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Preliminaries: Enumeration reducibility

A <7 Biiff x4 is computable with oracle B .
A<rBiff A@Aisc.e. inB.
A <7 Biffthere is a c.e. set W such that

x € A@ Aif and only if there are finite sets Dg and D5 such that
(x,Dp @ Dg) € W and Dg @ D5 C B& B.

Definition

A <¢ Bif and only if there is a c.e. set W, such that
A= W(B)={x|3u((x,uy e WA D, C B)}.

Note that A<t Bifandonlyif A A<, B® B.
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The structure of the enumeration degrees

0 A=, Bif A<, Band B <, A

@ do(A)={B|A=¢ B}.

@ do(A) < dg(B) iff A< B.

@ 0. =do(0)={W| Wisc.e. }.

@ do(A) V de(B) = de(A @ B).

@ Do = (De, <, V,0.) is an upper semi-lattice with least element.
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The total degrees

Proposition

The embedding . : D1 — De, defined by 1(d7(A)) = de(A D A),
preserves the order and the least upper bound.
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The total degrees

Proposition

The embedding . : D1 — De, defined by 1(d7(A)) = de(A D A),
preserves the order and the least upper bound.

The substructure of the total e-degrees is defined as TOT = «(Dr).

(DT7 S? Vv, OT) = (TOT7 S: Vv, oe) C (De, Sv V, oe)

12/09/2012 4/19
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The enumeration jump

@ Let Ky = {x | x € Wx(A)}.
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The enumeration jump

@ Let Ky = {x | x € Wi(A)}. Note that Ky =¢ A.
@ The jump of Ais A’ = Kz @ Ks. Then de(A) = do(A).
@ The embedding ¢ preserves the jump operation.

(DT7 Su \/7 0T7/) = (7—07—7 S7 \/7 097,) g (Dey S? \/7 067/)
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Semi-recursive sets

Definition (Jockusch)

A set of natural numbers A is semi-recursive if there is a total
computable selector function su, such that sa(x, y) € {x,y} and if

{X,y} N A0 then sa(x,y) € A
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Semi-recursive sets

Definition (Jockusch)

A set of natural numbers A is semi-recursive if there is a total
computable selector function su, such that sa(x, y) € {x,y} and if

{X,y} N A0 then sa(x,y) € A

@ Let A be a set of natural numbers. Let Ly = {0 € 2< | 0 < xa}.
@ L, is a semi-recursive set:

S ,(o,7) = g, OST;
LAZ P71 7, otherwise.
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The enumeration degrees of semi-recursive sets

Denote by Ry the set L.
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The enumeration degrees of semi-recursive sets

Denote by Ry the set L.For every set of natural numbers A the
following holds.

Q LD Ri=c AT A;

Q L, < A; (Mainly because if {x | o(x) =1} C Atheno < A))
Q Rs<e A

© Ais semi-recursive if and only if A <y Lj.
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The enumeration degrees of semi-recursive sets

Denote by Ry the set L,.For every set of natural numbers A the
following holds.

Q La® Ry EGA@Z;

Q L, <e A; (Mainly because if {x | o(x) =1} C Atheno < A))
Q R <A

© Ais semi-recursive if and only if A <y La.

Theorem (Jockusch)

A nonzero enumeration degree de(T) is total if and only if there is a
semi-recursive set A, which is not c.e. and not co-c.e. such that:

de(A) v de(z) = de( T)-
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Semi-recursive sets as effective minimal pairs

Theorem (Arslanov, Cooper, Kalimullin)
If A is a semi-recursive set then for every X:

(de(X) \ de(A)) N (de(X) \ de(z)) = de(X)-
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Semi-recursive sets as effective minimal pairs
Theorem (Arslanov, Cooper, Kalimullin)
If A is a semi-recursive set then for every X:

(de(X) \ de(A)) N (de(X) \ de(z)) = de(X)-
Proof: Suppose that (X @& A) = A(X @ A) = Y.
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Theorem (Arslanov, Cooper, Kalimullin)
If A is a semi-recursive set then for every X:
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Theorem (Arslanov, Cooper, Kalimullin)
If A is a semi-recursive set then for every X:

(de(X) \ de(A)) N (de(X) \ de(z)) = de(X)-

Proof: Suppose that (X @& A) = A(X @ A) = Y.
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If A is a semi-recursive set then for every X:
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Semi-recursive sets as effective minimal pairs

Theorem (Arslanov, Cooper, Kalimullin)
If A is a semi-recursive set then for every X:

(de(X) \ de(A)) N (de(X) \ de(z)) = de(X)-

Proof: Suppose that (X @ A) = A(X @ A) = Y.
Suppose (y,F1 @ Dy)isinT and (y, F> ® D») isin A.
Check:

e F{UuFR CX.
o ltis the case that both D; ¢ Aand D, ¢ A.

