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|ntrOdUCtiOn A Characterization

Mariya I. Soskova

Definition
Let n > 1. Aset Ais low, if A" =1 0(". A Turing degree
d is low, if it contains a low, set.

» Aim: Find some property that characterizes the low,
degrees, which is easier to work with.



The strong quantifiers

Definition
1. (3%°x)P < (Vy3x > y)P - for infinitely many x.

2. (V*°x)P < (3yVvx > y)P - for almost all (all but
finitely many) x.

>V = VP = 3% = 3
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Dart Vader vs Luke Skywalker A Cheracterization
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» For f, g- total functions, f dominates g if

(V=)[f(x) > g(x)]-

» For f, g- total functions, g escapes f

(30 (x) < 9(x)]-
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Theorem

Martin’s High Domination Theorem.
A Turing degree a is high iff

(3f < a)(Vg < 0)[f dominates g].
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Theorem

Martin’s High Domination Theorem.
A Turing degree a is high iff

(3f < a)(Vg < 0)[f dominates g].

Corollary
A Turing degree a is not high iff

(Vf < a)(dg < 0)[g escapes f].

» Can we use this to characterize the low, degrees?

» What additional properties should the escape
functions have?



A Characterization

A closer look at the Arithmetical Hierarchy
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We will fix some standard effective coding of all finite
tuples.

» E.g suppose we have some pairing function
7 : N x N — N. Then we will code ny, ... nx by
<n1,...,nk) = 7T(k,71'(n1,...7T(nk_1,nk))).

» This gives us the means to consider only 1-ary
relations. Any any k-ary relation P(xy, ... xx) will be
represented by the relation
P'(n)< n=(ng,....nk) AP(ny,...,0Ng).
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Definition
Let P be any relation.
1. Pis Xg (Mp) if it is computable.
2. Pis X .1 ifthere is a I, relation Q such that:

P(x) < 3yQ((x,¥))
3. Pis . ifthere is a X, relation Q such that:
P(x) < VyQ((x,¥))

4. Pis Apyq iff Pis X501 and My,
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Definition
Let P be any relation and A be any set.
1. Pis g (Ng) if it is A-computable.

2. Pis 7., if there is a M7 relation Q such that:

P(x) < yQ((x,¥))

3. PisnA

A, if there is a X7} relation Q such that:

P(x) < VyQ((x,¥))

4. Pis A, iffPis T4,

AT and My
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» Connect with a set A the relation A(x) < x € A.
» Note that A is c.e. iff the relation A(x) is X1.
» If Ais a Xp,11 set, then there is a c.e. set W, s.t.

A(X) & (Ian—1)(Wan-2) Fy1)(V2)[(X, 2, 1 ... Yant1) € Wel

We will say that A has ¥»,,1 index e.
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Connect with a set A the relation A(x) < x € A.
Note that A is c.e. iff the relation A(x) is X1.
If Ais a o541 set, then there is a c.e. set W, s.t.
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index for B.
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Connect with a set A the relation A(x) < x € A.
Note that A is c.e. iff the relation A(x) is X1.
If Ais a o541 set, then there is a c.e. set W, s.t.

A(X) & (Ian—1)(Wan-2) Fy1)(V2)[(X, 2, 1 ... Yant1) € Wel

We will say that A has ¥»,,1 index e.
If B € MNapy 1 then alapq index for Bis any Yop41
index for B.

If Ais a s, set, then there is a c.e. set W, s.t.

A(X) & (VYon—2)(3Y2n-3)(3y1)(VZ)[{X,Z,¥1 ..., Yon—2) € We]

We will say that A has Iy, index e. [B € Yo,thena
Yo, index for B is any Iy, index for B.
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» Post’s Theorem: For every n > 1 and every A
1. A is ¥4- complete.

2. X e A, iff X <5 A,

» Theorem. The following are equivalent
1. Ais low,.
o A
- n+1-
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Addltlonal TOOlS A Characterization

Mariya I. Soskova

» Post’s Theorem: For every n > 1 and every A
1. A is ¥4- complete.
2. X e A4 iff X <7 A1,

» Theorem. The following are equivalent

1. Ais low,.

2. ¥4 C MNpys.

3. NAC X
Proof: 1 = 2. Ais low,, hence A" <+ 0("M. Then A
is Appq. If Be X4, then B <., A hence Bis
Apyq CHpgq.
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Definition
A set A has the uniform escape property (UEP) if there is
a partial computable function h(e, x) such that whenever
$4 is total, then h(e, x) is total and escapes domination
from ¢4, i.e:

(3x)[¢a(x) < h(e, x)].
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The Low; Degrees

Mariya I. Soskova

Definition
A set A has the uniform escape property (UEP) if there is
a partial computable function h(e, x) such that whenever
$4 is total, then h(e, x) is total and escapes domination
from ¢4, i.e:

(3x)[¢a(x) < h(e, x)].

