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Definition
A set A has the uniform escape property (UEP) if there is
a partial computable function h(e, x) such that whenever
$4 is total, then h(e, x) is total and escapes domination
from ¢4, i.e:

(3x)[¢a(x) < h(e, x)].

Theorem
A is low if and only if A has UEP.
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Definition
Tot = {e|¢pe is total }.

» Totis MNo:
Tot(e) < (Vx)(3s)[¢e,s(x) L]

» Tot is N - complete.
Let A be a I>- set with I> index e, then from the
(SQNF):

A(x) & Wyex) =w = g(e, x) € Tot.
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Definition
Fin = {e|dom(¢e) is finite }.
» Finis Xo:
Fin(e) < (3x)(Vy > x)(Vs)[de,s(¥) 1]

» Finis X2 - complete. B
Let Abe a ¥ »- set with ¥, index e, hence A has I,
index e then from the (SQNF):

A(x) & -A(X) <

Wy(ex) is finite < g(e, x) € Fin.
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Let A be a set that has the uniform escape property.
We will prove that:
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Let A be a set that has the uniform escape property.
We will prove that:

» A <, Tot,hence A" € Iy

» A <, Fin, hence A' € 3»

» Hence A € Apand A <t (I
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» A'is c.e. in A, hence there is some index a such that:

A =wg
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» A'is c.e. in A, hence there is some index a such that:

A =wg

> A(X) < (Vs)[x € W2.
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» A'is c.e. in A, hence there is some index a such that:

A =wa

> A(x) & (Vo8)[x € WA
> —A(X) & (Vs)[x ¢ WA
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» A’'is c.e. in A, hence there is some index a such that:
A =wa
> A(X) < (Vs)[x € W2.
> —A(x) & (Vs)[x ¢ Wi

» We will find a total computable function k such that
A(x) < k(x) € Tot.
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v

A’ is c.e. in A, hence there is some index a such that:

A =wa

v

A(X) & (V°s)[x € W5l

—A(x) & (V8)[x ¢ Wil

We will find a total computable function k such that
A(x) < k(x) € Tot.

We will find a total computable function / such that
A'(x) < I(x) € Fin

v

v

v
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The Plan

For every x we will define an A-function qb}?x) such that:

> x € A'then ¢,,(n) is total and hence h(i(x), n) is
total.
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The Plan

For every x we will define an A-function qb}?x) such that:
> x € A'then ¢,,(n) is total and hence h(i(x), n) is
total.

» x ¢ A thenif h(i(x), n
dominated by ¢/, (n).
)

Then h(i(x), n) = ¢kx)(n) by the ST theorem.

) were total, it would ne
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The fixed point theorem:

Theorem
For all sets AC w and all x, y if f(x,y) is an

A-computab/e function, then there is a computable i(x)

such that QSI(X) d)f(x i(x))



U EP = |OW_ Tot A Characterization

Mariya I. Soskova

The fixed point theorem:

Theorem
For all sets AC w and all x, y if f(x,y) is an

A-computab/e function, then there is a computable i(x)

such that ¢I(X) d)f(x i(x))

» We are going to define an A-computable function
F(x,y,n), where y will keep the place of the index.
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The fixed point theorem:

Theorem

For all sets AC w and all x,y iff(x,y) is an
A-computab/e function, then there is a computable i(x)
such that gb,(x) gb, %,i(X))

» We are going to define an A-computable function
F(x,y,n), where y will keep the place of the index.

» Then we will use the relativized S7'- theorem to get a
computable function s such that

F(Xayv n) = qblsq(xy)(n)'
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The fixed point theorem:

Theorem
For all sets AC w and all x,y iff(x,y) is an
A-computab/e function, then there is a computable i(x)

such that ¢,y = &fi i)

» We are going to define an A-computable function
F(x,y,n), where y will keep the place of the index.