@ Equivalently there is no pair (a, a) € Dy x D, such that
sa(a, a) = a.
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A generalization of semi-recursive sets

Definition (Kalimullin)

A pair of sets {A, B} is a K-pair if there is a c.e. set W, such that
AxBCWandAxBCW.
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A pair of sets {A, B} is a K-pair if there is a c.e. set W, such that
AxBC WandAxBC W.

@ Trivial K-pairs: For every A and c.e. set U, {A, U} is a K-pair,
witnessed by N x U.

@ For every semi-recursive set A, {A, A} is a K-pair witnessed by
{<X7y7 >| SA(Xay) = X}'
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A generalization of semi-recursive sets

Definition (Kalimullin)

A pair of sets {A, B} is a K-pair if there is a c.e. set W, such that
AxBC WandAxBC W.

@ Trivial K-pairs: For every A and c.e. set U, {A, U} is a K-pair,
witnessed by N x U.

@ For every semi-recursive set A, {A, A} is a K-pair witnessed by
{<X7y7 >| SA(va) = X}'

e If {A, B} is a nontrivial K-pairthen A<, Band A<, B& (.
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Definability of X-pairs

Theorem (Kalimullin)

{A, B} is a K-pair if and only if the degrees a = ds(A), b = dg(B) have
the following property:

K(a,b) = (vx € De)((aV x) A (b V X) =X).
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Definability of X-pairs

Theorem (Kalimullin)

{A, B} is a K-pair if and only if the degrees a = ds(A), b = dg(B) have
the following property:

K(a,b) = (vx € De)((aV x) A (b V X) =X).

e If £(a,b) and ¢ < b then K(a,c).
e If £(a,b) and K(a, c) then K(a,b Vv ¢).
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Definability of X-pairs

Theorem (Kalimullin)

{A, B} is a K-pair if and only if the degrees a = ds(A), b = dg(B) have
the following property:

K(a,b) = (vx € De)((aV x) A (b V X) =X).

e If £(a,b) and ¢ < b then K(a,c).
e If £(a,b) and K(a, c) then K(a,b Vv ¢).
e If £(a,b) and a,b > 0, then a, b are quasiminimal.
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Definability of the enumeration jump

Theorem (Kalimullin)
The enumeration jump is first order definable in De. J

@ 0, is the largest e-degree such that there are e-degrees a, b, c,
such thataVv b Ve =0}, and K(a,b), (b, c), K(a,c).

@ C-pairs can be relativized.
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An alternative definition of the enumeration jump

Theorem (Ganchey, S)

For every nonzero enumeration degree u € D, U’ is the largest among

all least upper bounds a Vv b of nontrivial K-pairs {a,b}, such that
a<u.
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For every nonzero enumeration degree u € Dg, U’ is the largest among

all least upper bounds a Vv b of nontrivial K-pairs {a,b}, such that
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Proof.
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@ Consider the KC-pair {Lx,, Rk, }: then Ly, <e¢ Ky =e U and
LKU D RKU = Ku® Ky = U'.

Mariya |. Soskova ( Sofia University Visting s

Definability in the e-degrees 12/09/2012 12/19



An alternative definition of the enumeration jump

Theorem (Ganchey, S)

For every nonzero enumeration degree u € Dg, U’ is the largest among

all least upper bounds a Vv b of nontrivial K-pairs {a,b}, such that
a<u.

Proof.

@ If (A, B)and A<o Uthen B<, A<, A, S0 AD B <, A <o U.

@ Consider the KC-pair {Lx,, Rk, }: then Ly, <e¢ Ky =e U and
LKU D RKU = Ku® Ky = U'.

What if {Lk,, Rk, } is a trivial K-pair, i.e. U is low (U' = (')?
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Definability in the local structure of the enumeration
degrees

Initial motivation: Prove that the theory of first order arithmetic is
interpretable in Dg(< 05).
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Definability in the local structure of the enumeration
degrees

Initial motivation: Prove that the theory of first order arithmetic is
interpretable in Dg(< 05).
Theorem (Slaman and Woodin)

A uniformly low antichain can be coded by parameters in De(< 07). J

@ Non-trivial £3 K-pairs are low.

© A K-system is a sequence of {a,};c; of e-degrees such that if i # j
then K(a;, a)).
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Initial motivation: Prove that the theory of first order arithmetic is
interpretable in Dg(< 05).
Theorem (Slaman and Woodin)

A uniformly low antichain can be coded by parameters in De(< 07). J

@ Non-trivial £3 K-pairs are low.

