpyra crpana noHexe g e byHKIus, nMa eneMeHnT ¢ € C' TakbB,
qe (b,c) € g. Taka (a,c) € f o g u cnemosaresno dom(f o g) = A.

Heka nonychewm , e (a,c1) u (a,cz) ca exementu Ha f o g. Toraa cbriacuo
nedrHUIATA HA Oomneparnusa KOMIIO3UIHUsA UMa eleMeHTn by, by € B Takusa, |e
((a,b1) € f & (br,c1) € g) u ((a,b2) € f & (b2,¢2) € g). Ho f e dynkuus,
caenoBarento by = ba = b. Cera (b,c1) € g u (b, c2) € g, HO g CbIIO € QyHKIWS,
CJIEIOBATEJIHO C1 = Ca. O

Taka moslygaBaMe JIECEH HAYWH JIa TOJYYUM MPABUIO 3a f 0 g OT mpaBmia
sa fug: fog(x)=g(f(x)).

OneparusaTa KOMIO3UIMS MOXKE /13, ce 000011, KOraTo pasriexjiame (pyHK-
MU Ha TOBEeYe apTyMEHTH.

Onpenenenune 3.7. Heka A e muoxkectBo, n,k € N. Heka g : A" — A u
fi... fn: AF = A ca dynxuun. Torasa dyukmusara h : A¥ — A, nedbunupana
upe3

hiar,...ar) =g(filar...ag),... fular ... ax)),

Hapu4aMe CyIepIO3HuInd Ha g C f1,... fn.

Babesexere, ge npu n = k = 1 moaydaBaMe TOYHO JeDUHUIMATA 38 KOMIO-
gurmsaTa f o g.

3.2.3 Wueknusd, ciopekius, oOuexkiusd

3a pazmKa OT onepauaTa KOMIO3Uus Ha (PYHKIUH, KOSITO BUHALH jTaBa (yH-
Kuys, oOparHara pejanusd Ha PyHKUus He BuHaru € ¢pyukuus. Heka f: A — B
e ¢ynxmusa. Kaksu cBoiicTBa TpabBa Ja mMa f 33 Ja 6bae pesammara f~1 =
{(b,a) | (a,b) € f} dyuruus or B kbm A? [IbpBOTO M3WCKBaHE €, 32 BCEKH
enement b € B na uma enement a € A Takbs, e (b,a) € f71, a cremoparenno

(a,b) € f.

Onpenenenne 3.8. Heka f: A — B e pyaknus. [ e CIOpeKLus aKo:
Vb € B3a € A((a,b) € f).

Jpyro HamMeHOBaHHE 33 CIOPEKIHs € “BbpXy’, a eKBUBAJEHTEH HAYUH 1
dbopmyaupame yciosuero 3a ciopekuus e range(f) = B. Komunosuuus na cro-
PEKIHMK € CIOPEKIIUs.

Tebpaeuune 3.9. Heka f: A — Bug: B — C ca ciopeknuu. Torasa fog
CBITO € CIOPEKITHSI.

Joxasamescmeo. Heka ¢ € C. Tpsabsa ma HamepuMm ejeMeHT a € A TakbB,
4ye fog(a) = c. g e cropekuusi, CJeJI0BATEIHO UMa ejieMeHT b € B TakbB, ue
g(b) =c. Cera b € B u f e ciopekiusi, CJeJJOBATEIHO UMa €JIeMeHT a4 € A TakbB,
4e f(a) =b. Torara f o g(a) = g(f(a)) = g(b) =c. O

DyHKIMsATa HAJ ecrecTBeHuTe uyncia f(x) = 2x, He e CIOPEKIHs, 3aI0TO
manpumep 3a b = 1 me cwinecrByBa a € N, TakoBa, 4e 2a = 1.

ITpumep 3a copekuus e dyukuusra g : N — N nedbunupana upes g(z) =
HAR-roaaMoTO N TakoBa, de 2" nenm x. HamcrnHa 3a BCAKO €CTECTBEHO 4YUCIIO
n g(2") = n, caenoBaTenHo g € cropeknusa. Bbupeku ToBa 00paTHATA Pesranus
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¢~ ! ornoBO He e Gynkims. [Ipuunnara e, Tpu PUKCHPAHO €CTECTBEHO THCIIO 7

UMa MHOTO Da3jINYHU €CTECTBEHW UWCIa m Takwua, de (n,m) € g. Hampumep
g(12) = ¢g(20) = g(28) = 2. Taka gocTHurame 10 BTOPO U3UCKBAHE, KOETO TPsiOBA
J1a, HAJIOKUM KbM enHa QYHKIWS, 3a Ja Ob/Ie HellHaTa 00paTHa peslalus ChINo
GYHKIHUS: HA PA3IUYHNA CTOMHOCTH, PYHKIUITA TPAOBA Ja CbIOCTABS PA3IHIHI
CTOWHOCTH.

Onpenenenune 3.10. Heka f: A — B e dyskuus. f e uHeKus ako:

Vai,az € A(ar # az — f(ar) # f(az2)).

Tebpaeuune 3.11. Heka f: A - Bu g: B — C ca uneknuu. Torasa f o g
CHIIO € MHEKIIWS.

Zoxasameacmeo. Heka a1 # as ca enementn na A. Tpsbpa Ja mokaykeM, de
foglar) = g(f(a1)) # g(f(az)) = fog(asz). f e unexkuus, cienosaresno f(ay) #
f(az). Cera f(a1) u f(az) ca 1Ba pa3AWYHU eEMEHTH OT MHOXKECTBOTO B u g e
unekuus, ciaegosarenno g(f(a1)) # g(f(az2)). O

Onpenenenne 3.12. Heka f : A — B e dynkuus. [ e Ouexkuusi, ako [ e
MHEKUUs U [ € CIOpeKIusl.

CaencrBue 3.13. Heka f : A — B e dyukuus. Crennure ycaoBusi ca eKBU-
BaJICHTHMU:

1. f e Ouekius.
2. f~! e bynxnns.
3. f~! e 6uexnns.

Jloxasameacmeo. MeTombT, IO KOWTO BHBEIOXME TIOHATHATA, WHEKIUS U CIOPEK-
wst, Gere TOYHO 18 pasriielaMe HeOOXOMUMUATE U JOCTATHIHE YCIOBUSA 38 TOBA,
f~! na e dynxnua. Crnenosarenno (1) < (2). O6parnaTa penanus Ha f* e f.
Toit kato f e bynkmusa, f~! e 6uekiua u (2) < (3). O

CanencrBue 3.14. Heka f : A — Bwu g : B — C ca 6uekmuun. Torasa f o g
CbIIO € OUeKIIHs.

Zoxazameacmso. Tosa e nupekrtro cieacreue ot Tebpaenue 3.9 u Tbpaenne
3.11. O

3.3 Hsaxkou mo-BakxHu (pyHKITIN

3.3.1 MWMaenrurer

exka A e MHOXKeCTBO. HKIAATA 1d4 : ida(a) = a, HaprmIame uaeH-
H A Oy da:A— A, id ,
TUTET HaJl MHOYKECTBOTO A.
eHTUTEeTbT BUHArU € Ouekius u id ;- = id 4. IIeHTUTeTbT € e JMHCTBEHATA,

Nn OMeKIr d Al da. Un T
peJIaIs HaJl MHOXKECTBOTO A, KOATO € eqHOBpeMeHHO (bYHKIWS, pesialus Ha,
€KBHBAJIEHTHOCT ¥ YaCTUYHA Hapenoa.

Ako f: A — B e dyukuus, 10 idg o f = foidpg.
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3.3.2 XapakTepuctudHa (HyHKIHA

Heka U e muOx)ectBo. C BCcsko mommuoxkectBo A C U cBbp3BamMe 1O eIHa
byurmmsa x4 : U — {0, 1}, nedurnpana upe3 cIeHOTO PABEHCTBO:

() = 1, ako x € A;
XA =N 0, axox ¢ A.

XapakTepuctrnaHata GyHKIHMS HA MHOYKECTBO KOUPa NHMOPMANINITA, 3aT0-
Ba Kou eneMenTy or U My mpuHajexar u kou He. Bebiaocr ToBa gedunmpa
B3aMMHO €JIHO3HAYHO ChOTBeTCTBUE (UK OUEKIMs) MEXK/Ly MOAMHOXKECTBATA Ha
U u dynxmuute f: U — {0,1}. Heka ¢ Fy 03HAYAM MHOMKECTBOTO OT BCHYUKH
dbyukmun f: U — {0,1}. Torasa:

Tebpaenne 3.15. @yuxnuara F : 2V — Fyy, nedunupana upes:
F(A) =xa
e OMeKIms.

JHoxazameacmeo. e nokaxkem, ue F' e ciopekius u uneknus. Heka f € Fy.
Ia pasriename muozkectsoro A = f~1({1}). Tebpaum, 4e xapaKTepuCTHIHATA
dyuknus va A e Touno f. 3a ga TpoBEpUM Jau ABeTE (DYHKIUU CA PABHM,
TpsibBa Ja BUANM Ue ca BCEKM Bb3MOKeH aprymeHT x € U, xa(x) = f(x). Heka
x € U. Umame ase sb3moxkuocTu: X a(x) =1 u ya(z) =0.

xa@)=l=zcA=re ({1} = fz)=1
Ot apyra crpana:

xa@)=0=2¢A=ad {1} = f(x) #1= f(z)=0.

Taka x4 = f u ciaenoBarenno F(A) = f.

Heka cera A1 u Ay ca ase pasnuunu nogmuoxkecrsa Ha U. Tpsabsa ga moxa-
JKeM, 9€ TeXHHTE XapPAKTEPUCTUYIHH (DYHKIUHU Ca PA3IUYHH, T.. IIOHE 33 €IUH
apryment x € U , xa, (z) # xa,(z). Llom Ay # As, 10 uma eaemenr x € U ra-
KbB, e Win & € Ap\ Ao, mim x € Ay \ A;. Tnii KaTo nBara ciyuast ca CHMeTpHud-
HU U JOKA3aTEJICTBOTO B €IUHUSA CIydail ce mojiydaBa OyKBaJIHO KATO Pa3MEHUM
nHgexkcuTe 1 u 2 B I0KA3aTEJICTBOTO HA APYTHs CIydail, 6€3 orpanndeHu Ha 001~
HOCTTa MOYKEM JIa [IPE/IIIOJIOKUM, Y€ € HAJUIE 'bpBuUs ciydaii: x € Ay \ As. Ho
ToraBa x4, () = 1,a x4, (z) = 0 u cnegoBarento F'(A1) = xa, # x4, = F(A2).
Taka F' e wHeKINA. O

3.3.3 Pamumanm OT MHOXKECTBA, PEIUNN OT MHOYKECTBA

[MousgTuero MyHKIMS HU TO3BOISABA JA& YTOYHUM OIME JBE TOHSATHS.

Beue pasriemaxme moHSTHETO (GAMUINSA OT MHOXKECTBA, HMHICKCHPAHA C HsI-
KaKBO MHIEKCHO MHOKecTBO I. Tam Kazaxme, Ue Ha BCEKHM MHIEKC i € ChIIOCTa-
Beno mHoxkecTBo A;. Cera moxkeMm na jedpuHUPaMe IOHATHETO 110 TOYHO:

Hexka I e wempa3no MHOMXKeCTBO, a A € MHOXKEeCTBO OT MHOXKecTBa. Heka
f:I — A e dyukmusa. ToraBa ¢ Bcako ¢ € I cMe CBbP3aJn MHOXKECTBOTO
A; = f(i). ®amnnmara nugekcupana ¢ I e mpocro {f(i) | i € I} = range(f).

AHajornyHo pascbKIeHHe MOXKE 3 Ce HNPOBeJe 3a MOHSATUETO PEIUIa OT
esiemenTu {a;} sen- Koraro nedunupave pejuna oT €jeMeHTH, BCbITHOCT Jedu-
nupame pyukuus f: N — A ua; = f(7).
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3.4 MoIimHocT Ha MHOXKECTBO

Koraro pasriexxgaMe KpaifiHu MHOXKECTBA €IHA OT OCHOBHUTE XapPaKTEPUCTUKHI
Ha eTHO KpaiiHO MHOXKeCTBO A e GposiT HA HErOBWUTE esleMeHTH |A|.

C momorrra Ha (DYHKIUU JIECHO MOYKEM Jia CpaBHsBaMe OpOil eJleMeHTH Ha
KpaifHu MHOXKeCTBa. BpoAT Ha eleMeHTuTe Ha MHOXKECTBO A e mo-MaabK uim
paBeH Ha OpOd Ha eJeMEHTHUTE Ha MHOXKECTBO B Torapa W caMoO TOrapa, KOTa-
TO cbiecTByBa uHeknud f : A — B. To3u npuHmun ce Hapuda OPUHIAI HA
Jlupuxjie W € W3BECTEH OINe KATO MPWHIMT Ha YeKMeIKerara: AKo Tpabpa ma
npubepeM 1 IPeJMeTa B 1m YeKMeIKeTa (1a mocTpouM (DyHKIUS, KOATO Ha BCE-
KU [IPEIMET ChIIOCTaBs YEKMeKe, B KOeTo Ja Obe npubpan) u n > m, TO IOHE
B €JIHO YeKMe Ke, 1ie TPpsAbBa Ja npubepeM moHe ABa npeaMeTa (HaMa Kak Ta3u
dbyukuus na e uHexknysi).

Tebpaeune 3.16 (Ilpuniun na Jupuxie). Heka A u B ca kpaiinu MHOXKeCTBa.
|A] < |B| roraBa m camo ToraBa, KOrato CbIIecTByBa nHeknusa f : A — B.

Aoxasameacmeo. Hexka A = {ay...a,} uw B = {b1...bp}. Ako n < m, 10
dbyskumara f : A — B, nebunupana upes: f(a;) = b; 3a 1 <14 < n e nHeKuusI.

Heka cera f : A — B e nneknus. Jla pasriename maoxkectBoto { f(a1), ... f(an)} =
range(f). Toit xato f e umeknus, 3a i # j, f(a;) # f(a;). Taka |rangef| = n.
Tvii karo rangef C B, B cbabpxka noue n ua 6poii esemenra u |[B| > n. O

Karo crencrue OT TO3M NPUHIAI NOTyYaBaMe MPUHIAI 33 OUEeKIIUATA:

Teopema 3.17 (Ilpunuun 3a 6uekuusra). Heka A u B ca kpaiinu MHOXKeCTBa.
|A| = |B| ToraBa u camo Torapa, KoraTto chInectByBa ouwexims f : A — B.

[oxasameacmeo. Hexka A = {ay...an} v B={b1...b,}.

Dynkiusta f : A — B, nebunnpana upes: f(a;) = b;3a1 < i < ne
OMeKITHsI.

Heka cera f : A — B e 6ueknus. Torasa [ u MHEKIUsS M CbIJIACHO IIPUH-
muna ma Jdupuxne |A| < |B|. @ynkmuara f~! : B — A c¢bllo e uHeKImsA u
caenosarenno |B| < |A|. Taka |A| = |B]. O

KoraTo roBopum 3a Ge3KpaiiHi MHOYKECTBA, MOHATHETO OPOil eJeMeHTH Be-
9e HAMA ACEH CMUCHJ. BCe Mak WHTYHTHBHO OMXMe MOTJIM /13 CIUTAME, b€ [IBe
MHOXKECTBA A 1 B MMAT €IHAKBO KOJIMIECTBO €JIEMEHTH, AKO CHINECTBYBA €IHO3-
HAYHO CHOTBETCTBHE MEXK/Y TEXHUTE €JEMEHTH, T.€. AKO CbIIECTBYBA OHEKIus
MEXKJLy THX.

Onpenenenne 3.18. Heka A u B ca muoxecrsa. Ille kaspame, ue A e paBHO-
momHO ¢ B, A ~ B, ako cbiectByBa obueknus f: A — B.

Hexa orpanmyanm pasriekIaHUSATa CH O CBAT, KOUTO C€ ChCTOW OT BCUYIKU
MTOIMHOYKECTBA HA, HAKAKBO (pukcupano muoxkectBo U. Torasa pemamusita A e
PABHOMOIITHO Ha B e pejanus Ha €eKBUBAJEHTHOCT HAJ, MHOYKECTBOTO OT BCHIKHU
noaMHOXKecTBa Ha U.

Tebpaenne 3.19. Heka U e muoxecro. R = {(A, B) | A ~ B} e penanus Ha
exBuBajienTHOCT Ha 2U.

Zoxazamescmeso. Bessko MmHOKECTBO A € PaBHOMOIIHO Ha cebe cu, 3a1oTo id 4 :
A — A e 6uekiusa. CresioBareso penanusara e pedJieKCuBHA.
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Heka A ~ B u nexa f : A — B e 6uexuus. Torasa f~': B — A e Guekus.
Cnenosarenno B ~ A n penanmsTa € CHMETPUTHA.

Heka A~ BuB~Cumneka f: A— Bwug:B — C ca6uekiuu. Torasa
fog:A— C cbmo e 6ueknus. Taka A ~ C u pejanuara € TpaH3UTUBHA. [

MmuozkecTBa, KOUTO ca KpaiiHu win paBHOMOIIHN ¢ N Hapwdame m3bponmMu
MHOKECTBA.

[Ipumep 3a u3bpoumo Ge3kpaiino muoxkecrso e 2N, 3amoro Gyukuusra f :
N — 2N, nedwnupana upes f(n) = 2n e Guekums. 3a 1a MOKayKeM, de €IHO
0Ge3KpaiiHo MHOXKECTBO € M30pOMMO, JOCTATHIHO € Ja MOAPEINM eJIeMEHTHTE
My B peaunia 6e3 mopropenusa. Haucruna Bede BuisgxMe, de nedUHUNUATA HA
pPeIuIa ag, a1, . . . Ay, - . . C EJIEMEHTH OT MHOXKeCTBO A 03HavaBa, ue geduHupame
dbyukuusa f : N — A karo f(i) = a;. 3a na 6bae raszu Gynkuus Guexius,
TpsAbBa, JOMBLIHUTEIHO 33 PA3IUYHM WHIEKCH I3 UMaMe Da3IudYHU eJIeMEHTH
(it # j = a; # aj) U BCeKH eJeMeHT OT A Ja ce NMOSBH HAKDBJAE B PEIUIATA
(Va € AJi(a = a;). Taka HanpuMep MOXKEM Ja IMOKAXKEM, 9e MHOXKECTBOTO OT
[EJTUTE YUCTIa € B30POMMO, 3aI0TO MOXKEM JIa TIOAPEIUM eJIEMEHTUTE MY TaKa:

0,1,-1,2,-2,3,-3...n,—n,. ..

Manko mo-tpyzsHO € z1a ce yoemaum, e N X N ¢bimo e u3bponMo MHOXKECTBO.
Enementure na N x N morar ma ce mompensar B 6e3kpaiina Tabania;

(0,2) ... (0,n)
(1,2) ... (1L,n)
(2,2) ... (2,n)

(n,0) (n,1) (n,2) ... (n,n)
Teupaenne 3.20. Muoxkectsoro N x N e uzbponmo.

Lloxaszameacmeo. pyra omeknusa mexay MuoxkectBoTo N X N n N e cimennara
dyuKIHS:

3a 1a J0KaxKeM, Je TOBa € DMeKIMs e Ce Bb3I0J3BaMe OT OCHOBHATA TEO-
peMa Ha apUTMETHKATa, KOSATO IVIACH, 9Ue:

Teopema 3.21 (OcuoBHa TeopeMa HA APUTMETUKATA). BCAKO €CTeCTBEHO YUCII0
n > 2 ce IPeJCTaBd 1O €IMHCTBEH HAYUH ¢ TOYHOCT JO pe/la HA MHOXKHUTE/INTE
KaTO TIPOU3BE/IeHNE OT MPOCTU MHOXKHUTEH.

Heka (21,y1) # (22,y2) ca aBe Pa3iINYHU IBOWKHK eCTECTBEHM Yncya. AKO
Ty # Xg, TO 271 Z£ 2%2 ¥ CHIIACHO OCHOBHATA TEOPEMA Ha apUTMETHKATA, Thil
Kato 2y; + 1 m 2y + 1 ca uncaa B YMETO MpeACTaBgHEe KAaTO MPOW3BEeHNE HA
IPOCTU MHOXKUTENU HEe ydacTBa 2, Tpsabsa 271 (2y; +1) # 2%2(2y2+1). Ako z1 =
Zg TO Y1 # Yo U OTHOBO 271 (2yp + 1) # 2%2(2ys + 1). Taka w(z1,y1) # 7(22,y2)
¥ CJIeJIOBATETHO 7T WHEKIIHUSI.

Heka cera n e mpoussoHo ecrectseno uucio. Axko n = 0, o 7(0,0) = 0.
Heka ceran > 1, toraBan+ 1 > 2 u n + 1 ce mpeacTaBs IO eIUHCTBEH HAYUH
KaTo mpousBeieHne 2% .z, KbaeTo x > 0, a 2z e mpousBeJeHNe OT MPOCTH UHUCJIA,
pazimuaam or 2. Taka 2z e HederHO 4ucyo u caepoBaresno z = 2y + 1. Cera
m(x,y) =n. O
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CwobiiecrByBanero Ha Ouekiusa f : A — B ce jgokassa TpyaHo. B muOro
CJydYau TO-JIECHO € T Ce JOKAaXKe, Ye ChINeCTBYBAT IBe WHeKIuu g1 : A — B
ugo : B — A Ako A u B ca KpailiHU MHOYKECTBa, TOBA € PABHOCHJIHO Ha,
CBINIECTBYBAHETO Ha OUEKIIMs MEXKIy IBeTe MHOYKeCTBa. HaucTuHa OT MpUHIUIA
Ha JlupuxJie u ChIIECTBYBAHETO HA J(BE UHEKIIUU MoJIydaBame, ye |A| = |B|, a ot
NPUHITAITA, Ha OMEKIHUATa, 9e UMa OMEKIHsS MEXKIy TaX. 1a3u eKBUBAJIEHTHOCT
e 00001IeHa 3a IPOUBBOJIHU MHOXKECTBA B CJIEJBAIIATA TEOPEMA, U3BECTHA, KATO
teopema Ha KanTop-llIpronep-Beprmaiin.

Teopema 3.22 (Kanrtop-Illpsonep-Bepummaiin). Heka A u B ca MHOXKeCTBa.
A ~ B ToraBa m caMO TOTaBa, KOTATO ChINECTBYBAT wHeKmuu f : A — B u
g:B— A

Jloxasameacmeo. Ennara mocoka Ha Ta3wm Teopema e jecHa: ako A ~ B | Heka
f: A — B e Gueknua (crefoBaTesHO HHEKIHs), Torapa ¢ = f ! e BTOpaTa
Thbpcena uHeknms. 3aroBa Heka f 1 A - B u g : B — A ca uneknun. [lle
nocTpoum Ouweknust h : A — B.

C waayknus no n nedwHEpaMe CaegHaTa peauia oT Muoxkectsa C),. Heka
Co = A\ g(B). Bascako n > 0, Cp11 = g(f(Cr)). Hexka C = U,y Cn-

Cera 3a Bcsko a € A, nedunupame h(a) mo cienHus HAYUH:
e Ako a € C, 1o h(a) = f(a).

e Ako a ¢ C, o B wacrHocr a ¢ Cy. CnenoBarento a € g(B) u moHexe g
€ MHeKIMs, ChIIECTBYBa eIuHCTBeH eneMeHT b € B, rakbs 4e g(b) = a.

Heka h(a) =b.

Taka dyuknusara h e gedunupana 3a Bedko a € A. OcraBa Jja noKaxKeM, de
h e WHEKINS M CIOPEKIINS.

Heka a; # as. Ako aj,a2 € C 10 h(ay) # h(ag) ciensa oT MHEKTHBHOCT-
ta Ha f. Ako a1,as ¢ C, o h(a1) # h(az) ciaexsa or ToBa, 4e g € DYyHKIWMS.
OcraBa Bb3MOKHOCTTA enunusdT enemenT na e or C' a apyrusar or A \ C. Bes
orpaHuYeHre Ha OOLIHOCTTA 1 HpeanosokuM, e a1 € C u ax ¢ C. Ja nomyc-
nem, e h(a1) = h(az), Torasa g(f(a1)) = az. Twit kato a1 € C = (J,,cy Cns
CBIIECTBYBA N TaKoBa, 4e a1 € C,,, HO ToraBa as = ¢(f(a1)) € Cr41 C C, KOETO
nporuBopeun Ha as ¢ C. Taka h e uHekTuBHA DYHKIUA.

Heka cera b € B. Ako g(b) ¢ C 1o cbrnacuo nebununusra ua h, h(g(b)) = b.
Axo g(b) € C, 1o cpmecrByBa n rakosa, de g(b) € C,. Ilpu tosa g(b) ¢ Cop =
AN\ g(B), 3naau n > 1 un g(b) € g(f(Cn-1)). Taka g(b) = g(z) 3a uakoe z €
f(Cr—1). Ho g e wHeknus, ciemosarento b = z. B kpaiina cverka b € f(Cp_1),
caeposarenuo b = f(a), 3a uakoe a € Cp,—1 C C. Coruacuo gedbuHuimaTa Ha
h, h(a) = b. Taka h e clopekius ¥ CJIeJI0BATETHO OUEKIIUS. O

Karo m3nomssame Tasum Teopema IIe IOKAXKeM HEOOXOIAMO M JOCTATHLIHO
yCJIOBHE 33 H30POMMOCT HA MHOXKECTBO.