» Then we will use the relativized S7'- theorem to get a
computable function s such that

> By the fixed point theorem we will have that
¢s(x1 = gb;’é(\x)
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We will define an A-computable function F(x, y, n,t) by
primitive recursion on t. For each t and all x,y < t, we
will extend F in exactly one of the following ways:
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We will define an A-computable function F(x, y, n,t) by
primitive recursion on t. For each t and all x,y < t, we
will extend F in exactly one of the following ways:
Foralln< tif F(x,y,n,t—1) |, then let
F(x,y,n,t)=F(x,y,n,t—1), otherwise:

» E(x,y,t): define F(x,y,n,t)=0.
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We will define an A-computable function F(x, y, n,t) by
primitive recursion on t. For each t and all x,y < t, we
will extend F in exactly one of the following ways:
Foralln< tif F(x,y,n,t—1) |, then let
F(x,y,n,t)=F(x,y,n,t—1), otherwise:
> E(x y, t): define F(x,y,n,t)=0.
x,y, t):if h(y, n)[t] |, then define

Al
F(x,y,n,t) = h(y,n) + 1. Otherwise leave
F(x,y,n ) 1.
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» If x,y < tand x € Wy then E(x, y, t).
» If x,y < tand x ¢ Wy then A(x,y, t).
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» If x,y < tand x € Wy then E(x, y, t).
» If x,y < tand x ¢ Wy then A(x,y, t).

Define:

F(x,y,n)=m<« (3)F(x,y,n,t) |=m
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Lemma

Fixx and y. If (3*t)E(x, y,t), then F(x,y,n) is total.
If (v°t)A(x,y,t) and h(y, n) is total, then F(x, y,n)
dominates h(y, n).
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Lemma

Fixx and y. If (3*t)E(x, y,t), then F(x,y,n) is total.
If (v°t)A(x,y,t) and h(y, n) is total, then F(x, y,n)
dominates h(y, n).

Proof.
(1) Fix nand let t > n be such that E(x, y, t). Then
F(x,y,n,t) | hence F(x,y,n) |.
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Lemma

Fixx and y. If (3*t)E(x, y,t), then F(x,y,n) is total.
If (v°t)A(x,y,t) and h(y, n) is total, then F(x, y,n)
dominates h(y, n).

Proof.

(1) Fix nand let t > n be such that E(x, y, t). Then
F(x,y,n,t) | hence F(x,y,n) |.

(2) Let fp be such that (vt > th)A(x, y, t). Let n > {y, then
there is a first stage #; > n such that h(y, n)[ti] |, then

F(Xayanat'l) 1> h(y’n)
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Let ¢y (n) = h(i(x), n).
Lemma

A'(x) < k(x) € Tot

Proof.
1. Suppose A'(x).
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Let ¢y (n) = h(i(x), n).
Lemma

A'(x) < k(x) € Tot

Proof.

1. Suppose A'(x).
> Then (3*t)[x € W\].
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Let ¢y (n) = h(i(x), n).
Lemma

A'(x) < k(x) € Tot

Proof.

1. Suppose A'(x).
> Then (3*t)[x € W\].
» Hence (3*°t)E(x,i(x), 1),
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Let ¢y (n) = h(i(x), n).
Lemma

A'(x) < k(x) € Tot

Proof.

1. Suppose A'(x).
> Then (3*t)[x € W\].
» Hence (3*°t)E(x,i(x), 1),
> And ¢,y = F(x,i(x), n) is total.
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Let dk(x)(n) = h(i(x), n).
Lemma

A'(x) < k(x) € Tot

Proof.
2. Suppose -A'(x).
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Let dk(x)(n) = h(i(x), n).
Lemma

A'(x) < k(x) € Tot

Proof.

2. Suppose -A'(x).
» Then (vt)[x ¢ W]



P rOOf of Tot A Characterization

Mariya I. Soskova

Let dk(x)(n) = h(i(x), n).
Lemma

A'(x) < k(x) € Tot

Proof.

2. Suppose -A'(x).
» Then (vt)[x ¢ W]
» Hence (V°H)A(x, i(x), ).
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Let dk(x)(n) = h(i(x), n).
Lemma

A'(x) < k(x) € Tot

Proof.

