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I. (15 points.) Each question has only one correct answer. Circle the one you think is correct.

1. Which of the following correctly formalizes the negation of the statement “Every student
who practiced for the exam got a good grade”?

(a) Va(S(x) A P(x) = Jy(Gr(z, y) A G(y)))-
(b) 32(S(x) A P(x) AVy(Gr(z, y) = ~G(y))).
(¢) Fx(S(x) A=P(x) A Jy(=Gr(z,y) V =G(y))).

2. Which of the following formulas is not satisfiable?

(a) (=pV @) ApA—q.
(b) (Vv =q)A(qgV —r)A(rV-p).
(pA—q) V(g A=)V (r A=p).

(
3. If A and B are subsets of U then:

(a) Either A or B must be nonempty.
(b) Neither A € B, nor B € A.
(¢) Both A and B are in P(U).

4. Let f: N — N be a bijective function.

(a) fo f isinjective but not necessarily surjective.
(b) f~! is not necessarily defined.

(¢) There is no function g : N — R, such that g o f is a one to one and onto.

5. Let f(z) = 5a® — 7ot + 22 + 8.
(a) fis O(V5).
(b) fis O(z°logz).
(c) fis not O(2%).




I1. (15 points.) True or False? Explain why!

1.

“p is necessary for ¢ to be true” means that p — q.

Answer: False! If p is necessary for ¢ to be true then whenever ¢ is true, p must also
be true. So ¢ — p is the relationship expressed by the statement. p might not be suffi-
cient! For example “I will be buy a new computer if my old computer breaks and I have
enough money”. Both “My old computer broke” and “I have enough money” are necessary
conditions for “I will buy a new computer”, but neither is sufficient.

The set of all words in the English language is countable.
Answer: True! There are finitely many words in the the English language, and finite sets

are countable.

The recurrence relation a,, = 2a,_1 + a,_o — 1 is satisfied by a sequence starting with
-2,1,—1,-2.

Answer: True! If ag = —2, a; = 1, then a3 = 2.a1 +ag—1=2—-2—-1= —1, a4 =
2as+a;—1=-24+1-1=-2.

The formula Vy3z,3z5(y = x225) interpreted in the reals expresses the fact that every real
number can be represented as the product of two different numbers one of which is positive.

Answer: False! Nothing in the formulas implies that =% # x5, also @3 can be 0.

If A is not countable then neither is its powerset P(A).

Answer: True!l There is an injective function f : A — P(A) given by f(x) = {z}. Hence
|P(A)| > |A| > |IN|, and so P(A) is not countable.

ITI. (20 points.) For each of the following formulas determine if it is a validity or not. Verify
your answer.

1.

Vr(P(z) <> Q(z) A R(x)) <» (Vo P(x) <> VzQ(x) AVzR(z)).

Answer: This is not a validity. To see this consider the natural numbers and let P(z) be
true if x = 3k for some k, Q(z) if v = 3k + 1 for some k and R(z) if + = 3k + 2 for
some k. Then Vz(P(z) <» Q(x) A R(z)) is false, as can be seen when one takes z = 3.
On the other hand each of VzP(z), VxQ(z), and VzR(x) is false ( e.g. it is not true that
all natural number are divisible by 3) . This means that (VzP(z) <> VzQ(z) A VzR(zx)) is
true, because it is if the form F' <> F'. The whole statement is now F' <> T" which has value
false and so the statements is not a validity.



2. =(FzP(z) = J2Q(z)) — JxP(x) ANVr-Q(z). Answer: This is a validity. We will use a
sequence of equivalences based on well established rules.

By the rule for implication: p — ¢ = —p V ¢ we see that the statement is equivalent to
—=(3xP(z) = FxQ(z)) V (FxP(x) AVr—-Q(x))

Next we use the rule for double negation to get:

(JzP(z) = JxQ(z)) V (FxP(x) AVz—-Q(x))

We use the implication rule again to get :

—(3xP(z)) V IzQ(x) V (FzP(x) ANVr—-Q(z))

We use the rule for negating quantifies to get:

—(3zP(x)) V -Vz=Q(x) V (FzP(z) A Vz-Q(x))

We use DeMorgans law to get:

—((3xP(z)) ANVz-Q(x)) V (FzP(x) ANVr-Q(z))

Finally we use the rule that says that —p V p =T to conclude that this is a vlidity.