Teobpaenne 3.23 (Kpurepuii 3a uzbpoumocr). Heka e muoxecrso. A e u3b-
POMMO TOTaBa M CAMO TOTaBa, KOTATO ChIlecTBYBa wHekmusa f : A — N.

[oxasameacmeo. Heka A e n3bponmo. Ako A = {ay,...a,} e kpaitHo, To byH-
kupsita f: A — N, nedunupana upes f(a;) =i e nneknus. Axo A e Ge3rpaiiHo
T0 o fecdurunus uma, duekius f : A — N. Taka yciioBuero e HeoOX0IuMO.
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Heka f: A — N e unexkuus. Ako A e kpaiino - To A e uzbpoumo. Heka A e
6e3kpaitro. [lle nedurupamve nuekmus g : N — A. ToraBa c¢briaacHO Teopemara
una Kanrop-lllprogep-Bepumaiia, A ~ N u A e u3bpoumo.

Ile pedunupame g(n) Ha CTHIKH.

e n = 0: ITonexke A He e Kpaitno, A # () ¥ caenOBATENTHO WMMa IIOHE €JIiH
enement. Heka ¢(0) e npoussosen enement a € A.

e n— n+ 1. Heka cme nedunupann {¢g(0),...g(n)}. Ilonexxe A He e Kpaii-
o A ¢ {g(0),...g(n)}. Heka g(n + 1) e npoussosen enemenr a € A\

{9(0),...g(n)}-
Taka mokazaxme, 9e yCJIOBHETO € JTOCTATHIHO. O

Teopema 3.24. M36ponmo obenmHeHnE Ha N30POMMHU MHOXKECTBA € H30POUMO
MHOYKECTBO.

Aoxasameacmeo. Hexa I e m3bpoumo muokecTBO U HeKa {A;}icr e davunma
OT MHOXKECTBA MHJEKCHpaHa ¢ I, Takasa, ue 3a Bcsako ¢ € I, A; e uzdponmo. Ille
nokaxeM, 4e | J;; A; e n36ponMo MHOKECTBO.

CwriacHo kpurepus 3a m3bpommoct uma waeknus f : I — N u 3a Bcako
1 € I unekuus g; : A; — N. Ha pasruename byukuusara h: |, A;i =& N x N;
neduaupana Taka:

Ba Besako a € |J;o; As HeKa i, e WHAEKChT ¢ Haii-maska croinocT Ha f(iq)
m3mexay Beuuku {j € I | a € A;}. Torasa h(a) = (f(i4), 9:,(a)). Taxa gedn-
HupaHara (GpyHKIUs h € HHeKIUs 3aI[0TO, aKO a 7 b ca /IBa Pa3IuIHU eJIEMEHTa,
oT ;e Ai, TO mmma i, # iy u crenoatenso f(iq) # f(ip), WM i = iy = i ¥
Torasa gi(a) # gi(b).

Oxkonuarenno pyukuusAra hom, kbjuero 7 : NxN — N e buekuusira gedpuu-
paHa B J0Ka3aTeJCTBOTO Ha TBbpaenue 3.20 e ThpceHaTa WHEKIIUSA OT UiE 1A
B N.

He Bcwukn muoxkecrBa ca n3bpoumu. MHOXKECTBOTO OT BCHYIKHU TTOIMHOMKEC-
tBa Ha N Hanpumep e men3bpoummo. MeromabT 3a 10KA3aTEICTBO HA TOBA TBBHP-
JIEHHE e U3BECTEH Karo JMaroHajen Meron Ha Kanrop.

i€l

Teopema 3.25. Muoxecrsoro 2V e Hem36pomnmo.

Jloxazamescmso. 2~ He e KpafiHO MHOKECTBO HAIIPHIMED, 3AIMOTO 34 BCAKO 1L € N
chabpKa eneMenTbT {n}. Ja nomycheM, de cbinecTsyba ouexmua f: N — 28,
ToBa o3HauaBa, Y& BCUYKHU MOIMHOXKeCTBA Ha N morar ga Obaar MoApeaeHu B
pemuna: Ag = f(0),A; = f(1)... A, = f(n),.... Karo usnonszsame xapaxkre-
puctugyruTe GYHKIMA HA MHOXKECTBaTa A;, J1a pasriegame ciaegHaTa TabIuna;

X Ao (0) XAo(l) XAo (2) <o XAy (TL)
XAy (0) XA1(1) XA, (2) e XA (TL)
XA (0) XA2(1) XAz (2> s XAz (n)
00 xa () X4 @ oo xan(n)

Hanomusime, ye xapakrepucrudHaTa (PYyHKIMA Ha MHOKeCcTBO A ce neduHu-
pa Karo:

(@) = 1, axo z € A;
XAl =10, axox ¢ A.
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Taxka tabnurara CbIbprKa MbHA HHOOPMAIHS 38 BCHIKA MHOXKECTBA OT €CTEC-
TBeHu uuciaa. 1lle mocTUrHeM 10 MPOTUBOPEYHE KATO TOCOYMM MHOMKECTBO OT
€CTECTBEHM YHUCJIA, KOATO HE OM MOrJIo ma durypupa B Ta3u Tabauna. Banmame
IJIaBHWS TUATOHAJ Ha Ta3u Tabsmia. 1ol cbabp:ka mHGOPMAINWS 33 M0 €IHA
CTOWHOCT HA BCSKA OT MOCOYEHUTE XAPAKTEPUCTUIHU hYHKITUN:

XA (O)’XA1(1)7XA2 (2)7 sy XA, (n)’ s

Axo nedunupame pyukumsara d : N — {0, 1} xaro: d(i) = 1—xa4, (i), To d me
e dbyHKIMs, pa3jnyHa OT BCHUKHU XapakTepucTuynu Gpynkuuu B radaumnara. To-
raa D = {i | d(i) = 1} e MHOXKeCTBO OT €CTECTBEHM UHCJIA C XaPAKTEPUCTHIHA
dyuKuus X p = d, KOETO ce pa3jndaBa OT BCAKO OT MHOXKecTBaTa Ag, ... Ay, . ...
Ho roBa nporusopeuu Ha mouyckanero, de pegunara {Ag, A1, Ag, ... Ap, ...}
ChIbPIKA BCHUKH eeMenti or 2V,

CiiesioBaTeIHO JOMyCcKaneTo e rpemHo u 2N e memsGpoumo. O

TopHOTO TBBp/IEHNE MOKE Ja ce 0600 33 TPOU3BOJHO MHOKECTBO. JloKa-
3aTEJICTBOTO MAaKap M KPATKO CKPUBA WHTYUIMATA, KOSATO IOy IaBaMe OT J0Ka-
3aTEJCTBOTO HA MPEJMIIHATA TEOPEMA, 3ATOBA MPEANOYETOXME A U3JI0KHUM H
JIBETE JIOKA3ATEICTBA.

Teopema 3.26. Heka A e muoxkectso. Torasa 24 ~ A.

Jokasamencmeo. ITa nomycuem, ge nma 6mekrmst f : A — 24, Heka D = {a €
Alaé¢ f(a)}. Torasa D C A u caenosarenno D = f(ag) 3a uskoe ag € A. Ho
TOraBa:

a0€D<:>a0¢f(a())<:>a0¢D

ToBa e mporuBopedne, cienoBaTentHo 24 ~ A. O
3.5 3ajaum 3a ynpakHeHUe

Sagaua 1. Heka A = {a,b,c,d} u B = {1,2,3,4,5}. Koe or cineguure penanuu
e ¢yukuusa or A kbM B. Hanumere rpadpu4HoTo LpeiacTaBsHe Ha BCIKa OT
penanuuTe. Kak MoykeM 10 TpadUIHOTO MPEICTABIHE Ha PeJIannst 1a pa3bepem,
Janu T e QyHKIu?

1. {(a,1),(b,2),(¢,3)}.

2. {(a,1),(b,2),(c,3),(d,4),(d,5)}.
3. {(a,1),(b,2),(c,3),(d,5)}.

4. {(a,1),(b,2),(c,2),(d,5)}.

5. {(a,5), (b,5),(c,5),(d,5)}.

Sagaua 2. Koe or cieguure MHOXKeCTBa € (PYyHKIMA HaL Z7
1. {(a.lal) | a € Z}.
2. {(lal,a) | a € Z}.
3. {(a,a+1)|acZ}
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4. {(a+1,a) | a € Z}.
5. {(a,2a) | a € Z}.
6. {(2a,a) | a € Z}.

3amaua 3. 3a Bcaka or dyskimuTe f or 3amada 2. onpejenere:
L f(N), f7H(N), fIN.
2. f({_27 _1’ 07 17 2})7 f_l({_27 _1a Oa 17 2})7 .f r {_27 _15 07 17 2}

Basaua 4. Heka f: A — B, X,Y C B. Bapuo u e, ue:
L fAYXnY)=f Y(X)nfL(Y).
2. [FUXUY)=f {(X)U fHY).
3. fTHXN\Y) = f HX)\ fTHY).

Bagaua 5. Heka f: R — N, e dynkuuara ngebunupana upes f(z) = |z, naii-
POJISIMOTO €CTECTBEHO YKCJI0, MO-MAJIKO uiu pasuo Ha x. Qupenenere f([0,5]),

£((0,5]), f([0,5)) u £((0,5)).

Sagaua 6. Heka f,g,h: R — R, ca nedbunupanu upes f(z) =x + 1,
g(x)=2*+3z+1mu

z—1, ako x> 0;
h(x){ 5 ako z < 0.

Hamepere f o g u go f. KomyrarusHa /i € onepauusita KOMIO3ULUS Ha
dyukuun?

Hawmepere (fog)ohn fo(goh). AcormarnsHa Jn e oneparysita KOMIIO3HITHs
Ha pysxnun?

3agada 6. Heka u B ca MHOXKECTBa OT €CTECTBEHH YUCJIA C XAPAKTEPUCTUYHA
dyukmun x4 u xp. C momorrra Ha OmeparusaTa Cyneprno3ulms Ha DYHKIIUATE
XA, XB, +,—, %, min, max u3pazere xapakrepucruanure QyHkiun Ha A N B,
AUB, A\ B, AAB.

3agauva 7. 3a Bcaka bysknus f or 3amada 2. onpesesiere gaau f € WHEKIWs,
CIOPEKITHST WJIN OMeKITHs.

3agaua 8. 3a Bcska oT caenauTe QYHKIWYM [ Onpenesnere naiau f e WHEeKIWs,
CIOPEKITHST WJIN OMeKIIHs.

1. f:R—=R, f(z) =22 +3.
2. f:R—=R, f(z) =2? — 4o + 2.
3. ['R—=R, flz)=2®+T1.

r+ 1, aKo x e 4erHo;
r—1, axko T e YerHo.

4, f:N%N,f(x){
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10.
11.
12.
13.

14.

© N o

R N T UL

:N =N, f(z) =rem(z,3) (ocrarbk npu nerene Ha 3).
:NXxN =N, f(z,y) =nou(x,y) (maii-rojam o6y aeauTen).
:NxN—=N, f(z,y) =3z + 2y.

‘RxR =R, f(x,y) = 22 + 142

0, axoz =0;
1

:Q—M@,f(x):{ , ako x # 0. ~

R—=R, f(z) =|z|+ 1.
(=35) = R, f(z) = tgz.

:NxN—=N, f(z,y) = 3%.5Y.

:RT = N, f(z) = |z]. (RA#-TOTAMOTO €CTECTBEHO YMCIIO, TO-MAJIKO UJTH
paBHO HA . )

f:N—=N, f(z) = (z + 1)-BoTO IIPOCTO YHUCIIO.

3amauya 9. Heka f: A — B, g: B — C ca dyukuuu. Bsapuo Ju e, ge:

1
2
3
4

. Axo f we e wHekIWsA, TO f 0 g HE € UHEKIUSA?
. Ako g He e unexiys, o f o g He € uHeKIuAT
. Axo f He e ciopeknusi, TO f 0 g He € CIOpeKIus?

. Ako g He e cropekIusi, TO f 0 g He € CIOpeKIns?

Bamaua 10. Karo msnonssare npunnnna va Inpuxie, mokaskere, de ako |A| >
k|B|, To 3a Bcsaka dyukmust f : A — B uma enemenT b € B u ejeMeHTH
{a1...ak4+1}, TakuBa, ge f(a1) = f(ag) =+ = f(ar) =b.

3amaua 11. B exmo ceno mma 400 skurenun. JJokazkere, de MOHE ABAMa WMAaT
€JIMH U CBII POXKJEH JIeH U TIoHe 34 ca pOJeHU B €INH U C'hII Mecell.

Bamaua 12. Jokaxere, ge 3a Besiko k > 2, N¥ e uz6poumo.

3agaua 13. okaxere, ye Q e u3bpounmo.

Bagaua 14. Jlokaxere, qe ako A ~ B, 10 24 ~ 25,

3amaua 15. [lokaxere, de CjieJHETE MHOKECTBA CA PABHOMOIIIHU:

1.

-~

);
(a,b), xbuero a,b € R u a < b;

N,
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6. {f|f: N> N}

Bagaua 16. Jlokarkere, ue MHOXKECTBOTO OT BCHYKM JTyMmu Haz asbykara {a,b}
({a,b}") e m36ponmo. JlokarkeTe, 4e MHOKECTBOTO OT BCUYKHN GE3KPAitHU pe AT
or OyKBHU a u b e HeM3OPOMMO.
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I'1aBa 4

Kombunaropuka

Jlocera pasriekgaxmMe MHOXKECTBATA KaTO abCTPAKTHU O0EKTH W M3CJIeIBAXME
TeXHUTE OOIIY XapaKTEePUCTUKN U CBOMCTBA. B Ta3u riasa 1e ce crupem Ha Kpaii-
HUTE MHOXKECTBA, KATO OCHOBHATA 33,1348, KOSTO IIIe CH IOCTABUM € 18 HaMepuM
Ha4YMH J3 IPeOPOUM TEXHHTE eJIeMEHTH. 3a IeJITa 1€ Ca HU Hy>KHHU JBE IIOMOIILI-
HU CPEICTBA; KOMOMHATOPHY HNPUHIWIINA, KOUTO HE IIOMAraT 13 CBEXKIAME HOBH
33Ja49N K'bM MHOYKECTBO MO-TIPOCTH 33Jaui, U KOMOWHATOPHU KOHMDUTYPAIINH,
KOWTO HYM TIOMAaraT /13 pa3jinduM MeKIy 4 OCHOBHU HA4YWHA 3a u3dmpane Ha k
npeaMera U3MeXKIy 7.

4.1 OcHOBHU KOMOWHATOPHU ITPUHITATIA

OcHoBHUTE KOMOMHATOPHY TTPUHITUIIN CA BE€YE PA3TJIEIAHN U JoKa3aHu. TyK 1me
U ChOEepeM HAKYIl U 1€ TU JOPA3BUEM.

4.1.1 Ilpunnun 3a dueknuaTa

[IpunumnbT 3a GuekusiTa riacu, 4e ako A u B ca kpaiinu MHOXKecTBa, |A| = | B
TOraBa M CaMO TOorapa, Koraro cbliecrByBa Ouekiust [ : A — B. [lokasare-
CIBO HA TO3U LIPUHUMIL C€ OCHOBaBA Ha upunuuua xa dupuxse (upuHuuua 3a
yekMeKeTara) u e mocoueHo B Teopema 3.17. To3u IpUHIMIT HU TO3BOJIABA, 12
CBEXKIAMe HOBH 339U K'bM CTAapW, HO KOUTO BEYE 3HAEM DEIEHUETO.

4.1.2 Ilpunnun 3a chOUpaHeTO

[pununbT 3a cbbupanero riacu, de ako A u B ca KpaiiHu Hempecwdalnu ce
MHOXKeCTBa, TO OposiT Ha efementuTe Ha AU B e cymara or 6post Ha eJIEeMEeHTUTE
Ha A u Gpos Ha ejieMeHnTuTe Ha B:

ANB=0=|AUB|=|A|+|B|.

Maxkap # JieceH, TO3W MPUHIIAT WMa, BayKHU CJIEJACTBUSA. Bb3 OCHOBA HaA TO-
30 MPWHINI IT[€ U3BEIEM YEeTUPHU HErOBU OOOOINEHWs: MPUHIUI 3a PA3/IAKATa,
NPUHIAT 32 pa30UBaHETO, MPUHINI 33 O0EIMHEHWETO W IPUHIUI 33 KPAWHUTE
Pa3JIUKU.
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[Ipuanunbr 3a pas3numkara UMa ITHPOKO MpHIoKeHne. VIHTYyUTHBHO - aKoO
BUIVM, Y€ 33a9aTa 3 MPeOpOuM eJIEMEHTHUTE Ha TaJeHO MHOXKECTBO € MHOTO
CJIOXKHA, HATTPUMED BKJIIOYBA, PA3TJIEXKJAHETO HA TBBP/IE MHOTO CIyYad, BUHATH
TpsI0BA /18 TTPOBEPUM JIAJIU HE € MO-JIECHO 13 TTPecMeTHeM OpOosi HA €JIEMEHTHUTE
Ha JIOI'bJIHEHUETO Ha TOBA MHOXKECTBO.

Tebpaeune 4.1 (Ilpunnun 3a pasiukara). Heka A u U ca Kpaiiau MHOXKECTBA
u ACU. Torasa |U \ A| = |U| — |A4|.

Zloxaszameacmeo. ToBa e TUPEKTHO MPUJIOKEHHE HA IMPHUHIIATIA 38 ChOMPAHETO:
AN U\ A) = 0, cnenosarenno [U| = |[AU (U\ A)| = |A] + |U \ 4]. Taka
U\ Al = U] - |A]. O

[IpuaunsbT 3a pa3dUBaHETO HU TIO3BOJIABA /14 pa30HeM eHa 3a/ava Ha MHO-
T'O TIO/ICIIy Ya.

Tebpaeune 4.2 ([Ipunnun 3a paséusanero). Heka A ... A, ca B3auMHO Hell-
pecuyainy ce Kpaitnu MHoxkecrsa u n > 2. Torasa |[A; U Ay U ... A, | = |A1] +
ot [An], men Uy Ail = 200 Al

Zloxaszameacmeo. JlokazaTencTBOTO € ¢ HHAyKmuS mo n. Ilpu n = 2 momayd4a-
BaM€ TOYHO LpuHUuUIA 33 cbbupanero. Heka TBbpaeHHeTro € BAPHO 3a 7 Ha
Opoit Hermpecwyalnn ce MHOXKeCTBa W Heka Aj ... A,, A, 41 ca Hempecwyamm ce
muoxkecrsa. Torasa A,y1 N (A1...A4,) = 0 u cbruacHo npwHIUNA 3a CbHOU-
panero [(A; U---UA,) U Apyi| = (A1 U---UAL)| + |Ant1]- Cornacso wa-
MYKIHOHHOTO mpemmonokenme |[A; U As U ... A, = |A1] + -+ + |A,|. Taka
U2y Ail = 205 Al O

Crenpaioro 0bo0IIEeHne HU [IO3BOJIABA Ja IIpecMsiTaMe OposT eJeMeHTH Ha,
00eIMHEHNEeTO Ha IIPOM3BOJIHM MHOXKECTBA.

Teobpaenne 4.3 (IIpunuun 3a 06equnenuero). Heka A u B ca kpaiinu muo-
x)ecrBa. |[AU B| = |A| + |B| - |[AN B.

Loxasameacmeo. Ille mpeacraBuM obeIMHEHNETO HA MHOYKecTBaTta A m B karTo
obeIMHEeHNe Ha TPYW HEMPEeCHYAIld C€ MHOXKECTBA:

AUB=A\(ANB)U(ANB)UB\ (AN B)

ChbriiacHO TPUHIKIA 38 PA3OUBAHETO:
[AUB|=|A\(ANB)|+ (AN B)|+|B\ (AN B)|.
CbrilaCHO IPUHIIMIIA 33 PA3JIUKATA:

[AN(ANB)[=[A[ - [An B[ [B\(ANB)|=[B|-|ANB|.
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Taka mosrygaBame, 1e:
|[AUB|=|A|— |ANB|+|ANnB|+|B|—|ANB|=|A|+ |B| - |ANn B|.
O

[MoceauAT TPUHIKI Ce HAPWYA, IPUHIINI 38 BKJIIOYBAHETO U U3KJIIOYBAHETO
7 € Bb3MOXKHO HAW-TITMPOKOTO 0000INeHne Ha TpUHIMNA 33 cbOupane. Toi wHE
MO3BOJISABA 1A HAMUPaMe DPOsi HA eIEMEHTUTE Ha OOeMHEHUETO Ha, TPOU3BOJIECH
7 Ha OpO# MHOXKECTBA.

Teopema 4.4 (Ilpunuun 3a BrirousaHero u uskiousanero). Heka Aj... A,
ca n Ha Opoit Kpaituu muOkKecTBa u n > 2. Torasa

|A1UA2U- - -UA,| = Z | 4| - Z |Aiy NA, |+ Z |Aiy NA;, N A, [—
1<i<n 1<iy<iz<n 1<y <ip<izg<n
A (D)"HA N Ay - N Ay

Zloxasameacmeo. JIoka3aTescTBOTO € ¢ MHAYKIWHS 1o n. [Ipu n = 2 umame ToIHO
NPUHIKITA 32 00eUHEHUETO. 3a Ja WIIOCTPUpPAMe UIedTa Ha, JJ0KA3aTeJICTBOTO
e JoKazkem npuHiuna u 3a n = 3. Heka A, As, A3 ca muoxkecrsa. II'bpBo
rpymupame | ¢ Ay v mpusaraMe TpUHITANA 38 00eIMHEHUETO:

|A1 U Ay U As| = |(A1 U As) U As| = |A1 U As| + |As] — (A1 U Az) N As).

CoriacHo npuHImna 3a obeauuennero |Ay U As| = |A1]| + |42] — |[A1 N A,
CorinacHo aucrpuOyTuBHES 3ak0H (A1 U Ag) N A = (A1 N A3) U (A2 N A3).
OrHoBo mpmiarame npunimna 3a obexunenuero: [(A; N As) U (A2 N Az)| =
|A1 N As| + A2 N As| — |A1 N Ay N Ag|. Taka nosyvasame:

|A1UASUAs| = | Ay | Ag|+|As|— AN A | — | A1 N As| — | Ao As|+|A; N AsN A,

Heka tBBbpaenmero e B cuia 3a n. Heka A;...A,, A,+1 ca n+ 1 Ha 6poit
KpaliHu MHOKeCTBA.

[AfUAs U UA, UApq| =[(A1UAU---UA,)UA ] =
[AT U AU -~ UA, |+ [Ans1] — (A1 U AU - UA,) N Aps| =

STIAil= D0 JANALI+ YD [ANALNA = (1) T AINAL - AL+

1<i<n 1<iy <iz<n 1<y <ip<iz<n

HAns1] = (A1 N A1) U (A2 N Apy1) U U (A N Apg)| =

STlAl- > JAnALI+ D] |As, NA,NAG | — -+ (1) HAINAg - - -NA, |+

1<i<n 1<is<ia<n 1<y <ip<iz<n

HAnpal= D0 JAnnAnpal+ D0 Ay NALNAn 1| — (1) A1NAg - -NARNAp | =

1<i1<n 1<iy <iz<n

STolAl— Y AL N4+ > [Ai N Aiy N A |-

1<i<n+1 1<y <ig<n+1 1<y <ig<iz<n+1

e+ (-D)MAIT N Ay N A, N Ay
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4.1.3 IlpmHOHUI 3a YMHOXKEHUETO

[MpuanunbT 3a yMHOXKEHWETO Tyacu, ¥e ako A m B ca KpaifHu MHOXKECTBa, TO
|A x B| = |A|.|B|. Joka3zarescTBO HA TO3W MPUHIKI € mocodeHo B Teopema 2.3.
To3u NPUHITUATI CBIMO MOXKE J1a ce 00OOIIH 0 eCTECTBEH HAYHH.

Tebpaeune 4.5. Heka A ... A, ca kpaiinu muoxkecrsa u n > 2. Torasa |A; X

Zloxasameacmeo. JlokazaTeacTBOTO € C WHAYKIHS IO N KATO Ce M3IOI3Ba, Ue

AxBxC=(AxB)xC.

4.2 OcHOBHU KOMOMHATOPHMN KOHQUTYpPaINuN

B to3u paznmen mie pasriesaMe deTupu HadHHA 1A u3depeM k mpeaMera m3MeK-
a1y 1. 3a 1a OHAIIEUM 33/1a9aTa, II1e 3a109HeM ¢ egus npumep. B mectHus kiry6
mo OpuIK wiaenyBar 5 aymu. TpsOBa 1a ce m3bepar u3MeKIy TAX JIBaMa, 100-
POBOJIIIM, KOUTO J& OTTOBAPSAT 33 JABETE MeCedHr cOMpKHU Ha KiyOa. Ilo komko
HaYMHA MOTAT Ja ce m30epaT Te3n ABaMa JT0OPOBOJIIIN !