Theorem
A is low if and only if A has UEP.



Strong Quantlﬂer Normal Form A Characterization

Mariya I. Soskova

Theorem

There is a computable function g such that for any I, set
A with Ny index e:

1. A(X) = Wg(e,x) = w
2. 2A(X) & Wy(ex) is finite.
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Strong Quantlﬂer Normal Form A Characterization
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Theorem

There is a computable function g such that for any I, set
A with Ny index e:

1. A(X) = Wg(e,x) =w
2. 2A(X) & Wye ) is finite.

Proof.

» A e Iy with index e, hence A(x) < (Vz)[(x, z) € W]
» Use the SJ'-Theorem: A(x) < (V2)[z € Wh(ex)]
» Define a g so that:

Y € Wyex) & (VZ < y)[Z € Whex)]



Every IOW Set has U E P A Characterization

i Mariya |. Soskova
Basic Tools

» The Recursion Thoerem
Let s be a total computable function. Then there is
an e such that We = Ws().
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Basic Tools

» The Recursion Thoerem
Let s be a total computable function. Then there is
an e such that We = Ws().

» Settling functions.
Let W, be any c.e. set with standard approximation

We s. The settling function for W, is the denoted by
me and defined by

me(x) = (uS)[x € Wes].

» me is a partial computable function, uniformly in e.
» me is total if and only if W, = w



A Characterization

Every low set has UEP
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Let A be a low set. We will show that there is a total
computable function k, such that if ¢2 is total, then

Wk(e) = w and the settling function my e escapes
domination from ¢4. Then we will define

h(e, X) = mk(e)(x).

Will define k(e) so that for all e if ¢4 is total then k(e) has
the following properties:

Esc (3*x)(3s)[¢65(x) |< s A x ¢ Wie)s]
Tot Wk(e) = w.



Every IOW Set has U E P A Characterization
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The main idea

Esc (3%°x)(38)[¢6,s(X) < S | AX ¢ Wi(e)6]

Tot Wy(e) = w-
» (Esc) is a N, predicate V4(e)
» Ais lowy, hence X3 C MMy. It follows that M4 c M.
» Use the strong quantifier normal form theorem.

VA(e) A Wg(u,e) =w



Every |OW Set has UEP A Characterization
Let VA(e, i) be the A-predicate expressing Esc: Mariya 1. Soskova

VA(e, i) < (3%x)(38)[0hs(X) < SAX & Wy(ie)s]
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A Characterization

Every low set has UEP
Let VA(e, i) be the A-predicate expressing Esc:
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VA(e, i) < (3%x)(38)[0hs(X) < SAX & Wy(ie)s]

v

VA(e, i) is N5. But Ais low, hence ¥4 C My, and
ns C M.
Let VA(e, i) have My-index v:

VA(e, i) = (V2)[(i, e, z) € W]

v

v

Apply the S Theorem:

VA(e,i) & (v2)[(e.2) € W]

v

Apply the recursion theorem =- there is some v,
such that Wy, ,y = W,
VA(e, u) has My-index u.

v
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Now let VA(e) = VA(e, u).
» By definition
VA(e) And (HOOX)(HS)[gbé’S(X) I<sAx¢ Wg(u,e),s]~
» By the strong quantifier normal form theorem:

VA(G) = Wg(u,e) = w.
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Lemma

If $2 is total, then VA(e).

Proof.

Suppose not. Let e be such that ¢4 is total and - V#A(e).
> By (TSQNF) W,y is finite.
» Let M = max(Wy,e))- Let x > M. Then by the

totality of ¢4 there is a stage s, such that
(b/eA,s(X) l<s and x ¢ Wg(u,e)7s-

> (3°X)(3s)[pas(X) L< SA X ¢ Wy(ye sl hence V5.

O
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Define h(e, x) = My, ¢)(X)-

Corollary

If p4 is total. Then h(e, x) is total and escapes domination
from ¢4.

Proof.
> ¢4 is total = VA(e)
> VA(e) = Wy(ye) = w, hence h(e, x) is total.

» VA(e) and h(e, x) is total = h(e, x) escapes
domination from ¢2.
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Definition
Tot = {e|¢pe is total }.

» Totis MNo:
Tot(e) < (Vx)(3s)[¢e,s(x) L]

» Tot is N - complete.
Let A be a I>- set with I> index e, then from the
(SQNF):

A(x) & Wyex) =w = g(e, x) € Tot.
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Definition
Fin = {e|dom(¢e) is finite }.
» Finis Xo:
Fin(e) < (3x)(Vy > x)(Vs)[de,s(¥) 1]

» Finis X2 - complete. B
Let Abe a ¥ »- set with ¥, index e, hence A has I,
index e then from the (SQNF):

A(x) & -A(X) <

Wy(ex) is finite < g(e, x) € Fin.