2. Suppose —A'(x).
» Then (vt)[x ¢ W]
» Hence (V°°t)A(x /(x), t).
» If we assume that h(i(x), n) is total, then
bi(x) = F(x,i(x), n) would dominate h(i(x), n),
contradlctmg UEP.
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Let dk(x)(n) = h(i(x), n).
Lemma

A'(x) < k(x) € Tot

Proof.

2. Suppose —A'(x).
» Then (vt)[x ¢ W]
» Hence (V°°t)A(x /(x), t).
» If we assume that h(i(x), n) is total, then
bi(x) = F(x,i(x), n) would dominate h(i(x), n),
contradlctmg UEP.
» Hence k(x) ¢ Tot.
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To prove that A’ <, Fin we change the definition of
F(x,y.n,t):
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To prove that A’ <, Fin we change the definition of
F(x,y,n,t):

» Ifx,y <tand x ¢ Wy;then E(x,y,1).

» If x,y <tand x € Wyt then A(x,y, t).
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To prove that A’ <, Fin we change the definition of
F(x,y,n,t):

» Ifx,y <tand x ¢ Wy;then E(x,y,1).

» If x,y <tand x € Wyt then A(x,y, t).
Define:

F(x.y,n)=m<« (3)F(x,y,n,y) |=m
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Consider the function H'(x, n)

p [ h(i(x),n) if (Ym < n)h(i(x), m) |,
fr(x.n) = { 1 otherwise.
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Consider the function H'(x, n)

p [ h(i(x),n) if (Ym < n)h(i(x), m) |,
fr(x.n) = { 1 otherwise.

» h(i(x), n) is total & H'(x, n) is total.
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Consider the function H'(x, n)

, h(i(x),n) if (Yvm < n)h(i(x),m) |,
fr(x.n) = { 7 otherwise.

» h(i(x), n) is total & H'(x, n) is total.
» If h(i(x), n) is not total, then dom(H (x, n)) is finite.
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Let ¢y (n) = H'(x, n).
Lemma

A (x) & I(x) € Fin
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Let ¢y (n) = H'(x, n).
Lemma

A (x) & I(x) € Fin

Proof.

1. Suppose A'(x).
> Then (v>t)[x € W].
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Let ¢y (n) = H'(x, n).
Lemma

A (x) & I(x) € Fin

Proof.

1. Suppose A'(x).

> Then (v>t)[x € W,].
» Hence (V> H)A(x, i(x),t).
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Let ¢y (n) = H'(x, n).
Lemma

A (x) & I(x) € Fin

Proof.

1. Suppose A'(x).

> Then (v>°t)[x € WZ,].

» Hence (V> H)A(x, i(x),t).

» |f we assume that h(i(x), n) is total, then
di(x) = F(x,i(x), n) would dominate h(i(x), n),
contradlctmg UEP.
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Let ¢>,(X)(n) = h,(X7 n).

Lemma

Proof.

A (x) & I(x) € Fin

1. Suppose A'(x).

>

>

>

Then (V°t)[x € W,].

Hence (V>°t)A(x, i(x), t).

If we assume that h(i(x), n) is total, then
di(x) = F(x,i(x), n) would dominate h(i(x), n),
contradlctmg UEP.

Hence dom(H (x, n)) is finite and /(x) € Fin.



Proof of Fin

Let ¢y(x)(n) = K (x,n).
Lemma
A'(x) < I(x) € Fin

Proof.
2. Suppose —A'(x).
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Proof of Fin
Let qb,(x)(n) = h/(X, n).
Lemma
A'(x) < I(x) € Fin

Proof.

2. Suppose —A'(x).
> Then (Vi)[x ¢ WZ4,.
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Let ¢y(x)(n) = K (x,n).
Lemma

A'(x) < I(x) € Fin

Proof.