IIpean ma orroBOpMM TO3M BBIPOC TPAOBA [a YTOUYHHM aBe Herma. ma mu
sHadenue peabr? C npyru jgymu 3a pasziudnu uzbopu Jjiu mie caurame VBan or-
roBaps 3a mbpBaTa cperra, [lersp 3a Bropara u [lersp oTroBapst 3a mbpBara,
NBan 3a Bropara? BropusaT yTOYHHUTENEH BBIPOC € Bb3MOYKHU JIU Ca TIOBTODE-
HUs: MOxKe Jin VIBaH J1a OTroBaps u 3a JBeTe cpeiin. B 3aBUCHMOCT OT OTTOBO-
puTe HA T€3U YTOYHUTEHN BbIPOCH IOy YaBaMe Pa3indeH 6POil Bb3MOKHOCTH
3a u300p Ha M00poBoOJIH. AKO ca Bb3MOXKHU TIOBTOPEHHUs] W PEIbT WMa, 3HA-
qeHne, OuXMe MOIVIM J1a WIIOCTPpHpaMe eIuH Bb3MoxkeH u3bop: Ban 3a mbpsa
cpemnia, Ilerbp 3a BTOpa cpemia, kKaro Hapenena gsoiika (Usam, Ilerbp). Heka
3a TMO-TIPOCTO CYUTaMe, de UYjeHoBeTe Ha Kiayda ca a,b, c,d,e. Taka moxem ma
OpraHu3upaMe BCHYKH Bb3MOXKHOCTH B CJleIHATA TabIuIa;

(@a) (@h) (w0 (a,d) (ae)
(b,a) (b,b) (b,c) (b,d) (b,e)
(c,a) (¢,b) (¢,¢) (¢, d) (ce)
(d,a) (d,b) (d,c) (d,d) (d,e)
(e,a) (ed) (e,c) (e,d) (ese)

001110 BL3MOXKHOCTHATE Ca 25.

B caywait, 9e peabT nMma 3HaUMEHNE, HO HE € MO3BOJIEHO €IWH W CbII T0BEK
J1a OTTOBapPs W 3a JIBETE CpeIny Bb3MokHuTe n36opu ca 20 - Bcuyku 6e3 Te3u 1mo
I'JIaBHUA JUAI'OHAJI.

(a,b) (a,¢) (a,d) (a,e)
(b,a) (b,c) (b,d) (bye)
(ca) (eh) (cd) (cc)
(d,a) (d,b) (d,c) (d,e)
(e;a) (e,b) (e,c) (e,d)

AKo He ca MO3BOJICHU TOBTOPEHUS U PEIBT HAMA 3HAYEHUE, JOCTATHIHO € J1a,
npebpoum m3bopute HAJ raaBHUS auaroHast: obmo 10.
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Axo perbr HiMa 3HAYEHHE, HO I'bK MOXKE J1a MOBTapsiMe J0OpPOBOJIIH, MIPHU-
GaBsiMe U IJIABHUA JMArOHAJ U II0JydaBaMe 15 Bb3MOXKHOCTH:

(a,a) (a,b) (a,¢) (a,d) (a,e)
(b,0) (b,c) (b,d) (b,e)

(¢,e) (¢,d) (c,e)

(d,d) (d,e)

(e,e)

Taka mosiyuaBamMe 4eTUPW OCHOBHU KOH(MUTYPAIIUHN.

4.2.1 Kondurypamnum c moBropeHmne, ¢ Hapeada

IIpodecop X, cien ycmemmHo 3aBbpIiBaHe HA KPATKO PAOOTHO TOCEIEHWE HA
dakyaTera MO0 MaTeMaTUIECKa JOBKOCT U M300PETATENIHOCT B TPaadeTo Y, pe-
AT 13, U3MPATH TO3APABUTETHE KapTudku Ha coure mpusarenu A, B,C, D u
FE. Pazxoxmaiiku ce euH CIbHUIEB Caea00e1 U3 UCTOPUIECKUs MEHTHD Ha Y,
MUHAJI TTOKPAil e1Ha MaJIKa, KHUXKAPHUILA W BUJSJ HA BUTPUHATA U3JI0KEHU 26
BUJA KApTUYKKM C M3LJIean orT Oim3kara mianuna Z. Ilpodgecop X ce crps
Mpel BUTPUHATA W 3AMOYHAJ [1a, C€ Uyad 33 KOU mpusAres, Ja m3bepe KOl B
kapruuka. KoJiko ca Bb3MOKHKTE u3bopu 3a npodecop X7

Taka mpodecopbr TpsiOBa 1a m3bepe 5 eslemenTa Oor 26 Bb3MOXKHU, KATO
peabT MMa 3HadYeHwe, 3aoTo IbpBara e 3a A, Bropara e 3a B ... nerara e
3a F. Bb3MOXKHU Ca U TIOBTOPEHUSI - IOPU ChBCEM BEPOSTHO € MPOdeCOPbT, OT
CcbOOpazKeHus 3 CIIPABEINBOCT, 1A n30epe eIHA U ChIA KAPTUIKA 3 BCUIKUTE
CHU TIPUATEJTH.

Bebmuoct mpodecop X TpsibBa ma mocTpon eaHa GyHKIHUs, KOITO HA BCe-
Kku mpuaTen ot muHOkectBoro {A, B,C, D, E} cbnocrasa equn ot 26-Te BHIA
KapTUYKM, 3HAUN esleMeHT or MHoxkecrBoro {I, I, ITI,... XXVI}.

Teopema 4.6. Heka A u B ca muoxecrsa, |A| = k, |B| = n. Bpoar na dyHk-
muure f: A — B enF,

Joxazameacmeo. Ako k =0, 1o A = () uma enna exuncrsena Gyakous f = () :
A— B.

Heka k > 1 w Heka A = {a; ...ax}. Beaka dysknus f : A — B moxem Ja
OPEJCTaBUM €THO3HAYHO Ype3 BEKTOPa OT HEHHHUTE CTOMHOCTH

f=(f(ar),... flar)) € B".

ChriacHo MpUHINTA, HA OMEKIIHSATa, OPOST HA PA3AUYHUTE (DYHKIIUU € CHITUIT
kato Gpos Ha esementute Ha B¥. Cbriacro mpunmmma 3a ymuoskennero |BF| =
|Bk = n¥ O

Taka momygaBame, g€ OpodaT HA KOHPUTYPAIMUTE HA Kk eJeMeHTa U3MEKIY
n, ¢ Hapeaba U ¢ IMOBTOPEHUE €:

Kun(k,n) = nk.
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4.2.2 Kondurypamnun c uapeabda, 6e3 nmoBropeHue

Koraro mpodecop X maii-cerHe HampaBHUJI CBOsSI W300p, BJIE3HAJI B KHUXKAPHU-
mara. Tam 3a xkajoct pasbpas OT mpojaBada, 9€ OT BCEKHW BUJ KAPTUIKHU €
ocranaja camo 1o eaHa Gpoiika. Cera npodecopbr OHI U3MPABEH NPE, €IUH
cbBCeM pasymdeH u360p. KoJiko ca Bb3MOXKHOCTHTE [P T€3U 00CTOSATEICTBA?

IIpodecopbr Tpsabsa oruoBO ma u3depe 5 esementa Or 26 BH3MOXKHU, Ka-
TO PemxbT WMa 3HAYEHHE, HO BEYe HE Ca Bb3MOXKHHU mnoBTopenusi. Cera mpo-
decop X TpsgbBa ma mOCTpoW HE KAKBA 13 € (DYHKIWSA, KOSTO HA BCEKU IPHU-
aresq or MuOokecrBoTo {A, B,C, D, E} cbIOCTaBs €JeMEHT OT MHOMKECTBOTO
{[,II,III,..., XXVI}. Oyukuusara tpgabsa Ja € WHEKIIUs - 3alI0TO Bede He
€ MO3BOJIEHO €JIMH U CbINU BUJ JIa C€ HOBTAPS.

Teopema 4.7. Hexka A u B ca muoxkectBa, |A| = k, |B| = n. Bpoar na nnex-
mante f: A— Ben(n—1)...(n—k+1) :Hf:_()l(n—z)

Joxasameacmeo. Ako k > n cbriacHo npunimna Ha J[upuxje HAMA WHEKIUH
f+ A — B.lle orbenexum, e ¢bopmysara OCTaBa BIAPHA 3aI0TO B Hf;ol (n—1)
elMH OT MHOXKHuTenuTe e e 0.

Ako k =0, ro A = () uma enna equncrBena Gyukuua f = 0 : A — B. Tasu
byHKINA e UHeKIUA MO TPUBMAIHN choOpaskennd. ledbuHUInATa Ha WHEKIUS
e BbB opMaTa Ha UMILIUKAINA, 9AATO IPEINOCTaBKa He OU MOTJIa, 1a € W3MbJI-
Hena 3a ().

Heka k > 1 u neka A = {a; ...ar}. Beaka unekiusa f : A — B moxem ga
HPEJCTABUM €IHO3HAYHO OTHOBO UPE3 BEKTOPa, OT HEHHUTE CTOMHOCTHTE

f=(flar), f(az) ... f(ar))-

Cera obave f(aj) e mpomssosen enement or B, HO f(ag) e enement Ha B,
pazmnden or f(ay), T.e exement Ha B\ {f(a1)}. Taka f(a3) € B\ f(a1), f(a2)
- flax) € B\ {f(a1), f(az2) ... f(ar-1)}-
CbIlaCHO TPUHIMIA 33 YMHOXKEHHETO I0J1ydaBaMe Hf;ol (n — 1) Bb3MOK-
HOCTH. O]
Taka momygaBame, ue OpoAT Ha KOH(MUTYypAIUUTE HA k €IEMEHTa, M3MEXK Iy
n, ¢ HapeaOa u 0e3 IOBTOpPEHNUE €:

k—1

Ku(k,n) = [[(n—1i).

=0

B cnyuas, xorato k = n koudurypamusara ¢ Hapeada, 6e3 MOBTOPEHHE Ce
HapWYa TepMyTanus. BposT HA pAa3/IMYHUTE MEPMYTAIUU Ha 7. €JIEMEHTA OTTO-
Baps HA OPOst HA HAYUHUTE TI0 KOUTO MOXKEM J13, TOJIPEINM 7, PA3IUIHA €JIEMEHTA.
BposiT um ce o3nauasa ¢ n! - paxkTopuel.

ol — 1, ako n = 0;
T " —i)y=n(n—1),....1=]]",i, axon>0.
HZ—O =1

4.2.3 Konadurypanunm 6e3 nmopropenue, 6e3 Hapeagda

[Ipodecop X mpekapau men 2 qaca B KHmKapHHUIATa 6e3 yemex. Hakpas mpoma-
BAYbT, KOHTO Obp3asI 3a BKbINHA, 33 a3 HEe U3IyCHe npuareackusa GpyrboaeH Mmad
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MeXKIy YHUBEPCUTETCKUTE oTOOpH HA rpasa Y W BpazkecKus rpas P, moakanmi
npodecopa mpocTo 1a u3bepe 5-Te KAPTUYIKH, KOUTO MY XapecBaT HAW-MHOTO U
MO-K'bCHO 113 TH pa3mpeesis Ha ceoute mpusTeau. [Ipodecopsr, Makap u Magako
HEJIOBOJIEH OT OOCIIY?KBAHETO, C& CHIJIACKH U ObP30 HAMYCHAJ KHUKAPHUIIATA C
rnerre Hali-xybaBu KapTudku. Komko ca 6umm Bb3MOoKHEATE n300pH 3a podeco-
pa cera?

IIpodecopbr orHOBO M3bMpa 5 Kapruyku u3dmexy 26, 6€3 nmpaBo HA LOB-
TOpeHue, HO peabT Bede HAMa 3HadeHwe. HeroBara mesn e ma m3bepe emHo 5-
€JIEMEHTHO TIOIMHOKECTBO OT MHOXKECTBO ¢ 26 efieMenTa (1pu TOBa Haiil-xy6aBoTo).

3a ga mpecMerHeM OpPOsi HA Bb3MOKHOCTHTE MOXKEM A PA3ChIKIABAME Ta-
kKa. 3a jga u3bepe npod X 5 KAPTUYKHU 34 CBOUTE MPUSTEH 1€ U3BBPIIU JBE
CT'BIKU: I'bPBO IIe MOJAOEpe 5 KAPTHYKHU, [MOCJE IIe TH PA3IPEIETH HA CBOUTE
5 npusitesisi. OBIIO TOBA MOYKe Bb3MOXKHOCTUTE €A, KAKTO BUISIXME B MPEIUIII-
Hara Jact, 26.25.24.23.22. Beexku u3bop Ha 5 KapTHUKKU BOAU 10 5! pasjindHu
pasmpenesieHus Ha KapTudku. Taka Bb3MOXKHOCTHTE 3a M300p HA 5 KAPTHUIKHU
ocTaBa 113 ObIaT 26'25%#. Topa uucso ce napuya “26 Haz 5"u ce o3HaYaBa
¢ (%)-

3a mpousBoHA 1L U k:

<n> IS (n—4) _ { 0, axo n < k;

k k! 71@!(1?116)!» ako n > k.

Teopema 4.8. Bposar na k-emeMeHTHHTE TOAMHOXKECTBA HA MHOXKECTBO C 1
enementa e (7).

Joxazamencmeo. Axo k > n HsaiMa k-eJIleMEHTH HOAMHOXKECTBA HA MHOXKECTBO C
n ememenTa u (opwmysnara e Bapua. Heka kK < n u A e MHOXKeCTBO.

JIoKa3aTencTBOTO IMIe U3BbPIIMM ¢ UHAYKIHA Mo n. Akon = 0, A = (0 n
€/IMHCTBEHATA Bb3MOXKHOCT 33 k € k = (. Ma eIHO eIWHCTBEHO MOIMHOKECTBO
na A ¢ 0 enementa - (). 1 = Wio)! = (3)

Heka tebpaenuero e B cuiia 3a n. TyK WHIYKIHOHHOTO TIPEINOJIOXKEHNE € 110
CHJTHO OT OOMYARHO: peAmoaraMe ue 3a BCako k < n, 6poar Ha k eTeMeHTHHUTE
LIOJIMHOZKECTBA Ha, MHOZKeCTBO ¢ 1 ejementa e (). Heka A = {a1...an,an41}
nk<n-+1.

OrHOBO, ako k = 0, UMa eIHO €IUHCTBEHO TOAMHOXKECTBO Ha A ¢ 0 eJemMenTa

_ w nl= (n+1)! _ (n+1)
) = 0 ((n+n)—0) — \ o /-
Ako k =n + 1, To CbIIO UMa €IHO €IUHCTBEHO IOAMHOXKECTBO Ha A ¢ n+1
_ (n+1)! _ (n+1
enementa - A, m 1 = oyt = (ZH).

Ako 1 < k < n 1o MOxkKeM Ja pasienuM k-eJleMeHTHUTE [IOJAMHOXKeCTBa Ha A
Ha JBE HETPECWUAIN Ce TPYTHN: TPymna 1, Ha Te3’, KOWTO HE ChIbPKAT EIEMEHTA,
(p+1, U TPYIA 2, HA TE€3U, KOUTO ChAbPKAT EJIEMEHTA Uyt 1-

Enementute o rpyna 1 ca k-eJeMEHTHHM TMOJAMHOMKECTBA HA MHOMKECTBOTO C
n ejemenTa {aj ...ay}. CbrIaCHO MHAYKIUOHHOTO MPEIIOJIOKEHUE, T€ Ca (Z)
Ha Opoii.

Enementure or rpyna 2 ca or Buna {axt1}UDB, kbaero B e k — 1-enemenTro
MOJIMHOYKECTBO HA MHOXKECTBOTO C 1 €JIeMEeHTa {a; . . . ay, }. CenoBarentHo 6posit
Ha €JEeMEHTHTE OT Tpyma 2 €a KOJKOTO Ca PAa3JWIHUTE BH3MOKHOCTH 3a B.
CbriacHO MHAYKIMOHHOTO IPEAIIOTIOKEHHIE, TE Ca, (kﬁl) Ha OpOIi.
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CbryiacHO IPUHIUIIA 33 CHOUPAHETO ODIIO MOy daBaMe

<Z> * (k: . 1) - k!(nni DI 1)!(;”— D)

n! (1) <n+1)
(k=Dn—k)(} + ) K+1-K \ k)

O
Taka momygaBame, g€ OpodAT HA KOHPUTYPAIMATE HA Kk eJleMeHTa U3MEKIY
n, 6e3 Hapenba n 6e3 MOBTOPEHHE €:

K(k,n) = <Z>

@opmynara OT MOCTAEAHNS PEJ, HA TOKA3ATEJICTBOTO ce HApwda (POpMysIa Ha
[Mackan. C momornnra Ha Tasu GOpPMyTa MOXKEM [0 HHIYKTUBHO Ja HAMUPAME
cTOMHOCTUTE (Z) or mpeaumuo croinoctu. [Ipecmsranero ce opranm3mpa Hait
JIECHO C TaKa HapedeHus: TpubI'bJIHUK Ha [lackam:

)
W 6O & 6 O
Kpaitnure T04KM B TPUBI'bJIHUKA IOMbJABAME C 1, 3aII0TO KAKTO BEYE BU-

JISIXMeE (g) = (Z) = 1 3a Bcako n. OcraHajguTe CTORHOCTH (Z) [OI'LJIBAME KaTO
cbbepeM CTORHOCTHTE HA MPEIUIITHASA PeJ, TOTHO Ha ThPCeHATa: (Z:i) + (”71).

k
1
1 1
1 2 1
1 3 3 1
1 4 6 4 1

Yucnara (Z) Ca M3BECTHU ChHINO W KATO OmHOMHU Koedunuentu. [IpuwamHa
3a TOBa e ciegHara Teopema Ha HioToH.

Teopema 4.9 (Hioron). Heka z,y € R, n € N.

(z+y)" = Zn: (Z) CARTA

k=0

Zloxasamencmeo. J10Ka3aTeICTBOTO IIe U3BBbPIITUM C UHIAYKIUS TI0 1.

(x+y)P=1= <8)x0.y0_0.

Hexka TBbpaenunero e B cuia 3a n.

(& +9)" = @+ )" (e +) = ( (”)xk.y"—kxwy) _
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Karo cjieACTBUE OT Ta3W TeOpEMa II0JIydaBaMe aJITEPHATUBHO J0Ka3aTeJICTBO
Ha CJIeaHaTa TeopeMa:

Teopema 4.10. Heka A e KpaitlHO MHOXKECTBO.
|24] = 24!,

Jloxasameacmso. IloqmuaokecTBaTa HA A MOXKEM 71 PA3IEIUM HA CJIETHATE HEl-
pecuyalnu ce rpyim:

I'pyna 0: O-eslemenTHHUTE TOAMHOXKECTBA, KOUTO ca 1 HA OGPOii.

['pyna 1:1-e1leMeHTHHATE TOAMHOXKECTBA, KOUTO €A (’f) Ha Opoii.

['pyna 2: 2-ejemeHTHUTE TOAMHOXKECTBA, KOUTO €A (;’) Ha Opoii.

I'pymna k: k-eneMeHTHUTE TOAMHOYKECTBA, KOUTO Ca, (Z) Ha, OpOii.

I'pyna n: n-emeMeHTHHATE MOIMHOMXKECTBA, KOUTO Ca (Z) Ha 6poii.
CbrlacHO IPUHIUIA 38 PA30MBAHETO HOJIyYaBaMe OOIIO:

n n n n " /n
1 e e = .
(1)) ) ()= 0)
k=1
Coprinacuo Teopemara va Hioron ToBa e Touno (1 +1)" = 27, O

4.2.4 Kondurypamnun 6e3 Hapeada, ¢ TOBTOpPEHUE

sanma morn mpodecop X m3bupas u pas3npesensi IeTTe KapTHIKA Ha, CBOUTE
nernMma npuarenw. Ha cyTpuHTa BeYe BCUYKO OMJIO TOTOBO, KAPTHIKUTE OWJIH
HA/JIMCAaHU U podecopdbT ce OTNPABUI KbM TIOIATA 3a Ja r'u u3nparu. Tam ro
YBEIOMUIIH, Y€ 32 BCAKA KAPTUIKA TPAOBA 14 3aKyTH MAPKKU HA CTONHOCT 1 Jes.
Te pa3mnosiaranu, ¢ Tpu BuAa Mapku - Begka or o 20 croruaku. [Ipodecopbr
BeYe TBDHP/IO PEIInJl, Y€ HA BCAKA KAPTUYKA II1€ 3aJIeMU €JHA U CbIIA MAPKUA U
BCe TTaK OCTABAJIO A PEIIN - MO KOJIKO MAapKU OT BCEKW BUJ /1A CH KYTIH.

Cera BBIIPOCHT € MO KOJIKO HAYMHA MOTaT jia ce m3bepar b mpeamera W3-
MexKy 3 Bb3MOXKHH, KaTO HapeadaTa HaMa 3HAYEHUE, HO Ca MO3BoJeHU (U ce
HAJIAraT) MOBTOPEHUSI.
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OTroBopbT HA TO3H BBIPOC IE U3BEJAEM KATO CBEJEM Ta3W 3a/a4a 110 JIpyra,
Bede To3HATa KOHMurypanus. Becekn Bb3MOXKeH n300p HA MapKH 1€ KOIAUPAME
MO CJAETHUS HAYWH: B TIOPEJUIA OT 7 KYTHHKHU I TTOCTABUM JIBE 3BE3TMIKU.
[Ipa3uuTe KyTuiiky mpeaun MbpBaTa 3BE3AUYKA € OTTOBAPAT HA OpOS MapKH
ot wbpBu BuA. Ilpa3uuTe KyTuilku MexKIy JIBEeTe 3BE3AWYKM e OTTOBAPAT HA
MapKHUTe OT BTOPU BU/I, & MPA3HATE KYTUHKU CJIe]] BTOPATa 3Be3JUIKA IIIe OTTO-
BapAT HA MApKWUTe OT TpeTu Bui. Taka HAIPUMED CJIEJHATA KAPTUHA OTIOBAPSI
Ha 2 MapK# OT MMbPBU BUJ, 1 OT BTOPH U 2 OT TPETU BUI:

Ako nckaMm na m3bepeM BCHYKH MapKH OT BTOPH BUI, U300pa I ce KOAUpa

TaKa.:

Ha Bcexku m360p OT MapKyu ChOTBETCTBA PA3IPE/IEIsiHe HA JIBE 3BE3IUYKU B
7-Te KyTUIKU U HA BCAKO PA3ILPEE/sHE HA JIBETE 3BE3IUYKH B KyTHUIKU CHOT-
BeTCTBa n300p HA Mapku. Taka ChIVIACHO MPUHINIA, 38 OUEKIUATA, 33a9aTa Ce
CBEXK/IA JI0 HAYMHUTE IO KOUTO MOXKEM J1a m30epeM JIBe OT KyTHUIKUTE, B KOUTO
Jla TIOCTABUM 2 3BE3AWYKH: 00IIO 10 (;) HAYWHA.

B obmusa crny4gait TpsabBa ga m3bepem k mpeaMera U3MEXKIY 7 BHIA, KaTO
Hapen0ara HAMa 3HAYEHWE HO MMAaMe IPABO HA [OBTOPEHHS, IlI€ HU TPAOBAT
k+n—1 kyruiiku u n— 1 3Be3guuku. Bpost Ha KoHduUrypanunre Ha k erleMeHTa
u3MeKIy N, 6e3 Hapeada U C MOBTOPEHUE €:

n—l—k—l)

n—1

Ky(k,n) = <
4.3 3ajgaum 3a ynpakKHeHUe

3agavya 1. Kowmmiorbpaa nporpaMa mpejcTaBs HeJUTe 9ucjia B JIBOUYEH 3a-
nuc. [I'bpBusar 6ur npeacraBs 3HAKA HA 9UCJIOTO, & OCTAHAJATE - aDCOTIOTHATA,
croitrocT. Kosiko mesu umcjia Morar /1 ce M3MUIIAT B PErucTbp ¢ 1 Oura.

3anauya 2. Vckare ma B3emere 2 kHuru ¢ Bac Ha ekckyp3ws. Umare 3 xauru
MO JUCKPETHA MATEMATWKa, 2 KHUTH TO JIOTHKA U 3 HOBenu. Vckare KHUTHTE,
KOWTO II[e B3eMEeTe C BaC /I3 Ca Ha pa3jnvHa TeMarnka. KOJKO ca Bb3MOKHUTE
n30opa.

3amaua 3. B mara HOra Bcsaka pagnocraninys ce 0603HauaBa ¢ WICHTH(HUKATOD
ot 3 wim 4 OyKBHU, KaTO BCeKHU uaeHTHdUKATOp 3ano4usa ¢ K nin N. Koako Haii-
MHOTO PaJUOCTAHIINHN MOXKE 13 UMa’

3angaua 4. Hawmwpawme ce B Ilapmxk. Vckame ma HANMpaBuM €KCKyp3Ws KaTO
TpsabBa 1a MuHeM Tipe3 Jlonmon n Bprokcen, n obparno B ITapuxk. Konko pas-
JINIHU Bb3MOKHOCTH 3 MOJEeTH MMaMe aKO BCEeKH JeH mMma b5 mosmera [lapmx -
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Bprokces, Bprokcen - [Tapuxk, 13 nosera [lapux - Jloumon, Jlougon Iapmx, 3
niosieta Jlomnmon - Bprokcen u 2 momera Bprokcen - JlonmoH.

3agava 5. B reseBU3MOHHO ChCTE3aHWE MBPBUAT UIPad TPSAOBA Ja OTTOBOPH
Ha 7 Bbupoca ¢ ,, 13" uiu ,He”. Bropusr urpad rpsadbsa 1a 0OTroBopu Ha 2 BbIIPOCA
C TIO CeJIEM BB3MOYKHU OTrOBOpa. Koii OT nBaMara Urpadun MMa mpeauMCcTBO?