© A K-system is a sequence of {a,};c; of e-degrees such that if i # j
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Definability in the local structure of the enumeration
degrees

Initial motivation: Prove that the theory of first order arithmetic is
interpretable in Dg(< 05).

A uniformly low antichain can be coded by parameters in De(< 0

Theorem (Slaman and Woodin)
-

@ Non-trivial £3 K-pairs are low.

© A K-system is a sequence of {a,};c; of e-degrees such that if i # j
then IC(a,-, aj).

© K systems are antichains.
@ Every nonzero A e-degree bounds a countable K-system.
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An obstacle

K(a,b) = (vx)((aVv x) A (bVXx)=Xx)
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An obstacle

K(a,b) = (vx)((aVv x) A (bVXx)=Xx)
Is it enough to require that this formula is satisfied by all £9 e-degrees?

Mariya I. Soskova ( Sofia University Visting s: Definability in the e-degrees 12/09/2012 14/19



An obstacle

K(a,b) = (vx)((aVv x) A (bVXx)=Xx)
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Theorem (Ganchey, S)

There is a first order formula LIC(x, y), which defines the K-pairs in
De(< 03).
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An obstacle

K(a,b) = (vx)((aVv x) A (bVXx)=Xx)
Is it enough to require that this formula is satisfied by all £9 e-degrees?

Theorem (Ganchey, S)

There is a first order formula LIC(x, y), which defines the K-pairs in
De(<£0).

@ For every AJ degree u there is a nontrivial K-pair {a, b}, such that
a<uandaVb =0,. (This finishes the proof of the definability of
the enumeration jump.)
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An obstacle

K(a,b) = (vx)((aVv x) A (bVXx)=Xx)
Is it enough to require that this formula is satisfied by all £9 e-degrees?

Theorem (Ganchey, S)

There is a first order formula LIC(x, y), which defines the K-pairs in
De(<£0).

@ For every AJ degree u there is a nontrivial K-pair {a, b}, such that
a<uandaVb =0,. (This finishes the proof of the definability of
the enumeration jump.)

@ An additional structural property similar to an e-degree version of
Harrington’s non-splitting theorem.
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Consequences

Theorem (Ganchey, S)
Th(De(< 0L,)) =1 Th(N). J
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Consequences

Theorem (Ganchey, S)
Th(De(< 05)) =1 Th(N).

Theorem (Ganchey, S)

An enumeration degree a < 0, is downwards properly Zg if and only if
it bounds no K-pair.

An enumeration degree a < 0, is upwards properly X3 if and only if no
zg e-degree above it is the least upper bound of a nontrivial KC-pair.

Theorem (Ganchey, S)

An enumeration degree a is low if and only if every degree b <. a
bounds a K-pair.
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A more surprising consequence

@ Recall that an enumeration degree is total if an only if it is the least
upper bound of dg(A) & de(A) for some semi-recursive set
Ag¢ouny.
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Theorem (Ganchey, S)
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A more surprising consequence

@ Recall that an enumeration degree is total if an only if it is the least

upper bound of dg(A) & de(A) for some semi-recursive set
Agxound.

e If {A, B} is a nontrivial K-pair then B <, A.
@ The K-pair {A, A} is maximal.
Theorem (Ganchey, S)

For every ¥3 K-pair { B, C} there is a semi-recursive set A, such that
B<cAandC <. A.

The class of total degrees is first order definable in De(< 07).
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Open question

We know that:
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Open question

We know that:
@ TOT NDe(> 0}) is first order definable.
@ TOT NDe(<L 0}) is first order definable.

Question
Is TOT first order definable in Dg? J

Every enumeration degree is the greatest lower bound of two total
degrees. The total degrees are an automorphism base for De.

A positive answer would connect the problems of the existence of a
non-trivial automorphism in both structures.
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One step further in the dream world
Theorem

For every nonzero enumeration degree u € Deg, U’ is the largest among

all least upper bounds a Vv b of nontrivial K-pairs {a,b}, such that
a<u
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One step further in the dream world

Theorem

For every nonzero enumeration degree u € D, U’ is the largest among
all least upper bounds a Vv b of nontrivial K-pairs {a,b}, such that
a<u.

@ Say that the Turing degree x is c.e. in u if there are sets X € x and
U € u, such that X is c.e. in U.

@ If x and u # 0, are Turing degrees and x is c.e. in u then «(x) can
be represented as a \V b for a maximal K-pair {a, b}, such that
a<u

@ Suppose that every K-pair can be extended to a K-pair of a
semi-recursive set and its complement.

@ Then TOT would be definable in De.

@ The relation x is c.e. in u would also be definable for total nozero
degrees.

@ Then for total nonzero u, our definition of the jump would read u’
is the largest total degree, which is c.e. in u.
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The end

Thank you!
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