2. Suppose —A'(x).
> Then (Vt)[x ¢ WA,
> Hence (Vt)E(x, i(x),t) and ¢}, = F(x,i(x),n) is
total.
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Let ¢y(x)(n) = K (x,n).
Lemma

A'(x) < I(x) € Fin

Proof.

2. Suppose —A'(x).
> Then (vt)[x ¢ W4].
> Hence (Vt)E(x, i(x),t) and ¢}, = F(x,i(x),n) is
total.
» Hence h(i(x), n) = ¢k(x)(n) is total.
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Let ¢y(x)(n) = K (x,n).
Lemma

A'(x) < I(x) € Fin

Proof.

2. Suppose —A'(x).
> Then (vt)[x ¢ W4].
> Hence (Vt)E(x, i(x),t) and ¢}, = F(x,i(x),n) is
total.
» Hence h(i(x), n) = ¢k(x)(n) is total.
» Then dom(h'(x, n)) is not finite, /(x) ¢ Fin.
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Definition
A set A has the property n — UEP if there is a partial
computable function h(e, y1, ... Y¥n—_1,n), such that:

(Q1Yn-1)(Qe¥n-1) ... [¢a((¥.n)) - total]
then
(Qi¥n-1)(QeYn-1) .- [h(e, ¥, n)- total and escapes ¢4((¥, n))]

Where Qq, Q € {v>°,3>°}.
For odd n: alternate 3°°V°.
For even n: alternate vV°°3*°
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Theorem
Forn> 1

1. There exists a computable function g such that for
any A € X1 with index e.

A(X) & (Y Van-1)(Wen-2) - - (V¥1) [Wy(exy) = ]

—A(X) & (YY2n—1)(VVon-2) . .. (V¥1)[Wgy(e x ) IS finite]

2. There exists a computable function g such that for
any A € Ny, with index e.

A(Xx) & (Vy2n—2)(YYon-3) .. (Yy1)[Wy(exy) = «I

—A(X) < (Y Von—2)(Von-3) - - (VY1) [Wy(exy) IS finite]
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Corollary

1.

There exists a computable function f such that for
any A € ¥o,.1 with index e.

Ax) & (v yan-1)(Wan-2) - .- (V)1)(V2)[(V, 2) € Wiie )

—AX) & (Van-1)(VVan-2) ... (V1) (V=2 Y, 2) & Wyen]

There exists a computable function f such that for
any A € My, with index e.

A(X) < (Vyan—2)(YYon-3) ... (Yy1)(V2)[(V, 2) € W(ex)]

—A(X) < (VYen-2)(Ven-3) - - (WY1 (VZ2) (Y, 2) & Wie)
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Case Ais lowa),_1.
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Case Ais lows,_1.
> Define VA(e, (y)) & (3°x)(39)[¢8s((V, X)) 1<
SAX ¢ Wg(u,e,?),s]
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Case Ais lowsp,_1.
> Define VA(e, (y)) & (3°x)(3s)[¢5,s((V, X)) 1<
SAX ¢ Wg(u,e,?),s]
» Here uis a Ny, index of the relation
UA(e) « (3)(v) ... (V) VA(e, 7).
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Case Ais lowsp,_1.
> Define VA(e, (y)) & (3°x)(3s)[¢5,s((¥V, X)) 1<
SAX ¢ Wg(u,e,?),s]
» Here uis a Ny, index of the relation
UA(e) «— (3%)(V®)... (V) VA(e,¥).
> Prove: (3%°)(v>®)... (V®)[¢2((¥, x,)) - is
total] = UA(e).
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» If nis odd, we produce computable functions k and /

x € AN & FV® gy z) is total.

x € AN & yoege dom(oyx y)) is finite.



n . UEP |mp||eS /OWn A Characterization

Mariya I. Soskova

» If nis odd, we produce computable functions k and /

x € AN & FV® gy z) is total.
x € AN & yoege dom(¢y(xy)) is finite.

» If nis odd, we produce computable functions k and /

x € AlM & V*3% . ¢y xy) is total.

x € AN & 3V . dom(¢yx y)) finite.