3agava 6. B pecropanr 3a mecepr morar ma ce ceppupar 1, 2 uiau 3 TONKH
caamonen. ima 5 Bujia caaioses - MoKoIa/l, BAHUIINASA, Ar0/1a, KapaMeJl 1 MEHTOB
craagoinen. Konko pasnindam gecepra ce mpejjarar?

3agava 7. Kosiko pasnmyaam JymMu MOrar Ja Ce HOJIydaT KaTo Ce Pa3MecTsT
OyKBHTE B JyMaTa:

1. “ penanus"
2. “ napenoa"
3. “ aysabananuna"

4. “ HEIPOTUBOKOHCTUTYLMOHCTBYBATEICTBY Baiire"

3amaua 8. Ilo KOJIKO HAYMHA MOTAT /13, CETHAT:
1. n JoBeka Ha emgHa TeiKa?

2. n MbXKe U N JKEeH! Ha eIHa MeiKa KaTo MbK CeIu CaMO 0 YKEHH, a KeHa
caMo 10 MbxKe?

3. n YoBeKa Ha Kpbria mMaca?

4. n MbXKe U n KEHU Ha, KPbLJIa Maca KaTo MbK CEeIU CaMO J0 YKEHH, & YKEeHa
caMo IO Mbxke?

3agaua 9. Umawme 10 3amauu. TpsadOBa ga pasnpeneasnM Te3u 330a91 U3MEXK Ty
Anbept, Beru u debu.

1. Vckame bpBO @ PEIuM KOJIKO 3aJa4u 13 U3MbaIHu AJbepT, KOJIKO 3a-
maun ga n3nbiaan Jleou n konko Bern. I1o Koiko HaumHa MOXKEM J1a pa3-
npeaeauM Te3u Opoiku?

2. ITo KoKO HaYMHA MOXKEM Ja paslpenesuM 3a1adnte, ako Anbepr Tpsabsa
na u3mbiaau 3, Beru 5, a lebu 27

3amaua 10. B urpa ¢ 52 kapTté €1HO pa3gaBaHe ca CbCTOH OT 13 KapTH.
1. Koako ca BCUYKK pa3IaBaHUsI?
2. Kosko ca BCHYKM pa3gaBaHus, TP KOUTO Ce€ T4 TOYHO €IHO aco?
3. Konko ca BcrukM pa3maBaHusi, TPU KOUTO Ce TIAJAT IMOHE IBe Bajiera?

4. Koako ca BCMYKM pa3/JIaBaHus, TpU KOUTO ce mamarT 2 aca u 4 kapu?
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3amaua 11. Jlagena e maxvaraa abcka 8 X 8. Emxna durypa e mo3urmonu-
paHa B Hal-IOJIHOTO Hail JITBO KBaJAparde W TPsSAOBa Ja CTUTHE JO HANX-TOPHOTO
Ha¥i-IscHO KBaJpaTye. Moxe 1a M3BBPINBA CJIETHUTE IBA BUIA XOAA: €THO KBaJI-
paTde Harope UJIM eJHO KBajpaTde HaasicHO. [1o KOJIKO pa3/inyHu MbTUIIA MOXKE
durypara ga JOCTUrHE HeaTa?’

3anaua 12. Konko nenu gncna ume mexay 0 u 999, B kouto:
1. Nma Touno emra nnudpa 57
2. Nwma mome emgna mmdpa 57

3. Nma we moseye ot mBe mucpu 57

3agaua 13. Kosko periennsi B €CTECTBEHUTE YUCIA UM, YPABHEHUETO:
1. 21 + 29+ 23 + 14 = 157
2. x1 + 22 + x3 + x4 = 15, ako xo > 37
3. 1+ 22 +x3+ x4 =15, ako x5 > 3 1 x3 > 57?7
4. 1+ 29 + 23 + x4 = 15, aKo x5 < 77
5. x1 +xo+x3+ x4 =15, aK0 290 < 71 x3 < 67

6. 1 +xo+x3+x4=15,aK0 20 < Tux3 <61 g4 <57

3amaua 14. Kousko gucna uma mexay 0 u 1001, kouTo ce messr:
1. ma 37
2. va 3 unm Ha 57
3. #a 3 wiu Ha 5 i Ha 27

4. na 3 wim Ha 5 win Ha 2 uau Ha 67

3apgaua 15. Konko pasnuunu gnciaa uma mexay 0 u 9999

1. cbe cyma Ha nudpure paBHa Ha 167

2. mmar nudpara 3 n nudpara 6, HO HaAMa 1Udpara 87

3agauya 16. Konko ca 20-OykBeHUTE AyMH B JIATHHCKATA, a30yKa, KOUTO:

1. ca najuaapoMu?
2. UMaT JBe IIOCJEJI0BATEHN €IHAKBU OyKBH !

3. Becsika OyKBa B JlyMara Ce Cpera TOYHO JBA I'bTHT

3agaua 17. Heka U e muoxecrBo ¢ n ejnemenra. KoJsko ca:
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. JIBoiiknuTe

Hsoiikure (X,Y), kbaero X, Y C U?

Hpoitkure (X,Y), kbaero X,Y CU n |[X| =17

Hpoitkute (X,Y), kbaero X,Y C U un | X| = k?

Hpoiikure (X,Y), kbaero X, Y CU u X NY = (?

Jpoiikure (X,Y), kbaero X, Y CU, XNY =0u XUY =U?

(X,Y
(X,Y
(X,Y
(X,Y
(X,Y
(X,Y

—_ — ~— ~— ~—  —

,kpaero X, Y CU, XNY =0u |X|>2u|Y|>2?

b
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I'maBa 5

JInckperuu (pyHKIAN

Onpenenenne 5.1. Heka A e kpaitno muoxectBo u n € N. Beska dynknus
f: A" —» A mapuyame n-MeCTHa JUCKPETHA (DYHKIIUS.

TBbpaeune 5.2. Heka A e kpailHO MHOXKECTBO U |A| m. BposiT Ha pasind-
HUTE N-MecTHU auckperau Gyukmuu f: A" — A e m™

Joxasamescmeo. Ot Teopema 4.6 3naem, e Opost Ha dyaknuure f: A" — A
n

e |A|'4"l. Or npunnuna 3a ymuoxenuero nosmyuasame, ue |A"| = |A|". Taxa

OposAT Ha Pa3IUIHUTE N-MECTHHA JuckKperHu pyukiuu f: A" - Aem™ . O

5.1 bByneBu dbynknun.llpeacraBaang.

Hue me ce 3anumaBamve npeaumuo ¢ apoudnu (Gynesu) QyHKIMHU, AUCKPETHU
dbyukuuu, upu kouro muoxkecrsoro A e {0,1}. MuoxecTBOTO HA N-MECTHUTE
Gynesu dyukiuu, me osnadasame ¢ Fy = {f | f:{0,1}" — {0,1}}. Muo-
JKECTBOTO HA, BCUYKHU OysieBu (DYHKIWMY 1€ O3HAUABaMe ¢ JFo = UneN F. Taxa
Fp) = 22",

Jla pasryiemame HSIKOJKO MPUMepPa. ByeBure DyHKINKA HA €IUH apryMeHT
ca ONMMCAHW B CIEIHATA, TADJINIA:

T 91 ] 92 93 | 94
Ojoj0]1]1
1] 0]1]0]1

DOyukuusra g1(x) = o(xr) napuuame koncranra Hyna. Pyukuusra gq(z) =
1(z) mapuaame koHcTanTa exuanna. ynkuusara go(z) = I} (z) = r napuaame
nnenTurer. OyHKIUATA ¢g3(2) = T HApHUaMe KOHCTAHTA OTPHIAHIUE.

IIpu n = 2 dyukuuure Beue ca 22° = 16:

xly || fi|fo | fa|falfs | fe|fr| S| fol| fro]| fur| fiz | f13 | f1a | fi5 | fie
010 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
011 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
110 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1|1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1
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B xpag ma tabimnara mMame OTHOBO JBeTe KOHCTAHTH, HO T€ cera ca Bewe
dbyukunm Ha aBa aprymenTa. @yHKINA, KOATO MPUANYA HA UICHTHTETA CHIIO
ce mosiBaBa sBa bt fi(x,y) = x u fe(x,y) = y. Cera obaue HEe € yMECTHO
Jla TOBOPHM 34 MIEHTUTET, 3aI0TO apryMEeHTHTe Ca JBa W TpAOBa Ia yTOY-
HEM JIOI'bJIHHTENHO, CTOMHOCTTa Ha KOH OT JBaTa apryMeHTa BPbIIaMe KaTo
pesysrar. 3aroBa TYK MO-IIPABUJIHO € JIa TOBOPUM 33 IPOEKTHpAINU (DYHKIHH:
falz,y) = I(x,y), fo(x,y) = I2(x,y). IIpoexkrupamure GyHKIME MOraT 1a ce
nmedbuHEpAT 3a MPOU3BOJIEH Gpoit aprymenTn. Te IIe UrpasdT ChbIIECTBEHA PO
B HAIIATE Pa3IJICKIAHHSA.

Oupepnenenne 5.3. Heka 1 < k < n. ®ynxmuara I : {0,1}" — {0,1},
nedbuHUpaMe 4pes:
I (zq,...2pn) = xk.

Nmame u nBe npezncrassuus na orpunanuero: fis(z,y) =7, f11(z,y) = 7.

Jpyru ocnHoBHM yHKIUM IOTydaBaMe KATO HAIPABAM AHAJIOTUS C OCHOB-
HUTE JIOTWYECKUTE BPH3KW, KATO cuantame, 9e O mpeacTaps abxka, a 1 - ncruna.
Taka fa(x,y) = 2.y € KOHIOHKIHATA HA * U Y, fs(z,y) = ¢ V y e TU3IOHKIHATA
Haz Uy, fio(z,y) = x < y e ekBUBajIeHIUATA MKy T U Y, f14(T,y) =T = ye
UMILUTAKAIAATA OT & KbM Y. HOBU (pyHKIIMM, KOUTO CHINO IIe O3HAYUM ChC CIIe-
uuasinu cumBosu ca: fr(x,y) = x @y, cobupane 1o Moy ase; fo(x,y) =z | y,
crpesikara Ha [uiipe, fi5(x,y) = x|y, yeprara na Hledep.

Ocrananure dyukun: f3, f5, f12 HAMAT coOOCcTBeHN nMeHa. Te Mora, 1a ce n3-
pas3fAT Ype3 OCTAHAJIATE C MOMOIITA, Ha ONEPAIAATa CyNneprno3nnusa. HamoMuasve
JedrHUIIATA HA ONepaIids CyIepIo3uIis 3a Caydas Ha OymreBuTe PyHKITHN.

Onpepnenenune 5.4. Heka n,k € N. Heka f : {0,1}" — {0,1} u g1...g, :
{0,1}* = {0,1} ca bynkuuu. Torasa bynkuusra b : {0,1}" — {0,1}, nedu-
HUpaHa 9pes3

hiay,...ax) = f(g1(ar...ag),...gn(ay...ax)),

HapuyaMe cyneprosuius Ha f ¢ g1,... Gn.

Taka f3(z,y) =T =y = g3(f1a(z, 7)), a

fs(z,y) = 7= 7 = g3(fra(I3(2,y), I} (2, 9))).

Taka moygaBaMe [Ba Pa3jinTHA HAYWHA 33 MPeACTaBsiHe Ha OysieBu QyHK-
LMY - YPe3 CYNEPIIO3UIMS HA HAKOU OT OCHOBHUTE (DYHKIIUU, UM YPE3 OIIUCAHUE
Ha, BCHYKH TEXHHU CTOWHOCTH B Tabania. Koraro n = 2 Tabauiara e CpaBHUTEIHO
MaJIKa ¥ MOXKE J1a, Ce M3mwuiie jecHo: 4 pena u 3 crbibda:

x|y || flz,y)
0| 0 | f(0,0)
0 1] £(0,1)
110 | f(1,0)
11 f(1,1)

Ho ¢ mapacrBane Ha apryMeHTHTe, pa3Mepa Ha TabJIWIaTa HapacTBa €KCIO-
HennumaJnao. Ilpu n = 3 rabaumara Bede € ¢ 8 pega u 4 cTbiada:
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|y | z| flzy,=2)
0100 f(0,0,0)
010]1] f(0,0,1)
01]0] f(0,1,0)
01]1] f(0,1,1)
100 f(1,0,0)
10| 1] f(1,0,1)
1[1]0] f(1,1,0)
111 f1,1,0)

IIpu ToBa nbpBHTE TPH CTHIAOA HA BCAKA TAOUIA, MPEICTABIIIA OyIeBa
dyHKIUS ¢ TPU apryMeHTa, Ca €IHU U ChIIN. 34 /14 OMUIIEM eJHA TaKaBa (hyHK-
IIMsi, KO OTHAIIPE, CMe €€ pa30paii B KAK'bB Pl OIUCBAME Bb3MOKHUTE CTOM-
HOCTH HA aPTyMEHTUTE TOCTATHIHO € /14 3HAEM KaK C€ TIOMIbJIBA, CAMO Y€TBbPTHUST
CTBJIO:

(£(0,0,0), £(0,0,1), f(0,1,0), f(0,1,1), f(1,0,0), f(1,0,1), f(1,1,0), f(1,1,1)).

3aToBa 111e BbhBEIEM CTaHIAPTHA Hapeada Ha OyJIeBUTE BEKTOPH:
Omnpenenenne 5.5. CrangaprHara Hapeada Ha egHOMepHUTE OyJIeBU BEKTOPH
e: 0,1.

Heka aq, s ... aon € cranmapraaTa Hapeada Ha n-MepHUTE Oy/I€BU BEKTOPH.
CranmapTHara Hapenba Ha n + 1-mMepHuTe OyI€BH BEKTOPH €:

00[1,0042 ce Oagn, 10417 1a2 N lagn.

3abenesicra!l Crangapraara napenda Ha N-MepHUATE OYJIEBA BEKTOPH OTTOBA~
ps Ha CTaHIAPTHATA Hapemda Ha €CTECTBEHWTE YNUCJIa MPEICTABEHW B JBOWUYECH
3anuc ¢ 7 nudpu 1 BOAEIIN HYJIH.

Taka egaa n-mectua OyneBa GyHKIHS f MOXKE /13, Ce 3a0a/1€ 9pe3 CBOS BEKTOD

| (Flen), flas)... flaz)).

Hampumep dbyukunsra f(z,y,z) = (01101011) e dyukImsTa che caeqnara
TaOJIAIA:

r\ylz f(x,y,z)
01010 0
0101 1
0]1|0 1
0111 0
1100 1
1101 0
11110 1
1111 1

Emna dbyaxuus Moxke 1a mMa MHOTO PA3JIMYHY IPEJICTABIHU C TOMOIITA HA,
cynepmo3uiiuu Ha apyru Gyakinn. Hampumep

rly=xzVy=713y.

CJ’[e/IBaIHaTa TeopeMa OIIUCBa II0-BA2KHUTE TaKHWBA BP'b3KHU.

62



Teopema 5.6. B cusa ca cirennure paBeHCTBA:

1. Koucranmnn: tV1=2 - 1=0—-2x=2Vz=1,2A0=2x =0,
zV0l=zl=1zrz=260=2,2>0=2+0=2&1=7.

2. Komyrarusuocr: 2y = yz, cVy=yVa, 2 @y=yPr, c>y=y <

3. AcommaruBHoct: (zy)z = x(yz), (xVy)Vz=zV(yVz), 2@y &z =
@ (yd 2).

4. Orpunanue: T =, Ty =z VY, TV Yy = T.7.
)

Y
5. Hucrpubyrusnoct: z(y V z) = zy V oz, z(y @ z) = 2y D xz, ¢V yz =

(zVy)(zV=2).
6. orrbmane: v.x =z, cVe=z,2Pax=0,2(zVy) =z Vry =z

7. Ilpencrassine 4pes {.,V,-}: x—>y—a:\/y,m—>y—xy,x<—>y—my\/x 7,
TDy=2xyV7Ty, x\yfzy*z\/y,ziy*x\/y

\ \
@

8. Ilpeacrassue upes {., @, 1}: 2Vy = zy@rdy,T = 2®1, . — y = zyPad1,
reoy=c0ydl,zly=cy®l,zly=2ydcdyd 1.
Zoxasameacmeo. Beako OT Te3u paBeHCTBA MOXKE Jia Ce JOKaXKe Upe3 JIUPEKT-

Ha nposepka. Hampumep pasencrBoTro * — y = x.y G x & 1 ce mokazsa 4upe3
cjeHaTa [IPOBEPKA:

zlyl|lz—y zy @ (z 1)

0]0 1 000 (0@1)=001=1
01 1 01e(0l)=001=1
110 0 01e(121)=000=0
11 1 lLile(lel)=100=1

5.2 IIbaam mHOXKeCcTBa OysieBu (pyHKIUU

Omnpenenenne 5.7. Hexka F' C F? e muOoxKecTB0 oT 6ynaesu ¢ynxnmn. C uma-
ayKips gedpuHIpaMe CJIeTHATA PeIuia.
Fo=FU{I}!|1<k<n,nkeN}. 3ascakon >0,

Foii=F,U{h|3f,g1...q0 € Fp(h(zy...2) = flg1(xr .. ak),...q(x1...2x)))}

3arBapsiHeTo Ha F' 110 OTHOIIIEHNE HA CYEPIIO3UIIHs HApUIaMe MHOXKECTBOTO:
~Ur
neN

Taka muoxkecTBOTO [F| ce 3azaBa ¢ uHAyKuus or 6a30B0 MHOXKecTBO F' U
{I}} | 1 < k < n} no upasunoro cynepuosuiust. Or Tema 1, 3maem, de roBa e Haii-
MAJIKOTO MHOXKECTBO X, KOETO ChIbPKa 6A30BOTO MHOMKECTBO M € 3aTBOPEHO
OTHOCHO CyTIEPTIO3UITHSI.

Omnpegenenne 5.8. Hexka F' C F? e muoxecrso or Gyiaesu dbynxuun. F e
I'bJIHO MHOZKECTBO Wi Gasuc, ako [F] = F2.
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Karo mpumep 3a mb/JIHO MHOXKECTBO ITe TOKAXKEeM TeopeMmaTa Ha Bys, koaro
JIOKa3Ba, 1e MHOKecTBOTO { f1(2,y) = 2.y, f2(z,y) = 2 Vy, f3(x) = T} e mbaHO.
3a menra Ie BbBeeM CIENUATHO O3HAUCHHE.

Onpenenenune 5.9. Heka a € {0,1}. C 2% o3nayaBame x, ako a = 1 u T, ako
a = 0. OyHKIHA OT BHIA

an
n

— ay az
flzr, 2. . xp) =it 28?2
kbaero a; € {0,1},3a ¢ =1...n, Hapu4YaMe I'bJIHA €JEMEHTAPHA KOHIOHKIHS.

Sabenesicra! OyHKyUs 0T BUIA

ay

flzy,xe. . 2n) = it wy® . af)

i 0

kbaero a; € {0,1}, 3a ¢ = 1...k, Hapuuame ejieMeHTapHA KOHIOHKIMsA. DyHK-

nuATa OT JePUHUIUATS € I'bJIHA, 3AII0TO B Hesd y4aCTBAT BCUYKHU IIPOMEH/IMBH.
[ThanaTa egeMeRTapHA KOHIOHKIUS € TMoJe3Ha (yHKIUS, 3aIlI0TO TS WMa

cToifHOCT 1 CaMO B €IMH €IWHCTBEH CJIydaii:

JIema 5.10. Heka f(z1,22...2,) = z{*.25%... 2%, kbaero a; € {0,1}, 3a
1=1...n.

L f(z1,...xn) € [F],xppero F = {fi(2,y) = vy, fa(z,y) = 2 Vy, fs(z) = T}
2. Heka (by ...b,) € {0,1}". Torasa:

fb1...by)=1b=a1 &by =ay & b, = a,.

Hoxaszameacmso. Ille nokaxkeMm u JBeTe TBbPIEHNU ¢ UHAYKIHA 110 n. Akon = 1
TBbHPAECHUETO CJIEABA AUPEKTHO OT nedunnnuara va 1. Ako a; = 1, to f(z1) =
ry=I(x) €[Flu f(by) =1& b =1. Akoa; =0, 10 f(z1) =71 € [F] m
f(bl) =1<b;=0.

Heka tBbpzennero e B cuiia 3an. Heka f(x1 ... Xy, Tpy1) = 270252 .. 20z
Torasa f(21...%n, Tpt1) =

An+1
n+1 -

ai a a. An41
(x§" .25 . xpm ).,

e cymepmo3unus Ha fi € F, KOHIOHKIUATA, C

— %1 .02 a
g(x1 ... xp) = 2] x5 .

eJIEMEHTAPHA KOHIOHKIWS C JIBJKUHA 1, PA3IIUpeHa 10 GyHKIusa Ha 1 + 1 mpo-
MEHJIMBU 4pe3 J00aBdHe HA eaHa (DUKTUBHA MPOMEH/IUBA (BHXK 3abesexKara
no-rope) u npoekrTupainara GyHKIHs [;L_tll (z1...2pt1) € [F]. Cbriacuo un-
JYKIMOHHOTO mpenosoxenue g € [F|, caenosarenno f € [F.

Heka (by ...by,bny1) € {0,137

IIpencrassme f(by,...b,11) KaTO
f(by . by, bpgr) = (70052 ... bﬁ”’).biﬁf.
Cwobriacno gedpuHunpuara Ha GYHKIEATA KOHIOHKIUA
Yy >

(BS1b%2 . bEn )b = 1 e b0 B L b =1 & b = 1.
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Cbr1acHO MH/YKIMOHHOTO LIPEJIOKEHHIE
b‘fl.bEQ...bzn =1b=a1 & by = as & bn, = an.

Coriacuo 6a3oBust Cﬂy‘{aﬁ
b A 1< b =
n+1 n+1 Ap41-

Cera cme roToBu 113 JIOKazKeM Teopemara Ha Byir.

Teopema 5.11 (Teopema na Byn). MuoxkecTBOTO

F={fi(z,y) = z.y, fo(z,y) =2 Vy, f3(x) =T}
€ I'bJIHO.

Joxazameacmeo. Heka f € FI. Ako f(x1...x,) = 0, KOHCTaHTaTa HyJIa, TO

f(iEl . {En) =21.21 = fl(I{L(.’El . iEn)7 fg(.[{l(iﬂl . Z’n)))
Hexka f we e koucrantara myaa. Pasrimexgame ciaemrara DyHKIWA:

g(x1,...xp) = \/ Pty .,
(@1-0n)E{0,1} " & f(a1,-an) =1

Taka g e IU3IOHKIMST OT IILJIHU eJeMeHTapHn KoHoHKIWN. [Tle mokaxkem, de
g€ [Fluue f=g.

Besika eneMeHTapHa KOHIOHKINS € OT ChIVIACHO TpeJuIHaTa jtema [F.

Taka g(z1...2,) =

fZ(hil (331 . ..l‘n),fg(hiz(l‘l . ..73"), N .,hik(xl . ..l‘n)) ‘e )

Kvaero h;, ... h;, ca eleMeHTapHUTE KOHIOHKIIUU 33 BCEKH OT BEKTOPHUTE
a; = (a1,...ay), 3a goiiro f(a;) = 1. Cnemosarenso g € [F].

Cera neka (by...b,) € {0,1}". Ako f(by...b,) = 1 TO CHLIACHO HpeHII-
nara jema g(by ...b,) =

\/ bIrbSs2 .. b =1,
(ai...an)€{0,1}"& f(a1,...a,)=1

Axo g(b1,...b,) = 1, TO 1IOHE eAHA OT €JeMEHTAPHUTE KOHIOHKIMU B ¢ UMa
CTOHHOCT eJMHUIIA, T.€ 33 HAKOH (ag,...ay,) € {0,1}", 3a koiito f(a1 ...a,) =1,
uMame, Je:

ay 1a2 an
bIL.bg2 .. b = 1.

OTHOBO CBHIIIACHO MpemuITHATa JeMa a1 = by & as = by & ...a, = by,
caenoBarenato f(by...b,) =1. Taka f=gu f € [F]. O

Onpepenenune 5.12. Heka f € F3' u f He e xouCTaHTaTa Hy7a. [IpeacraBanero
Ha f BBB BHja:

flz,...xn) = \/ xtag? .o

(ay...a,)€{0,1}"& f(a1,...an)=1

HapuYaMe CBbPIIEHA JU3I0HKTUBHA HOpMaJiHa dhopMma.
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Crenpaiara jieMa e HY J1a/ie Bb3MOKHOCT /14, 1aJeM MHOIO APYTH IPUMEpU
3a Gasucu:

Tebpaenne 5.13. Heka F,G C F; ca rakusa, ue F' C [G]. Torasa [F] C [G].

Joxasamencmso. Heka [F] =, o Fn, kbaero Fo = FU{I} |1<k<n}u

neN

Fop1=F,U{h|3f,01.. .9 € Fn(h(z1...2n) = flgi(z1.. . 20), ... gu(z1... 20))) }
Heka [G] = J,,cy G, Xbsiero Go = GU{I} |1 <k<n}nu

Gri1 =GU{h|3f,01.. .9k € Gu(R(z1...2pn) = flr(z1.. . 2p), ... gu(z1 ... 20))) }-

[MTe nokazkewm, 4e 3a Begko n F, C [G].