IV. (20 points.) Let f:R — Z be defined as f(x) = |z] *2 — 1.

1. Compute the sets f([2,7]) (here [2,7] is the closed interval of real numbers with endpoints
2 and 7) and f71({2,3,4}).
Answer: f([2,7]) ={3,5,7,9,11,13}. This is because we can break up the interval [2,7] =
2,3)U[3,4)U[4,5)U[5,6)U[6,7)U{7}. For every point = € [n,n+ 1) we have that f(z) =
n*2—1. So when n =2,3,4,5,6,7 we get the corresponding elements 3,5,7,9, 11, 13.
f71({2,3,4}) is the interval [2,3). No element in the range of f is divisible by 2, so 2,4 do
not contribute anything, 3 as we saw above contributes exactly the interval [2,3), because
for all = € [2,3) we have that f(z) = 3.



2. Is f injective, surjective, or bijective? Does f have an inverse? Verify your answer.

Answer: The function f is not injective because for instance it maps 1 and 1.5 (and any
other point in [1,2)) to the same number, namely 1. The function f is not surjective
because, as we already saw, no element in its range is divisible by 2 and so 4, for instance,
is not in the range of f.

f does not have an inverse, because only bijective, i.e. injective and surjective, functions
have inverses and f is neither.

3. Compute f o g where g(x) = [z].
Answer: f o g(x) = fg(@)) = f([a]) =[]} #2— 1 = [] %2 — 1

V. (20 points.) Prove or disprove each of the following

1. AUX\(BUC))=(AU(X\B))N(AU(X\ Q).

Answer: True: For an arbitrary x we have that
re AU(X\(BUCQ))ifandonlyifr € AVaee X\ (BUC)

ifand only if xr € AVe e X Az ¢ (BUC)
ifandonlyifr € AVe e X A=(x € BV e )
ifandonlyifr €e Avee XAe ¢ BAx ¢ C
ifandonlyifr € AV(ze XANzegB) ANz e XANx ¢ C)
ifandonlyif (x€e AV(re XAz g B)AN(zreAVee XNz ¢O)
ifandonly if (zr€e AVa e X\ B)A(z€e AVveze X\ )
if and only if (1 € AUX\B)A(z € AUX\ C)
if and only if x € (AUX \ B)N(AUX \ C).
It follows that the two sets are equal.
2. PAx (BNC))=PAxBNAxC).

Answer: True: We will show first that A x (BNC) = A x BN A X C. It then follows that
the powerset of these two equal sets is the same set. Let © = (u,v) be an arbitrary ordered
pair.

(u,v) e Ax (BNC))ifand only ifue ANve BNC
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if and only if u € AA (veE BAveC)
ifand onlyifue ANve BAue ANveC
if and only if (u,v) € Ax BA (u,v) € AxC
if and only if (u,v) e Ax BNAxC.

It follows that the two sets are equal.

VI. (10 points.) Consider the following matrices:

4 9 5 10 1 01 1 01
A= [2 5 O} B=|1 0 C=1]01 0f D=0 1 0
11 1 1 1 000
1. Compute each of the following terms that are well defined: A.B, B.A, A, C + D.
s 4 -2 5 4 2 2 0 2
Answer: A.B = [5 O]’ BA=1|4 -2 5| Al=|-2 3|,C+D=1{0 2 0].
6 1 5 5 0 1 11

2. Compute each of the following terms that are well defined: C A D, BV C, C'®!, B® D.
Answer: C' N D = D, BV Cis not defined, B ® D is not defined.

1 1 1

cl =101 0|, CcBl =cllecCc =cCP. It follows that for all & > 2 we have that
1 1 1

Cltl = CB. So, in particular CBYU = C2,