F C [G] no ycaosue. {I}' | 1 <k < n} e Gy C [G]. Caenosarenno Fy C [G].
Heka F,, C [G]. Heka h(zy...z,) = f(g1(z1...20), ... gr(21...2p)), Kbe-
0 f,g1...9x € F,. CbriacHo WHIYKIHOHHOTO Tpennojoxkenne [ € [G] =
UneN G,,. CiienoBaTeIHO CBINECTBYBA Mg TaKoBa, e f € G,,,. AHamoruauo
g1---gx € |G], cnemoBaTenHo CHIECTBYBAT My, . ..My, Takusa 9e g; € Gpy,.,
3a ¢ = 1...k. Heka m = max(mg,mqy...my). Torasa f,g1...9xr € Gp, 1
h € Gq1. Cenosaremno h € [G] u cnenosaremno F,q C [G]. O

KaTo ciemcTsue oT TOBa TBbPJEHUE W TeopeMmaTa Ha Byn momydasame, de
CJIEJTHATE MHOYKECTBa, Ca II'bJTHH:

1. {z.y,T} e wbaHO, 3amOTO T V Yy = T.J.
2. {z®y,x.y,1} e mbaHo, 3amOTO T =2 B luasVy=zydrdy.

BropusT npumep 3a wb/JaHO MHOXKECTBO 33J1aBa JAPYI BUJ, IIPEJCTABIHE HA
Oynesure QyHKITUN:

Omnpenenenne 5.14. OyHKINA OT BHIA:

f(xlxn) :CLOEB @ a;r; D @ aijxi.mjEB-u@alg__.nxle...xn,
1<i<n 1<i<j<n

Kkbaero a; € {0, 1}, napuyame nonunom Ha 2Kerajkus.

CbrulacHO IPEUITHOTO HU HAOJIOIeHEe BCsAKa (DYHKIMS MOXKE J1a Ce IPeJic-
TaBM YPEe3 MOJNHOM Ha ZKerajikuH, 3aIoro MHOKECTBOTO {z @ y, 2.y, 1} e mbi-
HO.

Hanpumep monmmaOMEUTE Ha 2Kerankun 3a OCHOBHHTE HM (DYHKIIHN CA:

0 0
1 1
T T
T zd1
.y .y

xVy TYDr Dy
T —y zydxrdl
Ty rDyd1

r Dy r Dy

x|y Ty ®1
zly |[z2y®zdydl

66



B obmusa ciayaait, mosmmaoM Ha 2Kerankun 3a GyHKIUS HA JBE TPOMEH/IHNBA
UMa, CJIETHUSIT BUJ;

fliz,z2) = ap B a1z1 B azx2 © a1221T2.

Bb3voxkHUTE PA3IUYHA OJUHOMHY TOJydaBaMe OT PA3IUIHUTE Bb3MOXKHU
crofiHoctu 3a mapamerpure (ag, a1, a2,a1,2) € {0, 1}4. Taka pazTudHUATE TOJH-
HoM Ha 2Kerankms ca 2%, TOYHO TOJIKOBA, KOJKOTO ca, GyieBuTe (DyHKINH HA 2
aprymenrta. Ot TyK cienBa, de Bcaka (pyHKIUs HA JIBE IPOMEHJIMBA UMA €JIUH-
CTBEH TOJIMHOM Ha, 2K erajikvH.

ToBa pa3cbxkaeHre MOXKe 13, ce 00001 33 BCAKA (DYHKITUS:

Teopema 5.15 (Teopema na ZKerankuu). Beska Oynesa dbyHKImMA MOXKe 12 ce
MIPEJICTABY 0 €IMHCTBEH HAYWH BbB BAJA:

f(a?ll'n) =ag D @ a;x; P @ ;T D - - D a12. . nT122 ... Tn.

1<i<n 1<i<j<n
kbaero a; € {0,1}.

Zloxaszameacmeo. Bede Bumsgxme, de BcAKa (PpyHKIMS UM TAKOBA IIPEICTABIHE,
3aTOBA JOCTATHIHO € A JOKAYKEM, Ue TO € €IUHCTBEHO.

I Hauun (KomGuuaropuo mokasaresnctso): Heka pasriename obums Buj Ha,
momHOM Ha 2KerajkuH Ha, 1 MPOMEHJINBH:

ag D @ a;T; D @ AT D - - D a12. . nT122... 2Ty

1<i<n 1<i<j<n

Paznuunrure GyHKIMM HA 12 APTYMEHTA UMAT PA3JIHIHU MPEICTABSIHIS IPe3
nonuaoM Ha 2Keramkwa. Paznmwmannte nmommuomu Ha 2KerajkuH ce mosyvdaBaT
OT Pa3IWYIHATE CTOMHOCTH Ha Koedumumerntnte. bposar Ha koedpurnmenture e: 1 -
CBODOMEH 4JieH, N - KOe(PUIINEHTa Ipe INHeTHuTe chbOnpaemu, (g) Koedunmen-
Ta, 10 e/INH 33 BCSAKA JIBOWKA ITPOMEHJINBH, (g) KoebUIMEHTA, 110 eUH 3a BCAKA

TPOiTKa TPOMEHIHBH,..., (Z) KoepUINeHTa, [0 eIIH 33 BCAKa k-OpKa TPOMEH -
BU, ..., (Z) = 1 KoepUIMEHT, IPeI T1T3 . . . Ty. OOmO:
k
k )
i=0

cbrytacHo Teopemara Ha Hrioron. Becekm koeduimeHT MOXKe 3 MM CTONHOCT
0 wim 1. O6mo pasiamunuTe nouHoMu Ha sKeraaxums ca 22, TOYHO TOIKOBA
KOJIKOTO ca u Oynesure dynknunu. CremoBareHo Besaka OymeBa QyHKIHS UMa,
€IMHCTBEeH MoMHOM Ha 2KerankuH.

ITI Hauwun. Jla momycuewm, e f mMma aBe PA3IWTIHU MPEICTABIHUS:

f(xll'n) =ap D @ a;x; D @ QijT;T5 D - D a12. . nX1T2 ... Ty =

1<i<n 1<i<j<n

= bo D @ bszz D @ bijﬂfil‘j D---D b12_“nI15€2 eIy

1<i<n 1<i<j<n
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Hexa a;,.. s, u b;,. ;, ca IppBara IBOHKA Pa3iuiHu KOeDHUIIMEHTH. 3aMecT-
BaMe B JIBETe MPEJCTABIHNsI C BEKTOPA (Cj . . . Cp), K'BIETO

o = 1, aKOjG{il...ik};
7710, akoj & {i1...ik}

Cbbupaemure 0 TOBA C MHAEKC 41 . . . i, U B ABETE IPEJICTaBAHUs Ca €IHAKBY,
Heka Te ca ¢ obma croitnoct C. Benukn chbupaeMn caes TOBa ¢ WHIEKC i1 . . . ik
ce HyJIIPAT, 3aI0TO B TSIX yIaCTBA KATO MHOXKHTEN ¢; 33 HAKOe j & {i1...1x}.
Taka f(c1...cn) = C D ayy.. i, = C D by, 4, KOETO IPOTHBOPEYN HA JIOMYCKA-

HETO, 9€ Aj, .. j 7é b'Ll'Lk O

5.3 3aTBOopeHM MHOXKeCTBa OyjeBu (pyHKIAU

Onpenenenne 5.16. Heka F' C Fy e MHOXKECTBO OT OyseBu dyHKiuu. F e
3aTBOPEHO MHOXKeCTBO, ako [F] = F.

Tebpaeune 5.17 (Kpurepuii 3a 3arsopenoct). Heka F' C Fy € MHOXKECTBO OT
OymeBu yuknuu. F' e 3aTBOPEHO MHOXKECTBO, aKO:

1. VnkeNI<k<n=1I'€F)

2.Vf,01...9k € F(h(z1...xy) = f(g1(z1...2pn), ... gp(z1...20)) € F)).

JHoxazameacmeo. e nokaxem, ve 3a Besiko n, F,, C F, xbuero [F] = | F,.
Fo =FU{I} |1 <k <n} CF or ubpsara To4ka B yciaosuero. Heka io-
nycHem, ue F,, C F. Torapa F,, 11 = F, U{h | 3f,g1...9x € F(h(z1...2,) =
flor(zr. . 2n), ... gr(x1...20)))} € F OT MHIYKIMOHHOTO MPEINOJIOKEHNE U
BTOpATa TOYKA OT yCJIOBUETO. O

5.3.1 DByzaeBu dbyHKIIUU 3arra3Baliiym KOHCTAHTHUTE

Onpenenenne 5.18. Heka f € F3 u «aq,...09n € crapjapraara nojapeibda
Ha OysieBure Bekropu. Kassame, ue [ 3anassa koHcranrara Hysna, ako f(ag) =
£(0,0,...0) = 0. MHO)KecTBOTO Ha BCHUYKM OysieBu (GYHKIMH, KOWUTO 3ama3par
HysjaTa o3HadgaBame ¢ 1j.

KazBawme, 4de f 3ama3Ba KOHCTaHTaTa equHUIE, ako f(agn) = f(1,1,...1) =
1. MuoX)kecTBOTO Ha BCUYIKH OyieBH (DYHKIWH, KOUTO 3aMMa3BAT €INHUAIATA, 03-
HagaBaMme ¢ 1].

Hanpuwmep z.y,zVy € ToNTy 2 @y € Ty \Th, x <y € Th \To, zly,x L y ¢
ToUT.

Tebupaenue 5.19. Ty u T ca 3aTBOPEHU MHOXKECTBA.

Zloxaszameacmeo. Ille m3mon3same kpurepuit 3a 3arsopenocr. Heka k < n.
IM(aq) = I}7(0,0...0) = 0, crenosarenuo I} € Ty. Hexa f, g1 ... g5 € Tp u HEKA
h(zy...zn) = flgi(x1...20),...gx(x1...2p)). Torara h(ay) = h(0,0,...0) =
f(g1(0...0),...9£(0...0)) = f(0,0,...0) = 0. Taka h € Tp u ¢ € 3aTBOPEHO.

Ananorugno ce npoeepsiBa, 4e u 1] e 3aTBOPEHO. O

68



5.3.2 CawmogsoiitacTBeHN OyneBu QyHKINN

Onpepenenune 5.20. Heka f € F3'. [IBoiincTBena Ha f HapuyaMe DOyHKIUATA:

F(@r . 20) = F@ - T).

B cnexgsamara tabauma ca m30poeHn HIKOW OCHOBHH IIPUMEPH 3a ABONKH
byHKIMA 1 HeffHATa IBOHHCTBEHA.

f fr
0 1
1 0
T x
T T
T.y zVy
TVy T.y
rdy T4y
T 4>y Dy
|y rly
rly zly

Tebpaenne 5.21. Heka f € Fy. (f*)* = f

Hoxazamencmeo. /okaszamencmeo.lloka3aTeacTBOTO Clie/iBa IUPEKTHO OT Jie-
duHUTIEATA:

*

(FV (@1 an) = @1, Tp) = f(@1,. . Tn) = f(T1...2).

O

Tebpaenne 5.22 (pummum 3a gpoitncreenoct). Heka f € F¥ w gy ...gr €
F3. Heka h e cynepno3unudara Ha f u g ... g;. Torasa

W (x1...2n) = f (g1 (1. . 20) ... gp(T1 ... 20)).

Zoxazameacmseo. OTHOBO TBBPAEHUETO CJI€ABA OT JAepUHULKAATA.

h(xy...2n) = f(g1(T1 ... Tn) . ..

Omnpenenenune 5.23. Heka f € FJ. f mapuuame camonBoitHCTBeHA, ako f =
f*. C S o3nauaBaMe MHOXKECTBOTO HA BCUYKHM CAMOJIBOMHCTBeHU (DyHKIIUU.

IIpumep 3a camoupoiincreena dyukuus e dynkuuara m(zr,y,z) = .y &
Y.z z.x=xyVy.zVzr, KOATO C€ HAPUYIA MEINAHA.

Tebpaenune 5.24. S e 3aTBOPEHO MHOXKECTBA.
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Zloxaszameacmeo. llle m3non3same Kpurepuii 3a 3arBopenoct. Heka k < n.

(IP(x1...2p) =T, ... Tn) =Tk = ap, = I} (21... 2y).

Cnenosaremno I} € S.

Heka f,g1...9x € Suueka h(zy...z,) = f(g1(x1...2n), ... ge(z1 ... 2p))-
Torasa CbIJIACHO NIPUHIMIA 32 JBORHCTBEHOCT:

h(xy...xn) = f(gi(x1. . 2pn) .. gi(m1 . o)) =

=flgr(z1...zn), ... gp(z1...2p)) = h(x1 ... 2p).

Taka h € S u S e 3aTBOpEHO. O

5.3.3 JIuneiinun 6yneBu pyHKIUNT
Omnpenenenne 5.25. Heka f € F3'. KasBawme, ue f e smueiina, ako f nma
nuraeeH nonuaoM Ha Kerankun. T.e. f Moxke 1a ce mpeacTaBu KaTo

fley...zp) =ag® a1 ® ... anTn,

kbaero a; € {0,1}. C L o3nauaBame MHOXKECTBOTO HA BCUYUKH JMHEHHU (DYHK-
NN,

Hampumep 2, T = 2B 1, 2®y,z < y = 2Bydl € L, z.y,xVy = x.ydaxdy ¢
L.

TBbpaenue 5.26. L e 3aTBOPEHO MHOMKECTBO.

Zoxasameacmeo. Ille m3mon3sBame Kpurepmii 3a 3arBopeHocr. Heka k < n.
IM'(z1 ... xn) = x). ToBa e mmHeen nosmuoM Ha ZKerankus (ap =1 1 a; = 0 3a
i # k), cnemosarenuo I € L.

Hexa f.g1...gr € L, f(21...2p) = 170@@?:1%1']' u gi(xy...x,) = a) @
@?:1 alz;. Torasa
h(x1xn):f(91(x1xn),gk(xlxk)):
k n

=bo & (P bj(af & Palei) =
=1

7j=1
k _ k _ k '
= (bo ® @bja%) & (@ bjal)z1 @ ... (@ bjal )z,
j=1 Jj=1 Jj=1
Taka h € L u L e 3aTBOpEHO. O

5.3.4 MoHorounu 0yneBu (pyHKIUN

WHUPaMe MOHOTOHHHUTE OyseBu GpyHKIuu WHUDAME H MeXK-
3a na e aMe MOHOTO e Oyute , J1e ame Hapemba Me
ay n-mepaure BekTopu. QOObpHETE BHUMAaHUE, Y€ Hapendara € 4acTh4YHA, HE €
JMHeHA.
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Onpenesnenune 5.27. Heka o = (ay,...a,) u = (by,...b,) ca n-mepuu Gyie-
BH BEKTODH.

aﬁﬁ@algbl&aggbg& ey < by,

Heka f € FJ'. KazBame, 4e f e MOHOTOHHA, aKO 33 BCSIKA IBOMKA apryMEHTH
n
a, € {0,1}
a<f= fla)< f(B).

C M oznagaBame MHOXKECTBOTO Ha BCHYKH MOHOTOHHM (DyHKINH.

Hampuwmep z,z.y,2Vy € M, aT, 2 ®y,z + y ¢ M.

IIposepkara, nanm eana GyHKIINS € MOHOTOHHA, € B OOIIUs CAyJail CI0KHA.
3a ma ompocTUM Ta3u MPOBEpPKA B Cjaydas Ha OymeBure (DYHKINH, IIE TOKAKEM
€JTHO CBOMCTBO Ha HApemdaTa.

Tebpaenue 5.28. Hexa o, 3 € {0,1}" u a < 3, a # (. Torasa cbluecTByBa
BEPHUTA,
a=ap<ap < <o =4

TaKaBa, 9e (y Ce Pa3INIaBa OT (y4] CAMO B €THA TTO3WIINS.

JHoxazameacmeo. Heka o = (ay...a,) u 8 = (by...b,) u Heka i1,...7 ca
HO3UIIUUTE, 33 KOUTO a;; 7 b;,. Tt kato o < B, a;; =0mb;; =13aj=1...k.
IIle mokaskeM TRBLPAEHUETO C WHIAYKIHUS MO OpOst Ha, PA3IUKUTE, K.

Ako k = 1, To TBBbPIEHHUETO € B CHJIa, Bepurara e o = o < ag = [3. Heka
TBBDJEHUETO € B CHUJIA 32 BEKTODPHU C k PA3JIMKK U HeKa o U [ ce pasjndyaBar B
k 4+ 1 roukn. Heka ¢ e uHIEKCHT Ha IbpBaTa pa3ianka. Pa3rimexkmaMe BEKTOpa
v=(c1...cn), Kbuero:

e — 4 4, axo J#F
J = . P =4
bj, ako j=1.

Taka v ce pa3au4aBa OT (v CAMO B €JIHA MO3UIHs, U OT 3 B k mozuiuu (BCUYKH,

B KOMTO CE Pa3jinvyaBa U (v, C U3KJIIOUEHUE HA i-TaTa). 110 HHAYyKIUsA uMa Bepura

vy=a1<a << agp =0
TaKaBa, 9e (v; Ce PA3/JIN9aBa OT (¢;4] CAMO B €IHA TOYKa. Taka TbpceHaTa BEpUTa
e:
aly=0a; <y <L agp =6
O

C momorrTa Ha TOBA CBOMCTBO MOJIydYaBaMe JIECEH KPUTEPUil 3a Pa3o3HaBa-
He, Jaau eqHa PYHKIHS € MOHOTOHHA.

JIema 5.29. Heka f € FP u f ¢ M. Torasa CbIecTByBaT BEKTOPH «, 3 €
{0,1}" raxuBa, we @ < (3, @ u 3 ce pazIMUABAT B TOYHO €]HA TO3UIUA U

fla) £ £(B).
JZoxasameacmeo. Wom f ¢ M covmecrsysar o u ' takuBa, ve o < (' u
f(a') £ f(B’). Or npeaumHOTO TBBLPJAEHHE CIEABA, 1€ NMA BEpPUTa

o=a;<az < <=0

TaKaBa, 4Ye (; Ce pa3/nyaBa OT (41 caMoO B efHa Touka. Heka ¢ e mbpBusT

uHIeKC TakbB, 4e f(a;) £ f(ait1). Takbe cbmecrsysa, 3amoro f(aq) £ f(oy).
ToraBa TbpceHUTE BEKTOPH €A O = A, 8 = ti11. O
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Tebpaenue 5.30. M e 3aTBOPEHO MHOMKECTBO.

Zloxasameacmeo. llle m3mon3Bame kKpurepmuii 3a 3arBopeHocr. Heka k < n.
IM(z1...x,) = ) € MOHOTOHHA, (DYHKIHS, 3AIMOTO AKO (@1 ... 4yn) < (b1 ...Dy),
To IJ'(a1...an) = ap < by = I (b1 ...b,) . CremoBarenno I € M.

Heka f,g1...9x € u(ay...an) < (by...b,). ToraBa g;(aj ...a,) < gi(by...by)
U CJICJIOBATETHO,

hiay...an) = f(gr(ar...an),...gr(ar...an)) < flgr(br...bpn), ... gr(b1...by))
=h(by...bn)
Taxa h € M n M e 3aTBOpeHO. O

5.4 Teopema Ha IlocT-Ab6/0HCKN

Teopema 5.31. Heka F' C F3'. Muoxkecrsoro F' e 1bjiHO, TOraBa u Camo Tora-
Ba, KOraTo

F¢Th&F¢T&F¢S&FEM&F ¢ L.

Zoxazameacmeso. Heka nbpso F' e nbano. Besko or muoxecrsara Ty, 11, S, L, M
ca 3arBopenn muoxectBa. Heka K € {T,,T1,S, L, M}, ako nonycHem, 1e F C
K, ro F» = [F] C [K] = K. Taka nocrarbuHo e na nocounM byukuns f ¢ K,
3a gocrurneM o nporusopeuune. T ¢ To UT) UM, xz.y ¢ S, L. Taka ako F' e
nbno, 10 F¢Th & FETH & FES&FEM&FEL.

Hekacera F ¢ Ty & FE TV & FES& F ¢ M&F ¢ L. Heka fo € F\Tp,
fie F\T, fs€ F\S, fie F\Lwu f, € F\ M.

ITbpBo e mokazkewM, ge koHcranture 0,1 € [F]. a pasriename dbyHKInuTe
go() = fo(w..-) = folIL(@), ... [N@)) B g1 (2) = fal .. 7) = Fo(LL (), .. I} (2).
fo ¢ Ty, cnemoBarento go(0) = fo(0...0) = 1. Ananormuno f; ¢ Ty, caemosa-
renso g1(1) = f1(1...1) = 0. mame cieguuTe Bb3MOKHOCTH 33 CTORHOCTTA
Ha APYrus apryMeHT:

L go(1) = 0, g1 (0 =T, g1(x) = 0(x) m go(g1(x)) = 1(x).

) = 0. Torasa go(z)
- 90(1) =1, 91(0) = 0. Torasa go(z) = 1( ) g1(x) = 0(x).
) = ) =

2
3. g9o(1) =1, g1(0) = 1. Torasa go(z) = 1(z), g1(z) =T n g1(go(x)) = 0(z).
4. go(1) = 0, g1(0) = 1. Torasa go(x) = ¢1(z) = T. da pasruename dyn-

) =
kuusita fs ¢ S. 3a Hess uma BekTop (aj ...ap) TakbB, Y€ fs(ay...a,) #
fi(ay...a,). Ho f¥(ay...a,) = fs(ay ...a,). Caenosarenso fs(a; . ..a,) =
fs(@ay .. .En). Jla pasrnemame (byHKLu/IﬂTa

h(z) = fo(x®,...z%).

Oyukiusara h e cyneprnosutus Ha fs u by ...y, Kbaero

oy Il(x), akoa; =1;
hi(z) = { go(z), ako a; =0.

Taka h € [F] u
h(1) = fs(ar...an) = fs(@1...a,) = h(0).

Caenosarenno h e xoucraura. Torasa go(h(x)) e apyrara Koucraura.
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Taka BbB BCeKU OT Ciyvaute Jokasaxme, qe 0,1 € [F].

Bropara Hu 11€71 € 12 1oKaykeM, ue T € [F], KaTo m3nos3BaMe KOHCTaAHTHUTE.
Ha pasrnename f,,, ¢ M. Ot Jlema 5.29 cneznpa, ye uma BeKTOpH (aq ...a,) <
(by...b,), pasiuuaBany ce cCaMO B €JHA MO3UIMs, 38 KOUTO f(ay...a,) =1
u fr(by...b,) = 0. Heka a; # b;. Ha pasrmename cynepnosunusta h Ha f,, u

hi...hy,, KbIETO
4 aj, aKo j # i;
hj(x) = { IH(z), akoi=j.
Taka h € [F| u h(0) =1, h(1) = 0, cnenosarenno h(z) = 7.

Hakpas e m3nonssame nesmneiinara (yHKIMs, KOHCTAHTUTE U T, 33 A4
nokaxewm, 4e .y € [F]. Hexka

filzr .. zp) =ao @ ar121 ... AnTn B Tiy Tiy - T4, D ...,

KBJIETO X, Ti, - . . Tj,, € IbPBUAT HeJIMHEEH eJIEMEeHT OT HOJHHOMA Ha ZKerajukun
Ha f;. Jla pasrmemame cymepmo3urusaTa Ha f; ¢ by ... hy,, KbIETO:

I3 (21, 22), aKo j = 41}
I2(zy,x aKo j = i}
hy(anw) = § 1200 2) I

( (xl,l‘g)), aKoO j S {ig...ik};
0]

P(w1,22), axoj ¢ {ir.. ik}

Taka h € [F] u h(z,y) = ¢co ® c12 B coy @ x.y. Ako ¢ = 1, h(z,y) =
hz,y) ®1 = c1z ® coy @ z.y. Taka BOO moxkem ga npenonoxum, ge ¢g = 0.
Nmame caeqHuTe Bb3MOKHOCTH 38, €1 U Ca:

1. ¢1 =0, co =0, Torasa h(x,y

2. ey =1, cg =0, rorasa h r@z(ydl)=2xy.
@ (zal)y =auy.

z®Yd(zd).(ypl) D1l =uy.

z,y
Y

3. ¢4 =0, cg =1, Torasa h(T,

/\/\/\/\

)
)
)
@, y)

4. ¢y =1, co =1, Torasa h(T,y

Taka BbB Bceku or cayuanre z.y € [F]. Or teopemara ma Byn crensa, we
Fo = [{Z,z.y}] C [F] n cnemosarenno [F| € mbaHO MHOKECTBO.

O

Onpenenenne 5.32. Exqna dyuxus f € F, napuuame Hledeposa, ako {f} e
II'bJIHO MHOXKECTBO.

ITpnmep 3a Medeposa dhyukius e geprara Ha Hledep z|y. Hancruua, x|y ¢
To, x|y ¢ Ty, xzly ¢ S, x|y ¢ M, x|y ¢ L, raka or teopemara Ha ITocr-d6moncKn
caensa, ue {z|y} e wbaHo.

TBbpaenne 5.33. Heka f € F3. f e llledepoBa Torasa u camo ToraBa, KOraro
feTouThUS.

Zloxasameacmeo. Enmara mocoka ciemsa or teopemara Ha Ilocr-Z6monckn.
Heka f ¢ T, UTy; US. Torasa f(0,...0) = 1, f(1,...1) = 0, n it KaToO

(0...0)<(1...1), f ¢ M.
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Heka nounycuem, ue f € L. Torasa f(z1...x,) = ag @ a121 D -+ D anTp.
f(0...0) = 1, cmemomarenno ag = 1. f(1,...1) = 0, ciemoBarento ag $ a;
--® a, = 0. Ho Torasa

... 2,)=fT1,..T0) = 1@ a@a(21©1) @ Dap(r, D1) =

=10aPa1Pa, Par1x1 D - Daty,=10a121 B D apx, = f(z1...2p),

Koero nporuBopedu Ha f ¢ S.
Taka f ¢ L u or teopemara Ha Ilocr-SI6monckn crenpa, ue f e ledeposa.
O

5.5 3ajaum 3a ynpakKHeHUe

Bagaua 1. Koako ca n-mecraure 6ysresu GyHKIANA?

3angaua 2. Ilpencrasere Bcgka OT ciregHUTE (DYHKIUU C MTOMOIITA, HA TAOJIUIA:
1. (z—=y) —vy
2. (z = y)(y—x)

rd1

-

zyPrdl

(S

8
<
2

8
@
<

SIS B
8
<
<
8
<

3apgava 3. Hammmiere BeKTOpa OT CTORHOCTH 3a BCSKA, OT CJIEIHUTE (DYHKIIAU:

L=y &(y—3z) —ay)

s

(x=y) @ (z = y2)l(= Ly)

( (
2. (xoy) = @Tz—oy) o T2
- ( (
(@ ly)la) Ly

;b;

3amaua 4. Jlokaskere CIeIHUTE PABEHCTBA.

1. Koucraatu: tV1l=2—=>1=0—-2=2zVz=12A0==2x =0,
zV0l=zl=12r=200=z,z=>0=2<0=2c81=".

2. KomytaruBnocT: 2y = yx, xVy=yVzI,zcPy=ydr, s y=y < T
3. Acommarmsroct: (zy)z = z(y2), (xVy)Vz=zV(yVz), (z®y) ®z=
@ (yd 2).
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Otpunanne: T =2, Ty =T VY, TV y = T7.

Hucrpubyrusnocr: z(y V z) = ay V az, 2(y ® z) = oy ® xz, x V yz =
(xVy)(zVz).

Morsrbiane: z(z Vy) =z V oy = .

Ipexncrapsine upes {.,V,-h: o -y =TVy, T =y =2y, ¢ & y = 2y V Ty,
x@y—xyvﬂsy,w\y—wy—xvy,xiy—wvy Ty.

Ipexacrapsiae upes {., ®, 1}: 2Vy = cydzdy,T = 261, 2 — y = zyPadl,
reoy=zo0ydlzly=2ydl,zly=2yDxdy®1.

3angaua 5. Ilposepere gamu f = g, KbIETO:

1.

N

ot

-~ W

®» N >

=@Vvyl@—=(y—2),9=y—(zVz)
r—y)®((y = 2) > ay), g =7z =
=@Vl @ (y—2),9=y— (zV2)

— Gl Vo Al@eys), g=T(y:) VETE

=(@Vyz—=(z<2)ey)(zey)z), g=(r = yz)T—>Y;
=ZVy) = (Yz) = (o x2),g=2y V (zr = 2y — 2);
Ty = @y (20y), 9= (TY—2) =y

=(@yV@—y2) o (T—=7) —2),9=(@—>y) O Yyo=2).

3agaua 6. Hamepere cbhbBbpinierHa Au3i0HKTHBHA HOpMaTIHA (popma HAa:

1. f

r‘>.°°

® N & o

x1,T2,23) = (1 V T2) = X3;
x1,%2,73) = (x1 — T2) ® (71|273);
21, 22) = (0010)

f(z1,29,23) = (10100010);

flay, z9,x3) = (00001111);

s

I

1

(
f(x1, 22, 23) = (10101111);
(
Fla1, w2, 03, 24) = (21 — T22324) (23 = T122);
(

f(z1, 29,23, 24) = (1001000110000101);

3amaua 7. Hawmepere monmnoma na zKerajgkun Ha:

1.
2.
3.

f(z1, 22, 23) = (21 V 22) — 3;
flx1, 2, 23) = (21 = x2) ® (21]x23);

f(.’);‘l7 {EQ) = (0010)
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4. f(z1,22,23) = (10100010);
f(@1, 29, 23) = (10101111);

(

(
f(z1, 22, 23) = (00001111);
flx1,@o, 3, 24) = (1 — T2x324) (T3 — T122);
(

. f(z1,22,23,24) = (1001000110000101);

3agadua 8. Ilposepere manm f e aBoitHCTBEHA HA ¢

L f(z,y) =2 =y, g(x,y) = Ty;

2. flz,y) = (T =7) = (y = x), g(w,y) = (x = Y)Y = T);

3. flr,y,2) =x®ydz g(x,y,2) =Dy d z;

4. f(x,y,z) =ayV z, g(x,y,2) =x(y V 2)

5. f(z,y,2) =zy®rzdyz,g(z,y,2) =zyVazVyz,

6. f(z,y,2) =2y = 2, g = TYz;

7. f(z,y,z,t) = (xVyV2)tVayzg(zyzt) = (xVyV)tVaeyz

8. flz,y,z,t) = (x = y)(z = t), g(x,y,2,t) = (x = Z)(x = t)(T = 2)(T —

).

3agava 9. Hamepere nosmnoma na 7Kerankun na f* ako:
1. f=(10101010)
2. f=(111001111)
3. f=(1011011101111111)

3agauva 10. Hawmepere Opost Ha n-mecTHUTE OyIeBU QYHKIUNA, KOUTO CA OT
1. Ty, T7;
2. To\Th
3. ThuTy

3agaua 11. Ilposepere manu f € Ty, T1:
1. f=21Dx2D...2p0;
2. 1® (x1 — z2)(x2 — x3) ... (Ty — T1);

3. f= ®1§i<j§n i V a3
3agaga 10. Hawmepere 6pos na n-mecraure OysieBu QPyHKIUU, KOUTO CA OT
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1. S
2. Tyn S

w

.ToNnTiNS
4 (TL\TH)NS

3agauva 11. CamoaBoitHCTBEeHM /U Ca CJIeIHUTE (DYHKIIAN:
1. 2y VyzV zx;
2. T129 B Tox3 P T3 P T2 B T3
3. (1 = x2) @ (22 = 23) D (x3 = x1) D T3;
4. 2129 O x3(T1 V 22)

5. (1110011100011000);

Samaua 12. Jluneitnu qu ca ciregaure QyHKIUT:
L 2y(z < y);
2. zyz V 27z,
3. ayz @ 2(7E) @y v 2);
4. (11100011)

5. zY Byz b xrz ®TYZ B xy*2.

3anauya 13. Hawmepere Opos Ha n-mecTauTe OyieBA QPYHKIUN, KOUTO CA OT
1. L
2. LNTy
3. LNTy
4. LNS

3amaua 14. MonoTtoHHHU /U ca ciaegHuTe PYHKIIAN:
1. (1'1 @ﬂfg)/\(l’l <—)ZL’2);
2. $1((£2 \Y 1132);

(00011101)

-~ W

(0001110111111111)
5. 122 D ng(I’l \Y Ig)

6. (z1 — 22) ® (2 = x3) ® (23 = T1) B x3;
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3agauga 15. Hawmepere 6pos na n-mecraure OyieBu QPyHKIUU, KOUTO Ca OT
1. M\ Ty
2. M\Th
3. M\ (ToUTh)

3agaua 16. Omupemenere maau CIIHATE MHOXKECTBA (DYHKIUU €A MHJIHA U
ompeesieTe BCHIKNA TEXHU OA3KCH.

1. F={zy,zVy,z®y,zyVyzVzx}

2. F={2y,aVy,zdyd2d1}

3. F={ay(zdy),zy Py, 1,2y Byz®xz}

4 F={7,La(y<2)0T(ydz),rdy o 2}

5. F={fi = (11), f = (0110), f3 = (00110111)}

6. F={z > y,zdy}

7. F ={z|y}

8. F = {f1 = (10000001), f, = (0110), f3 = (01101001)}
9. F={zy®z,2®y®1,27,T}

10. F={zy,zyVz,2Pyd 2z, = y,x < y}.
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I'maBa 6

I'pacdu n anropurmn 3a
rpacpu

6.1 OcHoBHU geduHUIINN

Hamena e kKapra Ha OAJTKAHCKHUS TOJIYOCTPOB.

TV Ukraine

Austria

The Balkan Peninsula

i Turkey
- s (ASIA)
rs'h:&’; 4
Mediterranean Sea Sea of Crete =

Kak®bB MunnMasien Opoil 1iBeToBe TpsiOBa Ja ce M3IMOJI3BAT, 33 1a HAMa IBE
CbCETHU CTPAHU, OIBETEHH C €IWH M ChINY IBAT! MoKe JIM 13 ce HaMepHu Map-
HIPYT TakKa, 4e Ja MUHEM IIpe3 BCAKA CTpaHa TOYHO 0 BeAHbXK! MoxKe jin 1a ce
HaMepH MapIIpyT, KOATO cTapTupa B Bbarapus u mpekocsBa BCUYKH I'PAHHUIN
TOYHO 110 BeJHb2K, KATO 3aBbpliBa 0THOBO B Bbiirapus? Beeku or Te3u Bblpocu
€ CBbP3aH C TOHATHETO Tpad U C AJTOPUTMU CBHP3AHU C HETO.

[Ipenn BCcwdko, 32 1a OTTOBOPUM HA HAKOW OT BBHIPOCUTE, HE HU € HEOOXOIH-
Ma I'bJIHATA, WHQOPMAIIK, KOITO Ce 33/aBa C MOMOINTA Ha KapTara. Hampumep
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HE HU WHTEpecyBa, KakBa e ¢opmara Ha abpxkaBara Cbpbus. Emuncreenoro,
KOETO € HeOOXOIMMO KaTo WH(POPMAIINSA € - KOV Ca IbhPyKABUTE Ha OATKAHCKUS
MTOJIyOCTPOB U KOS € CBbP3aHa C KOs.

9\&9 /9 e
82

Ounpenenenune 6.1. Kpaen (neopuentupan ) rpad HapuuyaMe HapeieHa J1BOHKa
muoxkecTBa G = (V, E), kbrero V e KpaifHo Hempa3Ho MHOXKECTBO OT BhPXOBE,
a F e MHOXKECTBO OT JBY-€JIeMEHTHHU IOJIMHOXKECTBA Ha, V, KOUTO Hapudame
pebpa.

Taka ropuusr upumep 3axasa rpadba G = (V, E), kbuero
V ={Slo,Cro, BH, Mon, Alb, Serb, Mac, Gr, Rom, Bul, Tur}
E = {{Slo,Cro},{Cro, BH} ,{Cro,Serb} ,{BH, Mon} ,{BH, Serb} ,{Mon, Alb} ,
{Mon, Serb} ,{Alb, Serb} ,{Alb, Mac},{Alb,Gr},{Serb, Mac} ,{Serb, Rom},
{Serb, Bul} ,{Mac, Gr} ,{Mac, Bul} ,{Gr, Bul} ,{Gr,Tur} ,{Rom, Bul} , {Bul, Tur}}

6.1.1 IIpencraBsue Ha rpadu

[Ile mirocTpupaMe pa3IuYHUTE MPEACTABIHUS HA Tpadu BbPXY CACTHUS TPHU-
MepeH rpad:

G=({1,2,3,4,5},{{1,2},{2,4},{2,5},{3,4},{3,5}})

I'padpuuno mpeacTaBaHe

I'paduanoro mpeacrapsne Ha Tpad NpUINYa HA TPADUIHOTO MPEICTaBsIHE HA
pesamus. Paznukara e, 1e BMECTO /1a M3TOI3BaMe CTPEIKH CBbP3BAIIN JIBA Bb-
3ej1a, KOUTO Ca B PeJIalysi, N30J3BaMe HEOPUEHTUPAHU TbI'H.

IBa Bbpxa u,v € V B rpad Hapudame ChCeIHHU, aKO Ca CBbP3aHuU C PedPO,
r.e. {u,v} € E. 3a Bceku BpbX 0T rpada 10CTaBsIMe 110 eIMH Bb3eJl, & Bb3JIUTE,
CBOTBETCTBAIIU HA CbCEJIHU BbPXOBE, CBbP3BAME C JIbla.
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TabisimuHo peacTaBIHE

I'padwanoro npeacrapsne e ymo0HO 3a paboTa, 3aI0TO HU 1aBa BU3YAJTHA, TIPE-
cTaBa 3a CTpyKTypara Ha rpada. Ako obade TpsabBa Ja CbXpaHuM HH(OpMAaIusi-
Ta 33 JaJIeH rpad B KOMIIOTbPHA IPOrpaMa, TOBa IPEJACTABIHE He € IIOIXOJIAIIIO.
OTHOBO, KAKTO TIPW PEJIAIINATE, IMAME W AJTEePHATHBHO TAOINIHO TIPEICTABSIHE
Ha rpad, Upe3 Taka HapedeHaTa MATPHUIA HA ChCEACTBO. B obmms ciydaii, ako
G = (V,E)erpab u V = {vy...v,}, Marpunara Ha CbCEICTBO € KBaJpar-
ma Marpuna M = (m; j)i<ij<n, C Pa3MepHOCT- Oposi Ha BbpXOBeTe, |V| = n,
K'bJIETO
iy — { 1, ako {v;,v;} € E;

k 0, axo {v;,v;} ¢ E.

Marpurara Ha CbCeACTBO HA MpUMepHHA rpad e:

* | 11213145
110(1]010]0
211|10j0]1|1
3100011
4101111010
510|117 1]0(0

Hpe,E[CTaBSIHe gpe3 CIINCbK Ha CbCeIACTBO

B mskow ciaydam mo-ymobHO e ma pasmosiarame ¢ HHGOPMAIUATa, KOSITO OMUCBA
enuu rpad, B apyra dopma. U3pexgame Bcuakn BbpxoBe HA Tpada B CIHUCHK.
C Bceku BpbX v, CBbP3BaMe CIHCHK OT BbpXoBeTe u Takusa, ue {u,v} € F, T.e
CIUCBHK'BT OT HEIOBUTE CbCEJIH.

CumucbKbT Ha CbhCEACTBO HA HpUMepHusA rpad e:

Y | W N~
L
DO DN | —| DD

Q| WO| O W~

6.1.2 Hsakou OoCHOBHH XapaKTEpPUCTUKHU HA rpad

Onpenenenne 6.2. Hexka G = (V,E) u G' = (V', E’) ca rpadu. Kaspawme, ue
G e uzomopden va G, u mumem G = G, ako cbuiecrsysa Oueknus f: V. — V/
TaKapa, 9e 33 BCAKA JBOIKA BbPXOBe u,v € V,

{uv} e B {f(u),f(v)} € E"
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JBa n3omopduu rpada He ce pa3andaBar 10 HUIIO JAPYrO, OCBEH HANMEHO-
BAHMETO HA TEXHUTE BHPXOBE. 3ATOBA HUE IIe OThIKIECTBABAME U30MOPGMHUTE

rpadmu.

Onpenenenne 6.3. Heka G = (V, E) e rpad u v € V. Crenen Ha Bbpxa v,
d(v), napuuame GposaT Ha pebpara, Ha KOUTO v € Kpaii:

div)=|{e€ E|vee}.

Crenen na rpada G, d(G), e cymara OT CTEIEHUTE HA HErOBUTE BbPXOBE:
d(G) =" d(v).
veV

Cure1BaIioTo TBBbPAEHUE, KOETO € POCTO HAOJIIOAEHUE, JaBa BPb3KATA MEXK-
JIy cTemenTa Ha rpad u Opost HA HEroBUTE pedpa.

Tebpaenne 6.4. Heka G = (V, E) e rpad.
d(G) =2|E|

Aoxasamencmeo. d(G) = 3, d(v) = >,y [{e € E | v € e}|. Taka, ako e e
pebporo e = {u, v}, T0 e ce Gpou TOYHO JBA I'bTH: BEIHDbXK B CTEIEHTA HA U U
BeIHDbXK B crenenta Ha v. Taka d(G) = 2|E)|. O

Onpenenenune 6.5. Heka G = (V, E) e rpad u u,v € V. IIbr B G ¢ gbikuna
k or w 10 v, HApUYaMe MOCIEIOBATEIHOCT OT BbHPXOBE U = Vg, V1,... Uk = U
TaKWBa, 9e:

1. {vi,vi41} =€, € E3aBesixkoi=0...k—1;
2. e; # e;j 3a BCAKO 1 7 j.

3abesexkere, Ue ChIIACHO TOpHATA neWHUINS, 38 BCEKH BPBbX v € V uma
TPUBHUAJIEH THT OT ¥ JIO ¥ ¢ AbjaxkuHA 0.

IIpoct mbT, e HapWYaMe BT, B KONTO HAMAa MOBTApAI] ce BpbX. B cuna e
CJIETHOTO TBbP/IEHHUE.

Tebpaeune 6.6. Heka G = (V, E) e rpad u u = vg, v1,...0x = U €Ca BbPXOBE
B G TakuBa, ue 3a Beaxko i = 0...k — 1, {v;,v;41} € E. Torasa B G mma mpoct
mbT OoT u do v.

Joxasameacmso. lle onuiem aJropuTbM 38 HAMUPAHE Ha TPOCT MHT. AKO u =
v, TO UMQ, ITHT OT U JO0 ¥, TPUBHAIHUAT bT ¢ abikuna 0. Toit e mpoct, 3amoro
CbhIbPKA CAMO €IUH BPbX.

Jokxamo 6 P uma nosmapauy ce 8psr, Heka i e No3utuAma Ha Nspeus epse,
kotimo ce noemapsa 6 P. Hexa j e nocaednama no3uyus, Ha KOAMO C€ CPEULE
espra v;. Taxa

P = (’UO Vi1, V5, Vg1, - - - Vj—1, V4, Uj41 - - .’Uk).

Tozasa samename P ¢

P = (’UQ ce Vi1,V Vjg1 - - .'Uk).
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AnropurbMbT NpEACTABIAABA IUK'bJI, IPH BCAKO 3alO4YBaHe HA KoiTo, P e
PeIuIia OT BbpPXOBE TAKWBA, Y€ MHLPBUAT € U, MOCTEIHUST € U U BCEKW IBa
BbpXa HA ChCEIHU MO3UIINU CA CBbp3anu ¢ pebpo. Hamcrwna, Thit KaTo u # v,
To wiu i £ 0, wim j # k. [lpu Bcako mpeMuHABaHe B IUKbJA, TbJXKUHATA HA,
Ta3uW peauiia HaMaisBa ¢ j — ¢ > (0, cieaoBaTeHO cjen KPaeH OPOil CTHIKH
AJITOPUTHMBT Ie 3aBbPIIH U B P Ile uMa 10CIeI0BATETHOCT OT BbPXOBE U =
Vg ...V = U TAKUBA, 9e€:

1. {vj,vi41} =€, € E3aBeako i =0...k —1;
2. v; # v; 3a BCAKO © # j, a ciaepoBarenHo u e; #ej 3ai=0... k" — 1.

O
[Ile ka3Bame, de aBa Bbpxa B rpad Cca CBbP3aHU, AKO UM TI'bT MEXKIY TIX.
Penamnmsara, KosiTO ce TOPasK/1a OT TOBA, MOHATHE, € PEIAIN HAa €KBUBAJIEHTHOCT.

Tebpaenne 6.7. Heka G = (V, E). Torasa C = {(u,v) | u e cBbp3an c v} e
pejalus Ha eKBUBAJIEHTHOCT Has V.

Zoxaszameacmso. Beceku Bpbx v € V' e cBbp3aH CbC cede Cu MOCPEICTBOM TPH-
BUATHUAT bT ¢ Abjkuna 0, Taka (v,v) € C' u penamusara C e pedieKCUBHA.
Heka (u,v) € C. Heka u = vp,v1...vx = v e ubr or u 40 v. Torasa v =
Uk, Uk—1,-..01,V9 = U € BT OT ¥ 10 U, Taka (v,u) € C u C e cumerpudna.
Heka (u,v) € C un (v,w) € C. Heka u = vg,v1...0; = ¥ € BT OT
JIO U M U = W, W1 ...W,; = W € ThT 0T v 10 w. ToraBa u = vg,vy...0 =
Wo, W1 . . . Wy, = W € PeIUIA OT BbPXOBe, TAKMBA Y€ BCEKHU JBA BbPXa Ha ChCeIHHI
no3unuu ca cebp3anu ¢ peopo. CbriacHo Tebpaenue 6.6 uma nbr (H0pu HpocT
obr) OT U A0 w, raka (u,w) € C u C' e TpaH3uTUBHA. O
Penamusara C pasmenss V Ha KJIacCOBE HA €KBUBAJECHTHOCT, KOUTO HAPUUIAME
CBbp3aHu KOMIOHeHTH Ha rpada G.
Emwun rpad G Hapuyame CBbp3aH, aKO NMa, CAMO €/IHA CBbP3aHa KOMIIOHEHTA,
T.e. BCEKU JBa Bbpxa B G ca CBbpP3aHHU.

6.1.3 Hukau. OiisiepoB u XaMUJATOHOB ITUKbJI.

Ocsen TpuBHa/Hus LT C AbizkuHa 0, OT BpbX v 10 v B rpad, Bb3MOXKHO € Ja
UMa W TO-IbJIrN hTuia. Pa3bupa ce, mbT OT v 10 v ¢ IbIKAHA 1 He MOXKe 11,
MMa, 3aII0TO pedparTa ca BHHATH C IO JIBa PA3JINYHKM Bbpxa. He Moxke Ja mMa,
n T OT v dO v ¢ ABJKHHA 2, 3aI0TO BCEKM JABE peOpa B MbT TPAOBa Ia Ca
pazauann. Taka HAH-KbCUAT HETPUBHUAJIEH BT OT ¥ 10 U € C IbJKAHA 3.

Onpenenenune 6.8. Heka G = (V,E) e rpad u v € V. IIbr B G ¢ abmkuna
k > 3 or v 10 v, HapuIaMe nuKbA B G mpes v.

IITe pasriegame aBa crenuaaHy BUAA MUKbI B rpad. [IbpBusT Mmuaasa mpes
BCAKO PeOPO TOYHO IO BEJIHDbK, BTOPUSAT IPE3 BCEKU BP'bX TOYHO 110 BEIHDBIXK.

Onpenesnenune 6.9. Heka G = (V, E) e rpad u v € V. Hukba upes v, Koiiro
ChIBPIKA BCAKO Pedpo ¢ € F Touno mo Beaubxk Hapudame ONIepoB UK.
I'pad, koiito chabpxka Oitnepos mukbi, nHapudame Oitepos rpad.

Cnenunusit rpad e Oiiepos.
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Oitnep e namepun mbiHa xapakrepusamnus uHa Oitneposure rpadu:

Teopema 6.10. Heka G = (V| E) e cebpsan rpad. G e Oilsepos rorasa u camo
TOraBa, KOraro BCEKU BPbX B (G MMa 9eTHA CTENEH.

JHoxazameacmeo. Heka G e Oitnepos u Heka v = vg,v1 ... v, = v e Oitepos
nukbs B G. Bedko cperjane Ha BpbX U B PeMIaTa vg . . . Vp—1 CbOTBETCTBA, HA
nBe peGpa mpe3 u: ako u = vy, pebpara ca {vg,v1} u {vg_1,v0}; aKO u = v; u
i0 < i < k, pebpara ca {v;,v;+1} n {v;_1,v;}. Tbit Karo Becndku pebpa B rpada
Ce CpeIaT TOYHO MO BEIHDBLXK B IUKbJIA, CTENEHTA Ha MPOU3BOJIEH BPBX U € V.
€ paBHa HA JBa II'bTU OpOsi HA CPEIIAHUATA HA U B IMKbiaa. Taka d(u) e 4eTHO
YUCIIO.

Hexka cera G e cbp3an rpad, B KOWTO BCEKM BPHX WM UETHA CTEMEH U
u € V. Illle mocrponm Oitnepos mukbia C mpes u.

ObsiBsiBaMe u 3a Teky BpbX ¢, C = (u).

1. Joxamo uma neobxodeno pebpo e = {t,v} npes t, dobassme xem C,
0basa6ame e 36 06x00eno u v 36 mexyu, 6psr t.

Toit KaTO IpK BCAKO MPEMUHABAHE IIPE3 IMUKDJA, OpodAT HA HEOOXOIEHHUTE
pebpa HaMaJjsiBa, IUKBLILT IIE 3aBbLPINN CIeI KpaeH Opoi crbnku k, u C =
(u = vo,v1,...vx). llpu ToBa TBLpPAUM, Y€ v, = u. Haucruna, ga gomycuem, de
v # u. Tbil KATO ANTOPUTHMBT 3aBbPIIBA, BCUYKH pebpa mpe3 vy ca 06X0IeHn
u Ha k + 1-Ba cTbIKa HAMA He0OXOmeHH pebpa mpe3 vi. Ha crbika, Ha KosaTo v
cTaBa TEKyII, 0OX0XK 1aMe eTHO Pebpo mpes vy, u OpoaT Ha 06XoaeHuTe pedbpa mpe3
vy, e HedeTeH. Ha ceaBaimara CTbIka, ako Uy MPECTAHe /13 e TEKYII, 00X0XK 1aMme
BTOPO pebpO mpe3 vy, OposT Ha 00xomeHuTe pedpa mpe3 vy cTaBa dereH. Taka Ha
OC/IeTHATA CT'HIIKA, HA KOATO V) CTABA TEKYII, OposaT HA 00x0meHuTe pedpa mpe3
Uk € HEeYeTeH, HO TOTaBa AJITOPUTHLMbT 3aBbPIIBA, 3AIIOTO HAMA KAK JIa ce n3bepe
CJIEZIBAIN TEKYII, BPbX, BCUIKHU pedpa mpe3 v ca obxomenu. ToBa o3Ha4UaBa, 1qe
npe3 v MMa HedeTeH Opoil pedpa, KOeTO MPOTHBOPEYH HA YeTHOCTTA HA CTEIEHTa,
Ha V.

2. Cuenosarenuo vy = u u C e nukbia. Ako C cbabpxkKa BCHYKH pebpa,
C e Oiinepos mukba. Muaade, C' ¢babpika MOHE eIWH BPbX U;, KOUTO € Kpail Ha
neobxozeno peopo. Tosa ciensa oT cBbp3anocrTa Ha rpada. [loBrapsame nmukbIa
1. ¢ Hagasen BPbX v; Karo crpouM HOB Kby C' = (v; = ug, Uy, ... Uy = V;).
Samernsme C' ¢ IAKbIA

C = (’Uo...’Ui_l,’Ui = U, UL,y Um :’L}i,vi+1,...’t}k)

1 OTHOBO Ce BPbIIIAME HA TOYKA 2.

Bropusit BbHIIEH IUK'BJI ChILIO 1IE 3aBbPIIHU, 3aI10TO ITPU BCAKO TPEMUHABA-
He TIpe3 Hero, OposAT Ha HeoOXOJeHUTe pedpa HaMmalaBa. Taka B KpaiiHa cMeTKa,
C cvabpxka OIepoB MUKbII. L]
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Ako npmwiIoKuUM anropurbMa KbM IpUMEpHUs rpad ¢ HadasgeH BpbX 1 mo-
JlydaBaMe CJIeJHATa MOCIeJOBATETHOCT OT CTHIKU:

1.C=(1),t=1. 5.C =(1,2,3,4,5),t = 5.
AN / AN

2.C=(1,2),t=2. 6.C = (1,2,3,4,5,3),t = 3.
AN / AN

3.C=(1,2,3),t =3. 7.C =(1,2,3,4,5,3,6),t = 6.

AN ‘ \

AN / AN

4.C =(1,2,3,4),t = 4. 8.C=(1,2,3,4,5,3,6,1),t = 1.

AN / ‘ \

Cera C' e nuk®jI, HO HE ChIbpKa Beuuku pedbpa. CTaprupame ajropurbMma
OTHOBO C HA4YaJIeH BPBbX 2, 3aI0TO MMa HEOOXOJEHO pedpo C Kpait 2:
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1. = (2),t = 2. 3. C' = (2,5,6),t = 6.

2. 0/1(2,5),t:5 4. C,:(2a53672)7t:2'

OorC=(1,2,3,4,5,3,6,1)u C' = (2,5,6,2) crpoum nuxbaa C = (1,2,5,6,2,3,4,5,6,1).
Toga e Beue OilIEPOB MUKBII.

Onpenenenne 6.11. Heka G = (V, E) e rpad n v € V. Hukba mpe3 v, KoiHTo
ChIbPKA BCEKU BPBHX v € V TOYHO MO BEIHBLAK HapniaMe XaMUJITOHOB ITUKbJI.
I'pad, xoiiTo chabprKa XaMUJITOHOB UK'BJI, HApUIaMe XaMHUITOHOB Tpad.

3a pasnuka or OitmepoBuTe rpadu, HIMaMe J100pa XapaKTepu3alns Ha Xa-
MHUITOHOBHUTE. Bee mak 1me pasriemame egHa rpyna XaMIJITOHOBU rpadu.

Omnpenenenne 6.12. Bynes rpad c¢ pasmepnoct n Hapumdame rpad B, =
(Viu, Ep), xbaero V, = {0,1}", n-mepuure Gyiesn BeKTOpH, a

E, ={{o, B} | @ u § ce paznuuasar camMo B €HA HO3HUIHS }.

By e cregauar rpad: f

N\

® ®

2 | |
ORI

Bs e cnepuusat rpad:
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TBbpaenne 6.13. 3a Besko n > 2, B, e XaMuiToHOB rpad.

Zloxasameacmeo. JIoKa3aTeICTBOTO € ¢ HHIYKIINAS IO 1.

Xamunronos nukba 8 By e (00), (01), (11), (10), (00).

Heka TebpaenneTo e B cuiia 3a B, W HeKa qq, g, ...Qon, ;] € XaMUJITOHOB
kb1 B B,,. Torasa

0011, 0(127 N Oagnfl,()agn, 10[2717 10[27171, N 1042, 10[1, 0(11

e XaMHUJITOHOB IUKBJI B By 11 O

6.2 /IbpBera

[Ile nagem aBe medmHMIMN Ha CTPYKTypaTa AbpBo. IIbpBaTa mokas3sa, 9e Ibp-
BOTO € CIenuajieH ciydail Ha rpad, a Bropara JaBa HWHTYHIIMs 33 CTPYKTypaTa
HA €JIHO IbPBO.

Onpenesnenune 6.14. I'pad D = (V, E), koiiro e cBbp3aH U HAMA LUKJIU, Ha-
pudaMe IbpRo.

Bropara nedwuruims e 3a IbpBO, €IMH OT BH3JIUTE HA KOUTO Ce HAPWYA
kopeH. /lebunnnusara e uHIyKTABHA.

Onpegesieane 6.15. I'pabbr D = ({r},0) e 1bPBO C KOPEH T W €IUHCTBEH
JIUCT 7.

Heka D = (V, E) e xbpBo ¢ KopeH r u jwucra ly,...l,. Hekav € Vuu ¢ V.
Torasa D' = (VU {u},E U {{v,u}}) e xbpBo ¢ kopen r. Ako v = [; 3a Haxoe
t=1...n, mucrara va D' ca ly ... l;i_1,u,li11,... 1. AkO v # [; 3a BegKO © =
1...n, To mucrara ma D' caly...l,,u.

KopenoBo abpBO MOXKe 713 Ce M3IOJI3BA 33 ONHCAHHE HA U3pa3 6e3 ckobH -
[JIABHATA OEPAIHsl € KOPeH Ha AbPBOTO, JHUCTATA C3 ATOMAPHUTE CTONHOCTH B
u3pasza. Hanpumep (54 2x) — ((y — 3) 4+ (2 — x)) ce npexncraBs Taka:

0O
TBbpaenue 6.16. Bcsako KOpeHOBO TbPBO € IbPBO.

Zoxaszamescmso. J1oka3aTeICTBOTO € C UHIYKIUS 0 JeMDUHUITUATA HA KOPEHO-
BO 1bpBO. I'padwr D = ({r}, D) e cBbp3an rpad Ge3 MUKIN, 3aIMMOTO UMa CAMO
€JIUH B'b3eJl.
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Heka xopenosoro nopso D = (V, E) e cebp3an rpad 6e3 nmukmu. Hexa D' =
(VU {u},EU{{v,u}}). Tpsabra ga moxraxem, e D’ cbIno e cBbp3an rpad
6e3 mukun. Jda m3bepeM MpoOM3BONMHE JBa Bbpxa B D' - v1,vs. AKO v1 = vy,
TO UMa I'bT - TPUBUAJIEH II'bT C JIbJIXKUHA HYJIa OT v1 10 vz. AKO vy,vs € V|
TO v1 U U ca BbpxoBe B rpada D. CbriaacHo WHIYKIMOHHOTO MPE/INOI0KEHTE,
Toif e cBbp3an rpad. CremoBarenno uma bt B D, ot v1 10 ve. Ho Bceku mbr
B D e nbr u s D', 3amoro pebpara B D ca pebpa u B D’. Taka uma wbr
B D’ or v; 10 vy. Ilocaemuuar caydail e eguH OT BLPXOBETE U] MWW Uy 1A €
HOBHAT BPbX u. Be3 orpanndyenue Ha OOIIHOCTTA INe MpeJrnojarame, 9e vy = u.

Torasa v1,v ca BbpxoBe B D M MeXKIy TIX UMa IbT U7 = Ui, Us,...Ux = V.
Taka v1 = ui,Us,...Uu; = v,u e 0T B D’ or v; 10 u. Crenosarenno rpadbT
D’ e cebpszan. AKo Jo1ycHeM, Y€ B Hero uma UMKbJl U1, Vs, ...V, U1, TO BCEKU

BPbX B IMKbJIA U; yIaCTBA KATO Kpai# Ha JBe pa3andHu pebpa: {v;_1,v;} u
{vi, vi11}. HoBHAT BpBX € Kpail HA eTHO eJMHCTBEHO PEOPO, CIIEIOBATEIHO HE
ydacTBa B MUKbJA. Taka vy, va, ...V, V1 € OUKDBJI B D, KOETO MPOTUBOPEYH HA,
HHIYKIAOHHOTO npennomnoxenue. Taka u D' e cebp3an rpad 6e3 muKIIn. O

EnHO OT OCHOBHHTE IPEAMMCTBA HA CTPYKTYPATA ABPBO € CJIETHOTO CBOIiC-
TBO.

Teobpaenne 6.17. Heka D = (V) E) e ubpso u u,v € V. Torasa mexay u u v
MMa, €TUHCTBEH I'bT B D).

Zloxaszameacmeo. la nomycuem, 9e MeKIy u W v UMa JIBA PA3JIUIHU MIHTI: U =
UL ... U =V A U=1V]...0, =0v. e nokaxxkem, ue B8 D nma mukba. Heka ¢ e
I'bPBATA PA3THKA MEKJLY JBATA IbTS: Uy = U1, Uy = Vg ... Uj—1 = Vj_1 U U; 7 U;.
Hexa j e naif- MmamKaTa HO3UINA, TAKaBa, 9€ U; C€ CPEIIa U3MEXKIY Vit 1, - - - Un,
HampuMep v;; = ;. TaKkoBa j CBIECTBYBA, 3aIMOTO Uy = Uy (Jj < k). Taxa

Vi—1y---Vj7 = Uj, Uj—1,... Ui Uj—1

e Kb B D. HancruHa BCUYKN BbPXOBE B TO3W IUKbBJI CA PA3IUYHU C W3KJTIO-
deHne Ha KPawuIaTa. [

6.3 IlokpmBamio aAbpPBO

Bceekn cebp3an rpad G = (V, E) uMa MOKPUBAIIO IHPBO - bPBO ChC ChIIUTE
BbpxOBe KaTro (G, HO caMmo ¢ Jact ot pebpara B G.

Ounpenenenune 6.18. Heka G = (V, E) e rpad. IHokpusamo abpso va G Ha-
puuame abpo D = (V, E’), kpgero E' C E.

3a ;ma mokazkem, 9e BCEKH CBbp3aH rpad MMa TOKPUBAIIO IbPBO, IIe J0Ka-
2Ke€M €JIHO IIOMOIIHO TBbP/IEHHUE.

Tebpaenune 6.19. Heka G = (V, E) e cebp3an rpad u e € E e pebpo, Koero
yaacrBa B uukba B G. Torasa G’ = (V, E'\ {e}) cpwo e cebp3an rpad.

[oxasameacmeo. Hexka e = {z,y}. Heka y,2,21,22...2, = Y € UUKBIDBT, B
KOWTO y4yacTBa e. Taka chriacHo nedWHUINATA HA BT U MUKBJI B rpad, e He
Ce CpeIa B bTS T, T1,T2 ... LTy = Y.
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Jla pasriegame 1Ba MPOM3BOJIHE BbpXa Vg, vk € V. G e cBbp3an rpad cieno-
BATEJIHO UMA, TIBT OT vy 10 Uy B G, vg, V1 . . . Up. AKO B TO3M BT HE yIaCTBA peb-
poTo e, To ToBa e bT B G'. AKO ydacrea B T03W IbT - HApuMep {v;, v;y1} = e
U v = T, Ui41 = Y, PA3TIIEKTAME CJIETHATA PE/IUIA:

Vo.. . Vi—1,V; =, X1,T2... Ty =Y = Vij41,Vi42...Vk.

ToBa e peauna, B KOATO BCEKH JBa ChCETHH BbPXa Ca CBLP3aHU ¢ pebpo B
G’ u caepoparenno cbriacuo Tebpiaenue 6.6 uma ubr or vy 10 v B G'. Taka
G’ e cebp3an rpad. O

TopHOTO TBLpAEHNE HUE TIO3BOJIABA, J1a JOKayKeM, de BCeKHU CBbp3aH rpad uMa
HOKPHBAIIO JbPBO € IIPOCT aJFOPUTHM.

Tebpaenune 6.20. I'pad G = (V, E) uma nokpusBaiio IbpBO, TOraBa U CaMO
TOrapa, KOraTo € CBbp3aH.

Joxazameacmeo. Axko G = (V, E) uma nokpusaumo aspso D = (V, E’), 1o
E' C Fnscekn nbr 8 D e bt B G. Illom D e cebp3an rpad, To u G e cBbp3an
rpad.

Heka cera G = (V, E) e cebp3an rpad. Ilpuiarame cieganust aaropuTbM:

Hexa E' = E. Zlokamo ¢ G' = (V, E') uma yuxss, namupame pebpo e € F’,
koemo yuacmea 6 yukss ¢ G' u 3amename E' ¢ B\ {e}.

CbriacHO IPeIUIIHOTO TBbPIeHKe IPU BCAKO U3I'bjHeHue Ha muxkbaa G e
cebp3al rpad. AJropuTbMbT 3aBbplIBa, 3all0TO Ha BCAKA CI'bIKa OpodT Ha
pebpara B E/ mamasnasa ¢ enuuunga. Taxka cjen IPHUKJIIOYBAHE HA AJTOPUTHMA,
G' = (V,E’) e cebp3an rpad 6e3 nuk/iu. O

6.3.1 Ooxoxmane Ha rpadn

VMa MHOro 3a7a4i CBbP3aHK C 00XOXKIaHe Ha rpadu: 1a ce IPOBepH JaJIH UMa
I'bT MEXKY JBa BbPXa, 13 Ce HaMePH Hail-K'bC I'bT OT BP'bX [0 BCUYKU OCTAHAIIH,
Jla, Ce IOCTPOM IIOKPHUBAIIO JbpBO. FMaMe JiBa OCHOBHU METOJa 33 ODXOXKIaHe
Ha rpad: B IbAOOYNHA W B TITUPOINHA.

Ja pasriemame cienausat rpad G-

e cu MmucauMm, e TOi e TIpeJCcTaBeH Ype3 CIUCHK OT ChCEIACTBO:
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O6xoxkJaHe B AbJOOYMHA

OcHoBHaTa umest Ha OOXOXKIAHE B IbI00YNHA €: “/{0KaT0 MOXKeM, BbPBUM HaIl-
pen. Koraro Hama Kak [1a IpOIBLIXKEM - BpbITaMe Ce eTHa CThIKA Ha3ax". 3a
peanm3anyus Ha TO3W AJTOPHTHM IIe u3noa3eame crek. CTEKbT € CTPyKTypa OT
JIAHHYW, OPTaHU3UPAHK HA MPUHIMIA - TOCIEIEH BIA3 LI, IPbB U3a13bJ1. [Ipesc-
Tapere cu, 4e npubupame KHUIU B KyTHs, I'bPBATA KHATA OCTABAME HA J'TbHOTO
Ha KyTHATA, BCSIKaA CJIEABAIa BbpXy mnpeaumiuara. Haii-orrope crou mocsiemna-
Ta KHHUra, KOSITO cMe 100aBwIu. 3a Ja JOCTHTHEM MbpBAaTa KHUTA B KyTHSTA,
TpsAOBa 1a M3BAAUM BCHUUIKK OcTaHamu. JledpwHUIMATA HA CTEK, 3a€IHO C TPUTE
orepauuu top (Bpbx HA crTeka), pop (M3TPUBAHE HA €JEMEHT OT CTeKa) u push
(106aBsiHe HA €JeMEHT K'bM CTEKA) € UHIYKTUBHA.

Ounpenenenue 6.21. IlpasauaT crex o3magasame ¢ { }. 3a wero nedbunupame
pop({ }) ={ } top({ }) ={ }-

Heka S e crek n z e enement. Torasa S’ = push(S, x) e crek, karo top(S’) =
x, pop(S’) = S.

Heka G = (V, E) e npoussojied rpad ¢ n Bbpxa u vg € V e HadajeH BPbHX.
e nocrpoum ciiuewvr DFS = ((vg, 0), (v1, $(v1)), - . . (Vn, $(vn)), KO#TO BKIIOY-
Ba BCUYKH BbPXOBE U1 . . . U, U TEXHATE HENOCPEICTBEHU NPEIIECTBEHUIIN B IIOK-
puBamoro abpBo ¢ KopeH vg: D = (V, E’'), xpgero E' = {{v;,s(v;)} | i =
1...n}.

[Ile m3mosi3BaMe TIOMOINEH CTeK S u TeKyml BpbX t. B magamoro DFS =
((v0,0) m S ={ }, t = vy m vy e 0BxOznEH.

Jokxamo uma neobxoden epsx 6 V:

1. Axo uma wmeobxoden cosced v wa t, obassasame v 3a 00xoden, dobassme
(v,t) Kom cnucex DES = DFS U {(v,t)}, dobasame t xom cmexa: S :=
push(S,t), mexyw, epsx cmasa t = v.

2. Axo mama neobxoden csced na t, epsuame ce edna cmesnka wasad: t =
top(S), S := pop(S).

3a warocTpanys e TPUIOKUM aJITOPUTHMa, KbM TpUMEpHUs rpad ¢ Hadga-
JIeH BPbX a. ETO KaKBU MOCIeIOBATEIHN CTHIIKH 1€ TMaMe:

1. DFS = ((a,0)),t =a,S={}

2. DFS = ((a,0),(b,a)),t =b,5 = {a}.

3. DFS = ((a,0), (b,a),(c,b)),t =¢, S ={b,a}.

4. DFS = ((a,0), (b,a), (¢,b),(g,0),t =g, = {c,b,a}.
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5. DFS = ((a,0), (b,a), (c,b), (g, ), (d, 9)), t = d, S = {g, ¢, b,a}
6. DFS = ((a,0), (b,a), (¢, ), (g ¢), (d, g), (e,d)),t = e, S = {d, g, ¢, b,a}.
7. DFS = ((a,0), (b,a), (c,b), (g, ), (d, ), (e, d)), ¢t = d, S = {g, ¢, b,a}
8. DFS = ((a,0), (b,a), (¢,b), (9,), (d, ), (e, d), (f,d)),t = f,S = {d,g,¢,b,a}.
9. DFS = ((a,0), (b,a), (¢, ), (g, ¢), (d. g), (e, d), (f,d)),t = d, S = {g,c,b,a}.
10. DFS = ((a,0), (b,a), (c,b), (g,¢), (d, 9), (e, d), (f.d)),t = g, S = {¢, b, a}.
11. DFS = ((a,0), (b,a), (c,b), (g,¢), (d, 9), (e,d), (f,d)),t = ¢, S = {b, a}
12. DFS = ((a,0), (b,a), (c,b), (g,¢), (d, 9), (e, d), (f,d), (h,c)),t = h, § = {c,b,a}

B xpaitra cmeTKa mosrygaBaMe CJI€THOTO TOKPUBAIIO IbPBO:

Ob6xoxkgaHe B IbJA0O0UNHA € ePEKTUBHO TIPH 330391 OT BUIA - 18 C€ HAMEepH
ObT B CBBbP3aH rpad OT BPbX Ug IO BPBX U1. 3a menTa mme Momudummpame
AJITOPUTHMA TI0 CIICTHASA HAYMH:

B maganoro S ={ }, t = u; m uy e 06XOMEH.

Lloxamo t # uyg:

1. Axo uma neobxoden csced v na t, obasasame v 3a 0b6xoden, dobasame t
xem cmeka: S := push(S,t), mexyw epsx cmaea t = v.

2. Axo mama neobxoden csced na t, epsuame ce edna cmenka nasad: t =
top(S), S := pop(S).

[Ipu 3aBbpiIBaHe HA AJATOPUTHMA B S 1€ € 3AMUCAH ThPCEHUAT MbT.

O6xoxkaaHe B IMMIAPOYNHA

OcHoBHara uyes Ha 006XO0XK/IaHe B IuUpodnHa e: “J/loKkaTo MOXKeM BbPBHUM B CTPa-
uu. Cries TOBA MUHABAME €HO HUBO HAMOIY". 3a peanu3anus Ha TO3U aJTOPU-
TbM IIIe u3no3BamMe onaika. Omaikara e CTpyKTypa OT JTaHHU, OPTaHU3UDAHT
Ha TPUHIWIE - TPHB BAA3bJ, MPbB U3JIA3bJ. IIpencraBere cu, B eIuH Wjea-
JIEH CBAT - OMNAIIKA 33 JUMT, B KOITO HAUTO €JWH CKUOpP WU CHOYOOpIAHCT HE
ce Ipepexka: TO3u KONTO ce e Hapeusl HPbB, IPbB IIe ce Kadu Ha Jjudra.
Hedununusta Ha OMAIKa, 3a€IHO C TPUTE OTMEpaIuu top, pop u push OTHOBO €
WHIYKTHUBHA.

91



Omnpenenenne 6.22. Ilpasuara onamka o3nadasame ¢ { }. 3a nesa pop({ }) =

top({ }) ={}

Heka @ e omamka u z e enement. Torasa Q' = push(Q, x) e onamxa.

n_ | = ako @ ={ };
top(@) = { top(Q), axo Q #{ }.

ST ako Q@ ={ };
pop(Q') = { push(pop(Q),x), axo Q #{}. °

Heka G = (V, E) e upoussosien rpad ¢ n Bbpxa u vg € V e HadajieH BPbX.
Ole nocrpoum cuucwk BFS = ((vg, D), (v1,s(v1)), - .- (Un, $(vy)), KOiiTO BKIIOY-
Ba BCUYKHW BHPXOBE V1 . . . Uy, M TEXHATE HEMOCPEIACTBEHN TTPEINTECTBEHNIIN B TTOK-
puBaIoro abpBo ¢ KopeH vg: D = (V, E'), xpgero E' = {{v;,s(v;)} | i =
1...n}.

[ITe w3non3Bame momorHa omamka () u Tekyin BpbX t. B naganoro BFS =
((vo, M) m Q@ ={}, t =wvp m vy e oBxomen.

Jloxamo uma neobxoden epsx 6 V:

1. Axo uma meobxoden coced v wa t, obasasame v 3a 00xoden, dobasame
(v,t) Kem cnucex BFS = BFS U {(v,t)}, dobasame v xom onawrama:

Q = push(Q,v).

2. Axo nama neobroden csced wa t, mexkyu, 6PsL CMA6a NEPEUAN 6PEL HA
onawkama: t = top(Q), Q := pop(Q).

3a mmocTparus e TPUIOKHUM AJTOPUTHMa K'bM pUMepHUs rpad ¢ Hada-
JieH BPbX a. EETO KAKBU MOC/I€I0BATEIHU CT'BIIKH 1€ UMAaME:

1. BFS =((a,0)),t=0a,Q={}

2. BFS = ((a,0),(b,a)),t =a,Q = {b}

3. BFS = ((a,0),(b,a),(d,a)),t =a,Q = {b,d}.

4. BFS = ((a,0),(b,a),(d,a)),t =b,Q = {d}.

5. BFS = ((a,0), (b,a),(d,a),(c,b)),t =b,Q = {d,c}.

6. BFS = ((a,0), (b,a),(d,a),(c,b), (e,b)),t =b,Q = {d,c,e}.

7. BFS = ((a,0), (b,a),(d,a), (c,b),(e,b)),t =d,Q = {c,e}.

8. BFS = ((a,0),(b,a),(d,a),(c,b),(e,b),(f,d)),t =d,Q = {c,e, [}

9. BFS = ((a,0), (b, a), (d, a), (c,b), (e,b), (f,d), (9,d)),t = d,Q = {c,e, f, g}
10. BFS = ((a,0), (b,a), (d, a), (c,b), (e, b), (f,d), (9,d)),t = ¢, Q = {e, f, g}-
11. BFS = ((a,),(b,a),(d,a), (c,b), (e, b), (f,d), (g,d), (¢, h)),t = ¢, Q = {e, f, g, h}.

B kpaitna cmerka 1osiygaBaMe CJI€IHOTO ITOKPHUBAIIO [IbPBO:
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Teopema 6.23. O0OxokIaHe B MNPOUYNHA HAMHUPA HANH-KbCATE MBTUIA OT HA-
JaJTHUS BPBX 10 BCUYKHU OCTAHAJIN BbPXOBE B Tpada.

[oxasameacmeo. Heka ¢ d(v) 03HAUNM IbJIKHHATA HA MHHAMAJIEH II'bT OT Ha-
YANTHUAT BPBX 10 v. [IbPBO 1e MOKazKeM, CIEAHOTO:

Koraro BpbX v craBa TeKy1, BCHIKU BbpxoBe u ¢ d(u) < d(v) Bede ca Guiu
rekymu. Hamcruna, ma monycHem 4e v € IbPBUAT BPbX, KOHTO CTaBa TEKYIIL
npean apyr BpbxX u € V ¢ d(u) < d(v) ma e 6un n3bpan 3a TekyI. 3abeekere,
4e v # v, 3amoTo d(vg) = 0 1 HMa BPBX U C HO-K'bC BT 110 vo. Cres Karo v He
€ HavaJieH, TO# CTaBa TEKyTI, 3aI0TO € BPbX Ha omamkara. Toil e qobaseH KbM
ollalKaTa, KoraTo TeKyl BpbX e 6us Hsakoii Heros cbeen t. Taka d(t) > d(v)—1.

BbpxbT 4 CHINO HE € HavaJleH, 3aII0TO BCE OIIE, KOTATO ¥ CTaBa TEKYIIN, TOMH
He e Ouir Texky. Taka BCeKM MUHUMAJIEH BT OT Ug J0 U MMa JIbjKuHA Kk > 1.
Jla B3eMeM eUH TaK'bB IIbT Vg, U] - - - Ug—1, U = U. Jla pasriesaMe BbpXa Ug_1-
3a mero umame d(ug—1) = d(u) — 1 < d(v) — 1 < d(t). Cbraacuo usbopa Ha v
KATO MPbB, KOUTO HAPYIIABA YCIOBUETO, Uk_1 TPAOBA Ja € OWJI TeKyI Ipean
t. Ho cbriiacHo anropuTbMma u e BI€3HE B ONAIKATA, HAH-KBCHO MO BPeMe Ha
CTBIIKATE, KOTATO Ug_1 € TEKYII[ U CJIeI0BaTeaHo, npean v. [llom u e mpen v B
OTAIIKATA, ChIVIACHO AJITOPUTHMA, TOH I € TEKYI IPEIU V- KOETO TPOTUBOPEYN
HA, JIOIYCKAHETO.

Ha pasrmegaMe mbT vg, vy . ..U = U OT HAYATHHAT BPBX 0 BPbX U B TOK-
puBauioro abpso D. la nonycuem, e d(v;) = i 3a i < k, HO UMa HO-K'bC II'bT
or vg 10 v. Ornoso d(v) > 1, 3amoro ako d(v) = 0, T0 v = vp, & HAN-K'bC BT
oT vg 10 vg B D e TpumamauaT bt ¢ abakuna 0. Heka Hail-kbe nbT vy 10 v
€ Vg, Uty .- Uy =0, m < k. Taka d(vg—1) =k —1>m —1=d(uyu—_1). Creno-
BATEJHO Uy, 1 CTABA TEKYI MPEIH Vj_1. HO TOraBa alrOpUTHMBT IIe OOSBH U
3a 00XOJlIEH, KOraTo U,,—1 € TeKylll, U HaMa Ja nobaBu pebporo {v, vg_1} KbM
MNOKPHUBAIIOTO JbPBO, KOTATO HA MO-K'bCEH ETAIl Uk _1 € TEKYII, KOETO € MPOTHU-
BOpeYne ¢ JOMyCKAHEeTO. O

6.3.2 MwuHUMaJMHO MOKPUBAMIO IbPBO
Heka e nanen cebpsan rpad G = (V, E). Heka ¢ : F — N e dynkuus, Kosato
3a/aBa NEeHa Ha BCAKO pedpo.

Onpenenenne 6.24. MunuMma/iHO HOKPUBALIO JAbpBO Ha G Hapudame JbpPBO
D = (V, Ey) rakoBa, [e 3a BCSAKO APYro MOKpuBamio abpeo Ha G, D' = (V, E’)
€ B CHJIa CJIEJTHOTO HEPABEHCTBO:

Z cle) < Z c(e)

e€Ey ecE’



ITe nokarkem egHO TBBP/EHHE, KOETO III€ HU IO3BOJIH Ja HAMEPUM AJTOPUT-
MU 33 HAMUpaHe Ha MUHUMAJIHO MOKPWBAIIO IbPBO HA CBbp3aH rpad.

Tebpaenne 6.25. Heka U C V u neka e = {u,v} € E e pebpo Takosa, 1e
uw €U, v eV \U nnsmexkay Bcnukn pedpa € = {u/,v'} cu' e Un v € V\U,
pebporo e e ¢ Haji-HucKa 1eHa, T.e. c(e) < c(e’). Torapa G MMa MUHHMAJHO
HNOKPHUBAIIO JIbPBO, B KOETO Y4aCTBa €.

Joxazameacmeo. Heka D(V, Ey) e MuHMUMAJIHO OKpUBAIIO JbpBo. Ja momyc-
HeM, 4e e e ydactBa B Fy. ToraBa B D uMa I'bT OT U 710 U, U = U, U] . . . , Uk = V.
B r03u bt yuacTsa none exno pe6po e’ = {u;, u;11} Takosa, 9e u; € U mu;qq €
V' \ U. Taka B rpada D' = (V, Ey U {e}) nma mukba v, u = ug,uy ..., ux = 0.
Cornacuo Teuvpaenne 6.19 rpabor D7 = (V,(Ep U {e}) \ {¢'}) e cBbp3an u
uma mokpusaio xbpeo (V) Ey), kbaero e € By C (EgU{e}) \ {¢'}. ITo ycaoue
c(e) < c(€'), cnenoBarenno:

Z cle) < Z cle) < Z c(e).

eckE; ec(EoU{e})\{e'} e€Ey

O
ToBa cBOICTBO HU 1aBa Bb3MOXKHOCT JIa IPUJIATaMe TaKa HAPEICHUTE AJTIHA
AJITOPUTMU 33 HAMHUPAHE HA MUHMMAJIHO TOKPHUBAIIO TbPBO.
OTHOBO 11 pasriemgame npuMepes rpad, BbpXy KOWTO Ja WIOCTPUPAME aJl-
TOPUTMUTE.

Asaropurbm Ha IIpum

Heka G = (V, E) e cebp3an rpad u Heka ¢ : E — N e dyHKIms, KoATO 3371aBa
IeHa HA BCAKO peOpo. AnropuThmbT Ha [IpuM mOCTpOsSBa MEHMMAJIHO TOKPABA-
o kopeHoso abpBo M ST = (V) Ey) na G ¢ KopeH, OTHAIPE, 33/JaJ1eH HadasleH
BpbX vg € V. ITo BpeMe Ha M3I'bJIHEHUE Ha aJropuTbMa V' e ¢bIbpKa BCHIKU
obxomenn mocera Bhpxose. Ky C E me ¢habpxa pebparta, KOUTO 0 MOMEHTa,
CMe BKJIIOYHJIA B JHPBOTO.

B maganoro MST = (V' = {w}, E' = 0).

Hoxamo V' # V: namupame pebpo e = {u,v} € E, maxosa we u € V',
v € VAV’ u usmescdy ecuuru maxuea pebpa, € € ¢ MUHUMAARG UeHa, M.e. 3G
scaro pebpo e = {u',v'} € E maxosa, we v € V' u v’ € V\V' umanme, e
cle) < c(e). Jdobasame xem ', E' .= E' U{e} u dobasame v xem V', V' =
VU {v}.
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AsropurbMbT 3aBbBpHIBA, 3amOTO Ha Begka crbmnka |V O\ V| mamanssa c
exnuaniu. Coriaacuo Tebpaenne 6.25, M PD e MUHUMAJIHO TIOKPUBAIIO IHPBO.

CTbIKuTE, OT TO3W AJITOPUTHM, MPUIOKEH K'bM IMPUMEpPHHS rpad ¢ HAYAICH
BPbX G Ca CJIETHUTE:

L V' ={a}, E'=0.
2. V' = {a,d}, E' = {{a,d}}.

3. V' ={a,de}, B' = {{a,d} ,{d,e}}.

4. V' ={a,d,e,b}, E' = {{a,d},{d, e}, {a,b}}.

5. V' ={a,d,e,b,c}, B' = {{a,d} ,{d,e} ,{a,b} , {b,c}}.

V' ={a,d.ebc, f}, E' = {{a,d},{d,e},{a, b}, {b,c} {b, f}}.

V'={a.d,ebc frg}, B = {{a,d},{d, e}, {a, b}, {b,c}, {b, [}, {d, g}}.

V'=A{a,d,ebc frg,h}, B = {{a,d} , {d, e}, {a, b}, {b,c}, {b, [}, {d, g}, {e, I }}.
V'={a,d,ebc frg,hyi}, B = {{a,d} , {d, e}, {a, b}, {b, ¢}, {b, [}, {d, g}, {e, h} . {f, i} }.

JbpBOTO, KOETO Ce MOIydaBa, e:
-0 0
2
1
Q@ O

. b

Anropurbm ma Kpyckan

© % No

Bropusr anropurbMm 3a mocTposiBaHe HA MUHHMAJIHO HOKPHUBAIIO IbPBO € HA
Kpyckan. Tyk mve e 3amaaen orHanpe  KOpEeH HA TbPBOTO.

Heka ornoBo G = (V, E) e cebp3an rpad n Heka ¢ : E — N e bynkuus,
KOSTO 3a/1aBa IieHa Ha BCSKO pebpo. Heka Gpost Ha pebpara e |E| = n. Anropu-
mbMbT Ha Kpyckas mocrposia MunuMainno nokpusaino abpso M ST = (V, Ep)
na G.

1. Copmupame pebpama 656 663x00au4 ped na marnama yena: E = {e1,...en},
maka, we c(e1) < c(ez) < ...c(en). e usnonssame Gposay i, xKotmo 6 Ha-
yaromo e i = 1.

2. 3a ecexu om esproseme v € V cmpoum mpusuaino dspeo ¢ Kopew v:
D, = ({v},0). Hexa D ={D, | ve V}.
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3. Joxamo uma D csdsporca noseue om edno dspso: Paszaescdame pebpomo
ei = {u;,v;}. Axo u; u v; ca 6 dee pasauwnu depsema D, = (Vy,, Ey,) u
D,, = V., Ey,), usmpusame mesu dee dspeema om D u dobasame 1060
dop6o Dy, v, = Vi, UV, By, UE,, U{e;}). Taka D := (D\{D,,, D,,})U
{Du; v }. Ipu sucuxu cayuou ysesunasame i ¢ edurnuya: i =1+ 1.

Coprupann pebpara OT IPUMEPHHS Tpad MU3MTIEKIAT TaKa:

{{a, d} {b, e}, {d, e}, {a, b}, {b, f},{d; g}, {b, e}
{e;h}, {f,i} {d,n} {e, f},{e, i}, {d, b}, {h,i}}

CrbukuTe, OT TO3W AJITOPUTHM, TPUIOKEH KbM MpUMEpHUS rpad ca ciaem-
HUTE.

i=06,D={({a,d,e;b,¢c, f},{{a,d} . {d, e} , {b,c},{a, b}, {b, f}}), ({9}, 0), {n}, 0), ({i}, D)}
i=7.D={({a,d,e;b,c, f, g}, {{a,d},{d, e} , {b,c},{a, b}, {b, f} ,{d, g}}), ({n}, 0), ({i}, D)}
i=8D={({adebc [ g}, {{a,d},{d e} {bc} {a,b} ,{b, f},{d g}}), ({h},0), ({7}, 0)}
i=9,D={({adebc [ g,h},{{a,d},{d e} {bc} {a,b},{b, f},{d g}, {e,h}}), ({i},0)}
10. i =10,D = {({a,d, e, b,¢, f,9,h,i} , {{a,d} . {d, e}, {b,c} ,{a, b} . {b, f} . {d, g} . {e; } . {f, i} })}

I bpPBOTO, KOETO Ce MOTydaBa, € ChIOTO:

Loi=1D ={({a},0), ({b},0),({c},0), ({d}.0), ({e},0), ({f},0), ({g},0), ({n}., 0), ({i},0)}
2.i=2,D={({a,d},{{a,d}}), ({b},0), ({c}, D), ({e},0), ({/}.0), ({g} . 0), ({h},0), ({i},0)}
3. 1=3,D={({a,d},{{a,d}}), ({b, ¢}, {{b,c}}), ({e} . 0), ({/}.0), ({g} . 0), ({n}, 0), ({} . 0)}
4. i=4,D ={({a,d,e},{{a,d} ,{d, e}}), ({b, ¢}, {{b,c}}), ({F}.0), ({g} . 0), ({h}, 0), ({i}, 0)}
5.1=5D={({a,d,e,b,c},{{a,d},{d, e}, {b,c},{a,b}}), ({F},0), ({g}.0), ({h}, 0), ({i} . 0)}

(

(

(

© % N

2

/:

w
w

‘ -



6.4 MuwunumaJjien mbT. Agropurtsbm Ha J/luiikcTpa

Heka G = (V,E) e rpad u meka ¢ : E — N e dynknus, KoaTo 3a1aBa neHa Ha
BCAKO pebpo. 3amadara, KOSATO e pasriegamMe B TO3W Pa3Jes € Ja Ce HAMepu
ObT ¢ MEHUMAJIHA TIEHA OT JI3JeH HadajeH BPbX vg € V, 10 BCHYKH OCTAHAIN
BbPXOBE.

Ha pasriename ciegHUAT IpUMEPEH rpad:

—— @

Axko neHoBara (DyHKIHs € KOHCTAHTATA €THO, TO 33aJa9aTa 32 MUHUMAJEH
bT B rpad Or AajeH BPbX JI0 OCTAHAJIUTE BbPXOBE Ce CBEXKJA JI0 33/9aTa 34
Hal-KbC TbT B rpad OT JAJIEH BPHX JI0 OCTAHAJINTE BhpXoBe. Taszu 3amada, Hue
BeUe BHUISIXME KaK MOYKEM 1 PEIuM - CTPOUM MOKPUBAIIO IbPBO 00XOXKIaHe B
IMIUPOYMHA, C HAYAJIEH BP'bX - JaJeHusAT. AKO 1eHoBaTa (PYHKIMS He € KOHCTaHTa,
OTHOBO OMXMe MOTJIH Jla CBEJEM 33Jadara JI0 HAMHUPaHe Ha HAW-KbC I'bT, KbM
rpad KOiTo nosrydaBame OT JA/IeHUs 10 CIAeIHIS HAYNH: 33 BCIKO pebpo e € F ¢
c(e) = k nobapsiMe HOBYM BHPXOBE U1, Vs . . . Up—1 ¥ 3aMeHsimae pebpoto e = {u, v}
c pebpara {u,v1},{vi,v2},... {vg—1, vk}

Taka B npnmepHus rpad, me 3ameHuM pe6poto {a, b} ¢ nena 4 c:

To3u moax0/1 € U3KIIYNTEHO HENKOHOMIYeH. [{uiiKcTpa € mpeiyIoxK I e -
HUs [0-700bP aJIropuThbM 3a HAMHUPAHE HA MUHAMAJEH IbT. B Hero Bmecro
OTIAITKA, KAKBATO M3MOJI3BAXME MpU OOXOXKIaHe B ITUPOWYUNHA, 1€ M3TOI3BAME
Taka HapedeHeTa MPUOPUTETHA omnarmka. IIpuopurerna omarmka e CTpyKTypa OT
JaHHU, B KOATO JOMBbIHATEIHO C BCEKH €JIEMEHT CMe CBbp3ajn Kiaod. KiaouabT
€ HJIKAKBa YUCJI0BA CTOMHOCT, KOSATO 33/1aBa MPUOPUTET Ha Bceku ememeHT. Har-
puMep Hue Ie U3I0J3BaMe MPUOPUTETHA OIAIIKA OT BbpxoseTe Ha rpada, a 3a
KJ/IIOY Ha BPDbX lle U3I0oJ3BaMe TeKYIaTra HU allPOKCUMAlUd Ha HAW-K'bC II'bT
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or BbpXa J0 HavasHusd BpbX. Bpbx Ha upuopurerHara onatika (top(PQ)), we
€ eJIeMEHT ¢ MUHWMAJIHA CTOWHOCT Ha Kjo4a. Koraro u3rpuBaMe eeMeHT OT
MPUOPUTETHA, OTAINKA, BUHATH W3TPUBAME BbhpXa Ha OMAITKaTa.

Hexka vy e magagnusar BpbX. JlobaBsame Bcruku Bbpxose v € V B rpada G
K'bM IIpHOpUTETHA omalika P, KaTo 3a K04 me usnoissame d(v), anpokcu-
MAIUATA HU 33 [EHATA HA MUHAMAJIHHUAT I'bT OT Vg 10 v. Hauamau croiiHocTn 3a
to3m ko4 ca d(vg) = 0 u d(v) = 00, 3a v # vg. Tekym| BpbX e € ¢, B HATaI0TO
t me e mepunnpan. QO6xomeHUTE BHPXOBE Ie chompame B cnuchk S. Ille nmame
W amnpOKCAMAIUSA 34 MPEIIIECTBeHNKA Ha BPbX U 10 MUHUMAJHHUS II'bT, KOSATO
e nasum B s(v). B mauanoro s(vg) = vg, & 3a BceKu Ipyr BpbX v, $(v) He €
nedurmpan. Taka HaKpas Ie MOXKEM /8 Bb3CTAHOBUM MHHUMAJHHS II'bT OT Vg
10 v, TOBA ILIE € Vo, V1, ...V, = U, KbJero v; = s(vj+1) 3ai=0...k — 1.

Jloxamo uma neobxroden 6psr:

Hexa t = top(PQ), PQ = pop(PQ). Obasasame t 3a 06xoden u 2o dobasame
kem S. 3a ecexu coced u na mexywusa 6psx t, nposepasame dasu d(u) > d(t) +
c({u,t}) u axo e maxa, npomename cmotinocmma na Karoua d(u) = d(t) +
c({u,t}) u na npedwecmsenuxa s(u) = t.

CrbnkuTe OT TO3U aArOPUTHM, TPUJIOKEH K'bM IIPUMEPHHUA Irpad ¢ HadaaeH
BDPbX @, C& CJIETHUTE:
=0,t=0, PQ = (a,b,c,d,e)
=0, d(b) = o0, d(¢) = o0, d(d
a 0

a) =
. 8(b) =0, s(c) =0, s(d) =0, s(e) = 0.

A/-\
B
=

|

2. S=(a),t=a, PQ = (b,c,d,e)
d(a) =0, d(b) =4, d(c) = 2, d(d) = o0, d(e) = o0
s(a) =a, s(b) =a, s(c) =a, s(d) =0, s(e) =0

3. S=(a,¢),t=¢, PQ = (b,d,e)
d(a) =0, d(b) =3,d(c) =2,d(d) =6,d(e) =7
s(a) = a, s(b) =a, s(c) =a, s(d) =c, s(e) =c.
4. S =(a,c,b), t =0, PQ = (d,e)
d(a) =0, d(b) =3,d(c)=2,d(d) =5, d(e) =6
s(a) =a, s(b) =a, s(c) = a, s(d) =0, s(e) =b.
5. S =(a,¢,b,d), t =d, PQ = (d)
d(a) =0, d(b) =3,d(c) =2,d(d) =5, d(e) =6
s(a) =a, s(b) =a, s(c) =a, s(d) =0, s(e) =b
6.5:(a,c,b,d,e),t:e, Q:()
d(a) =0,d(b) =3,d(c) =2,d(d) =5, d(e) =6
s(a) = a, s(b) =a, s(c) =a, s(d) =b, s(e) =b.

Teopema 6.26. Asropurbmbr Ha JuiKcrpa HaMUpa MUHUMAJIHHMAT I'bT OT
Ha4YaJHUusd BPbX 0 IPOU3BOJIEH IPYT BPbX B rpada.

Aoxasameacmso. Heka ¢ §(v) o3Ha4uM HEHATA HA MUHHMAJIHUS LT OT Uy JO
v. [Ile moKaxkeM, Te KOraTo aJropuTbMbT 3aBbpii d(v) = §(v), 32 BCEKH BPBHX
velV.

ITbpBo, Heka orbesiexkeM, Ye B HAYAJIOTO Ha BCeKU UKL, d(v) > §(v) 3a
Beekn BpbX v € V. Hancruna, B Ha4alnoTo Ha I'bPBUS LUKbJI, TBBLPAEHUETO €
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BApHO, 3amo1o d(vg) = 0 = §(vg) u d(v) = 0o > §(v) 3a Bceku JIpyr BPbX .
AKO TBBDAEHMETO € BAPHO 33 BCUYKM BHPXOBE B HAYATIOTO HA JATCH IUKHI 1
M0 BpeMe Ha [MK'bJa 3aMeHnM croitHocTTa Ha d(v) ¢ d(t) 4+ c({t,v}), TO MOHEKE
§(t) < d(t) or MEAYKIMOHHOTO NpeanonoxKenue u moHexe 6(v) < 6(t) +c({t,v}),
umame 4de HoBaTa croiinocT Ha d(v) usnbiaHgBa yciaosuero d(v) > §(v).

Heka S = (vo,v1,...v,) pe3ynrarbr Or U3I'bjiHEHUETO HA ajuropurbma. C
MHAYKUIMS 110 § Ie JOKAZKEM, 9€ KOraTo v; CTaBa TeKYIl Ha CT'bLKA ¢, CTOfHOCTTA
d(v;) e pasHa Ha §(v;). TebpaeHnero e B cusia 3a ¢ = 0, 3aI0TO Uy € HAYATHUSAT
BpbX 1 d(vg) = §(vp) = 0 Ha crbrka 0.

Heka TBBPAEHUETO € B CHIA 33 BCHYKU BBPXOBE U, ...,V;i—1 W HA CTHIKA
i BbPXBT v; craBa Tekyul. [a momycuem, ue 0(v;) < d(v;). Heka pasrsiemame
MUHMMAJIHUS BT OT Uy 0 U;. AKO LPENOC/IeHUs BPbX 110 TO3U IbT € Vj, 3a
j <'i, TO Ha CTHIIKA j, KOTATO v; CTaBa TEKYII, UMaMe CJICIHOTO:

1. cbIVIACHO MHIYKIUOHHOTO Hpemosoxenue: d(v;) = 0(v;);
2. d(v;) = 6(v;);
3. 0(vi) = 0(vj) + c({vj,vi}).

Torasa Ha CTBIKA j, AITOPUTHMBT 61 mpomenust d(v;) Ha §(v;) u Tbit KaTo d(v;)
MOZKEe CaMo Jla HaMaJIsiBa, HiMa KaK Ha CTbIKa ¢ na nmame §(v;) < d(v;).

Taka B MUHEMAJIHUS BT OT Ug JI0 U; KMA BPbX U, KOAATO HA CT'BIIKA { BCE OLLe
He e [OCeTeH U CJIeJ0BATENHO e B onamkara. Heka pasriesaMe mbpBUAT TaKbB
BPbX U 110 I'bTsl ¥ HEKa IPEJXOAHUHA € v;, Kbjero j < i. ToraBa xakro npeau
MOZKEM /13 TIOKAYKeM, U€ Ha CT'BIKA j AJITOPUTHMBT IIIe MIPOMEHH CTONHOCTTA HA
d(u) n e nmame

d(u) < 6(vj) + c({vy, u}) < d(v;) < d(v;).

Ha crbnka ¢ anropurbMmbT 6 m36pas u BMecTo v; 3a TekyIl. Taka JoCTUTHAXMe
IO IIPOTUBOPEYNE, CJIEJOBATEJIHO J0IyCKaHero Hu e rpewno u §(v;) = d(v;) na
CTBIKA . O

6.5 3agaum 3a ynpa>kKHeHUe

Bagaua 1. [azen e cienuusr rpad: G = (V, E), kbuero V = {1,2,3,4,5,6,7, 8},
E={{1,2},{1,5},{1,6},{2,5},{3,6},{3,7},{3,8},{4,7},{4,8}} . Hamepe-

Te:
1. I'pacduuno npeacrassue vHa G.
2. Tabsmmuno upexcrassute na G.
3. Cmucbk Ha cbeencTso 3a G
4. Kaksa e crementa Ha Bbpxosere 1,3, 6.
5. Kaksa e crenenra na G
6. Cebp3an qau e G.

7. Hamepere 1pu paznuunu ubrs or 1 10 8.

99



8. Hamepere nukbi npe3 1 ¢ gbikuna 3.

9. Oitnepos nu e To3u rpad?

Bagaua 2. Heka G = (V, E) e rpad ¢ n Bbpxa.

1. dokaxere, 4e O6posir Ha Bbpxosere B G ¢ Hederna creuex e veren. (V3-
non3Baiite, ge d(G) = 2|F|)

2. KakBa e makcumajHara cremeH Ha BpbX B (7 KakBa e mMuammannara
crerneH HAa BPpbX B G7

3. Bb3moxkno iu € B G €IHOBPEMEHHO [1a UMa BPbX C MUHUMAJIHA W BPbX C
MaKCHMaJIHa CTETEH.

4. Kaksa e MakcmMmaJjHaTa crerneH Ha rpada G.
5. Jlokaxkere, ge ako n > 2, To B G ©Ma IOHE IBa BbpXa C PaBHA CTEIEH.

6. okaxere, 9e ako |E| > w, to G € cBbp3aH.

3amaua 3. Hamepere Oitnepos mukbia B G, 3ama0eH rapdudaHo:
. O—O0—0 0

3anaua 4. Hamepere XaMUITOHOB UK B YeTupuMmepuus Oyies rpad By.

Bamaua 5. Hexa D = (V, F) e kopenoso mbpeo. lokaxere, ge:
1. |[V|=|E|+1.
2. Ako |V| > 2, 1o B D uMa 10He JBa BbpXa CbC CTENEH 1.
3. Axo B D uma BpbX cbe cremed k, To B D uma nione k Bbpxa ¢bC crenex 1.

3amaua 6. I'padnr G e 331a0€H ¢ TOMOINTA HA CIIUCHK Ha ¢hceacTBo. Hamepere
MOKPUBAIX IbPBO C 00X0XkK1aHe HA rpada B 1ba00YNHA U B NIHPOYNHA.
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